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Abstract

It is proved that the KAM tori (thus quasi-periodic solutions) are long time stable for infinite dimensional
Hamiltonian systems generated by nonlinear wave equation, by constructing a partial normal form of higher
order around the KAM torus and showing that p-tame property persists under KAM iterative procedure and
normal form iterative procedure.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Since the initial work [13-15,18] of infinite dimensional KAM theory by Kuksin and Wayne,
there has been a lot of work about the existence of KAM tori for the nonlinear wave equation
(NLW)

Ut — thxx + VO u +u> + ho.t. =0 (1.1
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subject to Dirichlet boundary conditions u (¢, 0) = u(¢, &) = 0. For examples, Wayne [ 18] obtains
the existence when V (x) does not belong to some set of “bad” potentials; Kuksin [15] considers
parameterized potentials V (x, &) and shows that there are many quasi-periodic solutions for
“most” parameters &’s; Poschel [17] proves that the potential V = V(x) can be replaced by a
fixed constant potential V = m; Yuan [19] shows the existence of KAM tori for any prescribed
non-constant potential. All of these results are obtained by the classic KAM iteration which
involves the so-called second Melnikov conditions. Thus, every KAM torus is linearly stable,
and around it a normal form of order 2 is obtained. Based on the normal form, one can directly
obtain 8! long time stability of KAM tori, where 8 is the distance between initial data of the
solutions and KAM tori.

A natural question is whether the KAM tori are stable in a longer time such as 8—M for
any given M > 0. There has been a lot of work on the long time stability of the equilibrium
point u = 0 and some approximate invariant tori for partial differential equations. For examples,
see [1,2,4-6,8,10,12]. It is proposed by Eliasson [11] that whether such stability results can be
proved in a neighborhood of a given KAM torus. Also see [7] by Berti and Biasco. Recently,
the long time stability of KAM tori for nonlinear Schrodinger equation was obtained in [9]. The
basic idea is that, first, define a suitable p-tame property which generalizes the idea in [5]; second,
prove that the p-tame property persists under KAM iterative procedure and normal form iterative
procedure; third, based on some reasonable non-resonant conditions, one can construct a partial
normal form of high order around a KAM torus; finally, combining the p-tame property with the
partial normal form of high order, one can deduce that the solutions starting in the neighborhood
of a KAM torus still stay in the neighborhood of the KAM torus for a polynomial long time, that
is, the KAM tori are stable in a long time.

In this paper, we will prove the long time stability of KAM tori for nonlinear wave equa-
tion. The method follows a parallel course as in [9] except two essential differences: (1) more
regularity is needed for the Hamiltonian vector field generated by nonlinear wave equation to
guarantee that the KAM iterative procedure works (it is necessary for measure estimate and see
[16] for the details); (2) since the frequencies of nonlinear wave equation have worse approx-
imations than nonlinear Schrodinger equation, whether the non-resonant conditions hold when
constructing the partial normal form of higher order? We will deal with the first problem by
modifying the definition of p-tame norm (see (2.5) in Definition 4) and estimate the measure of
non-resonant set by the method as in [3] (see Section 5 for the details). The following is our main
result:

Theorem 1.1. Consider the nonlinear wave equation
Upp = tyy — (m + Mg)u + eu’, (1.2)

subject to Dirichlet boundary conditions u(t,0) = u(t, w) = 0, where m is a non-negative con-
stant and Mg is a real Fourier multiplier,

Mg sin jx =& sin jx,
Eell:={&=(&),>1|&€ll,21/j, j= 1} CRY. (1.3)

Given an integer n > 1 and a real number P= 1, for any sufficiently small ¢ > 0, there exists a
large subset I1 C I1, such that for each & € Il Eq. (1.2) possesses a linearly stable n-dimensional
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KAM torus Te in Sobolev space Hé’([O, 1]). Moreover, for arbitrarily given M with 0 < M <
C(e) (where C(¢) is a constant depending on € and C(g) — oo as ¢ — 0) and p > 24(M +
7* + 1, there exists a small positive 8y depending on n, p and M, and for any 0 < § < 8y and
any solution u(t, x) of Eq. (1.2) with the initial datum satisfying

digio. (40,0, ) 1= inf [0,.0) = ]| g 1y =3,

then

dHéa[O’n](u(t,x),’E) = wlg% fuct, x) — w||H§[0’n] <28, forall|t| <5 M.

The rest of the present paper is organized as follows. In Section 2, we give some basic nota-
tions and the definition of p-tame norm for a Hamiltonian vector field. In Section 3, we construct
a normal form of order 2, which satisfies p-tame property, around the KAM tori based on the
standard KAM method (see Theorem 3.1) and a partial normal form of order M + 2 in the
§-neighborhood of the KAM tori (see Theorem 3.2). Since the iterative procedure is parallel
to [9], we only prove the measure estimate in detail. Finally, due to the partial normal form of
order M + 2 and p-tame property, we show that the KAM tori are stable in a long time (see
Theorem 3.3). In Section 4, we finish the proof of Theorem 1.1. In Appendix A, we list some
properties of p-tame norm. These properties are used in the proof of Theorem 3.1 and Theo-
rem 3.2 to ensure the p-tame property surviving under KAM iterative procedure and normal
form iterative procedure.

2. Definition of p-tame norm for a Hamiltonian vector field
We will define p-tame norm for a Hamiltonian vector field in this section. First we intro-

duce the functional setting and the main notations concerning infinite dimensional Hamiltonian
systems. Consider the Hilbert space of complex-valued sequences

E?,:{q:(ql,qz,... gl =" lq;I? 2"<+oo}
j=1

with p > 1/2, and the symplectic phase space
(x.3,.2) €D xC" x € ,:=PF,  z:=(q.9) €}, =0 x L2,

where D(s) := {x € C"/2nZ)" | |Imx|| < s} is the complex open s-neighborhood of the
n-torus T" :=R" /(27 Z)", equipped with the canonic symplectic structure:

n
> dyj ndxj +N=1) " dg; ndg;.

j=1 izl

Let

D(s, ri,r) ={(x,y,2) € PP [ |Imx|| <s, |yl <77, lzll, <ra},
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where || - || denotes the sup-norm for complex vectors and

lzllp =ligllpy +llgll, withz=1(q,q).

Any analytic function W : D(s, r1, r2) — C can be developed in a totally convergent power series

Wa,y.a= Y WPy  Z=z\{0)
ozeN",,BeN2

Note that there is a multilinear, symmetric, bounded map

|a|-times | B|-times
e | e
WeB (x) € ﬁ((C" x - xC" le%,p N giyp’(c)

such that

|a|-times  |B|-times

WeBX)(Yr s 320 2) = WP (x)y? 2P,

where |oe.| = Z?:l lo ], |,§| = Zjei |81, and | - | denotes the 1-norm here and below.
We will study the Hamiltonian system

x5, y,2)=Xw,y,2),

where X is the Hamiltonian vector field of W,

Xw =Wy, =W, v/=1JW,),

(D).

Definition 1. Consider a function W (x; &) : D(s) x IT — C is analytic in the variable x € D(s)
and C!-smooth in the parameter £ € IT in the Whitney’s sense, and the Fourier series of W (x; &)
is given by

and

W)= ) Wik eV,
kez"

where

1 In the whole of this paper, the derivatives with respect to the parameter £ € [T are understood in the sense of Whitney.
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is the k-th Fourier coefficient of W (x; &), and (-,-) denotes the usual inner product, i.e.

n
(k,x) =ijxj.
j=1
Then define the norm || - || p(s)x 7 of W(x; &) by

IWlpwxm=sup > (|Wk; )]+ [, Wk; &))", @1
§ell. jz1 {cgn

Definition 2. Let

D(s,r) ={(x,y) € D(s) x C" | |[Imx]| <s, [lyll <r?}.

Consider a function W(x, y; &) : D(s,r) x IT — C is analytic in the variable (x, y) € D(s,r)
and C!-smooth in the parameter £ € IT with the following form

W,y 6)= ) W 6)y*.

aeN"

Then define the norm || - || p(s,-yxr7 of W(x, y; &) by

IWllpes.ryxrr = Y V|| r2, 2.2)
aeN"
|a|-times
S~ /_/_
where WY = |[W¥(x; &) llpeyxm, WY € LC" x --- xC",C) is an |a|-linear symmetric
bounded map such that
|t|-times

V/\\/B‘(y,...,y)zwa o,
and ||| - ||| is the operator norm of multilinear symmetric bounded maps.

Definition 3. Consider a function W (x, y, z; ) : D(s,r,r) x IT — C is analytic in the variable
(x,y,2) € D(s,r,r) and C'-smooth in the parameter & € IT with the following form

W,y z6) =Y Whx, y;6)F.
peNZ
Define the modulus | W1 p(s,r)xm(z) of W(x,y, z; ) by

LWlD(s,rxm(2) = Z |w? ||D(X’r)xnzﬁ. (2.3)
BeNZ
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Definition 4. Let

Wx,y.z6) =Wy z8)= Y. Wiy
BeNZ, |Bl=h

be a function analytic in the variable (x, y, z) € D(s,r,r) and C L_smooth in the parameter £ € I1,

and let

h
1 - . _
Gl Il el PR Bl M Eadd M B PR Bl T
j=1

Define the p-tame operator norm for W, by

TR AT O G DI
|||WZ|||1T7,D(s,r)x1'1 = sup (s,r)x

h—1
O;EZ(./)E%J), 1<j<h—1 l(z )”p,l

3

define the 1-operator norm for W, by

L W] D(S,r)xn(z(l)v 2By
”le”'l,D(s,r)xH = sup - i
0£zNel | 1<j<h—1 "=

and define the operator norm for W, (v =x or y) by

ILWolpes, @D 2@
I”vaD(s,r)xH = sup 7
0#z)el? |, 1<j<h 1" 11

Finally define the p-tame norm of the Hamiltonian vector field Xy as follows,

1 1
T T
WXwI, s, rryxm = Wyl Dis,rryxm + 2 WWxllpes,rryxm + ;|||Wz|||p,D(s,r,r)xn,
where
) h
IWullpes,rryxm == IWullps,yxmr”, v=xory,

and

T T h—1
W psrryscrr = max (WL ps ez Wl pes.ry s

Remark 1. In view of (2.5), | JW;1p(s,r)x 1s required as a bounded map form E%’p to £

instead of a bounded map form K%’ » to 6,2,’ p a8 in [9].

(2.4)

2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

2
b,p+1
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Remark 2. Based on (2.5) and (2.7) in Definition 4, for each (x, y,z) € PP and & € I, the
following estimates hold

||(Wh)z(x7 y7 Z; E)“P S ||(Wh)z(x7 y7 Z; S)”p-‘rl

< [[Wi= I}, sy I I ITE 2, @.11)
| Wi G,y 22 < [[(Wadall sy 12117 (2.12)

and
| Wiy @y, 2 O < Wyl sy 12118 (2.13)

Definition 5. Let W (x, y, z; §) = ) -0 Wa(x, ¥, z; §) be a Hamiltonian analytic in the variable
(x,y,2) € D(s,r,r) and C'-smooth in the parameter & € I1, where

Wiy, €)= Y Wiy
BeNZ, |B|=h

Then define the p-tame norm of the Hamiltonian vector field Xy by

WX WD Dy =D WXw U5 Dy (2.14)
h>0

Moreover, we say that a Hamiltonian vector field Xw (or a Hamiltonian W (x, y, z; £)) has

p-tame property on the domain D(s, r, r) x I1, if and only if |||XW|||1T7,D<s,r,r)xn < 00.
3. The abstract results
As in [16], define
lwllpr, pes,rrn = llxI + rlzllyll + %”Z”p (3.1

for each w = (x, y,z) € D(s,r,r), and define the usual weighted norm of Hamiltonian vector
field Xy on the domain D(s, r,r) x IT by

1 1
WXullpr Des.rryxm = sup <||Uy|| + S 10N+ —||Uz||p+1>' (3:2)
(x,y,2;6)eD(s,r,r)xI1 r r

Theorem 3.1 (Normal form of order 2). Consider a perturbation of the integrable Hamiltonian

H(x,y,9.9:6)=N(,9,9;8) + R(x,y,9,9;§) (3.3)

defined on the domain D(sq, ro, ro) x I1 with so, ro € (0, 1], where
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n
N(.q.q:6) =) i@y + ) 2E4q;d
j=1 j=1

is a family of parameter dependent integrable Hamiltonian and

R(x,y,q.3:6)= Y. R (x;8)y%¢ §”
aeN", B,yeNN

is the perturbation. Suppose the tangent frequency and normal frequency satisfy the following
assumption:

Frequency asymptotics.

wj€)=/j*+m+E&j, forl<j<n (3.4)

and

Qi) =\J(G+m2 4t m 4k forj =1, (3.5)

where & = (&) j>1 € I1. The perturbation R(x,y,q,q;&) has p-tame property on the domain
D (s, ro, ro) x IT and satisfies the small assumption:

. T 12
& 1= 1XRINE pisyroreycr <126, for some n € (0, 1),

where € is a positive constant depending on so, ro and n. Then there exists a subset IT, C IT with
the estimate

Meas IT), > (MeasH)(l — O(nl/z)).
For each & € ITy, there is a symplectic map

¥ D(so/2,70/2,70/2) — D(so,70,70),

such that
H(x,y,4.3:6):=HoW =N(y,q.3;&) + R(x,.4,3; ), (3.6)
where
n
N(.q.q:6) =) ojE)yj+ Y 2;)q;d 3.7
j=1 j>1
and
R(x,y,4,3:8) = > RPY (x; £)y*¢" " (3.8)

aeN?, ByeNN 2a|+|B|+|y|>3
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Moreover; the following estimates hold:
(1) for each & € Iy, the symplectic map ¥ : D(so/2,r0/2,70/2) — D(so, 10, 10) satisfies

1@ — idll p, Diso/2.r0/2.70/2) < €10€ (3.9)

and

DY — 1dlp. D(sos2.r0/2.00/2) < €€, (3.10)

where on the left-hand side we use the operator norm*

(DY — Id)ywllpr, p(sy,ro,
DY — Idlll p. D(so/2.r0/2.70/2) = sup (s0.70.10) .
0£weD(so/2.r0/2.r0/2)  NWIPP. D(so/2.70/2.70/2)

(2) the frequencies w(§) and Q(E ) satisfy

|o@) — @] + ﬁ‘;‘f" O, (0&) —w(@)] < cenle (3.11)
and
|2 -26)|_,+ i‘;‘?” %, (26— 2©)|_, <cn'e, (3.12)
where
|w=w)i=1]_, 3=?121113|wi(5)i ; (3.13)

(3) the Hamiltonian vector field X j; of the new perturbed Hamiltonian R(x, v,q,q; &) satisfies

a 6
I1X % I”P,D(SO/Z,r0/2,ro/2)><17n = 8(1 +cn E), (3.14)
where ¢ > 0 is a constant depending on sg, ro and n.

Remark 3. This theorem is parallel to Theorem 2.9 in [9] and is essentially due to a standard
KAM proof. The same as in [9], the tame property (3.14) of X can be verified explicitly in
view of Lemmas A.1-A.5. Moreover, as a corollary of this theorem, the existence and time 5!
stability can be obtained directly (p-tame property is not necessary here).

Starting from the normal form of order 2 obtained in Theorem 3.1, we will further construct
a partial normal form of order M 4 2 through M-times symplectic transformations under some
non-resonant conditions. To this end, some notations are given first. Given a large N € N, split
the normal frequency §2(£) and normal variable (g, g) into two parts respectively, i.e.

2 There id denotes the identity map from PP — PP and Id denotes its tangent map.
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) =(21©),2©), ¢=G.49, 7=,

where

Q) =(21©),..., 2v (&), qg=1(q1,---.qN), q=@1,..qN)

are the low frequencies and

&) = (20016, 20126, -.),  G=@Nr1 N2y G = @GN AN 125 -2

are the high frequencies. Given 0 <7 < 1, and © > 2n + 5, define the resonant sets Rkii by

. = 5 5 5 U
R = m, : |(k, I,2 I, 2#) < —t. (315
Al {56 y: |k ©) + (1, 2©) + (§)>‘<43M(|k|+l)fC(N,l)} (3.15)
Let
R= U R i (3.16)
k|17 4171540, T+ Ii| <M +2, || <2
and
T; =, \ R, (3.17)

where [T, is defined in Theorem 3.1.

Theorem 3.2 (Partial normal form of order M + 2). Consider the normal form of order 2
H(x,,9,3:6) =Ny, 4.3 &) + R(x,y,4,3: &)

obtained in Theorem 3.1. Given any positive integer M and 0 < 1) < 1, there exist a small pg > 0

and a large positive integer Ny depending on sy, ro, n and M, such that for each 0 < p < po,
any integer N satisfying

~2 %2
No <N < (”—) T (3.18)
2p

the non-resonant set 1:1;, fulfills the estimate
Measﬁﬁ > (Measﬂn)(l —cﬁl/z), (3.19)
and for any & € 17,7, there is a symplectic map

@ : D(so/4,4p,4p) = D(s0/2,5p,5p),

such that
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H(x,y,q,G:§):=Ho®
=N(O.q.3:6) +Z(y.q.3:6) + P(x.y.4.G:£) + Q(x.y.4.7: ) (3220)

is a partial normal form of order M + 2, where

_ BB Ay M
Z(y.q.5:6) = > AN N
4=2lal 421814 20ul M2, [ul<1

is the integrable term depending only on y and I; = |q; 1%, j = 1, and where

P(x.y.q.7:)= > PPV (x: £)y25P 5 41"
2lae|+BlHIy [+l v = M3, [l +[v]<2

and

0(x.y.q.5:6) =Y, Q6474 4"§ .

[ul+[v[=3
Moreover, we have the following estimates:

(1) the symplectic map @ satisfies

. C/\ﬂ%p
1P —idll p, D(so/4,4p,40) = 7 (3.21)
and
N294
ID® — Id|ll p, D(so/4.40.40) = 7; (3.22)

(2) the Hamiltonian vector fields Xz, X p and X ¢ satisfy

1 2
T 6(M+6
Xz, Disosa.ap.ap) 1, 5"[’(?/\/( ) ,0),
T 1 6(M+7)? M
WX Py Deso/a.4p.40)x 1, = €P ?N P (3.23)
and

T
WX @My, Dso/4.40.4p)x 11, = €P-

where ¢ > 0 is a constant depending on sg, ro, n and M.
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Proof. In this proof, Lemmas A.1-A.5 are used, and the normal form iterative procedure is the
same as Theorem 5.1 in [9]. Thus, we prove the measure estimate (3.19) in detail while omit the
other parts of proof. Firstly, we will estimate the measure of the resonant sets R ;.
Case 1. For |k| # 0, without loss of generality, we assume
|k1|:1m_a1x{|k1|,...,|kn|}. (3.24)
<i<n
Then
96, (k. &©)) + (1. 2©) + (1. 2 ©))|

0, (Zk@i © + (. 2®)+(I. Q(S))) ‘

i=2

> |ky||dg, o1 (8)] —

> |k I(l —cn 6 (Z |ki| + |l| + |l|>cn € (in view of (3.4), (3.5), (3.11) and (3.12))
i=2

z |k1| - (|k|+./\/l+2)cnge (inview0f|f|+|f| <M+2)

|k1| (by (3.24) and M < (2¢n%¢) ™)

v
N -lkl

Hence,

47

MeasR — -
k”_43M(|k|—|— )'CW, 1)

Meas IT),. (3.25)

Case 2. If |k| = 0 and |/ # 0, without loss of generality, we assume
1110
and
=0, I<i<j-1.
Then

M%AWé@»+@é@»+@é@ml

> |10k, 82, )] = [0, (T, &) + {1, 2®)) = [;2;®))|
Z(\/(j+n)2+m+$] ( (1—cnbe) ( > |l|+|l|>cn e) (by (3.5) and (3.12))
i=j+1

\/(J+n)2+m+s,) (II;] = (M +2)ene) (inviewof|i|+|i|§/\/t+2)
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1 - _
> /T/“j' (in view of M < (2cn86) ! and j <N)

1
> —.
N

Hence,
49N
Meas R ;; < ————— = - Meas IT,. (3.26)
0= g3McWN, D) !

Case 3. If |k| =0, |[|=0and 1 < |i| < 2, then it is easy to see that |(i, (}(E))| is not small,
ie.

the sets R, ;; are empty for |k| =0, [|=0and 1< |i| <2. (3.27)

Now we would like to estimate the measure of R (see (3.16)). Following the notations in [3],
we define the set

Zon={0, LD ez x 7N x ZN\ (0,0,0) : 1] < 2},
and we split
E::{erN:|f|§2}
as the union of the following four disjoint sets

Lo={l=0},

L= {ize,/},
Loy ={l=ei+ej},
Lro={l=ei—ej i#j}

where

andi, j >n+N+1.
Let|/|=2andl=e; +¢; € Loy forsomei,j>n+N+1.1f

min{i, j} > |k| - [@&)] +2M + 2N +1,
then it is easy to see that

[k, a@®)+ I 2@)+ 1. 2©) =1,
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which is not small. Namely, the resonant set R, ;; is empty. So it is sufficient to consider

max{i, j} < k| - [|@@&)| +2(M + 2N + 1,

when the estimate (3.28) is given below. In fact, we obtain

Meas U Rkﬁ
(k.IDeZ, NNLot

41
< E -Meas I1
= 3IM z I 7
k#0, (k1.DEZ, NN Loy AU+ DTCN.D

4N
+ ——— - Meas 1
) Z HMCWN, D) !
k=0, (k,[,l)eZ, NNLoy
<cn-MeasII,, (3.28)
where ¢ > 0 is a constant depending on n and .
Similarly we obtain
Meas U Ryji < can - Meas Iy, (3.29)
k.1,heZ, ArnLy
and
Meas U Rkﬁ < c2n - Meas Iy, (3.30)

kLDeZ, NyNLy
where ¢ > 0 is a constant depending on n and t. Now let
(k1)) € Z, v N Lo

and assume i > j without loss of generality. In view of (3.5) and (3.12), there is a constant C > 0
such that

L@ -2, || _C
L= J
Hence,
(I,2) =82 —2;E) =i—j+rij,
with

m
Irij] < —
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and m =i — j. Then we have

(k, (&) + (I, 2®) + (I, 2©))] = |(k, &)+ (I, 2©)) + m| — Irij].

Therefore,

. - = 7 Cm
R, o=k, [, 2 < ~
1 © L {|< B(E))+ (é))+m|<43M(|k|+1)fC(/\/',l)+ ; }

For j > jo, we have
Qkimj C Qkimjo‘
Then it is sufficient to consider
m < k|- @@ +2M + 2N +1,
and let
Jo=i"24M (k| + 1) Pew, D2,

Then following the proof of Lemma 5 in [3], we obtain

Meas U Ryjp < c3ii'/? - Meas IT,, (3.31)
(k.LDeZy ALy

where c3 > 0 is a constant depending on n and t. Finally, in view of (3.28)—(3.31) and (3.16),
we obtain

MeasR < cﬁl/z - Meas IT,, (3.32)

where c is a constant depending on n and t. Then combining (3.17) with (3.32), we finish the
proof of (3.19). O

Based on the partial normal form of order M + 2 and p-tame property, we obtain the long
time stability of KAM tori as follows.

Theorem 3.3 (The long time stability of KAM tori). Based on the partial normal form (3.20),

for any p > 24(M +1D* + 1 and 0 < § < p, the KAM tori T are stable in long time,
i.e. if w(t) is a solution of Hamiltonian vector field Xy with the initial datum w(0) =

(wx (0), wy (0), wy (0), wz(0)) satisfying
dp(w(0),T) <86,

then

dp(w(t), T) <28, forallr] <5 M. (3.33)
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Proof. Take § < p and /10 <7 < 1. Let

_ M+l

M4l
8" T <N 4+1<68 7T +1.

Then based on Theorem 3.2, we obtain a partial normal form of order M + 2

(3.34)

H(.y.q.3:8)=Ho®=N(,q.G:&) + Z(y.q.G: ) + P(t.y.4.G: ) + Q. y. 4.3 &).

To obtain the estimate (3.33), it is sufficient to prove that

M+1
WX PP, D(so/a.48.48)x 1, <O *2
and

1
X ollPr, Disossas,ayxm, < 8172

By a direct calculation,

n

Ma <CN6(M+7)2M )
=4 -

772./\/1

¢ 6M+DEMM+D
§8M+1< S A= — )

Lo )

ﬁZM

,72/\/1

§8M+1( ¢ 8_%> (in view of p > 24(M +7)* + 1)

<sM+E (by assuming § is very small).

In view of the inequalities (3.23) and (3.37), we have

T M+3
X Py, Deso/a.45.48)xm, <872

Moreover, by the inequalities (A.4) and (3.38), we finish the proof of (3.35).

On the other hand,

= [ Y lzj12?

jI=N+1

(in view of the inequality (3.34))

= [ D lgPjr /20D

[jI=N+1

Iz,

- W+ Dr-l
<sMHz),  (by 3.34).

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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Note that Q(x,y,q,9;§) = 0(||c§||?,). Then in view of (2.11)—(2.13) and (3.39), we finish the
proof of (3.36). O

4. Proof of Theorem 1.1

Step 1. Write Eq. (1.2) as an infinite dimensional Hamiltonian system. Introduce coordinates
4,4 € ¢, by

u_Z ; vi=u =Y Gi/hdi, A& =i+,

J>1 Jjzl

where ;= j 2t mand¢ j(x) = +/2/7 sin jx are respectively the simple eigenvalues and eigen-
vectors of —d,, + m with Dirichlet boundary conditions. The Hamiltonian of (1.2) is

2
v 1 1
Hnow = /(7 + 5(u)% + (m + Mg)u) + Zu4)dx
0

Z,\ a7 +§;) + G,

1>1
where
1
Glg)= > Giyugigiaa
it jk+l=0

with

Giiy = —— dx.

ijki A )Lk)» f¢t¢]¢k¢l

Introduce complex coordinates

1 - _ 1
J :%(Clj‘F‘/__]Qj)v wj ::E(‘]j

and let z = ((w;)j>1, (w;) j>1). Following Example 3.2 in [5], it is proved that there exists a
constant ¢, > 0 such that

—V/=1g)),

[X6 ™. 2®, 2,1 = el @), @.1)

In particular, when p = 1, the inequality (4.1) reads

[¥%6(=". 2229, = X6 @, 2220 [, =al| @), “42)
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The inequalities (4.1) and (4.2) show that the Hamiltonian vector filed X (z) has p-tame prop-
erty.

Step 2. Introduce the action-angle variables. Without loss of generality, we choose ¢1, ¢2, ...,
¢, as tangent direction and the other as normal direction. Let

W= (Wi,...,w,) and W= (W;)j>ns1 4.3)

be the tangent variable and normal variable, respectively. Then rewrite G (w, w) in the multiple-
index as

Gw.w)= Yy  G"Pori'f, pveN, peNy, 4.4)
[l +[v]+[B|=4

where z = (w, 1@) and G*B = Gijk for some corresponding i, j, k, I.
Introduce action-coordinates on the first » modes

w; ::‘/Ij—i—yje*/*_le, 1<j<n

with

r29
Ije (7%9}, 6 €(0,1).

Then the symplectic structure is dy A dx + +/—1dw A d, where y=01,...,yp) and x =
(x1,...,x,). Hence, (4.4) is changed into

Gw,w)=G(x,y,2)

_ Z 25UV GrvB [ eV T [ yyve—V/ 1) B

|ul+Hv|+1Bl=4
— Z (2%<|m+|u|>Guvﬁed—_lw—v,x)) /(¢ + yyntvzP
|ul+Hv|+1Bl=4
— Z Gﬂ(x,y)zﬁ, 4.5)
1Bl=<4
where
(=), GPauy= Y 2R G YTl

[+ v]=4—|B]

Step 3. Show that the Hamiltonian vector field X g has p-tame property. Note G has p-tame
property in the coordinate z, and introducing action-angle variables is a coordinate transforma-
tion of finite variables, so G has p-tame property in the coordinate (x, y, z). More precisely,
assume G (x, y,7) = Z|ﬁ|54 GP(x, y)zP is defined on the domain (x, y, z) € D(s, r, r) for some
0 < s,r < 1. In this step, we will show that the Hamiltonian vector field X (x, v, z) has p-tame
property on the domain D(s, r,r).
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Firstly, we would like to show

T
NG pis.roryrr < 0O

In view of (4.4),
G:(x,y,2) =G (w, w)
= Z ,BG“”ﬁID“u:)Uzﬂ*l.
lul+IvI+Bl=4
Let
Gl =6Ewm = Y pePara,
[pl+Iv|=4—|B]
and then

G.(x,y,2)= ) GI ', »f "
|Bl<4

Hence, we obtain

bl e X100+ 5 EOLEL 1@, ). @o

1<i<3 1<i#j<3

where ¢ > 0 is a constant depending on s, r, n and p, and the above inequality is based on
the inequality (4.1) and the definition of |-]p ,yx 7 (see (2.2) for the details), and noting that

z= (W, W, W, w) and z = (¥, w). In particular, when p = 1, the inequality (4.6) reads

|G bl <e( T 101+ X LI+ 1E) ). @

1<i<3 1<i#j<3

where ¢ > 0 is a constant depending on s, r and n. Based on the inequalities (4.6) and (4.7), we
obtain

NG, psroryerr < 0©- 4.8)

Similarly, we obtain

NGxllpes,rryxm < 00 4.9)

and

NGyl pes,rryxm < 0. (4.10)
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In view of the inequalities (4.8), (4.9) and (4.10), we get

IXGD, ps.roryer < 00 (4.11)

Finally, we obtain a Hamiltonian H (x, y, q, g; §) having the following form

H(x,y,9.4:6)=N(x,y,q9,9:6) + R(x,y,9,4:5), (4.12)
where
N(x.y.q.G:§) = Ho(w. 0) =Y wjE)y;+ > 2;&)q;q;. (4.13)
j=1 j=1

with the tangent frequency

0@ = (@), @ =P Fm+E, (4.14)

the normal frequency

208 = (21©), 22(8), ...), 9j(§)=\/(j+n)2+m+€j+n, jz1 (415

and the perturbation

R(x,y,q9,9;8)=¢G(x,y,q9,q;§). (4.16)

In view of (4.11), (4.14)—(4.16), all assumptions in Theorem 3.1 hold. According to Theo-
rem 3.1, we obtain a KAM normal form of order 2 where the nonlinear terms satisfy p-tame
property.

Furthermore, let § be given in the statement of Theorem 3.2 and A be given in (3.34). Take n
satisfying §!/6 < 7 < N"~3. Then we obtain a KAM partial normal form of order M + 2 where
the nonlinear terms satisfy p-tame property.

Finally, based on Corollary 3.3, for each & € [T, C I1, the KAM torus ¢ for Eq. (1.2) is
stable in a long time, i.e. for any solution u(z, x) of Eq. (1.2) with the initial datum satisfying

ng’[o,n](”(Ov x), Tg) <6,
then

dpoio.q (e, %), Tg) <25, forall |r] <6~
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Appendix A. Properties of the Hamiltonian with p-tame property

The following lemma shows that p-tame property persists under Poisson brackets, which can
be parallel proved following the proof of Theorem 3.1 in [9]:

Lemma A.1. Suppose that both Hamiltonian functions
Ux,y,z:6)= Y UP(x,y:6)zf
peNZ
and
Ve, y,z§) =) Vi y 9,
peNZ
satisfy p-tame property on the domain D(s,r,r) x II, where
Ule,y:6)=Y U (x; )"
aeN"?
and
VPG, yi 8= ) VP £)y”.
aeN?

Then the Poisson bracket {U, V}(x,y,z; &) of U(x,y,z; &) and V (x, y, z; ) with respect to the
symplectic structure lejgn dyj Ndxj+ \/__121'31 dz_j Ndzj has p-tame property on the
domain D(s —o,r —o',r —o') x I for 0 <o < s, 0 <o’ <r/2. Moreover, the following
inequality holds

T
”lX{U’V}|||p,D(sf<r,rfo’,r7<r/)><17
<C l r X IT xXull” Al
= ( max o o Il U|||p,D(s,r,r)><1'1|” V”'p,D(S,r,r)XH’ (A.1)

where C > 0 is a constant depending on n.
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Denote by X{, the flow of the Hamiltonian vector field of U (x, y, z; £). It follows from Tay-
lor’s formula that

o
VoXy,y,z8) =) —VP0x, 528, (A2)
j=0"’"

where
VO, y 28 =V, y,z8), V0,58 :={VvV D U}k vy 6.

Then based on (A.1) in Lemma A.1 and (A.2), we have the following estimate of symplectic
transformation, which can be parallel proved following the proof of Theorem 3.3 in [9]:

Lemma A.2. Consider two Hamiltonians U(x, y, z; §) and V (x, y, z; &) satisfying p-tame prop-
erty on the domain D(s, r,r) x I for some 0 <s,r <1.Given0 <o <s,0 <o’ <r/2, suppose

T 1
X0}, st < 57+

where

O./

1 r
A =4Cemax{ —, —
o
and C > 0 is the constant given in (A.1) in Lemma A.l. Then for each |t| < 1, we have

T T
|||XVOX;/ |||p,D(S*O’,r7(T/,r7(T/)Xn =< 2|||XV |||p,D(s,r,r)x17.
The following lemma estimates p-tame norm of the solution of homological equation during
KAM iterative procedure and normal form iterative procedure, which can be parallel proved

following the proof of Theorem 3.4 in [9]:

Lemma A.3. Consider two Hamiltonians

U,y,z:8)= Y, UPx8)yf

aeN", BeNZ

and

Viy,ze) =y VP eyl

aeN?, ﬂeNZ

Suppose V (x,y, z; £) has p-tame property on the domain D(s,r,r) x I, i.e.

T
XY, sy < 00
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For each o e N, B € NZ, keZ", j > 1 and some fixed constant T > 0, assume the following
inequality holds

U (k; &)| + |0, U (ks )] < (1kI + 1) (|VEB (ks £)] + |0, VP (ks €)

where (ﬁ(k; &) and ‘707/3(](; &) are the k-th Fourier coefficients of U%B (x: &) and VB (x; &),

respectively. Then, U (x,y, z; &) has p-tame property on the domain D(s — o,r,r) X I1 for
0 < o < s. Moreover, we have

T ¢ T
XU}, ps—orryerr = £ WXVI, pisryrrs (A3)
where ¢ > 0 is a constant depending on s and t.

The following lemma compares p-tame norm with the usual weighted norm for Hamiltonian
vector field, which can be parallel proved following the proof of Theorem 3.5 in [9]:

Lemma A.4. Given a Hamiltonian

Uy, z6) =) UPx, ;67

peNZ
satisfying p-tame property on the domain D(s,r,r) x Il for some O < s,r < 1, then we have
X0 e pis.rrxm < WXUNE psrryrr- (A4)

Then based on (A.4) in Lemma A.4 and the proof of Lemma A.4 in [ 16], we have the following
lemma:

Lemma A.S. Suppose the Hamiltonian

Ux,y,z:6)= Y UP(x,y;:6)2°

ﬁeN2

has p-tame property on the domain D(s,r,r) x II for some 0 < s,r < 1. Let X;] be the phase
flow generalized by the Hamiltonian vector field Xy. Given 0 <o < s and 0 < o’ < r/2, assume

T .
WXU, ps.rryxm <min{o, o'}

Then, for each & € IT and each |t| < 1, one has

t . T
”XU - ld”p,D(S—d,r—O’/,r—O'/) S ”lXU |||p,D(s,r,r)><17’ (AS)

where

”ng - id”p,D(s—a,r—a’,r—o’) = sup H (Xif - ld)w ”PP,D(S,r,r)' (A6)

weD(s—o,r—o’,r—o’)
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