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Abstract

We establish a positivity property for a class of semilinear elliptic problems involving indefinite sublinear
nonlinearities. Namely, we show that any nontrivial nonnegative solution is positive for a class of problems
the strong maximum principle does not apply to. Our approach is based on a continuity argument combined
with variational techniques, the sub and supersolutions method and some a priori bounds. Both Dirichlet
and Neumann homogeneous boundary conditions are considered. As a byproduct, we deduce some ex-
istence and uniqueness results. Finally, as an application, we derive some positivity results for indefinite
concave-convex type problems.
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1. Introduction
Let Q be a bounded and smooth domain of RY with N > 1. The purpose of this article is to
discuss the existence of positive solutions for the problems

—Au=a(x)f(u) in Q,
{u:O on 02, (P)

and
—Au=a(x)f(u) in Q, ,
P
{ % =0 on 9%, (%)
where v is the outward unit normal to 02.
Here a € L" (), r > N, is a function that changes sign, and f : [0, c0) — [0, 00) is contin-
uous and sublinear in the following sense:

lim &zoo and lim &zO. (Hy)

s—0t § §—>00 §

In addition, we assume that f(s) > O for s > 0. The model for such f is f(s) = s with
0<g<1.

By a nonnegative solution of (P) we mean a function u € w2r ()N W(}’r (2) (and thus
u € C1(Q)) that satisfies the equation for the weak derivatives and u > 0 in 2. If, in addition,
u > 0 in , then we call it a positive solution of (P). Similarly, by a nonnegative solution of
(P’) we mean a function u € W2 () that satisfies the equation for the weak derivatives and the
boundary condition in the usual sense, and such that u > 0 in Q2. If, in addition, # > 0 in €2, then
we call it a positive solution of (P’).

Under a stronger regularity condition on a, the existence of a nontrivial nonnegative solution
of (P) has been proved in [4,18]. In addition, the existence of a nontrivial nonnegative solution
of (P’) has been obtained in [5] (see also [1]), under the additional assumption that fQ a <0.
Furthermore, the authors in [5] also proved that the latter condition is necessary for the existence
of positive solutions for (P’), if f € C1(0,00) and f’(s) > 0 for s > 0. However, due to the
non-Lipschitzian character of f at s = 0 and the change of sign in a, neither the strong maximum
principle nor Hopf’s Lemma applies to (P) and (P’). As a consequence, one can’t deduce the
positivity of nontrivial nonnegative solutions of (P) or (P’). Let us also point out that nontrivial
nonnegative solutions of (P) and (P’) are not necessarily unique, see [4,5].

In fact, the existence of a positive solution for these indefinite sublinear problems is a delicate
issue and very few papers in the literature have addressed this question. Regarding (P), when
f (s) =9, it was first proved in [14] that if the unique solution ¢ of the linear problem

—Ap=a(x) in £,
{ga:O on 0%, (.1

is such that ¢ > 0 in €, then (P) has a positive solution (which may not belong to the interior of
the positive cone) for any 0 < g < 1. This condition, however, is not sharp, since one can find a
function a such that (P) possesses a positive solution for some 0 < g < 1, but the corresponding
¢ satisfies that ¢ < 0 in Q (see [12, Section 1]). Later on, in the aforementioned article [12],
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the authors considered the same problem in the one-dimensional and radial cases, providing
several sufficient conditions on a (as well as some necessary conditions) for the existence of
a positive solution of (P). Some of these results were then extended to the case of a general
bounded domain in [13]. We point out that in all these papers the only tool used was essentially
the well known sub and supersolutions method in the presence of weak and well-ordered sub and
supersolutions (see e.g. [11]).

On the other hand, for the Neumann problem (P’), even with f (s) = s7, to the best of our
knowledge, no sufficient conditions for the existence of positive solutions are known.

In this article, we shall not only prove that in some cases (P’) and ( P) admit positive solutions,
but even more, that every nontrivial nonnegative solution of (P) and (P’) is a positive solution.
This will be done using a continuity argument inspired by [15] (see also [16]), where the author
proves the existence of a positive solution for the problem

—Au=ul+ f(x) in Q,
{ u=~0 on 02, 1.2)
where 1 < p < %—J_r%, N >3, and f € L*(R2), with s > % Under a smallness condition on f

(which may change sign), the author shows that this problem has a mountain-pass solution u r
which depends continuously on f, in the sense that, up to a subsequence, u f — ug in C 1(Q) as
f — 0in L*(2), where uq is a nontrivial nonnegative solution of (1.2) with f = 0. Furthermore,
by the strong maximum principle and Hopf’s Lemma, u lies in the interior of the positive cone
of C1(Q), and consequently so does u rif f is close enough to zero. We shall exploit this idea,
dealing now with a class of sublinear problems and deducing the positivity of not only one
solution, but every nontrivial nonnegative solution.

Roughly speaking, we shall see that the positivity of nontrivial nonnegative solutions can
be recovered if (P) or (P’) are somehow sufficiently close to a problem the strong maximum
principle applies to. This situation occurs, for instance, if the negative part of a is small enough
(for (P)) or if f(s) = s? with ¢ close enough to 1 (for both (P) and (P’)). We rely here on the
fact that the strong maximum principle applies to (P) and (P’) if either a > 0 or f(s) =s.

We set at := max(4a, 0). Observe that the assumption that ¢ changes sign means that
|supp a®| > 0, where |A| stands for the Lebesgue measure of A C RY. We denote by Q2 the
largest open subset of 2 where a > 0 a.e., and assume that

Q. has finitely many connected components and |(supp a™) \ 4| =0. (H>)

In particular, we see that €2 is nonempty.

The above condition will be used to deduce that nontrivial nonnegative solutions of (P) and
(P’) are positive in a subdomain of €, and consequently uniformly bounded away from zero
therein (see Lemma 2.2). To this end, we shall also assume the following technical condition,
which is related to the use of the strong maximum principle:

Ky = inf M>

—oo0, forallsg>0. (H3)
0<t<s<sg s —t

Note in particular that this condition is satisfied, for instance, if f is nondecreasing (in which
case Ky, > 0), and in particular, f(s) =s9 with0 <qg < 1.
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Our positivity results for (P) shall provide us with solutions that lie in the interior of the
positive cone of C(%(Q) :={u € C'(Q) : u =0 on 3R}, which is denoted by

_ d
Pp = {ueC&(Q):u>OinQ, anda—u <00n8§2}.
v
Regarding (P’), we shall obtain solutions that belong to
Py = [u eCl(Q):u >00n§}.
Note that a positive solution of (P) (respect. (P")) need not belong to P (respect. PR,), as shown
in Proposition 2.9 below.
We state now our main results.

Theorem 1.1. Assume (H,), (H>), and (H3). Then there exists 6 > 0 (possibly depending on f
and a) such that every nontrivial nonnegative solution of (P) belongs to P9, if |la™ || @) <.

Remark 1.2. As already mentioned, if f € C 1 (0, 00) and f’ > 01in (0, 00), then the condition
fQ a < 0 is necessary for the existence of positive solutions of (P’), cf. [5, Lemma 2.1]. In view

of this fact, we can’t expect an analogue of Theorem 1.1 for (P’).

In the case that f is a power, we write (P) and (P') as

—Au=a(x)u? in £,

{u:O on 0%, (Pp)
and

—Au=ax)u? in «,

{%:0 on 9%. (Pw)

Theorem 1.3. Assume (H»). Then, given a € L" (), there exists qo = qo(a) € (0, 1) such that
every nontrivial nonnegative solution of (Pp) belongs to Py, if g0 < g < 1.

As a consequence of Theorems 1.1 and 1.3, we derive the following existence and uniqueness
results:

Corollary 1.4. Under the conditions of Theorem 1.1, let ||a™ || Lr(q) < 8. Assume in addition that
f €C(0,00), f' is nonincreasing in (0, 00) and fot %ds < oo fort > 0. Then (P) has a
solution in Py, and has no other nontrivial nonnegative solutions.

Corollary 1.5. Under the assumptions of Theorem 1.3, let qo < q < 1. Then (Pp) has a solution
in P}, and has no other nontrivial nonnegative solutions.

Remark 1.6. Let us mention that if f is nondecreasing and kjs? < f (s) < kos? for some
k1, ko > 0 and all s > 0, as a consequence of [13, Theorem 3.1], one can deduce the existence of
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a solution u € Py, for (P) if a™ is sufficiently small with respect to a™. On the other side, in the
one-dimensional and radial cases one can derive the existence of a positive solution of (Pp) (but
not necessarily belonging to P7)) provided that g is close enough to 1 (cf. [12]). In this sense,
Corollaries 1.4 and 1.5 are consistent with the existence results from [12,13].

For the Neumann problem ( Py ), we establish the following analogue of Theorem 1.3:

Theorem 1.7. Assume (H»). Then, given a € L” (), there exists qo = qo(a) € (0, 1) such that
every nontrivial nonnegative solution of (Py) belongs to Py, if qo < q < 1. If; in addition, fQ a>
0, then (Pyn) has no nontrivial nonnegative solution for go < q < 1.

Corollary 1.8. Under the assumptions of Theorem 1.7, let qo < q < 1. Assume in addition that
fQ a < 0. Then (Py) has a solution in Py, and has no other nontrivial nonnegative solutions.

Our next result concerns the sets

Ap :={q € (0, 1) : any nontrivial nonnegative solution of (Pp) lies in Pp,},

Ay :={q € (0, 1) : any nontrivial nonnegative solution of (Py) lies in Py }.
Theorem 1.9. Assume (H>) and fix a € L" (2). Then:

(i) Ap is a nonempty open interval.
(ii) Ay is a nonempty open interval under the condition fQ a <0.

In particular, there exists qq € [0, 1) such that Ap = (qo, 1), and a similar characterization
holds for Ay.

Remark 1.10. Although Theorem 1.9 states that (under (#»)) the sets Ap and Ay (assuming
an < 0) are always nonempty, as a consequence of Proposition 2.9 below, we shall see that
given any ¢ € (0, 1), we may find a in such a way that (Pp) (respect. (Py)) has nontrivial
nonnegative solutions that do not belong to P}, (respect. Py,). This fact shows that Ap and Ay
can be made arbitrarily small by choosing a in a suitable way.

The rest of the paper is organized as follows. In the next section we prove some auxiliary
results concerning (P) and (P’), whereas in Section 3 we supply the proofs of our main results.
Finally, in Section 4 we apply some of our theorems to derive positivity results (as well as exis-
tence and multiplicity results of positive solutions) for indefinite concave-convex type problems.

2. Preliminary results
Let us fix the notation to be used in the sequel.

Given m € L" (), r > N, and a subdomain B C  such that m* # 0 in B, we denote by
A1(m, B) the first positive eigenvalue of the problem

—Ap= m((x)¢ in B,
¢=0 on 0B.
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We shall deal with several norms, which will be denoted as follows: |[ull1r(q) = ( fQ |u|” )%,

1 1
el 3 gy = (o IV and flull 1 = (fg (V02 +u2))2.
To begin with, we provide several useful lower bounds for nontrivial nonnegative solutions of
(P) and (P').

Lemma 2.1. Assume (H>) and let u be a nontrivial nonnegative solution of (P) or (P’). Then
there exists a subdomain Q' C Q4 such that u > 0 in Q.

Proof. If u is a nontrivial nonnegative solution of (P) then it satisfies

0</|Vu|2=/a(x)f(u)u§ f a+(x)f(u)u=/a+(x)f(u)u,
Q Q

supp at Q4

where we used the assumption that |(supp at) \ Q4| = 0. It follows that u % 0 in Q,, and
consequently # > 0 in some subdomain of €. The same argument applies if « is a nontrivial
nonnegative solution of (P’), since u can’t be a constant. O

Lemma 2.2. Assume that (H3) holds, 11m s~ f(s) oo and Q' # @ is a subdomain of Q.

Then, for any open ball B such that B C Q' there exists a function ¥ € W27 (B) such that
u >y > 0in B for every nontrivial nonnegative supersolution of

—Au=ax)fu) in<. 2.1)

Proof. Let u be a nontrivial nonnegative supersolution of (2.1) and B be an open ball such that
BCQ.Thena>0anda=0in B. Let € W>" (B) N Wol’r (B) be a positive eigenfunction
associated to Aq(a, B), with [|¢||,, = 1. We observe that for all ¢ > 0 sufficiently small it holds
that

—A(e¢) <a(x)f(ep) inB.

Indeed, note that —A(e¢) = eAi(a, B)a(x)¢ in B. Hence, it is enough to check that
eri(a, Bla(x)¢ <a(x)f(ep), Le.

f(e¢)

Al(a, B) < ”

n B.

Since £&) (S) — oo as s — 07 and ¢ is bounded, we see that there exists &g > 0 such that the above
1nequahty holds for all 0 < ¢ < g.

To conclude the proof we show that u > gp¢ in B (note that &y does not depend on u). Indeed,
suppose this is not true. Since €’ is connected, it follows from the strong maximum principle
that u > 0 in €', so that u > 0 on B. Moreover, ¢ =0 on 9 B, so there exists s € (0, 1) such that
u > sep¢ in B and u (xo) = sep¢ (xo) for some xg € B. Setting so := [|u|| (g and M (x) :=
|Kso|a(x), where Ky, is given by (/73), one can see that the map s — M (x)s +a (x) f (s) is
nondecreasing for all s € (0, ||#||o,) and a.e. x € B. Then,
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— A(u —seop) + M (x) (u — sep)
> M (x) (u—seop) +a(x) (fu) — f(seop)) >0 in B,

and u > seg¢ on dB. Therefore, the strong maximum principle (e.g. [20]) says that u > sep¢
in B, which is a contradiction. The proof is complete. O

Remark 2.3. Let us point out that the proof of Lemma 2.2 is the only instance where (H3) is
employed.

We prove now that |[[u|| HL(@) > C for any nontrivial nonnegative solution of (P), for some

constant C > 0 independent of a™.

Lemma 2.4. Assume that (Hp) and (H3) hold, and 1im+s_1f(s) = 00. Then there exists a
s—0

constant C > 0 such that ||ul| H(®) > C for every nontrivial nonnegative solution u of (P).

Moreover, C does not depend on a™.

Proof. Assume by contradiction that there exists a sequence {u,} of solutions of (P) with
u, — 0in H& (). Then u, — 0 in L%(RQ), and, up to a subsequence, we have u, — 0 a.e.
in Q. By Lemma 2.1, we know that any nontrivial nonnegative solution u of (P) is positive in
some subdomain of 2. Thus, since €24 has finitely many connected components, we may as-
sume that, for all n € N, u,, > 0 in some fixed subdomain € C Q. However, by Lemma 2.2, we
have u, > ¥ > 0 in some open ball B C ?2, so we reach a contradiction. O

Next we get an a priori bound from below for nontrivial nonnegative solutions of either (Pp)
or (Py). We remark that this estimate does not depend on ¢.

Lemma 2.5. Assume t@t Q' # @ is a subdomain of Q2 such that ) (a, Q') < 1. Then there exist
a domain B such that B C Q' and a function ¢ € W' (B) such that u > ¢ > 0 in B, for every
nontrivial nonnegative supersolution of

—Au=ax)u? in<, (2.2)
and for every q € (0, 1).

Proof. Let Qf :={x € Q' : dist(x, 9Q') > §} for § > 0. From the variational characterization of
*1(a, B), we know that A (a, Qf) — A(a, ') as § — 07 (see e.g. Lemma 2.5 in [7]). We fix
80 > 0 such that A (a, Qéo) < landset B := ng. Let ¢ > 0 with ||¢||co = 1 be as in Lemma 2.2,
i.e. a solution of

—A¢p=»xA(a,B)a(x)¢ in B,
¢=0 on 0B,

and let

1

0<8§8q::W.
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Observe that since A1 (a, B) < 1 we have g4 > 1 for all g. Then, taking into account that
0 < ¢ < 1 and the definition of ¢,, we derive that

—A(ep)=2i(a,B)a(x)ed <a(x)(e$)? inB
forall0 < <¢g,.
Now, given any nontrivial nonnegative supersolution u of (2.2), we can argue as in the last
paragraph of the proof of Lemma 2.2 to infer that u > ¢ in B for any g € (0, 1). This concludes

the proof of the lemma. O

The proof of the next estimates are similar to the one of Lemma 2.4 (we use now Lemma 2.5),
SO we omit it.

Lemma 2.6. Assume that (H>) holds, 0 < g < 1, and Aj(a, Q) < 1 for any open connected
component Q' C Q4. Then there exists a constant C > 0 such that:

@) ”””H(} @ = C for every nontrivial nonnegative solution u of (Pp).
(1) [lull g1 (q) = C for every nontrivial nonnegative solution u of (Py).

Moreover, C does not depend on q.

To end this section, we prove some results on the sets Ap and Ay .
Lemma 2.7. Assume (H»). If qo € Ap, then (qo, ﬁ) C Ap.

Proof. Assume to the contrary that gy € Ap, g0 <q < ﬁ, but g ¢ Ap. It follows that there
exists a nontrivial nonnegative solution u of (Pp) such that u ¢ Pj,. Let

1— _
T c,1), =279

B:=
1—gqo I—gq

and consider the auxiliary problem

—Aw=Ba@)w Y (WP —e)? inQ,
w > b in Q, (2.3)
w=c¢h on 0€2,

with 0 < & < 1. Equivalently, putting & := w — £, we consider
—AD = Ba(x)(@ +eP) TV {(b+eP)VP —e}d inQ,
w>0 in 2, 2.4)

w=0 on 0%2.

The limiting problem as £ — 07 is understood as
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—Aw = Ba(x)w? in 2,
w>0 in €, (2.5)
w=0 on 9€2.

Since gp € Ap, any nontrivial nonnegative solution of (2.5) belongs to Pj,.

In the sequel, we shall obtain a solution w, of (2.3) and show that, as ¢ — 0, w, converges
(up to a subsequence) to a nontrivial nonnegative solution of (2.5) that does not belong to Pp,.
This will provide us with a contradiction. We divide the rest of the proof in several steps:

Step 1: Construction of a weak supersolution of (2.3).

We note that ¢ = ¥, := (u + e)fisa supersolution of (2.3). Indeed, since 1 — 8 = y8, by
direct computations we have that

—AY > Bax)y Y (PP — o)1 inQ,

and ¥ = &f on 9Q, as desired.
Step 2: Construction of a weak subsolution of (2.3). .
By Lemma 2.1, there exists a ball B such that a >0, a %0 a.e. in B and u > 0 on B. Let

$eW> (B)N Wé’r (B) be a positive eigenfunction associated to A1 (a, B), with ||¢] o, = 1, and
extend ¢ to Q by setting ¢ =01in Q\ B. Given 0 < § < I, we set

(2.6)

8¢+8ﬁ in B,
§08,8 = ﬁ N
€ in 2\ B.

‘We observe that
— Ags.e — Ba)g; L (¢F — &)
<a®x) (M (@, B) 8¢ — B(5p +P) 7 (8¢ + 6P) /P — 5}4) in B.

We claim that there exists ¢y > 0, independent of x € B, such that for ¢ € (0, 1] and § € (0, 1]
we have

@ +e”) {0+ M) P e} = co@p)® in B.
Indeed, since g/B = qo + y, we note that for x € B,

89 + &)V {(Bp + )P —e} (89)4/P _ 1
()oY ~ (8¢ +eP)r (8p)1tY (8¢ + Py

_2_)/_'C07

as desired. Here, we have used the fact that if @ > 1 then (s + ¢)* > s% + % for ¢, s > 0. Thus
the claim is proved. It follows that for § > 0 small enough, we have that

— 1 q .
~Ags.e — Ba(x)p; ! (sog,/f - e) <a () (A (@, B) 8¢ — cof(3¢)*7) <0 in B,
since the assumption g < 2_]7 implies gg + y < 1. Note that § is determined uniformly in
¢ € (0, 1]. Thus, employing the divergence theorem as stated e.g. in [6], p. 742, we deduce that
@s.e 1s a weak subsolution of (2.3).
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Step 3: The subsolution and the supersolution of (2.3) are well-ordered.
We shall see that, choosing § and & adequately, (u + ¢)? and ¢s . are well-ordered, i.e.,
(u+ s)ﬁ > 5. in 2. We assert that there exist 61, &1 > 0 such that if € € (0, £1), then

(u+eP =8¢+ inB.

Indeed, if we fix &1 and §; such that

(minu)P,

el <
B

N

Lo g
—(minu)”, 8 <
2B

then it is clear that

1 1
(u+eP > (u’3 —i—eﬂ) > 5{(n1_inu)’3 — Py ef > Z(m_inu)ﬂ +ef >89+ inB.
B B

1
2

Hence, for every ¢ € (0, €1), the method of weak sub and supersolutions (see e.g. [11, Theo-
rem 4.9]) gives us some w; € HO1 (2) N L®° (2) solution of (2.3), with

gs;.e <we < wu4+¢e)f inQ. 2.7

Furthermore, by standard regularity arguments, w, € W2 () N Wol’r (£2).
Step 4: The limiting behavior of w, as ¢ — 0.
We convert w, to (2.4) by W, = we — &P, so that , = 0 on 3. Thus, we deduce that

/IVﬁ)glz:ﬁ/a(x)wg(wg +eP) Y (e + eP)V/B — g)a
2 Q

sc/w8<@g+eﬂ)—y<w8+eﬂ)wﬁ
Q

=cfzbg<zbs+eﬁ)‘1°.
Q

Since we see from (2.7) that ||, L) < C as ¢ = 0T, we infer that ||, ||H01 @ is bounded as

& — 0T. It follows that, up to a subsequence, W, — g in Hé (), and W, — Wy a.e. in 2 for
some wWg € HO1 (£2). Also, since W, is a weak solution of (2.4), we note that

/Vzbgvv=,3/a(x)(u§£+eﬁ)*y{(zbg+eﬁ)”ﬁ — e}, YweCl(Q).
Q Q

So, from the fact that w, — W in Hg (2), we get that

/vwsvva/vwow, Vo eCl(R).
Q Q
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On the other hand, recalling (2.7) and that —y + q/8 = qo, we see that
N — ~ 1 ~ —y A
@)@, +e#) 7 (i + %) = £)10] = Cla (0] (e + )7 (i + 6)1/#

= Cla (x)| (g + &P)%0
<C'la(x)| e L™ ().

Therefore, the Lebesgue convergence theorem yields that

/‘a(x)(u?‘g +8ﬁ)_y{(1i)8 +8’3)1/ﬁ —e}ly—> /a(x)li)gov, Yo el (Q).
Q Q

Indeed, if wy > 0, then

. A 1 _ _

(e + &P) 7V {(e + &P) /P el =w, Y (wlf — &) — w, y(wg/ﬁ)q =wi’,
whereas if wg =0, then

(e + &P) 77 {(We +8’3)1/5 —e)l =w Y (wl'P —e)? <w YwlP =wP - 0.

Summing up, we have obtained that

fvwow = ﬂ/a(x)ﬁ)gov =0, YveCH(Q).
Q Q
This implies that wy is a weak solution of (2.5). Now, from (2.7), we recall that for ¢ € (0, €1),
gs.e —ef <, <w+e)f —ef inQ.
Therefore, passing to the limit as ¢ — 0, this inequality provides
©s,,0 < W < P in Q.

This means that @y is a nontrivial nonnegative solution of (2.5), but wg ¢ Pj,, since u ¢ Py, by
assumption. Hence we reach a contradiction, and the proof is complete. O

Remark 2.8. Lemma 2.7 also holds for Ay. Indeed, we can prove it with some minor modifi-
cations: assume g € Ayx, go < g < 2_17, but ¢ ¢ Ay. It follows that there exists a nontrivial
nonnegative solution u of (Py) such that u does not belong to Py;. The rest of the proof proceeds
with the following changes:

w=2¢Pf on dQ replaced by 33—"‘)’ =0ondQin (2.3);
w = 0 on €2 replaced by %—15 =0on 92 in (2.5);
no consideration of (2.4). Note that aau"f =0on 0%;
in Step 4, the test functions are now taken in C! ().
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The following proposition shows that in general it is hard to give a lower estimate for gg in
Theorems 1.3 and 1.7. It also shows that the sets Ap and Ay can be made arbitrary small by
choosing a suitable a. On the other hand, it is an interesting open question whether these sets can
be equal to the whole interval (0, 1).

Proposition 2.9. Let g € (0, 1) and Q = (x, x1) C R. Then there exists a € C*(Q2) such that
qg ¢ Ap and g ¢ An.

Proof. After a translation and a dilation, we can assume that = (0, 7). We set

2 _
ri= 1 €(2,00), and a(x) e (1—rcos2 ), for x € Q.
—q

Clearly a changes sign in 2. We now set

sin” x

u(x):= eC*(Q).

Note that # > 0 in Q. We claim that

—u"=a(x)u? in Q,
u=u =0 on 0Q.

Indeed, it is immediate to see that the boundary conditions are satisfied. Also, taking into account
that rg =r —2 (and so, g = 1 — 2/r), a few computations show that

—u"=— <(r — 1)sin” "2 x cos® x — sin” x) =sin" 2 x (1 — rcos® x)

. _2 sin” x \ ¢
:<l—r"c:osz)c>sm”1)c:r1 v <1—r0052x>( > =a(x)u?
r

and therefore the claim follows.
To conclude the proof we note that, since u > 0 in € and u = u’ = 0 on 9S2, we have that
g¢Apandg ¢ Ay. O

Remark 2.10. Let g, 2, a and u be as in the above proposition. Consider any bounded open
interval Q' with Q' O @, and extend (to ) u by zero and @ in any way. Then we clearly see that
u is a nontrivial nonnegative solution having a dead core in ' (i.e. an open subset with compact
closure in ' where u vanishes) of both (Pp) and (Py), with Q' instead of Q.

3. Proofs of main results

Remark 3.1. The following fact shall be repeatedly used in the sequel. Let {u,} C HOl () be a
bounded sequence such that

—Auy, =h,(x,u,) in Q.

Here h;, : Q x [0, 00) — R are Carathéodory functions satisfying
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|hp(x,8)| <bx)(1+s) forxe, ands >0,

where b € L" (2), r > N. Then {u,} has a convergent subsequence in C 1(Q). Indeed, by using the
above inequality on /,, Holder’s inequality and the Sobolev embedding theorem, we can derive
that | u, || W2% () is bounded for each o, = %, k=1,2,3,.... Hence, employing Sobolev’s
embedding theorem again, we obtain that ||uy o1+ @ is bounded for some 6 € (0, 1). The de-
sired conclusion follows by the Ascoli—Arzela theorem. We also note that a similar argument
applies to the analogous Neumann problem.

Proof of Theorem 1.1. Assume by contradiction that {a,} is a sequence such that a,” — 0 in
L"(R2) and u,, are nontrivial nonnegative solutions of (P) with a = a,, satisfying that u,, ¢ Py,.
Let us stress the fact that a,” = a* does not depend on n. We claim that {u,} is bounded in
HOl (€2). Indeed, by our assumptions on f, for any ¢ > 0 there exists C, > 0 such that

0<f(s) <Cs+es, Vs=>0. 3.1

Hence, for some C, C, > 0, we have

s ) = / |V |* < / a* () (Ce + eun) tn = Cellunll yy o) + Celltenllyyy )
Q Q

where we have used Poincaré’s inequality. Taking & > 0 small enough, we deduce that {u,}
is bounded in H(}(Q). We can then assume that u,, — ug in Hol(Q), u, — ug in LP(2), with
p € (1,2%), and u, — ug a.e. in , for some ug. We claim that ug # 0. Indeed, if ug = O then,
since u, — 0 in L?(Q2), a, is bounded in L"(£2), and

/Vunvcb:/an(X)f(un)cb, Vo € Hy (), (3.2)
Q

Q

taking ¢ = u, we see that u, — 0 in H(} (£2), which contradicts Lemma 2.4. Therefore ug # 0, as
claimed. In addition, since u;, — ug in H& (2), recalling (3.1) and choosing ¢ = u,, —ug in (3.2),
we obtain u, — ug in HO1 (£2). Moreover, since a,, — 01in L”(2), u¢ is a nontrivial nonnegative
solution of

—Aug=at(x)f(ug) in ,
up=0 on 0%2.

By the strong maximum principle and Hopf’s Lemma, we have u( € P},. Furthermore, standard
elliptic regularity yields, up to a subsequence, that u, — ug in C'(Q) (see Remark 3.1, with
hp(x,s) = an(x) f(s)). Thus we must have u, € Py, for n large enough, which contradicts the
assumption that u, ¢ Pp,. O

Proof of Theorem 1.3. First we note that, for every ¢ > 0, u is a nonnegative solution of (Pp)
if and only if v := ¢!/(1=Dy is a nonnegative solution of ( Pp) with a replaced by ca. Let Q' # ()
be an open connected component of 4. Since A (ca, Q') = c’lkl(a, QN — 0asc— oo, we
can then assume without loss of generality that A (a, Q) < 1.
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Assume by contradiction that g, — 1~ and u,, are nontrivial nonnegative solutions of (Pp)
with ¢ = g, and u,, ¢ Py,.

First we suppose that {u,} is bounded in HO1 (2). We can assume that u,, — ug in Hé (),
u, — ug in L?(Q) with p € (1,2%), and u,, — ug a.e. in Q, for some ug. From

/ Vitn V(i — tg) = f a (0) 4 (i — g) — 0,
Q Q

we infer that u, — ug in HO1 (2). By Lemma 2.6 (i), we have that ug £ 0. Moreover, u satisfies

—Aug=a (x)ug, up>0, uge H(} ().

We deduce then, by Remark 3.1 (with h,(x,s) = a(x)s9), that u, — ug in C'(Q), up to a
subsequence. Moreover, by the strong maximum principle and Hopf’s Lemma we get that ug €
P and consequently u, € Py, for n large enough, which yields a contradiction.

We suppose now that {u,} is unbounded in Hé (2). Then we can assume that

. . . 1
luyll := ”Mn”[-[(}(g) — 00, Up:i= — vg in H (£2),

lluen l

v, — vo in LP (), with p € (1,2%), and v, — vg a.e. in Q,

for some vg. Note that v,, satisfies

UZ"

e un =0, v € Hy(Q). (3.3)
l[een

—Av, =a (x)

Since ||u,|| > 1 for n large enough, we have either llunll' =9 — oo or |ju,||' % is bounded. In
the first case, from (3.3) we have

+1
Joa () vy

1= v, l? =
”un ” 1=

which is a contradiction. Now, if [lu,|' =% is bounded then we can assume that |ju,|' "% —
d > 1. From (3.3), we obtain

[vuvo=1 [awus. vsenj@.

Q Q

i.e.

1
—Avozga(x)vo inQ, wvye Hy(Q).
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In addition, v, — vg in HO1 (£2), so that vp # 0 and vp > 0. Once again, by the strong maximum
principle and Hopf’s Lemma, we deduce that vg € P},. Furthermore, recalling Remark 3.1 (with
ha(x, s) = a(x)|lu, |9~ 's9) we have that v,, — v in C' (), up to a subsequence. Consequently
v, € Py, for n large enough. Hence u,, € Pp), and we get another contradiction, which concludes
the proof. O

Proof of Theorem 1.7. We proceed as in the proof of Theorem 1.3: we assume by contradiction
that g, — 17, u, are nontrivial nonnegative solutions of (Py) with ¢ = ¢, and u,, ¢ P,?,.
First we suppose that {u,} is unbounded in H (). Then we can assume that

lunll == lunllgr@) — 00, vpi= — g in H(Q),

||un||

v, — vo in LP (), with p € (1,2%), and v, — vg a.e. in Q,

for some vg. Note that v,, satisfies
v

—— 0,20, v, e H(Q), (34)
flog,, ||~

—Av, =a (x)
and so we have

(111
/an& /a(x) b, Vo e H(Q).

e
llean I~
Q

Now, if [Ju,|'~%" — oo, taking ¢ = v, we obtain that [, |Vv,|* — 0, which implies that
v, = v in H1() and vy is a nonnegative constant. Since ||vy, || = 1, we infer that vy is a positive
constant. By Remark 3.1, we have v, — vg in C!(2). Consequently, v, € Py for n large enough,
which yields a contradiction.

On the other hand, if ||u,, || =4 is bounded, reasoning as in the proof of Theorem 1.3 we derive
now that v satisfies

1 ) . dvg
—Avg=—a(x)vpin 2, with — =0onadf2.
d av

In addition, v,, — vg in H 1 (£2), so that vg # 0 and vo > 0. By the strong maximum principle, we
deduce that vy € Py,. Once again, by Remark 3.1, we have v, — vp in C L(€), so that again we
reach a contradiction.

Now, if {u,} is bounded in H'!(2) then we can argue again as in the proof of Theorem 1.3.
Indeed, by Lemma 2.6 (ii), we have that vy # 0. The rest of the argument is similar, so we omit
it.

Finally, the non-existence assertion follows as in the proof of Corollary 2.1 in [5]. O

Proof of Corollary 1.4. We first claim that (P) admits a nontrivial nonnegative solution u. In-
deed, let Uy = @y,0 where ¢, o is given by (2.6) (with § = y and ¢ = 0). Using the condition
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that lim+ f©) = oo and arguing as in the first part of the proof of Lemma 2.2, it is easy to see
s—0 N

that, for all y > 0 sufficiently small, u, is a (nonnegative) subsolution of (P). On the other side,
let ¥ > 0 be the unique solution of the problem

—AY=at(x) in Q,
Y =0 on 0.

Since lim & = 0, we note that, for every k > 0 large enough, u; := kv is a supersolution of
s—>00 §

(P). Indeed, there exists C > 0 such that
[ —
N -~ ¢ ’
2| Yr |l Loe ()
It follows that
(kK . .
—Aky) —ax) f(ky) =>a™(x) 5~ C)>0 inQ, if k>2C.

Moreover, since u,, = 0 in a neighborhood of 9€2, making y smaller and k larger if necessary,
we have that u, < Uk, and it follows that (P) has a nontrivial nonnegative solution u.

Since Ha‘| L9 :
of (P) belongs to Py,. In particular, u € Py,.

Finally, by the assumptions on f and Theorem 2.1 in [10], we also know that there is at most
one positive solution of (P). Therefore there are no other nontrivial nonnegative solutions of
(P). O

< §, from Theorem 1.1, we know that any nontrivial nonnegative solution

Proof of Corollary 1.5. The proof is similar to the previous one. It suffices to note that
f(s) = 54 satisfies (H|), so that the previous proof and Theorem 1.3 yield the existence as-
sertion. In addition, f(s) = s9 satisfies the conditions of Corollary 1.4, so that the nonexistence
assertion is proved in the same way. O

Proof of Corollary 1.8. We set now

1 1
I(u) = —|Vul* - a+1 fi HY Q).
() /(2' u| qula(%)lul ) oruec H ()
Q

We claim that / is coercive on H'!($). Indeed, assume by contradiction that

up, € HY(Q), lunll == llupll g1y — 00, and  I(uy) is bounded from above.
We may assume that

Un

hi= —~voin H'(), and v, — voin L?(Q) for p € (1,2%),
n

for some vg. Then
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1 1 1
—/|wn|2 - —l,/a(xnvm“ _ L)
2) @+ Dl lienl

so that fQ |V, |2 — 0. It follows that v, — vo in H1(2) and vy is a nonzero constant. Moreover,
from

1 1
— L [ap et < L)
a+1) K

we have that

/a(x)lvol"+l =limfa(x)|vn|q+l >0,
Q

Q

and consequently [, a > 0, which contradicts our assumption. Therefore I is coercive so that
it has a global maximum. Taking u#( such that an()c)|u0|‘1+l > 0, we see that I (tug) < 0 if
t > 0 is sufficiently small. This shows that / has a nontrivial global minimizer. Finally, since / is
even, it has a nonnegative global minimizer, which is a nontrivial nonnegative solution of (P’).
By Theorem 1.7, this solution (and any other nontrivial nonnegative solution) belongs to Py, for
qo<q < 1.

Lastly, reasoning exactly as in Lemma 3.1 in [5], we infer that there are no other nontrivial
nonnegative solutions of (Py). O

Proof of Theorem 1.9. Note that Theorem 1.3 says that .Ap is nonempty. Now, first we show,
via the continuity argument used in the proofs of Theorems 1.3 and 1.7, that Ap is open. Indeed,
assume to the contrary that there exist g € Ap and ¢, ¢ Ap such that g,, — ¢. We take nontrivial
nonnegative solutions u, ¢ P, of (Pp) with g = g,. Using Lemma 2.6 and arguing as in the
proof of Theorem 1.3, we may deduce that {u,} is bounded in H(} (£2) and consequently, up to
a subsequence, u, — ug in C'(Q), where u is a nontrivial nonnegative solution of (Pp). Since
g € Ap, we have ug € Py, and so u, € Py, for n large enough, which is a contradiction. Thus
Ap is open.

Next we prove that Ap is connected. To this end, we show that if gg € Ap then (go, 1) C Ap.
Let go € Ap. By Lemma 2.7, we know that

1
<CI07 - 0’0] CAp
2—qo

—_— 2 . . . . .
, where % is the length of the interval (qo, 2_]7). By iteration, since

: 1 (go—1)?
with 09 = 75 (‘120_q O)

g1 = ﬁ — 09 € A, we have, again by Lemma 2.7, that

1
(q1, —m}cAD,
2—q

2
D” More generally, we have

(q1—
—q1

where o = % 5
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1
Gn—-1, 7 —ou—1 | C Ap,
2 —qn—1
_1)? . . . .
where o, = ll @ 1) , and g, := # — 0y—1. Then, we obtain by induction that {g,} is
n—

0 2—
nondecreasing an d < 1, so that g,, — g, for some ¢, < 1. Passing to the limit as n — 0o, we
have

1 1 (=17
BT T10 2—q

10 2—
Finally, the proof that Ay is open and connected can be carried out in the same manner as

for Ap. In addition, we know by Corollary 1.8 that fQ a < 0 is sufficient for the existence of
some g € Ay. The proof is now complete. 0O

so that = {4 ql) =0, and thus, ¢, = 1. Hence we have proved that (g9, 1) C Ap.

4. Positivity results for concave-convex type problems
As an application of some of our previous results, we consider now the problem

—Au=Xrax)u? +gu) in €, (P)
u=0 on 0%, A

where now a € L*®(Q2),0 < ¢ <1, A >0, and N > 3. In addition, we assume that g : [0, c0) —
[0, 00) is continuous and superlinear in the following sense:

N+2
lim &20 and lim @21, forsome 1 < p < +
=0t S s—o00 §P N -2

(Hy)

We shall also assume that g(s) > 0 for s > 0.

The problem above has been investigated in [3] for a = 1, and g(s) = s”. The authors proved
that (P,) has two positive solutions for A > 0 sufficiently small. This result was extended to a
more general nonlinearity, with a > 0, in [9]. In addition, in [8], the authors allowed a to change
sign and proved the existence of two nontrivial nonnegative solutions of (7).

The growth condition at infinity in (H4) ensures, in particular, an a priori bound for nonnega-
tive solutions of (P;) (see [2], and also [ 17]), which will be used to prove the following positivity
result:

Theorem 4.1. Assume (H>) and (Hy). In addition, assume that every nontrivial nonnegative
solution of (Pp) belongs to Py,. Then there exists Ay > 0 such that every nontrivial nonnegative
solution of (Py.) belongs to Py, for 0 < A < Ao.

Proof. Assume by contradiction that A, — 0% and u,, are nontrivial nonnegative solutions of
(Py) with A = A, and u, ¢ Pj,. By the a priori bounds in [2], there exists K > 0 such that
lunlloo < K for every n. It follows that {u,} is bounded in H (€2). Thus, we can assume that
U, — ug in H0 (), up = ug in L*(Q), 1 <s <2*, and u, — ug a.e. in Q, for some ug. Taking
as test function u,, — ug in (P;,) we see that u,, — ug in H(} (2) and ug is a solution of ( P;) with

A = 0. Moreover, by elliptic regularity, we have, up to a subsequence, that u,, — ug in C 1 (5),
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see Remark 4.2 below. If ug £ 0 then, by the strong maximum principle, we have that ug € Pp),

and consequently u, € Py, for n large enough, which provides a contradiction. Now, if ug =0,
1

. 1 . . .
then we consider v, := A,] " u,,. We see that v, are nontrivial nonnegative solutions of

1 1
—Av=ax)v? + A Tg(AT9v) in Q,
v=0 on 0%,

with A = A,. Hence, v, are nontrivial nonnegative supersolutions of

—Av=a(x)v? in Q,
v=0 on 0%,

with A = A,,.
We claim that v,, # 0 in Q.. Indeed, note that if v, =0 in Q4 then u,, =0 in Q4, so that

2 2 +1
/|Vun| S/g(un)unSgnurz”HOI(Q)+C8||Mn||f_101(9)-
Q Q

Taking ¢ > 0 sufficiently small we see that ”"‘n”H(} @ = C > 0, which contradicts u, — 0 in

HO1 (f2). Therefore the claim is proved. Since 24 has finitely many connected components,
we can assume that v, # 0 in some fixed subdomain Q' C Q4. Let ¢ be as in the proof of
Lemma 2.2. Arguing as in that proof, we have that ¢ is a nonnegative subsolution of

—Au=a(x)u? in B,

where B is an open ball such that B C '. We extend ¢ by zero to  \ B. For & > 0 small
enough, we have that e¢p < v, for every n. Thus, we find a nonnegative solution w, of (P)
such that e¢ < w, < v,. But, by our assumption, we have that w, € P, which contradicts the
assumption that v, ¢ P},. The proof is now complete. O

Remark 4.2. In the same way as Remark 3.1, we give some further details on the regularity
argument used in the previous proof. We set now

hy(x,s) = Ara(x)s? + g(s)

and use the conditions

N+2
acl>®(Q), O0<g<l1, and lim &zl for some 1<p<—+,
s—oo §P N -2

to infer that, given A > 0, there exists C > 0 such that
|hy(x,8)| < C(+sP) forxe, s>0, and [A| < A.

In the same manner as in Remark 3.1, we can deduce that |Ju,|| 2.0 @ is bounded for each
ok =2, k=1,2,3,..., where
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4 4
po=—t = P (= (N =2)).
p—1 p—1

Since p > 1 and % — (N —2) > 0, we can choose o; > N such that ||u, ||W2«”k(gz) is bounded.
Then, the argument proceeds in the same way as in Remark 3.1.

As a consequence of Theorem 4.1, we obtain two positive solutions of (P;) for A > 0 small,
if either @~ is small or q is close to 1:

Corollary 4.3. Assume (H>) and (Hz). Then there exist § > 0 and qq € (0, 1) such that, if either
la™llLr@) < 8 or qo < q < 1, then there exists Lo > 0 with the following properties:

(i) any nontrivial nonnegative solution of (Py) belongs to Py, for 0 < A < Ag.
(ii) (Py) has two solutions in Py, for 0 < A < Ao.

Proof. (i) We apply Theorems 1.1 and 1.3 to (Pp) and obtain, respectively, § > 0 and ¢g €
(0, 1) such that every nontrivial nonnegative solution of (Pp) belongs to Py, if either
la™llr@) < éorqop <q < 1. Theorem 4.1 yields the conclusion.

(ii) We use Theorem 2.1 from [8]. One can easily show that assumptions (Hy)—(Hs) from [8] are
satisfied under our conditions. Thus there exists A > 0 such that for 0 < A < A¢ there exist
two nontrivial nonnegative solutions of (P,). Decreasing Ao if necessary, by the previous
item, we infer that these solutions belong to Py, if either ||a™ ||Lr) <dorqo<g <1. O

Remark 4.4. Let us set

Bp := {X > 0: any nontrivial nonnegative solution of (P; ) belongs to Py},
and assume (H»), (Hy), and either |la™||r@) < 8 or go < g < 1, where § and go are provided
by Corollary 4.3. Then (0, Ag) C Bp. Moreover, arguing as in the proof of Theorem 4.1 we can
show that B is an open set. Indeed, one may easily see that the proof of Theorem 4.1 carries on

taking now a sequence A, — Ao € Bp.

We establish now a result analogue to Theorem 4.1 for the problem

—Au=xra(x)u?+gu) in €, (03)
du—0 on 9, g
Instead of (H,), we shall assume now
N+1
lim & =0 and lim & =1, forsome 1 < p < + . (Hy)
s—0t § §—>00 § N-—-1

The above problem, with g(s) = s, has been recently investigated in [19]. The authors estab-
lished existence and multiplicity results for nontrivial nonnegative solutions of (Q; ), for A > 0
sufficiently small. Furthermore, the asymptotic behavior of these solutions as A — 07 provides
the positivity of some of these solutions, in certain cases. We shall now prove a general positivity
result for (Q;):
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Theorem 4.5. Assume (H>) and (H4’). In addition, assume that every nontrivial nonnegative

solution of (Py) belongs to Py. Then there exists Ao > 0 such that every nontrivial nonnegative
solution of (Q).) belongs to Py, for 0 < A < Ao.

Proof. The proof is similar to the one of Theorem 4.1. Again by the a priori bounds of [2] we get
that {u,} is bounded in H'(£2). To show that if u, — 0 in H (2) then u,, # 0 in 24, we proceed

in the following way: assume the contrary and set w,, := Hu E where ||u,|| ;= ||u, ||H1(S2) So we

can assume that w, — wq in H' (), w, — wo in L¥(), with 1 < s < 2*, and w, — wo a.e.

in 2, for some wq. Thus, from
/ |V”n|2 = /g(”n)un,
Q Q

we obtain that
u,||w u,||w
/IV 2 /g(ll nll n)wnz / g lun|| n)wﬁ
llunll llun lwy
supp wy

d gm — 0as s — 07, we easily see that

/|an|2—>o,
Q

so that w, — wg in H1() and wy is a positive constant. This contradicts the assumption that
wy, = 0in Q4. The rest of the proof carries on in a similar way. O

Since ||u,|| — 0 an

Corollary 4.6. Assume (H>) and (Hi). Let qo € (0, 1) be given by Theorem 1.7. If go <q < 1
then there exists Lo > 0 such that any nontrivial nonnegative solution of (Q,) belongs to Py, for
0< X <A

Corollary 4.7. Let g(s) = s?, with 1 < p < %"'%, and assume qo < q < 1, where qo € (0, 1) is

given by Theorem 1.7. Ifo a < 0 then there exists Lo > 0 such that (Q;) has two solutions in
Py for 0 < & < Ao.

Proof. We apply Corollary 1.3 (2) from[_19] to obtain A¢ > 0 such that (Q;) has two solutions
Ui, uz, such that up; > uj; >0 on Q for 0 < A < Ag. By Corollary 4.6, decreasing Aq if
necessary, we have that u; , and u3 ; belong to Py,. O

Remark 4.8. Let us set
Bpx := {XA > 0: any nontrivial nonnegative solution of (0, ) belongs to Pyt

We assume that (H>), (HA{) hold, and g¢ < ¢ < 1, where g is provided by Corollary 4.6. Then,
by arguing in the same way as for (P;), we observe that (0, Ag) C By, and in addition, By is
open.
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