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Solution formula

1. Introduction and main results

In this paper, we are concerned with the weighted asymptotic behavior for the incompressible
Navier-Stokes equations:

du—Au+@W-Vyu+Vp=0 inR] x (0,00),

V-u=0 in]RZ_X(0,00), (1.1)
u(x,t)=0 on dR"} x (0, 00), )
u(x, 0) = ug inRY,

where n > 2, and R} = {x= (¥, x,) € R" | x;, > 0} is the upper-half space of R"; u = (uq(x,t), uz(x,t),
...,uUp(x,t)) and p = p(x,t) denote unknown velocity vector and the pressure respectively, while
initial data ug(x) is assumed to satisfy a compatibility condition: V -ug =0 in R’ and the normal
component of 1y equals to zero on R’} .
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Definition. u is called a weak solution of (1.1) if

ueL®(0,00; L2(R%)) N LE.(0, 00; HY(R")) satisfies

[o.¢] [e.¢] [o.¢]
—//uat(pdxdt—l—//Vu-Vgpdxdt+//u~Vu-g0dxdt
0 R 0 R 0 RL

:/u()(p(O)dx for all ¢ € C3°([0, 00); C§%, (RY})).
R}

where ug € LZ(RY) = €52, (R)Ii2, €52 (R") = {u e CRY); V-u=0inR"}.

Let A denote the Stokes operator —PA in R}, where P is the projection: L"(R}) — L}, (R}),
1 <1 < oco. Then the solution u of Stokes problem

du—Au+Vp=0 inR] x (0, 0),

V-u=0 in R’} x (0, 00),
u(x,t) =0 on dR’} x (0, 00),
u(x,0) =uo inR",

t t

Aup behaves just
~Augllpagn <
cts luollany, which is valid for the half space R% with 1 <q < oo (see [38]). The L9-L! estimate
of the Stokes flow in the half space has been derived by Desch, Hieber and Pruss [13], Borchers and
Miyakawa [11] and Fujigaki and Miyakawa [15] via the semigroup method for 1 < q < co. Jin [24] ob-
tained the weighted LI-L! estimate of the Stokes flow in the half space with 1 < q < oco. In addition,
Jin [25] derived the spatial and temporal decay estimate of the Stokes solution in the half space when
the prescribed initial data lies in a weighted L! space.

Fujigaki and Miyakawa [15] derived more rapid L"-estimate of the Stokes flow with initial data in
the weighted L' space:

can be expressed by u(t) = e “Aug. In the whole space R", the Stokes flow e~
like that of the heat equation with initial data ug. Moreover, for all 1 < q < oo, ||Ve

_tA _1_nq_1
He uO”Lr(Rl) <Ct 2 2( r)“XTluO”Ll(Ri)

for any ug € Cgfa (R"), whenever 1 < < oo.

Bae [3] considered more rapid L!- and L°°-estimates with an initial data with the special assump-
tion ffooo up(y)dy; =0 for some i=1,2,...,n—1, and in this case

_tA _1
e u0||L,(R1) <Ct72 |IXntollreny  forr =1, 0.

In addition, if the initial data ug lies in an appropriate weighted space, Bae and Choe [4] showed the
faster decay rate in LI(R"}) (1 < q < oo) of u, Vu. Furthermore, Bae [1,2] estimated the time decay
rates of the gradient of Stokes solutions in L"(R) with r =1, cc.

The decay rate for the first derivatives of the Stokes flow in Lf (R%) with r =1, oo has been shown
by Giga, Matsui and Shimizu [17] with r =1, Shimizu [33] with r = co respectively. That is,

1
Ve Aug| <Ct7 2 |luollrrn) forr=1,00.

|Lr(R1)
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The present work is motivated by the results obtained by Bae [1-3], Bae and Jin [8], Fujigaki and
Miyakawa [15] and Jin [24,25]. Now we state our main results as follows.

Theorem 1.1. Let ug = (uo1, U2, - .., Uoy) Satisfy V - ug =0in R} (n > 2), and UOnlam = 0. Then for any
t>0

| ket < e EE G |

o[ a e VO<a<1,k=0,1,2,...,

|Lr(Rn )1
provided that 1 <r < q < o0.

There is a great literature on the decay rates for the Navier-Stokes flows of (1.1). Brandolese [10],
Fujigaki and Miyakawa [15], Schonbek [31,32] considered the decay rates of solutions of (1.1) on the
whole space R". Bae and Choe [4], Borchers and Miyakawa [11], Kozono [26] studied asymptotic
behavior for weak and strong solutions of (1.1) in L9(R".) with 1 < g < oc. For the exterior domains,
see [5-7,9,20,21,27,28,30] for examples and the references therein.

Bae and Jin [8] showed the weighted energy inequality for weak solutions of the Cauchy prob-
lem under some conditions on the initial data. The situation changes in the case of the domain with
boundary. The difficulty comes from the lack of the weighted estimate with respect to pressure be-
cause of the appearance of the boundary. In the case of exterior domain, Farwig [14] constructed
a class of weak solutions such that the weighted energy inequality holds. He and Miyakawa [22]
addressed the time-decay of weighted norms of weak and strong solutions to the Navier-Stokes equa-
tions in a 3D exterior domain under some constraint conditions on the initial data.

While in the half space case, these mentioned arguments cannot be applied because the boundary
is non-compact. Recently, Choe and Jin [12] deduced the decay rates with respect to ||X3u(t)||L2(Ri).

Bae [3] and Frohlich [16] showed the local existence of strong solution in weighted L'-spaces, re-
spectively. Under some constraint conditions on the initial data, He and Wang [23] considered the
weighted energy inequality and the L2-weighted decay properties for weak solutions of (1.1). To our
knowledge, few weighted decay results are available on solutions of (1.1) and its first derivatives in
L'(RY) with 1 <1 < oo.

To solve problem (1.1), people usually invoke the projection P onto the solenoidal vector fields
to eliminate the pressure gradient Vp in (1.1) and then transform problem (1.1) into the integral
equation: u(t) = e t4q — fot e~ =9APpy(s) - Vu(s)ds. In the case of the Cauchy problem, the projec-
tion P commutes with the Laplacian A; so the semigroup {e‘“‘}t>0 is essentially equal to the heat
semigroup {efA}t>0. Moreover, P can be written in terms of the Riesz transforms. However, all of
these techniques are not applicable to problem (1.1) on the half spaces R, because the projection
operator P : L*°(R}) — L3°(R%) is unbounded, which results in many difficulties in dealing with
L°°-asymptotic behav10r of the second derivatives for the strong solution of (1.1).

It is known that if ug € L2 (RT) NL"(RY) (n > 2). There exists a number 79 > 0 such that if
||u0||Ln(]Rn+) < o (small condltlon is unnecessary if n = 2), then problem (1.1) possesses a unique global
strong solution. Whence, in the statement of our main results, we always assume that problem (1.1)
admits a global strong solution.

Theorem 1.2. Let 1 <r < 00 and 0 < B < min{1,n(1 — 1)} (n > 2). Assume ug € L'(R%) N L2 (R") N

wl (R7) satisfies ||Xnu0||L2(]Rn) + |1+ xn)Vu0||Lz(]Rn) < 00. Let u be the strong solution of (1.1). Then
there exists to > 0 such that for any t > tg

[u© g, + 1 VUO 1y < CEBODHE (12)

withanyn >3 and 1 <r < oo.
Further if ug satisfies ||xpuoll1 ®1) < 0. Then the estimate (1.2) holds true foranyn >2and 1 <r < oo
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Remark. When the half space (or some other fluid region with boundary) is concerned, pressure
estimate is main obstacle since we do not have enough information of the pressure on the boundary.
Let 1 <r<ooand 0 < B <min{1,n(1 — %)}, it is unknown whether the weighted energy inequality
for the strong solution u of (1.1) holds:

t
||xﬁu(t)||ir(m)+/||xﬁVu(s)Hir(M)ds<C, Ve > 0.
0

Under some additional conditions on the initial data ug, similar energy inequality is proved to be true
for r =2, n =3 (see [23] for example).

Theorem 1.3. Assume ug € L! RN Ld (R%) (n > 2) forall 1 < q < oo. Let u be a strong solution of (1.1)
defined on (0, oo). Then for any t > 0

_3 4 e o
V2O g, < { LG TED, =R
+ Ct™ T (1+t"7) ifn>3.

Further if ug satisfies ||XnU0||L1(R1) < 00, it holds for any t > 0

_n+3 _ 5n+2
( )

[ V2O o, < CETT (148

Remark. Under the additional assumption: ||xnu0||L1(m) < 00, Theorem 1.3 shows that the L°°-decay
rate of the second derivatives of the strong solution u of (1.1) becomes faster than observed. It should
be pointed out that Theorem 1.3 has been verified by the author in [19]. However, the proof is in-
complete in [19], because the following crucial estimate is employed in the proof, which in fact is
unknown to us. Let 1 < q < oo. Assume that a = (aq,dz,...,a,) € WLq(Rb (n > 2) satisfies V-a=0
in R and anlpry = 0. Then for any t > 0

n

11 Val o)

2,—tA 3
“V e a”Lw(Rﬂ_) sCe 2
Up to now, we only can prove the weaker conclusion (see Lemma 3.4 below), which in fact is enough

to the proof of Theorem 1.3.

To conclude this introduction, we explain some notations used in what follows: Let Cgf’G(R'l)
denote the set of all C* real vector-valued functions ¢ = (¢1, ..., ¢;) with compact support in R7,
such that V-¢ =0 in R7. L2 (R%) (1 <q < o0) is the closure of Co% (R%) with respect to || - laqer).
where L(R"} ) represents the usual Lebesgue space of vector-valued functions. The norm of L*(R") is
denoted by \|u||Lm(Rn+) = €SS SUPycR |lu(x)|. By symbol C, we denote a generic positive constant whose

value may change from line to line.
2. Weighted L9-L" estimates for the Stokes flows in the half space R’}

It is well known that the Hardy space HI(R") with 1 < q < oo (see the definition in [29,36]
for example) is a Banach space, and HI(R") = LY(R") if 1 < q < oo; H!(R") c L'(R"). The crucial
fact for our purpose is the boundedness of the Riesz transforms R; (1< j < n) on all of the spaces
HI(R™) with 1 < q < oo. Furthermore, a function f e L'(R") belongs to the Hardy space #!(R") if
SUps. o |Gs * f(x)| € L1(R™), where the symbol * denotes the convolution with respect to the space
variable x. The norm of f € H#!(R") is defined by
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1F g1y 2

L1(R)

sup|Gs  f1|
s>0
It is known (see [29,36]) that an L!-function f is in #!(R") if and only if all its Riesz transforms R;f

are in L'(R") and that

n

1 gt ey = 1 gt eny + Y IRj fllp1 gy (equivalent norm).
j=1

The Riesz operator norm of R; on HI(R") (1< q < oo) is denoted by [|R;]|. The Hardy space on the
half space is denoted by HI(R"}) (1 < g < oo), which norm is defined by

£ 3o ey 2 {1 Fllgaqen) | F € HI(RT), Flen = f}.
Let F be the Fourier transform in R";
FfE) = / e 5% f(x) dx.
Rn

The Riesz operators R; (j=1,2,...,n),S; (j=1,2,...,n—1), and the operator A are defined by

f(ij)(%‘)=%ff(%‘),

f(ij)(E)=%ff(S),

FANE) =[¢'|Ff @),

where & = (£1,&, ..., &1, &) = (£, &) e R x R,
Let r be the restriction operator from R" to R'}, and e is the extension operator from R} to R",
which is defined by

f(x) forx, >0,
0 for x, < 0.

ef (x) = {

Define the operators E(t) and F(t) by
E®f(0)= /[Gr(X’ =¥ X0 —Yn) = Ge(X — ¥ xa 4+ yn) | F(¥) dy.
R}
and
FO) f(x) = /[Gt(x/ =Y X —Yn) + Ge(X — ¥ xa 4 yn) | f () dy,
R}

x|2
where G; is the Gauss kernel G;(x) = (47rt)‘%e’%.
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By the solution formula in [38], the Stokes flow u = (1, up) = e~"4ug can be represented as

{un = UE(t)V1uo, (2.1)

u' =E(t)Vug — SUE(t)V1ug,
where the operators are defined by Uf =7R"-S(R"-S+Rp)ef, Viug = —S-ug+uon, Vaug = ug+ Suon,

R'=(R1,R2,...,Ra—1), S=(51,S2,..., Su—1), o = (o1, U0z, - . ., Uon) = (U, Ugn).

Note that the Stokes flow u = (v, up) = e "Auq is given as a restriction rii of one vector field
u=(,iy):

p=R"-S(R"- S+ Ry)eEt)Vyug

=R S(R’ -S+ Rn)(—S . eE(t)uE) + eE(t)uOH); (2.2)

' = E(t)Vaug — SR~ S(R"- S + Rn)eE(t)V1uo
=E(t)u6+SE(t)u0n—Sﬁn. (2.3)
Lemma 2.1. Assume that ug = (up1, Uo2, ..., Uon) € L1(R ) satisfies V - up =0 in R (n > 2), and

Uon|orr = 0. Let oI = (W', ity) be given in (2.2), (2.3). Then

n—1 n—1
In= Y RnRieE(Ouo, — Y  RpeE(t)ugn
k=1 k=1
n—1 n—1
+ ) REdATeE(Duo + Y RuRyde A eE(t)uon: (2.4)
k,m=1 k=1

andforany1<j<n—1

n—1
ij = E(t)uo; + RnRjeE(®)uon + Y  RkRjeE(t)ugy
k=1
n—1
— RuRndjA™"eE(t)uon — ) RuRid;jA™"eE(t)ugy. (2.5)
k=1

Proof. Note that F(3; f)(§) =i&;F(f)(§) for 1 < j <n. It follows from (2.2) that for any t > 0

_ i ig [ig iE i& ig’ ,
F(up =T — 4+ — || —— - FleE F(eE n
W)€ =1, |§I<|é| |s'|+|5|>< g 7 (€E®U0) + F(eE®uo )>

N A
_< GRERAGEG |s’|>( g 7 CEOu )>

g’ ig  ig ig iE
+< e e e |$’|>f(eE(t)”°”)

i€ i8i N im i i
B0 B (e E (tyugy 1om 18m B8k r(ep (¢
kzlm g1 (CEOU) + D, Ty T CEO0)
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0 igcig  ig if i&
2>t 2RO R ) E(eE n),
+21|am+euaw0(eww)

k=1

which implies that (2.4) holds.
From (2.3), (2.4), we get forany 1<j<n—1andt>0

F()(€) = F(EM)ug;j) + F(S;E()uon) — F(Sjiln)
= F(E(t)uoj)

+ EJf(E(r)u(,n)
€]
n—1

- ls’(lg”'g" ﬁﬁ@)r E
;W|mm+memw(”mw

n—1 i€ (1 1&  1&, i& i&
______ ek
+;@(mm mmeJ&“M)

i6n 155 F(eE®)uon) + Z"’%" Sff (eE(t)uqy)

= F(E(t)uo;
(EOUo;) + 15775 £ ]

tn in 15, i i i
NEEEAE n) Tz en” ek k)»
e el e F )~ 2 e e~ E O

which implies that (2.5) is true. O

Lemma 2.2. Let G"~ " denote Gauss kernel in R"! (n > 2), which is defined by G"~" (x') = 4t~ x
" 2
e at X eR" 1 Thenforany 1< j,k<n—1,0<f<n—1,x¥ eR" landt>0

t+1-n
2

;A7 G V)| <t T K], vo<e<n—1;

and
‘16[ a X 8]6’(‘1 Gt - Cft X FO\E\]L

Proof.

Case 1. n > 3. Note that A~ is equal to (—A/)"2 = . 132 , so the integral kernel of A~

ca|X'| "2 for n > 3, where ¢, is a positive constant. Therefore wegetforn>31<j<n—-1 and
t>0

3]’/1_16?1_1)()(/) =Cn3j / |X/ _ y/|7n+26§n—1)(y/) dy/.
R

Set ¥ =t2Z. Then
A_]Ginfl)(x/) — Cnt_%azj / |Z/ _ y/|fn+ZG§n71)(y/) dy/

— "7 0,476V (2). (2.6)
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So it is sufficient to prove that forn>3,1<j<n—-1,0<f{<n—1and t>0

3, 471GV () <l (2.7)

In fact, if (2.7) is valid, then forn >3, 1< j<n—-1,0<f{<n—1and t>0

0,476V (X)| =" o, 476V (2) < e T |2 = e X

Let ¥y € C°(R™1) be such that 0 < yq <1, suppyy C (X e R"™ | |¥| <1}, and ¥1 =1 on {x €
R-1||x'| < 3). Set y =1 — 9. Then

2

i dy

/

aZjA—lecgﬂ—U(Z/) =Cn(4ﬂ)_%aj / |Z/ _ y/|*n+2w1 (Z/ _ y/)e_
Rn—l

n— _ 2
+Cn(4n)*718j / ‘z/—y/‘ n+21112(z/—y/)e*‘y4' dy’
Rﬂf’l

=1 (Z) + I2(2): (2.8)

|11(z’)| :cn(4n)—% ‘3]. / |y/|—n+2w] (y/)e_w dy

[y'1<1
— PR . Z/_/Z

=cn(4n)_% /|J/|7n+21ﬂ1(}’/)<——zj2y1>e_%dy/

ly'1<1

212
<c [ IRl e Dy
ly'1<1

gCg]z/re for any £ > 0; (2.9)

here we have used the fact: |z — y/|2 > ‘Z;'Z —1 for any 7/, y’ e R"1 satisfying |y’| < 1.

2

i dy

/

I(Z) = @m) "¢ / 12—y | (0, (2 — ))e
Rn—l

12

- (m) " (-2 / |7 =y | @ =y —y)e + dy

Rn—1
= J1(Z) + J2(2); (210)
27— 72
1J1(2)] < CIVY2ll o ot | S gy
F<lyI<t
<C / |y/| n+ze—z(#—1)dy/

<C|Z|™" forany¢>0; (211)
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n+1 _U’\

|12(2)| < Cllvzll oo g1,y |z —y'|” S dy’
lZ-y'1>3
B 7 —y V4 a4 /12
<clel™ / (|z|/—y¥|"|‘1 Tz —|yy|’|"‘1>eJYLlI v
lz-y'|1>1

R R R R

7 ~y'1>3
R B e
l7-y'1>3
<C5|z’|_Z forany0 <¢<n—1. (212)

From (2.8)-(2.12), we conclude that forn >3,1<j<n—-1,0<¢<n—1andt>0

8ZjA_leG§"_1)(z/)| < Cg|Z/|7£, vZ e R 1,
which is (2.7).

Case2. n=2 and j=1. Note that 3; A~! = S;. So for any t > 0 (see [37, p. 266])

o ATV () =01 47160 (1)

=516V (x1)
1 . _
= — lim ) 1Ggl)(Xl -y dyi
T e—>0
[y1l>€
1 .
= — lim G{"(x1 — y1 dlog|y1|
T e—>0
[y1l>€

1 B
— lim [[Gi”(m —ynlogly1 ][5 +[6" (x1 — yn) logly1l]|_S,

7'[6%

- / (log|y1|)8yIG§1)(x1—y1)dy1}

|y1>€

11m {[Gﬁ”()q +e€)— GEU(M —¢€)]loge
7'[ €—>

+ / (loglJ’]l) Ztylc(l)(xl—h)dyl}

|y1]>€

1 X1 — Y1 1)
=— 1 —G — d
p /(0g|J’1|) TR (x1 =y dys
—00
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o0
1 1 Z1 —
Z;f? /(log\/f+log|y1|)1—ylcgl)(z1—y1)dy1

2
—00
1 o0
_1 Z1 —
= _t72 /(log|y1|)1—y]G§U(21 — Y1 dyi
T 2
-0

Z1 — Y1
)TG?)(A —y1dys

— L / + / )(log|y1|

T
i<t lyil=1
1 1
=_t 2(L1(z1) + La(21)); (213)
1 o)
|L1(Z1)}<5 (log|y1l)lz1 — y11Gy (21 — y1) dy1
y1l<1
_=e
<C(1+1z1])e” 5 *4 / |logly1l|dy1
lyrl<1
<CW)|z1|~t forany ¢ >0. (2.14)
Note that
z1—y
La(z1) = / (IOgIY1|)%G§])(z1—y1)dy1
Iyal>1
- / (log1y11)3y,G" (21 — y) dys
yl>1
-1
= —[(logly11)G{" 21 — y]|" — [(log ly1)G{" @1 — yD]|_,
+ / y716 01—y dys
lyr]>1
= / yIlG?’(a—yl)dyL
y1l>1
Thus forany 0 <¢<1landt>0
Iz -y 12
L (z1)| < CO))z1] 7" / (vl 1z = yalflyal e+ dyr <CO1z] 7% (215)

[y11>1

Whence from (2.13)-(2.15), we obtain forn=2, j=1and t >0
_ = —
0547160V (¢) | < ot T

forany 0 < ¢ < 1.
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From the above arguments on the two cases: n > 3; n =2, we complete the proof of the first
estimate in Lemma 2.2. Note that 9;0,A~ T=_Aforn=2and j=k=1. Similar to the proof of the
above arguments, we can verify the validity of the second estimate in Lemma 2.2, and here we omit
the details. O

Lemma 2.3. Assume that ug = (uo1, Uo2. . . . , Uon) Satisfies V-up =0in R} (n > 2), L10,1|€,]R:3r = 0. Then for
any0<a<1,1<ks<n1<j< n—landt>0

| E©uox ”Lq(Rn) +] 9,47 eE@©)uok HLQ(R") < Ct_%_%(%_%)”x ”0“Lr(R"
provided that 1 <r < q < o0.

Proof. Let G, G!V denote Gauss kernels in R*™"! and R!, respectively:

X2 nl2

_ n— | [%
G 1)(x’) = (nt)""Te GV () = @At~ re~ 4, WX eR™, x, eRL.

Then the Gauss kernel G¢(x) in R" can be written as:

G =G""(X)G M xn), Vx= (X, %) € R™.

Let 1<k<n 0<a<1. Then for any x=(x',x,) e R" and t > 0

I[E@®ua] (0] = ‘ / GI VK = y) (G 0w — yu) — G (xn + y))O Yo (Vs yn) dy' dyn

— 1—
< / G V(X = ¥) (G — yn) + GV G+ ym))

Rn
1 o
/anGﬁ”(xn —Tyn)dt| 0(yn)y?|uok(y'. yn)|dy dyn
-1
£ /lq(x, VOW)YS [uok(y', yn)| dy' dyn. (2.16)
Rﬂ
where
1 ifx, >0,
0(xp) = .
0 ifx, <O.

Let 1 <s<oo.Then forany 0<a<1landt>0

k1 e, ) | L@y S [ Gﬁn_w("/ )(G(U(xn yn) + G(])(XH +¥yn) ”LS(]R”
1

ngf])(x’ -y / 3, G (%n — Tyn) dT
4

o

LS(RY)

<Cr$730-9), (217)



P. Han /]. Differential Equations 253 (2012) 1744-1778 1755
Similarly,
—x_nq_1y
[k @ ) | gy < CE727 2075 (2.18)

From (2.16)-(2.18), using Young's inequality, we conclude for any 1 <k<n, 0<ao <landt>0

Dtnl

||E(t)u0k||Lq(R”)<Ct 36 ”yn“[)k”Lr(R")’ (2.19)

for any 1 <r <q < oo.
Let 1<k<n 1<j<n—1,0<a<1. Set

_ - 1—
ka(x, ) = 3, ATIGTV (X = ¥) (G (= y) + G ( + ym)
1

f 3%, GV (%n — Tyn) dtT
-1

o

(2.20)

From (2.16) and (2.20), we infer that for any 1<k<n, 1<j<n—1,0<a <1, x=(,x;) € R" and
t>0

|0x; A7 [eE(Dug ] ()] < /|kz(x, WOV [uok(y', yn)| dy' dyn. (2.21)
R"

let 1<s<oo.Thenforany 1<j<n—1,0<a<1,y=Q ,yn)eR"and t >0

lk2(x. | BEY S ||3XjA_lG§n71)(X/ )(G(l)(xn ym) + Gt G + Yn)) ” LS(RY)
1

o, ATV (X — y) / 3%, GV (g — Tyn) dT
e

< ”axjA_lcfnil)( )”LS(]R" 1)“G (0 — yn) + G (xn +y”)”LS(R1

1

/axncf”(xn —Tyn)drt
-1

o

LS(RY)

o

x| anA_lcEn_U(X/ =) ”lZS(R:,“)

LS(RY)
<Ct™ =) |9;4716" ”HLS(RH 1y (2.22)
Let 1 < s < 0o. Using Lemma 2.2, we have forany 1< j<n—1andt>0

liatet ey = ([ 4 [ Jatet e

1
WI<td el

_ @1 —(n—1
<Cot™ 70 / dx' + Cn_q / IX'| =1s gy

1 1
lx|<t2 Ix|=t2

<o (2.23)
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Combining (2.22) and (2.23), we derive for any 1 <s < oo, y=(y',yn) e R" and t > 0

n

2t ) gy < 78730790, (2.24)

Similarly,

n

kot ) sy < 752070, (2:25)

From (2.21), (2.24), (2.25) and using Young's inequality, we deduce for any 1 <k<n, 1<j<n—1,
O0<a<landt>0

nl_1

9547 E@uor ] oy < CEE 2T yituon e (2.26)

forany 1<r <q < oo.
Combining (2.19) and (2.26), we complete the proof of Lemma 2.3. O

Proof of Theorem 1.1. Note that the Riesz operator R; (1 < j <n) is bounded in HI(R") = LI(R")
for any 1 <q < oo. e tAug = ﬂlm, where u (given in (2.2), (2.3)) is the extension of the Stokes flow

e~tug from R" to R". From Lemmata 2.1, 2.3, we derive for any 0<a <1and t >0

e~ o, < 1O oy < CEF 20 [t g (227)

forany 1<r<q < oc.
Now we recall the estimates, which can be found in [15]:

1

k_ncl_1

||v’<e*an||Lq(R,D <ct G q)“a”L’(Rﬂr)’ Va e Ly (RY), (2.28)

with k=0,1, ..., provided that 1 <r<q<oocor1<r<q<oo.

Let 1 <r <q< oo and take r <r; < q. Then from (2.27) and (2.28), we conclude for any 0 < o < 1
and t >0

|V e~ uo] oy, < i)

a_k_n/1_1
—————— G=7) [y
<Ct 22T X ”0||Lr(R1)' g
3. Decay properties for the Navier-Stokes flows in half spaces

Let g =N f denote the solution of the Neumann problem

—-Ag=f inR],
8\)g|3]R'jr =0.

Then (see [18])

/\/:[F(‘L’)d‘[. (3.1)
0
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Moreover for any u € L2 (R") N H} (R™)

n
P(u-Vu)y=u-Vu+ Y VNdjuiuj).
i,j=1

Lemma3l.let0<6<1,0<a<1,1<k<nand1<q< o0 Thenforanyungf’a(Ri)

n
Z X;g 8k./\/81~8j(u,'uj)

i,j=1

2 2 .
< C(”u”qu(Ri) + ||vu||L2q(R"+))s
LIR™)

n
Z xﬁakNa,-aj(uiuj)

i j=1

LIRY)

< C(“””%ZQ(R:) + “V””fm(Ri) + ”J’r;%uuiztl(m) + ”y'%quiZ‘l(R’jr))'

Especially,

n
Z 3]<N3i3j(uin)

i,j=1

< C(Iull gy + IVU I 20 ) )-
LI(RT)

Proof. Denote the odd and even extensions of a function f from R to R", respectively by

FX, xn) if x; >0,
—fX, —xp) ifx, <O,

£(on) = |

and

/ f(X, xn) ifx; >0,
fo(X xn) = S
fx, —x,) ifx, <O.

1757

(3.2)

(3.3)

(34)

Recall that the following result holds (see [18]): Let 1 <k <n and 1< q < oo, then for any u €

Caey (1)

n
Z 3]<./\/3i8j(uin)

i,j=1

2 2
g C(”u”qu(Rﬁr) + ”vu”LZQ(Rﬁr))'
LIRY)

Let 1 < q < oo. From (3.1), (3.5), one has for any 1 <k<n

n
D % 0N 09 (uin)
i,j=1

LI(RY)
1

n
> x,;eak/cr * [8i0j(uiu ], dt

i, j=1 o

<

LI(RT1x(0,1))

(3.5)



1758 P. Han /]. Differential Equations 253 (2012) 1744-1778
n oo
%0 | Gox [0i0j ()], de
n Ok T i0j (Uil ],
i,j=1 | LI(R"1 x(0,1))

n
Z 8/(./\/’31'3]'(uiuj)

i,j=1

LIRY)
1

< C sup /xn’@BkGT(x—y)dr
0

yeRn

LYR=1x(0,1) Il i,j=1

+ C sup Z

yeR"IJ 1

o0
/x,;"aka,-ajcr(x— y)dt
1

)

LI(R™)

n
Z akNaiaj(uiUJ)

i,j=1

where wjj = (ujuj)y if 1<

n
Z 0;0;(uiuj)

i,j<n—1ori=j=n; wij= (ujupy)* if 1 <

LIR™)

IWijllLagrn )

LI (RM=1x(0,1))

(3.6)

i<n—1; wy = (uquj)* if

1<j<n—1.
Let 1<i,j,k<n 0<6 <1, q1,q2 € (1,00) such that %+%:1and0q1<l.Thenforany
y=0"yn) eR"

1
/x;eakcf(x— y)dt
0

L (Rnilx(oa”) Rn—1

11
f/l__l)‘n_@e_m yn)
00
1 1
<C/r_1</xn9q1 dxn>
0 0

1
14
<C/r 292 dt
0

(@)

1

<G

and

o0
fxn—@aka,»ajcf(x— y)dt
1 LT (R1x(0,1))

1 1
_1 g lXe — Vil
< x0T G (x— y)dxdT
[ ety
0 0

dx,dt

1 1
(tn— yn) Clz 92
e Xn dt
0

(3.7)

Vilok,i

/_%// <|Xk_}’k|511+|x1 Yildk,j + |xj —
4T
1

RrRn-1 0



P. Han /]. Differential Equations 253 (2012) 1744-1778 1759

Y2 - yn\

)(4711)7737')‘ ar e dx’ dx,dt

|xi — Yil 1Xj — ¥l Xk — Ykl
2T 2T 2T

<C

1
9 _p _(n— yn)

/1: Zxfe dx, dt

0

00 1 1 %
Gn—yn)?
SC/I_Z(/ 6)‘“dxn) (/e el n) dt
1 0 0

o0
T
<C/r o dr
1

1

<C. (3.8)

Note that for any 1 <gq< o

n
E . 2 2
+ ”Wl] ”Lq(]Ri) < C(”u”qu(Ri) + ”Vu”qu(R'l))' (39)
LARY)  i,j=1

Z 0;0;(uiuj)

i,j=1

From (3.5)—(3.9), we conclude that for 0 <6 <1, 1<k<nand 1<g< o0

n
Z X,.Teak./\/'aiaj(uiuj)

i, j=1

2 2
< C(”u”LZq(Ri) + ”Vu”LZq(REr))’
LIRY)

which is (3.3).
Now we show the validity of (3.4). Let 1 <k <n and 0 <o < 1. From (3.1), we get for any 1 <
q< oo

n
Z xﬁakNa,-aj(u,-uj)

i,j=1 LI(RT)
n o0
> xﬁak/F(r)a,-aj(uiuj)dr
i,j=1 0 Lq(R )
n
Cl Y oy ak(/ /)c, (30 (uiup],d
i,j=1 LI(R™)
/f|xn Ynl¥| G (x = y)| [Z 0;0(u; u])} (y)|dydr
0 R" i,j=1 * L1(R™)
f/ KGr(x = y)|lynl* [Z 30 (u; u,)} (y)|dydz
0 R" i,j=1 L9(R™)
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1 )
+C Z //|Xn—J/n|a‘3k3i31Gr(X—y)||wij(y)|dydr
i,j=1 1 R" LI(RM)
n o0
+C //|3k3i316r(x—y)llynlo‘lw,-,-(y)|dydr
i,j=1 1 R? LI(R")
=+ Lh+13+4 14 (3.10)
! 1

L+ < c/” |Xn|aakc,(x',xn)\|Ll(R,,)dr||Vu||fzq(Rn+) + c/ 0k Gt Il 1 gy dT | ¥4 Vu ”imb
0 0

1 1
o
<c|||xn|°‘ak61||L1(R,,)fr%—%drnwnimm)+C||akc1||u(Rn)/r—%drny,% V| Fag g,
0 0
o
< C(IVUI gy + 9Vt ar ey ) (311)

n o0
I3<C Z f/|xn|“|akaiajcr(x/,xn)|dxdr||wij||Lq(Rn+)

i.j=17 gn
o0 n
a_3
<Cf1'2 2dT|ull g D /|xn|°‘\akaiajcl(x’,xn)\dx
1 i.j=1gn
2 .
< Cllutllog gen 3 (312)
n o
_3 < 2
Is<cC Z /r 2dt10;9;0kG1 I 1 ey || V5 Wi ||LQ(M) <Clyz u||L2q(R1). (3.13)
i.j=1%

From (3.10)-(3.13), we infer that (3.4) holds. O

Lemma 3.2. (See [15,19].) Suppose that ug € L'(R") N L2 (RT) NL"(R™) (n >2) for 1 <1 < oo. Let u be the
strong solution of (1.1). Then for all t > 0

[u®] e, < €O £ 20D,

Ju@®] e ary < €201 L),

[Vu() ”U(M) <Crr-30-p.

|v2u(t) HU(R@ < Ct*lf%ﬂf%)@ Lo
Further if ug satisfies || Xntol| 1 gn ) < 0. Then for any t > 0,

[uc) IIL,(R,D <C 40 330-D.

_n+l

”u(t) ||L°°(R”+) <Ct T(l +t_%);
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|Vu@® | s g, < CE130-0);
Lr(Rrjr) X k]

and

_3_

IV2u©) |, < CE27E0=D (14 671).

(R™
Proof of Theorem 1.2. Let u be the strong solution of (1.1). Then it can be expressed as (see [34,35])

t

u(x,t) = f M, y, Hug(y)dy — / / M(x, y,t —s)Pu(y,s) - Vu(y,s)dyds,
R 0 RY

where M = (Mjj)i j=1,2,...n is defined as follows for 1 <i, j<n

Mij(x, ¥, t) = 8;j(Ge(x = ¥) — Ge(x = ¥*)) + Mj(x, y,£) = §ijGe(x — y) + Nj;(x, y, 1).

Here
Xn
a9 0E(x — 2)
My, 6) =401 = 8jn) -— XD Gz — y¥)dz,
1]( .t ( in) 3Xj/ / ox; t( y )
0 Rn-1
and
Nii (%, y, ) = =8ijGe(x — y*) + Mf;(x, y., 1),
n Xz
V*=1,¥2,..., —¥Yn), Ge(x) = (4nt)‘7e‘% is the Gauss kernel, and
_i)n 3,_2 ifn>2,
E(z) = 2m—2)2
%log|z| ifn=2,

is the fundamental solution of the Laplace equation. In addition, it holds for M;’} N;‘j:

|a§a,fa;1Mf.(x,y, O+ |a§afa;1N?.(x, y. 0]

] )
i _ntHm| o2
< T (t42) 2 (x—y P4t 2 et (3.14)
where m= (my,my, ..., Mp_1,my) =M, my), £= (1, €2, ..., h—1,Ln) = (€', £y).

We firstly verify that (1.2) holds for n > 2 under the assumption: ||XnU0||L1(1R<1) <oo. Let 1 <r<oo
and 0 < 8 <min{1,n(1 — %)}, n > 2. Then for any t > 0

H / Xo M, y, Hug(y) dy
o LR
<c /(|| o = 01 Gel = P g+ 1Gelurcen, ) o ()] dy

K]
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+ Cliuollpr gy sup [ (¥ = ¥/ + G+ yw) +4E) ”U(R“
y=(y".yn)eR}
gC(t_%“_%)J’g +t 30D, (315)

and for any 1<k<n

H f X9 M(-, y, Dug(y) dy
: L'(RY)

< C[(H X0 — ynlP%Ge(- — )| ren) T ||3th||Lr(R1)YE)}U0(Y)’ dy
]
+Clluolpany  sup G+ VO (X = |+ o+ ym) +VE) T ]
y=(y'.yn)eRY +
<C(230-D+E 4 =3-30-D)) where 1= |(1',1,)]. (3.16)

By (3.2) and Lemmata 3.1, 3.2, one has for any 0 < 8 < min{1, n(1 — %)}, l<r<ooandt>0

L
2

xf//M(-,y,t—S)Pu(y,S)~Vu(y,s)dyds
0 R

L"(RY)
t
< C//‘||xn _Yn|ﬂGt—s(- _Y)HU(RMP”(Y’S) . Vu(y,s)|dyds
0 R
t

+C// ||ths||L'(]R”).Vn’Pu(y s)- Vu(y,s)|dyds
0 R

t
2
+C/ sup ||an*( y, t— S)HLT(Rn)HPu(s) Vu(s)||L1(Rn
yeR

L
2

gCt’%(F%)/H}/ﬁPU(S)'V“(S)”Ll(m)ds
t
2
n 1y, B
+Cem20m0t /(H”(S) [F2eny + V2O fagen ) 85
0

t
3
+C/ sup |}xf(|x’—y’|2+(xn+yn)2+t—s)_%||L,(Rn [Pu(s) - Vu(s)||

. Ll(R"
o y=(',yn)eR
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t
3
B B
<ct-30-9 /(erf u(s) Hiz(m) + || %2 Vu(s) Hiz(m)) ds
0

t

7 00
+o( B0+ +t_%(1_%))</(1 +5)7 ds+/||Vu(s)||fz(Rn+)ds)
0 0

t
2
BV -5 507
<Ct 20D (14£72) 4¢3 r)/(||X5“(S)”U(Ri>”u(s)”LﬁﬂRD
0

B
VU |y [ VHO) | g )

t

2
n B B n n
<O 30045 (1477 +Ct—i<1—%>f1(t)/(1 +5) 2 ¥ ds
0

t

2
+ Ct—%“—%)fz(t)/(l £ ds
0

<CEPHE (145 4 EO DL L0 + f0), (317)

where f1(t) = supg_s< IIXh () lreny, f2(6) = supo_s<¢ I Vu(s)llpreny and

A+020-D ifr>n,
L®) =1 1og(1 + 1) ifr=n,
1 ifr <n.

Similarly, let 1 <k <n, then for 1 <r <oo and 0 < 8 < min{1,n(1 — %)}

t

2
Xf//8x,<M(~,y,t—s)Pu(y,s)~Vu(y,s)dyds
0 R

U@
t
2
<C//||Ixn—ynlﬁakaf_sc—y)IILr(RbIPu(y,S)~Vu(y,5)|dyds
0 R

L
2

¢ [ [ 1aGestue yhIPucy.s) - Vuey. o) dyds
0 B
t
2

—I—C/ sup ngax,(/\/'*(-,y,t—s) ||Lr(Rn)”Pu(s) - Vu(s) ||L1(Rn)ds
g yeRﬁ_ + +
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t

<ct2m20-7 / | 8 Pucs) - VU) | 1y, ds
t
2
+CeiT3ImDT /”“(5)HL2<R">+”V”(S)HLZUR" )ds
0

t
2
+ C/(t — 515D+ pugs) - Vu(s) [ e A
0

<3300 [ (fafu) By, + [ V0 ey )

O\MH

t
(30D 50D </(1+S)__d$+/||vu(5)|L2(Rn )
<Ctim30-PE (1 4k

[

+a—%—-a-1)/ Oy [, 7 g+ VO ) [T,y )
0
<Ct 0D (1 ) RSP (L 1O + f(0)). (3.18)

Let 1 <r<oo and 0 <8 <min{l,n(1— 1)}, and take r1,r, > 1 such that 1+ 1 = % + % Moreover,

1-— 2+ﬁ < —1 <1-— ﬁ. By (3.2), Young’s inequality and Lemmata 3.1, 3.2, we obtain for any t > 0

t
xg[/M(-,y,t—S)Pu(y,S)-Vu(y,s)dyds
5 RY

L'(RY)

t

< C/ sup [[1xn = Ynl? Ge—sC = V)| 11 g | Pus) - VU(S) | n , ds
/ yERi + +
2

+C / 1G5l ey | A Pu(s) - Vu(s) | vy ds

L
2

t
—|—C/ sup ||xﬁN*(-,y,t—s)HL,1(Rn) Pu(s)-Vu(s)”er(Rn)ds
/ yeRi + +
b
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t
<€ [+ =9 (o, + 1906 o

[T

g g )
+ |lyi us) ”LZr(R'jr) + |yi vus| LZV(R’jr)) ds

)ds

t
_nq-—1y48
B ) g, 1509 o,
t

2
t
<o [ 9f) e 20 g
é
t
B
+c/(1 + =95 (1O e [1) | e,

t

2
3 1
+ bavu vy [Vu)| In (R [V2u(s)| 2, &) 45
t

e /(t - 5)_%(1_%”% (S_l_”(l_%) + s_z—n(l—%)) ds
t
2

< cri-3a-p+h (1+ tfg)(l + tfl)

+ Ct—%+§(1 +t—§)(1 +t_%)(f1 ®+ t_%fz(f)), (3.19)

where f1(t), fo(t) are given in the proof of (3.17), and we have used the Gagliardo-Nirenberg in-
equality on the half space (see (4.1) in [11] for example): Let f € Wl's(Ri), n<s < oo. Then

1-1 5
||h||L°°(]R"+) < C||h||Ls(]§n+)||Vh||ES(Rﬂ+)'

Similarly, let 1 <k <n, then for 1 <r < oo and 0 < 8 < min{1,n(1 — %)}

t
X5//8ka(~,y,t—s)Pu(y,s)‘Vu(y,s)dyds

t n
7 R

LF(RL)

t
<c / sup 1 — Y1 G5 = )| 1 g | PUES) - VU(5) | 1

Y yeRT

N

t
+C[||akctfs||L1(R1) YEPU(S)'V”(5)||U(R"+)‘15
t

2
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t

+ C/ sup ”xﬁaka*(x, y,t—5s) ”Ll(RD [Pus)- Vu(s)| @) ds

/ yeRT
2

t
< [(e=97 4 =) ([0 g, + 1786 P

L
2

+ |xhus) ”u(Rb |uts) ”pc(R’l) + [ vue) HU(RD [Vu©| L%z”m) HVZU(S)HL%Z"(Ri))dS
+e 1) (148 (RO + R0), (320
where fq(t), fo(t) are given in (3.17).
From (3.15)(3.20), we obtain for 1 <r < 0o and 0 < # < min{1,n(1 — 1))
f1®+ fo0) < CEIDHE (14 ) (1407F)

F O (1 ) (14 ) (1407
+ Ct—%(l‘%)(l + t_%)(L(t)f] (t) + fa(0))
FCT T+ (1) A+ (1O + 2 H0),

So there exists tg > 0, which is independent of t, such that for any t > tg

n B
O+ f0) < 20-D+T,

which implies that for any t > tg, (1.2) holds withn>2 and 1 <1 < oco.
Now we verify that (1.2) holds with n > 2 and r = oo under the assumption: ||x,,u0||L1(]Rn+) < oo.
Following the proof of (3.17) and using (1.2) withn >2 and r=2, one has for 0 <8 <1 and t >0
t
2
xﬁ//M(.,y,t_s)pu(y,s).w(y,s)dyds
0 R

L (RT)

t

2
<C//|||xn—ynlﬂGt_s(-—y)IILoo(M)IPu(y,s)'Vu(y,s)ldyds
0 RY

L
2

+C / / IGe—sll e Vo | Pu(y. ) - Vu(y. )| dy ds
0 R

L
2

+C/ sup }xf/\/’*(-,y,t—s)||Loc(R1)HPu(s)-Vu(s)HL](R,bds

o yeRL
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t
2
<o (14 z)+Cr%/(Hxﬁu@”mm)Hu(s)”mm)
0

+ HxﬁVu(s) [ L2(RY)

|Vu(s) ||L2(R1))ds
[

<Ct 2 9(1+t z)+cr z/(1+s)**+zds

<Ct™ 5+5 2(1+t z) (3.21)

Similarly, following the proof of (3.18) and using Lemma 3.2, (1.2) with n > 2 and r = 2, we get for
any 1<k<n,0<pB<landt>0

2
Xﬁf/8ka(-,y,t—S)PU(y,s)-Vu(y,s)dyds
0 R

L®(R™)

Note that (3.15), (3.16), (3.19) and (3.20) hold for r = co. From (3.21) and (3.22), we conclude for any
t>0and 0<pB <1

g1t + & <Ct I (14+71)(1+175)

FCE 14 ) (1) (1407

+ T (D) (1) (14 @0 + T E0),

where g1(t) = supg_s<¢ X U(S)l| ez ), 82(0) = SUPg st [1Xh ViL(S) | o)
So there exists t; > 0, which is independent of ¢, such that for any t > t; and 0 < 8 < 1

[Sl=Y

21(0) + g2(t) < Ct7 347,

which implies that for any ¢t > t1, (1.2) holds withn > 2 and r = o0
Now we show that (1.2) is true for n > 3 without the assumption: ||xnu0||L1(R1> < oo. From

Lemma 3.2, following the proof of (3.17), one has for any 0 < 8 < min{1,n(1 — %)}, n>31<r<o
and t >0

t

xff//M(-,y,t—s)Pu(y,s)-Vu(y,s)dyds
0 R

Lr(RD)

B B
<ct-30-p (|| %7 us) ”;(Ri) + || %7 Vu(s) ”iZ(Ri))dS

O\NI'*

t

o
+C(t 3P +t_%(1_%))</(1 +s)‘%ds+/|}w(s)lliz(m) ds)
0 0



1768 P. Han /J. Differential Equations 253 (2012) 1744-1778

t
2
<Ct*%(1f%)+§(1+t*§)+Ct*%(lf%)/(Hx,’?u(s)”L,(RDHu(s)” .
0

+ ”Xn vu)| LM (R™)

|Vu@s)| = )ds

LT (R
L
2
n B B n n
<Cr20-D%s(14177) +Ct—7“—%>f1(t)/(1 +5)" % ds
L
2

+ Ct‘%“—%)fz(t)/(l +5)" 7% ds

<O 4 075) 4 e 3D (X0 10 + LO fo(0)),
where fq(t), f2(t), L(t) are given in (3.17); and

A+6-% ifr>g,
X)) =1 log(1+t) ifr=1_
1 ifr <

:NI

2

(3.23)

Similar to the proof of (3.18), we have for n >3, 0 < 8 < min{1,n(1 — %)}, l<r<ooandt>0

t

xﬁ//-aka(',y,t—s)Pu(y,s)-Vu(y,s)dyds

(3.24)

(3.25)

0 RY L'(RY)
_lonq_1y 8 -1
<O Dt (14t cr? D(XO f1(0) + LO f2(D).
Following the proofs of (3.19) and (3.20), we infer that for n > 3, 0 < 8 < min{1,n(1 — %)}, 1<r<oo
and t >0
t
Xﬁ//M(-,y,t—S)Pu(y,S)-Vu(y,s)dyds
¢ R} L'(RY)
<P (1 ) (1407
n—2 ﬁ n—1 1
O T (140 ) (14T (A0 + 62 H0),
and

t
X§/faka(-,y,t—S)Pu(y,S)~VU(y,s)dyds

@)
<c'T R (14h)(a +t—1)

)1+ (HO+0E RO).

(3.26)
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From (3.15), (3.16) and (3.23)-(3.26), we conclude forn >3, 1 <r < oo and 0 < 8 < min{1,n(1 — %)}

O+ 0 <C 3P (140 7) (14672
ot PO (1 ) (14 ) (1407

20D (14 £72) (X0 f1(8) + L) fa (1))

EHAHEH ) (L0 1 R0).

n—2

+
+o T (1

So there exists tp > 0, which is independent of t, such that for n >3, 1 <r<oo, 0 <8 <
min{1,n(1 — %)} and t > t;

F1 O+ o) < Cem 3008 (3.27)

which implies that for any t > to, (1.2) holds withn>3 and 1 <1 < oc0.
Now we show the validity of (1.2) for n > 3 and r = oo without the assumption: ||XnU0||L1(R1) < 0.

Following the proof of (3.17) and using Lemma 3.2, (1.2) withn >3 and r =2, one has for 0 < 8 < 1
and t >0

t

xﬁ//M(~,y,t—s)Pu(y,s)~Vu(y,s)dyds
0 R

Lo®Y)

t
2
<Ct2 §(1+t z)/(1+s)‘%ds
0

e [ (6 g 1063, + 4706 a0 2y ) s
0

t

<Ct"+§(1+t 2)+Ct" /(1+s)‘f+zds
0
,H+é _B
<Ct 2t a(14677). (3.28)

Let 1 <k < n, following the proof of (3.18) and using Lemma 3.2, (1.2) with n > 3 and r = 2, we get
forO<B<landt=>0

t

Xﬁ//8x,<M(‘,y,t—s)Pu(y,S)~Vu(y,s)dyds
0 RY

B B
<Ct 2 2tI(1+4¢77).  (3.29)
LoRY)

Note that (3.15), (3.16), (3.25) and (3.26) hold for r = co. Using (3.28) and (3.29), we conclude for any
t>0and 0< B <1
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g1(t) + &0 <C3tE (14 75) (1 4+677)

o e E)(

)(1+t*1)

_|_
_n=2, 8 _B ,1 _n=1 _1
+CtT T 214 2)(1+72) (14t 2 ) (g1(0) +t28(0)),
where g1(t), g2(t) are given in the above proof of (1.2) with n > 2 and r = oo

So there exists t3 > 0, which is independent of ¢, such that for any t >t3 and 0 < 8 < 1

[Ni=Y

+

[N

g1(0) + &) <t
which implies that for any ¢ > t3, (1.2) holds withn >3 and r=00. O

Lemma3.3.let1 <r<ooand1<i,j,k<n—1,n> 2. Then the estimates hold for any t > 0

1 n 1
| AeGellirny + 119;€Gellir @ny + |80k A" eGy ct—2720-9), (3.30)

lirany <

Proof. The following estimates for the Gauss kernel G; are from [17]: Assume that real parameters ¢
and m satisfy 0 < £ <n and m > 0. Then for any t > 0

|0;Ge ()| < Cgmt |x| Clxa™™ for1<j<nwithn>

i+mn1

|03k A7 Ge (0| < Comt Xl ™™ for1< j,k<n—1withn>3

|AGX)| < Comt ™7 X Ixal ™  withn >2

Note that BjakA*l =—Aifn=2, j=k=1.Let 1 <r<oo and 1<1i,j,k<n—1. Then for any
0<¢<nand m=0,

1 A€Gellirrry + 0iGelrmy + |08 A™" €Ge | 1

S IAGe | r@my + 13 Gellir gy + 1180k A~ Gellr wm)

4 1
£+m—n—1 —/ _ r
<) Comt B (/|x’| "[Xnl mfdx’dxn> . (331)
2q

q=1

where 24 (q=1,2,3,4) are defined as follows:

(¥, x7) e R™; x’| <t% and |x,| < \t%}

{

[(x, %) € R™; | <t
{(x. xn
{

B
B

ST

eR™;

X| < t2 and [xq| > t

)
)
)
)

(¥.x2) eR™; |x |>t2and|xn|>t%}

For each integration in (3.31), we take su1table ¢ and m such that £=m=0in £¢; £=n, m=0
in £25; £=0, m=2 in $23; —<£<n m> -+ w1th1<r<oom.(24 Then for any t > 0
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4 1

{4+m—n—1 _ r 1 _n 1
> Comt i </|x/| “|xn|—mfdx’dxn> <ctmz720-9), (3.32)
q=1 24

Combining (3.31) and (3.32), we conclude that (3.30) is true. O

The following lemma plays a crucial role in the proof of the main result, which can make us to
avoid the singularity in considering the decay of the second derivatives of solutions of (1.1).

Lemma 3.4. Let 1 < q < oo. Assume that a = (ay,az, ...,ay) € WW(]R’l) (n > 2) satisfies V -a=0in R,
and anlam =0.Thenforany0 <6 <1andt >0

[
_l_n ]+7_

1 _
2 A|Vallan) +t

”Vzeima”Lw(Ri) < Ce, q)(t % Hy;ga”m(Rb). (3.33)

Proof. Note that the Stokes flow e~4a is given as a restriction rii of one vector field i = (i, il,),
where i, it’ are given in (2.2), (2.3) respectively. Moreover, from Lemma 1.2 in [17], we conclude for
any 1<k, j<nandt>0
O0jiln = —Rj{R"- e AeE(t)a’ — RV’ - 0geE(t)a’ + R’ - V'deE(t)ay + Rpdx AeE(t)an}
=—Rj{R - AeE(t)(1 — 8kn)0ka" + SknRn AeE(O)V' - d’

— RV - eE(t)(1 — 8kn)0ka’ — SgnRndneE@)V' -d’

+ R -V'eE@)(1 — 8kn) 3y + 8kn R’ - dpe E(t)V'ay,

+ RpAeE(t)(1 — Skn)0xan + SknRn AeF (t)opan } (3.34)

where 8§, =0if 1<k<n—1; §p=1if k=n; V' =(01,02,...,0n_1).

Let 1 <k <n. Then for any t > 0

Nednll’ = QI E)a’ — V' (V' A~ F()a')
+ Ro{R'V' - eE()a' — RadkV'(V'A™! - eE(t)d’) — R’ AdyeE(t)an + R V' dkeE(t)an}

= nE(t)(1 — 8kn)3ka’ + SkndnnE(t)d’

—V (VAT FOA = 8)dka’) — V' (VAT E(©)8kndnd’)
+ Ra{R'V' - eE(®)(1 — 8kn)3a’ + R'8indneE(®)V' - d
— RV (VAT eEO)(1 = 8in)kd’) — Ry V/ (V' AT - §ndneE(0)d)
— R'AeE(t)(1 — 84n)On — R’ ASneF (t)dnay
+ RaV'eE(t)(1 — 8kn)dtin + Rndin V'eF (£)9nain }. (3.35)

Let 1<k<n,1<j<n—1.Then foranyt >0
3;(3]'1._1/ = 8k81E(t)a/ + 81-8,(V/A’1E(t)an

+ Ri{R'V' - 8jeE(t)d’ — Ry V' (39;V'A™" - eE(t)d’)
— R'9jAeE(t)ay + Ry V'djeE(t)an}
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= E()dja +8;V' ATVE®)(1 — 8kn)3kan + 3;V' A~ F (£) 8k dntin
+ Ri{R'V' - eE(t)dja’ — Ry V' (V' A™! - eE(t)d;a’)
— R'AeE(t)djan + Ry V'eE(t)djan}. (3.36)

To proceed, we recall a known result, which will be used frequently. Let K be an integral operator
defined by

Kf(x):/k(x, »fydy, VxeR".
Rn

Note that the Riesz operators R (j=1,2,...,n) are bounded on H"(R") = L"(R") with 1 <r <00
(see [36] for example). Using Young’s inequality, we have forall 1< jm<n,1<g<ooandt>0

IR jRmKf || oo gny = H / Ry;Rxnk(x, y) f (y) dy
L0 (RY)
Rn

< sup || Ry Ry k(x n
\xeﬂg” xj Rk ( ’Y)”Lq% ]Rg)”f“LQ(JR)

(
<R;IMNRmI sup ||kx, )| o I flliaen).
xeR! LI=1(R})

—1

Let 1 <q < oo and % + 4 =1. From (3.34)-(3.36) and Lemma 3.3, we conclude for any 1<k, j <n

and t >0 !
190 jitn lloe rny < CHRGIN|[R[[ 1 AGell i gony | 3’| g eny

+ IRl AeGell g gy [ V"~ || g )

+IRnll]| V'eGe ”Lq' (RM) |3ea’| LI(RM)
+ IRnll19neGell g ony [ V" - [ 1o ny
H{IR1V"eGe | ony N etn ey
+ || R [[119neGell o' gony || V'tn ”Lq(R")
+ IRl AeGell g gy | Okan llLa @r)
+ IIRn Il AeGell g gy | 9n@nllLa rm }

_n

1
<Ct 2 2| Valagn). (3.37)

Let 1<k<n,1<j<n—1.Then foranyt>0

|| akaja/ ”LOO(]R”) < ”3th “Lq’(Rn) ” 3;(1/ ”Lq(R") + ” 8jV/A_1 Gt ||Lq/(]R”) ||8kan ||LCI(R")
+ || 8jV/A_] Gl’ || La (R") ” 3nan ”Lq(R”)

+ CURCI[IR[1V"eGe o gy 1950 | a eny

+ IRnll HV/V,AAEGf I 19 (R Hafa/HLq(R”)



“ il — Skndndn E(t)a

[800a[E®) = FO]0']| o an, <2
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+[IR7[I[11 A€ Gl g eny 13 jan 1 3 eeny

+ IRl | V'eGe | 4 ny 19janllLa en) }

D=

_1l_n
<Ct 2 2| Vallagn):

/
| e )

< CllnGell ot gy | | o oy + €| V'V 471G

+C|V'V'ATIG g ®") |na’ ||Lq(]R")

+ CUIRA IR V'€Ge | 1o gony | k[ a gon
+ “|R/“| 9neGell g gn) ”V/ - HL‘I(R")

+IRall | V'V A~ G|

L9’ (RM) ok’ 4 (R")
+[[R' [ AeGell g eny | htn L gen)
+ IRl I AeGell g gy l19nanlLa )

+ lIRall | V'eGe |

1a (R") ” akan ” L9 (R™M)
+ |” Rn ||| || V/E‘G[ || L9 (RM) “ Onan “L‘?(]R”)}

+ | RaRa V' (V' A7 - 80e E(OQ) | oo n)

n

% || Vall gy ) + C||RuRn V' (V' A™" - dneE(0)d) |

1
<Ct 2

Lo>© (RH) -

It follows from (3.39) that for all 1<k<nandt>0

|| akanﬂ/ || L"C(R") g || akanﬂ/ - 8’(11 al’l BHE(t)a/ || LOO(R") + || BHE(t)ana/ “ LQO(R")

+ | nn[E© = FOJ |

n

|| Vallagn ) + C||[RaRaV' (V' A™! - BreE(t)d

1
<Ct 2

+ 800 [E©) — FO]0'| oo -

Note that forany 1 <g<ooand t >0

R}

[ 19 (RM |9 | LI(RM)

) ”LOO(]R“)

/ ng_l)(x/ - y/)|8Xn8XnGl('l)(xn + yﬂ)| |a/(y)| dy

<Cct 15

R

[ (52 )

1773

(3.38)

(3.39)

(3.40)

L= (RY)

:
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x GV Gén + yn) v P |d (v)| dy

L®(R)

1+

<ct %—E—q”yl;ea/”mm), VO <6 <1,

and for any ¢ € C3°(R") and t > 0

(oneE®)d’, @) = (ednE(t)d, @) = (edn F (1), @) + (edn (E(t) — F())a', @),

which implies that for any t > 0

[neE(t)a'|(x) = [eE(®)8na’] (x) — / /(;(" V(X = ¥)0(xn)dx, GL" (xn + yn)a' (y) dy.
RrRn—1

It follows from (3.42) that forall 1 < j,k<n—1andt>0

o0
R Rndj A~ f / GV (X = ¥)0 (40 (Yn)3nGL” (tn + ym)a () dy
Rn-1 0

Loe (RM)
<CJlya"a] o IRl

x o osup 947 GV (X = )00 () VoG (n + ) | ot )
y=',yn)eR?

3o AT GV (K —y)

<t |y’ g, Sup
Dy ymer

Xn+Yn
24/t

<y g VO<O<1.

146
x e(xn>9(yn>( ) G (xn + yn)

L9 (RM)

Here we have used the estimate: Let 1<m, j<n—1 and 0 < ¢ <n. Then (see Lemma 2.2)

|AGI V(X)) + [8mdj AT GV ()| < Cot' 7" T[T, W eRT

Whence, from (3.42) and (3.43), we conclude that forall 1 <g<ooand t >0

[RnRa V' (V' A" - e E@O) | o )

1
<ce

_n
2q

+Q_£ _
TIVallaeyy +C 2T [y g VO <O <1,

From (3.40), (3.41) and (3.44), we conclude for all 1 <k<n,1<g<ocandt>0

1_n q4b_n
”aka"ﬁ/”LOO(Rl) <cr i 1IIvallagn) + Ct i ||yn_9a’||m(m),

VO0<6<1.

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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Since e~ta = ﬁlm, from (3.37), (3.38) and (3.45), we derive forall 1 <qg<ooand t >0

1+5-24

1 _
: “ ”ynea“LtI(]Ri)’

|v2etA < Ct™ 77| Val oy, + CE Vo<6<1. O

“”Lw(m)
To proceed, we need the following known result (see [19]): Let 1 <k,m < n, then for all u €

0.0 (RY)

n
D OkOnN 30 (uiuj)

i,j=1

< C(Iulfgqry + 1VUll 20 @y | V2 2, ) (3:46)

LI(R™)
for any 1 < g < oo and %+%=%.1<CI1,CI2<OO

Proof of Theorem 1.3. Let u be the strong solution of (1.1). Then for any 0 <6 <1, 1 <r < 0o and
t>0

[% u@® - vu LT(RY)

<% u ”LZT(R”*] x(0,1)) |Vu® “LZT(]R’jr) + ““(t)“LZr(m) |Vu® ”LZT(R’}r)' (3.47)

Note that forany 0 <0 <1,1<r<ooand t>0

1
||xn_0u(t) ||i£r(R"’1X(O,1)) g‘/ / X,1_20r|u(xl,xn, t) — U(X/,O, t)|2rdX/an

0 Rn-1
/ / X 2‘gr/!?rux 20 ) ” dzo dX dxy
0 rn—1
; 1
2
Saui—n / f |t (' zn. 1) dzn dx’

RrRn-1 0

<C ” Vu(t) H L2(RM )
Whence, from (3.47), we obtain for any 1 <r<oo,0<6f <1landt>0
_ 2 2
% u (@) - vu) “Lr(m) <C([Jum ||L2Y(R'jr) + || Vu® “sz(m))- (348)

Let 0 <6 <1 and g <1 < 0o. From (2.28), (3.46), (3.48) and Lemmata 3.1, 3.2, 3.4, we deduce for any
t>0

t
[V2u(t) ”Lw(m) < HVZe’iAu<;> +/”V2e*(t75)APu(S) - Vu(s) ||L°°(R1)d5
LR
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t

u —
2

t
+Cf(t—s)”+%’%\|x,?91’u(5) VUO) |15y 45

t

2

—1-1
<Ct™ 74

ds

| Lr(R™)

+C /(t )
LZ(RH

—1-n

1(3)

v( > VNaiaj(uiuj)>

i,j=1

< Ct

t
+C/(t—s)—%—% V(ues) - Vu®)||, o
- (1906996,

) ds
L'(RY)

t
+C/(t—s)—1+% 2_<Hx u(s) - V)| e

3
2
) ds
L' (R")

n
> %P VN o0 (uiu )

i,j=1

<ct 71

)

+C / (=725 (Ju®) [, + V4O [, + V2O [far gn ) ds

L2(RY)

t
€ [ (U g, + 1706 )

NI~

+C/(t—s) 7 ((145) 702 4571105

+ s_z‘"“‘%)(l +572M2)) ds
t
+ C/(t — ) E (14 5) (072 g0 s
t
2
—_2 4 . _
[cr 2(1+t7% . ifn=2 (3.49)
P A+ ifn>3.

Assume that the assumption: ||xnuo||L1(Rn+) < o0 holds. Let 0 <6 <1 and % <1 < oo. Following the
proof of (3.49), we conclude that for any t > 0
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t

u —
2

t
+C / (=972 5 (Ju®) [, + V4O [, + V2O [far g ) ds
t
2

[V2u(t) HLOO(M) <ct'-a

L2(RY)

t
€ [ (U g, + 1706 )
t
2

t
n+3 1 n 1 1
<ct'T o C/(t —5)72 2 (1 45)" 7)o g2 o)
%

45 3n0=3) (1+ 572”)) ds

t
+c/(t—s)—1+%—%((1 45) 7170y gm2en(-50) g
t
2

,M) -

<1407
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