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Abstract

In this paper, we consider boundary output feedback stabilization for a multi-dimensional wave equation
with boundary control matched unknown nonlinear internal uncertainty and external disturbance. A new
unknown input type extended state observer is proposed to recover both state and total disturbance which
consists of internal uncertainty and external disturbance. A key feature of the proposed observer in this paper
is that we do not use the high-gain to estimate the disturbance. By the active disturbance rejection control
(ADRC) strategy, the total disturbance is compensated (canceled) in the feedback loop, which together with
a collocated stabilizing controller without uncertainty, leads to an output feedback stabilizing feedback
control. It is shown that the resulting closed-loop system is well-posed and asymptotically stable under
weak assumption on internal uncertainty and external disturbance. The numerical experiments are carried
out to show the effectiveness of the proposed scheme.
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1. Introduction

Since the robustness concept was introduced to control theory from the early 1970s ([18]), the
capability of dealing with uncertainty has become one of the most important performances for
control systems. Many control methods have been developed to cope with internal uncertainty
and external disturbance. These include sliding mode control for various uncertainties ([20]);
internal model principle for output regulation; adaptive control for unknown parameter identifi-
cation; and robust control ([3]) which is a remarkable paradigm shift in modern control theory
for general plant uncertainty. Most of these methods, among many others, focus however, on
the worst case scenario which makes the controller design rather conservative. The worth men-
tioning methods are internal model principle ([4,19]) and adaptive control ([1,11]) where the
uncertainty is estimated and compensated. The estimation/cancellation strategy is an economic
way in dealing with uncertainty. In this regard, an emerging control technology named active
disturbance rejection control (ADRC) is an epitomized approach to cope with vast uncertainty
in control systems ([10]). The uncertainties dealt with by ADRC are much more complicated.
For instance, ADRC can deal with the coupling between the external disturbances, the system
unmodeled dynamics, and the superadded unknown part of control input. The most remarkable
feature of ADRC is that the disturbance is estimated, in real time, through an extended state
observer and is canceled in the feedback loop. This reduces the control energy significantly in
practice [24]. In the past two decades, there are numerous researches on ADRC from perspec-
tives of both engineering and mathematics. Very recently, we applied ADRC to stabilization for
multi-dimensional wave equation with external disturbance in [8] where the full state feedback
control was used and a high gain extended state was adopted. The output feedback control for
PDEs by ADRC is much complicated. In paper [5], an unknown input observer was designed by
variable structure control first and then ADRC was applied to design an observer-based feedback
control for 1-d wave equation. But the observer in [5] is very complicated with discontinuous
injection of the output and hence is hard to generalize to other PDEs.

The aim of this paper is to design a new extended state observer ([6]) in terms of measurements
from the boundary and an interior domain which can be of arbitrarily small measure; and an
extended state observer based output feedback stabilizing control law for a multi-dimensional
wave equation subject to general internal uncertainty and external boundary disturbance. The
uncertainty is hence more general than that considered in [8], and we do not use the high-gain to
estimate the state and total disturbance as that in [5,8] to avoid possible peaking value problem.

The system that we are concerned with is a multi-dimensional wave equation with Neumann
boundary control and unknown nonlinear internal uncertainty and external disturbance, governed
by the following partial differential equation:

we(x, 1) = Aw(x, 1), x e, t >0,
w(x,t)|r, =0, xelp, t >0,

WH‘I =f(w(.,t))+d(x,t)+v(x,z), x eIy, IEO, (11)

w(x,0) =wy(x), ws(x,0) =wi(x), x € Q,
y(xvt):(w(xvt)lrlvwt(-x’t)|rlvwl(x3t)|w)s t205

where Q C R"(n > 2) is an open bounded domain with a smooth C?-boundary ' = T U T
where ['g and I"; are subsets of I, int(Ig) # @, int(I"1) # @, To N '1 = @; v is the unit normal
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vector of I' pointing the exterior of €2; f : Hllo (Q) — L*(I"y) is a possibly unknown nonlinear
mapping that represents the internal uncertainty; and d(x, ¢) is the unknown external disturbance
which is only supposed to satisfy d € L°°(0, oo; L*>(T'1)). For the sake of simplicity, we denote
F(w(x,1)) := f(w(-, 1)) +d(x,t) as the “total disturbance”. The v(x, t) is the control input and
y(x, t) is the output (measurement), where w is an open subset of €2 to be supposed to satisfy that
there exist open sets €2; C 2 with Lipschitz boundary 9€2; and points xé eR", j=1,2,...,J,
such that ; N Q; =@ forany 1 <i < j < J and

aoQm\/;[(uj.:]yj)U(sz\u]f.:le)] (12)

for some & > 0 where NV [S] = Uyes{y e R : |[y—x| <} for SCR", y; ={x € 0Q; : (x —x) -
v/ (x) > 0} with v/ (x), the unit normal vector of j at x pointing towards the exterior of €2},
defined almost everywhere on 9€2;, and belonging to L°°(d€2;; R"). The geometric condition
(1.2) ensures that linear interior damping can stabilize exponentially the wave equation with the
measure of w being sufficiently small ([14]).

The aim of this paper is twofold: We design an unknown input state observer and an observer
based output feedback stabilizing control for system (1.1). This is a nontrivial generalization of
[8] where full state feedback stabilization was considered. It is also supposed in [8] that f(-) =O0;
d;(x, t) is bounded; and dy (x, t) is Holder continuous. In this paper, we only suppose that d €
L2(0, 00; L2(T"1)). So d(x, 1) is allowed to be discontinuous in x. Therefore, the disturbance
here is much more general than those in existing works by active disturbance rejection control.

It is well known that when the total disturbance is zero: F(w(x,t)) = 0, the collocated feed-
back control

vix,t) = —kws(x,t), xel', t>0, k>0 (1.3)

exponentially stabilizes system (1.1) provided that there exists a coercive smooth vector field
h(x) = (h1(x), ..., hy(x)) of C2(Q) on T, that is, the following geometric optic condition is
satisfied ([13]):

(i) h-v =<0, a.e.only;
(i)h-v>y >0, a.e.only;

(iii) H(x) + H T (x) is uniformly positive definite on Q, where H (x) = {0h;/dx; }Zj=1'

(1.4)

The assumption (1.4) is satisfied when €2 is “star-complemented-star-shaped” ([2]), that is, there
exists a point xg € R” such that

(x —x0)-v<0on Ty, (I is star complemented with respect to xp),

(x —xp)-v>0onTy, (I'] is star shaped with respect to xg),

by setting H (x) = I,,xn, p = 1, and h(x) = x — xo, where I, stands for n-dimensional identity
matrix. In this case, the open subset w in (1.2) can be simply takenas w = QN{y e R" : |y —x| <
¢ for x € T'1}. Notice that ¢ can be taken arbitrary small, which means that the measurement
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(we (x, )|y, we(x,1)|e) is essentially the measurement of w;(x, t)|g. Therefore, our measure-
ment for system (1.1) is essentially two signals, that is, y(x, 1) = (w(x, t)|r,, w; (x, )|5).

We consider system (1.1) in the energy Hilbert state space H = HFIO(Q) x L%(2) where
Hllo(Q) ={p e H(Q)| ¢Ir, = 0} with the usual inner product given by

(@1, 9D, (P2, v2) Yy = / [V (x)Vha(x) + Y1 ()2 (x)dx, ¥ (¢i, ¥i) T €H, i =1,2.
Q

The control space is U = L3(T'y).

This paper adopts the strategy of active disturbance rejection control by estimating and com-
pensating the total disturbance. The first problem we come up with is that weather our measured
outputs are sufficient (and necessary in some extent) to achieve this goal. This problem is closely
related to observability of uncertain PDEs.

Definition 1.1. Suppose v(x, t) =0. System (1.1) is said to be exactly observable, if
(1) When F(w(-, 1)) =0, system (1.1) is exactly observable;
(i1) y(x, t) can identify F(w(:, t)), that is,
}’(,f) :()5 te [07 T] = F('LU(, t)) 201 te [07 T]s
forany T > 0.

Proposition 1.1. System (1.1) is exactly observable.

Proof. The condition (i) is satisfied under the geometric condition (1.4) that there exist 7', Cr >
0 such that ([16, Theorem 2.1])

T
//w%(x, Odxds > Crll w0, wy (-, ). ¥ (w(-. 0), wy (- 0)) € H.
0

To show the condition (ii), we write (1.1) with y(x,7) =0 as

wy(x,t) =Aw(x, 1), x€Q, t >0,

wx,t) =0, x€0dR2, t>0,

w; (x, O)lr, =0, w;(x, )]y =0, >0, (1.5)
Jw(x,t)

3o I, = f@C0) +dx,n, x €Ty, 120,

Set

E(t) = %/[Ww(x, D12 4+ w?(x, 1)ldx.
Q
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Differentiate E (t) with respect to ¢ along the solution of (1.5) to obtain E (t)=0forallt € [0, T],
which yields E(t) = E(0) for all ¢ € [0, T']. By [14, Theorem 2.3 and Theorem 4.1], there exist
T, Ct > 0 such that the following observability inequality holds:

T

//w%(x,ndxdrzcr||(w<-,0),wt(~,0)>||%{, Y (-, 0), wy (-, 0)) € H.
0 w

Since wy(x, )|, =0, we have (w(-, 0), w;(-,0)) = 0 and hence E(t) = 0, which implies that
(w(-, 1), ws(+,¢)) = 0. By the last equation of (1.5), we obtain F(w(-,1))=0. O

Remark 1.1. From Proposition 1.1, we see that one of w; (x, t)|r, and w; (x, )|, is almost neces-
sary for exact observability. Let Q = {x = (x1, x2) e R?| | < x12 + x% < 4} be a two-dimensional
annulus and let Ty = {x = (x, x2) € R?| xl2 + x% =1}, =T\ I'g. For this example, we have

(a). The observation y(x, ) = (w;(x, t)|r,, w;(x, 1)],) is not enough for exact observability.
Actually, let f(w) =0, and let d(x,t) = d be a constant. Then, the condition (1.4) is satisfied
with A(x) = x. System (1.1) admits a solution (w, w;) = (d ln(xl2 + x%), 0) which makes the
output y(x, 1) = (w;(x, t)|r,, w; (x, )]e,) =0.

(b). The y(x,t) = (w(x,)|r,, w;(x,1)|r,) is also not enough for exact observability. Ac-
tually, take initial value (w(:,0), w;(-,0) = (sin( x12 +x%n), 0) where w(-,0) € H& ().
Then system (1.1) admits a solution (w,w;) € C(0, oo; HS(Q) X LZ(Q)) for f =0 and
d(x,t) = aw(—x’l)m. However, w(-,#)|r; = 0 and hence w;(-,7)|r, = 0 makes y(x,t) =

B
(wx, D)|ry, we(x, 1)|r,) =0.

From Remarks 1.1 and 2.2 in section 2, we see that the measurement y(x, ) = (w(x, )|r,,
wy (x, )|, w (x, 1)) is almost the minimal signal to make system (1.1) exactly observable and
(1.10) later well-posed. This ensures in particular that the output contains all information of the
total disturbance, which gives possibility to estimate the total disturbance from the output.

Now, in order to state and prove our results conveniently, we will formulate the system (1.1)
into an abstract form.

Define the operator A as follows:

A, )T =, Ap)T, V (g, ¥) " € D(A),

9 (1.6)
D(A) = {(¢, )T e HN(HA(Q) x HI(SZ))‘ % =vIr, =0} ,
ry
It is easy to verify that A* = —.A in ‘H. Define
2 1 ¢
Ap=—A¢, D(A) = {¢| ¢ € H*(Q) N Hy, (), 5|r1 :0} )

Then A is a positive definite operator in L3(Q). Itis easily shown (see e.g., [9]) that D(A]/z) =
HY () and A'/? is a canonical isomorphism from H\ () onto L*(£2). We consider L*(£) as
the pivot space. Then, the following Gelfand triple inclusions are valid:
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[D(AYH)] — L}(Q) = (L)) < [D(A?)],

where [D(A'/?)]’ is the dual space of D(A!/?) with the pivot space L*(£2). An extension Ae
L(ID(AY?)], [D(AY?)Y) of A is defined by

(A, V) paryyipaizy = (A0, AV2Y) o). V. € D(AY?) = HE, ().
Define the Neumann map Y € L(H*(I'1), H3?T5(Q)) ([15, p. 668]), i.e., Yq =7 if and only if
AT=0in,

o~

N v P
g =0, 2| =q € H'(T).

Using the Neumann map, one can write (1.1) in [D(Al/z)]’ as
W+ Aw— YW+ f(w)+d) =0,
which is further written as
W =—Aw+ B+ f(w)+d), (1.7)
where B € L(U, [D(A'/?)]) is given by
Bug = A~Tu0, YugeU.
Define B* € L([D(A'/?)], U), the adjoint of B, by
(B*¢, u0)y = (¢, Buo) pai2yx(p(arys ¥ € DAY?), ugeU.
Then, for any ¢ € D(A) and ug € Cgo(Fl), by Green’s formula,

(¢), BMO)[D(AI/Z)]X[D(AI/Z)]/ = <A¢, A~713M0)L2(Q)

= (A}, Yuo) 12 = (Ad. v0) 20y = — f A (x)vo(x)dx
Q

:-/(J)Avo(x)dx— / ad)ix)vo(x)dx—}— / ¢(x)8voix)dx:/¢(x)uo(x)dx
Q Iy

d ad
Ul FoUl
= (d)v uO)U’
where vy = Tug. Since Cgo(Fl) is dense in L%(T";), we obtain

B ¢ =¢Ir,.

Therefore, system (1.1) can be written as
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WY () 4 B w) +v+dl (1.8)
dr \w: ) Wy ’ '

where B = (0, B)T and B*, the adjoint of B, is given by
B ¢.9)" =¥, Y (@, V) € (HE ()%

However, since B is not admissible for the semigroup Al generated by A on H (see [23] and
[15, p. 669]), system (1.8) does not always admit a unique solution in H for general v,d €
L}, .(0,00,0).

To overcome this difficulty, we first introduce a damping on the control boundary by design-
ing

v(x,t) = —kw;(x,t) +ulx,t), k>0,Vxel, t>0, (1.9)

where the gain k is a positive constant and u(x, t) is the new control. Under (1.9), system (1.1)
becomes

we(x, 1) =Aw(x, 1), x e, t >0,

LU()C, f)|1“0 =0,1>0,

ow (1.10)
E‘Fl =—kw;(x,t) + f(wx, 1) +d(x, t) +ulx,t), t >0,

w(x,0) =wo(x), w;(x,0) =wi(x), x € Q.
Exactly the same as from (1.1) to (1.7), we can write (1.10) as
W =—Aw — kBB*w + B(f(w) +u +d) in [D(AY?)] (1.11)
or in the first order form
% (;‘}’t ) =A < :)), ) +B(f(w) +u+d) in [D(AYH)] x [D(A?)],
where the operators A and B are given by

¢\ _ 14 ¢
#(0)= (g Jemmry ) ¥ () 2o

DA) = (@, ¥) | ¢, ¥ € D(A'?), Ap + kBB*y € L*(Q)},
B=B.

(1.12)

The Proposition 1.2 presents a sufficient condition for well-posedness of system (1.10).

Proposition 1.2. The operator A defined in (1.12) generates a Co-semigroup of contractions e™

on H and B is admissible for the semigroup e™. Suppose that f : Hllo (Q) — L*(I"y) is contin-
uous with f(0) = 0 and satisfies the local Lipschitz condition in Hllo (R2). Then, for any initial
value (wo, wl)—r € H, controlu € L% (0, 00; L2(F1)), and disturbance d € L* (0, o0; Lz(Fl)),

loc loc
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system (1.10) admits a unique local solution (w, w;)" € C(0, T;H) for some T > 0 such that
forte€[0,T),
! '
(uu)),((.-’,tt))> =M (3?8) +feA(’—S>B[u(-,s) +d(-,5)lds +/eA(’_S)IB%f(w(-,s))ds.
0 0
(1.13)

Moreover, if f: Hllo () — L*(I"y) satisfies the global Lipschitz condition:
1 @) = F@lla) = Lidr = $2ll gy (@) Vo192 € Hi, ()

for some L > 0, then (1.10) admits a unique global solution (w,w;)" € C(0, 0o; H) satisfying
(1.13) with T = 400.

Proof. By [8], we know that A generates a Cp-semigroup €™ of contractions on H and B

is admissible for the semigroup e®!. Therefore, for any fixed T > 0, and any given u,d €
L7,.(0,00; L*(I'),

loc

t
/leA(t—S)B[u(., s)+d(,s)]ds e C@O,T;H).
0

For initial value (wo, wy) ', let (n1 (1), 772(t))T = eA’(wo, wi) . For any given o > maxp<<|
||m(t)||Hr1 @ > 0 and r € [0, 1], define a set A, by
0

Ar=16: 6. €H NP —mDlyy o) <0

Since f : HllO(Q) — L?*(I'y) satisfies the local Lipschitz condition, there exists a constant
L, > 0 independent of ¢ such that

If (@) = f(@Dl2r)) < Lollor — ¢2||HF10(Q), Vo1, ¢z € Ay

The admissibility of B implies that for all # > 0, and ¢ € L*°(0, t; L2(F1)),

< ClIZC D202y < CNVIIEC D o2y (1.14)
H

t
” / A TIBL (-, 5)ds
0

for some constant C; that is independent of ¢. By [23, Proposition 2.3], we know that C; is
nondecreasing in ¢. Let T < 1. Then C; < Cy. Choose 1 so that C14/TL, < 1 and

t
Civilo | o+ eA’<z?>+/eA(’S)IB%[u(-,s)—i-d(-,s)]ds <o. (1.15)
0

CO.L;H)
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Let

(@C 0, @ ()T €CO, 75 H) 1 9(, 00 =wo(-), ¢r(-,0) =wi (")

t

0= @, t)) .Y; <u)0()> _/ Alr—s) . .
<§0t("t) ¢ wl() ¢ B[H(,S)-Fd(,s)]ds <o
0 H

be a closed subset of C (0, 7; H). Define the nonlinear map F from ® to C(0, t; H) by

t t
(LD )= (e + [ HeoBue +atoonas + [ B gt s
0 0
(1.16)
It follows from (1.14) and (1.16) that for any (¢, (plt)T, (¢2, <p2t)T e,
t
o1\ @2(:, 1) _ Alt—s) L) .
”f<%(.’t)) f(%(.,t)) ”H - |fe BLf (01 8) — £ (g2 )]ds
0 H
<CVil f(i1(,9)) — f@a(, S Looo,r:22(rp))
(1.17)

< CiVTl f(@1(,9)) = f@20, D e 0,2: 120y
<C \/?LO' ||(P1(’ §) — (/)2('5 S)”LOO(O’T;HII‘I (Q)
(pl('at) _ (P2('at)
@1:(, 1) @2 (-, 1)
from which and (1.15), we can see that #® C ©. Thus, F is strictly contraction on ®. By the
contraction mapping theorem, (1.16) admits a unique fixed point (w, w;) " € C(0, 7; H) which
satisfies (1.13).

Now, we prove the second assertion. Let [0, T') be the maximal interval of existence of the
solution of (1.10). If T < o0, then it follows from (1.14) that for t € [0, T),

SCI\/?LU

CO,T;H)

2

=< C?”f(u)(, s))”iz((),t;Lz(Fl))
H

t
H / AUTIB F(w(, 5))ds
0

2 2 2712 2
=< CT”f(w(’ s))||L2(0.t;L2(F1)) = CTL ||lU(, S)”LZ(O t'HIl (Q) (118)
, RERE W

' 1
— 22 L 8)|2 7L’ v
=C;L !Ilw(’s)”fzrlo(mdschL 0/”<wz(-75)>

Since the solution over [0, T') satisfies (1.13), by (1.18), it follows that

2

ds.
H
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2 p :
w(, 1) ar  wG,0) / A(t—s)
<2 + | e Blu(-,s) +d(-, s)]ds
() o ) fr-rmvo
0 H
¢ 2
+2 feA(’_S)IBf(w(-,s))ds
0 H
. 2
<2 max |e™ w(-0) ~|—/6A(’_S)]E§[u(-,S)—i—d(.,S)]ds
1€[0,T] w; (-, 0)
0 H
(w6 |
+2€%L2fH<w ¢ ) ds,
we (- 8) ) |3y
0
which, by using Gronwall’s inequality, yields
‘ 2
w0\ | ar [ w(,0) Alt—s) 202 L2T
’ <2 max |e? ’ +/e =9Blu(-,s) +d(,s)ds|| e~ 1,
H(wl(-,t)) y  tel0.T] <wz(',0)> e, 5) +d(, 9)]
0 H

that is, (w, w) " is bounded on 7 over [0, T']. Since T < oo, similarly to the proof of the existence
of local solution, we can prove that (1.10) has a unique solution over [0, T + §g) for some §p > 0.
This is a contradiction. This proves that (1.10) admits a unique global solution. O

Let us briefly indicate the main contributions of this paper. First, we design an extended state
observer from which the state of system can be recovered asymptotically and the total disturbance
can be estimated. Second, the disturbance is canceled in the feedback loop and a stabilizing
output feedback control is then designed. The closed-loop system is shown to be asymptotically
stable by guaranteeing that all subsystems are uniformly bounded.

We proceed as follows. In Section 2, we state the main results. These include, the procedure
of design of an extended state observer that not only estimates the system state but also the total
disturbance, the well-posedness of the extended state observer, and the stability of the closed-loop
system. Section 3 is devoted to the proof of the main results. Some numerical simulations are
presented in Section 4 for illustration. Finally, to end this section, we stipulate that in the rest of
the paper, all obvious domains both for time and spatial variables are dropped without confusion.

2. The main results
2.1. Extended state observer design

In this subsection, we list the outline of design of an extended state observer in terms of
the input and output of system (1.10). The extended state observer is a special unknown input

observer served for estimation of total disturbance as well. The mathematical justification follows
up in next section. We shall achieve this goal through the following steps.
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Step 1: Separate the total disturbance from the original system to an exponentially stable
system. Actually, design an auxiliary system “z(x, #)” as follows:

2 (x, 1) = Az(x, 1) —a(x)[z¢(x, 1) —w(x, 1)],

z(x, )|, =0,

daz(x,1)
v

2(x,0) = z0(x), z:(x,0) = z1(x),

2.1

|rl —kz(x, 1) +u(x, 1),

which is completely determined by output w; (x, t)|, and input u(x, t)|r,, and a : 2 — [0, 4+-00)
in (2.1) is chosen to be continuous with supp(a) C w and there exists an open set w, CC w such
that a(x) > 0O for x € w,, where w, also satisfies the condition (1.2). In other words, system (2.1)
is a completely known system. Let

Z(x, 1) =z(x, 1) —w(x, 1) (2.2)
be the error of z-system (2.1) and original system (1.1). Then Z(x, ¢) satisfies
2o (x, 1) = AZ(x, 1) —a(x)z (x, 1),

’Z\(X,l)h‘o :O,

o 2.3
8z(x,t)|r —kz;(x, 1) = f(w(-, 1) —d(x,1), -
av !

Z2(x,0) = zo(x) — wo(x), Zr(x,0) =z (x) — wy (x).

The system (2.3) is just the system that we are looking for because its linear part is exponentially
stable and the inhomogeneous part of (2.3) is just the total disturbance. System (2.3) is our
starting point to estimate the total disturbance.

Step 2: Design a “d(x,1)” system from (2.3) to estimate the total disturbance. For this pur-
pose, design

di(x, 1) = Ad(x, 1) — a(x)d; (x, 1),
d(x,1)|r, =0,

d(x,0)lr, = —[z(x,1) — w(x, D],
d(x,0) =do(x), d;(x,0) =d (x),

(2.4)

which is determined by z(x, 7) and output w(x, 7)|r, and hence (2.4) is determined by input and
output only. Let d(x 1 =72(x,1)+ d(x t). Then d(x, t) satisfies

di(x,1) = Ad(x, 1) — a(x)d (x, 1),

! 2.5)
d(x,t)|r=rour; =0,

which is exponentially /s\table ([14]). In other words, system (2.4) is an unknown input observer
for system (2.3) that —d (x, r) gives an estimate of Z(x, 1). Now,
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ad(x,1)  9d(x,1)

= +kd; (x,1) — F(w(-,1)). (2.6)
v v

Since we can also show that

ad
o €L7(0,00 LX), @.7)
v

which means that the error between W + kZl\, (x,t) and F(w(-,t)) is at most of an error of
L2(0, 00; L%(T'y)), we can therefore consider

0D 431y~ Fu(, 1), 2.8)

The error system (2.5) is independent of total disturbance (d(x, 0) depends actually on the
initial value w(x, 0) only because z(x, 0) and d (x, 0) can be assigned arbitrarily). In other words,
no matter what the total disturbance is, the convergence rate is always the same or equivalently,
the total disturbance is sufficiently estimated by (2.4). This is a remarkable merit of this design.

Since d(x 1) =7(x,1)+ d(x t)=z(x,t)+ d(x t) —w(x, 1), it follows from the exponential
stability of (2.5) that z(x, t) + d (x,t) gives an estimate of w(x, t). In other words, the systems
(2.1) and (2.4) together give an unknown input observer for original system (1.1). This is the
first time we have obtained an unknown input observer for system (1.1). However, since control
appears explicitly in (2.1) only, it is a little bit not convenient to take care of (2.5) for design
control. To round this obstacle, we present Step 3.

Step 3: Compensate the total disturbance to obtain a state observer. Actually let

Wy (x, 1) = AW(x, 1) —a(x)[w(x, 1) —w(x, 1)],
w(x,1)|r, =0,
ow(x, 1)

ov
w(x,0) = wo(x), W (x,0)= uu(X),

2.9)
Bd(x 2 +kd,(x t)4+ulx,t),

’1‘* —kw l( )+

which is determined by input and output. Then w(x, t) = W(x, t) — w(x, t) where w(x, 1) is the
solution of (1.10), satisfies

Wy (x, 1) = AW (x, 1) —a(x)w;(x,1),

w(x,1)|r, =0,

ow(x, 1)
av

B (2.10)
ad(x, 1)

|l"1:_kwl‘(-xvt)+ 9

which could be shown to be asymptotically stable due to “smallness” of inhomogeneous term
g—i € L*(0, o0; L(I'1)). Therefore w(x, ) can be regarded as an estimate of w(x, t) as t — +o0.
In other words, (2.9) is served as another unknown input observer for original system (1.1).
This is the second unknown input observer we designed for system (1.1). System (2.10) is more
convenient for control design.
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Finally, putting all these systems (2.1), (2.4), and (2.9) together, we obtain an extended state
observer for system (1.10) as follows:

Wy (x, 1) = AW(x, 1) — a(x)[wy (x, 1) — wy (x,1)],

w(x,1)|r, =0,

AW (x, 1)

o~ al) -~

dis(x,t) =Ad(x,t) — a(x)dt(x, t),

d(x.0)r, =0, d(x,0)Ir, = —[z(x,1) —w(x, 1],

i (x, 1) = Az(x, 1) —a(x)[z: (x, 1) — we (x, )],

0z(x,1)
av

w(x,0) = wo(x), w;(x,0)=1wi(x),

d(x,0) =do(x), d;(x,0) =d (x),

z(x,0) = zo(x), z:(x,0) = z1(x),

ad(x 1)

|F1 = —kw,(x, 1) + +kd,(x 1) +u(x,t),

@2.11)

z2(x,0)lry =0, Ir, = —kzi (e, 1) +ux, 1),

which estimates not only the state but also the total disturbance.
2.2. Well-posedness of extended state observer

In this subsection, we explain the well-posedness of extended state observer (2.11). Lemma 2.1
is on system (2.3).

Lemma 2.1. For any u € L}, (0, 00; L>(T'})), d € L}, .(0, 00; L*(I'1)), and (wo, wy) € H, sup-
pose that f : Hllo () — L3(T'y) is continuous with f(0) =0 and that (1.10) admits a unique

solution (w, w,)T € C(0, 00; H). Then, for any initial state (Z9,21) € H, system (2.3) admits
a unique solution (Z,Z;) € C(0, 00; H). Moreover, if d € L*(0, oo; L*(I'1)) and the solution
(w(x, 1), w;(x, ) of (1.10) is bounded, then (Z(x,1),Z;(x,1)) " is also bounded, i.e.,

sup ||(2(s l‘),’Z\[(', t))“% < 4o00.

t>0

Next, we consider (2.5) and (2.10) together, namely, the following system:

Wi (x, 1) = Aw(x,t) —a(x)w;(x, 1),
w(x,1)|r, =0,

8w8()]c), 1) irl k) + adg)]c), t)
diy(x,t) =Ad(x,t) —a(x)d;(x,1),
aiv(x,l)ll":rourl =0,
w(x,0) = wo(x), wy(x,0)=w;(x),
d(x,0) =do(x). di(x,0) = dy (x).

’

2.12)
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Let H= HO1 () x L%(Q). It is well known ([14]) that the “g-part” of system (2.12) admits a
unique solution (d, d;) € C(0, oco; H) such that

1 ~ ~ ~ ~
E@®):=3 f [1VaGe DR 41, 0P [ dx < Mae™ @, 0, ¢ DI (2.13)
Q

for some constants My, wy > 0. It is worth mentioning that the decay rate w, depends on the
damping coefficient a(x), and the measure of the interior observation domain w, but independent
of total disturbance. The last property is one of the remarkable merits of this design.

We consider system (2.12) in the energy Hilbert state space X = H x H with the usual inner
product given by

(D1, V1, p1,q1) 5 (92, ¥2, P2, q2) ) /[V¢1(X)V¢2(X)+1//1(X)¢2(X)]dx

(2.14)
+/[Vp1(X)Vp2(X) + ()G (0))dx, ¥ (Bi, i, pingi) | € X, i=1,2.

LemmaNZ.%. For any initial value (g, Wy, EO, El)T € X, system (2.12) admits a unique solution
(W, Wy, d,d;) T € C(0, 00; X) satisfying

Jim (|0, @0 d 0. di ) =0,
Moreover,

ad
o € L2(0, 00; L*(T'y)), (2.15)
v

which is said to be the hidden regularity of the PDE satisfied by di (x,1).

Theorem 2.1 is about the well-posedness of the extended state observer (2.11). A first main
result of present paper.

Theorem 2.1. Foranyu € L}, (0, 00; L>(T'1)), d € L7, (0, 00; L*(I'1)), and (wo, wy) € H, sup-
pose that f : H1 (Q) — L%(I'y) is continuous with f(0) = 0 and that (1.10) admits a unique

solution (w, w)T € C(0, 00; H). Then, the extended state observer (2.11) is well-posed and for
any (g, Wy, do, d1 20,21) € H3 with compatible condition

do(x) + z0(x) — wo(x) =0 on Ty,

(2.11) admits a unique solution (w, Wy, d. 21?, 2, 21) € C(0, 00; H3). Moreover, (W (x, 1), W (x, 1))
satisfies

Jm @G, ) = w0, w0 = w0l =0, (2.16)
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and Zl\(x, t) satisfies

od  ~ 5 5
o kd = Fw) € L2(0,00; L) (). (2.17)
Vv

Notice that (2.17) is just (2.7), in other words, (2.17) confirms the approximation (2.8). Now
we want to show much stronger approximation than (2.17). To do this, we consider system (2.5)
further. It is seen that system (2.5) is an independent system with the system operator given by

A, v)T =W, Ap — T . V(p,v)T € D(AY),
{ 1@ V)T =W, Ap—ay)", ¥V (@, )" € D(A)) .18

DA = {(¢,¥v)" eHN (H*(Q) x H' ()| ¢Ir = ¥|r =0}.

Lemma 2.3. For any given (g(-, 0), c7,(~, 0)" € D(A1), the solution of (2.5) satisfies

< Ce—a)d*t
LX(T'y)

H ad(-, 1)
v

k]

with some constants C, wg+ > 0, where C depends on (c7(-, 0), g,(~, 0)) only.
Corollary 2.1 is a direct consequence of Theorem 2.1 and Lemma 2.3.

Corollary 2.1. Suppose that (g, Wy, do, d1, 20, 21) € H3N (H2(Q) x H'(Q))3 with compatible
condition

do(x) 4 z0(x) — wo(x) =0 on T.

Then the “(c/l\, z)-part” of (2.11) admits a unique solution (c/f, z) such that

< Ce™wdl, (2.19)
L2(T'y)

H ad(-, 1) +kdy (-, 1) — F(w(-, 1))
av

Theorem 2.2. Forany u € L3, (0,00; L*(I')), d € L}, (0, 00; L*(T'1)), and (wo, w1) € H, sup-
pose that f : Hllo () —> Lz(Fl) is continuous with f(0) =0 and that (1.10) admits a unique
solution (w, w)" € C(0, c0; H). Then, the extended state observer (2.11) is well-posed and
for any (wy, W1, do, d1, 20, z1) € H3 N (H*(Q) x HY(Q))3, (2.11) admits a unique solution
W, Wy, d, dy, 7, 20) € C(0, 00; H3). Moreover, (i (x, 1), Wy (x, 1) satisfies

“(@(’ t) - w('7 t)v ﬁt('s t) - wt('s t)”H E Me—'uta (220)

where M, i > 0.
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2.3. Extended state observer based output feedback

In this subsection, we consider the second main problem of this paper: extended state observer
based output feedback stabilization. By Lemmas 2.2 and 2.3, W + k;i; (x, t) can be regarded

as an estimate of the total disturbance F'(w(-, ¢)). Thus, we can cancel the total disturbance by
designing output feedback control to (1.10) as follows:

ad(x, 1)

u(x,t) = — kd, (x,1). (2.21)
Under feedbacks (1.9) and (2.21), the closed-loop system of (1.1) becomes

wy(x, 1) = Aw(x, 1),
w(x,|r, =0,

8_w|r =—kw;(x, 1) + f(w(x, 1) +d(x,t) — 9d(x, 1) — kd, (x, 1),

Jv 1 v

Wy (x, 1) = Aw(x, 1) —a(x)[w; (x, 1) — w(x, )],

D, Dlry =0, 7, =~k (x. 1), 022)

i (x, 1) = Ad(x, 1) — a(x)d; (x,1),

d(x,0)lry =0, d(x,Dlr, = —[z(x, 1) — w(x, D],
2 (x, 1) = Az(x, 1) —a(xX)[z,(x, 1) — w; (x, )],
2(x,0)Ir, =0,

0z(x,1)
ov

ad(x, 1)
V

Iy =~z 0) = — kdy (x, 1).

Theorem 2.3 is about convergence of system (2.22), the second main result of this paper.

Theorem 2.3. Suppose that d € L*®(0, +oo, L*(T'1)) and f € C(H] (Q), L*(T'1)) satisfies
f(0) = 0. Then, for any initial state (wo, w1, Wo, W1, %, Zf], 20, zl)—r e H* with compatible con-
dition

do(x) + z0(x) — wo(x) =0 0n Ty, (2.23)

the closed-loop system (2.22) admits a unique solution (w, w;, W, Wy, (’1\, 21\,, 2,2) € C(0, 00; HY
which satisfies

[1—l>IgO ”(U)(, t)1 wl('v t)7 w(v t)v wt('v t))”'}-[z == Ov (224)
and

sug 1@\ 1), dy (- 1), 20 1), 24 (-, )| 3g2 < +00. (2.25)

t>
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Moreover; if we assume further that
(z0 —wo +do,z1 —wi +d1)" € D(A))

where D(A1) is defined in (2.18), then

(1)~
H 0 +kdi (-, 1) — F(w(-, 1)) <Ce ', (2.26)
av LZ(FI)
and there exist constants M, ;1 > 0 such that
”(U)(, [)1 wt('7 t)s w(? t)v wt('9 t))”’}-[z =< Meiut' (227)

Remark 2.1. For the closed-loop system (2.22) in Theorem 2.3, different to Lemma 2.1, The-
orems 2.1 and 2.2, we remove the assumption that the “w-part” of closed-loop system (2.22)
admits a unique solution (w, w) " € C(0, co; H). This sounds extraordinary because the closed-
loop system (2.22) is a nonlinear system. However, the closed system (2.22) is equivalent to
system (2.28):

wy(x,1) = Aw(x, 1),

U)(X, t)'ro :0»

dw(x, 1) ad(x, 1)
oy In = TR =0
Wi (x, 1) = Aw(x, t) —a(x)w;(x, 1),

’

w(x, ), =0,

AW (x, 1) - ad(x, 1)

oy n T kR0 + 0

diy(x,t) =Ad(x,t) —a(x)d,(x,1),

d(x,0)|r=rour, =0,

Zu(x, 1) = AZ(x, 1) —a(x)Z;(x, 1),

Z(x,0)|r, =0,

9Z(x, 1)
av

(2.28)

)

|r1 =—kz;(x,1) — f(w(x, 1)) —d(x,1),

which is (3.35) is next section, where we can see that the “(w, w, J)—subsystem” of (2.28) admits
a unique solution because it is linear and independent of “Z-subsystem”. The principal part of
“Z-subsystem” is linear and the Llonlinear term f(w(x,?)) is its inhomogeneous term and is
obtained from the linear “(w, w, d)-subsystem”. This interesting trick solves well-posedness of
actual nonlinear system (2.22).

Remark 2.2. From Remark 1.1, the signal w;(x, #)|r, is used to make system (1.10) (Proposi-
tion 1.2) as well as extended state observer (2.11) well-posed (Theorem 2.1). In other words,
if we consider stabilization of closed-loop system only without consideration of well-posedness
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for open loop system and extended state observer, the output y(x, ) = (w(x, H)|r,, wy(x, 1))
is sufficient to be used to stabilize system (1.1). Indeed, setting k = 0 in (2.11) and replacing the

control (2.21) by u(x,t) = —w,(x,t) — W, we have the closed-system as follows:

wy(x, 1) = Aw(x, 1),

w(x,)|r, =0,

Jw R dd(x, 1)

3_|F =—w(x, 1)+ f(wx, 1) +d(x, 1) —
p dv

Wy (x, 1) = AW(x, 1) —ax)[w; (x, 1) —w;(x, 1)],

)

o~

-y @ (x, 1)
—|p, =W (x, 1),
gv T ! (2.29)

dit(x, 1) = Ad(x, 1) — a(x)d; (x, 1),
d(x,0ry =0, d(x,0lr, = —[z(x, 1) — w(x, 0],
(X, 1) = Az(x, 1) —a(x)[z(x, 1) — we (x, )],

@(x, l)|1“0 =0,

z(x,1)|r, =0,
3z(x, 1) ad(x,t)
v |F1 DD — 0 1).

Following the proofs of Lemmas 2.1 and 2.2, and Theorem 2.3 in next section with slight modifi-
cation, we can prove that for any initial state (wg, w1, Wo, W1, c%, c/l\l, 20,21) | € H* with compat-
ible condition %(x) ~+ zo(x) — wo(x) =0 on I'y, the closed-loop system (2.29) admits a unique
solution (w, wy, W, Wy, d, dy, 2, 2¢) € C(0, 0o; H*) satisfying limy_ o0 [|(w(-, ), wy (-, 1), B(-, 1),
W (-, 1)) 32 = 0 and sup;- ||(Zf(-, 1), (/l\,(-, 1),2(¢,1),z:(-, 1)) lly2 < +0o. As pointed in [15,
p. 6691, the system (1.1) is not well-posed even if f =0 and d = 0 when the dimension n > 2.
In this case, the extended state observer (2.11) with k = 0 is not well-posed. Since the solvability
of observer is important as indicated in [7], we include signal w;(x, )|r, in the output to make
(1.10) well-posed.

3. Proof of the main results

Proof of Lemma 2.1. We first notice that system (2.3) can be rewritten as an evolution equation

in H:

d . T R T

E(?(n 0,2, D) =A@, 10,2 (1)) +B(f(w(, 1) +d(. 1)), 3.1
where B is the same as that in (1.12) and the operator A is given by

Ao, V)T =W, Ap—ay) ", VY (¢, )T € D(Ao),

ad
D(Ag) = {(¢, ¥) " e HN(H*(Q) x Hp, () fm =—kyIr, } :

(3.2)

We will show that system (3.1) has a unique solution. Since (w, w;) | € C(0,00; H) and
f: Hllo(Q) — L?(I'}) is continuous, we know that f(w(-,-)) € C(0,00; L?(I'1))), and thus
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it suffices to prove that A generates a Co-semigroup e’ and B is admissible for the semigroup
efot ([23]). Actually, for any (¢, I/J)T € D(Ay),

Re(Ag(d,¥) ", (¢, ¥) )y =Re / [VY(x) - Vo) + (Ap(x) — ay (x) ¥ (x) ]dx

¢ (3.3)
= —k/ | (x)[7dx — /a(x>|w(x>|2dx <0.
I Q
This shows that A is dissipative. Now we show that A L'e L(H). Solve the equation:
¢ W ¢
A = = o~
0 (w) (¢” —aw> (w) <H
to obtain ¢ = $€ Hllo (2), and
A (x) —a()y (x) =P (x),
3 (3.4)
élr, =0, 5|F1 = —kyIr,.
By the trace theorem and ¢ = $ € Hrlo(Q), (3.4) can be rewritten as
Ap(x) =P (x) +a(x)p(x) € LX), x € Q,
d —~ 3.5
I, =0, a—"’ = —k¢Ir, € H'/*(I')). G-
Vi,

By the elliptic partial differential equation theory, we know that (3.5) admits a unique solution
¢ € H*(Q) satisfying

11l 2y < IV +adll 2y + 181 512y )-

Hence A ! (3;, 1//})T = (¢, 5), where ¢ is uniquely defined by (3.5). It follows from the Lumer—
Phillips theorem [17, Theorem 1.4.3] that A generates a Co-semigroup of contractions e
on H. Moreover, we can show that ¢’ is exponentially stable on . Actually, the operator
Ag can be decomposed into the sum of two operators, i.e., Ag = A + A,, where A is given by
(1.12) and A, is defined by A,(¢, ¥) " = (0, —ay) " with D(A,) = H. It is clear that for any
(@.¥)" € D(A,),

Re(Ay(d, ¥) ", (¢, ¥) gy = — / a(x)|y (x)|2dx <0,
Q

which shows that A, is dissipative. Since A, is bounded on H, A, generates a Cp-semigroup of
contractions e®’, i.e., |e®a’|| <1 for all # > 0. Since we have proved that all e(AT4a) A" apd
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eha! are Co-semigroups of contractions, it follows from the Trotter product formula [21] that

Pt — im [/ neRat/n)n 1 >0, (3.6)

n—oo

Since ¢ is exponentially stable, there exist M, > 1, wp > 0 such that e || < Mye~ " Take

70 > 0 such that Mye~®™/% = 1. It is seen that [[e®]| < Myye™0" = M,,e~0/H e=@0/2 <
e~ !/2 for t > 19. By (3.6), we have

leor )l =1 lim [e"'/7eRet/ M) < Tim_[|[e/"eRet /"
n— 00 n— 00 (3 7)
< lim [[le®/"|[efa/" 1" < Tim [e=®0!/ @M ()" = ¢=0!/2 ¥ 1 > gq.
n—oo n—oo

So, ™0 is exponentially stable on .
Now, we show that B is admissible for the semigroup e
following system:

Aot For this purpose, we consider the

d ( p( t)) (p(- t))

- ’ =A ’ . 3.8

dt (Pt(',f) O\ piC0) G8)
Since Ag generates a Cp-semigroup on H, which has been justified, for any (p(-,0), p(-, o' e

D(Ay), the solution to (3.8) satisfies (p(-, t), p; (-, )T € D(Ag). Take the inner product on both
sides of (3.8) with (p(-, 1), p: (-, 1)) " and take (3.3) into account to obtain

Re(j, p) +Re(Vp, Vp) = —k|B*plI* — IVapll?,
that is,
. 1
F(t)= —k/ |B*py(x, 1) 2dx — /a(xnpt(x, DiPdx. F(t) =3 f [V p @I+ [l pr (o) 12 ]dx.
I Q Q

Therefore,

T
k//|B*p[(x,t)|2dxdt < F(0) — F(T) < F(0).
0 Iy

This shows that the operator B is admissible for the semigroup e’ ([23]). Therefore, system
(2.3) has a unique solution given by

t

26,0\ _ agr [Z0() Ao(t—s) ' '
(3(.,,)> =e (?1(-)) +/e CTIB(f (w(-, 1) +d (-, 1))ds. (3.9)
0

Since ¢*0' is exponentially stable on , which has been justified, and since B is co-admissible for
ehot by virtue of [23, Remark 4.7], it follows from [23, Remark 2.6] that there exists a constant
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M > 0 independent of ¢ such that

t
” [ B ) + d s EMU@ +dlixoiey. 610
0

Since f : Hllo(Q) — L%(I'}) is continuous and (w(-, 1), w(-,#))T is bounded, there exists
My > 0 such that || f(w(-, 1)l 2,y < M for all 7 > 0. It follows from (3.9) and (3.10) that

Proof of Lemma 2.2. It suffices to prove that the “w-part” of system (2.12) admits a unique
solution (w, w;) € C(0, 00; H) and is asymptotically stable. For this purpose, we first prove that
(2.15) holds. Since the boundary I' is of class C2, it follows from Lemma 2.1 of [12, p. 18] that
there exists vector function 4 € C! (Q, R™) (different from /4 in (1.4)) such that an fl(x) =v(x)
onx eI Set

p(t):Reféi,(x,t)ﬁ(x).VZ(x,t)dx. 3.11)
Q

It follows from Cauchy’s inequality that

)] < max {1, 1l x| EO), Vi =0, (3.12)
where E(t) is given by (2.13). Denote ﬁ(x) = {Bﬁi/axj zr'l,jzl' Since
~ 83()6, t) . ~
Vd(x,)|r = 3 v(x) owing to d(x, t)|r =0, 3.13)
v

it follows from the divergence theorem and the fact fz(x) -v(x)=1onT that

Re/v&’(x,z).wiz(x)-v&’(x,z))dxz %Re/Vg(x,t)(I:I(x)+I:IT(x))Vg(x,t)dx
Q Q

—i—%/div(wg(x,tﬂzfz(x))dx - %f|vg(x,t)|2div(ﬁ(x))dx
Q Q

_1/ ad(x,1)
2 ov
r

—%/|Vc7(x,t)|2div(ﬁ(x))dx,
Q

2 I
dx + %Re/ Vd(x,t)(H(x) + H' (x))Vd(x, )dx
Q

(3.14)

and
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/ h(x)-V(d(x,0)*)dx = / [div(|d; (x, )1*h(x)) — |d; (x, 1) |Pdiv(h(x))]dx
Q Q

= [ 0P veods - [ e nPaviends s,
r Q

=_/|c7t(x,t)|2div(ﬁ(x))dx.
Q

By (3.13), (3.14), and (3.15), differentiating p(¢) yields

o(t) :Re/Ai(x,z)ﬁ(x).vii(x,z)dx —Refa(x)it(x,t)ﬁ(x) Vd(x,t)dx

; Q
1 ~
+ E/h(x) . v(|dl(x,f)|2)dx
Q
~ Yy 1 g 2
:Re/ 00D oy N a e tydx — lf‘ad(x,t) N
av 5 -
r

~ %Re/Vg(x,t)(ﬁ(x) + H"(x))Vd(x, t)dx + % / |Vd (x, 1)|2div(h(x))dx
Q Q
— %/ d, (x, 1)|2div(h(x))dx — Re
Q

4

r
+%/|V07(x,t)|2div(ﬁ(x))dx
Q

/a(x)cZ(x, Hh(x) - Vd(x, t)dx
Q

ad (x, 1)
Jv

2 _
dx — %Re/ Vd(x, t)(H(x)+ H (x)Vd(x, t)dx

— %f|67t(x,t)|2div(ﬁ(x))dx —Re/a(x)E,(x,t)ﬁ(x)-vj(x,t)dx.
Q Q

Hence,

2 t

1 ~ A N —_—

dxds = ERe/ / Vd(x,t)(H(x) + H' (x))Vd(x, t)dxds
0 Q

1// ad(x, 1)
2 v
0or

t
/|v3(x,s)|2div(ﬁ(x))dxds+ %//|J,(x,t)|2div(ﬁ(x))dxds (3.16)
0 Q

1
2

o

Q
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t
+Re//a(x)c7,(x,t)h(x)-vj(x,s)dxds+p(r) — p(0)
0 Q

t

= Cf E(s)ds + p(1) — p(0),
0

where C is a positive constant depending only on ﬁ(x). By (2.13), (3.12) and (3.16), we have
o0

‘ai(x,t)
// v
r

0

2
dxds < +o0, (3.17)

which implies (2.15). Next, we consider the “w-part” of system (2.12). Notice that the “w-part”
of system (2.12) can be written as

ad(-, 1)
ov

d - ~ ~
S @60, N =A@, 1), W (1) +B (3.18)

where the operators Ag and B are given by (3.2). By Lemma 2.1, we know that B is admissible
for 20’ Therefore, the “@-part” of system (2.12) has a unique solution given by

t

~ ~ ~ ~ _ ag y
(@, 1), W (1) " =™ (o, 1) " + f o= 20 (3.19)
v
0
By (3.17), for any given & > 0, there exists #) > 0 such that
T rlad 2
&) rds < 2. (3.20)
av
o I'y
We rewrite (3.19) as
) ~
ad(-
(@, 0, ()T = (@, W) T + M0 f e‘*()(fo—s)IB%%ds
v
0 (3.21)

t

+ / (a2l 4
av

fo

It follows from the admissibility of B, the exponential stability of the semigroup e’ and [23,
Remark 2.6] that
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t t -
/ Aot—s)g ="~ ad. S) < -/er(t*s)]B 0Q 9C, 5) ds
av - n 0V
0 H 0 H (3.22)
ad(-,
<L H C.5) <Le,
W 2,022 1)

where L is a constant that is independent of d (x,1), and

u(), 0<r=<r,
v(t), t>T.

(MQU)(I) = {

Since ¢’ is exponentially stable claimed by Lemma 2.1, there exist constants L, wy > 0 such

that ||eA0t | < Loe=®". By (3.21) and (3.22), it follows that

fo ~
E)(-, t) < Loe—wot %0 + Loe—a}o(t—to) /eA()(to—s)IB ad(, S) ds + Le.
we(-, 1) o w1 ) |y av n
(3.23)
Passing to the limit as + — 0o, we finally obtain
ASURT SN (3.24)
t—>oo wy (-, 1) U

This proves that lim; 0 |(W(-, 1), W; (-, 1) ||y =0. O

Proof of Theorem 2.1. Let Z(x,t) be given by (2.2) and let B (x, 1), d(x, 1)) = (W(x,1) —
w(x,t),Z(x,t) +d(x,1)). It is obvious that

W(x, 1) 00 0 0 I 0\/dx0 I 0

W (x, 1) 00 0 0 0 I|]|d«,n 0 I

d(x,t) I 0 =1 0 0 0] 2,0 0 0)/wix,0
a(x. 1) o7 0 -1 0o0llzeolT]o o (w,(x,z)>‘
2(x, 1) 00 I 0 I 0| wxon 0 0

e (x, 1) 0 0 O I 0 I wy(x,1) 0 0

It follows from Lemmas 2.1 and 2.2 that (2.11) admits a unique solution (w, Wy, 3 Zl\, Z,7t) €
C(0, oo; H3). By Lemma 2.2, we know that (2.16) and (2.17) are valid. O

Proof of Lemma 2.3. For any given (d(-,0),d,(-,0))" € D(Ay), (d,d;)" € C(0, 00; D(Ay)) is
the classical solution to (2.5). Denote d*(x, t) = d,(x, t). Then d*(x, r) satisfies

df(x,t) = Ad*(x,t) —ax)d] (x,1),
d*(x,1)|r, =0, (3.25)
d*(xs t)|F1 = 07
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and (d*(-,0),d;(-,0)) € H. Hence, system (3.25) admits a unique solution (d*,d;") € C(0,
oo; H) which is exponentially stable, i.e., there exist constants Mg+, wz+ > 0 such that

@™, 0), df () Nl < Mare™ [ d* (-, 0), 7 (-, ) 1w, (3.26)
which implies that
1V, (. D)l 20y = IV .0 12(q) < Ma=e™ " (d* (-, 0), d (-, 0)) |m. (3.27)
and
1 Dl 200y = 147 GOl 20y < Mare ™ [(d* (-, 0), di (-, 0)) . (3.28)

By the first equation of (2.5), the Poincare’s inequality, (3.27) and (3.28), we obtain

1A Dl 2 < i D2y + laO L@ Idi G D 2y
< ldi (. Dl 2 + CollaC) | L) IV (. D) 2 (3.29)
< (14 CollaC)ll o @) Mare™ e ||(d*(-, 0), d (-, 0)) |11,

for some constant Cy. It follows from the Sobolev embedding theorem, the trace theorem, (2.13)
and (3.29) that there are constants Cq, C» > 0 such that

=IVd(.t) vl 2y < IVAC Dl 20y

ad(-, 1)
H ov

L2(T'y)
< ClIVACDlgag,) < CLICAIVAC D g1 g (3.30)
< CIGIIVA(. Dl 20y + 1ADC D 2]
< C1CMie™MIII(d (-, 0), d; (-, 0) I + [1(d*(-, 0). d¥ (-, 0)) [lm],

with My = [(1 + Colla()llL= @) Max +2Mal, p1 = minfwg+, wq/2}. O

Proof of Theorem 2.2. By Theorem 2.1, it suffices to prove (2.20). Let (w(x, t),c?(x,t)) =
W(x,t) —w(x,t),Z2(x,t) +d(x,t)). Then w(x, t) satisfies

Wi (x,1) = Aw(x, 1) —alx)w;(x,1),

w(x,1)|r, =0,

AW (x, 1) N ad(x, 1) (3.31)
T}]“l = —kw;(x,1) + oy

W(x,0) =w(x) — wo(x), W (x,0)=wi(x) —wi(x),

which gives
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t

~ ~ o~ ad
(w(-,r>,w,(-,r>f=e*“0’<wo,w1f+f s B(VS)
0
12 - ‘ (3.32)
= ™' (i ﬁl)T—i—eAO(t*'/z)/eAO(’/Z*S)IB%Ld("S)ds—i—/ Aolr= ”]B%ad( LIFH
’ v v
0 12

By Lemma 2.1, o7 ig exponentially stable, and hence there exist My, wg > 0 such that ||eA°’ I <

Moe=®0! 1t follows from (2.15), the admissibility of B and [23, Remark 2.6] that there exists a
constant L > 0 such that

l/2 ~ l/2 -
ettt/ / oho/2=9pddC:9) ol moa—i2)) f Aot/ 905
av T v 2
(3.33)
< Ljetoe-y |2 _ Lageo2 |
Wl 202200 120,00, L2(")
and
t ~ P _
/ ) ALY / erot=op (o 29050 4
v 2 v
12 0 " (3.34)
dd(-, 3d(-,
<1fop 248 =LH SL)
720V 2wy W 2202w

where L is a constant that is independent of c?(x, t). By Lemma 2.3, (3.32), (3.33) and (3.34), we
have

ad

@, 1), W (-, 1)) " [0 < Moe™ " ||(Wo, 1) " |13 + LMoe ™"/ -

L2(0,00;L2(T'1))

+LH

= Moe™™'[| (o, W1) " Il
v L2(1/2,1;L2(T'y))

LCMOe—a)ot/2 + E(e—wd*t/Z — gm0ty

2wg* Wa*
which implies that (W (x, 1), W, (x,¢)) " is exponentially stable on . This proves (2.20). O

Proof of Theorem 2.3. Using the error variables (w(x, t), J(x, 1)) defined by (2.12), and Z(x, t)
defined by (2.3), and the invertible transformation:

I

w 00 0\ [w
| | -1 1 00|
d|~ -1 o1 1 d |
z -1 00 1)\
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we can convert system (2.22) into system (2.28) in section 2, which is rewritten here as follows:

wy(x, 1) = Aw(x, 1),
w(x,t)|r, =0,

dw(x, 1) dd(x,1)
Ty Iny = D =

Wy (x, 1) = AW(x, 1) —a(x)w(x, 1),

W(x, 0, =0,

W, 1), 3d(x, 1)
T|F1__kw’(x’t)+ P
di(x, 1) = Ad(x, 1) — a(x)d; (x, 1),

(3.35)

J(X,t)|r=rourl =0,
/Z\l‘[(-xa t) = A?(X, t) —a(x)/z\t(x, t)a

Z(x, ), =0,

D) 0~ fwte ) —dix, ).
v !

Obviously, it suffices to prove that the “(“,3, , W, g)—part” in (3.35) is convergent as ¢t — oo and the
“Z-part” is bounded. However, the “(w, d)-part” in (3.35) has been shown in Lemma 2.2. Now
we only need to consider the “(w,7)-part” of system (3.35). Actually, the “w-part” in (3.35) can
be rewritten as

wy(x, 1) = Aw(x, 1),

w(x, 1), =0,

N (3.36)
ow dd(x,1)
E|r1 = —kwy (x,1) = ———.
By Proposition 1.2, we can write the solution of (3.36) as
t ad
w0, w (-, 0)) " = (wo, w) " + / eA“—”IBs%ds, (3.37)
v

0

where the operators A and B are given by (1.12). By (2.15) in Lemma 2.2, for any given & > 0,

there exists 7o > 0 such that
oo ~
/ /‘ od(x,s)
ov

1) ]"1

2
dxds < &% (3.38)

‘We rewrite (3.37) as
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¢ od t od
W 1), wi(-1)) T =eM(wo, wy) T 4 A0 / eA(’O_‘Y)IBig" S)ds + / eA(’_‘Y)Bia(.’ s)ds
v v
0 0]
(3.39)
Since e*' is exponentially stable, it follows from the admissibility of B and [23, Remark 2.6]

that

t ~ t
/eA(’—”BL("S)ds < / AR omad( ) g
ov av
1o H 0 H (340)

<L ” ad(-,s)
- ov

< Le,
L2(19,00; L2(T'1))

where L is a constant that is independent of d(x,1).
Suppose that ||| < Loe=®0" for some Lo, wo > 0, it follows from (3.39) and (3.40) that

1o
w(-, 1) < Loe™® wo 1 Lge@0(=10) / Alto— S)[Bgad( S) ds| =+ Ls.
wt('vt) H - w1 H av

H

0
(3.41)

Passing to the limit as + — oo, we finally obtain

w('v t)
lim H (wt(.’ t)) HH <Le. (3.42)

This proves that lim;_, || (w(-, £), w; (-, £))|l3x = 0. The “Z-part” of system (3.35) can be rewrit-
ten as

/Z\fl(xyt) = A/Z\(x3 t) - a(-x)/z\f(-x’ t)s
Z(x, H)Ir, =0,

97(x, 1)
™ |F1 —kz;(x, 1) — f(w(x, 1) —d(x,1),

Z(x,0) = zo(x) —wo(x), Z(x,0) = z1(x) — wi(x).

(3.43)

Since f € C(Hp, (), L*(T'1)) and lim o [[(w(-, 1), w; (-, 1))[l3 = 0, we obtain f(w) €
L>®(0, 0o0; L2(I"y), and thus f(w) +d € L*°(0, oo; L2T)). By Lemma 2.1, we know that
(Z(x,1),Z:(x, 1)) is bounded. The inequalities (2.26) and (2.27) follow from Corollary 2.1 and
Theorem 2.2. O
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4. Numerical simulation

In this section, we present some numerical simulations for system (2.22) for illustration. For
simplicity, we just take dimension n = 2. We consider = {(x1,x2) € R?| 1 < xl2 + x22 < 4},
I'p = {(x1,x2) € R2| x12 + x% =1}, I'i =I' \ I'g. Take the interior observation domain w =
{(x1,x2) € R2| 39 < xl2 + x% < 4}. Obviously, o satisfies the condition (1.2). For numerical
computations, we take parameter k = 3, internal uncertainty f(w(x,?)) = wz(x, t)|r,, distur-
bance d(x,t) = sin(x1t) + cos(x>t). Since the spatial domain consists of a two-dimensional
annulus, we can more easily solve (2.22) in the polar coordinate (r, #) and then convert back to
the original coordinate for some figures if necessary. Under the polar coordinate, system (2.22)
can be written as:

Pw(r,0,1)  Pw(r,0,0) 10w 0,0 1 w60,

O’
ar? ar? r or r2 962
1l<r<2,0<0<2m,t>0,
w(l,0,t)=0,0<6 <2m, t>0,
w(?2,0,t w(?2,0,t .
WEDD _ PO 0,0,0) +d(@eos®), 25in(0), 1
p
3d(2,6,1)  ~
— T—kdt(Z,B,t), 0<6<2m,t>0,
.
2w, 6,1) 9*w(r0,t) 1w, 60,1) 1 3*°Ww(r,0,1)
at2 ar? r or r2 962
ow(r, 0,1t ow(r, 0,1t
—a(r,@)[ w(;t ) - w(;t )]=0, l<r<2, 0<0<2m,t>0,

w(1,0,1)=0,0<6 <27, t >0,
ow(2,0,1) ka@(Z,Q,I) ;

>0,
or ot -
2d(r,0,t) 3%d(r,0,1) 13d(r,6,t) 1 98%d(r,0,1)
at? ar? r or r2 962
ad(r,0,1)
+a(r,)— =0, 1<r<2,0<6 <2m, t >0,

at
d(1,6,)=0,0<6 <2x, t >0,

d2,0,1)=—[2(2,6,1) —w(2,6,1)], 0<0 <27, 1 >0,
2z(r,0,1)  9%z(r,0,1) 193z(r,0,1) 1 3%z(r,0,1)

a2 or? r or r2 0962
az(r, 0.t ow(r,0,t
—a(r,9)|: Z(rat ) _ w(gt )]=0,1<r<2,0<9<2n,z>0,

2(1,6,6)=0, 0<0 <27, t >0,
022,0.0) _ _ 02(2,0,1) 3d(2,6,1)
ar ot or

—kd;(2.6.1), 0<6 <27, >0,

4.1)
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w initial state w final state wy initial state w, final state
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1
0
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-2
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(a) Displacement w at initial time ¢ = 0 and time ¢t = 15. (b) Velocity w; at initial time ¢ = 0 and final time ¢ = 15.

Fig. 1. The initial state and state at t = 15 of system (4.1) with total disturbance F(x,?) = wz(x, Dlr, +sin(xg?) +
cos(xot) (for interpretation of the references to color of the figure’s legend in this section, we refer to the PDF version of
this article).

where we still use w(r, 8,t), W, 0,1), j(r, 6,t) and z(r,60,t) to denote the states under the
polar coordinate for notation simplicity, which is clear from the context. The function a(r, 8) in
(4.1) is defined by a(r, 8) = max{0, min{1, 1000(r — /3.9 — 0.001), —1000(r — 1.999)}} with
re[l,2],0 €[0,2r].

The initial value (4.1) is taken as

w(r, 0,0)= (% —1)cos(50), 1 <r <2, 0<6 <2,

w;(r,0,0) =4sin(r — 1)sin(50), 1 <r <2, 0<6 <2,

d(r,0,0)=—3(r —1)cos(50), 1 <r <2, 0<6 <2x,

dy(r,0,0) =4sin(r — 1)sin(50), 1 <r <2, 0<6 <2, (4.2)
W(r,0,0)=—@r>—1)cos(50), 1 <r <2, 0<6 <2n,

Wi (r,6,0) = —4sin(r — 1)sin(50), 1 <r <2, 0<6 <2m,
2(r,0,0)=2z;(r,0,0)=0, 1 <r<2,0<6<2m.

It is clear that the above initial value satisfies the compatible condition (2.23). The backward
Euler method in time and the Chebyshev spectral method for polar variables are used to discretize
system (4.1). Here, we take the grid size ry = 30 for r, the grid size 6y = 50 for 0, and the time
stepdt =5 x 10~ 4 The numerical algorithm is programmed by Matlab [22] and the numerical
results are plotted in Figures 1-5.

Figs. 1(a) and 1(b) display the displacement w(r, 8, t) and the velocity w, (r, 6, t) at the initial
time ¢t = 0 and the time 7 = 15, respectively. It is seen that the convergence for both w(r, 8, t)
and w, (r, 0, t) is very satisfactory.

We plot (w(r, 7, 1), w; (r, 7, 1)) and (W (r, 7, t), Wy (r, 7, t)) (there is no speciality for 7= which
can be any angle) in the polar coordinate for system (4.1) in Figs. 2 and 3, respectively. It is
clearly seen that in both cases, the convergence is fast and satisfactory.
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w(r,m,t) wy(r,m,t)

(a) The displacement w(r, 7, t) (b) The velocity wy(r,,t)

Fig. 2. The evolution of (w(r, 7, 1), w(r, 7, t)) under the polar coordinate (for interpretation of the references to color
of the figure’s legend in this section, we refer to the PDF version of this article).

w(r,m,t) Wy(r,m, t)

3 iy I"W .”j’/ / /j/ //

V.

10 1 r 10 15 d
t t

(a) The displacement @(r,,t) (b) The velocity wy(r,,t)

Fig. 3. The evolution of (0 (r, 7, t), Wy (r, 7, t)) under the polar coordinate (for interpretation of the references to color
of the figure’s legend in this section, we refer to the PDF version of this article).

We plot (Zl\(r,n,t),zi\t(r,n, t)) and (z(r,m,t),z:(r,m,t)) in the polar coordinate for sys-
tem (4.1) in Figs. 4 and 5, respectively. It is clearly seen that in both cases, the state
(ZI\(r, T, 1), Zl;(r, m,t)) and (z(r, 7, t), z;(r, 7, t)) are bounded.

_The total disturbance f(w) + d and the error between total disturbance and its estimation
% + k:l; — F(w) are plotted in Fig. 6. The convergence is quite fast.

5. Concluding remarks
In this paper, we consider output feedback stabilization for a multi-dimensional wave equation

with Neumann boundary control and control matched disturbance suffered from the bound-
ary disturbance and the nonlinear internal uncertainty. We propose a new infinite-dimensional
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d(r,m,t) Iz(inr.t)

100

50

-50

w \b q‘w‘ wtw W v “

-100 |

15 15
; ) 5 10 2 5 10
t t

(a) The displacement d(r, 7, t) (b) The velocity dy(r,, t)

Fig. 4. The evolution of (Zi\ (r,m, 1), Zi\; (r, , 1)) under the polar coordinate (for interpretation of the references to color of
the figure’s legend in this section, we refer to the PDF version of this article).

z(r,m,t) z(r, m, t)

i

5 10
t t

14 1 B
1.5
22— =1
0 = 2
15 r

(a) The displacement z(r, 7, t) (b) The velocity z(r,m,t)

Fig. 5. The evolution of (z(r, , t), z; (r, w, t)) under the polar coordinate (for interpretation of the references to color of
the figure’s legend in this section, we refer to the PDF version of this article).

extended state observer to estimate unknown total disturbance. The disturbance d(x, t) is partic-
ularly supposed to satisfy d € L>(0, co; L>(I'1)) only. This type of disturbance is much more
general than the existing works by active disturbance rejection control where the derivative of
disturbance with respect to time variable ¢ is required to be bounded and the disturbance with
respect to spatial variable x is supposed to be Holder continuous [8]. Moreover, we remove the
limitation of active disturbance rejection control of using high-gain to estimate the disturbance,
which avoids consequently the peaking value problem. Mathematically, the proposed scheme has
two additionally merits. First, the convergence rate of the extended state observer is independent
of the total disturbance (2.5)—(2.6), and second, the actual nonlinear closed-loop system is solved
by linear method (2.28).
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F(w) Ay k)~ F(w)

o

(a) The total disturbance f(w) +d (b) The error g—g + kdy — F(w)

Fig. 6. The evolution of (f(w) +d, % +kdi— F (w)) under the polar coordinate (for interpretation of the references to
color of the figure’s legend in this section, we refer to the PDF version of this article).
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