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1. Introduction

In this paper, we will study the following equation modeling the hydrodynamic flow of nematic
liquid crystals, which has been proposed and investigated by Lin and Liu [15,16] and [17]:

Ve+V- - (VRV)—AV+VII=-V.(VdO Vd) inR" x (0, 00), (1.1)
V.v=0 inR" x (0,00), (1.2)
di+v-Vd=Ad+|Vd?d inR" x (0, 00), (1.3)
v(x,0) =vo(x),  d(x,0)=do(x), |do(x)|=1 inR", (1.4)
where v = (v1,..., V) :R" x (0,00) — R" represents the fluid velocity field, d = (dy,d>,d3):R" x

(0, 00) — S2 is the director field of the nematic liquid crystals and I7: R" x (0, 0c0) — R is the pres-
sure function. v ® v denotes a tensor product whose (i, j)-th entry is given by v;v; for 1<i, j<n.
Vd © Vd denotes the n x n matrix whose (i, j)-th entry is given by V;d - V;d for 1 <i, j <n.
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The system (1.1)-(1.4) is a simplified version of the Ericksen-Leslie model [4,5,13], but still retains
most of the interesting mathematical properties of the original Ericksen-Leslie model for the hydro-
dynamics of nematic liquid crystals. See [15-17] for more discussions on the relations of the two
models. In principle, the system (1.1)-(1.4) is a macroscopic continuum description of the time evolu-
tions of these materials under the influence of both the flow field v, and the macroscopic description
of the microscopic orientational configurations d, which can be derived from the averaging/coarse
graining of the directions of rod-like liquid crystal molecules. Mathematically, (1.1)-(1.4) is a strongly
coupled system between the incompressible Navier-Stokes equation and the transported heat flow of
harmonic maps.

Lin, Lin and Wang [19] have proved that there is a global Leray-Hopf type weak solution to
(1.1)-(1.4) with boundary condition in 2D, which is smooth away from at most finitely many sin-
gular times. See also Hong [8] for related work. Authors in [27] have established a global existence
and regularity of weak solution for (1.1)-(1.4) in 2D with the large initial velocity and have proved
the uniqueness of weak solution by using the Littlewood-Paley analysis.

For higher dimensions, Lin and Wang [20] have established the uniqueness for the class of Leray-
Hopf type weak solutions derived in [19] and uniqueness of weak solution (v, d) € C([0, T]; L"(R™)) x
C([0, T]; WI(R", §2)) to (1.1)-(1.4) in n-dimensions for n > 3 with initial data (vo,dg) satisfying
vo, Vdg € L"(R™). Lin and Ding [14] have established that for vg, Vdg € L"(R"™), if (lvollirrny +
IVdollngmy) is small enough, then (1.1)-(1.4) has a unique global solution (v,d) with v,Vd €
C([0, +00); L™ (R™)).

For rough initial data, Wang [23] have proved that if (Ivollgyo-1 (gmy + [dolemocrny) is small enough,
there exists a mild solution (v, d) of (1.1)-(1.4) in Z x X. Recently, Lin in [12] established a uniqueness
criterion of liquid crystal flows in higher dimensions. He proved that the mild solution (v, d) of liquid
crystal flows is unique under some class data in vmo~—!(R") x vmo(R"), where the spaces BMO, BMO ™!,
vmo and vmo~! will be explained later.

As mentioned above, (1.1)-(1.3) is a coupled system between the incompressible Navier-Stokes
equation and the transported heat flow of harmonic maps. It is well known that the weak solutions
exist globally and are partial regular for both incompressible Navier-Stokes equation [1,7,11] and
heat flow of harmonic maps [2,3,22,24]. Though there are some results on the incompressible flows
of liquid crystals (see [25,26]) in dimensions three, but it is still an open problem for the global
existence and regularity of weak solution (1.1)-(1.4) in dimensions n > 3 (see [10]). In this paper, we
will focus on the regularity of solutions to (1.1)-(1.4) with rough initial data.

To state our result, we recall some definitions and notations. Let

n X2
K(x.t) = (4t)"3e~ i

denote the heat kernel and e'® = K (-, t)* denote the heat semigroup.

Definition 1.1. Let f(x) be a measurable function in R". For 0 < T < +o0, define

r? 1
2
_ 2
| Flgyo-r = sup <r [ [l s) dtdy) ,
T XeR™, 0<r?<T

Br(x) 0

r2 %
[flemor :==  sup <f" / /\Wmf(y)lzdtdy> :

XeR" 0<r2<T
Br(x) O
where B;(x) is a ball of radius r and centered at x. Denote

BMOT ! (R") = {f(X) € §'(R") [ I fllgyyo1 < o0};
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BMO™!(R") := {f(0) € S'(R") [ I fllpmo—1 := I fllpmozt < 00}
BMOr (R") := {f(x) € S'(R") | [f1smo; < o0};

BMO(R") :={f(x) € S"(R") | [ f1mo < o0};

bmo(R") := { f(x) € S'(R") | Il fllomo := [f1omo, < o0}:

bmo~" (R") := { £ (x) € S'(R") [ I fllyyno1 = Il f lgnso,1 < 00}:

vmo(R") := [f(x) € bmo(R")

lim [fIgwior = 0}:
vmo™ ! (R") := [f(x) e bmo~'(R") ‘ Thg}) I lgpio = 0}.
We also denote
BMOr(R", $?) = {f € BMOr(R") | f(x) € S* fora.e.x € R"}.
Definition 1.2. (i) For a nonnegative integer k, define

il := lldllx—1 + il Il := sup [ldC. 0)] o and idlle = il i+ lldlly .
te(0,400)

where
k1 o o
ldllype = sup  supt z |35 - agd|
oo
a1 +-tan=k+1
r2 3
_ k 2
|l ypx = sup sup(r ”/ / (205! - dyrd(y,0)|  dydt
€ @t ton=k+1 x0T
0 Br(x0)
Define
”VHZk = ||V||NV’§O+||V||NVIE-’
where
.S RTINY o,
Iy = sup  supt 2 [t 08" v | .
® aytetan=
T2

2
IVl =~ sup sup(r‘"//It'f‘ai’?---8»‘?2"V<y,f)|2dydf>-

o1 +-Fop=k Xo."
0 Br(x0)

3

(ii) For k >0, denote by Z* the space Z¥ = (N, Z! equipped with the norm YK, || - || ;. Similarly,

denote by Xk the space Xk = ﬂf‘zo X! equipped with the norm Z?:o -1l e
Remark 1.1. From the definitions of X* and Z¥, we have

ld]l e = IVd]l 5, ifd e X*.

Please cite this article in press as: J. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, J.
Differential Equations (2013), http://dx.doi.org/10.1016/j.jde.2013.07.012




YJDEQ:7234

4 J. Lin/]. Differential Equations eee (eeee) eee—eee

Let P:L2(R") — PL?(R") denote the Leray projection operator. Denote ITgz € C®(R3, R3) is the
smooth nearest point projection from 521 ={xeR3| % < X < %} to S2 (see [23] for more details),
2

that is

d 1 3
Hsz(d)zmzsz% {xeR3‘§g|x|<§}_>s2_

Then (1.1)-(1.3) with v|;—g = v¢ and d|.—g =dg are equivalent to the following integral forms
vi)=elvo—Vv®@v+VdoVd],  d(t)=e"dy+S[-V*Iz(d)(Vd, Vd) — v - Vd],

where the operators V and S are defined by

¢ t
VFt) :=[e_(t_S)APV~f(s) ds;  Sf(@) :=fe—<‘—s>Af(s) ds.
0 0
Remark 1.2. Let (o1, ..., &) be a multi-index with k= o1 + --- + a. Denote Vg = a3 --- 9y g for

simplicity. We also write ||V¥g|| instead of supy, ..o, —x 3%, -~ 3" gl

Theorem 1.1. There is € > 0 depending on n, such that if vo € BMO~1(R™, R™) with V - vo = 0 and dg €
BMO(R", §2) satisfy

Ivollgpo-1 + [dolamo < €,

then the solution (v, d) to (1.1)-(1.4) constructed by Wang in [23] satisfies

(v,d)e Z¥ x XX, vk>o. (1.5)

Moreover, there is a decay in time of the spaces derivatives as follows

||Vkv ”BMO’l + [V"d]BMO < Ct’g, foranyt >0and any k > 0. (1.6)

Remark 1.3. From the proof of Theorem 1.1 in Section 3, we also know that the estimate (1.6) can be
replaced by the following one

||V"—1v||Loc + ||de||l_oc <Ct 5. for anyt>0andanyk > 0. (1.7)

The remaining of the paper is written as follows. In Section 2, we review some preliminary results.
In Section 3, we prove Theorem 1.1.

2. Preliminary results

In this section, we will present some preliminary results.

Lemma 2.1 (Carleson-type estimate). (See [6].) For N(x, t) defined on R™ x (0, 1), let A(N) and B (x, t) be the
quantities

Please cite this article in press as: ]. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, ]J.
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t

A(N) = sup sup t_Tn/ / IN(y.s)|dyds,
Xo€R" te(0,1)
0 B stx0)

and

t

Br(x, t):ﬁ(—A)k%lemfN(x, s)ds.
0

Then there exists a constant h(k) such that the following inequality holds for By (x, t):

t 1
//|,8k(x, t)|2dxdtgh(k)A(N)//|N(y,s)|dyds.

0 R" 0 R"

Lemma 2.2 (Generalized maximal regularity of the heat kernel). (See [6].) If r is a natural number, then the
operators

t
Pr:f > /e“*sm(t — )" A f(s)ds,
0
and

t
Qr:fr fe“‘sm(r — ' (Wt = V)AL =Af(s)ds
0

are bounded on L*([0, T], L>(R™)) for any T € [0, +oc] with bounds p(r) and q(r) respectively.

Lemma 2.3 (Pointwise bound on high derivative estimates for the heat kernel and the Oseen kernel). Both the
integral kernels of the operators V¥t1et2 and V¥+1pet® gre bounded pointwise by

Ckkk/Z
tk/z(\/%_i_ |x|)n+1

Proof. Miura and Sawada [21] have derived the pointwise bound on high derivative estimates for the
Oseen kernel. Similarly, one can derive a similar pointwise bound on high derivative estimates for the
heat kernel. We omit the details. O

Remark 2.1. From Proposition 11.1 in [18], we also have that V¥t1e!2 and Vk*+1pef2 are bounded
pointwise by

Y (k)
(VE+ ikt

which expresses a slightly different pointwise bound from Lemma 2.3 and where Y (k) is a constant
depending on k.

Please cite this article in press as: J. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, J.
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Lemma 2.4. Let vo € BMO~! and dy € BMO. Then for any k > 0, there exist two positive constants B (k) and
B> (k) such that

le“*vo] ;e < B1()Ivollgyo-1 (2.1)

and

|le**do| y« < B2(k)[dolamo. (2.2)

where B1(k) and B, (k) depend on k.

Proof. Inequality (2.1) is proved by Miura-Sawada in [6]. By the definitions of BMO and BMO™', one
can derive (2.2) from (2.1). O

In the following, we will recall an estimate for V(f ® g) in Z¥.
Proposition 2.1. (See [6].)If f, g € 7k then V(f ® g) € Z¥. Moreover, there holds that for any integer k > 1,

IV(f ®8)| 5 < Do®IIfllzollgllzo + D1l fll zollgll 2t
+ Diliglizoll fllzx + DU fliZe-11&llZx-1 (2.3)

where the constant D1 is independent of k while Do (k) and D (k) depend on k.

Remark 2.2. By using the convention that || f]3-1 =0 and [|g[l3-1 =0 in (2.3), there holds that

|V(f ® )50 <DIIfllzolglo. (2.4)

which is proved by Koch and Tataru in [9]. Hence (2.4) is included in (2.3) for k = 0.
Next, we will prove a critical estimate for the operator S.
Proposition 2.2. [fd Xk, then S(Vzﬂsz (d)(Vd, Vd)) € X*. Moreover, there holds that for any integerk > 1,
IS(V? Mg (d)(Vd, Vd)) || 4«

< Do) 50 ldllx-1 + D1lidllxo lldllxelldl x-1 + D) [1dllZ ld | 52 (2.5)
where the constant D1 is independent of k.
Remark 2.3. By using the convention that ||d||y-> =0 in (2.5), there holds that

|S(V2 52 (d)(Vd, Vd))| 4o < D2lidl1 %0 lIdlIx-1. (2.6)

which is proved in [23]. Then (2.6) is included in (2.5) for k =0.
Meanwhile, we also have

|S(V2 g (d)(Vd, V) || 1 < DalldIZ0lid Il x-1, 2.7)

-

which is proved in Lemma 3.1 of [23].

Please cite this article in press as: ]. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, ]J.
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Proof of Proposition 2.2. By the definition of the space X, we shall prove Proposition 2.2 by com-
bining the following two lemmas.

Lemma 2.5. There holds that for any integer k > 1,

[S(V? M52 d)(Vd. V) |

< ao() dI5olldll x—1 + 2a1ld ] -1 lld]l xo l1d]| i
k—1k—i—1
+afldl e [dlGo +a) D > ldlypictlldllyps ldlly i, (2.8)
i=1 j=1

where the constant aq is independent of k.

Lemma 2.6. There holds that for any integer k > 1,

|S(V? T2 @) (V. V) [ e

< bo ()5 po ldllx-1 + by po, Idlyp Idllx-1 +bE)IdIZcs a2 (2.9)
where the constant by is independent of k.
Proof of Lemma 2.5. Let
m=m(k) = C‘ﬁknfrl;il,

where C is a constant from Lemma 2.3. We split (0, t) as (0,t) = (0, t(1 — %)) ulea — %), £).
Then

(-4 t
VKIS (V2 g (d)(Vd, Vd)) = ( f / )v"“ eIV (d)(Vd, Vd)] ds
0 ta-5
=111+ 2.

By the definition of 152, we have
|V2IT g2 (d)(Vd, Vd)| < C|Vd|*|d],
where the constant C > 0 depends on S2. Then by Lemma 2.3, we have

t1-1)

—n—1
111<C"k'% / /(t—s)"(,/ +|x— yl) |Vd|?|d|(y, s)dy ds
; (4k+1)/2 (- x— |
e () //(ﬂ t_) VAP, 9 dyds

Please cite this article in press as: J. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, J.
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1
n+k+1 ta=z)
2

—n—1
<k (?) / 3 [(\/}r |q|> / |Vd|2|d|dy] ds. (2.10)
0

n
ael Y= yevE@+0.17)

(/% |q|>_n_1 - <\/E+ |q|)_] (\g+ |q|>_n < Vklg| "

and the convergence of series quZ" |g|~™, we have

Meanwhile, by

—n-—1
Z(ﬁﬁm) < vk (211)

qez"
Therefore, combining (2.10) with (2.11), we have
t(1-1)

f VK98 V2 [T (d)(Vd, Vd)](x, 5) ds
0

_kt1 2
St Zag(®)lldllyolldllx-1, (212)

where

ao(k) = CKk S m ™5 = ck=2pk1,

For I12, we have firstly

k k—i
|VEV2 52 (d)(Vd, VA)| < C ) ) CrCk|vid||vIHd| | vh =7t ],
i=0 j=0
where C > 0 depends on $? and C:‘ = ﬂ(kk—ll)'
Then
t
Iz < / Ve 92 VK [V2 [T (d)(Vd, Vd) ] (%, 5)|ds]
t(1-1)
¢ Lk ke o ‘ o
< [ -9 S e V] | V] 9 ds
(st i=0 j=0
L : k k=i ‘
< [ em9mhs s 3 S iy 1l g
(1) i=0 j=0

t
N
< f (t—5)"7s (k+2)d5'<||d||x—1||d||NDgC||d||NDIéC + lldll =1 lldllypx_lldllypo,
t1—3)

1
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k—1k—i—1
+lldllypec 141550+ D G Il i il ||d||NDgou). (213)
i=1 j=1

From [6], there exists a constant a; > 0, independent of k, such that for any integer k > 1 there holds

t
/ (t— s)’%s’(k“) ds < a1t’k+Tl. (2.14)

t1-15)
Combining (2.13) with (2.14), we have

t
5 / VKHeE=9Av2 16, (d)(Vd, Vd) ] (x, 5) ds
t1-5
<aplldllx-1lldll o lldll xx + a1 lld]l x-1lldl xx 14| xo
k—1k—i—1

+arldll -1 Idllxoldl o +atk) Y- D™ ldllypictlidlyps Nllpeciss  (215)
i=1 j=1

where a(k) is a constant depending on k.
Combining (2.12) with (2.15), we have proved Lemma 2.5. O

Proof of Lemma 2.6. Let x € C*°(R") be a smooth function such that

x(x)=1 forx € B1(0); X(x)=0 forxeB(0)and0 < x(x) <1.
Denote xx,.r(X) = x (*5%2). We rewrite

t
/ Ve[ V2T (d)(Vd, V)| (x, s)ds = Io1 + 122 + I3
0

with Iy; (i=1, 2, 3) being defined by

t
Iy = / eI — xyo.) [V T2 (d)(Vd, V)] (x, 5) ds;
0
1 t
Iy = ——~/—Aet® / (Xxo.r V252 (d)(Vd, Vd)) (%, 5) ds;
/—A ’
0
1 A
I3 = = / e<f—5>A\/f_A (1d — ) (xxo.r V252 (d)(Vd, Vd)) (%, 5) ds.
0

Please cite this article in press as: J. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, J.
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For I1, we have from Remark 2.1

r2

k
r,,—,/ / |I7VI<+1121|2dth
0 Br(x0)

r2 t M(]) k 2

“n )E2 2
vd|?|d|dyds| dxdt
[ [\ ] Gt mevariaas
0 Br(xo) 'O B, (xo)
] 2
< rtky? (k)/ / '/ / |n+k+1|Vd|2|d|dyds dxdt
0 Br(x0) "0 BY, (x0)
r2 r2 2

a 1
<r n+ky2(k)c(k)”d”§(_1/. / ‘/- / W|Vd|2dyd5 dxdt

0 Br(x0) '0 Upyeqn Brtg)

<Y2<k>c<k>ud||§l< S g sup—[ [ wa dyds)

qezn,lk|>1 xR T Br(xq)
Yz(k)C(k)IIdllx 1(sup —/ / |Vd| dyds>
<R 0 Br(xq)

< Y2k C k) [1dlI5— l1d]} (2.16)

0>
NDQ

where the constant Y (k) comes from Remark 2.1 and C(k) is a constant dependent of k.
For I3, denote M(x,s) := Xxo,rvzﬂsz (d)(Vd, Vd)(x, s). Then by the boundedness of Riesz trans-
form on L2, we get

r2

1’7“/ / ’t%VkJrlIzz’dedt

0 Br(xo)
/ / t5(—n) s fA/M(x s)ds dxdt
0 Br(xo)
:rfn//. (r’t) ? <_r—2Az) /M rz,r’p)r’dp| r"dzr’dr
0 R"
= //12( A)Z e’ /N(z,p)d,o dzdt
0 R"
1
gr“h(k)A(N)fﬂN(z,r)|dzdr, (217)

0 R"

Please cite this article in press as: ]. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, ]J.
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where we have used a change of variables

t=r’t, s=r’p, x=rz

in the first equality, and Lemma 2.1 in the last inequality and have used notations as follows

T
N(z, p):= M(rz,r%p), AN):=  sup r’%/ f IN(z, p)|dzdp.
Xo€R",7€(0,1) b B, 00)
EAG0)

In the following, we will estimate an upper bound of the L'-norm of N(z, p) on (0,1) x R" and

A(N).
1 1
//|N(z, ‘L')|dZdT=//|M(TZ,F2‘E)|dZdT

0 R" 0 R"
2

=5 //|M(x t)| dxdt

0 R"

r2

=0 / / Xxo.r| V252 (d)(Vd, Vd)(x, 5)| dxdt
0 R"

.
1
<Cm//Xxo,r]Vd(x,s)]2|d(x,s)|dxdt

0 R"

Cr2lidlx-1ldliy po (218)

and

T
A(N)=  sup t_%//|N(z,p)|dzd,o

Xo€R",T€(0,1)

0 Bz (xo0)
= sup T~ = )| dxds
Xo€R",T€(0,1) rn+2 12
0 |X—xo|<T
rt

no 1
= sup T2 n+2/ f |M(x,s)| dxds
X0€R",T€(0,1) r J
0 |x—xg|<rt

no 1
= sup 12 n+2/ / Xxo.r| V252 (d)(Vd, Vd)(x, 5)| dxds
X0€R",T€(0,1) r J
0 |x—xg|<rt

Please cite this article in press as: J. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, J.
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<Cr2|d|ly-1  sup / / |Vd|? dxds
Xo€R",7€(0,1) (rfz)"
0 Brr(Xo)
Cr2ldlx-lidliy po (219)
Then (2.17)-(2.19) imply that
T2
r—n/ / |63 V¥ 1, [P dxdt < Chik) 3 415 po. (2.20)

0 Br(xo)

For I»3, the cases k odd and k even are slightly different. Here we will argue for the case k odd,
which is a little more difficult. Let k = 2K + 1. Decompose t5 as

K
t3 =t —s+95 W= v5+v5) =Y f[s e — 9 (- v/5) 455 — 9K,
0

Denote M(s) := XXO,TVZHSZ (d)(Vd, Vd)(s). Then

k
t% Vk+1 123

Id —
S)K l(\/_ \/—)szK 2l+1e(t A" — VZIM(S)dS

K1 A y2K—2,(t—5)A Id — 52 oL 5V M (s) ds
V—=A

I (—’d‘eSAs'v21M<s)>+ Yo (’d_eSAs’vz’M(s))
T N VN A \"V=A

+ Ki ck Y _p <1d —e? s’ﬁV”“M(s)) + Vop (Id —et? slﬁV2’+1M(s))
2 L — = o — .

From Lemma 2.2, ie. the operator Px_; is bounded on L%(0, T; L%2(R™)) for every T € (0, +oc], we
have that for t <r?,

Id— 2
f f Py 1( l«/—VzmM(s))‘ dxds
0 Br(x0)
r2
1 Id—es® | 2
< N - - +1
p(K l)rn/ / ‘( e s'/sV M(s))l dxds
0 Br(x0)
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r2
1
<Cp(1<—l)—n/ / sV M (s)|? dxds,
r
0 Br(xo)
where we have used that the operator ld—¢'* is hounded by C+/s on L2, since ﬂ < C4/s. One

. — €]
can see that s'*1v2+1M(s) is a sum of tefms of the type

( mi V”H'ld) ( 1V/J—Hd) . (S%de) ( A JVZH_l e jXXOJ)

withm, p,j>0and m+p +j<2l+ 1. '
Since VZIle M=P=J yor < Cr=@H1=m=p=J) "we have for s <r?,

@)

2A-m—p—j m—p—i —M—p—j.— m—p—i
s > V21+1 m—p ]Xxo,réCTZI m—p—j, Ql+1-m—p ])g_.

r

Then we have

r2
1 I+1 92041 2 1
r—n/ / [STIVEEIM)Tdxds < C D0 oy IR, I

0 B (x0) m+p+j<2+1

Hence

Id —es® 2
PK_I(ﬁSl\/EVZH'lM(S))‘ dxds

y

0 Br(xo)

<CPK =D 3 Iy 141, 117
m+p+j<2+1

Nt (2.21)

Similarly, by Lemma 2.3, we have

2
('d_e s ﬁv2’+1M(s)>| dxds

0 Br(xo)

2
) _,SA 2
p(O)rl,1 / / ‘(%s“ﬁvz’”lM(s))

0 Br(x0)

dxds

r2

1
<Cp(0)r—n/ / |sKH1V2KH T (5)) [ dxds

0 Br(xo)

< CPO) (Il pg 1411y parcar 14115 -+) + CAO NN o I (2:22)

Similarly, we have
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T2
1 Id—es® | 2
— Qi ——s'V/sv¥ T M(s) )| dxds
r"/ /‘ (\/—A

0 Br(x0)

<CqK =D Y ldipn IdI2 ol s (2.23)
mtp+i<20+1 ¢ °°

and
r2 A )
1 f / ’ (Id — 7 1 g2l
- Qo sl/sVAHIM(s) )| dxds
m V—=A

0 Br(xo)

< CqO) (el oo, 1113 pacr 14115 -1) + CUHO N i (2:24)

Therefore by the boundedness of the Riesz % on L%, we get from (2.21) to (2.24) and k = 2K +1
that

T2
1
r—n/ / |t§V"+1123|2dxds

0 Br(xo)
< CaO)(Idliy po Il e 1) + CAO NN T o (2.25)
Therefore we prove Lemma 2.6 by putting (2.16), (2.20) and (2.25) together. O
Proposition 2.3.If f, g, h € Xk, then S(IV f|IVgl|h]) € X¥. Moreover, there holds that for any integer k > 1,
ISUVFIVENRD) | g < Dol flixollglxo I~llx-1 + DA f -1 1€l ge-1 Il 52
+ Dillfllxollgllxkllbllx-1 + Dllgllxoll fll xx Il -1, (2.26)
where the constant D1 is independent of k.

Proof. One can prove this proposition by using the inequality |V|f|| < |V f| and a method similar to
Proposition 2.1. O

Remark 2.4. By using the convention that || f||y-2 = |Igllx-2 = [|h||x-2 =0 in (2.26), there holds that

ISV £V IR | xo < D2l fllxolglixo IRl x-1. (2.27)

Then (2.27) is included in (2.26) for k =0.
By a similar argument as (2.7), we also have

ISV £V | -1 < D2l flixollglxollhllx-1- (2.28)
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Similarly, we have
Proposition 2.4.If v € Z* and d € X*, then S(v - Vd) € X*. Moreover, there holds that for any integer k > 1,
[S(v-Vd)| i < Do)l xoll V]l z0
+ Dillviizolidlixe + Dilldlixo IVl z + DU VIIZe-1 lldll e (2.29)
where the constant D1 is independent of k.

Remark 2.5. By using the convention that ||v||;-1 =0 in (2.29), there holds that

|S(v - Vd)| 4o < DlldlixolI VIl 0. (2.30)

which is proved in [23]. Then (2.30) is included in (2.29) for k =0.
Meanwhile we also have

IS(v-Vd)| -1 <DlidlIxollv]z0. (2.31)
which is proved in [23].

Remark 2.6. For simplicity, we use the same constants Dg(k), D1 and D(k) in Propositions 2.1-2.4,
where D1 is independent of k, while Dg(k) and D(k) depend on k.

3. Proof of the main result

In this section, we will prove our main result, i.e. Theorem 1.1.

Proof of Theorem 1.1. Define an approximating sequence {v/,d/} by

VO — etAV(), d() — etAd(),
vt =0 4 V[vj Qvi+vd o Vdj], (3.1)
At =d% 4+ S[-V2 g (d7) (Vd!, vdl) — v - vd/]. (32)

We will prove that if (vo,do) is small enough in BMO~! x BMO, then {v/,d/} converge to {v,d}
in ZK x X¥ for any integer k >0 as j — oo with finite norm [|v||3 + [||d|||. Then by a similar
argument as in [23], we also have d(x, t) € S2 for all (x,t) € R" x [0, +00). Hence (1.3) of Theorem 1.1
is proved, if the following claim is proved. (1.4) of Theorem 1.1 follows easily by using (1.3).

Claim. For any integer k > 0, there are positive constants E, Fj, and G, such that

ld/| 1 <E. (33)
IVl + I e < 64
ot vt 1 iz < Ge(5) 35)

Please cite this article in press as: J. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, J.
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Proof. We prove this claim by induction.
Step 1. We prove that (3.4) and (3.5) are right for k = 0 firstly.
From the definition of d°, we have

1 2
|+ = sup [e®dof, = sup ‘ / re” % do(x — Vi) dy| < |doll>.  (36)
te[0,+00) tef0foo)ly (47T)2

From Lemma 2.4 for k =0, we have

|d°] yo < B2ldolamo and ||v°| 0 < Bilvolgyo-1-
From Remark (2.7) and (2.28), there exists a constant D > max{4B1,4B,} > 0 such that
s <l = d® s + [ o
= [S[- V252 (@) (Vd®, V%) = v® - V] o + ]
< Dolla®| -1 d° %o + Do|[v*|[ 50 + Do[d° o + oo
< D(1+ |ldoll)Idolo + DlIvollZ o1 + IdollLos
< D(1+ lldoll)€® + De? + |1 do]l 1o

Then choose € so small and E so large that

|d"] - <E. (3.7)

Meanwhile, from (3.2), (2.6) and (2.27)

[ 5o = 1d° [ o + [S[= V2752 (d°) (Vd®, Vd®) = v® - V] | g
< Baldolauo + Do [d”] -1 |a° 3o + Dol v*] 50 + Dofld® [

< Ba[dolamo + D(1 + lldoll=)[doTgmo + DI Vollzy0-1

1
< De+ D(1+ |ldoll1=)e® + De?,

where we have used By < 5D.
Then we choose € small enough such that

1
ld"] o < 5 De. (3.8)
For v!, we have
1
[v'1 20 < Bullvollgo-1 + Do|[v°[[ 50 + Do[[d°[ 3o < Bre + De” < 5 De,
where we have used Bi < }lD. Then one can choose € small enough such that

1
vt 0 < 5 De. (3.9)

Please cite this article in press as: ]. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, ]J.
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Combining (3.8) with (3.9), we have

[v* o+ 140 < De. 310
Now we estimate [|d?| 1. In fact,
@] -1 < [1d* = d®[ s + 14 -
= IS~V (d) (V" V') = vt V'] + ]
< Dof[d" [ -1 [d" [0 + Dolv! | 50 + Dolld" [0 + ol
<D(1+[d'[ )" [0 + DlIvi G + ol
X X z

<D+ E)|[d" |30 + DlIviliZe + lIdoll i

<D3(1 4+ E)e? + D3e? + |dg|| .

In above last inequality, we have used (3.10).
Then we choose € small enough that

|d?] 4+ <E. (3.11)

For [|d?||yo, we have

[0 = [°l 5o + IS[-V2ms2(d") (Va', V') = v! - V'] [ o

< By[dolsmo + Do”dl HX*l Hd] “io + DOHV1 Héo + DOHd] “io
< Baldolgmo + D(1 + E) | d ||§<0 +D|v! ”220
< Bye + D3(1 + E)e? + D3¢?

1
< gDe+ D>(1+ E)e? + D3€2.
Then one can choose € small enough such that
6] 10 < ~ De. (3.12)
2
For ||v2|| ;0, we have
2 2 1
[V 20 < Bilvolayio-t + Do|[v' [0 + Dold' 3o < Bre + D% < 1 De.
Then one can choose € small enough such that
V2] o < L De. (3.13)
z 2

Combining (3.12) with (3.13), we have
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[V*]l 20 + ¢ o < De. (314)

Hence, by choosing dg small enough in BMO and v small enough in BMO~!, we can ensure that
for any integer j > 0, there are constants D > 0 and E > 0 such that (3.3) holds and

[v/] 40 + @] 4o < De, (3.15)
which means that (3.4) is true for k =0.

Now we will prove that (3.5) is true for k =0.
From the proof of (3.10), we also have

1 1
1 0 1 0
vt = v, < EDG and |d' —d°||,0 < EDE. (3.16)
From the definition of S[Vzﬂsz (d)(Vd, Vd)], for any integer j > 1, we have

|S[V2 M52 (d7)(Vd!, Vdi)] — S[V2 g (a7 (V=1 vdi 1]
<S[(|vd! | + [vdi=)) |Vl — vai=||d[] + S[|vdl *|dl — di=1|]. (317)

Then from (2.4), (2.27) and (2.30), we have

| — a0 + [V = v 20

< |IS[(ve!| + |va/ )| V(@ — ) ||a!]]] o + [ S[| Ve[ — @] o
+[S[(v = v/ V][ o + [S[v/TT - (Ve = VAT ]| o
VIV = v @ v+ VIV e (vV = v 5
+ [ V[(Vd' = Vd ) o Vd]| 5o + [V[VdT © (Vd = Vd ]| 5o

<D 1 (4] o + 4 o) 0 =& [ o + D" o 0 — &
+D v = v po[d’ o + DIV pofld — a0 + D[vT = VI o [V 5o
+ DV o v = v o + D d — a7 o @ o + D[ o 6] — T o

< (2D%E +3D?)e||d! —d/ Y| 4o + D3€?||d) —d Y| +3D%e v — vITY L. (3.18)

Specially, for j =1, by using (3.3) and (3.16) we have
| ~ a0 + > = v'| 5o < (4D°E + 6D)€”.

Let €2 < , then we have

1 (2)2
4D3E+6D3 '3

2 2
I —a o+ 12 = 'l < (3)

Moreover, by (3.18) we obtain that (3.5) is true for k =0.

Step 2. We will prove that (3.4) and (3.5) are right for any integer k > 0. Assume that (3.4) and
(3.5) are true for k — 1. We will prove that (3.4) and (3.5) are true for k. We first prove (3.4) is true
for k.
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By (2.3) we have

v/l < V0l g+ V[V @ vt + vd T o vl
<ol +201 v o v g+ Jile T e

+ 201 [ o [ 4 Sl e (3.19)
where Ji = Do(k) + D (k).

By (2.5) and (2.29) we have

7] e < 1] e + [ STV s (@) (V™ vl =) — w1 v 1 [
< [ D1 o bt el e+ Tl e

R (e PP e PR i P G PRI e PN i P
< e+ DaE N Yol i il s

D1 (07 ol A 07 0 ) + Ji v s + i

(3.20)
where [, = Do(k) + D (k).
Combining (3.19) together with (3.20) and choosing € small enough yields
D+ 1970 e < 0 e + 1020 2+ @D v/ ] o + D177 [ ) [V 71
+ (2D1 ][ o + DE[ " o + D[V o) |77
+ 20V G+ Dl e+ T e
1 . .
<+ 10z 5 (17 e+ 17 20
el s+ 1V 5e0) + 20 ey
1 . .
< e+ 1V 20) + Hi (3.21)

where we have used the induction hypothesis and Lemma 2.4 to obtain the last inequality for some
constant Hy.
Then from (3.21) we have

) . 171 . .
[0 17 5502t 19720 0)

1 =1\
<o SVl 1) + 1 3 (3)
1=0

00 1 l
Ul + 1) + 135
=0

which implies that (||dj||X;< + ||Vj”zk) is uniform bounded in j. Then there exists Fy > 0 such that
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”dj ”xk + ”VjHZk < Fy,

which implies that (3.4) is right for k. Hence (3.4) is proved.
Now we will prove (3.5) for k if (3.5) is true for k — 1.
By Proposition 2.1 we have

[/ = v 4
<V = v e v u+ Vv e (v = v ]|
+|V[(vd' =T o V]| 4+ V[V © (Vd! - vd )] 4
<Dafv? = v (v 20 + 17 20) + Dafv! = v o (v e+ 1977 2)
+D1ld! = (ld ] xo + 47" [ xo) + D1 fld’ =77 | o (&7 [ e + [l )
IV = v e (19 e + v )]
+ il =7 g (g + [ )
<Dr(Jv! = v et =) (197 20 + 1V 7 0 + 18 0 + 47 o)
+D1([v = v o+ = a0 ) (17 + 1077 e+ 8 e+ 67 )
(v = v e+ 8 = d ) (19 e + 1V e + 18 e + 1677 i)
where Ji = Do(k) + D(k).

Then by (3.16), (3.4) and the induction hypothesis and choosing € < 32[1,7&, we have

[V =] 5

Loivi _ -t J_ it 2\ 2\
gz(“" -V ”Zk"'r”d —d ka)‘i‘szD] 3 + 2Fg_1 JkGr-1 3

Lopyi — pimt J_ i1 2y 2/
= IV =Vt | = a7 ) +3D1F( 5 ) +3FcaliGia(5) - (322)

By Propositions 2.3-2.4, we have

@7 = | < |S[(|V |+ |V )9 (& — )| |]] o + [ S[| V! Pl a7

+[S[v! = v/ Vd ][+ [S[vI - (Ve = vl
<D = (1] o + 477 o) 47 -+

+ D1 ld = a7 o (7] e + 177 ) [0 -
+ D fld = a7 el o + 177 o) + Db = &= o ([ i+ 4 )
+ k(14 5 + [ ) 47 = @77 g [ 1]
D1 ol — 7 s+ il s | = ]
+ D1 [[v) = v el [ o + D [Jv? = v o]

|t

[

Xk

+Drfd = e[V 2o + Dafjd? = 7o [ vV
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L Y 1 P e 7 [ Y

< ED1+D)([ v/ = v g+ & = d ) (1] 20+ 1V 2o+ 4o + 14 o)
+ (ED1 + D)([ v/ = v g0 a7 = a7 o) ([v7 i+ [V e 0+ @ [ o)
+ (v = v ger + d7 = g ) v e + 145

i 2 . i .
7 [T + (10 50 + [ o) [ 501

Then by (3.16), (3.4) and the induction hypothesis and choosing € < we have

1
32D(ED1+D1)’

) ) 1 ) ) ) ) 2\41
471 a7} < (107 = v/ 0d =)+ 27EDs +01)(5)

2\/! 5 2\
+2FI<—1JI<GI<—1<§> +2Fk_1]ka—1(§>

= I =V e+ ol =1 ) + 301+ DR
2\ 9, 2\’
+3F1<71Jka71<§> +5Fk_1Jka71(§> . (3.23)
Combining (3.22) with (3.23), we get
o341 = ot 5 =]
_1 ) . 2\
< (I = v e+ d = d77 M ) +3@D1 + EDDF( 5
2\ 9, 2\’
+6F1<—1]ka—1<§) +§Fk,1]ka—1<§> . (3.24)

We can choose a constant Ly > 0 such that

9
3(ED1+2D1)Fy + 6Fk_1 JkGr—1 + 5F,3_11kck_1 < Ly

Then (3.24) implies that

e P LT

Lvi _ pi-t J_ i 2\’
5(”" — v+ [d ~d ||xk)+Lk3

<l = v = ) +Lki<2>H<%>l
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< (%)Jknvl =Vt -l ) +L'<(§>ji(3>l

1=0
2\ J
<Gl 35 )
"(3)
which implies that (3.5) is true for k. Hence (3.5) is proved. Therefore the claim is proved. O

Now we are in the position to prove (1.4) of Theorem 1.1.

When k = 0, from the definitions of BMO and BMO~! in Definition 1.1, we obtain (1.4) of Theo-
rem 1.1 by using Lemma 3.1 in [23], Corollary 2.3 in [6]. We omit the details.

When k > 1, we have for any integer i > 0,

|Viv] e <Ct™% and | Vitd|,. <cCt'E

Then from the fact that L° < BMO, we have i > 0,

[Vivlpyo <Ct™2 and [VI*ld],,, <Ct™7. (3.25)
Let i =k — 1. From (3.25), we have k > 1,
[ V50 || g0t <CE2 and  [VEd] gy, < CE 2. (3.26)

Hence (1.4) of Theorem 1.1 is right for k > 1.
Therefore Theorem 1.1 is proved. O

Acknowledgments

The author would like to thank the referees very much for their valuable comments and sugges-
tions. The author is supported by the Fundamental Research Funds for the Central Universities, SCUT
(Grant No. 2012ZZ0075), by NNSF of China (Grant Nos. 11001085, 11071086 and 11128102), by the
Ph.D. Programs Foundation of Ministry of Education of China (Grant No. 20100172120026).

References

[1] L. Caffarelli, R.V. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the Navier Stokes equations, Comm.
Pure Appl. Math. 35 (1982) 771-831.
[2] Y.M. Chen, EH. Lin, Evolution of harmonic maps with Dirichlet boundary conditions, Comm. Anal. Geom. 1 (3-4) (1993)
327-346.
[3] Y. Chen, M. Struwe, Existence and partial regularity results for the heat flow of harmonic maps, Math. Z. 201 (1989)
83-103.
[4] J.L. Ericksen, Hydrostatic theory of liquid crystal, Arch. Ration. Mech. Anal. 9 (1962) 371-378.
[5] P.G. de Gennes, J. Prost, The Physics of Liquid Crystals, Oxford University Press, New York, 1993.
[6] P. Germain, N. Pavlovic, G. Staffilani, Regularity of solutions to the Navier-Stokes equations evolving from small data in
BMO~, Int. Math. Res. Not. 2007 (2007), http://dx.doi.org/10.1093/imrn/rnm087.
[7] E. Hopf, Uber die Anfangswertaufgabe fur die hydrodynamischen Grundgleichungen, Math. Nachr. 4 (1951) 213-231.
[8] M.C. Hong, Global existence of solutions of the simplified Ericksen-Lesilie system in dimension two, Calc. Var. Partial
Differential Equations 40 (2011) 15-36.
[9] H. Koch, D. Tataru, Well-posedness for the Navier-Stokes equations, Adv. Math. 157 (1) (2001) 22-35.
[10] E. Lin, Some analytical issues for elastic complex fluids, Comm. Pure Appl. Math. 65 (7) (2012) 893-919.
[11] J. Leray, Sur le mouvemenr d'un liquide visquex emplissant I'espace, Acta Math. 63 (1934) 193-248.
[12] J.Y. Lin, Uniqueness of harmonic heat flows and liquid crystal flows, Discrete Contin. Dyn. Syst. Ser. A 33 (2) (2013)
739-755.
[13] EM. Leslie, Some constitutive equations for liquid crystals, Arch. Ration. Mech. Anal. 28 (1968) 265-283.

Please cite this article in press as: J. Lin, Regularity of solutions to the liquid crystal flows with rough initial data, J.
Differential Equations (2013), http://dx.doi.org/10.1016/j.jde.2013.07.012



http://refhub.elsevier.com/S0022-0396(13)00279-9/bib434B4E31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib434B4E31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib434C31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib434C31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib435331s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib435331s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4531s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib475031s1
http://dx.doi.org/10.1093/imrn/rnm087
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4831s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4832s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4832s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4B5431s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C3030s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C30s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C32s1

ARTICLE IN PRESS

J. Lin/ J. Differential Equations eee (eeee) eee—ecee 23

[14] J.Y. Lin, SJ. Ding, On the well-posedness for the heat flow of harmonic maps and hydrodynamic flow of nematic liquid
crystals in critical spaces, Math. Methods Appl. Sci. 35 (2) (2012) 158-173.

[15] F. Lin, C. Liu, Nonparabolic dissipative systems modeling the flow of liquid crystals, Comm. Pure Appl. Math. 48 (5) (1995)
501-537.

[16] E. Lin, C. Liu, Partial regularities of nonlinear dissipative systems modeling the flow of liquid crystals, Discrete Contin. Dyn.
Syst. 2 (1996) 1-23.

[17] F. Lin, C. Liu, Existence of solutions for the Ericksen-Leslie system, Arch. Ration. Mech. Anal. 154 (2000) 135-156.

[18] P.G. Lemarik-Rieusset, Recent Developments in the Navier-Stokes Problem, Chapman and Hall/CRC, 2002.

[19] F. Lin, ]. Lin, C. Wang, Liquid crystal flow in two dimensions, Arch. Ration. Mech. Anal. 197 (1) (2010) 297-336.

[20] F. Lin, C. Wang, On the uniqueness of heat flow of harmonic maps and hydrodynamic flow of nematic liquid crystals, Chin.
Ann. Math. 31 (6) (2010) 921-938.

[21] H. Miura, O. Sawada, On the regularizing rate estimates of Koch-Tataru’s solutions to the Navier-Stokes equations, Asymp-
tot. Anal. 49 (1-2) (2006) 1-15.

[22] M. Struwe, On the evolution of harmonic maps in higher dimensions, ]. Differential Geom. 28 (3) (1988) 485-502.

[23] C. Wang, Well-posedness for the heat flow of harmonic maps and the liquid crystal flow with rough initial data, Arch.
Ration. Mech. Anal. 200 (1) (2011) 1-19.

[24] C. Wang, Heat flow of harmonic maps whose gradients belong to L°LY, Arch. Ration. Mech. Anal. 188 (2008) 351-369.

[25] D. Wang, X. Li, Global solution to the incompressible flow of liquid crystals, ]. Differential Equations 252 (2012) 745-767.

[26] D. Wang, X. Li, Global strong solution to the density-dependent incompressible flow of liquid crystals, arXiv:1202.1011v1
[math.AP], 5 February 2012.

[27] X. Xu, Z. Zhang, Global regularity and uniqueness of weak solution for the 2-D liquid crystal flows, J. Differential Equa-
tions 252 (2) (2012) 1161-1181.


http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4431s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4431s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4C31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4C31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4C32s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4C32s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4C33s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C5231s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C4C5731s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C5731s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4C5731s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4D5331s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib4D5331s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib5331s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib5731s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib5731s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib5732s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib574C31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib574C32s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib574C32s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib585A31s1
http://refhub.elsevier.com/S0022-0396(13)00279-9/bib585A31s1

	Regularity of solutions to the liquid crystal ﬂows with rough initial data
	1 Introduction
	2 Preliminary results
	3 Proof of the main result
	Acknowledgments
	References


