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We study the T-periodic solutions of the forced pendulum equation u” + cu’ +
asin(u) = Af(t), where f satisfies f(tJrg) = —f(t). We prove that this equation
always has at least two geometrically distinct 7-periodic solutions uy and u;. We then
investigate the dependence of the set of T-periodic solutions on the forcing strength 4.
We prove that under some restriction on the parameters «, ¢, the periodic solutions
found before can be smoothly parameterized by 4, and that there are some A-intervals
for which uy(2), u;(A) are the only T-periodic solutions up to geometrical
equivalence, but there are other A-intervals in which additional T-periodic solutions
bifurcate off the branches uy(1), u;(1). We characterize the global structure of the
bifurcating branches. Related to this bifurcation phenomenon is the phenomenon of
‘exchange of stability’ — in some /J-intervals (1) is dynamically stable and u;(4) is
unstable, while in other A-intervals the reverse is true, a phenomenon which has
important consequences for the dynamics of the forced pendulum, as we show by
both theoretical analysis and numerical simulation. © 2002 Elsevier Science (USA)
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1. INTRODUCTION

In this work, we investigate the periodic solutions of the forced pendulum
equation with damping (¢=0)

u" + cu' + asin(u) = 21(2), (1)

where f: R — R is continuous and T-periodic. By periodic solutions of (1),
we mean solutions satisfying

ut+T) = u(t) for all t e R.
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Many studies have been devoted to the periodic solutions of (1) (see
surveys [8-11]), with various methods contributing to our (still partial)
understanding.

Here we study the periodic solutions of (1) when the forcing f is
T-antiperiodic, that is

f(t +§> =—1() for all teR. (2)

For example, the important special case f(¢) = sin(%“t) satisfies (2). We shall
see that under assumption (2) the problem exhibits some interesting
properties, including a striking bifurcation phenomenon, which are not
present for the case of general f.

Our main aim is to understand how the set of periodic solutions varies as
the parameter 4, measuring the strength of the forcing, varies in some
interval I < R, all other parameters remaining fixed. We use several
methods of nonlinear analysis to piece together a description which we
unfold in the following sections.

A summary of our main results will be presented after we introduce some
notations that will serve us throughout this study.

We denote by Y the space of T-periodic functions x : R — R which are
square-integrable on bounded intervals, with the norm

1

T 3
iy = (7 [ e ar)

and by X the following subspace of Y:
X = {xeY|xlpneH0,T]}.

If we assume that f is continuous, any solution u € X of (1) is, in fact, C?
and T-periodic, so it is a classical periodic solution of (1).

We are mainly interested in the dependence of the set of periodic solutions
on A, so we denote

2 = 3(a) = {(4,u) e R x X |u satisfies (1)}

(of course, X also depends on ¢ and f, but we suppress this dependence,
assuming that ¢ and f are fixed). Many of our results may be considered as
descriptions of the set X. Of course, we cannot plot X, which is a subset of an
infinite-dimensional space, so when we wish to visualize our results, we shall
plot the set £ = R? (the ‘bifurcation diagram’) defined by

2 =2 = {(llully) | (4 u) e T}, 3)
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We note that if u is a periodic solution of (1) then so is u + 2nk for any
k e Z. We shall say that two periodic solutions of (1) are geometrically
equivalent if they differ by 2nk and geometrically distinct otherwise. It is
often convenient to identify geometrically equivalent periodic solutions,
since they correspond to the same physical motion.

We define

» =

We now describe the picture that will emerge from the investigation to be
carried out in the following sections.

In Section 2, we show that when f satisfies (2) there always exist at least
two geometrically distinct solutions of (1) (this contrasts with the case of
general f with zero mean value, as will be discussed). In particular, it seems
that our result provides the first proof that the equation

. .. (2
u”" + cu' + asin(u) = Asin (; t>

has at least two T-periodic solutions for any value of the parameters c,a, A,
and 7.
We also prove that if a satisfies

O<a<wvw?+c?, 4)

then there are two smooth branches of solutions uy(4),u;(4) such that, for
each 1€ R, uy(4) and u;(4) are geometrically distinct periodic solutions of
(1) for the corresponding A. Of course together with uy(4) and u;(4), we have
the periodic solutions which are geometrically equivalent to them, given by

ur;(2) = uo(4) + 2jm, uzj+1(4) = u1(4) + 2jm, jeZ.

The curves ¥, = R x X defined by &, = {(4,ux(1))| A € R} (k € Z) are thus
subsets of X, and will be called the curves of symmetric solutions (for a
reason which will be explained). We will see that u;(0) = k=n, so that the
symmetric solutions u;(4) may be considered as the continuations of the
equilibrium solutions in the unforced case (4 =0). Moreover, since
condition (4) implies that in the unforced case the only T-periodic solutions
are the equilibria (in the case ¢ > 0 this is trivial; in the case ¢ =0, (4) is
equivalent to 0 <a < w?, while the condition for nonexistence of nonconstant
T-periodic solutions is |a| <®?), a naive intuition might suggest that when
(4) holds the solutions u;(4) will be the only periodic solutions of (1). This,
however, is not the case. While it is true, as we show in Section 2, that there
are A-intervals for which u(4) are the only periodic solutions, we show in
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Section 5 that in other A-intervals more periodic solutions bifurcate off the
curves & of symmetric solutions. This bifurcation phenomenon is related
to another phenomenon which we call the ‘exchange of stability’, which is
the subject of Section 4. Studying the dynamical stability of the symmetric
periodic solutions u(4) (in the case ¢ >0), we discover that, while for 4
sufficiently close to 0, u;(4) is stable if k is even and unstable if £ is odd
(which is not surprising if we recall that u;(1) is the continuation of the
equilibrium u;(0) = kn), for larger values of 4 the solution curves which were
stable become unstable and vice versa. This ‘exchange of stability’ occurs
repeatedly as / increases. This phenomenon has striking dynamic
consequences, as we show by a numerical simulation of the forced
pendulum in Section 4.

In Sections 6 and 7, we make a finer analysis of the phenomena described
above, this time under the assumption that a >0 is sufficiently small (or
in physical terms, that the pendulum is sufficiently long). Under this
assumption, we can obtain a complete description of the set of all periodic
solutions. To state these further results more precisely, we shall need to fix
some /4 (which may be arbitrarily large) and assume that A € I = [0, A]. Then,
as we shall show, there exists ao > 0 (depending on 1) such that when 0 <a
<ay, we can give a complete description of the set £ n (I x X) as follows
(see Fig. 7):

(1) There exists a finite set of disjoint subintervals I; = I;(a) (1<i<n)
of I such that whenever 1€l and A¢ J._, I, the symmetric solutions
ur(4) (k € Z) are the only periodic solutions of (1) (so that there are precisely
two geometrically distinct solutions). When a tends to 0, the lengths of
the intervals [;(a) go to 0, and they concentrate near zeroes of an explicitly
given function.

(2) For each 1<i<n, we have a curve 4; < I; x X, homeomorphic to
the real line, with %; < X, such that %; intersects each of the curves %
exactly once. The point of intersection of €; and & is a point of bifurcation
from the curve % and it is the unique such point for 4 € /;. All points of
2 N (I; x X) are either on %; or on one of the .¥}’s.

(3) An ‘exchange of stability’ occurs at every point of bifurcation from
k. Thus, if we look at the intervals forming the complement of | J;_, Z in /,
then in each of them u((4), u;(2) are the only geometrically distinct solutions,
and their stability properties alternate from one interval to another.

The phenomena of exchange of stability and bifurcation were observed by
Schmitt and Sari [20] in their numerical study of the periodic solutions of the
forced pendulum in the case ¢ = 0 and f(¢) = cos(wt). Our rigorous results
provide an explanation of these phenomena, give a formula for the location
of the bifurcation points in the limit of a ‘long’ pendulum, and show that
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these phenomena occur also for ¢ >0 and whenever the forcing term f
satisfies (2) (we note that pure harmonic forcings, as considered in [20], have
additional symmetry besides (2), which was essential for the numerical
method used there, as was the assumption that ¢ = 0).

2. EXISTENCE OF AT LEAST TWO PERIODIC SOLUTIONS

To introduce our first result, we recall the result of Mawhin and Willem
[12], who proved that when ¢ = 0, and when f satisfies

/T f(@®dt=0, (5)
0

Eq. (1) has at least two geometrically distinct periodic solutions. Note that
our assumption (2) implies (5). For some years it was an open question
whether the Mawhin—Willem result is true when ¢ > 0, but Ortega provided
a counterexample ([14], and see also [2, 17]). We now show that if we replace
(5) by the stronger condition (2), the Mawhin—Willem result remains true for
¢ >0 (of course, the method of proof is quite different—topological rather
than variational). The existence of a periodic solution when f satisfies (2)
was already proved by Mawhin [9, p. 127], so our contribution in Theorem 1
is only the fact that a second solution exists. We repeat the entire (simple)
argument, however, since it is also used in Theorem 2, which is fundamental
for the whole development that follows.

THEOREM 1. If f satisfies (2) then (1) has at least two geometrically
distinct periodic solutions. In fact, it has a periodic solution uy, which is
%-antiperiodic, and also a periodic solution w, such that u; — 7 is %-

antiperiodic.

To prove Theorem 1, we first set up an appropriate functional-analytic
framework.

We define L: X — Y (see the previous section for the definitions of X, Y)
to be the linear operator

Lx) =x" +cx'.

Assuming that f satisfies (5), we denote by x the unique periodic solution
of the linear equation

xp +exg = f(1)
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satisfying

T
/ xo(t)dt = 0.
0

For example, in the case f(f) = sin(wf), we obtain
1
xo(t) = —=—=sin(wr — f), (6)
wy/ e + w?

where f is defined by

0 c
Vet + w? Ve + w?

We define N: R x Y — Y to be the nonlinear operator

cos(f) = — sin(ff) =

N, x)(6) = sin(xo(f) + x).

With this notation, we have that u € X is a periodic solution of (1) if and
only if u = Axy + x, where x satisfies the equation

L(x) + aN(4,x) =0, xeX. (7

The study of periodic solutions of (1) is thus equivalent to the study of
solutions of Eq. (7).
We denote by Y; the subspace of Y consisting of %—antiperiodic functions:

Yo = {xe Y|x<t+g> = —x(t) for all teR} (8)

and Xy = Y. n X.

We note that L(X;) = Y, so the restriction L|y, is a linear operator from
Xy to Yy Moreover, L|y, is a Fredholm operator of index 0, and the kernel of
Lly, is trivial, hence L|y, is an isomorphism from X to Y, so [L|X*]*1 Yo - Xu
is well defined. Since X, < Y, we will also view [L] X*]’1 as an operator from
Y. to itself, and we note that as an operator from Y, to itself [L|X*]’1 is
compact.

We now wish to consider Eq. (7), restricted to the subspace Xi. If this
restriction is made, we may rewrite the equation as

x=—dlly] ' (N(Z,x),  xeXs. 9
We note now that by the oddness of the sine function, and by the fact that

(2) implies that x € X, (10)
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we have that x e Y, implies N(4,x) € Y. Therefore, we may define a
nonlinear operator from Yy to itself by

Hy(x) = —alLly,]”' (N(4,%)),
so that (9) is equivalent to
H;(x) =x, x €Yy (11)

(note that any solution x € Y, of (11) is automatically in X, so that (9) and
(11) are indeed equivalent). Moreover, by the compactness of [L] X*]’1 Y o
Y., H; is compact. We also note that since

IN(4,x)|ly <1 for all A€R, xeY (12)
we have the bound
Iy, <alllLly,] 'lly,y,  forall  xeX. (13)

We may, therefore, apply the Schauder fixed point theorem in a closed ball
of radius r = a||[L|X*]_1 Ily,.y, around the origin in Y, to conclude that (11) has
a solution x € Y, (which is in fact in Xy), so (7) has a solution x € X. Defining
uy = Axo + x, we have that ug is a g-antiperiodic solution of (1).

In order to prove the existence of a second periodic solution, we consider
the equation

x = —H,(x), x € Y. (14)

Applying the Schauder fixed point theorem as before, we obtain the
existence of a solution x € X;. We now define X = x + n. We claim that xis a
solution of (7). Indeed,

L(X) + aN(4,x) =L(x) — aN(4,x) = L(x — a[L|X*]71 o N(4,x))
=L(x+ H;(x)) = 0.

Therefore, u; = Jxg + X is a periodic solution of (1), and u; — &= = Axg + x is
L-antiperiodic.

We note that uy and u; are indeed geometrically distinct, since if we had
uy — uy = 2wk for some integer k then it would be impossible for both #y and
uy — m to be g-antiperiodic. We have thus proven Theorem 1.

The Schauder fixed point theorem does not guarantee uniqueness of the
fixed point, but if we assume that « is sufficiently small then we may show
that H; is a contraction (for any A), so we may apply the Banach fixed point
theorem to (11) and (14) in order to conclude that each of them has a unique
solution. Moreover, in this case we can apply the analytic implicit function



8 GUY KATRIEL

theorem to conclude that these solutions depend analytically on
the parameters @ and 4. To obtain the conditions under which H; is a
contraction, we shall need an upper estimate for ||[Z] X*]’IHY*’Y*, which will
follow from the following inequality, which can be found in [5].

LeMMA 1. If x € X satisfies fOT x(t)dt = 0 and y = L(x), then

1
x|y S ———==lIylly- (15)
! oy w? + c? !
From Lemma 1, we conclude that
1 1
LIy, ] .y, <o =0(T,c) = (16)

o/ ? + 2

For all x, y € Y, we have

=

T
INGLx) — NG )y = (% /0 | sinGxo() + x(0)) — sinCixo(t) + YO dr)

—_

T 2
< (%/0 |x(¢) — y(t)|2> =[x = ylly. a7

Using (16) and (17) we conclude that, for all x, y € Y,
1H5.(x) — H;(D)lly, <aollx — ylly,.

Therefore, the condition ac < 1 implies that H) is a contraction, so we obtain

THEOREM 2. Assume [ satisfies (2). If a satisfies

1
0<a<—=wvVw?+c?, (18)

[

then, for any A € R, there exists a unique periodic solution uy = ug(a, 4) of (1)
which is also T-antiperiodic, and a unique periodic solution uy = uy(a, 1) of (1)
such that wy — n is Z-antiperiodic. The mappings uk:[O,i) XxXR->X (k=0,1)
are real analytic.

In the above theorem, we interpreted restriction (18) as a smallness
condition on @, and since a is inversely proportional to the length of the
pendulum, we may say that the theorem holds for a sufficiently long
pendulum. It would be equally possible to regard (18) as a condition on c,
ensuring that the damping is sufficiently large, or as a condition on T,
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ensuring that the frequency of the forcing be sufficiently large. Later in this
work, we shall meet conditions similar to (18), and we shall continue to
regard them as smallness conditions on a.

We note that using (9) and the fact that [L| X*]_1 is bounded as an operator
from Y to the space C° of continuous T-periodic functions with the
maximum norm, we have

lluo(a, 2) — ixollco = llalLly,] ™" © N(Z,uo(a, 2) — ixo)lleo <all[Lly,] Iy, co»
l[ui(a, 2) = 2xo — wlleo = lla[Lly,]™" @ N(Z,u1(a, 2) — Jxo — m)l|o
<a||[L|X*]71HY*,C0a
so that

lluo(a, 2) — Axollco = Oa)  as a - 0, (19)

[y (a, 1) — Zxo — 7|0 = O(a) as a — 0 (20)

uniformly in A € R, and in particular u((0, ) = Axg, u1(0,4) = ixy + . We
note also that since when 4 =0 and a satisfies (18) the only T-periodic
solutions of (1) are u = 0 and u = =, we have ug(a,0) =0, u(a,0) = = for all
a satisfying (18).

We introduce the following notation for the periodic solutions that are
geometrically equivalent to uy(a, 4) and u;(a, 4):

uo(a, A) + nk k € Z even,
uk(a’ j') =
ui(a,2) + n(k — 1) k e Z odd.

Before proceeding, we would like to remark on a certain symmetry of
Eq. (1) under assumption (2). We define the linear mapping 7:Y — Y by

T X)) = —x (t + g) (21)
It is easy to check that L and N(4,-) both commute with .7 (for N(4,-) this
follows from the fact that xy € X, which follows by (10)). This implies that if
u is a periodic solution of (1) then so is 7 (u).

Let us call a periodic solution u of (1) symmetric if 7 (u) and u are
geometrically equivalent. We note that 7 (ux(a, 1)) = ux(a, 2) while 7 (u,
(a,2)) = ui(a, ) — 2z, so all the u(a, A) (k € Z) are symmetric in the above
sense. We would like to show that, when (18) holds, u(a, A) and u;(a, A) are
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the only symmetric periodic solutions up to geometric equivalence. Indeed,
assume u is a symmetric periodic solution so that

T (u) —u = 2nk

for some integer k. If k is even then u = u + nk is a periodic solution
satisfying

T w) =9 ) —nk =u+2nk — nk = u,

that is, # 1is g-antiperiodic, hence, by Theorem 2, u = ug(a,1), so
u is geometrically equivalent to ug(a, ). Similarly, if k£ is odd then u =
u—+ (k+ 1)z is a periodic solution satisfying I (u—n)=u—m, so u—m=n
is g-antiperiodic, hence, by Theorem 2, u =ui(a,1), so u=uj(a,A)—
(k 4+ 1)m is geometrically equivalent to u;. We have therefore proved

THEOREM 3. Assume [ satisfies (2) and a satisfies (18). Then the only
symmetric periodic solutions of (1) are ui(a, A) (k € Z.).

Since in our further investigations we shall assume that (18) holds, we can
refer to ug(a, ) (k € Z) as the symmetric periodic solutions. We note that
up(a, 1), uy(a, 1) are also symmetric in the geometrical sense that uy(a, 1) is
symmetric about the downward position of the pendulum, and u;(1) is
symmetric about the vertical position.

Condition (18) appearing in Theorems 2 and 3 is not merely an artifact of
our method of proof: indeed when ¢ =0, f =0, and a> w?, there is a
nonconstant periodic solution of (1) which is f-antlperlodlc so the
conclusions of these theorems fail to hold. However, some information
may be obtained for arbitrary a and for sufficiently large values of A. Indeed,
by using the method which was developed in [7] one may prove the
following: assuming the set of critical points of x¢ is of measure 0 and
denoting by Clp the space of functions in Y, which are also C' with the norm

||x||C1 = maxg [¥'(¢t)] (note that C, 1s invariant under H;), we have that for
any > 0,
lim sup ||DH, (x)|C1 ler ot = 0. (22)
A—00 lxllor <r ap>~ap
ap

Since the range of H) |C1 is bounded in C] p» WE may choose 7y > 0 such that
the ball of radius r around the origin in C1 is invariant under H; (for all 1),
and all solutions of (11) and (14) are in thls ball. Equation (22) implies that
for sufficiently large 4, H}ulclllp is a contraction in this ball, so that we may

conclude that the result of Theorem 2 holds. We thus have
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THEOREM 4. Assume f satisfies (2) and the set of critical points of xo has
measure O (which happens, for example, if f is real analytic and not identically
0). Then for any a>0 there exists a A.(a)=0 such that when A=J.(a)
there exists a unique periodic solution uy = ug(a,A) of (1) which is also
%-anliperiodic, and a unique periodic solution uy = ui(a, ) of (1) such that
u; — m is L-antiperiodic.

Theorem 4 will not be used in our further investigations, and we will
henceforth assume that (18) does hold so that we have precisely two
geometrically distinct symmetric solutions for all values of A.

3. Z-INTERVALS FOR WHICH THERE EXIST PRECISELY TWO
GEOMETRICALLY DISTINCT PERIODIC SOLUTIONS

It is important to note that Theorem 3 does not imply that u,(a, 1) (k € Z)
are the only periodic solutions of (1), but merely that they are the only
symmetric ones. Indeed, we shall later see that as A varies, more periodic
solutions of (1) bifurcate off the curves of symmetric solutions that we have
found. However, as we shall now show, if we fix a compact interval / < R,
then as a approaches 0 the set of values of A € I for which there exist other
periodic solutions of (1) besides the two we have found becomes smaller and
smaller, and concentrates near a discrete set of values of A. This discrete set
is the set of zeroes of the function 4: R — R, defined by

T
h(z):% /0 cos(Jxo(1)) dt.

We denote the set of zeroes of 4 by Z. Since 4 is real analytic and not
identically zero (A(0) = 1), the set & is discrete. We note also that it may be
shown that for generic forcing f % is infinite (see the arguments in
[4, p. 182)).

We note that in the case f(f) = sin(wf) we get, using (6),

T ji ) A
l’l()u) = ‘/0 COS (m Sln(COt — ﬁ)) dt = J() (m) > (23)

where Jj is the Oth-order Bessel function of the first kind.
Theorem 5 below shows the significance of the function % for our
problem.
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THEOREM 5. Assume f satisfies (2), a > 0 satisfies (18) and A satisfies

1
) 212
1+< ‘“’) ] | 24)
1 —aoc
Then (1) has precisely two geometrically distinct periodic solutions, the

solutions uy(a, 1), u1(a, ) given by Theorem 2. These solutions are nondegene-
rate.

Ih(D)| > ac

The nondegeneracy statement above means that for all ke Z, the
linearized equation

V" + cv' + acos(up(a, 1))y =0

has no nontrivial periodic solutions.
To understand the implications of Theorem 5 let us define, for each a > 0,
the ‘good’ set

1
<2—ao>212
1+
1 —ao

Theorem 5 tells us that if @ > 0 satisfies (18), then whenever 4 € 4, the only
periodic solutions of (1) are the symmetric ones u(a, 1) (k € Z). We note
that if we fix a compact interval / = R satisfying I n % = @, then for a > 0
sufficiently small we will have I < 4, so that (1) has precisely two
geometrically distinct solutions for all A € I. More generally, if we fix any
compact interval I < R, then 4, n [ is the union of a finite number of
intervals, the sum of whose lengths tends to the length of I as a tends to 0,
that is, we have

G, = { ) eR| k()| > ac

lin% meas(¥, N 1) = meas(/)

and note also that
ad<a implies 9, € Gy, (25)

which follows from the fact that the right-hand side of (24) is monotonically
increasing with respect to a. We also have |J,.,%, =R — Z. It is to be
noted, however, that since we have limy_, 4(4) = 0, the set ¥, is always
bounded for each a > 0. Thus, if we restrict 4 to a finite interval, we may say
that, when a >0 is sufficiently small, then, for most values of A, (1) has
precisely two geometrically distinct periodic solutions.
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Theorem 5 will follow from the following more general theorem which is
valid for any forcing f, not necessarily satisfying (2).

THEOREM 6. Assume f satisfies (5) and a > 0 satisfies (18). Define

T T
h(2) = % [( /0 cos(Axo(2)) dt> + ( /o sin(Axy(?)) dt>

and assume that A satisfies

1
2 272

1
B 7 272
h(2) > ac 1+( ““) ] . (26)
1 —ao
Then (1) has precisely two geometrically distinct periodic solutions. These
solutions are nondegenerate.

To see that Theorem 5 follows from Theorem 6, note that if f satisfies (2)
then by (10) xo € Xy, from which it follows that the second integral in the
definition of 4 vanishes, hence we conclude that & = |A|.

The quantity 4(1) already appears in the work of Fournier and Mawhin
[5]. Theorem 3 of that paper implies that, for f satisfying (5), the condition

h()=ao (27)

is sufficient to ensure that there exist at least two geometrically distinct
periodic solutions of (1). Here we see that by somewhat strengthening (27),
we obtain the existence of precisely two periodic solutions. It would be of
interest to know whether some strengthening of (27) is really necessary in
order to obtain the existence of precisely two periodic solutions, or whether,
on the contrary, one may replace (26) by (27) in the statement of Theorem 6.

Conditions ensuring that the number of geometrically distinct periodic
solutions of (1) is precisely two have already been obtained by Tarantello
[21] (see also [3]), but the conditions obtained here are different in that here
we do not impose any restriction on the norm of f.

To prove Theorem 6, we use a Lyapunov—Schmidt reduction. The kernel
of L is the set of constant functions, which we identify with R. We denote by
Y the subspace of Y consisting of functions x € ¥ that satisfy

T
/ x(t)dt =10
0

and we denote Xi:Xm Y. We haveX:R(JBX’, Y=R® Y. The range
of L is equal to Y. We denote by Q:Y — Y the orthogonal projection onto
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Y given by

Ox)=x— %/Orx(t) dt.

Setting x = s + ¥ with s € R, ¥ € X, we see that, for a > 0, (7) is equivalent
to the pair of equations

LX)+ aQ(N(4,s + X)) =0, (28)

(I = O)N(4,s + %)) = 0. (29)
Since L|y is invertible, (28) may be rewritten as
%= —alLlg] ™" ° O(N(,s + X)). (30)

Fixing s € R, the right-hand side of (30) defines a nonlinear mapping from ¥
to itself, which we want to show is a contraction.
We shall need

LEMMA 2.

LI = Olly.y <o(T,0). 31)

Proof. Assume yeVY, X = [LI;(]*1 o Q(»). Then Q(y) = L(X), so by (15)
IXlly <allOW)lly-
Clearly [|lO)ly <II¥lly, so

LT o 0y = IZlly <oy <all¥ly-

This gives the desired result. 1§
Using (31) and (17), we have
la[Llg] ™" ON (s + %)) — alLlg] ™" o ON (s + 7))y <aollx = Flly

for all %,7 € Y. Therefore, if |a <%, the mapping defined by the right-hand
side of (30) is a contraction in ¥ (for any (/,s) € R x R). This implies that
(30), considered as an equation for X, has a unique solution ¥ = S(4,4,s) €
X, and S is real analytic in all three variables. S: R x (-L) xR - X is a

mapping satisfying

S(A,a,s) = —a[L|z]"" o QIN(, s + S(J, a,s))]. (32)
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Moreover, using (12) and (31), we have
ISC a,9)lly =11 = alLlz] ™" © OIN(Z, s + S(A, a,9))]lly
<lalllLz]™" = Olly.y <lalo (33)

for all (/,a,5) e R x (-1, 1) x R.
Substituting X = S(4, a, s) into (29), we obtain that, when 0 <|q] <é, (7) is
equivalent to

B(Z,a,5) = (I — Q)[N(4,s + S(,a,s))] =0, seR (34)

in the sense that there is a one-to-one correspondence between solutions s of
(34) and solutions x of (7), given by s — s 4+ S(4,a, s). It should be noted that
S is 2z-periodic with respect to s. Indeed, using (32) and the fact that
N(4,x + 2n) = N(4,x), we have

S ays 4+ 2m) = —a[L|z]"" o OIN(J,s + 21 + S(4, a, 5 + 27))]
= —a[Llz]"' o QOIN(, s + S(J,a,s + 2m))],
but since X = S(4, a,s) is the unique solution of (30), we must have
S(A,a,s +2n) = S(4,a,s). (35

This implies that B is also 2n-periodic with respect to s. We note
that solutions of (34), which differ by a multiple of 2n, correspond
to geometrically equivalent periodic solutions of (1), hence the number
of geometrically distinct periodic solutions of (1) is equal to the number
of solutions of (34) in [—7, ), and we want to show that, when (26) holds,
this number is two. Moreover, it is an easy matter to show that
nondegeneracy of a solution s of (34) implies nondegeneracy of the
corresponding solution u = Axg + s + S(4,a, s) of (1), hence what we need to
show is

LEMMA 3. If |a|<wv/ w? + ¢* and ) satisfies

1
’_ 272
L4 (2l (36)
1 — |ale
then (34) has precisely two solutions s € [—n, ), and they are nondegenerate in
the sense that if s is a solution of (34) then DB(4,a,s)+#0.

h(2) > |alo

Once we have proven Lemma 3, we will have completed the
proof of Theorem 5. To prove Lemma 3, we begin by writing B more
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explicitly as
1 T
B(4,a,s) = ?/ sin(s + Axo(¢) + S(4, a, s)(¢)) dt.
0
In particular, since, by (32),
S(2,0,5) =0, (37)
we have
1 T
B(2,0,5) = ?/ sin(s + Axo(?)) dt
0

= sin(s) % /0 ' cos(Axo(?)) dt 4 cos(s) % /0 ' sin(Axo(?)) dt, (38)

or, defining « by

1 1 T . 1 1 T )
T /0 cos(Axo(?)) dt, sin(or) = 0% /o sin(Axo(2)) dt,

cos(a) =

we have
B(2,0,s) = h(2) sin(s + ). (39)

We note for future use that when (2) holds then, as was noted before, the
second integral on the right-hand side of (38) vanishes, so (38) reduces to

B(2,0,5) = h(2) sin(s). (40)

We will use the following lemma, which provides a sufficient condition for

two functions to have the same number of zeroes in an interval, and was
already used in [6].

LEMMA 4. Suppose gi,g> : R = R are C' and 2n-periodic, and

lg2(s) — 1)< By, (41)

195(5) — g1 ()< B (42)
for all s € R. Suppose also that g, satisfies

g1I<By implies |gy(s)| > By (43)
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Then g, and g, have the same number of zeroes in the interval [—=, ), and the
zeroes of ¢, are nondegenerate (that is: g»(s) = 0 implies ¢’(s) #0).

Returning to the proof of Lemma 3, We will use Lemma 4 to prove that
when (26) holds, (34) has the same number of solutions in [—7, 7) as

B(2,0,s) =0, seR (44)

and since, by (39), (44) has exactly two solutions in [—=, ), we then conclude
that (34) has exactly two solutions in [—7, ), which will complete the proof
of Lemma 3.

To apply Lemma 4, we set g (s) = B(4,0,s), g2(s) = B(4,a,s). Using (33),
(17), and the fact that ||/ — Qlly y = 1, we have

|92(s) = 1) = (I — Q)N (4,5 + S(4,a,5)) = N(4,5)]]
<18(4 a,9)lly <lalo, (45)

hence (41) holds with
Py = lalo. (46)
Differentiating B(4, a,s) with respect to s, we have
DiB(A,a,8) = (I — Q)e DyN(A,s + S(4,a,s))(1 + DsS(2, a,s)) 47)

(note that in the above 1 denotes the constant function with value 1). To
compute D;S(/,a,s), we differentiate relation (32) with respect to s,
obtaining

DyS(Z,a,s) = —a[Llg] ' o Qo D:,N(i,s + S(4,a,5))(1 + DyS(2,a,5)),  (48)
which may be rewritten as
[I — A)° DS(2,a,s) = A(1), (49)
where 4:Y — Y is the linear operator defined by
A= —dlLlz]"" © Qo D.N(,s+ S(1,a,s)). (50)
We have
D.N(7,x)(v) = cos(Axo(t) + x(1))v(r) for all x,ve Y, (51)
hence ||D:N(Z,x)|ly y <1 for all x e Y, and in particular

ID:N (4,5 + S(Z,a,5))llyy <1. (52)
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From (31), (52) and the assumption that |a| <w+/®w? + ¢2, we obtain

-1
lly,y <lal [LIz]" * Olly y <lalo <1,

which implies that / — 4 is invertible and

1

7= AT My < < .
P =y 1 - lale

Since / — A is invertible, we may rewrite (49) as
DyS(,a,s) = [I — A" o A(D).

Using (53)—(55), we obtain

: lalo
DS, lly <= ATl ylllly,y <o

We note, also, that by (51),

IDN (4, x) = DN, D)llyy <Ik = ylly ~ forall x,yeY.

Therefore, using (33), (47), (52), (56) and (57),
|g/2(S) - g/l (S)| = |DSB()‘7 a,s) - DSB(/L O,S)|
=1 — Q)°[DiN(A,s + S(,a,s))(1 + D;S(4, a,s))

— DiN(4,9)(D)]]

< |IDyN(4,s + S(4,a,s))(1 + DsS(4,a,s)) — D:N(4,s)(D)]|y

S DN (4,5 + S(4, a,5)) — DN (4, 9)I(Dly
+ [ID«N (4,5 + S(2, a,5))(DsS(4, a,5))|ly
< IS4, a,9)lly + IDsS(2, a, 9)lly < lalo

lalo 2 — |alo

lalo

+

I —lae "1 |alo

Therefore, (42) holds with

2 — |alo

B, = lalo

1—|alo

(53)

(54)

(55)

(56)

(57)

(58)

(59)
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To see that condition (43) of Lemma 4 holds, we assume by way of
contradiction that it does not, so there exists some s € [—n, ) for which
lg1(s)| < p; and |g}(s)| < f,, that is, using (39), (46) and (59)

_ _ 2
h(G) sin(s + )| <ao,  h(2)|cos(s + )| <as T— ZZ

Squaring these two inequalities and adding them, we obtain

1
(2 - aa) 2] 2
1+ )
1l —ao
which contradicts assumption (24). Hence the conditions of Lemma 4 hold,
and it yields the desired result.

At this point in our investigation one may wonder whether the ‘good’ set
%, 1s not merely an artifact of our method of proof, that is, whether it may
not, in fact, be true that fixing a compact interval I < R, for a>0
sufficiently small there are precisely two geometrically distinct periodic
solutions of (1) for all A € I. We shall later show that this is not the case: if
Z I+ then for any a > 0 sufficiently small there are certain subintervals
of I such that for 4 in those intervals (1) has four geometrically distinct
periodic solutions.

h(2)<ao

4. THE EXCHANGE OF STABILITY

In this section, we investigate the dynamical stability of the
symmetric periodic solutions. We first recall the definition of asymptotic
stability.

We define the Poincaré mapping P, ; corresponding to (1) as follows. For
0,0 € R, let u be the solution of Eq. (1) with initial conditions

u(0) = 0, W(0)=0 (60)
and set
P (0,0') = (u(T), ' (T)).

P R?> - R? is a diffeomorphism, and its fixed points are in one-to-one
correspondence with the periodic solutions of (1). A periodic solution # of
(1) is asymptotically stable iff

(i) For any neighborhood U < R? of (u(0),#(0)) there exists a
neighborhood V <= U of (u(0),#'(0)) such that Py, (V) < U for all n>1,
where Py, denotes the n-fold composition of P, ; with itself.



20 GUY KATRIEL

/(ii) There exists a neighborhood W of (u#(0),#'(0)) such that for any
(0,0") € W, we have

lim P2,(0,0/) = @(0), i (0)).

A periodic solution which is not asymptotically stable will be called
unstable.

We now discuss the stability of the u;’s in the case ¢ > 0, revealing the
following phenomenon, which we call the ‘exchange of stability’: when a > 0
is sufficiently small, there are A-intervals in which uy(a, 4) is asymptotically
stable while u(a, 1) is unstable, and A-intervals for which the reverse is true.

THEOREM 7. Assume f satisfies (2), ¢ >0, a> 0 satisfy (18) and
1
agz(wz +A). (61)

Then whenever A€ 9,, the only periodic solutions of (1) are the symmetric
solutions uy(a, A) (k € Z.), and

(1) If h(2) >0, wi(a,’) is asymptotically stable for k even, and unstable
for k odd.

(1) If h(2) <0, ui(a,l) is unstable for k even and asymptotically stable
for k odd.

Fig. 1 represents the information one obtains from Theorem 7. We plot
three of the branches of symmetric periodic solutions and indicate their
stability. The question marks indicate that when A¢ %, we do not, at this
point in our investigation, know anything about the stability of u(a, A).

Since it is only the stable periodic solutions which are observable in an
experiment (or computer simulation), this ‘exchange of stability’ will result
in an interesting dynamical phenomenon. Assume that we fix a > 0, and start
with 4 =0, increasing A very slowly. For A small the solution u, will be
stable (since 2(0) = 1), so that after an initial transient, the behavior of the
pendulum will be described by u, (or one of the periodic solutions
geometrically equivalent to it, depending on the initial conditions). As A
increases, it will eventually leave the set ¢,, and when it reenters %, we shall
have A(4) <0, so that uy will become unstable, while u; will become stable,
and thus the behavior of the pendulum will be described by u; (or one of the
periodic solutions geometrically equivalent to it). For A still larger, uy will
become stable again, so that once again the motion of the pendulum will be
described by ug, and so on. We note that, since when « is small the intervals
of the ‘bad’ set R — ¥, become very narrow, we shall observe, when « is
small, very rapid transitions from uy to u; and vice versa take place, which
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FIG. 1. The exchange of stability, as given by Theorem 7.

look like jumps. The precise nature of these transitions (that is the behavior
when A4 passes through the ‘bad’ set) will be illuminated in the following
sections. Results of numerical simulation exhibiting this phenomenon will
be discussed below.

In the above heuristic description, we have glossed over the possibility
that after uy loses stability we might observe subharmonic or chaotic
behavior, rather than asymptotic approach to u;. In fact, if we restrict a
further, we can use the results of [13] to exclude subharmonic or chaotic
behavior, so that the behavior of the pendulum for 1€ %, is indeed
described by ug or u;, depending on the sign of 4(4). Indeed the results of
[13], after a suitable rescaling, tell us that if

2
a< 1 (62)
then there is a curve in R? which is invariant under the Poincaré mapping
P, and which attracts all orbits. Moreover, from Theorems 2.5 and 2.6 of
[13] it follows that in our case (in which we know that fixed points of P,
exist), almost all orbits are attracted to the set of fixed points of P, ;.
Therefore, combining the results of [13] and Theorem 7, we obtain

THEOREM 8. Assume f satisfies (2), ¢ >0, and a > 0 satisfy (18) and (62).
Let 2€%,, and assume h(1)>0 (h(1)<0). Then for almost all initial
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conditions (0,0') € R, we have, defining u to be the solution of (1) satisfying
(60), that there exists k € Z. even (odd) such that

lim (ju(®) — ux(a, YD) + [ (1) = w (@, A(@)]) = 0.

We thus have, under the stated assumptions, a practically complete
description of the dynamic behavior of the forced pendulum.

Fig. 2 presents the results of a numerical simulation of the forced
pendulum which demonstrates the results of Theorem 8 (it is interesting to
note that these computations were performed only after the phenomenon
was discovered by the theoretical analysis to be presented in this section).
We numerically solved (using MAPLE) Eq. (1) with initial conditions

u(0) = 4(0) = 0, (63)

;[\ﬂﬂf\(\/\\ﬂ\(\ﬂﬂ(\\f\/

"4 i |

Tl -
Adddacanabi

FIG. 2. Numerical solution of (1) with initial conditions (63), taking a :%, c¢=3, and
A=4,12.
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taking f(¢) = sin(¢), a:%, ¢ = 3. The figure displays the solutions for
two values of 2:4 =4 and 12. We note that the parameters were chosen
so that all the assumptions of Theorem 8 are satisfied. In this case, we
have (see (23))

A
h(/l) =J <\/E> D

so that we have A4(4) >0 and /4(12)<0. Theorem 8 thus tells us that when
4 = 4 almost all solutions will be attracted to one of the periodic solutions uy
with k even, and indeed we see that our solution is attracted to uo(%, 4)
(whose mean value is 0; the horizontal lines in the figure indicate multiples
of m), and similarly the theorem tells us that when A= 12 almost all
solutions will be attracted to some u; with k£ odd, and we see that our
solution is attracted to ul(%, 12) (whose mean value is m). Further
computations for intermediate values of A show that when 4 €[4,7.5], the
solution is attracted to u(3, 1), while for 2 € [7.8, 12] the solution is attracted
to ul(%, A), so that the exchange of stability occurs in the interval (7.5,7.8).
We note that our theorems show that in the limit of a > 0 small the exchange
of stability will occur at a 4 which is a root of %, and the only root of / in the
interval [4, 12] is 4 = 7.6047, which is in good agreement with what we
found, even though a here is not so small.

We now present the results of another type of numerical simulation which
demonstrates the exchange of stability in a striking way. Here, instead of
solving (1) for various values of A, we increase A very slowly during the
simulation. In Fig. 3, we plot the numerically computed solution of the
equation

" / : _ i .
u 4+ u +sin(u) = 100 sin(¢) (64)

(with initial conditions (63)). Note that the strength of the forcing increases
very slowly in comparison with the period 2n of the oscillations. As ¢
increases, starting at ¢ = 0, the amplitude of the oscillations of the pendulum
increases but their mean value remains 0, until the first ‘jump’ point at which
the mean value of the oscillations becomes 7. This jump is caused by the fact
that ug loses stability while #; becomes stable. As ¢ increases, we have a series
of jumps, where at each one we have a transition to behavior described by
a different uy, so that the mean value of the oscillations is always a multiple
of 7.

In Fig. 4, we present the result of computing the same solution of the
same equation, but with a small change in the integration step, and here we
see that we obtain a different picture: the transitions from one u; to another
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u(t)

FIG. 3. Numerical solution of (64), with integration step = 0.21.

occur at precisely the same values of ¢, but whereas in the first computation
the sequence of transitions was wuy — u; — up — u3, in the second
computation it was uy — u; — ug — u_;. Slight changes in the integration
steps will lead to various other sequences of transition, but the transition is
always from wuy to ug,; or to u;_;. The explanation of this phenomenon is
that when u; loses stability, the system may jump to either ;| or u;_;, and
which way the jump will occur depends on ‘noise’, which in the numerical
simulation is provided by the integration error (in an ideal situation —
impossible both physically and computationally — with no noise, transition
to another solution would not occur). Thus the precise sequence of
transitions is unpredictable, although their time of occurrence is!

We now turn to the proof of Theorem 7. We will use some results of
Ortega, together with the following perturbational result (we note that the
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FIG. 4. Numerical solution of (64), with integration step = 0.20.

following lemma is in fact a corollary of Theorem 7, but here we use it to
prove Theorem 7).

LEMMA 5. Assume f satisfies (2). Assume ¢ > 0. Fix A € R. If h(A) > 0 then
for a>0 sufficiently small ui(a, ) is asymptotically stable for k even and
unstable for k odd. If h(A)<O0 then for a>0 sufficiently small ui(a,r) is
asymptotically stable for k odd and unstable for k even.

To prove Lemma 5, we recall that in order to investigate the asymptotic
stability of u; we must determine whether the characteristic multipliers of

the linearized equation

V" + et + acos(ui(a, D))y = 0 (65)
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lie inside the unit circle of the complex plane when a is small. Since, by (19)
and (20), we have

a cos(ug(a, 2)(1)) = a(— 1) cos(Axo(£)) + O(a®) asa—0 (66)
uniformly with respect to ¢ € R, it will suffice to use the following lemma:

LEMMA 6. Assume g :[0,00) X R > R is continuous and T-periodic with
respect to the second variable, and satisfies

g(a,t) = aqo(t) + O(@*) as a —» 0

uniformly with respect to t € R. Assume ¢>0. If fOT qo(t)dt > 0, then the
characteristic multipliers of the linear equation

v 4+ cv' + gla, iy =0 (67)

are inside the unit circle for a > 0 sufficiently small. If fOT qo(t) dt <0, then one
of the characteristic multipliers of (67) is outside the unit circle for a >0
sufficiently small.

We postpone the proof of Lemma 6 to the end of this section. Returning
to the proof of Lemma 5 we now see, by (66) and Lemma 6, that u(a, 1) is
asymptotically stable for small a > 0 if

/ T(* 1)* cos(Axo(1)) de > 0
0

and unstable if the reverse inequality holds. But the last integral is equal to
(—1)*h(2), from which Lemma 5 follows.

We now return to the proof of Theorem 7. We recall that for each isolated
periodic solution u of (1) there is associated an integer index y,(x) which is
defined by

y7(u) = ind[P, ;, ((0), /' (0))],

where P, ; is the Poincaré mapping associated with (1), as defined above, and
ind is the standard fixed-point index. When (u(0),%/(0)) is a nondegenerate
fixed point of P, ;, we have

y7(u) = sign[det[l — DP, ;(u(0),/(0))]]

(equivalently, y;(u) can be defined as the degree of a mapping between
Banach spaces associated with (1), see [16]). This index has the standard
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homotopy-invariance property. We shall use the following results of Ortega
(for ¢ > 0):

(1) If (61) holds then a nondegenerate periodic solution u of (1) is
asymptotically stable if and only if y;(u) = 1 ([15, Theorem 1.1]).

(2) If the number of geometrically distinct periodic solutions of (1) is
finite, then the sum of the y;(u) over all the geometrically distinct solutions is
0 ([16, Chap. 3, Proposition 2]).

Theorem 7 follows from result (1) of Ortega together with the following
‘exchange of index’ theorem, which holds without assumption (61), and also
for ¢ =0.

THEOREM 9.  Assume f satisfies (2) and a > 0 satisfies (18). Then, whenever
LEY,,

(1) If k(1) > 0 then yp(ur(a, ) = (=1 forall k e Z.
(i) If h(2) <O then yr(ui(a, ) = (=) for all k € Z.

We note that in the numerical work of Schmitt and Sari [20] which was
mentioned in the introduction, in which the periodic solutions of (1) with
¢ =0 and f(t) = cos(wt) were computed and the phenomenon of exchange
of stability was observed, the condition y,(u) = 1 was taken as the definition
of stability, rather than the stricter notion of asymptotic stability which we
use here (which of course can never occur for the conservative case ¢ = 0).
Hence it is Theorem 9 which provides an explanation for the observations
in [20].

Proof of Theorem 9. We will assume ¢ > 0. The case ¢ = 0 follows by
going to the limit ¢ —» 0. We fix 4y and ao satisfying the conditions of the
theorem. Assume 4(4g) > 0 (the proof in case h(4g) <0 is analogous). Since
aq satisfies (18), we have that (18) holds for any a € (0, ag). The conditions
Ao € 9,4, and (25) imply that 4y € 4, for all a € (0, ap). Therefore by Theorem
5, we know that (1) with 1 = Ay has precisely two geometrically distinct
periodic solutions, which are nondegenerate, for any a € (0, ay), namely
uo(a, o), ui(a, ). Also, from Lemma 5, we know that when a is very
small ug(a, A9) is stable and u;(a, 4¢) is unstable. Moreover, if a is very small
then (61) holds, so from result (1) of Ortega quoted above we conclude that
for a > 0 very small

Vr(uo(a, 40)) = 1. (68)
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By the homotopy invariance of the index and the fact that wug(a, o)

is nondegenerate for a € (0,a¢], we conclude that (68) remains true for
a € (0,ap], and in particular, we have

vr(uo(ao, A0)) = 1. (69)

By (69), result (2) of Ortega and the fact that ug(ag, o), u1(ag, A9) are the only
periodic solutions up to geometric equivalence, we conclude that

yr(ui(ao, 40)) = —1. (70)

Since clearly y;(ur(a,A)) is equal to yr(ug(a,A)) when k is even and to
yr(u1(a, A)) when k is odd, this concludes the proof of Theorem 9. 1

We now give the

Proof of Lemma 6. We denote by v(a,t), v2(a,t) the solutions of (67)
satisfying the initial conditions

dv
v1(a,0) = 1, 7;@,0) =0,

dv
va(a,0) = 0, 7;(a, 0)=1.

A standard computation shows that
a t
vi(a,n) =1+ / (e — 1)go(s) ds + O(a®),
0

d t
@ = —a / O 0go(s) ds + O(a?),
0

v2(a, t) :%(1 —e N+ C%(e_“/o (e” — 1)go(s) ds + /0 (e — Dgo(s) ds)
+ 0(a),

dl)2

t
- (@) =e < —Leme / (€ — Dqo(s) ds + O(d®).
t C 0
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The characteristic multipliers of (67) are the eigenvalues of the monodromy
matrix:

vi(a,T) va(a, T)
M(a) = dL?1 dL?2
E ((l, T) ﬁ ((1, T)

Computing the characteristic polynomial of M(a), we obtain

T
pla,v) = v — (1 +e T+ g(e_cr — l)/ qo(s) ds) v+ e T + 0@d®).
0

When a = 0 the roots of p(0,v)are vi = 1 and v, = e~7 < 1. For a > 0 small,
v, will remain smaller than 1, so we are interested in the direction in which v;
moves, that is we are interested in the curve v(a) satisfying v(0) = 1 and

pla,v(a) =0 (71)

for a sufficiently small. Differentiating (71) and setting a = 0, we obtain

vy Dap0,1) 1T
V(O)——m——z/o qo(t) dt.

Therefore, if fOT qo(t) dt > 0 then for a > 0 small |v(a)| < 1, and if fOT qo(t) dt<0
then for a > 0 small v(a) > 1, as we wanted to show. 1

5. BIFURCATION FROM THE SYMMETRIC SOLUTIONS

As we have seen in Theorem 7, if we fix ¢ >0, a > 0 satisfying (18) and
(61), and vary A in an interval [Ly, 2*], where Ay, A* € 4, and

h(As)h(A¥) <0, (72)

the periodic solutions uy and u; ‘exchange’ their stability. Our aim now is to
understand how this exchange of stability takes place. A well-known
heuristic principle says that loss of stability is related to bifurcation. Note
also that by (72), the interval [ls, A*] intersects the ‘bad’ set R — %,
concerning which Theorem 5 tells us nothing, so at least, in principle, it is
possible that when 4 passes through R — %,, we will have periodic solutions
other than the u;’s. This suspicion can be justified by using the Index Jump
Principle (see [22, Theorem 15.A]), from which we obtain Theorem 10 below
(in fact, we only need the exchange of index, given by Theorem 9, and not
the exchange of stability, so conditions (61) and ¢ > 0 are not needed).
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We first precisely define the notion of bifurcation from the symmetric
solutions. We denote by S(a) = X (k € Z) the curves of symmetric periodic
solutions:

ey:’c = ‘spk(a) = {(}"5 Mk(a, /1)) | L€ R}
We set

S =) =] Su@.
kel

For given a, we shall say that a bifurcation from %) occurs at A = A; if in
every neighborhood of (A, u(a, 4¢)) in R x X there exists a point (', u) & &
such that (A, u) € .

From the Index Jump Principle we obtain:

THEOREM 10. Assume f satisfies (2) and a > 0 satisfies (18). Assume that
Do, A€ G, with Le < 2¥ and that (72) holds. Then, for each k € Z, there exists
I € (A, 2%) such that a bifurcation from ¥y occurs at 1. = .

We note that the formulation of the Index Jump Principle in [22, Theorem
15.A], is for bifurcation from a trivial branch of solutions, while here we use
it for bifurcation from a smooth nontrivial branch %, but a more general
formulation of the Index Jump Principle valid for bifurcation from smooth
branches is an easy consequence of the Index Jump Principle for bifurcation
from trivial branches.

Using arguments of the type appearing in the proof of the Rabinowitz
global bifurcation theorem [19, 22, Theorem 15.C], one can obtain some
information about the global structure of the bifurcating branches (the
Rabinowitz theorem itself cannot be used here, since we are dealing with a
bifurcation from a curve of solutions for which we do not have an explicit
representation). However, we shall use a different approach to study the
bifurcation that we have just shown to occur. In fact, we shall rederive
Theorem 10 by a different approach, and also obtain additional information
which cannot be derived from general bifurcation theory. We shall show, for
example, that for each k € Z the branch of solutions bifurcating from %
and the branch bifurcating from %;,; meet, so in fact there is a single
branch of solutions lying in (1, A¥) x X and connecting % and Fj,.

We refer to Fig. 5 for a representation of the contents of the following
theorem, obtained by plotting the set £, defined by (3).

THEOREM 11. Assume f satisfies (2) and a >0 satisfies (18). Assume
that J4,2* € 9, with Ay <1* and that (72) holds. Then, for each k € Z, there
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lull

FIG. 5. Bifurcation from the symmetric solutions, as described by Theorem 11.

exists a connected set A’y = A r(a) = Z(a) N (A, 2*) x X) such that, for
each ke Z,

() Ak Ss= A0S #0.
(1) If (A, u) € Ay then leOT u(t) dt € (kn, (k + 1)m) (this implies that A ;
NA ' =0 for j#k).
(i) A pro = {(Lu+2n) | (A, u) € At}

Thus if we define € = |J,., # '« then € is a connected subset of X, and it
intersects all the %;’s. We may call it the ‘bifurcating continuum’ of periodic
solutions.

To prove Theorem 11, we will exploit the fact that (18) implies the
existence of a Lyapunov—-Schmidt reduction, as we showed in the proof of
Theorem 6, which implies a one-to-one correspondence between periodic
solutions of (1) and the solutions of (34). In other words, if we define, for

la|<wv@w?+c2, F;: Rx R — R by

Fa(4,5) = B(,a,5),
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then for a > 0 satisfying (18) there is a one-to-one correspondence between
the zeroes of F, in the (4, s)-plane and the set Z(a): defining ®, : R x R —
R x X by

D,(4,s) = (4,s+ S, a,s) + Axg).
We have
2(a) = O, (F, '(0)), (73)

so our problem reduces to that of studying the set F;'(0) = R x R.
We first derive some properties of the function F,.

LEMMA 7.  Assume f satisfies (2) and |a| < w~/@? + 2. Then

(1) Fy(4,s) is 2m-periodic with respect to s.
(1) F,(4,s) is odd with respect to s.
(iii) Fy(A,mk) =0 for all Ae R, ke Z.
(iv) If 1 satisfies

12
L (2 - |a|0') 1 74)
1 —|alo

and k € Z, then (—1Y'h(2)F,(%,s) > 0 for all s € (kn, (k + 1)n).

[h(2)] > |alo

Proof. Part (i) was already proved in Section 3 (we showed that B is 2n-
periodic with respect to s). Part (i) follows from the fact that 7, as defined
by (21), commutes with L, N(4,-), and Q, so that, using (32), we have

T (S0, a,5)) = —alLlg] ™" o OIN(A, —s + T (S(4, a,5)))]
and since X = S(4, a, —s) is the unique solution of the equation
%= —dlLlz]™"© QN (% —s + X)),
we must have S(4,a, —s) = 7 (S(4, a,s)). Therefore,
Fu(4,—s) = = Q)IN(Z, —s + S(Z,a, =9)] = (I — Q)IN(4, —s + T (S(4, a,9)))]
=7 (U = QIN(4 s + S8(4, a,9))]) = —Fu(4,5).
Part (iii) follows from (i) and (ii).
We now prove part (iv). We note that it suffices to prove it for £ = 0, since

the general statement follows from the case £k = 0 by parts (i) and (ii). We
assume A(4) > 0 and show that F,(4,s) > 0 for s € (0, ©) (the proof in the case
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h(4)<0 is analogous). By Lemma 3 (which may be invoked since by (74) 4
satisfies (36)), F,(4,-) vanishes exactly twice in the interval [—x, 7), and since,
by part (iii) of our lemma, it vanishes at 0 and at =, it does not vanish in
(0, 7). This is also true when a is replaced by any a’ € (0,a), so the sign of
F,(4,s) for s € (0, ) is equal to the sign of Fy(4,s) for s € (0, ), and since,
by (40),

Fo(4,s) = B(4,0,s) = h(A) sin(s), (75)
we conclude that F,(4,s) is positive for s € (0,7). 1
We remark that part (iii) of Lemma 7 and (73) imply that, for all 1 e R
and ke Z, ®,(/, nk) e Z. However, we have not thereby found any new
periodic solutions; in fact we claim that
LeEMwMmA 8.  Assume f satisfies (2) and a > 0 satisfies (18). Then
O,(A, k) = (A ur(a, A)) for all keZ, LeR (76)
so that
®,(R x {kn}) = F.
Proof. We shall show this for k& even (the proof for £ odd is similar).

Since ug(a, 4) is a solution of (1), so that, defining x = uy(a, 4) — Axy, x is a
solution of (7), we have, by the properties of the Lyapunov—Schmidt

reduction, defining s = ( — Q)(x) = L [ x(¢) dt,

x=s54+S4,a,s),
but since x € Xy, we have s =0, hence uy(a, 1) — ixg = x = S(4,4,0), so
uo(a, 1) = S(2,a,0) + Jxg. The result for k even follows from this since when

k is even (using (35))

®,(4, k) = (A, wk + S(4, a, wk) + Ixo) = (4, nk + S(4,a,0) + 4xp)

= (A k + uo(a, 2)) = (A ug(a, 2)). W

Returning to the proof of Theorem 11, let D be the rectangle in the (4, s)-
plane defined by

D = {(%,5)| 4 € (Js, %), 5 € (0, )}.
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We have 0D =1, u I, U I3 U I, where

Ii = {(s,5)| s € (0, m)}, L= {(2%5)]s€(0,n)},

L=A00]42el 2T, Ia={(An)| e [ AT}

We shall now assume, for definiteness, that 4(1s) > 0 and 4(.*)<0. From
part (iv) of Lemma 7 we have that F, is positive on /; and negative on I;. We
now apply the following topological result.

LEMMA 9. Let D = (aj,a;) X (by,b2) be an open rectangle in the plane,
F:D — R a continuous function which is positive on the left side {a;} x (b1, b>)
of D and negative on the right side {a>} x (by,by). Then there exists a
connected set K < D such that Flx = 0 and K intersects both the lower side
[ay,a2] x {b1} and the upper side [ay,az] X {b2} of D.

In the case when F is, in fact, positive on {a;} X [b1, b;] and negative on
{aa} x [b1, by], this lemma is a very special case of Lemma A.5 in [18]. The
general case where F can vanish at the vertices of D requires a simple
additional limiting argument, of the type found in [1].

From Lemma 9 it follows that there exists a connected set

Ky = DN FE, 1 (0) (77)
with
Ko n L #0, Ko n 14 #0. (78)
We define
K_1 = {(4,—s)[(4,5) € Ko}. (79)

By (77) and part (ii) of Lemma 7,
K < E Y0). (80)
We now define K for k € Z by

B {(4,8)| (A, s — km) € Ky} k e Z even, 81
ke {4, 9)|(A,s —(k+ Dr)e K_} keZ odd. @D

By (77), (80) and part (i) of Lemma 7, K; < £, '(0) for all k. Therefore,
defining ' (k € Z) by

H = {DQa(4,5) | (4,5) € K}
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and using (73) we have 4" = X N (A, A%) x X). The fact that 2, satisfies
(i1) and (iii) of Theorem 11 follows immediately from the definition of .
To show that (i) of Theorem 11 holds, it suffices, in view of Lemma 8, to
show that

Kin (R x {kn}) = Ks_1 0 (R x {kn})#0. (82)

For k = 0, the equality in (82) is immediate from (79), and the fact that the
set is nonempty follows from (78). We show that (82) holds when £ is even
(the argument for k& odd is similar). Indeed, using (81) and the fact that (82)
holds for & = 0, we obtain

K. 0 (R x {kn}) = {(A, kn) | (A, kn) € K;}
={(4,km)| (1,0) € Ko} = {(Akm)| (2,0) e K_}
= {(L (k=D + Dr)[(2,0) € K}
= {2 ((k = 1) + D) | (A, km) € Ky 1}
={(Akm) | (A, kn) € Ks_1} = Koy 0 (R x {km}),

so we have the equality in (82). To see that the set is nonempty, note that by
(78), the set Ky n (R x {kn}) = {(4, kn)|(1,0) € Ky} is nonempty.

6. EXISTENCE OF BIFURCATING CURVES

Since we have used a general topological result, Lemma 9, in our proof of
Theorem 11, we could not obtain much information on the structure of the
bifurcating continuum % = J,_, #'x. In particular, we do not know that it
is a curve rather than a more complicated set (for example ‘secondary
bifurcations’ might occur). Moreover, there may be other periodic solutions
for / € [As, A¥] besides the symmetric ones and those lying on the set %.

A more refined analysis, which we undertake now, will yield further
information. We will show that in fact, when a > 0 is sufficiently small (‘long
pendulum’), the set ¥ is a smooth curve and all nonsymmetric periodic
solutions in [A4, A*] x X are on %. In contrast to the theorems presented in
the previous sections, in which we obtained explicit expressions for the range
of parameters for which the results were valid, in this section the results are
of a perturbational nature, in that we prove that certain statements are true
for sufficiently small @ > 0 without giving an explicit value of a below which
the statements are true. It should be noted, however, that while the results to
be proved are perturbational with respect to a, for those values of a for
which they are valid they give global descriptions of the set of periodic
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solutions of (1) for all 4 in a fixed bounded interval, so these results are of a
rather different nature than those of local bifurcation theory.
We continue to investigate the set £, '(0). We will prove the following:

LeMMA 10.  Assume f satisfies (2). Assume Ay <2* satisfy (72) and
|H(A)]>0 for all J €[l 2. (83)

Then there exists ay > 0 such that when 0 <a <ay there exists a smooth curve
C in the (A, s)-plane,

C = C(a) = {(4a(s),5) |s € R},
where A,: R = R is a 2m-periodic, even, and real-analytic function, such that
EN0) A ([Js, A% X R) = C(a) U {(2, k) | 1 € [Jo, A¥], k € Z}.

The proof of Lemma 10 will be presented later in this section. We then
define w,(s) = ®,(14(s),s), and obtain the following:

THEOREM 12.  Assume f satisfies (2), Ay <A* satisfies (72) and (83). Then
there exists an ay > 0 such that when 0<a<aq there exists a smooth curve
%) = Rx X:

% = €(a) = {(Za(s), wa()) | s € R},

where A, R —> R, w,: R = X are real-analytic, A, is 2n-periodic and even,
such that

D) Z N [Ja AT x X) = F U (F N ([As, 4¥] X X)).

(i1) For all k € Z, ). = A,(km) is the unique point of bifurcation from the
curve Sy in [As, A¥], and we have wq(kn) = wi(a, A.(km)) (since Jq(s) is 2m-
periodic, if we define Ay = A (km), we have A = g for k even and Ay = Ay for k
odd).

(ili) For all ke Z,

sign(h(As))(— 1 Jor all J. € [As, Ax),

vr(ula, 4)) = {
sign(h(Zs)) (=D for all e (A, 2.

(iv) If, in addition, we have ¢ > 0 and (61) holds, and h(/+) > 0 (h(44) <0),
then for k even wi(a, ) is stable (unstable) when A € [Jx, Ay) and unstable
(stable) when J. € (), 2*], while for k odd wc(a,’) is unstable (stable) when
J. € [/%, 1) and stable (unstable) when A € (A1, A¥].
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(v) Each point of bifurcation from & which lies in [1s, 2*] x X is either
subcritical or supercritical.

In Fig. 6, we represent the information given by Theorem 12, in the case
h(A4) > 0. Note that in our plot the bifurcation from ¥ is supercritical and
the bifurcation from .| is subcritical, but the reverse may also be the case.
Note also that we have not determined the stability of the solutions on the
bifurcating branch €. Also, we do not yet know that there are no other
turning points on the curve % besides the points of bifurcation. These
matters will be addressed in the next section.

It is important to note that Theorem 12, together with Theorem 35,
provides a good description of the set of all periodic solutions of (1) when A
varies in a compact interval /, for a > 0 sufficiently small. Let us assume that
the zeroes of / in / are nondegenerate (that is, 2 € 2 n I implies /#'(1) #0),
and denote these by ; (1 <i<n). This assumption is not too restrictive since
it may be proven that for generic f satisfying (2) all zeroes of h are
nondegenerate. We also note that this assumption holds in the case f(z) =
a sin(wt), by (23) and known properties of Jy. We assume also that ~ does
not vanish at the endpoints of /. Under these assumptions we can choose a
0>0 such that the intervals [A; —J,4; + 0] (1<i<n) are disjoint and
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FIG. 6. Representation of the information on the bifurcation diagram which is given by
Theorem 12, in the case h(Jx) > 0.
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contained in [ such that #'(2)#0 for any A in one of these intervals.
Therefore for a > 0 sufficiently small the conclusions of Theorem 12 will
hold in each of these intervals, and we shall also have

I— [/T, — 8, A + o] = 9,

-

1

1

so from Theorems 5 and 12 we conclude that there exist curves %; =
€i(a) < [A4i — 9,4 + 0] x X (1<i<n), as in Theorem 12, such that

Zm(]x)():(ym(]xX))uLnJ%.
i=1

Note that if we define
Ii(@) = — %) N [Ai— 0,4+ 3],

then, since by Theorem 5 each of the curves %; must be contained in
(I — 9,) x X, we shall have

Ci(a) < Ii(a) x X, 1<i<n,

so that the A-width of the curve %;(a) approaches 0 as a — 0.

Thus for a sufficiently small the bifurcation diagram for A € I looks as in
Fig. 7 (with the qualifications made with regard to Fig. 6 — complete
justification of Fig. 7 follows from the results of the next section).

Proof of Theorem 12. Parts (i) and (i) follow directly from Lemma 10.
Part (iv) follows from (iii) and result (1) of Ortega quoted in Section 4.
We now prove part (iii). It suffices to consider the cases £k =0,1. We
assume /(/y) > 0 (in the case h(44) <0 the proof is analogous), so that by
Theorem 9

vr(uo(a, 2s)) = 1. (84)

We claim that (84) remains true when A is replaced by A € (A, 49). Indeed,
this follows from the homotopy invariance of the index and the fact that, by
part (ii) of our theorem, /¢ is the unique point of bifurcation from % in
[A, %], so that ug(a,/) is an isolated periodic solution of (1) when /e
[Ass 40)-

Similarly, from Theorem 9 we have

yrui(a, As)) = -1
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ffull

21

FIG. 7. Choosing a compact interval / = R, then for a > 0 sufficiently small the bifurcation
diagram for A € I looks like this.

and the same argument as above implies that y;(u;(a,4) = —1 for all 1€
[Ass A1).
A similar argument shows that y(ug(a, 1)) = —1 for /i € (Ao, A*] and that

yr(ui(a, 1)) = 1 for 4 e (A1, A¥].

To prove part (v) of the theorem we note that the fact that /,(s) is even
implies that s = 0 is either a local minimum or a local maximum point of
Aq(s), which implies that the bifurcation point (4,(0), w,(0)) from ¥ is either
subcritical or supercritical. Similarly, using the fact that 4,(s) is even and 27n-
periodic, we have A,(m — s) = Ay,(s — ) = Ay(m + s) so that s = « is either a
local maximum or a local minimum point of 4,(s), which implies that the
bifurcation point (1,(n), w,(n)) from & is either subcritical or super-
critical. 1

We now proceed to the proof of Lemma 10. To prove the existence of a
real-analytic function 4,(s) satisfying

2a(s) € (D, A7) for all seR, (85)

Fy(Z4(s),8) =0 for all s e R, (86)
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we first need to ‘desingularize’ the problem by getting rid of the
known zeroes of F,, the lines s=+kn (keZ). We therefore define
F.:R > Rby

Fy(2.8) oo
Sin‘(;) if sin(s) #0,

Fu(,s) =
(—=DEDyFy(2,s)  if sin(s) = 0.

F, is real analytic, and F71(0) is the union of F ;1(0) with the lines s = kn
(k € Z), hence it suffices to prove the existence of a function A,(s) satisfying
(85) and

F,(Qa(s),s) = 0. (87)

We assume that A(4y) > 0 (the proof in the case i(44) <0 is analogous),
which by (72) implies that 4(41*) <0, which by (83) implies

H()<0  for all /€ [As 2%]. (88)

We now assume that a is sufﬁciently small so that A, A* € 4,. We then
have, by part (iv) of Lemma 7, (— 1)*F,(J4,5) is positive for s € (kn, (k + D).
Therefore, F,(4,s) is positive for all s#kn. In fact, we claim that F, is
positive on the whole line 4 = A.. Indeed, by the above, the only points s at
which F,(1,s) might vanish are s = kxn (k € Z). However, this would imply
that F,(As,s) has a degenerate zero at s = kn, but it follows from Lemma 3
and the fact that /A, satisfies (74) that the zeroes of F,(/g, ) are
nondegenerate when A € %,. By the same argument F, is negative on the
line 2 = A*.

The existence of a function A,(s) satisfying (85) and (86) will then follow
from the implicit function theorem if we can show that, for a > 0 sufficiently
small,

D, Fy(J,5)<0  for all (4,s) € [As, A¥] x R. (89)

Equation (89) also implies that, for each fixed s, 4 = 4,(s) is ~the only
solution of F,(A,s) = 0 in [/, 2*]. We note that by (75) we have Fy(/,s) =
h(A), hence

D, Fo(J,s) = H(2).

Therefore, by (88), we have (89) for a = 0. But since F, is continuous with
respect to a, 4,s, and since we are dealing with an inequality on a compact
set (A € [As, 2¥], F, is periodic with respect to s), we have (89) for all a>0
sufficiently small, as we needed.
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To see that 4, is even, we recall that by Lemma 7(ii), F, is odd with
respect to s, which implies that F, is even with respect to s, hence,
using (87),

Fva()va(_s)a 5) = Fa(/la(_s)a —5) =0,

but since, fixing s, 2 = A4(s) is the unique solution of the equation F,(1,s) =
0 in the interval [/, A*], we must have A,(—s) = /4(s). A similar argument,
using Lemma 7(i), shows the 2n-periodicity of 4,.

7. ANALYZING THE BIFURCATING CURVES

We now assume that the hypotheses of Theorem 12 hold, and wish
to study the form of the function 4,(s) (hence of the curve %(a))
for a>0 sufficiently small. This will enable us to obtain information
on the maximal number of periodic solutions for /e (s, A*), on the
nature of the bifurcations from the curves .#; (subcritical or supercritical),
and on the stability of the periodic solutions lying on the bifurcation
curve.

The basic idea now is to expand A,(s) with respect to a. It will now be
convenient to denote

wa,s) = Aq(s).
By the Taylor formula, we have
wa,s) = (0, 5) + aDap(0,5) + O(a’) (90)
(by the periodicity of p with respect to s this holds uniformly with respect to
s € R).
Substituting ¢ = 0 into the identity
B(u(a,s),a,s) =0 On
and using (40), we have
h(u(0, s)) sin(s) = 0 for all s € R,
which implies 4(u(0,s)) = 0 for all s eR, and since (72) and (83) imply
that # has a unique zero in [As, A*], which we denote by /A, we conclude

that

w(0,5) = 2 for all s € R. (92)
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Our aim now is to compute the derivative D,u(0,s). To do so we
differentiate identity (91) with respect to a, obtaining

D}.B(ﬂ(aa S)7 a? S)Da:u(as S) + DaB(,Ll(d, S), as S) = 0

Setting @ = 0 and using (92), we get

D;B(2,0,5)D,11(0,5) + DyB(,0,5) = 0, (93)

so to compute D,u(0,s) we must compute D,;B(1,0,s) and D,B(1,0,s). By
(40), we obtain

D;B(1,0,s) = sin(s)h'(2). (94)

To compute D,B(4,0,s), we differentiate the definition of B (see (34)) with
respect to a,

D.B(4,a,s) = (I — Q) o DiN(4, s + S(4, a, s))(DaS(4, a, 5)).
Substituting « = 0 and using (37), we get
DuB(2,0,5) = (I — Q) o DuN(A, s)(DaS(2, 0, 5)). (95)

To compute D,S(4,0,s), we differentiate relation (32) with respect to a and
set a = 0, obtaining

D,S(3,0,5) = —[L|] " » O(N(4,5)).
Returning to (95), we have
D,B(2,0,5) = —(I — Q) e D«N(,5) < [L|g] ™" © ON (4, 5)). (96)

We now compute the right-hand side of (96) explicitly. We have

N(4,s) = sin(Axo(¢) + 5) = sin(s) cos(Axo(2)) + cos(s) sin(Axo (7)),
hence
O(N(4, 5)) = sin(s) cos(Axo(¢)) + cos(s) sin(Axo(£))

T

- sin(s)% / Tcos(ﬂ_xo(t))dt—cos(s)% / sin(Axo()) dt.  (97)
0 0

Since xo € Xy, the second integral on the right-hand side of (97) vanishes,
and the first integral is equal to 7h(4), and, since we have h(d) =0, it
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vanishes too, so we have
O(N(4, 5)) = sin(s) cos(Axo(£)) + cos(s)sin(Axy()).
We now denote
21 = [Llg] [eos(Axo()], 22 = [LIg] ' [sin(Axo(1))]

(by the vanishing of the integrals discussed above, we indeed have that
cos(Axo(2)), sin(Axo(t)) € Y, so zy,z, are well defined), so that we have

[LIz]"  O(N(4,s)) = sin(s)z) + cos(s)za. (98)

More explicitly, z;, z; are the unique 7-periodic solutions of the linear
equations

2+ ¢Z) = cos(xy(1)),

2y + ¢z = sin(Jxo(2))

/OTzl(t)dt:/OTzz(t)dtzo.

Using (51) and (98), we have

satisfying

DN(4s) o [LIg]™" © O(N(4,5)) = cos(Axo(r) + s)[sin(s)z1 + cos(s)z2]
= cos(s) sin(s)[cos(4xo(1))z1 — sin(Axo(1))z]
+ cos(s) cos(Axo(£))z2 — sin’(s) sin(Axo(2))z1,
hence, using (96),
D,B(1,0,s)

=~ — Q) o DN(45)°[LIg] " ON(,5))

T
= cos(s) sin(s)% /0 [sin(Axo(1)z2(¢) — cos(Axo(£))z1(1)] dt

+ sin2(s)l / Tsin(ixo(z))zl(t) dt — cos?(s)l / Tcos(ixo(t))zz(t) di.  (99)
T Jo T Jy
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We now note that, since xp € X, we have sin(ixo(t)) € Xx, hence z; € X;.. On
the other hand, cos(4xo(7)) is £-periodic, hence so is z;. These facts imply that

T

T
/ cos(Axo(1))z2(¢) dt = 0, / sin(Axo(£))z1(7) dt = 0,
0 0

s0 (99) reduces to

T
D,B(1,0,s) = cos(s) sin(s)% / [sin(Axo(1)z2(¢) — cos(Axo(£))z: ()] dt.
0

We also note that, using the definition of zj,z>, and integrating by parts,
taking into account the periodicity, we have

r T T
| sinte = [0+ comod - - [ G,
0 0 0

T B T T
| eostimm@a = [ G+ oo = - [CeGora
0 0 0

Hence,

T
D.B.0.9) = coss)sinG) . [ [GHOF - GoPla (100)
0

We define

1

A=—
T

T
| @02 - copa.
so we may write (100) as
D,B(2,0,s5) = —A cos(s) sin(s). (101)

From (93), (94), and (101), we obtain

A
D0, 5) = mCOS(S), (102)
hence, from (90)
_ _ 7 A 2
Aa(s) = u(a,s) = A +a " cos(s) + O(a”). (103)

We now proceed to derive some important qualitative consequences with
the aid of (103).
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LEMMA 11.  Assume f satisfies (2) and 7.« <2* satisfies (72) and (83), and
A#£0. Then for a > 0 sufficiently small we have

(1) DsAu(s) = 0 if and only if s = kn (k € Z).
(1) If Ah(Ae) >0 (<0) then s = kr is a minimum (maximum) point of
Aa(8) when k is even, and a maximum (minimum) point of J,(s) when k is odd.

Proof. (i) Since A,(s) is even and 2z-periodic, Ds/,(s) is odd and 27n-
periodic, which implies that Du(a, km) = 0 for all k € Z. We now wish to
show that (103) implies that, if A#0, then, for a > 0 sufficiently small, the
only values of s at which Ds4,(s) = 0 are s = kn. To do so we use Lemma 4,
defining

gi1(s) = —a % sin(s), g2(8) = DgAu(s).

Differentiating (103) with respect to s (which is valid due to analyticity), we
have

62(5) = Dyiu(s) = —a ﬁ sin(s) + 0(@) = ¢1(s) + O(@).

It is easy to see that this implies that for a >0 sufficiently small, the
hypotheses of Lemma 4 will hold for ¢, g, defined as above, enabling us to
conclude that gi, g have the same number of zeroes in [—=, ), and since g,
has two zeroes in [—n, ), so does Ds/,(s). But since we already know that
s = —m and 0 are zeroes of DyA,(s), we conclude that s = —7, 0 are the only
zeroes of Dgl4(a,s) in [—r, ) when a is sufficiently small, from which our
claim follows.
(i1) Differentiating (103) twice with respect to s, we have

A cos(s) + O(a?). (104)

D?Ju(s) = —a——
) = —as s
Note now that, since the sign of 4’ (/T) is opposite to the sign of A(ly), the
condition AA(Zy) > 0 is equivalent to ﬁ<0, and the result follows at once
from this and (104). 1

The information we have derived is sufficient for obtaining a complete
qualitative description of the bifurcating curve %(a) for a > 0 sufficiently
small. The result depends on the sign of AA(/s). Let us assume for now that
Ah(24) > 0. In this case, by part (ii) of Lemma 11, s = kn (keven) are the
minimum points of A,(s), while s = kn (k odd) are the maximum points.
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Since /o = 44(0) is the unique value of 4 € [4s, A*] at which bifurcation from
the curves & (keven) occurs and 1| = 1,(n) is the unique value at which
bifurcation from the curves %) (kodd) occurs, we conclude that the
bifurcation from % is supercritical for k£ even and subcritical for £ odd, and
that 4, > Jy. Additionally, by the fact that A,(s) is monotone with respect to
s in the intervals [0, 7] and [r, 27] we see that, for 4 € (¢, 41), we have exactly
four geometrically distinct periodic solutions. We summarize the above, and
the analogous statement for the case Ah(1,)<0, in

THEOREM 13.  Assume f satisfies (2) and A< ¥ satisfy (72) and (83). If
Ah(Ly) > 0 (<0) then there exists ay > 0 such that when 0 <a<ay, we have

(1) The bifurcation points (Ao, ur(a, o)) are supercritical (subcritical) for
k even and the bifurcation points (A, ui(a, 1)) is subcritical (supercritical)
for k odd.

(i) 41> 2o (Ao > A1)

(ii1) For A€ (Ao, 41) (A€ (41,40)), (1) has precisely four geometrically
distinct periodic solutions, and for all other J. € [is,A*], (1) has precisely
two geometrically distinct periodic solutions.

We see that for 4 € (4, 41) in the case Ah(Jy) >0 (and A € (41, 4¢) in the
case Ah(14)<0), we have exactly two geometrically distinct periodic
solutions besides ug(a, 1), u1(a, ). We note that these solutions, which we
denote by vy, v5, are nonsymmetric, since Theorem 3 ensures that u; (k € Z)
are the only symmetric solutions. We claim that the two are related to each
other by the symmetry 7. Indeed, 7 (v)) is also a periodic solution, and it
cannot be equal to one of the u;’s since this would imply that v; is also one
of the u;’s. It also cannot be geometrically equivalent to v, because that
would make it symmetric. Hence 7 (v;) must be geometrically equivalent
to v,.

We now wish to determine the dynamical stability of the periodic
solutions on the bifurcating curve % in the case ¢ > 0. We assume that a > 0
is sufficiently small so that the results of Theorem 13 hold, as well as (61).
We first assume A >0 and A(Ay) <0. Then, by Theorem 13, we have that
Ao > 21, and the bifurcation is subcritical at (Lo, ux(a, 49)) (keven) and
supercritical at (4, u(a, 4o)) (k odd). From Theorem 12(iii) it follows that,
for all ke Z, yr(ur(a, 1)) = —1 for L € (41,7). Therefore, by result (2) of
Ortega quoted in Section 4, when A € (41, 49) we have y;(v) + y7(v2) = 2,
where vy, v, are the solutions on %. But since vy, vy are related by the
symmetry 7 it is not hard to see that their indices must be equal, which
implies y7(v1) = y7(v2) = 1, so that by result (1) of Ortega, both v; and v; are
stable.
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An analogous analysis can be carried out for the other three cases A > 0,
h(Ag) >0, A<O0,h(4y) >0, and A<O0, h(ls)<0, and the results are
summarized in

THEOREM 14. Assume that f satisfies (2) and iy <* satisfies (72) and
(83), that

A>0 (<0)

and that ¢ > 0. Then there exists ay > 0 such that when 0 <a<ayg the solutions
on the bifurcating branch € are stable (unstable).

Figs. 8-11 represent the information obtained from Theorems 13 and 14.

In conclusion, we see that the exchange of stability which occurs as /4
varies in the interval [14, 4*] can occur in two distinct ways dependent on the
sign of A: if A is positive, then we observe a continuous transition, so that in
some subinterval of [1s, 2*] the observable periodic solutions will be the
nonsymmetric ones, while if A<0 the transition will be a genuine jump.

To compute A corresponding to some zero A of A, one needs to compute
some integrals. Since it is the sign of A which determines the disposition of
the corresponding curve % for a >0 small, one may use finite-precision

Hull

FIG. 8. Information given by Theorems 13 and 14: h(44) >0, A > 0.
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FIG. 9. Information given by Theorems 13 and 14: A(44) >0, A<O0.

flull

FIG. 10. Information given by Theorems 13 and 14: A(14) <0, A >0.



PERIODIC SOLUTIONS OF THE FORCED PENDULUM 49

S,

/
/
/
lull A

P \ ¢

—
PR s
N s
4 N s/
~ 7
~_ —
&»

FIG. 11. Information given by Theorems 13 and 14: 4(1,4)<0, A<O0.

numerical integration. We have computed the numbers A; corresponding
to several roots of 4 in the case of the sinusoidally forced pendulum with
¢ =1,T = 2n. We found that the A;’s are positive for the first 20 roots of 4,
so that for sufficiently small a>0 the corresponding bifurcations are
described by Figs. 9 and 11, which means that for some /A-intervals one will
observe the nonsymmetric oscillations. This is indeed borne out by numerical
simulations: for example in the simulation discussed in Section 4, with
f(t) =sin(?), a = %, ¢ =3, for values of 4 in the interval (7.5,7.8) one
observes that the solution approaches a periodic motion whose mean value
is not a multiple of =, that is a nonsymmetric periodic solution.
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