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1. Introduction

In the celebrated work [29], P.H. Rabinowitz established Rabinowitz’s unilateral global bifurcation
theory (Theorem 1.27 and Theorem 1.40 of [29]). However, as pointed out by Dancer [6,7] and Lopez-
Goémez [20], the proofs of these theorems contain gaps, the original statement of Theorem 1.40 of
[29] is not correct, and the original statement of Theorem 1.27 of [29] is stronger than what one
can actually prove so far. Although there exist some gaps in the proofs of Rabinowitz’s Theorem 1.27
and Theorem 1.40, Theorem 1.27 and Theorem 1.40 have been used several times in the literature
to analyze the global behavior of the component of nodal solutions emanating from u = 0 in wide
classes of elliptic boundary value problems for equations and systems [23,17,3,21]. In 2008, Girg and
Takac¢ proved a Dancer-type bifurcation theorem (Theorem 3.7, [13]) in which the continua bifurcate
from the principle eigenvalue for a high-dimensional p-Laplacian equation.

In this paper, we will also establish a Dancer-type bifurcation theorem for one-dimensional p-
Laplacian problem

—(pp(u)) = um©@p) + g(t,u; ), te(©O,1), an
u(0) =u(1)=0,

where ¢, (s) = Is|P=2s, 1 < p < +o0, 1 is a positive parameter, m(t) > 0 and m(t) # 0 for t € (0,1)
is a continuous weight function, g: (0,1) x R x R — R satisfies a Carathéodory condition in the first
two variables and

L 8Esi) (12)
Is>0 [s|P~!
uniformly for a.e. t € (0, 1) and u on bounded sets.

Under the condition of (1.2), we will show that (ux(p),0) is a bifurcation point of (1.1) and
there are two distinct unbounded continua, C,:r and C,’, consisting of the bifurcation branch C; from
(1k(p), 0), where wy(p) is the k-th eigenvalue of the linear problem corresponding to (1.1).

The proofs are based on the local properties of solutions of (1.1) bifurcating from (ug(p),0) (see
Lemma 3.1). Although the proof of the above result follows the same steps as do for the semilinear
case from [6] and the high-dimensional p-Laplacian case from [13], their methods cannot be applied
directly to obtain our result. Indeed, the proof of Lemma 3 of [6] strictly depends on the linear
property of operator L and needs some smooth property, to guarantee [(H) is well defined, of the
perturbation function H. And the proof of Lemma 5.8 of [13] strictly depends on properties, such as
Poincaré inequality holding, of the principle eigenvalue A1 of high-dimensional p-Laplacian eigenvalue
problem, which are used to get local asymptotic analysis for A near A;. Thus, we construct a new
perturbation function which is different from those in [6] and [13]. Then, using the local properties
of solutions of (1.1) bifurcating from (uy(p),0) (see Lemma 3.1) and functional analysis method, we
can obtain a Dancer-type bifurcation result for (1.1).

Based on the unilateral global bifurcation result (see Theorem 3.2), we investigate the existence of
nodal solutions for the following one-dimensional p-Laplacian 0-Dirichlet problem

(pp(W)) + fE.w) =0, te(0.1), (13)
u(0) =u(1) =0,

where f € C([0, 1] x R).
It is well known that when f (¢, u) = A, (u), problem (1.3) has a nontrivial solution if and only if
A is an eigenvalue of the 0-Dirichlet problem

(p()) +rppw) =0, te(0,1), (14)
u(0) = u(1) =0.



2450 G. Dai, R. Ma/ ]. Differential Equations 252 (2012) 2448-2468

In particular, when A = Ax(p) = (kmp)P, there exists solution u(t) = % sinp (kmpt) of (1.4), where
27 (p=1)\/P
psin(w/p)

sinp (krpt) when & > 0 and u,” = k sinp (kpt) when o < 0, such that u) has exactly k — 1

7rp a =u'(0) and sin, is the p-sine function (see [9] or [33]). It is obvious that u,:“ =

kn
zeros in (0, 1) and is positive near 0, and u; has exactly k — 1 zeros in (0, 1) and is negative near 0.

When p =2, Ma and Thompson [23] considered the interval of r, for which there exist nodal
solutions of the boundary value problem

{u//_+_1,.n1(t)f(u):07 tE(O,l)v (1 5)

u0)=u(1)=0

under some suitable assumptions on_f and m Using the bifurcation theory of Rabinowitz [28,29],

they proved that if t"c <r< }—’5 or % <r< ch' (1.5) has two solutions u,< and u, such that uk

has exactly k — 1 zeros in (0, 1) and is positive near 0, and u, has exactly k — 1 zeros in (0, 1) and

is negative near 0, where Xk is the k-th eigenvalue of linear problem of (1.5), fo = lims—0 = f()

foo = limjgj— 400 @ The idea of using bifurcation methods to study the solvability of nonlmear
boundary value problems has been applied to study some two-point, three-point and periodic bound-
ary value problems, see [22,24,25]. The results they obtained extended some well-known theorems of
the existence of positive solutions for related problems [15,11].

For p # 2, M. Del Pino, M. Elgueta and R. Manasevich [9] investigated the existence of solutions
for (1.3) using the Leray-Schauder degree by the deformation along p.

Of course, the natural question is that whether nodal solutions exist for (1.3) if fxs)

@p(s)

crosses
Ak(p)? In this paper, we will provide positive answer for this question (see Section 4).

In high-dimensional case, Girg and Takac [13] proved a Dancer-type bifurcation theorem (Theo-
rem 3.7, [13]) in which the continua bifurcate from the principle eigenvalue for a quasilinear elliptic
eigenvalue problem. Based on their results, we will investigate the existence of constant sign solutions
for the following p-Laplacian 0-Dirichlet problem

{ —div(¢p(Vu)) = f(x,u), ing, (1.6)
u=0, onds2,

where £2 c RN with N > 2 is a bounded smooth domain and f € C(£2 x R).
By a solution of (1.6) we understand u € Wé‘p(.Q) satisfying (1.6) in the weak sense, i.e., such that

/qulp_ZVqudx=/f(x, u)vdx
2

for all v e Wg"’(sz). It is well known that when f(x,u) = Agp(u), problem (1.6) has a nontrivial
solution if and only if A is an eigenvalue of the 0-Dirichlet problem

{ —div(pp(Vu)) = Agp(u), in g2, (1.7)

u=0, onoas2.

In particular, there exist a positive solution and a negative one when A = A{(p), where A1(p) is the
principle eigenvalue of (1.7).

Under the assumptions that g("(ss)) crosses Aq(p), X.L. Fan, Y.Z. Zhao and G.F. Huang [12] proved
that problem (1.6) possesses two solutions including at least one nontrivial solution. In [16], using the
topological degree argument, Y.S. Huang and H.S. Zhou obtained the existence of positive solutions for
(1.6) in the N-dimensional case under the similar assumptions as in [12].
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Again, one will ask the question that whether a positive solution and a negative one exist for (1.6)
if f(p;"(’ss)) crosses A1(p)? In this paper, we also give a positive answer for this question (see Section 5).

The rest of this paper is arranged as follows. In Section 2, we establish the Rabinowitz-type global
bifurcation theory for (1.1). In Section 3, we establish the unilateral global bifurcation theory for (1.1).
In Section 4, we prove the existence of nodal solutions for (1.3) with crossing nonlinearity. In Sec-
tion 5, we prove the existence of constant sign solutions for (1.6) with crossing nonlinearity.

2. Global bifurcation phenomena for (1.1)

Let E be the Banach space C}[0, 1] with the norm

lull = max{l|ulloc, |u'lloc }-

Let Y = L'(0, 1) with its usual normal || - ||1.
We start by considering the following auxiliary problem

(¢p (u/))/ =h, aete(0,1), 21)
u)=u(1)=0

for a given h € L1(0, 1). By a solution of problem (2.1), we understand a function u € E with wp )
absolutely continuous which satisfies (2.1). Problem (2.1) is equivalently written as

t s
u(t) =G, (h)(t) :=/<p;1 (a(h)—i—/h(t)dr) ds,
0 0

where a:Y — R is a continuous function satisfying

1 s

/golj] (a(h)+/h(r)dr) ds=0.

0 0
It is known that Gp, : Y — E is continuous and maps equi-integrable sets of Y into relatively compacts

of E. One may refer to Lee and Sim [17] and Manasevich and Mawhin [26] for detail.
The bifurcation points of (1.1) are related to the eigenvalues of the problem

(0p (') + pm®)pp (u(t)) =0, ae.in(0,1), (2.2)
u(0) =u(1)=0.

It is well known that the set of all eigenvalues of problem (2.2) is an infinite sequence of simple
eigenvalues

0<u1(p) <p2(p) <--- < pug(p)<---, lim g (p) =+o0,
k— 400

and the eigenfunction ¢, corresponding to wuy(p) has exactly k — 1 simple zeros in (0, 1) (see, e.g.,
[17,2]).
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We define the operator Tﬁ :E—E by

N

t
T,’i(u)(t):/(p;1 (a(—um(pp(u(s))) —/Mm(t)gop(u(r))dt> ds =: Gp(—pmepw))(t).
0

0

Then Tﬂ : E — E is compact and problem (2.2) is equivalent to
u=Th(u).

It is very known that I — Tﬁ is completely continuous vector field in C![0, 1]. Thus the Leray-
Schauder degree dis(I — Tﬁ, B;(0),0) is well defined for arbitrary r-ball B-(0) and u # g, k € N.

Lemma 2.1. (See [17].) Let {iux(p)}ken be the sequence of eigenvalues of (2.2). Let w be a constant with
M # uk(p) for all k € N. Then for arbitrary r > 0,

deg(I — T}, B+(0),0) = (—1)°,
where 8 is the number of eigenvalues (i (p) of problem (2.2) less than (.
Define the Nemitskii operators H:R x E — Y by

H(p, u)(t) := —pumO@p (u(®)) — g(t, u®): 1.

Then it is clear that H is continuous operator which sends bounded sets of R x E into the equi-
integrable sets of Y and problem (1.1) can be equivalently written as

u=GpoH(u,u):=F(u,u).
F is completely continuous in R x E — E and F(u,0) =0, Vi € R.
Theorem 2.1. Assume (1.2) holds. Then for p > 1, ux(p) is a bifurcation point of (1.1) and the associated
bifurcation branch Cy in R x E whose closure contains (i (p), 0) is either unbounded or contains a pair
(i, 0) where @ is an eigenvalue of (2.2) and & # i (p).
Proof. From now on, for simplicity, we write w, = (r(p). Suppose that (i, 0) is not a bifurcation

point of problem (1.1). Then there exist ¢ > 0, po > 0 such that for | — ug| < € and 0 < p < pg there
is no nontrivial solution of the equation

u—F(u,u)=0
with ||u|| = p. From the invariance of the degree under a compact homotopy we obtain that
deg(I — F(u, ), B, (0), 0) = constant (2.3)

for (€ [ug — &, i + €.
By taking ¢ smaller if necessary, we can assume that there is no eigenvalue of (2.2) in (uk, ux +€1.
Fix © € (g, 1k + €]. We claim that the equation

u—Gp(—pm®)pp(u()) —sg(t,u(t); n)) =0 (2.4)
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has no solution u with ||u|| = p for every s € [0, 1] and p sufficiently small. Suppose on the contrary,
let {u,} be the solution of (2.4) with |[uy|| — 0 as n — +o0.
Let vy := Hg—:’lu then v, should be a solution of the problem

g(t, un(t); 1)
va(t) =Gy (—Mm(t)sop (va(®) — SW (2.5)
n
Let
Bt u; ) = OEHL‘ |g(t,s;u)| forae.te(0,1)and p on bounded sets,
<JsI<u
then g is nondecreasing with respect to u and
g(t, u;
LU (2.6)
u—0t |Ll|p_1
Further it follows from (2.6) that
t,u; S(t, |ul; 2, U loo; s, ull;
g(t,u; ) < 8(t, Jul; w < 8(t, lulloo; ) < 8 llul: ) 0. asul—0 2.7)

flujp=1 flufp=1 fJuf P~ P
uniformly for a.e. t € (0, 1) and u on bounded sets.
By (2.5), (2.7) and the compactness of Gp, we obtain that for some convenient subsequence

vy — vo # 0 as n — +o0o. Now v verifies the equation

—(¢p(vp)) = um©@p(vo)

and ||vo|l = 1. This implies that u is an eigenvalue of (2.2). This is a contradiction. From the invariance
of the degree under homotopies and Lemma 2.1 we then obtain

deg(I — F(14,-), Br(0),0) = deg(I — T}, B+(0), 0) = (—1)¥. (2.8)

Similarly, for p € [k — €, (x) we find that

deg(I — F(u, -), Br(0),0) = (=1)* 1. (2.9)

Relations (2.8) and (2.9) contradict (2.3) and hence (ug, 0) is a bifurcation point of problem (1.1).
By standard arguments in global bifurcation theory (see [29]), we can show the existence of a
global branch of solutions of (1.1) emanating from (i, 0). O

We finally prove that the first choice of the alternative of Theorem 2.1 is the only possibility. In
what follows, we use the terminology of Rabinowitz [30]. Let S,j denote the set of functions in E
which have exactly k — 1 interior nodal (i.e. non-degenerate) zeros in (0, 1) and are positive near
t=0, and set S, = —S,j’, and Sy = S,:L US, . It is clear that S,j’ and S, are disjoint and open in E
(also see [27]). Finally, let <1>ki =R x Ski and @, =R x S, under the product topology.

Lemma 2.2. If (i, u) is a solution of (1.1) and u has a double zero, then u = 0.
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Proof. Let u be a solution of (1.1) and t* € [0, 1] be a double zero. We note that

t* t*
u(t)=/¢;1</(—um(r)<ﬂp(u(f)) —g(r,u(r);u))df> ds.
t

N

First, we consider t € [0, t*]. Then

t *
lu®] < / ( / —um(T)pp (u(r)) — g(t, u(r); n))de )ds

t

N

t*

(/ pm(T)ep (u(0)) + g(z, u(o); M)|df)

t

furthermore,
t*

ep(lu®]) < /|Mm(r)tpp (u(0) +g(z. u(x); pu)|de

t

/‘um(r) + gy (u(r))dr

@p(u(f))
t*

g(t, u(t); 1
gt/(Mm(T)H‘WD%(Iuw)dr.

In view of (1.2), for any € > 0, there exists a constant § > 0 such that

|lg(t,s; )| < epp(ls))
uniformly with respect to a.e. t € (0, 1) and fixed © when |[s| € [0, §]. Hence,

5

ep(lu®)]) g/(lultrel?&)f]m(t)—i-e—# max
t

g(t,s; u)
NGO D‘””“”(T)')dr

s€[s, uflo]

By the Gronwall-Bellman inequality [4], we get u =0 on [0, t*]. Similarly, using a modification of
Gronwall-Bellman inequality [14, Lemma 2.2], we can get u =0 on [t*, 1] and the proof is com-
plete. O

Lemma 2.3. The last alternative of Theorem 2.1 is impossible if Cy, C &y U {(u1k, 0)}.

Proof. Suppose on the contrary, if there exists (i4m, um) — (uj, 0) when m — +oo with (um, um) €
Ci, Un #0 and j#k. Let vy, := ”zﬁ then vy, should be a solution of the problem

ECn0: 1)) 210)

V=G, (—/,me(t)(pp (vm(©®) = lum(©)[IP~1
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By (2.7), (2.10) and the compactness of G, we obtain that for some convenient subsequence
vm — Vo # 0 as m — 4+o00. Now vq verifies the equation

—(¢p(vp)) = mjm®)@p(vo)

and |lvo|l = 1. Hence vo € S; which is an open set in E, and as a consequence for some m large
enough, vy € S, and this is a contradiction. O

Theorem 2.2. Let (1.2) hold, then from each (., (p), 0) it bifurcates an unbounded continuum Cy, of solutions
to problem (1.1), with exactly k — 1 simple zeros, where (i, is the eigenvalue of problem (2.2).

Proof. Taking into account Theorem 2.1 and Lemma 2.3, we only need to prove that C, C &, U
{(uk, 0)}.

Suppose Cy ¢ @, U {(k, 0)}. Then there exists (u,u) € Cy N (R x 3Sk) such that (u, u) # (u, 0),
u ¢ Sk, and (n, un) — (W, u) with (un, up) € Ce N (R x Sk). Since u € 39Sy, by Lemma 2.2, u =0. Let
Wy = then wy, should be a solution of the problem

n
llunll”

M) 211)

W =G, <,unm(t)qop(wn(t)) T i oP

By (2.7), (2.11) and the compactness of G, we obtain that for some convenient subsequence
wp — wo # 0 as n — 4+o00. Now wy verifies the equation

—(pp(wp)) = um()p(wo)

and ||woll = 1. Hence u = uj, for some j # k. Therefore, (un, up) — (14}, 0) with (fn, ty) € Ce N (R x
Sk). This contradicts Lemma 2.3. O

3. Unilateral global bifurcation phenomena for (1.1)

In this section, we will prove more details about the bifurcation from Theorem 2.2. Let E=R x E,
& (u,u):=u— F(u,u) and

E
S:={(n,u) €eE: d(u,u)=0, u#0} .
In order to formulate and prove main results of this section, it is convenient to introduce Dancer’s [6]

and Lépez-Gémez's notations [20]. Given any u € R and 0 < s < +o00, we consider an open neighbor-
hood of (i, 0) in E defined by

Bs ik, 0) :={(1, u) € E: [lull + | — puxl < s}
And Bs(0) denotes {u € E: ||u| < s}. Let Eg be a closed subspace of E such that

E = span{gy} @ Eo.

According to the Hahn-Banach theorem, there exists a linear functional | € E*, here E* denotes the
dual space of E, such that

() =1 and Eq={ueE: I(u)=0}.
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Finally, for any 0 < < 1, we define

Ky == {(u,w) € E: |lw)] > nlul}.

Since

ues || - Jull

is continuous, K; is an open subset of E consisting of two disjoint components K,T and K., where

K= { (e, ) € E: 1) > nllull},
Ky = {(u, ) € E: lu) < —nllul}.

In particular, both Kn+ and K, are convex cones, K" = —K,T, and vty € K,‘; for every t > 0, where
vef{+, -}

Applying the similar method to prove [20, Lemma 6.4.1] with obvious changes, we may obtain the
following result, which localizes the possible solutions of (1.1) bifurcating from (u, 0).

Lemma 3.1. For every n € (0, 1) there exists a number 8o > 0 such that for each 0 < § < Jo,

((S\ { Gt 0)}) N Bs 1k, 0)) C Ky,

Moreover, for each

(1 u) € (S\ { (k. ) N (Bs(pax, 0)),

there are s € R and unique y € Eq such that

u=sp+y and |s|>nlul.

Furthermore, for these solutions (i, u),

n=pug+o(l) and y=o(s)
ass— 0.

Remark 3.1. From the proof of Lemma 6.4.1 of [20], we can see that if g(t,u; ) is replaced by
gn(t, u; w) which satisfies

gn(t’ u; ,LL) —
=0 [lufP~1

uniformly for all n € N, then §p can be chosen uniformly with respect to n.

Let § > 0 be the constant from Lemma 3.1. For 0 < &£ < § we define D}}Lk,s to be the component

of {(ui, O} U (S NBe N K,‘;) containing (g, 0), Cl“Lk_g to be the component of Ck\D,I,Ks containing

(k- 0), and C} to be the closure of (Jy_.<sC};, .- Clearly, C} is connected. Thanks to Lemma 3.1, the
definition of C; is independent from the choice of n and C; = C,f uc, .

The following unilateral global bifurcation result is a close analogue of Dancer’s result [6, Theo-
rem 2] shown originally for abstract semilinear equations.
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Theorem 3.1. Either C; and C,_ are both unbounded, or else C;" N C;” # {(1k, 0)}.

As in the semilinear case in Dancer [6, Theorem 2], our proof of Theorem 3.1 is based on the
following three lemmata.

Lemma 3.2. Suppose 81, 82 > 0 such that 0 <81 + 82 <8 and @ (u, u) #0if |u| =81 and | — il < 82. If
0 < o < & and B(o) is sufficiently small and positive, then

deg(® (1ux +0,-), WY, 0) — deg(® (i — 0, -), W, 0) = (=D 1,
where WY ={u € E: (u,u) € K?, B(o) < |lu| <81}

Proof. Recall that u =I(u)gy + y. We define

g(t,u; p) if () < —nlu;
2w ) =1{ S, —nlulge+y; p) if —lull <Iw) <0;
—g(t, —u; ) ifl(u) >0

and

B (1, u) = U — Gp(—pumO@y (u(©) — E(t, u(©); 11)).

Then the mapping 5(@, u) is odd with respect to u.
By our hypothesis and Lemma 3.1, the equation @ (uy + o, u) =0 has no solution in

Bs, \ (WTUW™ UBg).
By Lemma 3.1, a(uk +o0,u)=®(ur+0o,u) on dBs; UdBg. It follows that

deg(@(uk +0,°),Bs,0)= deg(@(uk +0,),Bg,0)
+deg(®(uk +0,-), W, 0) + deg(® 1k + 0, ), W™, 0).

The oddness of a(uk + 0, -) and the definition of the degree in Schwartz [31] ensure that
deg(® (ux +0,-), WH,0) =deg(®(uux +0,), W™,0).
And the definition of @ ensures that

deg(@ (juk + 0, ), W™,0) = deg(® (i + 0, -), W™, 0).

Thus

2deg(®@(uk+0,), W™, 0) =deg(® (i +0,-), By, 0) — deg(@ (i + 0, ), Bg, 0).  (3.1)

Analogously,

2deg(®(uk — 0, ), W, 0) =deg(P(1x — 0, -), Bs,, 0) — deg(P (ux — 7, -), Bg,0).  (3.2)
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By Lemma 3.1 and the definition of &, we have
deg(P (i — 0, ). By, 0) = deg(® (11 — 0. ), By, 0)
and
deg(® (ux +0,-), B, 0) = deg(@ (ux + 7, -), Bg, 0).
As in the proof of Theorem 2.1 one can show that
deg(®(ux — 0.7, Bg,0) = (—1)*' and deg(®(ur+0.).Bs,0)=(-DF.  (33)
From Lemma 3.1 and the definition of @, we can see that

deg(a(Mk + g, ')’ B(S] ) 0) = deg((p(l'l/k + g, ')7 Bé] ’ 0)

and

deg(®(uk — 0, ). By, 0) = deg(@(ux — 0. ), Bs, . 0).

By our assumptions, for u € [ux — o, g + o] the homotopy @ (i, -) is admissible on Bs,. The homo-
topy invariance of the degree ensures that

deg(®(ur+0,-), Bs,,0) = deg(®(ur — o, ), Bs,, 0).
Subtracting (3.1) from (3.2) and using (3.3), we arrive at
deg(@ (puk + 0, ), W,0) — deg(® (i — 0, ), W—,0)=(-D¥1. 0
Define T, to be the component of Ci \ (Bg (g, 0) N K;f) containing (g, 0).

Lemma 3.3.If0 < € < §, zero is an isolated solution of @ (g, u) =0, and The is bounded in EE, then

OBe (1, ) N K N T,y o # 0.

Proof. Proof of Lemma 2 of [6] is also valid for the quasilinear case, and therefore the proof is omit-
ted. O

Lemma 3.4. The statement of Lemma 3.3 holds without the assumption that zero is an isolated solution of
D (g, u) =0.

Proof. For any n € N, choose continuous functions fj : [0, +00) — [0, 1] such that f;(s) = @p(s) for

0< s < ;—n and f(s) =0 for |s| > % Define

By (1, 1) =1t — G (—pum(©) @ (u(®) — g (6, u®); 1) = fal(u®)) Ju©® 7).

Since limyy -0 % =0 and the definition of f,, we have
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gt us w) + fad@)ull?
llu >0 flullp—1

=0 forallneN. (3.4)

Let

E
Spi={(n,u) €E: dp(u,u)=0,u#0} ,

using Remark 3.1 and (3.4), we can show that

((Sn \ {(I’Lkv 0)}) mﬁé(ﬂk» 0)) C K.

Moreover, for each

(1 u) € (Sn\ { (k. 0)}) N Bs (pux, 0),

there exist s € R and unique y € Eq such that

u=sgc+y and |s| > nllul.

We claim that zero is an isolated solution of &, (i, u) = O for each positive integer n.
Suppose on the contrary, let u is a nontrivial solution of @, (g, u) =0, such that

0 < |lul:=b<é.

Thus, u =sg, + y with s=1(u), y € Eg and y =o0(s). Let v = % It follows that lims_, ¢ v = ¢. Conse-
quently, we have

v+ Y Gp <_Mkm(t)(ﬂp (V(t) + Q)

- (3.5)
S

8t u®); ) + fn(l(u(t)))||u(t)||p>
©p(s) '

Letting s — O on the both sides of (3.5) and using the continuous property of G,, we can obtain that

. £, ut); wr) + fad(u(t t|1P
<pk=Gp<—Mkm(t)§0p(q0k(t))—sll_%g( u(®); pie) + fu@®NIu@®|l )

©p(s)
ie.,
. p
—(QDp((D,Q))/ _ Mkm(t)(Pp((Pk) + lim g(t u; /J/k) + fn(l(u))”u” )
s—0 ©p(s)
Therefore,

i S ) + Sa(@))|jull? —o.

3.6
s—0 ©¥p(s) (3.6)

While, in view of (1.2) and the definition of f,, we obtain that
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lim g(t, u; ) + fud@)ull? — lim g(t, u; pg) lim fud@)ull?
5—0 @p(S) s—>0  @p(s) 5—0 ©@p(s)

_ lim<g(t, u; i) sop(u)> LbP

s—0 ©p(u) ©p(s)
gt u; )
=lim """ . @, (¢) + b?
s—0  @p(u) O Pk
—bP £0.

This contradicts (3.6).
Now let 0 <& <4 and assume that T, . is bounded in E. Let T, be a component of Sy \
Be (g, 0) N K;’) containing (i, 0). Suppose that the conclusion of our lemma is false. This means

that

OBe (Ui, 0) K NTy o =0

The definition of T, . implies that

Be (uk, 0) N Ky NTp, o =0

Since T, . is bounded, we can find R > 0 such that T e CBr(uk, 0).

Combining these facts with a classical topological result from Whyburn [32, Chap. I, State-
ment (9.3)], we conclude that

K := (8 NBr(tk, 0)) \ (Be (i, 0) NK;") = k1 Uka,

where k1, ky are disjoint compact subsets of K, such that Tﬁk,s C kq and
(SN OBR (k. 0)) U (SN 3Be (k. 0) NK,¥) Cka.

Consequently, there exists a bounded open set U in E such that k; C U, ky N U =@, (u, 0) € U,
BUNS) C Be (g, 0) N K,;“) and 9B (i, 0) N K,'; NnNU=4¢.
Applying Lemma 3.3 to &;, we have

OB (i, 0) VK NTy %0 foreachn eN.

By the connectedness of Ty, there exists an (un, n) € 9U N Tp. By choosing a subsequence if nec-
essary, we may assume that u, — u* in E and u, — p* in R. Letting n — 400 on the both of
@ (fn, Up) =0 and using the compact and continuous properties of G,, we can show @ (u*, u*) =0.
By the closed property of aU, we conclude that (u*,u*) € 9U N Ty. In view of the definition of T,
we can obtain that

(1*,u*) € (SNBr(uk, 0)) \ (B (141, 0) N K,¥) Cka.
This contradicts 0U Nk, =@. O

Proof of Theorem 3.1. Define T, to be the closure of (Jy_.<5T}, - Then T;, < C, . Suppose C is
bounded. By Lemma 3.4, for any 0 < ¢ < §, we have
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OBe (fk, 0) N K N T, #0.

It follows that

(T \ (Bs(her, 0) N K;7)) N 9B (g, 0) # 2.

Furthermore, for every open set U of (ug,0) and U C B;s(ug, 0), the above implies that
(T \ (Bs (i, 0) N K,)) NOU # . (3.7)

Let £= (T \ Bs (g, 0) NK;)) and T be the component of T\ (Bs (g, 0) ﬂK,;) containing (g, 0).

Let U, be a p-neighborhood of T and K =/, N £.

We claim that T N 0B (g, 0) # @.

In fact, if T N dBs(ug, 0) = @, Lemma 1.1 implies that K = K7 U K, where Ki, K, are disjoint
compact subsets of K containing T and 9Bs (g, 0) N K, respectively. Let O be any ¢-neighborhood in
E of K;. It is obvious that O € Bs(uk,0) and a0 N £ =@. This is a contradiction.

By the definition of C,jL and the fact T N dBs(uk, 0) # @, we have

¢ 2Ch 52 Cu\ (1 0 U (SN (Bs(ur. 0) N K ))) 2T

Therefore, C,:r NC, # {(x, 0)}. Similar argument could be used for C,:r. The proof is complete. O

Remark 3.2. From the proof of Theorem 3.1, we can see that, if C,;L or C, is bounded, there ex-
ists a connected set Q C (C,:r NCH\ {(u, 0)} such that Q N (R x (Ep \ {0})) # @. Indeed, we can
show that T N 3B;s(u, 0) |g,7# ¥, where 0Bs(jk, 0) |, denotes the restriction of dB;(uk,0) on Eq.
Suppose on the contrary, if T N 0Bs (g, 0) |[g,=9, T N Bs(1k, 0) # ¥ implies that u = sgy for any
u €T NoBs(ug, 0). However, that is impossible if we take |s| small enough. Therefore, the result of
Theorem 3.1 is stronger than that of Theorem 6.4.3 of [20].

Connecting Theorem 2.2 with Theorem 3.1, we can easily deduce the following unilateral global
bifurcation result.

Theorem 3.2. Let v € {+, —}. Then C}, is unbounded in R x E and
G C{u. OJU(R X SY) or ¢ C{(u0}U(RxS."). (3.8)

Proof. By Theorem 2.2, we can get (3.8) easily. We only need to prove that both C,j and C, are
unbounded. Suppose on the contrary, without loss of generality, we may suppose that C,~ is bounded.
By Theorem 3.1, we know that (C,” N C,f) \ {(ug, 0)} # @. Therefore, in view of (3.8), there exists
(M, Us) €C ﬁCk+ such that (s, uy) # (Uk, 0) and u, € S,j NS, . This contradicts the definitions of
S and S;. O

Remark 3.3. It is easy to see that the results of Theorem 3.2 remain true even if “m(t) is a continuous
weight function” is substituted by “m(t) is a measurable weight function”.

4. Nodal solutions of one-dimensional p-Laplacian with crossing nonlinearity

We use Theorem 3.2 to prove the existence of nodal solutions for problem (1.3) with crossing
nonlinearity.
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In this section, we suppose that

(H1) A(p) <a(t) =limjs— 400 é(t(ss)) uniformly on [0, 1], and the inequality is strict on some subset of posi-

tive measure in (0 1);

(Hy) 0< llm‘SHO [ (S) = c(t) < A(p) uniformly on [0, 1], and all the inequalities are strict on some subset
of positive measure in (0, 1);

(H3) f(t,s)pp(s) >0 forae.te(0,1)ands#0.

Remark 4.1. From (H)-(H3), we can see that there exist a positive constant ¢ and a subinterval

[a, B] of (0, 1) such that f(t(ss)) o for all t € [, B] and s # 0.

The main results of this section are the following:

Theorem 4.1. Suppose that f (t, u) satisfies (H1), (Hz) and (H3), then problem (1.3) possesses two solutions
u,j and u, such that u,:r has exactly k — 1 zeros in (0, 1) and is positive near 0, and u, has exactly k — 1 zeros
in (0, 1) and is negative near 0.

Similarly, we also have the following:

Theorem 4.2. Suppose that f (t, u) satisfies (H3) and

(H}) M(p) > a() =lim|s| > +o0 L83 >

subset of positive measure in (0, 1);
(HY) limys) -0 gf(ss)) = c(x) = M (p) uniformly on [0, 1], and the inequality is strict on some subset of positive
measure in (0, 1), then problem (1.3) possesses two solutions uk and u,; such that uk has exactly k — 1

zeros in (0, 1) and is positive near 0, and u, has exactly k — 1 zeros in (0, 1) and is negative near 0.

0 uniformly on [0, 1], and all the inequalities are strict on some

Remark 4.2. We would like to point out that even in the semilinear case, the assumptions (H{) and
(H3) are weaker than the corresponding conditions of Theorem 1.1 of [23]. In fact, if we let f(t,s) =

rm(t) f (s), then we can get limysj— 400 gfot(ss)) =rm(t) foo ;= a(t) and lims—o ii,tiss)) =rm(t) fo := c(t). By

the strict decreasing of Ak(f) with respect to weight function f (see [2]), we can show that our con-
dition c(t) < Ax(p) < a(t)(=a(t)) is equivalent to the condition fx_okc <r< % Similarly, our condition

c(t) = M (p) = a(t)(=a(t)) is equivalent to the condition fo <r< f . Therefore, Theorem 1.1 of [2] is
the corollary of Theorems 4.1 and 4.2, even in the case of p =2.

We only prove Theorem 4.1, since the proof of Theorem 4.2 is similar.

Proof of Theorem 4.1. Firstly, we study the bifurcation phenomena for the following p-Laplacian
eigenvalue problem with crossing nonlinearity

((pp(u’)), +uf(t,u)=0, ae.te(0,1), 1)
u@ =u(1)=0

where 1 > 0 is a parameter.
Let £ € C((0,1) x R) be such that

ft,u) =c®)ppu) + ¢ (t, u)
with

g(t,u)

im =0 uniformly on [0, 1]. (4.2)
lul—0 @p(u)



G. Dai, R. Ma/ ]. Differential Equations 252 (2012) 2448-2468 2463

Hence, the condition (1.2) holds. Using Theorem 3.2, we have that there are two distinct unbounded
continua, Ck+ and C,’, consisting of the bifurcation branch Cy from (uk(p), 0), such that

& . OJU®RX SY) or ¢ C{(uk. OJU(Rx S.").
It is clear that any solution of (4.1) of the form (1, u) yields a solution u of (1.3). We will show C}/
crosses the hyperplane {1} x E in R x E.
By the strict decreasing of w(c(t)) with respect to c(t) (see [2]), where u(c(t)) is the k-th eigen-

value of (2.2) corresponding to the weight function c(t), we have pi(c(t)) > ur(A¢(p)) = 1.
Let (in, yn) € C,f where yj # 0 satisfies

Un + | Ynll — +o0.

We note that u, > 0 for all n € N, since (0,0) is the only solution of (13) for u =0 and C; N
({0} x E) = 4.

Step 1. We show that if there exists a constant number M > 0 such that

Mn C (0, M]

for n € N large enough, then C} crosses the hyperplane {1} x E in R x E.
In this case it follows that

ynll = +oo.

Let £ € C((0,1) x R) be such that

ft,u) =a®)pp(u) +&(t, u)
with

£(t,u)

m
[ul—>+o0 @p(U)

=0 uniformly on [0, 1]. (4.3)
We divide the equation

/
—(2p(¥h))" = Hn@(O@p(yn) = k¢, y)
by ||yl and set y, = Hi_:H Since yj, is bounded in E, after taking a subsequence if necessary, we have

that y, —~ y for some y € E and y, — ¥y in Y with | y|| = 1. By (4.3), using the similar proof of (2.7),
we have that

t, yn(t .
ELI®) o oy
noe [ynllP-

By the compactness of G, we obtain

—(9p(7)) = Ha®)gp(¥) =0,

where @ = lim,_, y o in, again choosing a subsequence and relabeling if necessary.



2464 G. Dai, R. Ma/ ]. Differential Equations 252 (2012) 2448-2468

It is clear that y € C’Tf - C,f since CI‘(’ is closed in R x E. Therefore, fz(a(t)) is the k-th eigenvalue of

(0p (W' (®)) + pa®)gp(u®) =0 ae.in(0,1),
u(0) =u(1) =0.

By the strict decreasing of t(a(t)) with respect to a(t) (see [2]), where w(a(t)) is the k-th eigenvalue
corresponding to the weight function a(t), we have (a(t)) < ;t(A(p)) = 1. Therefore, C,‘: crosses the
hyperplane {1} x E in R x E.

Step 2. We show that there exists a constant M such that u, € (0, M] for n € N large enough.
On the contrary, we suppose that

lim up =+o0.

n——+00

On the other hand, we note that

f(ts .Vn)
©p(¥n)

—(op(¥1)) = tn ©p(Vn)-

In view of Remark 4.1, we have u, gfoit(‘}’,’:)) > A(p) for n large enough and all t € [«, B]. By Lemma 2.5

of [18] on [«, B], we get y, must change its sigh more than k — 1 times in (c, 8) for n large enough,
which contradicts the fact that y, € Ski.
Therefore,

Un < M.
for some constant number M > 0 and n € N sufficiently large. O

5. Constant sign solutions for high-dimensional p-Laplacian with crossing nonlinearity

In this section, based on the bifurcation result of Girg and Takac [13], we will study the existence

of constant sign solutions for problem (1.6). From now on, for simplicity, we write X := Wa’p(.Q).
Similarly with the assumptions of Theorem 4.1, we suppose that

(f1) M(p) <ax(x) =limg_ 100 fw(p"(‘ss)) uniformly on §2, and the inequality is strict on some subset of positive
measure in §2;

(f2) 0<limg0 {OEJX(’SS)) = c(x) < A (p) uniformly on 2, and all the inequalities are strict on some subset of
positive measure in §2;

(f3) f(x,9)¢p(s) >0 forae xe 2 ands+#0.

The main results of this section are the following:

Theorem 5.1. Suppose that f (x, u) satisfies (f1), (f2) and (f3), then problem (1.6) possesses at least a positive
and a negative solution.

Analogously, we also have the following:

Theorem 5.2. Suppose that f (x, u) satisfies (f3) and

(fl’) AM(p) Zar(x) =limg_, 1o % > 0 uniformly on 2, and all the inequalities are strict on some subset

of positive measure in £2;
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(fy) limysj o ¢"(Ss)) = c(x) > A (p) uniformly on £2, and the inequality is strict on some subset of positive
measure in $2, then problem (1.6) possesses at least a positive and a negative solution.

Remark 5.1. We note that the assumption ( f1) is weaker than the condition (4) of [12] because we

don’t require lims_, +00 2("(53)) < A2(p) which is essential in [12]. And the assumptions ( f1) and (f>) are

weaker than the conditions (F1) and (F;) of [16] even in the case of f > 0. Moreover, it is obvious
that our results are better than the results of [12,16].

Remark 5.2. By the C1.¢ (0 < o < 1) regularity results for quasilinear elliptic equations with p-growth
condition [19], u € C1%(2) for any solution u of (1.6) since f is continuous and subcritical.

The existence of constant sign solutions of (1.6) is related to the following p-Laplacian eigenvalue
problem

{ —div(gp(Vu)) = uf (x,u), in 2, (5.1)

u=0, on ds2,

where @ > 0 is a parameter. Therefore, we will study the bifurcation phenomena for (5.1) with cross-
ing nonlinearity. Moreover, the bifurcation points of (5.1) are related to the eigenvalues of the problem

i div(gp (Vu()) + gy (u®) =0, in L2, (5.2)

u=20, onds2.

It is well known that there exists a principle eigenvalue wq(p) of (5.2) (see [1] or [10]).
Lemma 5.1. Assume (f1) and (f2) hold. Then for p > 1, 1 is a bifurcation point of (5.1) and the associated
bifurcation branch C1 in R x X whose closure contains ({1, 0) is either unbounded or contains a pair (jx, 0)

where [ is a eigenvalue of (5.2) and [ # [41.

Proof. Let © € C(£2 x R) be such that

fxu) =cX®)@p ) + 9 (x,u)
with

9 9
AW _ 5 and  lim 2% W

im =ay(x) —c(x) uniformly on £2. 5.3
@) LN (%) —cx) y (5.3)

From (5.3), we can see that ¢ (x, u) satisfies the Hypotheses (Hg) of [13]. Now, Proposition 3.5 can be
applied to get the results of this lemma. O

Let C} be the component from Theorem 3.7 of [13], we have known that C; = C;L UCy (see [13]).
The following result plays a fundamental role in our study.

Lemma 5.2. (See [13].) Either C;” and C; are both unbounded, or else C; UC; # {(0, u1)}.

Finally, let

ST ={uec"(2): u(x >0, forallx e 2}
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and
Sy ={ueCh*(2): u(x) <0, forallx € £2}.

Using the same method to prove [8, Lemma 3.1] with obvious changes, we may obtain the follow-
ing result.

Lemma 5.3. Let (f1) and (f) hold. Then we have

¢ {(m (). 0)} U (R x 5)
and C; is unbounded in R x X.

Connecting Lemma 5.2 with Lemma 5.3, then applying the similar method to prove Theorem 3.2
with obvious changes, we may obtain the following unilateral global bifurcation result.

Lemma 54. Let v € {+, —}. Then C} is unbounded in R x X and

¢y c{(u1(p).0)} U (RxSY) or ¢} c{(n1(p).0)}uU(RxS"). (5.4)

We use Lemma 5.4 to prove the main results of this section. We only prove Theorem 5.1, since the
proof of Theorem 5.2 is similar.

Proof of Theorem 5.1. Since the proof is similar to that of Theorem 4.1, we only give a rough sketch
of the proof. It is clear that any solution of (5.1) of the form (1, u) yields a solution u of (1.6). We will
show C} crosses the hyperplane {1} x X in R x X.

Firstly, for simplicity, we write w1 = w1(p). By the strict decreasing of w1 (f) with respect to f
(see [5]), where w1(f) is the principal eigenvalue corresponding to the weight function f, we have
pa(c®) > p1(2(p)) =1.

Let (i4n, yn) € C} where y, # 0 satisfies

Mn + [Iynllx = +o00.
We note that pu, > 0 for all n € N since (0,0) is the only solution of (5.1) for A = 0 and
CY N ({0} x X) =0.

Using a similar method as that of the proof of Theorem 4.1, we can show that there exists a
constant M such that i, € (0, M] for n € N large enough. It follows that

ynlix = 4o00.

Let @w € C(£2 x R) be such that

f&uw) =ar(X)@p) + @ (x,u)
with

. w (X, U) . wx,u)
lim =0 and lim
u—too  @p(U) lul—0 @p(u)

=c(x) —a+(x) uniformly on £2. (5.5)
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We divide the equation
—div(gp(Vyn)) — Unax X)@p(Yn) = Un (X, yn)

by ||ynllx and set y, = Hyyﬁ Since y, is bounded in X, after taking a subsequence if necessary, we

have that y, — ¥ for some y € X and y, — ¥ in LP'(£2) with ||¥[lx = 1.
From (5.5), we can see that

oXW _ond lim %W uniformly on £2.
ul—0 @p(u) [ul—>+oo |u|P

It follows that for any ¢ > 0, there exists a constant C such that

|or (x, un)| < €funlP~" + Clun|P. (5.6)
By (5.6), we can easily show that

i T I©)
m ——— =

0 inLP(2)
= -1 ’
n=too ynlly

where p’ = 2. By the compactness of G :LP'(2) > X (see [8]) we obtain
p—1 p

—div(pp(Vy)) — (Rax(X)@p(¥)) =0,

where [t = lim,_, { n, again choosing a subsequence and relabeling if necessary.

It is clear that y € C_{’ C C} since € is closed in R x X. Therefore y # 0, i.e., [t(a+(x)) is the eigen-
value of (5.2). By the strict decreasing of () with respect to f (see [5]), where ft(f) is the principal
eigenvalue corresponding to the weight function f, we have fz(a+(x)) < t(r1(p)) = 1. Therefore, C}
crosses the hyperplane {1} x X in Rx X. O
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