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Abstract

The reaction—diffusion system a; = ayy — ab”, by = Dby + ab", where n > 1 and D > 0, arises from
many real-world chemical reactions. Whereas n = 1 is the KPP type nonlinearity, which is much studied
and very important results obtained in literature not only in one dimensional spatial domains, but also
multi-dimensional spaces, but n > 1 proves to be much harder. One of the interesting features of the system
is the existence of traveling wave solutions. In particular, for the traveling wave solution a(x, t) = a(x —vt),
b(x,t) = b(x — vt), where v > 0, if we fix limy— —(a, b) = (0, 1) it was proved by many authors with
different bounds vy (n, D) > 0 such that a traveling wave solution exists for any v > vy when n > 1. For
the latest progress, see [7]. That is, the traveling wave problem exhibits the mono-stable phenomenon for
traveling wave of scalar equation u; = uxyx + f(u) with f(0) = f(1) =0, f(u) >0in (0,1) and, u =0 is
unstable and u# = 1 is stable. A natural and significant question is whether, like the scalar case, there exists a
minimum speed. That is, whether there exists a minimum speed v,,;,, > 0 such that traveling wave solution
of speed v exists iff v > v,,;,? This is an open question, in spite of many works on traveling wave of the
system in last thirty years. This is duo to the reason, unlike the KPP case, the minimum speed cannot be
obtained through linear analysis at equilibrium points (a, b) = (0, 1) and (a, b) = (1, 0). In this work, we
give an affirmative answer to this question.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we study the reaction—diffusion system

da  9%a

o "o 9
() ,

b b n

E = Dﬁ +ab .

where n > 1, D > 0 and (a, b) are non-negative smooth functions with continuous initial values
(ao, bo). In isothermal diffusion, a is the density of material consumed, b is the temperature, see
[5,4,15]. In addition, it models, after a simple scaling, a simple autocatalytic chemical reaction
of the form

A4+nB— (n+ 1B with rate kab",

where k > 0 is a rate constant, between two chemical species A and B. More importantly, the
system arises from many important chemical wave models of excitable media ranging from the
idealized Brusselator to real-world clock reactions such as Belousov—Zhabotinsky reaction, the
Briggs—Rauscher reaction, the Bray—Liebhafsky reaction and the iodine clock reaction. In that
setting, its importance was recognized fairly early, [13,12,22]. Another type of application is
that of biological pattern formation of Turing type. In particular, for the purpose of replicating
experimental results in early 1990s, two significant models CIMA and Gray—Scott both have the
special case of n = 2 incorporated in the complete system, see [17,18].

One interesting feature of the system is the existence of traveling waves, which describes
the spreading of chemical species B, when locally added to the uniformly distributed A, by
consuming chemical species A. This phenomenon was observed in experiment, see [ 14,22].

By using the simple scaling invariance property of the system and a conservation law, see [7],
we can normalize the traveling wave problem, with a(x, t) = a(x — vt), b(x,t) = B(x — vt) as
follows.

o +DB =v(l —a—p), a' >0 VzeR,
DB" +vB = —ap", VzeR,
lim; 00 (e, B) = (1,0),

lim;—, _oo(a, B) = (0, 1),

(1.1

where v > 0 is the speed of traveling wave. Here &’ > 0 is not an additional restriction, because
for a traveling wave solution, it is direct from (I) that o’ + ca’ = aB" and therefore a’ > 0.
There have been many works on the existence of traveling waves of (I) and related models in
the last thirty years, [2,7-9,11,16,19-21]. A typical result is there exist two constants vy (n, D) >
va(n, D) > 0 such that if v > v; there exists a traveling wave with speed v; but if v < v,, there
does not exist a traveling wave. The emphasize is on estimating the smallest-speed traveling
wave and close the gap between v and v;. The situation is very different from the case of n =1,
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where the minimum speed is obtained directly from linear analysis of equilibrium points (1, 0)
and (0, 1). The underlying reason for getting sharp results on minimum speed is the universal
belief that the smallest-speed wave is the most stable one. In particular, when D =1, (1.1) is
reduced to a single equation,

. . (1.2)
im0 =0, lim,,_B=1.

{ﬁ”—i—vﬁ’+(l—ﬁ)ﬁ”=0, V>0 VzeR,
It is well-known that there exists v;,;, > 0 such that traveling wave exists iff v > v,,,;,. A classical
result on the corresponding parabolic equation

bi=b,, +(1-=0b)b", VxeR,t>0,
{ t o+ ( ) X (1.3)

b(x,0)=bo(x) =0,

is that if by has compact support, then as t — 0o, b converges to the minimum speed traveling
wave, see [1,10]. For other works of scalar equation on models with non-local operator and
discrete lattice structure see [3,6].

The expected result for (I) is that if ag is a constant and by has compact support, then the
spreading speed of b is that of minimum speed. The case of n = 1 is rigorously proved by two
authors of this work in [9].

In spite of substantial effort, one outstanding question is still, like the special case of D =1,
whether there exists vy, = vpin (1, D) > 0 such that traveling wave solution exists iff v > v, ?
We settle this question in the present work.

Theorem 1. Suppose that D > 0 and n > 1. Then, there exists a positive constant Vmin such that
(1.1) admits a solution if and only if v 2> Vmin.

Remark. The case of D > 1 was proved by many authors using the monotone properties of
traveling waves in relation to the speed v, see [7]. The argument breaks down when D < 1. In
this work, we use a totally different approach which works for all values of D. The method we
use is a combination of center-manifold theory for the ODE system and reformulation of the
system (1.1) into an elliptic-parabolic PDE problem, from which we can construct a traveling
wave solution for larger speed using the smaller speed one as a super-solution.

The plan of this work is that we prove the main result in section 2, and put off the proof of
some technical lemmas to section 3.

2. Proof of Theorem 1

In this section we prove our main result Theorem 1. The key is to reformulate the system (1.1)
into a second order non-autonomous equation for B’ as a function of 1 — 8 and analyze in details
the center-stable manifold at the equilibrium point (1,0) of (1.1). The basic properties of the
system (1.1) are well established and their proof elementary. We shall use it without referring to
where they are first derived. Instead, a convenient source is [7].

We carry out the proof after discussion of some preliminary results and put off the proof of
some technical results to next section.
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First, as we know, the set of admissible wave speeds is a closed set in (0, 0o). For the existence
of a minimum wave speed, we need only to show that if there exists a traveling wave speed
vo > 0, then for any v > vy, there is also a traveling wave of speed v.

Hence, in the sequel we assume that there is a traveling of speed vy and v > vy is any fixed
constant. We are going to show that there is a traveling wave of speed v.

Starting from the equations

a; +va+ DB, +vB =v, DB +vB, = —ap",

for convenience, we use new variable (o, u, p) whereu :=1— B and p :=u, withy :=z/k,k =
D /v. The traveling wave problem is equivalent to solving

1 2
Say=ptu—a,  uy=p.  py=—p+sa(l—uw' (2.4)

subject to the constraints & > 0 and # < 1 on R and the boundary conditions
lim (a(y), u(y), p(y)) =(0,0,0), lim (a(y),u(y), p(y)) =(1,1,0).
y——00 y—00

Notice that (0, 0, 0) is a saddle point of the system (2.4) with a one dimensional unstable
manifold, half of which is in the first octant when close to the origin and is a trajectory. We
denote this trajectory by y = {(a(y), u(y), p(¥))}ye(~oo,v), Where Y is the first point at which
u = 1. Then

@) 0 +1 L
=0 d(y)  Ak)/D+1’ JJim iy = 2( s+ D D)'

Let
y=sup{yeR|u<1 in (—o0,y)}.

Itis easy to show, see [7], thatin (—o00, y), p > 0,a > 0, and &, > 0. We prove that the trajectory
is a traveling wave.

We shall work both on this trajectory in the phase space («, u, p) and on the projection of it
in the (u, p)-plane. For the latter, we shall write p as a function of u. Since solutions of interest
has the property u, = p > 0, there is an inverse y = Y (u) of the function u = u(y). Then we can
define P(u) = p(Y (u)). Hence we can express y N{u < 1} as p(y) = P(u(y)), which satisfies

P@>0 Yue©D,  lim Pi”) =) = (Va2 + D2 - D).
To show that there exists a traveling wave, it suffices to show that 13(1) =0, as was shown in [7].
To be self-contained, we give a brief explanation in what follows.

If P(1) =0, then (p + it)y = k*>&(1 — )" /D > 0in (—o0, §) so that p + it < 1 in (=00, ¥).
The equation for a then implies that &y,/D =p +u —a <1 —a in (—0o0, y), therefore a < 1
in (—oo, y). This implies that y = oo, since otherwise, the trajectory would be the trajectory
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passes through (&(7), 1, 0) whose solution is given by (1 — [1 — & (y)]e~@=/P 1,0), which is
impossible. Thus y = oo and limy_, oo (&, i, p) = (1, 1, 0).

Next, to show that P(1) = 0, we shall work on the equation for P, derive as follows. Since
solutions of interest satisfy u < 1 on R,

nuy (Uyy +u»)}

D n D —n
= SU=w "y +uy), oy =) [ty + 131 + o

Substituting these two expressions into the equation KZ(%O{}; +o—uy—u)(l—u)"=0, we
conclude that, as far as traveling wave solution is concerned, the original traveling wave problem
is reduced to a single equation

[ityyy + 13y ]+ [y + uyI[7=% + D] — k2 [uy +ul[l — ul® =0.

On the (u, p)-phase plane the equation then becomes a second order non-autonomous equation,

denoting p(y) = P(u(y)), P' = % and P" = L2,

Nk, P]:=P*P" + P[P+ {P’+D+—}—K(P+u)(1—u)"—o 2.5)

Note that if P(-) € C%((c,d)), (c,d) C (0,1) is a positive solution to (2.5) in an interval
u € (c,d), then it provides a trajectory via the transformation, for any fixed ug € [c, d],

u(y)
ds D n
v= | ey PO=P@O). a=G0-w Ty ). 26)
uo
Since we have assumed that there exists a traveling wave of speed vy, the traveling wave

solution provides a solution of (2.5) with ¥ = k¢ := D/vg. Denote the solution by Py(-). It has
the following properties

P
Po@) >0 Vue(©1, Jim 0:)—A( 0 =3({43 + D2 = D),

P P 2
either lim 0®) =1 or lim ﬂ = K—O.
u/11—u u/1 (1 —u)? D

These properties can be derived from local analysis of the equilibria (0, 0, 0) and (1, 1, 0) of the
system (2.4), we give a proof of the last statement in Appendix.

In the following we use a sub-super solution technique from theory of elliptic and parabolic
PDEs to find a solution P* to (2.5) that is sandwiched between Py(u) and 1 — u.

Lemma 1. Suppose that there is a traveling wave of speed vg > 0. Let k € (0, k). There exists
P* e ([0, 11) N C%((0, 1)) such that

Nk, P*I(u) =0, O0<P*(w)<l—u Vue(,1), P*(0)= P*(1) =0.
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In addition, denoting the corresponding solution to (2.4) by y* = (a*, u*, p*) and write a*(y) =
A*(u*(y)), there holds

A*(0) > 0,

2/<2A*(O)

P*(u)~ | ———=Vu  as u\0,

K2
P*u)~ (1 —u)— n—D(l—u)" as u /1.

This lemma will be proven later.

Proof of Theorem 1. The local behavior of solutions to (2.4) near the equilibrium, see [2]
and Proposition 2.1 in [7], is as follows. The equilibrium (1, 1,0) has a two dimensional sta-
ble manifold whose tangent space at (1, 1, 0) is spanned by the vector (1,0, 0) and (0, 1, —1).
Also, the equilibrium (1, 1, 0) has a center manifold, with tangent vector (1, 1, 0). In addition,
there exists a positive constant » > 0 and a continuously differentiable function P defined on
B, = {(a,u) | (@ — 1)> + (u — 1)> < r?} such that

(i) The local stable manifold of (2.4) associated with (1, 1,0) is given by the surface p =
Ps(a,u), (o, u) € By, and the function P; has the expansion

2
Po(a i) =1 —u + ~—a(l —u)" +o(1)(1 — u)".
nD

(ii) For given (ay,u1) € B, N {u < 1} and each p; € [0, Ps(ay, u1)), the trajectory of (2.4)
through (a1, u#1, p1) is on the center-stable manifold associated with the equilibrium (1, 1, 0)
and has the property

. B : Py K
yll)ngo(a(y), u(y), p(y))=(1,1,0), yli)ﬁolo A—uo)" ~ D

To show that P(1) = 0, we use a contradiction argument. Suppose to the contrary that
P(1) #0. Then ¥ < oo and P(1) > 0.

Fixauge (1 — %r, 1) and denote (g, po) = (A*(ug), P*(up)). Let L be the line segment in
the phase space (o, u, p) that connects («g, ug, 0) and («g, ug, po):

L = {(ao, uo, p) 10 < p < po}.

For each s € [0, 1], we denote by y (s) = {(a(s, y), u(s, y), p(s,y) | y € R} the trajectory to the
system

1, . K2
—a=p+u—a, u=p, P——P+ Ial(l—u) (o, u, p)ly=0 = (a0, uo, 5po).

D
2.7)

Here the replacement of « by |«| in the last equation will be explained later.
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Note that when s = 1, the trajectory y (1) is exactly y*, which is a trajectory for all y €
(—00, 00).

Since (ag, ug) € B(r), we see that for each s € [0, 1), ¥ (s) is on center manifold associated
with (1, 1, 0), in particular, a(s, y) > 0, p(s, y) > 0 for all y € [0, c0) and that

. B . pGs,y)
ylgrolo(a(s,y),u((), ), p(s,y)) =(1,1,0), yli)ngom— D

Lemma 2. For each s € [0, 1], there exists a unique T (s) < 0 such that the unique solution to
(2.7) satisfies

p(s,T(s)) =0, p(s,2) >0 Vze(T(s),00).

We put off the proof to next section.
We continue our proof. Now in (7 (s), 00), we denote by p(s, z) as P(s, u) in the sense that

p(s,y) = P(s,u(s,y)).
When s =0, T'(s) = 0. Also when u is sufficiently close to 1, P(0,u) = O((1 —u)™) so
P*(u) > P(0,u) Yu€lup,1).
We denote by
Us)=u(s, T(s)), Als)=als,T(s)).

Then {(U(s), A(s)}se[0,1] is a smooth curve on the { P = 0} plane with end point (A*(0), 0) and
(ag, ug). We define

§=min{s €[0,1]| U(s) <O0}.

Since U (0) > 0, we see that § € (0, 1], U(s) =0 and 0 < U(s) < 1 for every s € (0, §).
Now we can complete our proof as follows.
Suppose P(1) #0. Then P(1) > 0. Let

P.(u) :=min{P(u), P*(w)}  Vuel0,1].

In the notion of elliptic PDEs, P, is a supersolution to the operator N (k, -). As P(1) > 0, there
exists u1 € (0, 1) such that P,(u) = P*(u) < P(u) forall u € (u;, 1). We assume that ug is close
to 1 enough such that ug > u.

Note that when s =0, P(0,u) < Py(u) for all u € (ug, 1). Hence, the following is well-
defined:

S =sup{s € (0,5]| P(s,u) < Pe(u) YueU(s),up}

First of all, we must have § < §. Indeed, if § = 5, then U (5, T (§)) = 0. As y is not on the stable
manifold of (1, 1, 0), we cannot have |« (s, T (5))| = 0. Hence, p(s, T(5)) = |a (s, T (8))| =:m >
0 so that when ¢ is close to T = T (§),
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pGE.O~mEz—T),  u@.0)~im@z—T)>

so that P(S,u) ~ +/2mu when u is small. However, when u is small, Py (u) = f_’(u) ~ MK)u,
and it is impossible to have P (S, u) < P, (u) for all u € (0, ug).

Thus, § € (0,5), namely, U(5) > 0. Since P, > 0 in (0, 1), we have P,(u) > P(5,u) in
[U (), U(5) + €] for some small & > 0.

On the other hand, we know that

. PG, u) . Py
lim =0 < lim .
u—>1 1—u uN1 1 —u

We see that P, (1) > P (5, u) when u is closed to 1.

Now by continuity we cannot have P(s,u) < Py(u) for all u € (U(5), up) since it would
implies the existence of a small positive ¢ such that P(5 4+ &, u) < Py(u) for u € [U(s + ¢€), ugp)
which contradicts the maximality of §.

Thus, we must have P (S, %) = Py (&) and 0 P (5, 11)/0u = 0 P, (1) /du at some i € (U(5), 1).
As P(§, ) is twice differentiable at & and the derivative of P, has negative jump at every inter-
section point of p = P* and p = P, we cannot have P*(&i) = P (i). Hence one of the following
holds:

either (i) P(1) = P (5, ), P,(0) = P,(5,0),
or (i) P*() = P(5,u), P; @) = P,(a).
However, the former case implies that y (s) = y and the latter case y (s) = y* since they represent

the same solution to (2.4) with the same initial data. We note that under the change of variable
y — u=u(s,y), in case (i),

D -
A(s) = K—2(1 =T ()" P(s, T(HIPuls, T(s)) + 1]
D a—reyreraenpir 11=A(T 0
—K—2( —T(s) (T (sHIP, (T () +1]=A(T(s)) >0,
whereas in case (ii), A(s, T'(s)) = A*(T (s)) > 0.
This is a clear contradiction. Hence, y is a heteroclinic orbit, completing the proof of Theo-
rem. O

3. Proof of two lemmas

In this section we prove the technical lemmas used in the proof of our main result. We start
by proving Lemma 2.

Proof of Lemma 2. We define
T (s) :=inf{z | p(s,-) > 0in (z,00)}.

We need only show that 7' (s) is finite. Suppose on the contrary that 7'(s) = —oo. Then p > 0
on R, so u(s, -) is strictly increasing on R. In addition,
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d
—(p+u)=la|(1—u)" >0
dz

S0 p + u is increasing and p + u < 1 on R. Since (0, 0, 0) is the only equilibrium in the phase
space of interest and there is no heteroclinic. By the contradiction assumption, we must have
either limy_, o (p +u) = —00 or limy_, o || = 00. From the equation %d =p—+u—|a|, we
conclude that limy_, _» o = 0.

Now from j—vpz—(p+u)+u+ |1 —u)* > —1+u+ |a|(1 —u)* - o0 as y - —o0.
But this contradicts p > 0 in R. Hence, T'(s) is finite. O

Next, we prove Lemma 1.

Proof of Lemma 1. Denote ko = D/vg. The traveling wave with speed vy gives a unique solu-
tion Py € C%([0, 1]) to

Nlko, Pol=0< Py in (0, 1), Po(0) = Po(1) =0.
By the same derivation as we did for y we conclude that
0< Py(u) <1—u, Piw)+1>0 VYue(,1).

The key here is that Py is a sub-solution and P;(#) := 1 — u is a super-solution of (2.5) with
0 < k < kg in the sense that

Nk, Pol = (kd — *)(Po +u)(1 —u)" >0 Vue(0,1),
Nk, Pll=—«*(1—u)" <0 Yue(0,1).

Fix any ¢,4 € (0, 1/2). Set I, s = (¢, 1 — §) and consider the initial boundary value problem
for the parabolic equation, for Py s = P 5(u, ), (u,t) € Iy s x [0, 00):

0P
aja =Nk, Pes]  in I 5 x (0, 00),
P.s=po on (816,5 x [0, oo)) @] (Ig),g X {0}).

Since Py > 0 on 1_3,5 = [e, 1 — 8], local existence in time of a positive solution follows from a
standard parabolic equation theory. Also, by comparison, Py < Pg s < P;. Hence, there exists a
global positive solution in time satisfying

Po<P.s <P in L5 x (0,00).
Furthermore, one notices that Q := ain,,g satisfies
Q=0 on 3l 5x[0,00), Qli=0o=N(k, po)>D0.

Therefore, by maximum principle, Q = % P;s > 0in I 5 x (0, 00). Consequently,
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Pes(u):= lim P, s(u,t) Vuele,1—23]
t—00

exists. Since P, s is uniformly positive on 7, 5 x [0, 00), classical regularity theory shows that
the above limit is in C™ (1) for any positive integer m. Hence, N[k, P 5] =0.
Next, consider the family {P; s}o<¢,s<1/2. From the construction and comparison,

Pos>P; in [;x(0,00) if0<e<&<1/2,0<8<8<1/2.
It then follows that IA’g,,g > P, ;in _g ;- Hence, there exists the limit

Pe(u) = lim Posu)  Vuele ),

and 135 is non-increasing in ¢. Note that Py < 135 < 1 — u. It is then not very difficult to show
that NV (k, 138) =0 1in (e, 1). In addition, since 135(8) = Py(¢) and 135 > po on (g, 1), we have
138/(8) > Py(g) = —1. Thus, the corresponding solution (a, u,) (via (2.6)) satisfies oz > 0 in
[0, 00).

Let

P*(u) =£1i{% P.(u) Yue(,1]

Then 1 —u > P*(u) > Po(u) for all u € (0, 1]. It is then easy to show that N'(«x, Py) = 0 in
(0, 1]. Let (a*(0), u*(0), g*(0)) = limgx0(@e (0), ue (0), pe(e)). Clearly, u*(0) = 0, g*(0) =0,
and a*(0) > 0. It is easy to exclude the case a*(0) = oco. If «*(0) = 0, we have a heteroclinic
connection. However, this would imply the asymptotic P*(u) = [A(«k) + o(1)]u as u \( 0 where
Alk) = %(\/D2 + 4k2 — D). Since we know ko > k, Py = [A(ko) + o(1)]u, and P* > Py, we
obtain a contradiction. Hence, «*(0) > 0 and for small positive y,

K2a*(0) k2a*(0) K2a*(0) , 2k 2% (0)
WO = 5= Ry W R o=y PR [

2
Finally, as u ' 1, either P*(u) ~ %(1 —u)" or P*(u) ~ 1 —u, and either Py ~ %0(1 —u)" >

%(1 —u)" or Py~ 1 — u. But, since ¥ < kg, P* > Py, P*(u) ~ %(1 — u)" would lead to

2
Po(u) ~ %’(1 —u)" > P*(u). A contradiction. The only possibility is that P*(u) ~1 —u —

%(1 — u)". This completes the proof of the Lemma. O
Appendix A
We prove the following proposition.
Proposition 1. Suppose («, u) is a traveling wave solution of (2.5). Then,

. P P «?
either lim =1 or lm ——— = —.
u/11—u u/1 (1 —u)? D
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Proof. For any ¢g € (0, 1), consider
uw) = Pu) —eo(1 —u).

It is easy to verify that

P = (P’ +e&)P
2
= (50— DP + —a(l —u)"
D

2
= —(1— o) — e0(1 — g0)(1 — ) + %a(l —uy".

It is clear that as u is close to 1, p(u) cannot change sign.
If w(u) > O for all u close to 1, then, using the fact that P’'(u) > —1, we get

2 2
Ptl<—a(l -y < —u.
Degy D¢y

An integration on [u, 1] then gives

K2
—Pw+1—-u< a(l —u)".
Dneg
Hence,
K2
Pu)>1—u-— a(l —u)".
Dneg

This, together with P(u) < 1 — u, yields

i Py(u)
m =
u/11—u

1.

If w(u) < O for all &g > 0 when u close to 1, say for u > ug, choose L >> 1 such that
L1 —up)" > eo(1 —up)  and Ln(l —up)" ' <1
for some ug € (0, 1). It is easy to compute
P(P—LA—uw))'=—P+Ln(l—u)'""'P <0,

and therefore P (u) < L(1 —u)" on [ugp, 1). Next, by using

!/ K2 n
P:—l+ﬁ(¥(1_b{),
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we find
K2
Pl= s ((0/(1 — )" —na(l — )" HP —a(l — u)"P’) ,

which yields that P’ cannot change sign if  is sufficiently close to 1. It follows that
lim P’ (u) =0.
u,/1

Therefore,

P(u) K2
m-——=— 0
u/ 1 (1—w)* D
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