
Available online at www.sciencedirect.com
ScienceDirect

J. Differential Equations 258 (2015) 2823–2846

www.elsevier.com/locate/jde

Long time stability of KAM tori for nonlinear wave 

equation ✩

Hongzi Cong a,∗, Meina Gao b, Jianjun Liu c

a School of Mathematical Sciences, Dalian University of Technology, Dalian 116024, PR China
b School of Science, Shanghai Second Polytechnic University, Shanghai 201209, PR China

c School of Mathematical Sciences, Sichuan University, Chengdu 610065, PR China

Received 25 April 2014; revised 27 October 2014

Available online 13 January 2015

Abstract

It is proved that the KAM tori (thus quasi-periodic solutions) are long time stable for infinite dimensional 
Hamiltonian systems generated by nonlinear wave equation, by constructing a partial normal form of higher 
order around the KAM torus and showing that p-tame property persists under KAM iterative procedure and 
normal form iterative procedure.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Since the initial work [13–15,18] of infinite dimensional KAM theory by Kuksin and Wayne, 
there has been a lot of work about the existence of KAM tori for the nonlinear wave equation 
(NLW)

utt − uxx + V (x)u + u3 + h.o.t. = 0 (1.1)
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subject to Dirichlet boundary conditions u(t, 0) = u(t, π) = 0. For examples, Wayne [18] obtains 
the existence when V (x) does not belong to some set of “bad” potentials; Kuksin [15] considers 
parameterized potentials V (x, ξ) and shows that there are many quasi-periodic solutions for 
“most” parameters ξ ’s; Pöschel [17] proves that the potential V = V (x) can be replaced by a 
fixed constant potential V ≡ m; Yuan [19] shows the existence of KAM tori for any prescribed 
non-constant potential. All of these results are obtained by the classic KAM iteration which 
involves the so-called second Melnikov conditions. Thus, every KAM torus is linearly stable, 
and around it a normal form of order 2 is obtained. Based on the normal form, one can directly 
obtain δ−1 long time stability of KAM tori, where δ is the distance between initial data of the 
solutions and KAM tori.

A natural question is whether the KAM tori are stable in a longer time such as δ−M for 
any given M ≥ 0. There has been a lot of work on the long time stability of the equilibrium 
point u = 0 and some approximate invariant tori for partial differential equations. For examples, 
see [1,2,4–6,8,10,12]. It is proposed by Eliasson [11] that whether such stability results can be 
proved in a neighborhood of a given KAM torus. Also see [7] by Berti and Biasco. Recently, 
the long time stability of KAM tori for nonlinear Schrödinger equation was obtained in [9]. The 
basic idea is that, first, define a suitable p-tame property which generalizes the idea in [5]; second, 
prove that the p-tame property persists under KAM iterative procedure and normal form iterative 
procedure; third, based on some reasonable non-resonant conditions, one can construct a partial 
normal form of high order around a KAM torus; finally, combining the p-tame property with the 
partial normal form of high order, one can deduce that the solutions starting in the neighborhood 
of a KAM torus still stay in the neighborhood of the KAM torus for a polynomial long time, that 
is, the KAM tori are stable in a long time.

In this paper, we will prove the long time stability of KAM tori for nonlinear wave equa-
tion. The method follows a parallel course as in [9] except two essential differences: (1) more 
regularity is needed for the Hamiltonian vector field generated by nonlinear wave equation to 
guarantee that the KAM iterative procedure works (it is necessary for measure estimate and see 
[16] for the details); (2) since the frequencies of nonlinear wave equation have worse approx-
imations than nonlinear Schrödinger equation, whether the non-resonant conditions hold when 
constructing the partial normal form of higher order? We will deal with the first problem by 
modifying the definition of p-tame norm (see (2.5) in Definition 4) and estimate the measure of 
non-resonant set by the method as in [3] (see Section 5 for the details). The following is our main 
result:

Theorem 1.1. Consider the nonlinear wave equation

utt = uxx − (m + Mξ)u + εu3, (1.2)

subject to Dirichlet boundary conditions u(t, 0) = u(t, π) = 0, where m is a non-negative con-
stant and Mξ is a real Fourier multiplier,

Mξ sin jx = ξj sin jx,

ξ ∈ Π := {
ξ = (ξj )j≥1

∣∣ ξj ∈ [1,2]/j, j ≥ 1
} ⊂RN. (1.3)

Given an integer n ≥ 1 and a real number p ≥ 1, for any sufficiently small ε > 0, there exists a 
large subset Π̃ ⊂ Π , such that for each ξ ∈ Π̃ Eq. (1.2) possesses a linearly stable n-dimensional 
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KAM torus Tξ in Sobolev space Hp

0 ([0, π]). Moreover, for arbitrarily given M with 0 ≤ M ≤
C(ε) (where C(ε) is a constant depending on ε and C(ε) → ∞ as ε → 0) and p ≥ 24(M +
7)4 + 1, there exists a small positive δ0 depending on n, p and M, and for any 0 < δ < δ0 and 
any solution u(t, x) of Eq. (1.2) with the initial datum satisfying

dH
p
0 [0,π]

(
u(0, x),Tξ

) := inf
w∈Tξ

∥∥u(0, x) − w
∥∥

H
p
0 [0,π] ≤ δ,

then

dH
p
0 [0,π]

(
u(t, x),Tξ

) := inf
w∈Tξ

∥∥u(t, x) − w
∥∥

H
p
0 [0,π] ≤ 2δ, for all |t | ≤ δ−M.

The rest of the present paper is organized as follows. In Section 2, we give some basic nota-
tions and the definition of p-tame norm for a Hamiltonian vector field. In Section 3, we construct 
a normal form of order 2, which satisfies p-tame property, around the KAM tori based on the 
standard KAM method (see Theorem 3.1) and a partial normal form of order M + 2 in the 
δ-neighborhood of the KAM tori (see Theorem 3.2). Since the iterative procedure is parallel 
to [9], we only prove the measure estimate in detail. Finally, due to the partial normal form of 
order M + 2 and p-tame property, we show that the KAM tori are stable in a long time (see 
Theorem 3.3). In Section 4, we finish the proof of Theorem 1.1. In Appendix A, we list some 
properties of p-tame norm. These properties are used in the proof of Theorem 3.1 and Theo-
rem 3.2 to ensure the p-tame property surviving under KAM iterative procedure and normal 
form iterative procedure.

2. Definition of p-tame norm for a Hamiltonian vector field

We will define p-tame norm for a Hamiltonian vector field in this section. First we intro-
duce the functional setting and the main notations concerning infinite dimensional Hamiltonian 
systems. Consider the Hilbert space of complex-valued sequences

�2
p :=

{
q = (q1, q2, . . .) : ‖q‖2

p :=
∑
j≥1

|qj |2j2p < +∞
}

with p > 1/2, and the symplectic phase space

(x, y, z) ∈ D(s) ×Cn × �2
b,p := Pp, z := (q, q̄) ∈ �2

b,p := �2
p × �2

p,

where D(s) := {x ∈ Cn/(2πZ)n | ‖Imx‖ < s} is the complex open s-neighborhood of the 
n-torus Tn := Rn/(2πZ)n, equipped with the canonic symplectic structure:

n∑
j=1

dyj ∧ dxj + √−1
∑
j≥1

dqj ∧ dq̄j .

Let

D(s, r1, r2) = {
(x, y, z) ∈Pp

∣∣ ‖Imx‖ < s, ‖y‖ < r2, ‖z‖p < r2
}
,
1
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where ‖ · ‖ denotes the sup-norm for complex vectors and

‖z‖p = ‖q‖p + ‖q̄‖p with z = (q, q̄).

Any analytic function W : D(s, r1, r2) → C can be developed in a totally convergent power series

W(x,y, z) =
∑

α∈Nn, β∈NZ̄

Wαβ(x)yαzβ, Z̄ = Z \ {0}.

Note that there is a multilinear, symmetric, bounded map

W̃αβ(x) ∈ L
( |α|-times︷ ︸︸ ︷
Cn × · · · ×Cn ×

|β|-times︷ ︸︸ ︷
�2
b,p × · · · × �2

b,p,C
)

such that

W̃αβ(x)(

|α|-times︷ ︸︸ ︷
y, . . . , y,

|β|-times︷ ︸︸ ︷
z, . . . , z ) = Wαβ(x)yαzβ,

where |α| = ∑n
j=1 |αj |, |β| = ∑

j∈Z̄ |βj |, and | · | denotes the 1-norm here and below.
We will study the Hamiltonian system

(ẋ, ẏ, ż) = XW(x,y, z),

where XW is the Hamiltonian vector field of W ,

XW = (Wy,−Wx,
√−1JWz),

and

J :=
(

0 I

−I 0

)
.

Definition 1. Consider a function W(x; ξ) : D(s) × Π → C is analytic in the variable x ∈ D(s)

and C1-smooth in the parameter ξ ∈ Π in the Whitney’s sense,1 and the Fourier series of W(x; ξ)

is given by

W(x; ξ) =
∑
k∈Zn

Ŵ (k; ξ)e
√−1〈k,x〉,

where

Ŵ (k; ξ) := 1

(2π)n

∫
Tn

W(x; ξ)e−√−1〈k,x〉dx

1 In the whole of this paper, the derivatives with respect to the parameter ξ ∈ Π are understood in the sense of Whitney.
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is the k-th Fourier coefficient of W(x; ξ), and 〈·,·〉 denotes the usual inner product, i.e.

〈k, x〉 =
n∑

j=1

kjxj .

Then define the norm ‖ · ‖D(s)×Π of W(x; ξ) by

‖W‖D(s)×Π = sup
ξ∈Π, j≥1

∑
k∈Zn

(∣∣Ŵ (k; ξ)
∣∣ + ∣∣∂ξj

Ŵ (k; ξ)
∣∣)e|k|s . (2.1)

Definition 2. Let

D(s, r) = {
(x, y) ∈ D(s) ×Cn

∣∣ ‖Imx‖ < s, ‖y‖ < r2}.
Consider a function W(x, y; ξ) : D(s, r) × Π → C is analytic in the variable (x, y) ∈ D(s, r)
and C1-smooth in the parameter ξ ∈ Π with the following form

W(x,y; ξ) =
∑
α∈Nn

Wα(x; ξ)yα.

Then define the norm ‖ · ‖D(s,r)×Π of W(x, y; ξ) by

‖W‖D(s,r)×Π =
∑
α∈Nn

∥∥∣∣W̃α
∥∥∣∣ r2|α|, (2.2)

where Wα = ‖Wα(x; ξ)‖D(s)×Π , W̃α ∈ L(

|α|-times︷ ︸︸ ︷
Cn × · · · ×Cn, C) is an |α|-linear symmetric 

bounded map such that

W̃α(

|α|-times︷ ︸︸ ︷
y, . . . , y ) = Wαyα,

and ‖ | · ‖ | is the operator norm of multilinear symmetric bounded maps.

Definition 3. Consider a function W(x, y, z; ξ) : D(s, r, r) × Π → C is analytic in the variable 
(x, y, z) ∈ D(s, r, r) and C1-smooth in the parameter ξ ∈ Π with the following form

W(x,y, z; ξ) =
∑

β∈NZ̄

Wβ(x, y; ξ)zβ.

Define the modulus �W�D(s,r)×Π(z) of W(x, y, z; ξ) by

�W�D(s,r)×Π(z) :=
∑

β∈NZ̄

∥∥Wβ
∥∥

D(s,r)×Π
zβ. (2.3)
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Definition 4. Let

W(x,y, z; ξ) := Wh(x, y, z; ξ) =
∑

β∈NZ̄, |β|=h

W
β
h (x, y; ξ)zβ

be a function analytic in the variable (x, y, z) ∈ D(s, r, r) and C1-smooth in the parameter ξ ∈ Π , 
and let

∥∥(
zh

)∥∥
p,1 := 1

h

h∑
j=1

∥∥z(1)
∥∥

1 · · ·∥∥z(j−1)
∥∥

1

∥∥z(j)
∥∥

p

∥∥z(j+1)
∥∥

1 · · ·∥∥z(h)
∥∥

1. (2.4)

Define the p-tame operator norm for Wz by

‖|Wz‖|Tp,D(s,r)×Π := sup
0�=z(j)∈�2

b,p, 1≤j≤h−1

‖�J̃Wz�D(s,r)×Π(z(1), . . . , z(h−1))‖p+1

‖(zh−1)‖p,1
, (2.5)

define the 1-operator norm for Wz by

‖|Wz‖|1,D(s,r)×Π := sup
0�=z(j)∈�2

b,1, 1≤j≤h−1

‖�J̃Wz�D(s,r)×Π(z(1), . . . , z(h−1))‖1

‖(zh−1)‖1,1
, (2.6)

and define the operator norm for Wv (v = x or y) by

‖|Wv‖|D(s,r)×Π := sup
0�=z(j)∈�2

b,1, 1≤j≤h

‖�W̃v�D(s,r)×Π(z(1), . . . , z(h))‖
‖(zh)‖1,1

. (2.7)

Finally define the p-tame norm of the Hamiltonian vector field XW as follows,

‖|XW‖|Tp,D(s,r,r)×Π = ‖|Wy‖|D(s,r,r)×Π + 1

r2
‖|Wx‖|D(s,r,r)×Π + 1

r
‖|Wz‖|Tp,D(s,r,r)×Π, (2.8)

where

‖|Wv‖|D(s,r,r)×Π := ‖|Wv‖|D(s,r)×Πrh, v = x or y, (2.9)

and

‖|Wz‖|Tp,D(s,r,r)×Π = max
{‖|Wz‖|Tp,D(s,r)×Π,‖|Wz‖|1,D(s,r)×Π

}
rh−1. (2.10)

Remark 1. In view of (2.5), �JWz�D(s,r)×Π is required as a bounded map form �2
b,p to �2

b,p+1

instead of a bounded map form �2
b,p to �2

b,p as in [9].
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Remark 2. Based on (2.5) and (2.7) in Definition 4, for each (x, y, z) ∈ Pp and ξ ∈ Π , the 
following estimates hold

∥∥(Wh)z(x, y, z; ξ)
∥∥

p
≤ ∥∥(Wh)z(x, y, z; ξ)

∥∥
p+1

≤ ∥∥∣∣(Wh)z
∥∥∣∣T

p,D(s,r)×Π
‖z‖p‖z‖max{h−2,0}

1 , (2.11)∥∥(Wh)x(x, y, z; ξ)
∥∥ ≤ ∥∥∣∣(Wh)x

∥∥∣∣
D(s,r)×Π

‖z‖h
1, (2.12)

and

∥∥(Wh)y(x, y, z; ξ)
∥∥ ≤ ∥∥∣∣(Wh)y

∥∥∣∣
D(s,r)×Π

‖z‖h
1 . (2.13)

Definition 5. Let W(x, y, z; ξ) = ∑
h≥0 Wh(x, y, z; ξ) be a Hamiltonian analytic in the variable 

(x, y, z) ∈ D(s, r, r) and C1-smooth in the parameter ξ ∈ Π , where

Wh(x, y, z; ξ) =
∑

β∈NZ̄, |β|=h

W
β
h (x, y; ξ)zβ.

Then define the p-tame norm of the Hamiltonian vector field XW by

‖|XW‖|Tp,D(s,r,r)×Π :=
∑
h≥0

‖|XWh
‖|Tp,D(s,r,r)×Π. (2.14)

Moreover, we say that a Hamiltonian vector field XW (or a Hamiltonian W(x, y, z; ξ)) has 
p-tame property on the domain D(s, r, r) × Π , if and only if ‖ |XW‖ |Tp,D(s,r,r)×Π < ∞.

3. The abstract results

As in [16], define

‖w‖Pp,D(s,r,r) = ‖x‖ + 1

r2
‖y‖ + 1

r
‖z‖p (3.1)

for each w = (x, y, z) ∈ D(s, r, r), and define the usual weighted norm of Hamiltonian vector 
field XU on the domain D(s, r, r) × Π by

‖|XU‖|Pp,D(s,r,r)×Π = sup
(x,y,z;ξ)∈D(s,r,r)×Π

(
‖Uy‖ + 1

r2
‖Ux‖ + 1

r
‖Uz‖p+1

)
. (3.2)

Theorem 3.1 (Normal form of order 2). Consider a perturbation of the integrable Hamiltonian

H(x,y, q, q̄; ξ) = N(y,q, q̄; ξ) + R(x, y, q, q̄; ξ) (3.3)

defined on the domain D(s0, r0, r0) × Π with s0, r0 ∈ (0, 1], where
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N(y,q, q̄; ξ) =
n∑

j=1

ωj (ξ)yj +
∑
j≥1

Ωj(ξ)qj q̄j

is a family of parameter dependent integrable Hamiltonian and

R(x, y, q, q̄; ξ) =
∑

α∈Nn, β,γ∈NN

Rαβγ (x; ξ)yαqβq̄γ

is the perturbation. Suppose the tangent frequency and normal frequency satisfy the following 
assumption:

Frequency asymptotics.

ωj (ξ) =
√

j2 + m + ξj , for 1 ≤ j ≤ n (3.4)

and

Ωj(ξ) =
√

(j + n)2 + m + ξj+n for j ≥ 1, (3.5)

where ξ = (ξj )j≥1 ∈ Π . The perturbation R(x, y, q, q̄; ξ) has p-tame property on the domain 
D(s0, r0, r0) × Π and satisfies the small assumption:

ε := ‖|XR‖|Tp,D(s0,r0,r0)×Π ≤ η12ε, for some η ∈ (0,1),

where ε is a positive constant depending on s0, r0 and n. Then there exists a subset Πη ⊂ Π with 
the estimate

MeasΠη ≥ (MeasΠ)
(
1 − O

(
η1/2)).

For each ξ ∈ Πη, there is a symplectic map

Ψ : D(s0/2, r0/2, r0/2) → D(s0, r0, r0),

such that

H̆ (x, y, q, q̄; ξ) := H ◦ Ψ = N̆(y, q, q̄; ξ) + R̆(x, y, q, q̄; ξ), (3.6)

where

N̆(y, q, q̄; ξ) =
n∑

j=1

ω̆j (ξ)yj +
∑
j≥1

Ω̆j (ξ)qj q̄j (3.7)

and

R̆(x, y, q, q̄; ξ) =
∑

n N

R̆αβγ (x; ξ)yαqβq̄γ . (3.8)

α∈N , β,γ∈N , 2|α|+|β|+|γ |≥3
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Moreover, the following estimates hold:

(1) for each ξ ∈ Πη , the symplectic map Ψ : D(s0/2, r0/2, r0/2) → D(s0, r0, r0) satisfies

‖Ψ − id‖p,D(s0/2,r0/2,r0/2) ≤ cη6ε (3.9)

and

‖|DΨ − Id‖|p,D(s0/2,r0/2,r0/2) ≤ cη6ε, (3.10)

where on the left-hand side we use the operator norm2

‖|DΨ − Id‖|p,D(s0/2,r0/2,r0/2) = sup
0�=w∈D(s0/2,r0/2,r0/2)

‖(DΨ − Id)w‖Pp,D(s0,r0,r0)

‖w‖Pp,D(s0/2,r0/2,r0/2)

;

(2) the frequencies ω̆(ξ) and Ω̆(ξ) satisfy∥∥ω̆(ξ) − ω(ξ)
∥∥ + sup

j≥1

∥∥∂ξj

(
ω̆(ξ) − ω(ξ)

)∥∥ ≤ cη8ε (3.11)

and ∥∥Ω̆(ξ) − Ω(ξ)
∥∥−1 + sup

j≥1

∥∥∂ξj

(
Ω̆(ξ) − Ω(ξ)

)∥∥−1 ≤ cη8ε, (3.12)

where ∥∥w = (wi)i≥1
∥∥−1 := sup

i≥1

∣∣wi(ξ)i
∣∣; (3.13)

(3) the Hamiltonian vector field X
R̆

of the new perturbed Hamiltonian R̆(x, y, q, q̄; ξ) satisfies

‖|X
R̆
‖|Tp,D(s0/2,r0/2,r0/2)×Πη

≤ ε
(
1 + cη6ε

)
, (3.14)

where c > 0 is a constant depending on s0, r0 and n.

Remark 3. This theorem is parallel to Theorem 2.9 in [9] and is essentially due to a standard 
KAM proof. The same as in [9], the tame property (3.14) of X

R̆
can be verified explicitly in 

view of Lemmas A.1–A.5. Moreover, as a corollary of this theorem, the existence and time δ−1

stability can be obtained directly (p-tame property is not necessary here).

Starting from the normal form of order 2 obtained in Theorem 3.1, we will further construct 
a partial normal form of order M + 2 through M-times symplectic transformations under some 
non-resonant conditions. To this end, some notations are given first. Given a large N ∈ N, split 
the normal frequency Ω(ξ) and normal variable (q, q̄) into two parts respectively, i.e.

2 There id denotes the identity map from Pp → Pp and Id denotes its tangent map.
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Ω(ξ) = (
Ω̃(ξ), Ω̂(ξ)

)
, q = (q̃, q̂), q̄ = ( ¯̃q, ¯̂q),

where

Ω̃(ξ) = (
Ω1(ξ), . . . ,ΩN (ξ)

)
, q̃ = (q1, . . . , qN ), ¯̃q = (q̄1, . . . , q̄N )

are the low frequencies and

Ω̂(ξ) = (
ΩN+1(ξ),ΩN+2(ξ), . . .

)
, q̂ = (qN+1, qN+2, . . .),

¯̂q = (q̄N+1, q̄N+2, . . .)

are the high frequencies. Given 0 < η̃ < 1, and τ > 2n + 5, define the resonant sets R
kl̃l̂

by

R
kl̃l̂

=
{
ξ ∈ Πη : ∣∣〈k, ω̆(ξ)

〉 + 〈
l̃, Ω̃(ξ)

〉 + 〈
l̂, Ω̂(ξ)

〉∣∣ ≤ η̃

43M(|k| + 1)τC(N , l̃)

}
. (3.15)

Let

R=
⋃

|k|+|l̃|+|l̂|�=0, |l̃|+|l̂|≤M+2, |l̂|≤2

R
kl̃l̂

(3.16)

and

Π̃η̃ = Πη \R, (3.17)

where Πη is defined in Theorem 3.1.

Theorem 3.2 (Partial normal form of order M + 2). Consider the normal form of order 2

H̆ (x, y, q, q̄; ξ) = N̆(y, q, q̄; ξ) + R̆(x, y, q, q̄; ξ)

obtained in Theorem 3.1. Given any positive integer M and 0 < η̃ < 1, there exist a small ρ0 > 0
and a large positive integer N0 depending on s0, r0, n and M, such that for each 0 < ρ < ρ0, 
any integer N satisfying

N0 <N <

(
η̃2

2ρ

) 1
6(M+7)2

, (3.18)

the non-resonant set Π̃η̃ fulfills the estimate

Meas Π̃η̃ ≥ (MeasΠη)
(
1 − cη̃1/2), (3.19)

and for any ξ ∈ Π̃η̃, there is a symplectic map

Φ : D(s0/4,4ρ,4ρ) → D(s0/2,5ρ,5ρ),

such that
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˘̆
H(x,y, q, q̄; ξ) := H̆ ◦ Φ

= N̆(y, q, q̄; ξ) + Z(y, q, q̄; ξ) + P(x, y, q, q̄; ξ) + Q(x,y, q, q̄; ξ) (3.20)

is a partial normal form of order M + 2, where

Z(y, q, q̄; ξ) =
∑

4≤2|α|+2|β|+2|μ|≤M+2, |μ|≤1

Zαββμμ(ξ)yαq̃β ¯̃qβ
q̂μ ¯̂qμ

is the integrable term depending only on y and Ij = |qj |2, j ≥ 1, and where

P(x, y, q, q̄; ξ) =
∑

2|α|+|β|+|γ |+|μ|+|ν|≥M+3, |μ|+|ν|≤2

P αβγμν(x; ξ)yαq̃β ¯̃qγ
q̂μ ¯̂qν

and

Q(x,y, q, q̄; ξ) =
∑

|μ|+|ν|≥3

Qαβγμν(x; ξ)yαq̃β ¯̃qγ
q̂μ ¯̂qν

.

Moreover, we have the following estimates:

(1) the symplectic map Φ satisfies

‖Φ − id‖p,D(s0/4,4ρ,4ρ) ≤ cN 294ρ

η̃2
(3.21)

and

‖|DΦ − Id‖|p,D(s0/4,4ρ,4ρ) ≤ cN 294

η̃2
; (3.22)

(2) the Hamiltonian vector fields XZ , XP and XQ satisfy

‖|XZ‖|Tp,D(s0/4,4ρ,4ρ)×Πη
≤ cρ

(
1

η̃2
N 6(M+6)2

ρ

)
,

‖|XP ‖|Tp,D(s0/4,4ρ,4ρ)×Πη
≤ cρ

(
1

η̃2
N 6(M+7)2

ρ

)M
(3.23)

and

‖|XQ‖|Tp,D(s0/4,4ρ,4ρ)×Πη
≤ cρ,

where c > 0 is a constant depending on s0, r0, n and M.
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Proof. In this proof, Lemmas A.1–A.5 are used, and the normal form iterative procedure is the 
same as Theorem 5.1 in [9]. Thus, we prove the measure estimate (3.19) in detail while omit the 
other parts of proof. Firstly, we will estimate the measure of the resonant sets R

kl̃l̂
.

Case 1. For |k| �= 0, without loss of generality, we assume

|k1| = max
1≤i≤n

{|k1|, . . . , |kn|
}
. (3.24)

Then∣∣∂ξ1

(〈
k, ω̆(ξ)

〉 + 〈
l̃, Ω̃(ξ)

〉 + 〈
l̂, Ω̂(ξ)

〉)∣∣
≥ |k1|

∣∣∂ξ1 ω̆1(ξ)
∣∣ −

∣∣∣∣∣∂ξ1

(
n∑

i=2

kiω̆i(ξ) + 〈
l̃, Ω̃(ξ)

〉 + 〈
l̂, Ω̂(ξ)

〉)∣∣∣∣∣
≥ |k1|

(
1 − cη8ε

) −
(

n∑
i=2

|ki | + |l̃| + |l̂|
)

cη8ε
(
in view of (3.4), (3.5), (3.11) and (3.12)

)
≥ |k1| −

(|k| +M+ 2
)
cη8ε

(
in view of |l̃| + |l̂| ≤M+ 2

)
≥ 1

4
|k1|

(
by (3.24) and M ≤ (

2cη8ε
)−1)

≥ 1

4
.

Hence,

MeasR
kl̃l̂

≤ 4η̃

43M(|k| + 1
)τ

C(N , l̃)
· MeasΠη. (3.25)

Case 2. If |k| = 0 and |l̃| �= 0, without loss of generality, we assume

|l̃j | �= 0

and

l̃i = 0, 1 ≤ i ≤ j − 1.

Then∣∣∂ξn+j

(〈
k, ω̆(ξ)

〉 + 〈
l̃, Ω̃(ξ)

〉 + 〈
l̂, Ω̂(ξ)

〉)∣∣
≥ |l̃j |

∣∣∂ξn+j
Ω̃j (ξ)

∣∣ − ∣∣∂ξn+j

(〈
l̃, Ω̃(ξ)

〉 + 〈
l̂, Ω̂(ξ)

〉 − l̃j Ω̃j (ξ)
)∣∣

≥ (√
(j + n)2 + m + ξj

)−1

(
|l̃j |

(
1 − cη8ε

) −
( N∑

i=j+1

|l̃i | + |l̂|
)

cη8ε

) (
by (3.5) and (3.12)

)
≥ (√

(j + n)2 + m + ξj

)−1(|l̃j | − (M+ 2)cη8ε
) (

in view of |l̃| + |l̂| ≤ M+ 2
)
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≥ 1

N |l̃j |
(
in view of M ≤ (

2cη8ε
)−1 and j ≤ N

)
≥ 1

N .

Hence,

MeasR0l̃ l̂
≤ 4η̃N

43MC(N , l̃)
· MeasΠη. (3.26)

Case 3. If |k| = 0, |l̃| = 0 and 1 ≤ |l̂| ≤ 2, then it is easy to see that |〈l̂, Ω̂(ξ)〉| is not small, 
i.e.

the sets R
kl̃l̂

are empty for |k| = 0, |l̃| = 0 and 1 ≤ |l̂| ≤ 2. (3.27)

Now we would like to estimate the measure of R (see (3.16)). Following the notations in [3], 
we define the set

Zn,N := {
(k, l̃, l̂) ∈ Zn ×ZN ×ZN \ (0,0,0) : |l̂| ≤ 2

}
,

and we split

L := {
l̂ ∈ ZN : |l̂| ≤ 2

}
as the union of the following four disjoint sets

L0 = {l̂ = 0},
L1 = {l̂ = ej },

L2+ = {l̂ = ei + ej },
L2− = {l̂ = ei − ej , i �= j},

where

ej = (0, . . . ,0,

j -th︷︸︸︷
1 ,0, . . .)

and i, j ≥ n +N + 1.
Let |l̂| = 2 and l̂ = ei + ej ∈ L2+ for some i, j ≥ n +N + 1. If

min{i, j} ≥ |k| · ∥∥ω̆(ξ)
∥∥ + 2(M+ 2)N + 1,

then it is easy to see that ∣∣〈k, ω̆(ξ)
〉 + 〈

l̃, Ω̃(ξ)
〉 + 〈

l̂, Ω̂(ξ)
〉∣∣ ≥ 1,
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which is not small. Namely, the resonant set R
kl̃l̂

is empty. So it is sufficient to consider

max{i, j} < |k| · ∥∥ω̆(ξ)
∥∥ + 2(M+ 2)N + 1,

when the estimate (3.28) is given below. In fact, we obtain

Meas
⋃

(k,l̃,l̂)∈Zn,N ∩L2+

R
kl̃l̂

≤
∑

k �=0, (k,l̃,l̂)∈Zn,N ∩L2+

4η̃

43M(|k| + 1)τC(N , l̃)
· MeasΠη

+
∑

k=0, (k,l̃,l̂)∈Zn,N ∩L2+

4η̃N
43MC(N , l̃)

· MeasΠη

≤ cη̃ · MeasΠη, (3.28)

where c1 > 0 is a constant depending on n and τ .
Similarly we obtain

Meas
⋃

(k,l̃,l̂)∈Zn,N ∩L0

R
kl̃l̂

≤ c2η̃ · MeasΠη (3.29)

and

Meas
⋃

(k,l̃,l̂)∈Zn,N ∩L1

R
kl̃l̂

≤ c2η̃ · MeasΠη, (3.30)

where c2 > 0 is a constant depending on n and τ . Now let

(k, l̃, l̂) ∈ Zn,N ∩L2−,

and assume i > j without loss of generality. In view of (3.5) and (3.12), there is a constant C > 0
such that ∣∣∣∣Ω̆i(ξ) − Ω̆j (ξ)

i − j
− 1

∣∣∣∣ ≤ C

j
.

Hence, 〈
l̂, Ω̂(ξ)

〉 = Ω̆i(ξ) − Ω̆j (ξ) = i − j + rij ,

with

|rij | ≤ Cm
j
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and m = i − j . Then we have∣∣〈k, ω̆(ξ)
〉 + 〈

l̃, Ω̃(ξ)
〉 + 〈

l̂, Ω̂(ξ)
〉∣∣ ≥ ∣∣〈k, ω̆(ξ)

〉 + 〈
l̃, Ω̃(ξ)

〉 + m
∣∣ − |rij |.

Therefore,

R
kl̃l̂

⊂Q
kl̃mj

:=
{∣∣〈k, ω̆(ξ)

〉 + 〈
l̃, Ω̃(ξ)

〉 + m
∣∣ ≤ η̃

43M(|k| + 1)τC(N , l̃)
+ Cm

j

}
.

For j ≥ j0, we have

Q
kl̃mj

⊂Q
kl̃mj0

.

Then it is sufficient to consider

m ≤ |k| · ∥∥ω̆(ξ)
∥∥ + 2(M+ 2)N + 1,

and let

j0 = η̃−1/24M
(|k| + 1

)τ/2
C(N , l̃)1/2.

Then following the proof of Lemma 5 in [3], we obtain

Meas
⋃

(k,l̃,l̂)∈Zn,N ∩L2−

R
kl̃l̂

≤ c3η̃
1/2 · MeasΠη, (3.31)

where c3 > 0 is a constant depending on n and τ . Finally, in view of (3.28)–(3.31) and (3.16), 
we obtain

MeasR≤ cη̃1/2 · MeasΠη, (3.32)

where c is a constant depending on n and τ . Then combining (3.17) with (3.32), we finish the 
proof of (3.19). �

Based on the partial normal form of order M + 2 and p-tame property, we obtain the long 
time stability of KAM tori as follows.

Theorem 3.3 (The long time stability of KAM tori). Based on the partial normal form (3.20), 
for any p ≥ 24(M + 7)4 + 1 and 0 < δ < ρ, the KAM tori T are stable in long time, 
i.e. if w(t) is a solution of Hamiltonian vector field XH with the initial datum w(0) =
(wx(0), wy(0), wq(0), wq̄(0)) satisfying

dp

(
w(0),T

) ≤ δ,

then

dp

(
w(t),T

) ≤ 2δ, for all |t | ≤ δ−M. (3.33)
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Proof. Take δ < ρ and δ1/10 < η̃ < 1. Let

δ
−M+1

p−1 ≤ N + 1 < δ
−M+1

p−1 + 1. (3.34)

Then based on Theorem 3.2, we obtain a partial normal form of order M + 2

˘̆
H(x,y, q, q̄; ξ) := H̆ ◦ Φ = N̆(y, q, q̄; ξ) + Z(y,q, q̄; ξ) + P(x, y, q, q̄; ξ) + Q(x,y, q, q̄; ξ).

To obtain the estimate (3.33), it is sufficient to prove that

‖|XP ‖|Pp,D(s0/4,4δ,4δ)×Πη
≤ δM+ 1

2 (3.35)

and

‖|XQ‖|Pp,D(s0/4,4δ,4δ)×Πη
≤ δM+ 1

2 . (3.36)

By a direct calculation,

cδ

(
1

η̃2
N 6(M+7)2

δ

)M

= δM+1
(

cN 6(M+7)2M

η̃2M

)
≤ δM+1

(
c

η̃2M δ
− 6(M+7)2M(M+1)

p−1

) (
in view of the inequality (3.34)

)
≤ δM+1

(
c

η̃2M δ− 1
4

) (
in view of p ≥ 24(M+ 7)4 + 1

)
≤ δM+ 5

8 (by assuming δ is very small). (3.37)

In view of the inequalities (3.23) and (3.37), we have

‖|XP ‖|Tp,D(s0/4,4δ,4δ)×Πη
≤ δM+ 1

2 . (3.38)

Moreover, by the inequalities (A.4) and (3.38), we finish the proof of (3.35).
On the other hand,

‖ẑ‖1 =
√ ∑

|j |≥N+1

|zj |2j2

=
√ ∑

|j |≥N+1

|zj |2j2p/j2(p−1)

≤ ‖ẑ‖p

(N + 1)p−1

≤ δM+1‖ẑ‖p

(
by (3.34)

)
. (3.39)
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Note that Q(x, y, q, q̄; ξ) = O(‖q̂‖3
p). Then in view of (2.11)–(2.13) and (3.39), we finish the 

proof of (3.36). �
4. Proof of Theorem 1.1

Step 1. Write Eq. (1.2) as an infinite dimensional Hamiltonian system. Introduce coordinates 
q, q̃ ∈ �2

p by

u =
∑
j≥1

qj√
λj

φj , v := ut =
∑
j≥1

q̃j

√
λjφj , λj (ξ) = √

μj + ξj ,

where μj = j2 +m and φj (x) = √
2/π sin jx are respectively the simple eigenvalues and eigen-

vectors of −∂xx + m with Dirichlet boundary conditions. The Hamiltonian of (1.2) is

HNLW =
π∫

0

(
v2

2
+ 1

2

(
u2

x + (m + Mξ)u
) + 1

4
u4

)
dx

= 1

2

∑
j≥1

λj

(
q2
j + q̃2

j

) + G(q),

where

G(q) = 1

4

∑
i±j±k±l=0

Gijklqiqj qkql

with

Gijkl = 1√
λiλjλkλl

π∫
0

φiφjφkφldx.

Introduce complex coordinates

wj := 1√
2
(qj + √−1q̃j ), w̄j := 1√

2
(qj − √−1q̃j ),

and let z = ((wj )j≥1, (w̄j )j≥1). Following Example 3.2 in [5], it is proved that there exists a 
constant cp > 0 such that

∥∥X̃G

(
z(1), z(2), z(3)

)∥∥
p+1 ≤ cp

∥∥(
z3)∥∥

p,1. (4.1)

In particular, when p = 1, the inequality (4.1) reads∥∥X̃G

(
z(1), z(2), z(3)

)∥∥ ≤ ∥∥X̃G

(
z(1), z(2), z(3)

)∥∥ ≤ c1
∥∥(

z3)∥∥ . (4.2)
1 2 1,1
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The inequalities (4.1) and (4.2) show that the Hamiltonian vector filed XG(z) has p-tame prop-
erty.

Step 2. Introduce the action-angle variables. Without loss of generality, we choose φ1, φ2, . . . ,
φn as tangent direction and the other as normal direction. Let

w̃ = (w1, . . . ,wn) and ŵ = (wj )j≥n+1 (4.3)

be the tangent variable and normal variable, respectively. Then rewrite G(w, w̄) in the multiple-
index as

G(w, w̄) =
∑

|μ|+|ν|+|β|=4

Gμνβw̃μ ¯̃wν
zβ, μ, ν ∈Nn, β ∈NN, (4.4)

where z = (ŵ, ¯̂w) and Gμνβ = Gijkl for some corresponding i, j , k, l.
Introduce action-coordinates on the first n modes

wj := √
Ij + yj e

√−1xj , 1 ≤ j ≤ n

with

Ij ∈
(

r2θ

2
, r2θ

]
, θ ∈ (0,1).

Then the symplectic structure is dy ∧ dx + √−1dŵ ∧ d ¯̂w, where y = (y1, . . . , yn) and x =
(x1, . . . , xn). Hence, (4.4) is changed into

G(w, w̄) = G(x,y, z)

=
∑

|μ|+|ν|+|β|=4

2
1
2 (|μ|+|ν|)Gμνβ

√
(ζ + y)μe

√−1〈μ,x〉√(ζ + y)νe−√−1〈ν,x〉zβ

=
∑

|μ|+|ν|+|β|=4

(
2

1
2 (|μ|+|ν|)Gμνβe

√−1〈μ−ν,x〉)√(ζ + y)μ+νzβ

=
∑
|β|≤4

Gβ(x, y)zβ, (4.5)

where

ζ = (ζ1, . . . , ζn), Gβ(x, y) =
∑

|μ|+|ν|=4−|β|
2

1
2 (|μ|+|ν|)Gμνβe

√−1〈μ−ν,x〉√(ζ + y)μ+ν.

Step 3. Show that the Hamiltonian vector field XG has p-tame property. Note G has p-tame 
property in the coordinate z, and introducing action-angle variables is a coordinate transforma-
tion of finite variables, so G has p-tame property in the coordinate (x, y, z). More precisely, 
assume G(x, y, z) = ∑

|β|≤4 Gβ(x, y)zβ is defined on the domain (x, y, z) ∈ D(s, r, r) for some 
0 < s, r ≤ 1. In this step, we will show that the Hamiltonian vector field XG(x, y, z) has p-tame 
property on the domain D(s, r, r).
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Firstly, we would like to show

‖|Gz‖|Tp,D(s,r,r)×Π < ∞.

In view of (4.4),

Gz(x, y, z) = Gz(w, w̄)

=
∑

|μ|+|ν|+|β|=4

βGμνβw̃μ ¯̃wν
zβ−1.

Let

Gβ−1
z (x, y) = Gβ−1

z (w̃, ¯̃w) =
∑

|μ|+|ν|=4−|β|
βGμνβw̃μ ¯̃wν

,

and then

Gz(x, y, z) =
∑
|β|≤4

Gβ−1
z (x, y)zβ−1.

Hence, we obtain

∥∥�̃Gz�D(s,r)×Π

∥∥
p+1 ≤ c

( ∑
1≤i≤3

∥∥z(i)
∥∥

p
+

∑
1≤i �=j≤3

∥∥z(i)
∥∥

1

∥∥z(j)
∥∥

p
+ ∥∥(

z3)∥∥
p,1

)
, (4.6)

where c > 0 is a constant depending on s, r , n and p, and the above inequality is based on 
the inequality (4.1) and the definition of �·�D(s,r)×Π (see (2.2) for the details), and noting that 
z = (w̃, ŵ, ¯̃w, ¯̂w) and z = (ŵ, ¯̂w). In particular, when p = 1, the inequality (4.6) reads

∥∥�̃Gz�D(s,r)×Π

∥∥
1 ≤ c̆

( ∑
1≤i≤3

∥∥z(i)
∥∥

1 +
∑

1≤i �=j≤3

∥∥z(i)
∥∥

1

∥∥z(j)
∥∥

1 + ∥∥(
z3)∥∥

1,1

)
, (4.7)

where c̆ > 0 is a constant depending on s, r and n. Based on the inequalities (4.6) and (4.7), we 
obtain

‖|Gz‖|Tp,D(s,r,r)×Π < ∞. (4.8)

Similarly, we obtain

‖|Gx‖|D(s,r,r)×Π < ∞ (4.9)

and

‖|Gy‖|D(s,r,r)×Π < ∞. (4.10)
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In view of the inequalities (4.8), (4.9) and (4.10), we get

‖|XG‖|Tp,D(s,r,r)×Π < ∞. (4.11)

Finally, we obtain a Hamiltonian H(x, y, q, q̄; ξ) having the following form

H(x,y, q, q̄; ξ) = N(x,y, q, q̄; ξ) + R(x, y, q, q̄; ξ), (4.12)

where

N(x,y, q, q̄; ξ) = H0(w, w̄) =
n∑

j=1

ωj (ξ)yj +
∑
j≥1

Ωj(ξ)qj q̄j , (4.13)

with the tangent frequency

ω(ξ) = (
ωj (ξ)

)
1≤j≤n

, ωj =
√

j2 + m + ξj , (4.14)

the normal frequency

Ω(ξ) = (
Ω1(ξ),Ω2(ξ), . . .

)
, Ωj (ξ) =

√
(j + n)2 + m + ξj+n, j ≥ 1 (4.15)

and the perturbation

R(x, y, q, q̄; ξ) = εG(x, y, q, q̄; ξ). (4.16)

In view of (4.11), (4.14)–(4.16), all assumptions in Theorem 3.1 hold. According to Theo-
rem 3.1, we obtain a KAM normal form of order 2 where the nonlinear terms satisfy p-tame 
property.

Furthermore, let δ be given in the statement of Theorem 3.2 and N be given in (3.34). Take η
satisfying δ1/6 < η̃ < N−3. Then we obtain a KAM partial normal form of order M + 2 where 
the nonlinear terms satisfy p-tame property.

Finally, based on Corollary 3.3, for each ξ ∈ Πη ⊂ Π∞, the KAM torus Tξ for Eq. (1.2) is 
stable in a long time, i.e. for any solution u(t, x) of Eq. (1.2) with the initial datum satisfying

dH
p
0 [0,π]

(
u(0, x),Tξ

) ≤ δ,

then

dH
p
0 [0,π]

(
u(t, x),Tξ

) ≤ 2δ, for all |t | ≤ δ−M.
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Appendix A. Properties of the Hamiltonian with p-tame property

The following lemma shows that p-tame property persists under Poisson brackets, which can 
be parallel proved following the proof of Theorem 3.1 in [9]:

Lemma A.1. Suppose that both Hamiltonian functions

U(x, y, z; ξ) =
∑

β∈NZ̄

Uβ(x, y; ξ)zβ

and

V (x, y, z; ξ) =
∑

β∈NZ̄

V β(x, y; ξ)zβ,

satisfy p-tame property on the domain D(s, r, r) × Π , where

Uβ(x, y; ξ) =
∑
α∈Nn

Uαβ(x; ξ)yα

and

V β(x, y; ξ) =
∑
α∈Nn

V αβ(x; ξ)yα.

Then the Poisson bracket {U, V }(x, y, z; ξ) of U(x, y, z; ξ) and V (x, y, z; ξ) with respect to the 
symplectic structure 

∑
1≤j≤n dyj ∧ dxj + √−1

∑
j≥1 dz−j ∧ dzj has p-tame property on the 

domain D(s − σ, r − σ ′, r − σ ′) × Π for 0 < σ < s, 0 < σ ′ < r/2. Moreover, the following 
inequality holds

‖|X{U,V }‖|Tp,D(s−σ,r−σ ′,r−σ ′)×Π

≤ C max

{
1

σ
,

r

σ ′

}
‖|XU‖|Tp,D(s,r,r)×Π‖|XV ‖|Tp,D(s,r,r)×Π, (A.1)

where C > 0 is a constant depending on n.
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Denote by Xt
U the flow of the Hamiltonian vector field of U(x, y, z; ξ). It follows from Tay-

lor’s formula that

V ◦ Xt
U(x, y, z; ξ) =

∑
j≥0

tj

j !V
(j)(x, y, z; ξ), (A.2)

where

V (0)(x, y, z; ξ) := V (x, y, z; ξ), V (j)(x, y, z; ξ) := {
V (j−1),U

}
(x, y, z; ξ).

Then based on (A.1) in Lemma A.1 and (A.2), we have the following estimate of symplectic 
transformation, which can be parallel proved following the proof of Theorem 3.3 in [9]:

Lemma A.2. Consider two Hamiltonians U(x, y, z; ξ) and V (x, y, z; ξ) satisfying p-tame prop-
erty on the domain D(s, r, r) ×Π for some 0 < s, r ≤ 1. Given 0 < σ < s, 0 < σ ′ < r/2, suppose

‖|XU‖|Tp,D(s,r,r)×Π ≤ 1

2A
,

where

A = 4Ce max

{
1

σ
,

r

σ ′

}
and C > 0 is the constant given in (A.1) in Lemma A.1. Then for each |t | ≤ 1, we have

‖|XV ◦Xt
U
‖|Tp,D(s−σ,r−σ ′,r−σ ′)×Π ≤ 2‖|XV ‖|Tp,D(s,r,r)×Π.

The following lemma estimates p-tame norm of the solution of homological equation during 
KAM iterative procedure and normal form iterative procedure, which can be parallel proved 
following the proof of Theorem 3.4 in [9]:

Lemma A.3. Consider two Hamiltonians

U(x, y, z; ξ) =
∑

α∈Nn, β∈NZ̄

Uαβ(x; ξ)yαzβ

and

V (x, y, z; ξ) =
∑

α∈Nn, β∈NZ̄

V αβ(x; ξ)yαzβ.

Suppose V (x, y, z; ξ) has p-tame property on the domain D(s, r, r) × Π , i.e.

‖|XV ‖|T < ∞.
p,D(s,r,r)×Π
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For each α ∈ Nn, β ∈ NZ̄, k ∈ Zn, j ≥ 1 and some fixed constant τ > 0, assume the following 
inequality holds∣∣Ûαβ(k; ξ)

∣∣ + ∣∣∂ξj
Ûαβ(k; ξ)

∣∣ ≤ (|k| + 1
)τ (∣∣V̂ αβ(k; ξ)

∣∣ + ∣∣∂ξj
V̂ αβ(k; ξ)

∣∣),
where Ûαβ(k; ξ) and V̂ αβ(k; ξ) are the k-th Fourier coefficients of Uαβ(x; ξ) and V αβ(x; ξ), 
respectively. Then, U(x, y, z; ξ) has p-tame property on the domain D(s − σ, r, r) × Π for 
0 < σ < s. Moreover, we have

‖|XU‖|Tp,D(s−σ,r,r)×Π ≤ c

σ τ
‖|XV ‖|Tp,D(s,r,r)×Π, (A.3)

where c > 0 is a constant depending on s and τ .

The following lemma compares p-tame norm with the usual weighted norm for Hamiltonian 
vector field, which can be parallel proved following the proof of Theorem 3.5 in [9]:

Lemma A.4. Given a Hamiltonian

U(x, y, z; ξ) =
∑

β∈NZ̄

Uβ(x, y; ξ)zβ

satisfying p-tame property on the domain D(s, r, r) × Π for some 0 < s, r ≤ 1, then we have

‖|XU‖|Pp,D(s,r,r)×Π ≤ ‖|XU‖|Tp,D(s,r,r)×Π. (A.4)

Then based on (A.4) in Lemma A.4 and the proof of Lemma A.4 in [16], we have the following 
lemma:

Lemma A.5. Suppose the Hamiltonian

U(x, y, z; ξ) =
∑

β∈NZ̄

Uβ(x, y; ξ)zβ

has p-tame property on the domain D(s, r, r) × Π for some 0 < s, r ≤ 1. Let Xt
U be the phase 

flow generalized by the Hamiltonian vector field XU . Given 0 < σ < s and 0 < σ ′ < r/2, assume

‖|XU‖|Tp,D(s,r,r)×Π < min
{
σ,σ ′}.

Then, for each ξ ∈ Π and each |t | ≤ 1, one has∥∥Xt
U − id

∥∥
p,D(s−σ,r−σ ′,r−σ ′) ≤ ‖|XU‖|Tp,D(s,r,r)×Π, (A.5)

where ∥∥Xt
U − id

∥∥
p,D(s−σ,r−σ ′,r−σ ′) = sup

w∈D(s−σ,r−σ ′,r−σ ′)

∥∥(
Xt

U − id
)
w

∥∥
Pp,D(s,r,r)

. (A.6)
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