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Abstract

In this article we are interested in the existence of positive classical solutions of

—Au+ax)-Vu+VxX)u = u? +yu? inQ )
u=20 on 0€2,

and

—Au+ax)-Vu+Vx)u = u? +y|Vul? inQ @)
u=20 on 082,

where € is a smooth exterior domain in RV in the case of N > 4, p> N 3 and y € R. We assume that
V is a smooth nonnegative potential and a(x) is a smooth vector field, both of which satisfy natural decay
assumptions. Under suitable assumptions on ¢ we prove the existence of an infinite number of positive
classical solutions.

We also consider the case of +2 <p<
© 2016 Elsevier Inc. All rights reserved.

+ under further symmetry assumptions on €2, @ and V.
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1. Introduction

In this article we are interested in the following variants of the Lane—-Emden and viscous
Hamilton—Jacobi equations, on exterior domains, given by

—Au+ax) -Vu+VxXu = u? +yu? inQ 3)
u=20 on 0%2,
and
—Au+ax)-Vu+V&xXu = u? +y|Vul? inQ @
u=20 on 012,

where D C RY is a smooth bounded domain and € := RV\ D. We seek positive classical solu-
tions which satisfy lim|y|—oc # = 0. The assumptions on a and V are given by

(A1): a(x) is a smooth vector field satisfying Rlim A(R) =0 where A(R) := sup [x|la(x)],
— 00

lx|=R
(A2): V(x) = 0isasmooth potential satisfying Rlim V(R) =0 where V(R) := sup lx 2|V (x)].
oo |x|>R

By considering a suitable shift in @ and V we can assume that 0 € D.
We begin by recalling the bounded domain version of (3) in the case of a(x) =0, V(x) =0
and y =0 given by

—Au = u? in €,
{ u=20 on 02, )
where Q is a bounded domain in R with N > 3. Define the critical exponent p; = %—f% and note

that it is related to the critical Sobolev imbedding exponent 2* := % =ps+1.Forl < p < py,

HOl () is compactly imbedded in L”*!(Q) and hence standard methods show the existence of a
positive minimizer of

Vu|?dx
min fQ [Vul

weH @\O) ([ |u|p+1dx),,% '

This positive minimizer is a positive solution of (5), see for instance the book [19]. For p > py,
H(}(Q) is no longer compactly imbedded in LPH(Q) and so to find positive solutions of (5)
one needs to take other approach. For p > ps the well known Pohozaev identity [18] shows
there are no positive solutions of (5) provided 2 is star shaped. For general domains in the
critical/supercritical case, p > p;, the existence versus nonexistence of positive solutions of (5)
is a very delicate question; see for instance [4,9,17,10].
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1.1. The full space problem

We now recall (3) in the case of a(x) =0, V(x) =0 and y = 0 in the case of 2 =R". There
has been much work done on the existence and nonexistence of positive classical solutions of

—Aw=w? in RV, (6)

As in the bounded domain case the critical exponent py plays a crucial role. For 1 < p < p; there
are no positive classical solutions of (6) and for p > p; there exist positive classical solutions,
see [2,3,13,12]. The moving plane method shows that all positive classical solutions, satisfying
certain assumptions, are radial about a point.

In [5] it was shown that there was a positive classical solution of (3) in the case of y =0
and Q = R" provided a(x) was smooth divergence free and satisfied a smallness assumption
and N > 4 with p > M . Under the further assumption that p > pj (the so called Joseph—
Lundgren exponent; see [16 15,11] regarding p; ) the solution was shown to be stable in some
suitable sense. In [1] we considered (3) and (4) in the case of Q = RY under the same assump-
tions on p,a(x) and V(x). Our approach in the existence portions of [5] and [1] was to use a
linearization argument along with a fixed point argument in various spaces, to obtain positive
solutions. Our starting point was the linear theory developed in Dédvila—del Pino—Musso [6], see
the next section for details. We also mention the work of Davila—del Pino—-Musso—Wei [7] where
they examined —Au + V (x)u = u” on RV

The positive radial solution. For the remainder of the paper w(r) will refer to an explicit solu-
tion of (6). For p > N +2 let w = w(r) denote the positive radial decreasing solution of (6) with
w(0) = 1. The asymptotlcs of w, as r — 00, are given by

re=T(1+o(1)),

L
T

w(r)=pr"

where
2 2
B=B(p,N)=——|N-2——-1]>0,
p—1 1
see [15] for this and for more detailed asymptotics.
1.2. The exterior problem
In Déavila—del Pino—Musso [6] they examined the problem

—Au =u? inQ
{ u=20 on 092, )

where @ = RY\ D where D is a bounded open connected domain in RY. Their interest was in
the existence of positive classical solution of (7). They obtained a continuum of positive solutions

when p > N +1 . For % N +2 <p< M 5 they obtained a similar result but they assumed a symmetry

assumptlon on D. Deﬁne the 11nearlzed operator L(¢) := A¢ + pwP~'¢ associated with (6).
The starting point for their analysis of (7) was to obtain various mapping properties of L on
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some weighted L™ spaces RY . They then needed to extend these linear estimates to the exterior
space. For this set L (¢)(x) := A¢(x) + pwy (x)? "¢ (x) where 0 < A and w; (x) := A%w(Ax)
where o 1= %1; note that w; is also a solution of (6). We omit their linear estimates on the
full space and only mention their final linear estimates on the exterior domains. For this we first
define some spaces. For 0 < o we define Y :={f € C(2) : || flly, < oo} and X; 0 :={¢ €
C(2) : ¢ =00n 92 with ||¢[ x, , < oo} where

I flly, =2 sup |x["T2[ £+ A% sup |x|*T2|f(x)l,

|x|<a—! [x|=2"1
pllx, o :=A" sup [x|7|@p(x)|+1% sup [x|*[p(x)].
lx|<r~1 [x|=A—1

Notation. Here and in the rest of the paper all supremums in the various norms are understood
to be over x € Q2 along with the other stated assumptions. In addition recall that we are assuming
that 0 € D and hence there are no issues with the weights at the origin. We now come to their
linear results.

Theorem A. (See Ddvila—del Pino—Musso [6].)

1. Suppose N >4, p > Q’,—J_“; and 0 < o < N —2. Then there exists some small Ao > 0 and some

C > 0 such that for all 0 < A < Lo, f € Yy there is some ¢, € X, o such that L (¢y) = fin
Q with ¢;. =0 0n 9Q and ||| x; o < Cll f Iy,

2. Suppose N > 3, N—J_r% <p< %—fl 0 <o < N —2and D satisfies (A3) (see the text following
Remark 1 for definition of (A3)). Then there exists some small Ao > 0 and some C > 0 such

that for all 0 < A < Ao, f € Yy (see Section 4 for definition of Y; and X; ;) there is some
o € Xi,o such that L*(¢) = f in Q with ¢, =0 on 9Q and & llx, 0 < Cllflly,-

To obtain a positive solutions of (7) they then applied a fixed point argument using their linear
theory. We also mention the work of Davila—del Pino—-Musso—Wei [8] where they considered
the exterior problem and considered both fast and slow decay solutions and they utilized the
Lyapunov—Schmidt reduction method to obtain positive solutions of (7), for % <p< %

under no symmetry assumptions on D.
1.3. The main results
We now state our main results.
Theorem 1. Suppose N >4, p > %—f;, q > p and (A1), (A2) are satisfied.

1. Suppose y > 0 then there exists an infinite number of positive smooth solutions of (3).
2. Suppose y < 0 and

Idivi@) =2V) 4y <28,

where (div(a) — 2V) 4 is the positive part of div(a) — 2V and Sy is the optimal constant in
the critical Sobolev imbedding, see Lemma 6. Then there exists an infinite number of smooth
positive solutions of (3).
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Theorem 2. Suppose N >4, p > %i‘;, zfl < q <2 and (Al), (A2) are satisfied. Then there

exists an infinite number of positive classzcal solutions of (4).
Remark 1. We believe the restriction g > pz +7 in Theorem 2 is somewhat natural and is coming
from the equation (4). The other restriction that g < 2 we believe is not natural and is mainly an
artifact of the choice of function space we are working in. In our prior work [1] we examined 4)
on R and in this work we also obtained a positive solution for (4) in the case of <q<?2.
By considering alternate function spaces we were able to relax the assumption of q < 2; we are
currently unable to extend these methods to exterior domains.

In our final result we consider (3) and (4) under the assumption that N—+2 <p< % For
our results here we need to impose some conditions on D, which we label (A3): we assume
0 e D cRY is smooth and bounded and foreach 1 <i < N one has x € D <= x! € D where
X = (X1, X2, e X1, =Xy X1y - e s XN)-

We also define some symmetry assumptions on a and V. Define

(Ad): VEH=V(E) VreQ,Vl<i<AN.

For vector fields a we write a(x) = (a!(x),...,a" (x)) and we consider the symmetry as-
sumption where we require for all x € 2 that

o j P L
(A5): forallx € Qonehas a’/(x')= { a (ix) ! #.]
—a'(x) i=j.

Theorem 3. Suppose N > 3, N—J_rz <p< N+1 and (A1), (A2), (A3), (A4) and (AS) are satis-

fied.

1. Suppose q > p and y > 0. Then there exists an infinite number of positive smooth solutions
of (3).
2. Suppose y <0,

j -2 2
Idivia) =2Vl y <28,

and q > p. Then there exists an infinite number of smooth positive solutions of (3).

2p

3. Suppose 1 <4 < 2. Then there exists an infinite number of positive classical solutions
of (4).

2. Equation 3); —Au+a(x)-Vu+ V(x)u =u? 4+ yul

For our approach we need to adjust the spaces slightly. Define X, :={¢ € C Q) :A¢ €
C(2) with ¢ =0o0n €2 and ||§[ x,, < oo} where

I9l1x, , =27 sup (Ixl” @]+ 1”1V @) + 117 180 ()1
[x[<A~

+3% sup (1xI*19 (0l + [x“F [V (0] + x| Ag ()]

[x|=A~1
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The first result we need is to extend the linear theory of Ddvila—del Pino—Musso [6] to X, ».
This will follow directly from their estimates and a scaling argument.
Lemma 1. Suppose N >4 and p > M Then for 0 < o < N — 2 there exists some small
Ao > 0 and some C > 0 such that for all O <A <Xioand f €Y, there is some ¢, € X, 2 such
that L*(¢;) = f in Q with ¢; =0 on dQ and &allx,, < Cll flly, (recall L (¢) := Ap +

pwi(x)P~1g).

Proof. Fix R big enough such that D CC Br andlet0 <o < N —2, A9 > 0 and C > 0 be from
the above Theorem A [6]. Fix N <t < 0o and suppose f € Y,. Then by Theorem A [6] there
is some ¢, € X, o such that L*(¢;) = f in Q and we have léallx, o < Cllfy,. We will now
apply regularity results to obtain the improved estimates. We first obtain gradient estimates and
in doing so it will be convenient to introduce the following two regions:

(i) L2p = 2N Bag, (@) {lx| = 2R},

where Bg :={x e RV : |x| < R}.
Before obtaining the estimates in the various regions the following collection of calculations
will be helpful. Firstly note that

P i e <070 Sop if lx <471
RO A Cand gl {40
)LallxlaiZ if |x| = AT ’ W if |-x| = )\71~

Also note that w; (x) < A% for |x| <A™ and w; (x) < C|x|™ for |x| > ™!, where C is inde-
pendent of . We now consider the gradient estimates in the two regions.

Region (i). Using boundary elliptic regularity theory there is some C = C(t, R) > 0 such that

1

t

sup |[Vg,|<C / |Ag.(0)'dx | +C / | (x)]dx. )
QNByr
QNB4r QNB4r

By taking 0 < Ao smaller, if necessary, we can assume that 4R < % and then note there is some
C = C(R, D), where = RN\ D, such that |f(x)| 5. (x)] < CA™7|| fly, for all 0 < A < Ag.
Recalling that ¢, satisfies A¢y = f(x) — pr (x)d);\ we see that [A¢gy (x)] < CAT?| flly, in
Q4. Putting these estimates into (8) we see that 17 supg, . [Véz| < C|| flly, and hence we see
that A7 supg,, [ [Vgs| < Cll flly,.-

Region (ii). For this region we consider the rescaled functions given by

1
Y. (y) = ¢ (x + |x|y) where |y| < 3’
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which is well-defined (since x + |x|y > 7|x|/4 > R) and satisfies

1
AV + plxPwa(x + [x )P ) = P Fe+ Ixly) Iyl < g

Note that if |x + |x|y| < 1/A, then 7|x|/8 < 1/A and |x|*wy (x + |x|y)?~! < 1%|x|? < 64/49; if
Ix + x|yl = 1/A, then |x|>w; (x + |x|y)?~ < |x|>/|x + |x|y|> < 64/49. The elliptic regularity
theory gives

sup [Vyn(y)|=C

1
BIRST

x|? / If(x+lxInl'dy | +C / [ ()Idy
Ivl<g Iyl<%

t

<C /(|x+|x|y|2|f(x+|x|y>|)’dy +C / 92.0x + 1x1y)1dy.

1 1
IyI<g lyl<g

€))

Now for each |x| > 2R, divide |y| < 1/8 into two sets A and A such that A = {|y| <
1/8 :|x + |x|y| < 1/A} and A> ={|y| < 1/8 : |x + |x|y| > 1/A}. Note that the dependence of
Ay and Aj on x is suppressed, and A, can be empty if |x| < 1/A and A can be empty if |x| >

C
1/A. Then |x + x|y | f (x + [xI0)] < sriearisy < Sop for y € Ay and |x + [x|y[2| £ (x +
C . .. Clf
XI9) < it < gk for v € Ay, Similarly, we get |¢3 (x + x|y)] < Sohp for y € Ay

and |gp (x + |x[y)| < il‘(lllﬁ* for y € A;. Using these estimates we have, for 2R < |x| < 1 /A,

1/t 1

[ (wsmnliser )y || [ (rRize ) a

Iyl<g Al
1/t
t
| [ (et xivPrrcer i) ay
As
_ClAy,  Cliflly, _ ClS Dy,
— Aalxla Aa|x|a — AU|X|U ’
where in the last equality we used 8/9 < |x|A <1 for y € A,. Similarly we get f‘ 1]o(x +

y|<g
|x|y)ldy < % for 2R < |x| < 1/A. The same argument together with 1 < |x|A < 8/7 for

|x| > 1/A and x € A yields, for |x| > 1/A,
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1/t

2 ! Cllflly, / Cllflly,
d < , dy < .
/ (b P 1f b dy | =5 B+ Iy < =5
|y\<% \y|<%
Therefore, it follows from (9) that
Wln 2R < x| < 1/2
(Tlxlﬂ“ i — )
swp Vil o
yl<{s TR if |x| > 1/A.

From this we get

A% sup x[TTHVE)I < Cllflly,, A% sup x|V () < Cllflly, -

1 1
2R<|x|=5% [x]>5

Combining the estimates in Regions 1 and 2 gives the desired estimate for [V, |:

A% sup x|V ()] + A% sup [x|"T VL) < Cllf lly, -

mf% \x|>%
The norm estimates involving the term |A¢; | come directly from the equation. O

The right inverse of L. For N, p, o and A¢ as in Lemma 1 we define the right inverse of L* to
be F* where F*(f) = ¢, where f and ¢, are as in the lemma. Define fﬁg := Ran(F}). Using
the continuity of F * and L* one can easily prove that X 1.2 1s a closed subspace of X, ». Now
note that L* : X 1,2 — Y, is, continuous, one to one and onto and hence its Fredholm index is
Zero.

2.1. The linear theory of L) (¢) := LM¢) —ax) - Vo —V(x)¢p: X2—= 1)

To examine (3) and (4) we need to obtain a linear theory for L, where L) (¢)(x) := A¢(x) +
pwi ()PP (x) —a(x) - Vo(x) — V(x)¢p(x) = L*(¢)(x) — T (x). Our approach will be to view
L; as a compact perturbation of L* and then to use Fredholm theory. We begin with showing
that T is a compact operator.

Lemma 2. T : X, 2 — Yy is a compact operator for each 0 < A.

Proof. Fix 0 < A and set T(¢) = T'(¢) + T?(¢p) where T'(¢)(x) = a(x) - V¢ (x) and
T2(¢)(x) = V(x)p(x). We show T is compact and the proof that T2 is compact follows the
same approach. Let {¢;,}» denote a bounded sequence in X, », bounded by say Cp, and note

3
that elliptic regularity shows that {¢,,},, is bounded in Cllo (QU0Q). By a compactness and
1
2(QUIR). Let

. . L. . 1,
diagonal argument there is some subsequence {¢,, }x which is convergentin C;

R > % and then note
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1T (b)) — T @m)ly, = 2% sup [x[*Ta(x) - V(@ (x) — P, (X))

|x|<a—!

+2% sup [x[*Fax) - V(g () = G, (X))

|x|=A~1

We now break this second term into a supremum for A~! < |x| < R and |x| > R. We then get an
inequality of the form

IT (D) — T Hpm)ly, < CR) sup [V (g (X) = B, (X))

[x|<R

+ sup (g @)l (1 [V, () = Vo, (1))

|x|>=R

= C@) sup |V(¢m (x) = Gm, (x))]

[x|<R

+ AR my — &m, x5
=C@) sup V(e (x) = Pm, (x))]

[x|<R

+ A(R)2C,.

Hence we see that limsupy ,,_, o, || T! (Pm) — T! (&m, ) ly, <2CpA(R) and then sending R — oo
shows that {T1 (¢x) }x is Cauchy in Y; and hence T!: X2 — Y, iscompact. O

As noted above L* : X 1.2 — Y has Fredholm index zero and since T is compact we can
apply Fredholm theory to see that L, = L* — T : X 1.2 = Yy is also Fredholm index zero.

The following proposition is the key linear result needed later when we prove existence of
solutions to (3) and (4) using a fixed point argument. Additionally our approach for this perturbed
linearized operator L) theory differs from [7] (where they studied —Au + V (x)u = u? in RM)
in the sense that we utilize some Liouville theorems (of course we utilize their [6,7] linear theory
regarding L* as mentioned before).

Proposition 1. Let N > 4, p > %—i‘é 0 <o < N — 2 and suppose (A1) and (A2) are satisfied.
Then there are some Ay > 0 small and C > 0 such that for all 0 < A < Ay and all f €Y there is
some ¢ € f(x,z such that L, (¢;) = f in Q. Moreover we have ||$;.|lx, , < Cl flly,.

Proof. Suppose N >4 and p > % andlet0 <o < N —2 and Ag > 0 be small from Lemma 1.

We now suppose the conclusion of the proposition is false and so there is some A,, N\ 0 such
that either kernel L, , : X Am,2 — Y, 1S non-empty or its empty but there are some f,, € V3,
with || finlly,, — 0 and ¢y, € X)\ml such that Ly, (¢m) = fm and |$mllx,, , = 1. So in either
case we can assume there is some f,, € ¥, with || filly,, — 0 and some ¢, € X Am,2 With
@mllx,,, , =1 such that L;, (¢m) = fin in 2 with ¢, =0 on 9€2.

So we have

A () + pwy,, ()P~ g (x) — a(x) - Vo (x) = V() (¥) = fu(x) in Q,
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with ¢,, = 0 on 9. Now set f,,(x) := A% f,,(x) and set G (x) = A% ¢ (x). Then f,, — 0O
uniformly on any Br N 2. Also we have

||¢'"||Xxm,o
x|

P (X)] <

for all |x| < . So we have

Adm 4 pALwWORX)P "y — a(x) -V — V() (x) = fn  InQ,

« 10
¢m =0 on 0L2. (10)

Let Ry /" oo and set Q := £ N Bg, . Using (10) and elliptic boundary regularity shows that
d;m is bounded in C3(€2) for all k and large m for some 0 < § < 1. By a compactness and
diagonal argument there is some subsequence, which we won’t rename, {qASm}m, that converges
in C1-4(Qy), for each k, to some function qS : Q2 — R which satisfies |¢A3(x)| <|x|7° on Q and

Adp(x) —a(x)-Vo(x) —V(x)p(x) =0  in g,
é=0 on 9%, (11
limj | 00 $(x) = 0.

By the strong maximum principle applied to the subdomain Q, for R large, we can conclude
that supq, 19| < SUPyQ, |$| but after con31der1ng the decay of é we can conclude that ¢ =0

in . Hence we can conclude that ¢m — 0= ¢ in C1%(Qy) foreach k > 1.
Now recall that ¢,, satisfies

L' (¢pm) = fn+a-Véu+Vn in ,
m = 0 on 082, (12)

1im\x|—>oo ¢m = 0.

By Lemma 1 there is some C > 0 such that for all 0 < A < 1o we have

Clidmlix;,» =< M fmlly,,, +la-Vou +Vonlly,, -

We now examine this last term. Fix R > 0 large, then

la -V +Véully,, <y sup |x|”" (a0l Ven ()] + V()| (X))

-1
x| <A

+22 sup [x]%T2 (@) Ve ()] + V ()| (X))

-1
[x]>Am

=1y + Jn.
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A computation shows that
Jn <% sup |x[la(o)]x|* T Ve, (x)]
REY

+2% sup x1PV ()X ()]

x|

-1 -1
= (40D + V) ldmlx,,
<A bH+vh—o.

Fix R big and decompose I,, = I\ + I2 where I} will be the inner portion and 72 the outer.
Then

Iy:=hp  sup  xPPF7 (la()|I V()] + V()| (¥)])

R<|x| <)y

=g sp (llalx 71V, ()] + X2V @) LxI 16 (0)])

R<[x|<A!

< A(R) + V(R).

We now come to the 1} term.

L, =Ag, sup X174 (1a(0)]|Vehm (X)] + V () hm ()])

|x|=R

< sup [zlla(@)| sup Ag,|x|"*7 Ve, (x)]

zeRN [x|<R

+ sup 1zI*V(z) sup |x| 1% |dm ()]

zeRN |x|<R

< CR' sup (IVgn ()] + fn (1)]) > 0
Qpr
for each fixed R big as m — 0o. So combining the above results we have

Cligmlx,, » <l fmlly,, +AGLD + V(") + AR) + V(R) + 1,

and from this we can contradict the fact that ||¢, | x,,, , = I by taking R sufficiently big and then
sending m — oco. 0O

2.2. Equation (3); the fixed point argument
Instead of solving (3) directly we will first find a nonzero solution of

{ —Au+ax) - Vu+V@u = |ul? +ylul? inQ (13)

u=20 on 092,

and then argue the solution must be positive.
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Let D CC Bgyandlet Rp < R <4R < % Let ¢ denote a smooth radial cut-off with { =0 in
Bg and ¢ =1 on Bj,. Then we have |V{| < CR™! and |A¢| < CR™? where C is independent
of R.

We look for solutions to (13) of the form u = ¢ (x)w; (x) + ¢ (x). Then we need ¢ to satisfy

Ly (@) = wy + oI —[tw; +¢|”
- (|wx +oI? — pwl ¢ — wf)
—ylwi¢ + ¢l
+a(x) - V(Ewy) + Vwig
+ Aw; — A(Qwy)
=1(9) + (@) + I3(¢) + 14(p) + I5(¢) inQ, (14)

with ¢ = 0 on 9€2. To obtain a solution ¢ we apply a fixed point argument and towards this we
define the nonlinear mapping Jj (¢) = ¥, where 9, satisfies

5
L) =) I(¢) inQ, ¥, =0 ondQ. (15)

k=1

Of course to find a solution ¥, we will require N, p, o, A to be as in Proposition 1 and 0 < A <
Ao. In addition we will be taking o > 0 smaller, if necessary, to ensure various quantities are of a
specific sign. Also we will need the right hand side of (15) to belong to Y. In a moment we will
apply a fixed point argument on the closed ball B, of radius r, centered at the origin, in X 2. We
will end up taking R, related to the cut off ¢, to be given by R = § and r = BA® where &, 8 > 0
will be chosen small to be determined later. Once these parameters are fixed we will take A small.
‘We now collect the various estimates which will be needed to show that J, is a contraction on
B,. We begin with the following lemma.

Lemma 3. Into. (Estimates on || It ($) |y, .) Let ¢ € B, C X, 2. Then we have

1 (¢)”YA < CR0+2)L0UJ+U + CR2+(7(2—I7),.[7—1)\'<)l-‘r0f(2—l7)7 (16)
II(P)ly, < Cr2a>=® + Cr2a=® 4+ CrPa=2, (17)
rq
I13(@)ly, sc(xf" +m> 2, (18)
A(R) -1 —1 o
4@y, <C W+A(R)+V(R)+A(?» )+ VAT AT, (19)
1@y, = €17 (R*732 + R7 ) 2°. 20)

Proof. We begin by listing some computations: A% |x|%|¢ (x)| < r for |x| < AL A x %o ()] <
r for |x| > A~!. Recalling wj (x) = A%w(Ax) one has: wy (x) < A% for |x| < A~! and w; (x) <
Clx|~ for |x| > A~ L.
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Estimate of ||I1(¢) ||y, . From part 3 of Lemma 7 we have

@)= lw + 17 = 5w, + 17| <€ (!~ +16177") (1 = O)w.
From this we see

2 2 2 —1
sup [x["T7 I (@)] < sup Clx|”T*w) +C sup |x|7T2wylp|”~".
lx|<A~! [x|<2R |x|<2R

So we have

sup 721y ()] < CROF2P 4 CREHQ=P)pp=lyao(p=1)

|x|<i—!

Now noting the fact that /1 (¢) = 0 for |x| > 2R gives
I ()l y, < CRU+2)L<XP+U + CR2+0(2—I7),.P—1)L01+0(2—P).

Estimate of || I>(¢) ||ly,. From Lemma 7 we have
i+ 017 — pw!~'¢ —w!| < Cwl ¢ + Clol”.
A computation shows that

) N o
sup |x|2+"wf ¢ < CraP=2=0=2 — cp2) 7%= and
|x|<A~!

sup x|
|x|=A~1

2
24, p-2,2 _Cr
w < —.
A = 22«

Hence we have
72 _
lw) " ¢?Ily, < Cria=.
Similarly

sup [x[*T7|pIP < CrPa 7 and sup [x[*T¥|p(x)|” < rPATOP,
Jx]<a—l lx|>A~1

and hence [||¢|”|ly, < CrPA~2. Combining these estimates gives
IL@) Ny, < Cria®P=2 4+ Cr2a= + Cria2.
Estimate of || 13(¢)]ly, . First note that we have [Cw; + ¢|9 < C¢9w] + C|¢|9. For |x| < %

sup |x |7 Fwd g7 < CA%O 2,
|x|<A—!
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Taking o > 0O sufficiently small such that 0 +2 — o g > 0, we then have sup|,|<,-1 |x |2t g|7 <

%. We now consider the case of |x| > % Since g > p we have that ] :=ag —2 —«a > 0 and
then note that

sup x|t 9w; (x)? < CA9L.
x|zt

Also we have

rq
<Ccriy—2e,

2+
sup |x|“T¥|p|? < sup Sy e =

lx|>2~! [x|=2~!

for 81 > 0. So for 8; > 0 we have

rd
”13(¢)||YA < C <)h01 + W) A%,
Estimate of || 14(¢) ||y, . First we note that

[14(@)] < |allVE|wy +lalg[Vwyr]| + Vw,i,
and we now estimate these three terms individually, but we first recall some estimates: |[V¢| <
CR™! for R < |x| < 2R and |Vw, (x)| = AT |[Vw(ix)| < CA*T?|x| for all [x| < A~!. In ad-
dition we have |Vw; (x)| < C|x|~%~! for all |x| > A~!. With these estimates in mind, and after

recalling the support of ¢, and the decay estimates on a and V, one sees

A(R
sup |x|2+"|a||w|wxsc%xa—l—“, and sup x> |a(0)[¢|Vws| < CARIA®™.

lx|<r~! lx|<a~!

Similarly we see sup),|<; -1 x> Viw, < CV(R)A*~?. We now consider the case of |x| > %
A computation shows

sup [x>T¥a|¢|Vwy| < sup Clxlla(x)| < CAG™Y, and sup |x|* *|alcV <CV .

lx|=2A~" x[z2~! x|=a-!
Combining the estimates gives

A®) -1 “1y) e
Ha@lly, = C{ —5= + AR + VR) + A7) + VAT JA7.

Estimate of ||15(¢) ||y, .
I5(¢) = Awy, — (AL)w; —2VE - Vw, — L Aw,y,
and so

Is(@) = (¢ — Dw} — (ADw; —2V¢ - V.
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First consider |x| < % A computation shows

sup [x[7F2¢ — lw! < CR**73°%P, and sup |x[**7|AZ|wy < CROAY,
lx|<a~! lx|<a—!

Similarly we show sup,|<;-1 |x |7tV || Vw; | < CR¥HA%FT2 Note that I5(¢) = 0 for |x| >
after the considering the support of {. Combining the estimates gives

1
x

Is@lly, = CA% (R¥* 73077 4 RT 4+ R32)30. O
We now collect the various facts for showing that Jj, is a contraction on B, C X 2.

Lemma 4. Contraction. (Estimates on ||t ($) — It (®)||y,.) Let , ¢ € B, C X, 2. Then we have

11@ = h@ly, =€ (227700 RZ70D L 4R%2) g — gllx,,, D)
1() — L@y, < COA™r + 272" Hd — dlix, ., (22)
I13(@) — (), < CON + 217277 1d — ¢llx, .- (23)

Proof. Let ¢3, ¢ € B C X, ». Then as in the proof of the previous lemma we have 17 |x|? |¢ (x)| <
r for [x] < A7, A%|x|¥ ¢ (x)| <r for |x| > 1~} along with the analogous statement of qAb Addi-
tionally we have wy (x) < A% for |x| < A~! and wy (x) < C|x|~% for |x| > A7\

Estimate of || I (q@) — I1(¢)|ly,. Note we can write

11(9) — 11(9) = |lwi + DIP — |wy + 17 + [Cws + @I — |Zw; + |7,

and note for |x| > 2R this quantity is zero. So we can estimate

I11(@) — i@y, <A° sup |x|*T®
|x|<2R

[ + 17 — |y, + 17|

+2A° sup |x|2+o
|x|<2R

Cws + 17— 1cwy + 17|,
By Lemma 7 we have
[l + 917 = Jws + 617 <€ (wf ™" + 1617~ + 13177 ) 16— 6.
From this we see

A0 sup |x|2+o
[x|<2R

N -1 - 2 =1\ 14
wr + 917 = w4917 = sup xP? (wf ' +19177 4161771 ) 19~ Blx,
[x|<2R
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A computation shows that sup|,|<og Ix|?|pP~! < A= (P=Dpp=1 R2=0(P=D and similarly for the

¢ term. A computation also shows that sup|,| <o |x|2wf_1 < 4R?)\%. Hence we can conclude
that

A7 sup 3P jwn + 1P — s + 917 | < (2077 PTDpP T REOOTD L AR 16— lx, .
[x|<2R

The term involving the cut-off gives a similar estimate and hence we see that
I1@ = h@)lly, =C (270D RO L 4RB2) | — g, .
Estimate of ”12(43) — I (¢)|ly,. Using Lemma 7 we have

@) — @) = C (w21 + 18D + g1~ +19177") 16— ol.

From this we have

A% sup |x[7T2 D (d) — L) < CKId — ¢llx, »,

|x|<a—!

where

K§ = sup [x (w] 7201+ 18D + 1917 + 16177

[x]<a~!
. . ; . -1
We now estimate these terms in Kj'. A computation shows SUP|y<-1 |x|2wf lp| <

A*(P=2=2y = =% A similar calculation shows that sup,, ;-1 [x|*|¢|?~" < rP~!1A~2. Hence
we see that

K< 2).7% 4 2rP7 1372,
We now estimate the portion where |x| > % An identical argument shows that

A% sup |x[PTYL(@) — L(@)| < CKY|é — ¢lix, .

[x[>A~1

where K 5’“’ is defined exactly as K", except the supremum is now over |x| > %, ie.

K5 = sup Ix? (wl (08l + 19D + gl +16177").

|x|=A~1

‘We now estimate the individual terms of Kzo’” . First note that

2
_ x|“Cr _
sup |X|2wf 2|¢|§ sup %SC?\. “r.
[x|>2"1 |x|=A—1 |x| A% x|
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Similarly one sees that sup ;-1 Ix|?1¢|P~! < A72rP~!. Combining these estimates gives
K§" < C(A7%r +A72rP~1). From this we see that

1L($) — @)y, < CO™r + 272" Hd — dllx, ,-
Estimate 0f||13(¢3) — I3(¢)|ly,- Recall I3(¢p) = —y|¢wy + ¢|9. So we have
VI IB@) — L@ =|1gw, + 17 — 1w, + 1.
By Lemma 7 we have
Cws + 17 — g+ 17| =€ (97 wd ™+ 1817 1917 ) 16 - 1.
We first consider |x| < % A computation gives

A% sup |x|*TC
lx|<a—!

lCwy, 4+ @11 — |cwy + 917 < CKIp — ¢llx, ,,

where Ké” = SUP|y|<p-! Ix |2 ({q’lwf{_l + gl + |¢A>|‘1’1). We now estimate these terms

individually. First note that SUP| <) |x|2§‘7_1wz_l < |x|2A“(q_1) < A% where, as before,
01 = a(q — 1) — 2 and this is positive provided ¢ > p. A similar calculation shows that
sup <1 [x|?|¢1971 < 272471, From this we see that K" < A% 4+ 2172r4~!. Now consider
|x| > % A computation shows

A% sup |x|*H®
EY

G+ BT — g + 19| < CKLND — B,

where, as before, we are defining Kg’“’ exactly as Ké” except the supremum is now over
I t 2(rq—1,4-1 -1 S1a—1 :
x| > 5, ie. K§ = supj o1 |x] ({q w, +1ol97" + ¢l ) A computation shows

SUP|y -1 lx[2w? ™" < CA%1. Similarly we have sup|y=5-1 [X[21¢197" < r471A72. So we have
K9 < CA%1 +2r9~1072. Combining with the above estimates gives

I — L@y, <CAM +A72r 7 YHg - dllx,,. O

Proof of Theorem 1. We begin by finding a nonzero solution u of (13) and for this we don’t
need to distinguish the cases of y positive or negative. Fix N, p, o, A9 as Proposition 1. Take
0 <X < A and given ¢ € B, C X 2 define v, = Jy(¢) as defined in (15). We will now show
that Jj, is a contraction on B,. Set r := BA%* and R := % where 8, ¢ > 0 will be chosen later; and
recall that R is related to the cut off ¢.

Into. Let ¢ € B, C X ». Then by Proposition | we have

5
Cl@x,n =CllYalixe, < Y 1@y, -
k=1
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We now compute each of these terms with these choices of r and R. By Lemma 3 we have

171 (C¢r)||n <o t2g=1 | 2Ho@-p)gr-2, 7”12(2:”“ <B4+ B+p,

1 13()lly,
Cr

S (282+0' +80)ﬂ_1,

<% (g1 4 gy, ||15?:||YA

and

”Mgﬂ = (A+eHac e+ 40T+ Ve +VeTH) 7
r

Using these estimates one sees that J, (B,) C B, provided we first fix 8 > 0 sufficiently small,
then fix & > O sufficiently small and then take A > 0 small.
Contraction. Let ¢, ¢ € B, and we let Y, = J;(¢) and ¥, = J5.(¢). Then by (14) we have

3
1J3(@) = B x,n <C Y II(@) = Ik(@)lly, -
k=1

We now take R = % and r = B1% and use Lemma 4 to see

”J)\(d)),\_ J)»(¢)||X)h2 5,31’_152_"(/’_1) +82+’3+'3[)_1 +)\‘91(1 +ﬂq_l), (24)
C”¢_¢”X)h2

Note that the same procedure for picking B, ¢, A that we used to show that J,(B,) C B, also
shows that J, a contraction on B,. Hence we can apply Banach’s fixed point theorem to see there
is some ¢ € B, = Bg;« such that J;(¢) = ¢ in © with ¢ = 0 on 2. Hence we have u = fw), + ¢

satisfies (13). Also note that there is some Sy > 0 such that w(Ax) > AQ’T—gla for all A|x| > 1. Also

recall that for all |x| > % we have A% |x|%|¢ (x)| < BAY and hence we have

lx|%u(x) > Bo — B,

for |x| > % Hence by taking 8 > 0 small we see that u > 0 for |x| > % We now separate the
cases of positive and negative y.
Case 1: y > 0. In this case we have

—Au+ax)-Vu+V@u=ul”+yulf inQ

with u =0 on 92 and u > 0 for large |x|. We can then apply the maximum principle and the
strong maximum principle to see that # > 0 in 2.

Case 2: y < 0. Recall how we picked the parameters. We fixed 8 > 0 small and then took
& > 0 small and then were able to take A > 0 as small as we wish. With this in mind let A, \ 0
and let u,, = ¢ wy,, + ¢m denote a solution of (13) and as mentioned above we have u,, > 0 for
x| > % Note ¢, is just the cut off from before but we are indicating the dependence on m. Our

m

goal is to show that for large enough m that u,, > 0 in 2. So towards a contradiction suppose
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that for all large m we have {x € Q: u,,(x) < 0} is non-empty and let €2,, denote a maximal
connected component. So we have €2, C 2N B, -1. S0 uy, is a negative solution of

~ Aty +a(x) - Vi + (V) = 1yl 7"t = luml?  in Qp

(25)

Uy =0 on 0€2,,.

We now use a slight variation of the maximum principle given in Lemma 6, to show u,, > 0.
Multiply (25) by () € H(} (£2,) and integrate by parts to arrive at

2 [ 19 = [ (divi@) =2V + 20 hun 1) n)? = [ G612
Qun

Q

where Cp,(x) := (div(a) —2V)4 + 20y luml?~t. We apply Holder’s inequality on the right to
see the right hand side is bounded above by | C,, ||L g | () — ”?42* @ We apply the critical

Sobolev inequality, SN”I/f”Lz*mm) < ||V1//||%2(Qm), on the left with ¢ = (u,,)—, and regroup to
see

2
<2SN—||C % )||<um>||L2*(Qm)so.

If we can show 28y — ||C) || (Q ) > ( then we see that u,, > 0 in €2, giving us the desired

contradiction. We now examlne this term in more detail. Note

C < |I(di -2V 2
1€l 3 g, S NV@ =2V)el g o 2yl iy

< litdivia) =2V)+ll g +2|y|||um||qN(,, )
2 m
Now recall that we are assuming ||(div(a) — 2V)4|| A @ < 28y and hence it will be sufficient

to show that |lu,,|| ~yg-» — 0 as m — oo. Recall that u,, = {mwy,, + ¢m and 2, C B, -1
L2 (Qn) "

in RV and hence we have w;,, < A% in ©,,. Hence we have

2
lumll Nng-» <A Q| V@D 4+ (gl vg-»
L2 (Qm) L2 (Qm)
22
and note A% |€2,, |N<q 0 <Cyr' 50 since ¢ > p. Now since ¢, € Bgye C X;,, 2 We see
|pm ()] < ﬂ|x|_")»§1 9 in ©,, and hence

Al

m

N@-0)g=1) oNg—1)
/ m ()" ’ f s s

P

where p > 0 is sufficiently small such that B, CD. By taking o>0 sufﬁciently small and since

g > p we see then that fQ |
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by contradiction we have u,, > 0 is a C*>? nonzero solution of (13), for sufficiently large 2, and
hence we can apply the strong maximum principle to see that u,, > 0 in .

So we have shown the existence of a solution of (3) of the form u) (x) = &, (x)w; (x) + ¢y (x)
for sufficiently small A; here ¢ = ¢) was the appropriate cut off that depended on R (and recall R
now depends on A). As pointed out in [6] and (more details were given in [8]) one has supg, u) —
0 as A N\ 0 and recall that u; > 0 and so we see this implies that there is an infinite number of
solutions of (3). We now give some details. First note that for all x € Q2 we have 0 < u; (x) <
A w(Ax) + [y (x)] < A% + |¢y (x)]. Now recall that ¢, € B, = Bgy« in X; > we have

sup  |pa ()] < BAY, sup  [pa(0)| = C(R2,0)BA*77

er,|x|z)F1 er,\xlf)ﬁl

where C (€2, 0) is some positive constant. Note we need to take o > 0 small enough such that
a — o > 0. Combining these computations shows that supg, [¢,| = 0 as A \ 0. So from this we
see supquy — 0as A (0. O

3. Equation (4); —Au+a(x)-Vu+ V(x)u=u? + y|Vul?

We now find a positive solution of (4), but as usual, we instead will find a positive classical
solution of

(26)

—Au+ax)-Vu+Vxu = |ul? +y|Vul? inQ
u=20 on 02,

and then argue the solution must be positive. The approach we take is exactly the same as in
the previous section: let D CC Bg, and Ry < R <4R < % and ¢ denote a smooth radial cut-off
with ¢ =01in Bg and ¢ = 1 on BS,. Then we have |V¢| < CR™"and |A¢| < CR™? where C is
independent of R.

We look for solutions to (26) of the form u = { (x)w; (x) + ¢ (x). Then we need ¢ to satisfy

Ly(@) = wy + oI —[tw; +¢|”
— (hws+ 017 = pud ¢ — w)
—yIV(wit) + Vel?
+a(x) - V(Ewy) + Vwil
+ Awy — A(Gw;)
=1(}) + (@) + I3(p) + 14(p) + Is(¢) in 2, (27)

with ¢ = 0 on d2. Note that each term I; agrees with the previous section except the term /3.
To obtain a solution ¢ we apply a fixed point argument and towards this we define the nonlinear
mapping J) (¢) = ¥, where v, satisfies

Ly(¥n) = lwi + @17 — [cwi + @17

-1
— (lws.+ 917 = pul o — w])
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—yIVw.5) + Vel
+a(x) - V(@Gwy) + Vwig
+ Awy — A(Cwy)
=1(9) + (@) + I3($) + 14(p) + Is(¢) in Q.

8045

(28)

So we first find a positive classical solution of (26) by showing J; is a contraction on B, C
X2 for suitable r > 0 and small O < X, as was the earlier approach. Let 0 < A9 be small and

C > Osuch that L, : X, 2 — Y, has aright inverse bounded by C for all 0 < A < Ao.

Into. Let 0 < A < Ag and ¢ € B,. Then we have

5
12 (@) lx,, < C Y Ik (@)ly,.

k=1

and now recall that Lemma 3 gives the estimates

I (@) ly, < CROF2ASPHT 4 CRFHOCP) pp=lpoto o),
1@y, <Cr2A*™% +Cria=® +CrPa2,
AR) 1 “1y)
14Dy, =C T +AR)+V(R)+ AR )+ V@A) AT,
15@)lly, = CA7 (R*732 4 R7 ) 27,
We now calculate the I3 estimates. By Lemma 7 there is some C > 0 such that
113(9)| < CL?|Vw; |7 4+ Cwi|Ve|? + CIVgl9,

and hence we have

1@y, < CIEVwillly, + Clw) 1V lly, + CIVI Iy,

(29)
(30)

€29

(32)

(33)

(34)

Taking 0 < o small enough we have o + 2 > g (o + 1). Computations show that |||V@|?]y, <

293972, |w] V| ly, < CROT2TI07H and [|¢9|Vw; |7y, < CA9@TD=2,
Combining the results gives

[ 13() ||y, < CA9@FTD=2 L CROFI-4)0+ed | Cpdpd=2,

Contraction. Let ¢, ¢3 € B, and lﬁ,\ =Jy (<13) and v, = Jy(¢). Then we have

3
Ly — ) =) Uk(@) — I (),

k=1

where I, I, and I3 are as above. From Lemma 4 we have

(35)
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16@ = L@y, =C (27D R0 L 4RB2) 1§ - gllx,,  (36)
1) = L@y, < CO™r +272rP "D = llx, - (37)
We now need to examine /3 term. By Lemma 7 we have
@) — 1) < € (IV, )1~ + Vg4~ + [V~ [V - Vo,
Using this we can rearrange it to see that

113(6) — B(@)ly, < C(Kin+ Kour) |l — Bl x, 5,

where

Kini= sup |x (Vs + V[~ +Vgl~),

|x|<a~1

and where K, is K;, but with the supremum taken over |x| > 2~1. We now estimate K, and
Kus. Using the support of ¢ and estimates for [Vw, | we see

KOM[

sup
lx|=A~1

1 _ Ag—
|x|<m+|w|‘f L+ Vel 1>.

A computation shows that
Kour < c)letbg=hH-1 + Ccri—1)a-2.
A further computation shows that

A2q=1)
W + rq_l)\.q_z.

% < 2@ 2@-Dq |

Combining the above results shows that

5) — (g—1)
||]3(¢) IS(d))”Y;L < )L(OH-l)(q—l)—l +rq_1)ﬂ_2 n pals

Clé—9lx,, RI72

Now let (/3, ¢ € B, C X, 2 and set 1% = JA(qS) and ¥, = J,(¢). After considering (29)—(35)
one sees that for J, (B,) C B, it is sufficient that

RU+2)\ap+o + R2+J(27p)rp71)ta+o(27p) +}’2)u27a -{-7‘2)\.70‘ —‘1-}"17)»72

+Aq(a+1)—2+Ra+2—qka+aq +rq)hq—2

A(R) - 1),
+( g AR F VR +AGTH+ VAT )

A0 (R2+“/\2 + R") A% < (38)

-
C24+1°
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For J), to be a contraction on B, with Lipschitz constant at most % it is sufficient

A~OP=D =1 R2=0(p=1) L 4R232 4 3~y 4 ) ~2pP—]
Aalg=1) - 3
RI72 ~4(C+1)

aetD@=D=1 4 q=1,q-2 | (39)

We are now in a position to pick the parameters. As before we take ¢, 8 > 0 (to be determined
later) and we take  := BA* and R := { and eventually we will take A > 0 small.
Substituting these values in shows that to satisfy (38) it is sufficient that

012 +¢° _|_82+o(2—[7)'311—1 + /32()3 +1)+ 8P +)\q(a+l)—2—oc(1 +SU+2_‘I + B9)

A(er!
(AP L sy v s A s vet) < P o)
£ Cc2+1
Also note the left hand side of (39) is controlled by a constant times
Br=1g2=o (=1 L 2 4 g o gr—1 | jq+h—a=2 (1 424 jL,Bq—l)’ (41)

and hence (39) is satisfied provided this can be made arbitrarily small.

To satisfy (40) and to make (41) sufficiently small one first fixes 8 > 0 small, then fixes ¢ > 0
small and finally takes A > O sufficiently small. One can then apply the contraction mapping
principle to obtain a solution ¢ € B, = Bg« C X, > of (27). We then have u(x) = ¢ (x)w; (x) +
¢ (x) is a solution of (26). To see u is not identically zero note that for |x| > A~! we have u(x) =
Awx) + ¢ (x) = A%w(hx) — Blx| 7. Recall there is some By > 0 such that |x|*w(x) > By for
all |x| > 1. So for fixed A and sufficiently large |x| we have

A% Bo B

2% x| x|’

u(x) =

so hence for sufficiently small B and large |x| we see u(x) > 0. We can then apply the maximum
principle to see that u is a positive solution of (26) and hence a solution of (4). To obtain an
infinite number of solutions we argue as in the previous section.

4. Equations (3) and (4) for & +§ <p< N—"';

In this section we prove Theorem 3. Since the approach is very similar to the case of p > %4_;
we will be fairly brief. We will always assume that D satisfies (A3) (see the text following

Remark 1 for definition of (A3)). We define the subspace Yy of Y; by
Yf::{fen;f(x"):f(x)forauxeszandlgigN},

where, as before,  :=RY \5. It is clear that Yf is a closed subspace of Y;. We similarly define
X i,o and X ;”2 to be the closed subspaces of X o and X, » (respectively) which contain functions

¢ with the same symmetries as functions in ¥;. We now recall the definitions LM(¢)(x) :=

A¢(x) + pwy ()P (x) and L; (¢)(x) := LM (@) (x) — a(x) - Vo (x) = V()¢ (x).
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We now need to develop the needed linear theory on these spaces of symmetric functions.
Firstly recall Theorem A, 2) gives us the existence of a continuous right inverse for L* as a
mapping on X5  to ¥;’. Using the same approach as we did in the proof of Lemma 1 one is able
to show the analogue of Lemma 1, for the symmetric functions, given by

Lemma 5. Suppose N >3, ¥ W <p< N+1 and D satisfies (A3). Then for 0 <o < N —2 there
exists some small Ao > 0 and some C > 0 such that for all 0 < & < A9 and f € Y there is some
¢5 € X5 , such that LM(¢;) = f in Q with ¢;, =0 on 3Q and ldrllx; » < C||f||yx.

We can now construct the right inverse of L* exactly as we did following the proof of
Lemma 1. So there is some closed subspace )N(fhz of X , such that L*: )N(fhz — Y7 is con-
tinuous, one to one and onto and hence its Fredholm index is zero.

We now would like to extend the above linear theory to the operator L. A computation shows
that the symmetry assumptions (A4) and (AS) imposed on V and a (along with the decay as-
sumptions (A1) and (A2)) show that L; (X} 2) C Y. Sowehave L : Xi,z — Y7 is a continuous

linear operator. From this we see that L : X , — Y7 is a Fredholm index zero linear map. We
can now argue exactly as in the proof of Proposmon 1 to obtain the analogues result given by:

Proposition 2. Suppose N > 3, N+2 <p< N“ and (A1), (A2), (A3), (A4), (A5) are satisfied.
Then for 0 <o < N —2 there exlsts some small Ao > 0 and some C > 0 such that for all
0 <X <Aioand f €Y} there is some ¢ € Xi,z such that Ly (¢;) = f in Q with ¢; =0 on 022
and ¢ lx,., < Cll liy;-

This gives us all the needed linear theory and we now would like to apply fixed point argu-
ments to solve the nonlinear problems. The main difference now will be that we will replace X »
with X¢ 5. 2 in the various fixed point arguments.

Proof of Theorem 3, 1) and 2). We begin by considering (3). Given ¢ € Xi,z consider Jy (¢) :=
v € X§,2 where 1, satisfies (15); to see this is possible note that the right hand side of (15) is
an element of Y;. We can now argue exactly as before to obtain a fixed point of J;, on a suitable
closed ball in X7 ,, provided g > p, and again we need to split up the cases of y > 0 and y <0.
Omitting the details one obtains a positive solution of (3) and we then argue as before to obtain
an infinite number of solutions. O

The proof of Theorem 3, 3) is very similar to part 1) and 2) and so we omit the details.
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Appendix A

We now recall the particular maximum principle but this requires we recall the best constant
Sn associated with the critical Sobolev imbedding HO1 C L% which is independent of the do-

main; SN||¢>||L2* <|IVgll3, forall ¢ € Hy.
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Lemma 6 (Maximum principle). (See [14].) Suppose w € HO1 () is a weak solution of
—Aw(x) — C(x)w = f(x) >0 in Q where ”C+”L%(Q) < Sy. Then w >0 in .

Proof. Their proof involves multiplying the equation by w_ (the negative part of w) and inte-
grating by parts and applying Holder’s inequality. O

Lemma 7. Suppose p > 1. There exists a constant C > 0 such that the following hold:

1. For all numbers w > 0, ¢ € R, and 43
[lw+¢17 = pur~lg —wr| < (w29 + 1I7),
and
1w+ 17 = Jw+ ¢ = pur ™' G~ )|
= C(wr2(1 + 19D + 617" + 16177 )i - ¢:
2. Forallx,y,z e R",
[l + 317 = e 217 = € (™ 1P 12 )y = 2.
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