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Abstract

We study the stationary Stokes and Navier-Stokes equations with nonhomogeneous Navier boundary
conditions in a bounded domain Q C R of class C!:1. We prove the existence and uniqueness of weak
and strong solutions in WP (Q) and W2P(Q) forall 1 < p < 00, considering minimal regularity on the
friction coefficient «. Moreover, we deduce uniform estimates for the solution with respect to o which
enables us to analyze the behavior of the solution when o — oo.
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1. Introduction
Let 2 be a bounded domain (open and connected) in R? with boundary I, which might be
disconnected, of class C!'! (any other regularity of the boundary will be precised in the context).

Let us consider the flow of a viscous fluid in €2 which is given by the stationary Navier-Stokes
equations

—Au+ (u-VYu+Vrn=f, divu=y in€, (1.1)
where u and 7 are the velocity field and the pressure of the fluid, respectively; f is the external
force acting on the fluid and x stands for the compressibility condition.

This equation, in a domain with boundary, has been studied extensively with the classical
Dirichlet boundary condition

u=0onT,

which was formulated by G. Stokes in 1845. An alternative was suggested even before by C.L.
Navier in 1823 [41]. Along with the usual impermeability condition

u-n=0on'l, (1.2)
Navier proposed a slip boundary condition with friction which states that the tangent component

of the fluid velocity, instead of being zero, should be proportional to the tangential component of
the normal stress at the surface, i.e.,

2[(Du)n], + ou; =0 on T, (1.3)
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where n is the unit outward normal vector on I', Du = %(Vu + VuT) is the strain tensor, the
subscript T denotes the tangential component of a vector, i.e., vy :== v — (v - »)n and « is the
scalar coefficient which measures the tendency of a fluid to slip over the boundary (in literature,
it is called friction coefficient or the inverse of the slip length). Equations (1.2) and (1.3), jointly,
are known as the Navier (slip) boundary conditions (with friction). Note that, formally, if « = oo,
(1.2) and (1.3) are reduced to the Dirichlet boundary condition, which is also known as the no-
slip condition, and when o = 0, (1.2) and (1.3) are referred as the Navier slip conditions without
friction (also called full slip condition).

Although the no-slip hypothesis seems to be in good agreement with experiments, it leads
to certain rather surprising conclusions. One of them refers to the absence of collisions of
rigid bodies immersed in a linearly viscous fluid [31]. In contrast with the no-slip condition,
Navier boundary condition provides a solution which is, physically speaking, more acceptable
and nearer to the reality, at least to some of the paradoxical phenomena, resulting from the no-
slip condition (for instance, see [37]). For further discussion on Navier boundary condition, see
[46], [24], [33] and the references therein.

In a 1959 paper, today classic, S. Agmon, A. Douglas & L. Nirenberg [1] devised a new
methodology to address existence, uniqueness and regularity of solutions in LP-spaces for a
broad class of linear elliptic boundary-value equations. The method they introduced is based on
the theory of potential, mainly on estimates of singular integrals by A.P. Calderén & A. Zyg-
mund [17]. Their results were later generalized and adapted to linear elliptic boundary-value
systems by various authors. The 1964 paper of these same authors [2] is possibly the most signif-
icant work in this direction. In the context of fluid mechanics, in particular, for the Stokes linear
system with a homogeneous Dirichlet boundary condition, the pioneering work of L. Cattabriga
[18] has resulted seminal in this area. In the current paper, we primarily develop a W' -P-theory
for the solutions of the non-homogeneous Navier-Stokes system (1.1) with the boundary condi-
tions (1.2)-(1.3). As detailed below, to do this, we introduce a new methodology, which makes
use of methods different from those developed in the previous classic works.

Let us briefly give here an overview of some related works. Concerning the nonstationary
Navier-Stokes equations with Navier boundary condition, there are considerably many works,
among other reasons, for studying the limiting viscosity case, e.g., [19], [35], [13], [32], [16],
[40]. On the contrary, for the stationary problem, comparatively less works are known. The first
paper about basic existence and regularity results is by Solonnikov and Scadilov [48], where they
treated the problem for o = 0. They proved the existence of weak solutions in H'(£2), which are
regular (belongs to H 120 -(£2)) up to some part of the boundary (except in a neighborhood of the
intersection of the two parts) for the stationary Stokes system in R3 with Dirichlet boundary
condition on some part of the boundary and Navier boundary conditions (1.2)-(1.3), with @ =0,
on the other part. Also, it is worth mentioning the work of Beirdo Da Veiga [12], where he
proved existence of weak and strong solutions of generalized Stokes problem in R in the L>-
setting and with o > 0 constant. He did not precise the dependence of the constant with respect
to o in the estimate. Recently, Berselli [14] gave some results about very weak solutions, in
general LP-setting, in the special case of a flat domain in R® and « = 0, which is based on the
regularity theory of Poisson equation. In the paper of Amrouche and Rejaiba [7], they proved
the existence and regularity of weak, strong and very weak solutions in a bounded domain in
R3 for all p € (1, 00) for nonsmooth data, but for « = 0 (full-slip condition). In [20], Conca
studied a similar system in a smooth perforated bounded domain in R?, where he discussed the
well-posedness of both, linear and nonlinear problems with (1.2)-(1.3), assuming o > 0. He also
proved some convergence results based on homogenization theory. In the work of Medkova [39],
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we can find various other forms of Navier boundary conditions. Furthermore, the numerical study
has been done in, e.g., [49] (for @« = 0) and in [34] (for @ > 0 a function).

To the best of our knowledge, all the available works (in stationary and nonstationary prob-
lems) have let « be either a constant or a smooth function. In this article, we analyze the possible
minimal regularity of o for the existence of weak and strong solutions in L”-spaces for all
p € (1, 00), see (2.2), which provides a more general result. In fact, this is the first work available
in the literature about general L”-well-posedness theory for the Navier slip boundary condition
with friction. It turns out that the problem becomes more interesting and difficult when the do-
main is axially symmetric, due to the presence of a nonzero kernel of the homogeneous problem
consisting of the nonzero vectors B satisfying DB =0 in € and - n =0 on I'. Deriving some
nonstandard Korn-type inequalities (cf. Proposition 3.15), we discussed this nontrivial case in
detail. Also, we have assumed the domain is merely C!*! which might be optimal in most of the
cases to obtain existence of solutions in W!-? and W27 spaces for all p € (1, 00). Note that the
restriction that « is nonnegative is usual, in order to ensure the conservation of energy. However,
mathematically speaking, we can take into account the negative values of « as well. Some au-
thors have studied the evolution system with o negative (for example see [32], [38]), where there
were no mathematical difficulties due to the availability of the Gronwall’s inequality, which is
not the case for the stationary problem. We also prove existence of weak solutions considering a
more general right hand side of the form L" (P) 4+ div P, where r(p) < p, than the one treated
in [7] for the case a = 0.

The main novelty of the present work is that we try to find the precise dependence on « of
the solution of the Stokes (S) and Navier-Stokes (NS) problems (defined in Section 2), in order
to allow « to tend either to oo or 0 in (1.3), and then to figure out how the solution behaves. As
far as we know, there is not previous work on these issues, even whether « is a smooth function
or a constant. We prove that the solution is uniformly bounded with respect to « in Theorem 4.3
and Theorem 6.11, taking into account the geometry of the domain. The proof of Theorem 6.11
is interesting in the sense that it exploits the uniform L>-estimate which follows from the varia-
tional formulation and the observation given by Z. Shen [47] that for any p > 2, W!-?-estimate
for (certain) elliptic equations is equivalent to the weak reverse Hélder inequality (6.10). More-
over, in Section 7, we prove that if @ converges to 0, then the solution of the Stokes equations
with Navier boundary conditions converges strongly to the solution of the Stokes equations cor-
responding to & = 0, and if « tends to oo, then the solution converges strongly to the solution of
the Stokes equations with Dirichlet boundary condition. Though these results might seem pre-
dictable, their proofs are far from being trivial due to the fact that we need to derive the adequate
bounds for the solution of the linear problem with respect to «.

We start with presenting the main results of our work in section 2. In section 3, we introduce
the necessary functional framework. We deal with the linear problem in Hilbert space in section 4.
First, we deduce the existence of a weak solution by using Lax-Milgram theorem and then, the
weak formulation yields the a-independent estimates in H'(€2). Later, the existence of a strong
solution is deduced by using the classical method of difference quotients since it directly implies
the uniform bounds in H?(2) with the help of the uniform H'-estimates. Then, we study the
L?-theory in section 5, which provides a more general existence result (Theorem 5.4) for the
solution of the Stokes problem. In section 6, we discuss the estimates of the solution which
will be independent of the friction coefficient o in W17 (), with p # 2. In subsection 6.1, we
deduce a first estimate, which later is improved in subsection 6.2. It is important to mention that
the inf-sup condition, proved in Theorem 6.14, is an interesting result by itself, which arises from
our work. Observe that we obtain uniform estimates for the solution for all « € (0, o) when the
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domain is not axially symmetric. Otherwise, we need « being sufficiently large. This is natural
because of the presence of the nontrivial kernel of the Stokes operator in an axially symmetric
domain. In section 7, the limit problems are studied as mentioned above. Finally, the nonlinear
problem is discussed in section 8. Apart from obtaining the existence of a weak solution by
using the classical Galerkin method, the W7 -existence result for p > 2 and the limiting cases
are based on the theory developed for the linear problem. The existence of a weak solution in
Wlr, with pE (%, 2), follows from the same construction given by Serre, see [45].

2. Main results

Before stating the main results, let us briefly introduce some notations, referring to the next
sections for precise definitions and complete proofs. Since the case o = 0 in (1.3) has already
been studied in [7], from here onwards, we consider that « £ 0 on T, i.e., if we do not state
otherwise, we always assume

>0 onl, a>0 onsomelyCTI with|[g|>0 2.1

and the following regularity on o:

2 it p=2,
acl'PT) with r(p)={2+¢ if 3<p=<3,p#2 2.2
%max{p, p'}+¢e otherwise,

where ¢ > 0 is arbitrarily small and p’ is the conjugate exponent of p. The idea is to choose # (p)

in such a way that the boundary integral f auy - ¢, becomes well-defined for u € wlr(Q) and
r

QE Wl’p/(Q). This is required for the notion of weak solution, see Lemma 3.9.
We also need the following exponent to define the space for the external force f:

r(p) = {rlnax{l, %} if

P 2.3)
+¢ if p=

where ¢ > 0 is arbitrarily small. Here as well, the motivation to choose r(p), as given before,
is that the continuous embedding W!?'(€2) < L""' () holds for all p € (1, c0) which is es-
sential to deduce the Green formula and define the notion of weak solution of our problem, see
Lemma 3.6. Let Lg (£2) denote the following space:

Ly (@) = veLp(Q):/vzo
Q

We use the term axisymmetric to define a nonempty set which is generated by rotation around an
axis. We also introduce the vector

Bx)=bxx, xeR? (2.4)
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when € is axisymmetric with respect to a constant vector b € R3.
We can always reduce the nonvanishing divergence problem

—Au+ Vo= f+divF, divu=y in ,
u-n=g, [QDu+TF)n],+ou,=h onTl,

where I is a 3 x 3 matrix and b is a tangential vector on the boundary, (i.e., h -n =0 on I'), to
the case where divu =0in Q and # - n =0 on I', by solving the following Neumann problem:

A =yx inQ, %:g onT,

and hence, we perform the change of unknowns w = u — V6 and I1 = 7w — x (we do not mention
here the corresponding regularity results). Therefore, it is sufficient to study the following Stokes
problem:

{—Au+Vn=f+div]F, diva=0 inQ ©)

u-n=0, [QDu+F)n],+ou,=h onT.

The first main result is the existence and uniqueness of weak and strong solutions of the Stokes
problem (S).

Theorem 2.1 (Weak and strong solutions of Stokes problem). Let p € (1, 00). If

1
feLl'P@Q), FelL’(Q), he W »”(T)and a € L'P ("),
where t(p) and r(p) are defined in (2.2) and (2.3), respectively, then the Stokes problem (S) has

a unique solution (u, ) € WP (Q) x LE ().
Moreover, if F =0 and

FeLP(Q), he W 5P (M) anda € W'49(T)

with q > % if p< % and q = p otherwise, then the solution (u,m) belongs to W>P () x

whr(Q).

Also, we obtain uniform bounds for the weak solution with respect to « of the problem (S) in
WLP(Q) forall p € (1, 00).

Theorem 2.2 (Stokes estimates). Let p € (1, 00) and (u, w) € WhHP () x Lg(Q) be the solution

of the Stokes problem (S) given by Theorem 2.1. Then, it satisfies the following estimates:
(i) if Q is nonaxisymmetric, then

lullyir g + 1T llLr@) < Cp(S2) <||f||Lr<p)(Q) +IFlLr @) + ||h||W;,,p(F)> :

(ii) if Q is axisymmetric and o > a > 0, then
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Cp(L2)

I rip ]F h .
mn(2, o) <||f||L » @ T IFlLy (@) + ||W1g,1,(r))

||u||W1~P(Q) + e <

The next theorem shows the existence of weak and strong solutions, with corresponding esti-
mates, for the following Navier-Stokes problem:

{—Au+(u-V)u+Vn=f+div]F, divu=0 ing, ~S)

u-n=0, [(CDu +F)n]l, +au, =h onT.
Theorem 2.3 (Weak and strong solutions of Navier-Stokes problem). Let p € (%, o0) and

FeL'P(Q), FelLP(Q), he W*%”’(F) and o € L'P)(I).

1. Then, the problem (NS) has a solution (u, ) € Wl’p(Q) X Lg(Q).
2. Forany p € (1,00), if F =0 and

FeLlP(Q), he W 5P (M) and o € W' 0(T)

with g > % ifp< % and q = p otherwise, then (u, ) € WP (Q) x Whr(Q).
3. For p =2, the weak solution (u, ) € H' (2) x L%(Q) satisfies the following estimates:
a) If Q is nonaxisymmetric, then

el g1y + Il 20 = C(€2) <||f||Lg(Q) + IFllL2 ) + IIhllHi(r)> : (2.5)

b) If Q is axisymmetric and
() a=>a,>00nT, then

C() (

el g ) + Il 2@ < 2, o) 1A s +IFlL2 g + ||h||H5(F)> : (2.6)

L5(Q)

(ii) f, T and h satisfy the condition:

!f~ﬁ—!lF:Vﬂ+(h,ﬂ>r=0

with B as in (2.4), then the solution u satisfies [ ou - B =0 and
r

2
IDallf » g + /oz|ur|2 + 17172 < C(Q) (Ilflng(Q) + IF L2y + ”””H—%m> . @
r

In particular, if o is a constant, then f u-B=0and
r

el g1 gy + 171l 1202y < C(R) <||f||Lg(Q) +IF 2@ + 11y m) EENCX)
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Remark 2.4. Note that in the case of u - n # 0 on I', when Q has multiply connected boundary,
the existence of solutions of the Navier-Stokes equations with Dirichlet boundary condition is not
yet clear in a complete generality, e.g., see [36]. For this reason, although we are working with
Navier boundary conditions, we do not consider €2 with multiply connected boundary either.

The last interesting result to mention is the strong convergence of (NS) to the Navier-Stokes
equations with no-slip boundary condition when « tends to infinity.

Theorem 2.5 (Limit case for Navier-Stokes problem). Let p > 2, a be a constant and (uy, 7wy)
be a solution of (NS), where

feL’P(Q), FelL’(Q) andhe W 5P ().
Then, for any q < p if p # 2 and for ¢ =2 if p =2, we have
(U, o) > (Moo, Too) N Wl'q(Q) X Lg(Q) as o — 00,
where (s, Tso) IS a solution of the Navier-Stokes problem with Dirichlet boundary condition

—Alloo+ (Moo Voo + Viieo = f+divF in Q,
divite =0 in Q, 2.9)

Uso =0 on T.
3. Notations and preliminary results

In this section we review some of the basic notations and the functional framework that we
shall require for the rest of the article. The vector fields and matrix fields (and the corresponding
spaces) defined over Q or over R? are denoted by bold font and blackboard bold font, respec-
tively. We follow the convention that C is an unspecified positive constant that may vary among
inequalities, but not among equalities. Generally, C depends on €2 and the dependence of C on
other parameters will be specified within parenthesis when it is necessary.

The vector-valued Laplace operator of a vector field v = (vq, v2, v3) is equivalently defined
by

Av =2div Dv — grad div v.

We denote by D(£2) the space of smooth functions (infinitely differentiable) with compact sup-
port in €2, and by D’(R) its dual space which is known as the space of distributions. Define

D, (Q):={veD(Q): divv=0in Q}.

If p € (1,00), p’ denotes the conjugate exponent of p, i.e., % + # = 1. Also, for p < 3, p*

denotes the Sobolev conjugate, i.e., % =1_ % For p,r € (1, 00), we introduce the following

p
space
H"P(div, Q) :={ve L"(Q): divve L(Q)}
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equipped with the norm

ol gre@iv,e) = 1llLr @) + I1div vl e () -

It can be proved that D(Q) is dense in H"?(div, ) (cf. [8, Lemma 13, (i)]). The closure of
D(R2) in H"?(div, 2) is denoted by H (r)’p (div, 2) and it can be characterized as

Hy"(div, Q) ={ve H"?(div,Q): v-n=0 on I'}.

This characterization can be proved as it was done for the case r = p = 2, see [28, Theorem 2.6].
Also, for p € (1, 00), the dual space of H” (div, Q2), which is denoted by [H” (div, 2)', can
be characterized as follows (cf. [44, Proposition 1.0.4]):

Proposition 3.1. Let 2 be a Lipschitz domain. A distribution f belongs to [H(r)’p (div, Q)1 iff
there exists ¥ € Lr/(SZ) and y € LP/(Q) such that f =¥ +V x. Moreover, we have the estimate:

1 gy = _inf max{1¥] gy X1 o))
We also recall the following result (cf. [10, Theorem 3.5]):

1
Proposition 3.2, Let v € LP(2) with divv € LP (), curl v € L?(Q2) and v -n € Wlfi’p(F).
Then v € WP (Q) and satisfies the estimate:

lvllyirg =C <||v||L1’(Q) + lleurl v||zr(q) + [|div v Lr@) + V- nuwlzlf"(r)> .
Further, we need to introduce the following spaces:

V2 (@):i=[ve W' (@): dive=0 inQ and v-n=0 onT}

equipped with the norm of W17 (Q),
HL(SZ) = [v € HI(Q): v-n=0 on F},

and

EP(Q) = {(u, ) e WhP(Q) x LP(Q) : —Av + V7 € L’(p)(Q)} ,
with r(p) defined in (2.3). Note that E”(£2) is a Banach space with the norm

Il . ) lEr@) = IVlwir ) + I7llr@ + | = Av+ VTl ro -
Next, introducing the notation
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3
Av:=>"(vr); Vinj,

j=1

where v; ;== v — (v - n)n and V; is the tangential gradient, we recall the following relations
which show the equivalence of the following two boundary conditions: (1.3) and the Navier-type
boundary condition

curlu x n=0. 3.1

The name “Navier-type” for the above boundary condition comes from the equivalence relation
(3.2) given below. The boundary condition (3.1) will be used later to prove some of our main
results.

Lemma 3.3. [7, Appendix A] For any v € W>P(Q), we have the following identities:

2[<Dv>n],=v,<v~n>+<3—") Av,
on /.

0
curlvxn:—VT(v~n)+<a_v) + Av.
n

T

Note that  of class C1! is sufficient and, in contrast with the relations given in [7], there is a
change in the sign of the second relation. These are the correct identities.

Remark 3.4. The reason why is enough to consider 2 of class C!*! to prove the above lemma
is clear because in the proof given in [7, Appendix A], C>! regularity is not required anywhere.
For example, in a domain of class C!'!, D(Q) is dense in W2P(2) and n € W°(T"). Then, all
the calculations follow in the same way.

Remark 3.5. In the particular case v-r =0on I', for all v € WZP(Q), we obtain

ov

2[(Do)n], = (an

0
> —Av and curlvxn= (_v) + Av,
T an T

which implies that

2[(Dv)n], =curl v x n — 2Av. 3.2)

Note that in the case of a flat boundary, A = 0 and hence, the Navier slip and the Navier-type
boundary conditions become equal, provided o = 0.

Next, we give the following Green formula to define the tangential trace of the strain tensor of
a vector field. The proof of the density result is similar to [29, Lemma 1.5.3.9], while the Green
formula follows by proving it firstly for smooth functions by using integration by parts, and then
extending the result by density (cf. [7, Lemma 2.4]).
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Lemma 3.6. (i) The space D(Q) x D(Q) is dense in EP (Q), and
(ii) the linear mapping (v, ) — [(Dv)n],, defined on D(R2) x D(2) can be extended to a

1
linear, continuous map from EP () to W~ »'P(I"). Moreover, we have the following relation: for
all (v,m) € EP(Q) and ¢ € VE (),

/(—Av—{—Vyr)'(p=2/]D>v:]D(p—Z([(Dv)n],,(p)r, 3.3)
Q Q

where (-, -)r will denote, from now onwards, {-,-) _1 1 .
W P PMxw? P ()

Remark 3.7. 1. The following Green formula also can be obtained in the same way as it was
done for (3.3), which will be used later: for (v, 7) € Wh?(Q) x LP(2), F € LP(Q) such that

—div2eDv +F) +Vr e L' (Q) and ¢ € Vf,’,,(Q),

/(—diV(Z]D)v+]F)+V7r) -(p=2/]D)v:ID>(0+/]F:V(p— ([(CDv+F)nl,,@)r. (B4
Q Q Q

2. In fact, we can obtain Lemma 3.6 for any v € F?(2), where

FP(Q) = {v e WP (Q): Ave [H, PP (div, Q)]’} .

1
Thus, (3.2) can be extended to W~ 7'?(I") as follows: for €2 a bounded domain of class C'! and
for any v e WP (Q) with Ave L"P (Q) and v-n=0onT,

1
2[(Dv)n], =curlv xn —2Av in W »P(I). 3.5
We will also need the following density result:

Lemma 3.8. The space [v e V2 () Ave [HS (div, Q)]’} is dense in V2 ().

Proof. Letv e V%,r (). There exists a sequence u,, € D() such that u,, — v in H'(Q). Now
consider the problem

aXm

Axm =divuy, in
o =u,-n onT.

Since € is of class C!*!, there exists a unique solution of the above problem y, € H>(Q) N
L%(Q). Also x, — 0 in H2(S). Now, considering v,, = u,; — Vx,, we have v, € Vg‘r(Q)
with Av,, = Au,, — V (divu,) € [HS (div, )]’ and v,, — v in H'(Q). This completes the
proof. O

Lemma 3.9. Let p € (1,00). For a € L'P (") with t(p) defined in (2.2), u € WP(Q) and
@ € WP (Q), the integral over the boundary [ auy - @, is well-defined.
r
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L

Proof. We use the following Sobolev embeddings ¢, € Wl_P/ P (I') — L™(T"), where

3 : 3
T Ay positive real number < 1 if p= g (3.6)
0 itp<s
1
and uy € W77 (') < L5(T") with
1 zi - % if p<3
Pl LU positive real number < 1 if p=3 3.7
0 if p> 3.

It is enough to show that au, € L’",(F) by distinguishing four cases: p = 2, % <p<3p>3
and p < %

First, let us consider p = 2. Since @ € L*(D), au, € L) with % = % + % = % by Holder
inequality. But % =1- n% = %, i.e., g =m’. So the integral is well-defined.

The other cases can be proved in the same way. O

1
Definition 3.10. Given f € L"?(Q),F e LP(Q),h € W™ »'”(I') and « € L' ('), a function
ue Vg,T(Q) is called a weak solution of the Stokes system (S) if it satisfies that for all ¢ €

Vi (),

Z/Du:[D)q)—l—/oeu,-(p,:/f~(p—/IF:V(p+(h,<p)r. (3.8)
Q

Q r Q

Proposition 3.11. Let p € (1, 00) and

FeLl’P(Q),FcLP(Q),he W 5P (T)anda e L'P (T

with r(p) and t(p) defined by (2.3) and (2.2), respectively. Then, the following two statements
are equivalent:

()ue Vg,r () is a weak solution of (S), in the sense of Definition 3.10, and

(ii) there exists w € Lg(Q) such that (u,w) € WhHP(Q) x Lg(Q) satisfies

—Au+Vr=f+divF, divu = 0 in the sense of distributions,
u-n =0 inthe sense of traces, 3.9
2[((Du)nl; +auy = h  in W-1/P-P(I),

Proof. Let u € Vg,,(Q) be a weak solution of (S). Choosing ¢ € D, (2) as a test function in
(3.8), we have

<_Auv¢>'D’(Q)x’D(Q):2/Du:D‘PZ/f'(P_/F :Vo.
Q Q Q
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Then, De Rham’s theorem implies that there exists = € D’(2) such that

—Au+Vr=f+divF inQ, (3.10)
and since —Au — f —divF € w-1r(Q), [6, Lemma 2.7] yields that w € L?(€2), which is
defined uniquely up to an additive constant. A different proof for the existence of a suitable
pressure without using De Rham’s theorem is established in [23, Theorem II1.5.3] (see also [43]).

Also, u € Vg,,(Q) implies div # =0 in Q and u# - n =0 on I'. Thus, it remains to prove that
u satisfies the Navier boundary condition. As —div(2Du + F) + Vzr € L™ P)(Q), taking dual

product of equation (3.10) with ¢ € Vg:f (£2), and using the Green’s formula (3.4), we have

([(CDu +F)nl, , ¢)r + /omr -9, =(h,9)r Vee Vf;j,(Q). (3.11)
r

1 / ’
Now, let w € Wr'? (). There exists @€ wlp (2) such thatdivg =0in Qand ¢ =p, onT.
Then ¢ € V5 () and using (3.11), it follows

([CDu + F)nly +oaur —h, p)r = ((2Du + F)nl; + eur —h, p;)r
=({[2Du +F)n]; +u, —h, o)r=0.

Hence,
[(2Du +F)nl; +aus =h  in W/PP(D).

Conversely, if (u, ) € Wl’p(Q) x LP () satisfies (3.9), then using the Green formula (3.4),
we can easily deduce that u is a weak solution of (S), in the sense of Definition 3.10. O

The next lemma provides a general pressure estimate.

1
Lemma 3.12. Suppose f € L"P(Q),F € LP(Q),h € W »’(M) anda € L'P(I). If u €
Vg,,(Q) is a weak solution of the Stokes system (S), then the pressure 7w € Lg (), whose ex-
istence follows from Proposition 3.11, satisfies:

17 lr = € p) (1f gy + IFlLr@ + 188l y-1og)) (3.12)
Proof. Due to the properties of the gradient operator (cf. [6, ii) Corollary 2.5]), we can write,
lwllLr (o) < ||V7T||W*1,p(g) <CQ)Au+ f+ diV]F”W*LP(Q)
where the last inequality comes from (3.10). This concludes the proof. O

The following two propositions offer some Korn-type inequalities which will be useful in the
context.
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Proposition 3.13. Let Q be a bounded Lipschitz domain. Then, for allu € H'(Q) withu -n =0
on T", we have

”u”H](Q) ~ |Dullpz2 i Qis nonaxisymmetric, (3.13)
and
”u”H’(Q) ~ ||ID)u||]L2(Q) + ||u,||Lz(F) if Q is axisymmetric. (3.14)

More generally, if Q is axisymmetric and o € L*>(T) satisfies (2.1), then the following equiva-
lence holds

”u”Hl(Q) = ”Du”]LZ(Q) + ”\/aur ||L2(r0)- (3.15)
Here, “~" denotes the equivalence of two norms.

Proof. The inequality ”””H‘(Q) < C()|IDu|lyz2(q) follows from [7, Lemma 3.3] and the re-
verse inequality is obvious, which gives (3.13).
To prove (3.14), it is enough to show the estimate

el 1@ = € (IDwlgagy + el 2 )

which can be proved by classical contradiction argument (for example, see [22, Section 5.8.1,
Theorem 1] or the following proof).
In order to show (3.15), we prove by contradiction, the following inequality:

Il 2 g = €2 @) (Dl ) + Ve welfag, ).

Indeed, suppose that for all m € IN, there exists u,, € H'(Q) suchthatu,,-n =0onT, |||u,||| =
L, with [[[u][] := [lull 2y + IDullL2q), and

I>m ||1D>um||%L2(Q)+/oz|um|2 . (3.16)
To

Thus, {#,,}, is a bounded sequence in H'(2) and there exist a subsequence, still denoted by
{um}m,and u in H! (2) such that u,, — u in H' (€2). This impliesu - =0on I" and u,, — u in
L%(); but, from (3.16), we deduce that Du = 0 in 2 which implies u = c¢f for some ¢ € R and
B asin(2.4). Also, u,;;, — u in H? (I < L), and then u,, — u in L>(I"). Fora.e. x on T,

compact
we have, up to a subsequence, u,, (x) — u(x) and then, for a.e. x on T, /& t,, (x) — /o u(x).
However, from (3.16) we know that \/o u,,, — 0 in L%(Ty). Consequently, since @ > 0 on 'y,
we have u = 0 almost everywhere on I'g, which implies that the constant c is equal to zero and
then u = 0 in Q2. Finally,

= llumlll = llwmll 2@ + 1Dunmllpzg) — 0,

271



P. Acevedo Tapia, C. Amrouche, C. Conca et al. Journal of Differential Equations 285 (2021) 258-320

which is a contradiction. O

Remark 3.14. Let us consider, for given «, the kernel T (£2) of the Stokes operator with Navier
slip boundary conditions, i.e., a function u € H (o)) belongs to T o (€2) if there exists & € Lg(Q)
such that (u, ) satisfies (S) in the weak sense of Definition 3.10, with f =0,k =0and F =0.
Then, we have the energy estimate

21Dl i, + [ el =0,
r

with @ > 0 on I'. Hence, Du = 0 in 2 implies that u(x) = b X x + c a.e. x € 2 (in fact, this
identity holds for all x € Q when u € H?(Q) — C%()), where b, ¢ € R3 are arbitrary constant
vectors. Further, u -n =0 on I yields ¢ = 0.
a)Ifa > 0o0n g, then b x x =0, for any x € [’y and thus b =0, i.e., T, (2) = {0}.
b) If « =0 on I, we can verify easily that
i) u(x) = b x x if Q is axisymmetric, i.e., b is co-linear to the axis of Q and dim 7 ((2) = 1.
ii) u = 0 if Q is nonaxisymmetric, i.e., T (2) = {0}.

Proposition 3.15. Let Q2 be a Lipschitz bounded domain. For Q2 axisymmetric, we have the fol-
lowing inequalities: for all u € H' (), withu -n=0o0nT,

2
lel}20) < C | IDulfs g, + / u-p (3.17)
Q
and
2
letl132 gy < C | ID2lE5 g + /u-ﬂ : (3.18)
r

with B as in (2.4).

Proof. (i) First, recall from (2.4) that 8 € C°*°(R?) and DB = 0 in R3. Then, (3.17) follows from
the following result [7, Lemma 3.3]:

. 2 2 2
St w2 < C@) (IDul g + / w-nl? ). (3.19)
r

where T ((€2) is the kernel of the Stokes operator with Navier boundary conditions correspond-
ing to o = 0 (cf. Remark 3.14). Since 2 is axisymmetric, w = ¢ for some ¢ € R, therefore
e%)(sz) llu + w||L2(Q) ClélR llu + cﬂ||L2(Q) and this infimum is attained at
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||ﬂ||L2(Q) 9/” ’

Then (3.17) follows from

2 2

1 1
IRTIEN /"'ﬁ Bl =llg g /"'ﬂ
LX) \g LX) \g

LX(Q)

(ii) Now, we prove the inequality (3.18) by the same contradiction argument as in (3.15). Let

us assume that for all m € IN, there exists u,, € H'(Q) such that u,, -n=0o0nT, ||[u,||| =1,
where [||u||] := [l 2q) + [ID#lly2(g), and
2
r

Thus, {u,,},, is a bounded sequence in H l(Q), and then, there exist a subsequence, which we
still call it {u,, ), and u in H'(S2) so that u,, — u in H' (). This implies that u -n=0o0n I’
and u,, — u in L2(Q); but, from (3.20), we have

Du,, — 0 in L>(Q) and /um~ﬂ—>0.
r

Then, Du = 0 in 2 which implies that u = ¢ for some ¢ € R. But, u,,, — u in H%(F) and

H %(F) is compactly embedded in L*(I), and then, u,, — u in L*(I'). Therefore, we have

Uy - B — u-Bin L>(I), which yields c||,B||L2(F) fu - B = 0. This implies ¢ = 0, and hence,
r

u =0 in . Finally,

L= 1llwmlll = lumll2q) + 1DumlL2 @) — 0,
which is a contradiction. O
4. Stokes equations: L2-theory

In this section, we study the well-posedness, in the Hilbertian case, of solutions of the Stokes
problem (S). First, we prove the existence and uniqueness of the weak solution.

Theorem 4.1 (Existence in H'(Q)). Let Q be a Lipschitz bounded domain, and
feL(Q),FelXR),he HI() anda e LX),

where a > 0 on I'g C T with |Tg| > 0. Then, the Stokes problem (S) has a unique weak solution
u € H' (Q) in the sense of Definition 3.10 which satisfies the estimate:
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lull g1 g = Cla) (IIfIILg(Q) + IF L2 + IIhIIHi(F)> : 4.1)

Proof. The existence of a unique weak solution u € H 1(Q) of (S) follows from the Lax-Milgram
theorem. The bilinear form

a(u,w):Z/ID)u :ID)(p—}—/au, . “4.2)
Q r

is clearly continuous on V(z, . (£2) since

la(u, )] < max(2, Il 2y} (1D 20 1Dl 2y + ke o 192 )

<C(a,Q2) ”u”Hl(Q)”‘P”Hl(Q)'

Also it is coercive on ngr (£2) due to Proposition 3.13. Moreover, the linear form £ : V?,’r (2) —
R, defined as

= Q- Y
L(p) /f 0 /IF <P+(h,<P>H,%(F)XH%(F)
Q

Q

is continuous on V?,J(Q). Hence, the Lax-Milgram theorem gives the existence of a unique

ue V(ZN(Q) satisfying (3.8). This completes the proof. The estimate (4.1) follows easily from
the variational formulation (3.8). O

Remark 4.2. Note that if &« > 0 on some I'g C I" with |I'g| > 0, then we get the uniqueness of
the solution of the Stokes problem (S). However, for the case @ = 0 on T, there is a nontrivial
kernel when 2 is axisymmetric (cf. [7, Theorem 3.4]). See Remark 3.14 for more details.

In the next theorem, we improve the estimate (4.1) with respect to « in some particular cases.

Theorem 4.3 (Estimates in H'(S2)). With the same assumptions on f,F,h and o as in Theo-
rem 4.1, the solution (u, ) € H' () x L%(Q) of the Stokes problem (S) satisfies the following
estimates:

a) if Q is nonaxisymmetric, then

el g1y + Il 20 = C(€2) (IIfIILg(Q) + IFllL2 @) + IIhIIH_%(F)> : (4.3)

b) if Q is axisymmetric and
() a=>a,>00nT, then

C()

u =+ || < —
I ”HI(Q) I ||L2(Q)_m1n{2,(x*}

+ ||F + . 4.4
<||f||Lg(Q) l ||]L2(s2) ||h||H5(F)) (4.4)
(it) f,F and h satisfy the condition

274



P. Acevedo Tapia, C. Amrouche, C. Conca et al. Journal of Differential Equations 285 (2021) 258-320

/f-ﬂ—/IF:V,B—i-(h,ﬂ)F:O, 4.5
Q Q

then the solution u satisfies [ au - B =0 and
r

2
IDullf » g + / alug|* + 7172, < C(R) (IIfIILg @ T FlLae + k1,4 m) . (4.6
r

In particular, if « is a nonzero constant, then [u - p =0 and
r

lull g1 ) + I ll2@) = C(2) (IIfIILg(Q) +IF L2 @) + ||h||H5(F)> : 4.7

Remark 4.4. Note that in the case of 2 axisymmetric, if « is a nonzero constant, we can use the
estimate (4.4) with o = «. In particular, if @ = %, n € N*, the corresponding solution (u,,, 77,,)
satisfies

lunll gr o) + I7nll 2@ = nC(€2) (IIfIILg(Q) + IFllL2 @) + IIhIIH_%(F)) .

However, this estimate is not optimal when we suppose (4.5). In fact, because of f u,-p =0,
r
we have a better estimate by using (4.7):

a1 ) + 17l 120y < C () (llflng(Q) +IF oo + ”””H—%m) :

where C(£2) does not depend on n. This means that if « — 0, then (4.7) is a better estimate than
4.4).

Proof. The solution u satisfies

2 2
2 [ 10w+ [atue =@ (151, g o) + ¥l + 1B,y ) Wl @5
Q r

a) If Q is nonaxisymmetric, then the estimate (3.13) shows that the norm ||Du /|y 2 (g is equivalent
to the norm ||u|| g1 © and from (4.8), it follows

el g1 () = C(€2) (IIfIILg(Q) + 1FllL29) + IIhIIH_%(F)) . 4.9)

Then the estimate (4.3) follows from (4.9), together with the pressure estimate (3.12).
b) If  is axisymmetric and
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(i) @ > oy > 0, then the estimate (3.14) implies

C(Q)
Il ) < =5 ——RN /|1D>u| +/a|ur|
*

Hence, the estimate (4.4) follows from (4.8).
(i) f,F and h satisfy the condition (4.5), then from a(u, ¢) = £(¢), we get

2/|Du|2+/a|u,|2=/f-(u—l—kﬂ)—/IF:V(u+kﬂ)+(h,u+kﬁ)r Vk eR
Q r Q Q

=C(Q) (IIfIIL + IFllL2@) + Al ) inf flu+ kBl 41 (q)-

HI(D)

Further, from Korn inequality and the inequality (3.19), we know that

mfllu+kﬁ||1 <C(Q) mf||u+kﬂ||z +Dul?, ., ) <CEQ) IDul?, .,
HY Q) L%(Q) L2(Q) L2(Q)

which yields

2 2
2/I]D)ul -I-/Otlurl SC(Q)(IIfIILg(Q)—i-II]F||JL2(Q)+||h||H5(”) IDullL2q)-

Q r
This implies

IDall 20 §C(Q)<||f||L T IF ) + A1) 2(F)>
and then

2
2
[ atu) SC(Q)(IIfIIL |+ IF L) + WA,y m)

r

which proves the inequality (4.6).
Moreover, if o is a nonzero constant, the variational formulation (3.8) gives f u-f=0.

r
Therefore, (3.18) shows that the norm [|[Du/|1 2, is equivalent to the full norm ||u|| H (o) and
(4.7) is a consequence of (4.8). O

Next, we discuss the strong solutions of the system (S) and the corresponding bounds which
do not depend on «.

Theorem 4.5 (Existence and estimate in H 2(Q) ). Assume that « is a constant. If
feL*Q)andh e H>(T),
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then the solution (u, ) of the Stokes problem (S) with ' = 0 belongs to HZ(Q) x HY(Q). Also,
it satisfies the following estimates:
(i) if Q is nonaxisymmetric, then

Il g2y + 171 111 gy < C(R) (nfan(m + Il y m) . (4.10)

(ii) if Q is axisymmetric, then

C(Q)
||u||H2(Q) + ||7T||H1(Q) = m (”f”LZ(Q) + ”h”H%(I‘)> . (4.1 1)

If moreover, f and h satisfy the condition:
[ -8+ m.pr=0
Q

then
||u||H2(Q) + ||7T||H1(Q) <C(Q) (”f”LZ(Q) + ”h”Hi(F)) . (4.12)

Remark 4.6. 1. We will show the existence of u € H?(2) for more general «, not necessarily
constant, in Theorem 5.10.

2. It is not sensible to consider a nonzero F € H' () for the strong solution since we are
considering any function f € L?(2) in the RHS.

Proof. Method I: If « is a constant and f € L?(Q2) and h € H%(F), then u € H'(Q) and
therefore cu, € H 2 (I"). So, using the regularity result for strong solutions of the Stokes system
with full-slip boundary condition [7, Theorem 4.1], we get that u € H 2(Q).

Note that, with this method, we do not obtain the estimate for u, independent of «, by using
the results in [7]. Thus, we will use the fundamental long method which we explain below.

Method II: Here, we follow the method of difference quotients as in the book of L.C. Evans
[22]. Without loss of generality, we consider & = 0, for the facility of calculations. Also, let us
denote the k-difference quotient of size & by

u(x +hey) —u(x)

D,’ju(x) = 3 )

where ¢y, is the canonical basis element of R3, k= 1,2,3and h € R.

Interior regularity: The fact that the unique solution (u, ) in H 1(Q) x L%(Q) of (S) belongs
to H IZOC(Q) X HIIOC(Q) with the corresponding local estimates (4.10)-(4.12) is proved by using
difference quotients and Theorem 4.3, in the same way as it was done for the Dirichlet boundary
condition case, since the proof does not depend on the boundary conditions. Thus, we do not
repeat it. For another approach to the interior regularity, we also refer to [23, Theorem IV.4.1].

Boundary regularity: Note that the solution (u, 7) satisfies the following variational formu-
lation: for all ¢ € HL(Q),

277



P. Acevedo Tapia, C. Amrouche, C. Conca et al. Journal of Differential Equations 285 (2021) 258-320

2/Du:D(p+/au,~(p,—/rrdivgo:/pr. 4.13)
Q

Q r Q

Casel.2=B(0,1)N Ri: First, we consider the case when 2 is a half ball. Set V := B(0, %) N
Rﬁ_ and choose a cut-off function ¢ € D(R3) such that

¢=1onB(0, %), ¢=00nR3\ B, 1),
0<¢<l.

So ¢ =1 on V and vanishes on the curved part of I
(i) Tangential regularity of the velocity: Let 2 > 0 be small and ¢ = —D, h (§2D,’{’u), with
k=1,2.Clearly, p € H l (£2). So, substituting ¢ into the identity (4.13), we obtain

2/;2|D,’§1D>u|2+2/D,fDu:Z§V¢DQu+/ag2|D,’gu,|2
Q

¢ : (4.14)

- [ m v @ nwy = [ £ 07t Dlw.
Q Q
Now, we estimate the different terms. In this proof, from here on, the constant C might depend

on ¢ which we do not mention. Working on the second term in the left hand side (LHS) of (4.14),
we get

‘/D,’;Du :2¢Ve Dl
Q

1
<C 6/42|D,’;Du|2+g/|1)}gu|2 , (4.15)
Q Q

by using Cauchy’s inequality with e. Similarly, for the fourth term in the LHS of (4.14), we have

‘/ndiv(—D;h(§2D£u)) ge/|div(—D,;h(g2D,’gu))|2+§/|n|2.
Q Q Q

On the other hand,

diV(Dk_h({zDZu)) = Dk—hdiV(;2Dllzu) = Dk_h(Zg‘VC . Dl]zu) + Dk—h(é.z diV(DZu))
&\/_/
=0
=D "(2¢VE) - Dlu(x —hey) +2¢Ve - D Dlu

which implies that

/|div(—D;’1(¢2D,’:u>)|zsc /|D,’:u|2+/g“2|D,:’11>,’:u|2
Q Q Q
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<c /|D,’2u|2+/;2|v02u|2
Q Q

Therefore,

L c
‘/n div(D; " (¢*Dju))| <€ /|D,ﬁlu|2+/;2|VD,’;u|2 +:/|7r|2. (4.16)
Q Q Q Q

For the right hand side, proceeding in the same way, we derive

- C
< [ @pfui+ S [ 157,
Q Q

' / f- (=D "Dty
Q
and since
/|D;h<¢202u>|25c/quD,i'u)Fsc /|D,’2u|2+/42|v02u|2 ,
Q Q Q Q

we get

‘/f.(—Dk_h((zDZu)) <e /|D,’§u|2+/;2|vz),’gu|2 +§/|f|2. 4.17)
Q Q Q Q

Hence, incorporating (4.15), (4.16) and (4.17) in (4.14), along with the fact that o > 0, yields

2/;2|D,’;1D>u|2
Q
2 h. (2 2 h. 2 Cl 2 2 h. 2
<e| [ &IDDiu+ [ EIVDP |+ — 1P+ [ 17> | + C2 [ |D}ul
Q Q Q Q Q

c
56/§2|VD,i‘u|2+?1 /|f|2+/|n|2 +Cz/|D,’§u|2. (4.18)
Q Q Q Q

Furthermore, we see that

e DEul2 g = € (16 Dfwls ) + IDE Di) I 2 gy )

= C (IEDful2aig + VS Dful, o) + 1D Dl o)

< (ID}ul, o + DD 1 g )
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and concerning the first term in the right hand side of (4.18), we rewrite as,

16V Diulgs g = IV Diw) = Ve Diulig o) < IVE D g2 + C 1D 172 g

= (IeDfulZ g, +1D{uI2: ) -

Combining these inequalities with (4.18), we have

e DEull, o < e€lle Diully,

Cl 2 2 hoon2
@ S e+ = (12 + 1wl g)) + ol Dfuls g

Choosing ¢ sufficiently small, we obtain
IDful ) = e DEul g < € (1122 + 171220 + I1DF U1, )

for k = 1, 2. Then, for sufficiently small || # 0, we conclude that 0%u/ox; dx; belongs to L*(V)

forall i, j =1, 2,3 except i = j = 3, with their corresponding estimates by using Theorem 4.3.
(ii) Tangential regularity of the pressure: Now, we deduce the tangential regularity of the

pressure in terms of the above derivatives of u. Indeed, from the Stokes equations, we get

ad a ] . ou
— (V)= —(f + Au) = o + div(V —),
Bxi 8x,- axi Bx,-

for i = 1,2. Since there is no term of the form 3%u /8x32, by preceding arguments, we obtain
Vot 3” = a (Vn) € H_I(V) Furthermore, as we already know 3—” € H~1(V), and then, Necas

mequahty 1mphes that € L?(V), which also satisfies the usual estlmate

(iii) Normal regularlty For the complete regularity of the solution, it remains to study the
derivatives of # and 7 in the direction of e3. Differentiating the divergence equation with respect
to x3 and from the third component of the Stokes equations, we get respectively

93 22: O%u; cL20V) and T = fit Aus e LAV)
= — —_— u
ax_% 9x;0x3 9x3 3 3

which proves that w € H 1 (V). Finally, for i = 1, 2, we can write the ith equation of the system
in the form

[ ]

o
fi+t—e LX(V
8X3 a-xl ( )

and this implies that u; € H*(V). Hence, apart from the regularity of u and 7, we obtain the
existence of a constant C = C(£2) > 0 independent of « such that

”u”HZ(v) + ||77||H1(V) = C||f||L2(Q)'
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Case 2. General domain: Now, we drop the assumption that €2 is a half ball and consider the
general case. In this part, we follow the strategy in [48] (in the same way as it was done in [12]).
Since ['is C!1, for any xo € I', we can assume, upon relabelling the coordinate axes, that

QN B(xo,r)={x € B(xo,r): x3 > H(x")}

forsome r > 0and H : R2 — R of class C!-!. We denote here x’ = (x1, x2). Let us now introduce
the change of variable

y=@1,x0,x3— HX)) i=¢x), ie, x=0Lyy3+HG)) =6

which flattens the boundary locally. We choose s > 0 small such that the half ball ' := B(0, s) N
]Rj_ lies in ¢(£2 N B(xg, r)). Let us define V/ := B(0,s/2) N ]Ri. We also introduce the new
unknown variable

) OH aH
u(y= (ul(x), uz(x), uz(x) — Eul(x) - a—xzuz(x)) .

It is easy to see #' € H' (') and #’' - n =0 0n 3’ N 8]13{1. The last relation is true because of
OH (0,0) =0, for i =1, 2. With this transformation, it follows, for i, j =1, 2,

ayi
du; _du; OH du; du; _ Ou;
ij Byj Byj 8y3 ’ 3)(3 8y3
dus _ duy OH duy 2 [au; OH au,’(} duy _ oy 22: 9H o
dxj dy; dy;dys = Ldy; dy;dysl’ dxs  dys £ Oy dys

Next, we consider the variational formulation (4.13) under this change of variable. From here on,
the calculation is exactly the same as it was done in [48] (or in [12]), hence, we do not repeat it.
Note that the boundary term remains unchanged, i.e.,

/ /
/ocu,-w,:/ocu,-(o,.
r I

Therefore, following exactly the same method as in [12, page 1099], we obtain

Il g2y < CONF 20

where V = ¢~ 1(V).

Now, since I" is compact, we can cover I" with finitely many sets {V;} as above. Thus, summing
the resulting estimates, along with the interior estimate, we get u € H?(S2) and its corresponding
estimate. O
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5. Stokes equations: L”-theory
5.1. General solution in WP ()

In this subsection, we study the regularity of weak solutions of the Stokes problem (S). We
begin with recalling some useful results. For more details about the next theorem, which was
introduced, independently, by Babuiska [11] and Brezzi [15], see [28, Lemma 4.1].

Theorem 5.1. Let X and M be two reflexive Banach spaces and X' and M' be their dual

spaces. Let a(v, w) be a continuous bilinear form defined on X x M and A € L(X; M') and
A’ € L(M; X') be the continuous linear operators, associated to a(v, w), defined by

YveX, YweM, a(,w)= (Av,w) =(v,A/w)

and V = Ker A. Then, the following statements are equivalent:
(i) There exists C = C(2) > 0 such that

. a(v, w)

inf sup — - >C. (5.1)
weM  yex  vlix wllm

w#0 v#£0

(ii) The operator A : XV — M’ is an isomorphism and % is the continuity constant of A\,
(iii) The operator A’ : M — V° is an isomorphism and é is the continuity constant of (A’)™},
where VO is the polar set, defined by

V0ii={geX: (g,v)=0 VveV).

Remark 5.2. As a consequence, if the Inf-Sup condition (5.1) is satisfied, then we have the
following properties:

i) If V = {0}, then for any f € X’, there exists a unique w € M such that,
1
YveX, a(v,w)=(f,v) and IIwIIMSEIIfIIxu (5.2)

ii) If V # {0}, then for any f € X', satisfying the compatibility condition,

Yv eV, (f,v) =0, there exists a unique w € M such that (5.2) holds.
iii) For any ¢ € M’, Jv € X, unique up to an additive element of V such that,

1
YweM, aWw,w)=(g,w) and [vlx/v <-=lgllm.

— B
Next, we introduce the kernel:
K7 (@) ={velL?(Q): divv=0, curlv=0inQ, v-n=0o0nT}.

282



P. Acevedo Tapia, C. Amrouche, C. Conca et al. Journal of Differential Equations 285 (2021) 258-320

Thanks to [10, Corollary 4.1], we know that this kernel is trivial iff €2 is simply connected.
Otherwise, it is of finite dimension and spanned by the functions quT, 1 < j < J, where each

qu € W2P(°) is the unique solution up to an additive constant of the problem:

—Aq] =0 inQ°,
8,1qu =0 onTl,
[q]k = ¢ and [8,¢]1=0, 1<k<J,

(ona] 1), = o 1=k=

J
where c is any constant. Recall that X; are the cuts in 2 such that the open set Q° = Q\ (J X;
j=1
is simply connected, [-]; denotes the jump of a function over X;, (-, ')E_i is the duality bracket
over ¥; and %q is an extension of Vg from L?(Q2°) to L?(£2), for any function g € whr (o)
(observe that this extension is different from the gradient of ¢ in D’(2)). For more details, see
Notation 3.9 and Lemma 3.10 in [4].
Also, recall the following inf-sup condition (see [10, Lemma 4.4]):

Lemma 5.3. There exists a constant C > 0, depending only on Q and p, such that

Jcurl & - curl ¢

inf sup x >C, (5.3)
0eV? (Q) £Vl (@) ”g”ngr(Q) ||¢||Vp’(9)
970 ££0

where

V(@) :=[veV{;’,(sz): (v-n )5, =0 v1§j§J}.

Theorem 5.4. Let p € (1,00), £ € [VE ()] and « € L'"P)(T). Then the problem:
findu € V2 () such that for any ¢ € VE (Q), a(u,@) = (£, 9) (5.4)
has a unique solution, where a is defined in (4.2).

Proof. First, let us consider p > 2. Since [V,’,’:T Q)] = [V[Q,,I(Q)]/ , by Lax-Milgram theorem,
there exists a unique u € V?,’,(Q) satisfying

a(w @)= L@z @rxvi @ YOEVor (. (55

We want to show that u € W7 (). Since the inf-sup condition (5.1) is known for the bilinear
form

b(u, )= /curl u -curl ¢
Q
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with the suitable spaces X and M given in (5.3), we use another formulation of problem (5.5).
To do so, let us consider any v € HI(Q) with Av € [Hg’z(div, ©)]" and from Remark 3.7,
point 2, we have the Green formula, for ¢ € V%,T(Q),

—(Av,¢>g=2/Dvti—Z([(Dv)n]r,w)r- (5.6)
Q

Also, recall the following Green formula from [7, Lemma 2.3],

—(Av, @) = /curl v-curl g — (curlv x n, @)r. 5.7
Q

Note that, extension of [7, Lemma 2.3] for v € H' (2) with Av € [Hg’z(div, Q)] is straightfor-
ward. Therefore, we obtain from (5.6) and (5.7),

2/]D)v Do = /curlv -curl ¢ + 2 ([(Dv)n],, @)r — (curl v x 1, @) . 5.8)
Q Q

In particular, (5.8) also holds for v € vf,,,(sz) with Av € [Hg’z(div, Q)]'. Next, plugging in the
relation (3.5) in (5.8) gives, for v € V2 () with Av € [H{*(div, )] and ¢ € V2 (),

2/]D)v:ID)(p=/curlvocurl<p—2(Av,q)>r. 5.9
Q Q

Now, due to the density Lemma 3.8, relation (5.9) is true for any v € Vg’T(Q) and ¢ € ng, (2).
Therefore, (5.5) becomes,

/curl u-curl ¢ = (£, ‘P>[V§T(Q)]'xvi,(m — /au, . +2/Au Q. (5.10)
Q r r

Now, we are in position to prove that u € wlrp (2) and for that, we consider different cases.
iH2<p<3:

1%t Step: Since u, € L*(I") and o € L*4(I"), we have au, € L7 (") with qil = JT + 2]?

_ 1L
But, L1(I) < W »""'(T) with p; = 3¢1 > 2, i.e.,

1 2 1+ 1
pr 3\4 2+¢)°

1 / /
Therefore, as W 7171 (I") < L91(I") with % <qj<4and Au e L*(I"), the mapping

(L,o)={{,0) —/aur -¢T+Z/Au-<p for ¢ € VI(Q) (5.1
Vo (DT x Vs (Q)
r
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defines an element in the dual space of Vi (€2), with s1 = min {py, p}. From the inf-sup condi-
tion (5.3) and using Remark 5.2, there exists a unique v € VSU{T (£2) such that

/curl v-curl p = (L, go)[ Yo € Vi (2). (5.12)

Q

V@1 x V(@)

In order to show that curl v = curl u, we extend (5.12) to any test function ¢ € V;l (2). Since
Vql € V2 (2) <> Vol () and using (5.10), we get

<L, %qu)[ <£, %q-T /au, . (%qu)r + 2/Au . %qu

vi@rxvi@ J >[V“i @Uxvi@
r r

=/curlu~curl %qu =0.
Q

Hence, for any ¢ € Vf,‘,r(Q), weset@p =@ — X (@ -n, 1)27. %qu, which implies that
J :

(L,o)=(L,9)
and also @ € Vs (R2). Therefore, (5.12) yields
/curlv~curl(p:/curlv-curl¢= (L,@)=(L, ).
Q Q
Finally, we get that v € V! (S2) satisfies

/curl v-eurlo=(L,p) Vec V;‘,,(Q). (5.13)
Q

Since V%,,T (Q) — Vf,{r (R2), we deduce from (5.10) that

/curl v-curl p = /curl u-curlgp Voe V?,’T(Q)
Q Q

which implies that

curlu =curlv in Q. (5.14)
Then, since u € L6(Q) — L'(Q),curl u € L1 (Q),divu=0in Qand u-n=0o0n T, we
deduce from Proposition 3.2 that u € wlsi (2). If p1 = p, the proof is complete. Otherwise,

s1 = p1 and we proceed to the next step.
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2" Step: As s; = p; < 3, we have u € V5!, (Q) and therefore, u, € L™ (I'), with % = zipl —

_ L
So, au; € L2(T) —> W 1’2’p2(F), where L = % + =L and pr= %qz > pi. Setting a =

1
7 > 2+e
%(ﬁ — %) < 0, we get,
1 1
—=—+a.
P2 P

i ’
Thus, as W72'P2(I") < L™ (T") and Au € L™ (T"), the mapping L in (5.11),

(L,o)=(,9) —/aur~¢t+2/Au-¢ for p € V*2(Q)
[V (Y x Vi ()
r r

defines an element in the dual of V%2 (2), with s, = min{p,, p}. Hence, analogous to the previous

step, there exists a unique v € V2, (£2) such that (5.13) holds for any ¢ € Vf,%, (£2) and then we

conclude (5.14). Thus, we get u € L”T(Q) — L*2(Q),curl u € L*2(2),div u =0 in  and
u -n =0 on I', which implies that u € wls2(Q). If p2 > p, we are done. Otherwise, so = p».

(k+1)th Step: For k > 1, we construct pi1 inductively, which satisfies

1 1
—=—+a.
Pk+1 Pk

This shows that {i }k being an arithmetic sequence with difference a < 0, there exists k* > 1
such that

1 1 1

<— <—.
Pyl P Dk

In particular, it suffices to take k* = [—% <% - %)] + 1 where [s] denotes the integer part
of s. Therefore, we obtain u € Wh»? (R2) for 2 < p < 3, and conclude that there exists a
unique u € Vg,r(Q) such that for any ¢ € Vg,T(Q), (5.10) holds, where the duality bracket

(£, ¢>[V§,,(Q)]’>< V2 () 1S now replaced by (¢, (p)[ng,(Q)]’xVZ;_/,(sz)'

(ii) p > 3: From the previous case, we have that u € W1’3(Q), which implies u, € L*(T") for

all s € (1, 00). Now, @ € L3P*¢(I") yields au; € L(T), where 1 = 1 + -1 Choosing s > 1
q S Fpte

1 Lo ’
suitably, we can get g = %p and hence, LI(I") < W™ »°?(I"). Since Wr»'? (') — L7 (") —
L“J(F) and Au € L*(T"), the mapping L in (5.11) defines an element in the dual of ngr (2).

Then, there exists a unique v € Vf;,r(Q) such that (5.13) holds for any ¢ € Vg:r(Q) and we
deduce (5.14). Therefore, we obtain similarly u € Wl’p(SZ). Hence, u € Vf;,,(Q) solves the
problem (5.4) for all 2 < p < oo.

Finally for 1 < p < 2, let us consider the operator A € E(V{,’,T(Q), (Vg,f(Q))/) associated to
the bilinear form a, defined by (A&, @) = a(&, ¢). As we proved above, for p’ > 2, the operator
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A is an isomorphism from Vg:t (2) to (Vg,r (2))’. Then the adjoint operator, which is equal to

A, is an isomorphism from V5 () to (v{;f, (2))’ for p < 2. This means that the operator A is
also an isomorphism for p < 2 and we finish the proof. O

As a consequence of the above theorem, we obtain the following important inf-sup condition.

Proposition 5.5. For all p € (1,00) and o € L'PX(T), there exists a constant y=y(Q, p,a) >
0 such that

2[Du:De+ [au: o,
r

in/f sup 2 > y. (5.15)
oVl uevi @ Nlvz @ ol o
070 u0 '

Further, for any £ € [Vf?:r ()Y, the unique solution u € Vg,r(Q) of the variational problem:

2 [Du:Dp+ [au g, =tt0) Voevii@,
Q r

given by Theorem 5.4, satisfies the following estimate:

1
< — / . .]
”u”Wl‘P(Q) =7 HZH[V,@,T(Q)]’ (5.16)

Remark 5.6. The inf-sup condition (5.15) will be improved in Theorem 6.14, where we obtain
that the above continuity constant y does not depend on «.

Proof. Using the equivalence (i) and (ii) in Theorem 5.1, we obtain the inf-sup condition (5.15)
from Theorem 5.4. The estimate (5.16) follows immediately from (5.15). O

Finally, Theorem 5.4 enables us to deduce the following existence-uniqueness result for the
weak solution of the Stokes problem for all 1 < p < oco.

Corollary 5.7 (Existence and uniqueness in WP (Q)). Let p € (1,00) and

feL'P(Q),FelLP(Q).he W_%”’(F) and o € L'P(I).

Then, the Stokes problem (S) has a unique solution (u, ) € wlhrp (2) x Lg (€2) which satisfies
the estimate:

lwllwir ) + ITliLr@) < C(2, a, p) (IIfIILr<p>(Q) +IFlLr@ + IIhIIW}I.p(F)) - (3.17)

Remark 5.8. In the above corollary, the existence of u € W!?(Q) and the corresponding es-
timate (5.17), for p > 2, can be deduced directly by using the regularity result in [7, Theorem
3.7], by taking cu, as the source term in the right hand side. However, Theorem 5.4 is required
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to obtain the existence of solution of (S) for p <2 where we need that the general operator A

(defined as (A&, @) = a(&, ¢)) is an isomorphism from V5 ; () to (V(’,’:T (Q)) for p > 2.
Furthermore, note that the problem (5.4) in Theorem 5.4 is more general than the Stokes

problem (3.8) since the problem (5.4) consists of a general right hand side £ [Vf,’:t ()7, hence
the existence of solution for the problem (5.4) with p > 2 does not follow from [7].

Proof. The existence of a unique solution is immediate from Theorem 5.4 with
£, @) :=/f S — /]F Vo + (h,@)r forall ¢ € ngr(Q).
Q Q

The estimate (5.17) follows from (5.16) and the pressure estimate (3.12). O

Remark 5.9. i) All the previous results, where we have assumed f € L" (p )(Q), hold also true
for f e [H g“’ P (div, )1, which is clear from the characterization of the space in Proposi-
tion 3.1, as the gradient term can be absorbed in the pressure term.

ii) We also want to emphasize that in this work, our assumption on « is quite steep. This

regularity is required in order to ensure that cu, € W_é’q (") for some g so that eventually we
can use our tools. But we will see later (Subsection 7.4) that we may suppose « less regular in
some cases.

iii) Note that even in the case o = 0, we are considering here more general Stokes problem
than in [7].

5.2. Strong solution in WP ()
Concerning the existence of a strong solution, we prove the following result:

Theorem 5.10 (Existence in W>?(2)). Let p € (1, 00). Then, for

1 1
feLP( Q. heW' 7P () anda e W'~ 79 (I)

with q > % ifp< % and q = p otherwise, the solution (u, ) of the Stokes problem (S) with
F =0, given by Corollary 5.7, belongs to Wz'p(Q) x WP (Q) which also satisfies the estimate:

l#llw2r @) + 1T llwir @ < C(2, a, p) <||f||L1’(S2) + IIhIIWI},,,,(F)> :

Remark 5.11. As for the Stokes problem with Dirichlet boundary condition, we observe that
the regularity W27 () for the Stokes problem with Navier boundary condition holds if the
domain € is only C"!, unlike the case of Navier-type boundary condition for which the domain
regularity C>! seems to be necessary, even though this last hypothesis does not appear explicitly
in the paper [9] (cf. Theorem 4.8). Our above regularity result improves [7, Theorem 4.1] which
supposes that the domain is C>'.
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Proof. The proof is done essentially by using the existence of weak solutions and a bootstrap
argument. Clearly, the data f, h and « satisfy the hypothesis of Corollary 5.7. Hence, there exists
a unique solution (u, ) € WP (Q) x LS(Q) of (S).

l<p< %: We also have the following embeddings:
1 3

1 1 1 ,5+e€ 5
LP(Q) <> L'DQ), W' »P(M)es W a9y and W 2+ 7 (I') &> L>F¥(T"), where g =
p*, with ¢ € (%, 3] and & > O is an arbitrarily small number. These inclusions show that
(u,m) € Whi(Q) x LI(Q) by using Corollary 5.7. Therefore, u € W4 (Q) — L9 (Q) and
1 3

1- ,5t€
Vu € L1(2). Also, since « € W S4e’? (I"), we can consider o« € Wl’%”(Q) by using the
lift operator. Hence, from Sobolev inequality « € L(%“)*(Q) and Va € L%“(Q). Then, for all

i,j=123,

du; 1 1 1 1
a— € L1 (Q), where — = 3 e
ax; a5+ 3 ¢
and
do 1 1 1
—u; € L12(Q), where — = 3 + —.
dx; @2 s+e q°
But ¢; = ¢» > p and thus 3 (au;) = 2%u; + @ 2% € LP(). This implies that au € WP ()
J J J

or, in other words, au,; € Wlf%’p (I"). Therefore, the regularity result of the Stokes system with
full-slip boundary condition [7, Theorem 4.1] implies that (u, 7) € W2P(Q) x WP (Q). Note
that it is possible to prove the aforementioned existence result for strong solutions only for C!!
domain since the problem (S) takes the form of an uniformly elliptic operator with complement-
ing boundary conditions in the sense of Agmon-Douglis-Nirenberg [2].

(ii) p > 3: First, we assume p < 3. Then, we have u € W23 (Q) < L*(Q) forall s € (1, 50)

1
and Vu € Wl’%(Q) < L3(). Also, since « € Wl_ﬁ’p(f‘), we can consider o € W1P(Q).
Consequently, o € LP*(Q) and Va € L?P(Q2). Therefore, for all i, j = 1,2, 3,

9 1 1 1
—aui € L%(Q), where — = —+ —
dx; Q@ p s

and
ou; 1 1 1 1
o Ui € LB(Q), where — = —+ - =—.
dx; g3 p* 3 p
Clearly, g» < g3 and then 8%/(omi) € L92(R2), where ¢, € (%,p). This implies that cu €

_1
W19 (Q) and hence, au, € W'~ 22(I). Again, we have u € W92 (), where ¢» € (%, D),
by the regularity result.
Now, u € W29 () — L*®(Q) and Vu € WH2(Q) < L9 (Q). So, for all i, j,

9 du; 11 1 1 1 2
a—auieLP(Q) and aaﬂeuﬂ(sz), where — = — + — =—+ — — =

X; Xj 4 P* ¢ p @ 3
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Since g4 > p, ax (aui) € LP (), and then, au € WP (Q). Thus, au, € w! P "P(T") and the

regularity result for the Stokes system with full-slip boundary condition [7, Theorem 4.1] implies
that (u, 1) € WP (Q) x WP (Q).
The case for p > 3 follows by applying a similar argument. Indeed, as « € L°°(I"), one gets

1

QU € WI_F’p(F) and [7, Theorem 4.1] can be applied directly. O
6. Uniform estimates
6.1. First estimate

We can deduce some estimates giving a precise dependence of the weak solution of (S) on the
friction coefficient « in some particular cases. Then, we attain a better estimate than (5.17). Note
that the following result is not optimal with respect to o and will be improved in Theorem 6.11.
Proposition 6.1. Let p > 2. With the same assumptions on f,F, h and o as in Corollary 5.7, the

solution (u,w) € WhHP(Q) x Lg(Q) of problem (S) satisfies the following bounds:
a) if Q2 is nonaxisymmetric, then

lullwrrq) + Il
2
=@ p) (141020 (nfnm(g) + IF o) + ||h||W;,,,m) . 6D

b) if Q is axisymmetric and

() a>ax>00nT, then

||u||W1-P(Q) + e

C(Q,
< G (14 ol ) (llfllLr(m(Q) +IF lLr ) + ||h||W_%,pm) :

(i) f, T and h satisfy the condition:
/f'ﬁ—/IF:VﬁH-(h,ﬂ)r:O,
Q Q

then

”u”Wl-P(Q) +lmllLro
=@ p) (14 @l ) (nfnw(m + IF o) + ||h||W_%,,,(F)) .

Proof. We only prove (6.1) since the other inequalities follow in the same way. Assume that Q2
is nonaxisymmetric.

i2<p <3 From the proof of Lemma 3. 9 au, € L1(IN) Wlth L 5 — —+ 2+€ 2p

LiT)—> W P "P(I"). Therefore, auy € W~ P "P(I), but from the relatlon

and
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1
LIT) «— W »’T) < H (D),
compact

continuous

we have that for any § > 0, there exists a constant C(§) > 0, with C(§) — oo as § — 0, such that

q
IIIJIIW_#F(F) <évlrer) + C(5)I|v||H_%(F) Vv e LY(T). (6.2)

Choosing v = au, in (6.2) and using Holder inequality and trace theorem, we get
II(erIW,%,p(F) < 8 llauclpary + C©) llauell pas3
<94 ”a”LZ"’f([‘)”u”W]vP(Q) +C(%) ||0[||L2(F)”u”H1(Q)~

The WP -regularity result of the Stokes system with full-slip boundary condition [7, Corollary
3.8] yields

VN

lellwin@) + 17 lg0) < C (1 ey + IF Lo + A1 1, ||aur||w_%_,,m)

=C (”f”Lr(P)(Q) +IFllLr o) + ||h||W_%_p(F))
+ 5||05||L2+€(F) ”u”Wl-P(Q) + C(S)HWHLZ(I‘) ”u”Hl(Q)-

Then, choosing § > 0 such that 1 — 3Clle| 2+ () = %, we obtain

lallwir g + ||7T||L{,’(Q)

IA

c (IIfIILr@)(Q) +I1F e + IIhIIW_%,,,(F)> + C llallp2ryllell 2ve ry el g1 )

IA

2
CA+llally ero ) (llfller(Q) +IF e + ||hllw_%‘p(r)) :

(ii) p > 3: The analysis is exactly similar to the previous case. O

Remark 6.2. We can also extend the above estimates of Proposition 6.1 for p < 2 by applying a
duality argument in the same way as it was done in Proposition 6.10 and Proposition 6.12.

6.2. Second estimate
In this subsection, we prove one of the main results of this work. The estimates in Proposi-

tion 6.1 are improved with respect to « and for all p € (1, 00).
First, we discuss the estimate for p > 2 with f = h =0, similar to (4.3) or (4.4).

Theorem 6.3 (Estimates in WP (), with p > 2 and RHS F). Let p > 2, F € L?(Q) and
o € L'P)(T). Then, the solution u € WP (Q) of (S) with f =0 and h = 0 satisfies the following
estimates:
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(i) if Q is nonaxisymmetric, then

Il 1p gy < Cp() IF Lo 63)

(ii) if Q is axisymmetric and o > ay > 0, then

”u”leP(Q) = Cp(Q’ o) ”]F”]LP(SZ)~

The proof of the above theorem uses the weak Reverse Holder inequality and the steps are
similar to the ones of the Laplace-Robin problem, discussed in [5], although they are not the
same because of the pressure term in our current problem.

Before the main proof of Theorem 6.3, we require some additional results and tools.

Since  is of class Cl'!, there exists some ry > 0 such that for any xo € I', there exist a
coordinate system (x’, x3), which is isometric to the usual coordinate system (which involves
rotation and/or translation) and a C!>! function ¥ : R* — R such that

B(xg,r0) N Q= {(x', x3) € B(x0,r0) : x3 > ¥ (x")} (6.4)

and

B(xo,r0) NT ={(x', x3) € B(x0,r0) : x3 =% (x")} .

Now consider any ball B(xg, r) with the property that 0 < r < %0 and either B(xg,2r) C Q or
xo € I'. In some places, we may write B instead of B(xg, r) provided there is no ambiguity, and
aB = B(xg, ar) for a > 0. Also, for any integrable function f on a domain w, we use the usual

notation to denote the average value of f on w by

freml s

The following lemma is proved in [27, Lemma 0.5] (see also [26, Proposition 1.1, Chapter
V]). We may replace cubes by balls as well in the following result, see for example [21, Propo-
sition 3.7].

Lemma 6.4. Let f, g, h be nonnegative functions in L' (Qq), where Qg is a cube in R", Qr(xo)

is a cube centered at xo with sides 2R and let f € RT. There exists 8y such that if for some
8 < &9, the following inequality

/fsc<5> R / - / B+ / !

Or(x0) Q2r(x0) Q2r(x0) 02r(x0)

holds for all xo € Qo and R < %dist(xo, 0Qy), then there exists a constant C > 0 such that
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/fSCR‘ﬁ/g—i-/h

Or(x0) Q2R (x0) Q2R (x0)
for all xo € Qo and R < %dist(xg, 3 Qo).
Next, we deduce the Caccioppoli inequality for the Stokes problem, up to the boundary.

Lemma 6.5 (Caccioppoli inequality). Let (u, 7) € H'(Q) x L3(Q) satisfy

2/]D)u:D¢+/au,~¢,—/ndiv¢=—/]F:V(o V(pele(Q). (6.5)
Q r Q Q

Then, there exists a constant C > 0, independent of «, such that for all xo € Q and 0 <r < 2,

we have
2 1 2 2
[Vul|"<C 2 ee|” + F1= ], (6.6)

BNQ 2BNQ 2BNQ

where ry is given in (6.4).

Proof. We will use the following identity several times: for any “smooth enough” v and any
symmetric matrix M, [Dv: M = [ Vv : M. In particular, for any “smooth enough” v and ¢,

w w
/]D)U:D(p:/Vv:]D)(p.
w

w

(i) Pressure estimate: Let 7o = f . Since w € L(z)(Q), consider v € H (1)(23 N ) which
2BNQ
satisfies

/ Vv:Ve= / (r —mo)dive  Voe H2BNQ).
2BNQ 2BNQ2

As € is connected, we get

lw — ”0||L2(2BQQ) <C|V(@m - 7TO)||H*1(2BQQ) = C”v”H(l)(zBmQ)»

where the constant C depends only on €2, not on r (cf. [27, comment before Remark 1.7, Part
I1]). But from (6.5), we obtain (extending ¢ by 0 outside 2B N 2, we may consider ¢ € H (l)(Q)
and replacing by w — 7 since m — g also satisfies (S)) that

/ Vv:Vw:Z/Du:D¢+/au,~(o,+/F:Vq) V(peH(])(ZBﬁQ).
2BNQ Q r Q
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Now, putting ¢ = v yields
Il — 7ol 22800y < C(@) (IVulL20800) + IFIL20800) - (6.7)
(ii) Caccioppoli inequality: Let us consider a cut-off function n € C2°(2B) such that
(O
0<np<1, n=1onB and |Vy <— in2B. (6.8)
r

Choosing ¢ = n?u in (6.5), we have

2 / Du : D(nu) + / an’lug)® — / (r — 7o) div(n’u) = — / F : V(n’u)

2BNQ 2BNT" 2BNQ 2BNQ

and using the fact that div # = 0 in €2, it follows

2 / n*Dul* + / an’lu,|?

2BNQ 2BNT
=—4 / Du :nVyu +2 / (mr —mo)nVnu — / IF:nZVu—2 / F:nVnu,
2BNQ 2BNQ 2BNQ 2BNQ

where Vnu is the matrix Vi ® u. Next, by using Young’s inequality on the RHS, we obtain

2 / n*Dul* + / an?lu.|?

2BNY 2BNI"

< / 7 Dul’ + C, / WPV + 6 / Pl — mol2 + Ce / Vil
2BNY 2BNY 2BNY 2BNY

+e / n*1Vul* + C, / n*IF1> +e / n*F1> + Ce / IVl [ul®.
2BNY 2BNQ 2BNQ 2BNQ

Since o > 0 and by choosing ¢ > 0 suitably and using the properties (6.8), we get
C
/ IDu|? < = / ul* + ¢ / Ir —mol* + ¢ / \Vul> +C / IF|?,

BNQ 2BNQ 2BNQ 2BNQ 2BNQ

where the constant C > 0 is independent of «. Now, using the pressure estimate (6.7), we have
C
/ Duf? < / ul® +e / Vul® +C / IF|%.
BNQ 2BNQ 2BNQ 2BNQ

Next, adding the term f |u|2 in both sides, choosing r < 1 (as €2 is bounded, we can do this)
BNQ
and using Korn inequality, we obtain
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1
/|Vu|2§||u||§11(3m9)§C(Q) ) / |u|2+ / |]F|2 +¢ / |Vu|2.

BNQ 2BNQ 2BNQ 2BNQ

Therefore, using Lemma 6.4 with 8 = 2, we achieve the desired estimate (6.6). O

We further state the following boundary Holder estimate which can be proved in the same way
as it was done in [27, Theorem 2.8 (a), Part II], since we have the corresponding Caccioppoli
inequality (6.6) as in [27, Theorem 2.2, Part II].:

Proposition 6.6. Let y € (0, 1) and suppose that (v, z) € H'(B(xg,r) N Q) x L2(B(xo,r) N Q)
satisfies

—Av+Vz=0, divv=0 in B(xg,r)NQ
v-n=0, 2[Dv)n]; +av, =0 on B(xg,r)NT

for some xo € I" and 0 < r < rg. Then for any x,y € B(xg,r/2) N Q, we have

1/2

_ Y
x =yl 2| . 6.9)

B(xg,r)NQ2

lv(x) —v(y)|<C (

where C > 0 depends on 2, but is independent of o.

Lemma 6.7 (Weak reverse Holder inequality). Let p > 2. Then for any B(xo, r) with the prop-
erty that 0 <r < %0 and either B(xg,2r) C Q or xo € I, the following weak reverse Holder
inequality holds:

(i) if B(xo, 2r) C 2, then

1/p 1/2

][|Vu|p <C ][|Vu|2 , (6.10)

B(xq,r) B(xq,2r)

whenever u € H (B(x, 2r)) satisfies —Au +Va =0, divu =0in B(x, 2r).
(i) if xo € T, then

1/p 12

][ (val? +1uP) | <c ][ <|Vu|2+|u|2> , 6.11)

B(xo,r)NQ B(x0,2r)NQ

whenever u € H'(B(xo, 2r) N Q) satisfies

—Au+Vr =0, divu=0 in B(xp,2r)NQ
u-n=0, ou;+2[Du)n]l; =0 on B(xp,2r)NT.
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The constant C > 0 at most depends on 2 and p.

Proof. Case (i): B(xg,2r) C Q.
The weak reverse Holder inequality (6.10) holds for any p > 2, by the following interior esti-
mates for Stokes operator [30, Theorem 2.7 (1)]:

1/2
sup |Vu|<C ][ |Vu|2

B(xo,
(xo.r) B(x0,2r)

Case (ii): xg € T'.
From the interior gradient estimate for the Stokes problem, we can write (e.g. see [30, Theo-
rem 2.7, (3)])

1/2

c 2
Vu()| = 5= ][|u| ,

B(x,cé(x))

for any x € (B(xg,7) N ) where §(x) = dist(x, I') and ¢ > 0 is chosen such that B(x, 2¢d(x)) C
(B(xg, 2r) N 2). Now, for fixed y € B(xp, 2¢§(x)), let v(x) =u(x) —u(y). Then —Av + Vz =
0, divv =01in B(x, 2c¢é(x)) and thus, we may write from the above argument

1/2

C

Vool < — ][ |

5(x)
B(x,cé(x))

which implies, along with the boundary Holder estimate (6.9), that

172
C 2
[Vu(x)| < ) lu(z) —u(y)|“dz
B(x,cd(x))
172
C
=— / u(z) — u(y)*dz
a(x)l+§
B(x,c8(x))
- 172
_ 2y
< C . |z )’|) |u|2 dz
8(x)1+’§ r
| B(x,2¢8(x)) B(x0,2r)NQ2
1/2 172
C 1
< - T — / |z —y[?dz
s(x)1*2 rv
B(x0,2r)NQ2 B(x,2¢8(x))
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1/2
C 1
< | =63
((S(x))H'i rv
B(x(,2r)NQ
1/2
S(x))r—!
—c, OO p luf?
rY
B(x0,2r) N2
1/6
s(x)r~!
<c, B Juf®
rY
B(x(,2r)NQ
1/2
r\'"7 2 2
C,| — Vu u
< V(S(x)) fovut
B(x0,2r)N2
Since y € (0, 1) is arbitrary, we have
1/2
Va<c, () foovul e
u — u u
=G0
B(x0,2r)NQ2
Finally, this yields, by choosing y so that py < 1, that
1/p 1/2

wvar | =c, ][ Va4 Ju?

B(xo,r)NQ B(x0,2r)N<2
This completes the proof. O

With the following abstract lemma which is proved in [25, Theorem 2.2], we are now in a
position to prove Theorem 6.3.

Lemma 6.8. Let Q be a bounded Lipschitz domain in R? and p > 2. Let G € L>(Q) and f €
L9(R2) for some 2 < q < p. Suppose that for each ball B with the property that |B| < B|2| and
either 2B C Q2 or B centers on T, there exist two integrable functions Gp and Rp on 2B N Q
such that |G| < |Gg|+ |Rp| on 2B N Q2 and

1/p 172 12

][ |Rg|P =Ci ][ G2 +;u[; ][ ViE (6.12)
D

2BNQ ¥y BN B'NQ
and
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1/2 172

f 1G> | < Ca sup f Vi (6.13)

B'DB
2BNQ2 B'NQ

where C1,Cy >0and 0 < B <1 < y. Then, we have

1/q 1/2 1/q
fmw <C ‘fmﬁ + fvw : (6.14)
Q Q Q

where C > 0 depends only on C1, Cp,n, p,q, B,y and Q.

Proof of Theorem 6.3. Given any ball B with either 2B C Q or B centerson I', let ¢ € C2°(8B)
be a cut-off function such that 0 < ¢ < 1 and

_J1 in 4B
= 0 outside 8B

and we decompose (u, ) = (v, 1) + (w, m2), where (v, 1), (w, 72) € HI(Q) x L2(Q) satisfy

—Av+ Vry =div (pF), divv=0 inQ
(6.15)
v-n=0, 2[Dv)n]; +av; =—[(¢F)n]; onT
and
—Aw+ Vm =div (1 — p)F), divw =0 in Q
(6.16)
w-n=0, 2[DOw)n]; +aw;=—-[((1—¢)F)n]; onT.
From the weak formulation of (6.15), we get
/|Vv|2—|—/oz|v,|2=—/go]F Vo,
Q r Q
which implies
IVollLe @) < l9F L2 @) (6.17)
and
1ol g71 (g < C(Q @) 9F [l q)- (6.18)

Note that the above constant C is independent of o, when €2 is nonaxisymmetric (cf. Theo-
rem 4.3).

(i) First, we consider the case 4B C 2. We want to apply Lemma 6.8 with G = |Vu|,Gp =
|[Vv| and Rp = |Vw]|. It is easy to see that
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|Gl =G|+ IRl

In order to verify (6.12) and (6.13), note that the estimate (6.17) yields
1 1 1 1
o [160P = [1vop = o [P < o [orp
2B 2B 2B N Q2| 2B N 2|
2B 2B Q Q
c(
< [ P,
8B N Q|
8BNQ
where in the last inequality, we used that [§ B N Q| < C(£2)|2B N 2|. This estimate holds since 2
is a Lipschitz domain and thus, it satisfies the interior cone condition. This allows us to deduce
the estimate (6.13).

Next, from (6.16), we observe that —Aw 4 Vmy =0, divw =0 in 4B. Hence, by the weak
reverse Holder inequality in Lemma 6.7 (using 2B instead of B), we have

1/p 1/2

][|Vw|" <Cp(Q) ][|Vw|2 ,
2B 4B

which implies, together with (6.17), that

1/p 12 r 12 12
][|RB|P <Cp ) ]l|w|2 < Cp(@) ][|Vu|2 4 ]l|w|2
2B 4B | \is 4B

172 12
<C(Q) ][|G|2 + ][ IFP?
4B 8BNQ2

This yields (6.12). So, from (6.14), it follows that

l/q

1/2 1/q
][IVulq <CH(Q) ][|w|2 + ][W
Q Q Q

for any 2 < g < p, where Cj,(£2) > 0 does not depend on «.

Observe that the weak reverse Holder condition (6.10) has the self-improving property, that
is, if u satisfies (6.10) for some p > 2, then it satisfies (6.10) for some p > p. This implies the
above estimate also holds for any ¢ € (2, p) for some p > p, and in particular, for ¢ = p. Then,
we deduce (6.3) from the L?-estimate 4.3).

(ii) Next, let us consider B centered on I'. Now, we apply again Lemma 6.8 with G = |u| +
|Vu|,Gp =|v|+ |Vv| and Rp = |w| + |Vw]. Obviously, |G| <|Gp| + |Rp| and by (6.18)
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C(R.0:) / )
Ggl? < 24V F
fl Bl" = f)WI+IN)_uBmQﬂ|m%D 2Bnal lolF |

2BNQ 2BNQ
C Q,
|SB N Q|
8BNQ2
which yields (6.13). Also, (w, m2) satisfies the problem
—Aw+Vm =0, divw=0 in 4BNQ
w-n=0, ow;+2[((Dw)n]l; =0 ond4BNT.

By the weak reverse Holder inequality (6.11) and the estimate (6.18), we can then write,

1/p
|Rp|?
2BNY
1/p
< \v4 p/2
< |2Bﬁ9| / (| + Vw)?)
2BNY
1/2
<C,(R2 v
<Cp( ) |4Bm| /(|w| +vwP)
4BNY
B 1/2 1/2
< Cp(Q) L / (ul?+Vu®y | + L / (v + V)%
- |4B N Q| |4B N Q|
4BNQ 4BNQ
1/2 1/2
<@ | — /|G|2 O | — /|JF|2
1 Y
-F |4B N Q| P “\ 18BN Q|
4BNQ 8BNQ

which yields (6.12). Thus we get from (6.14),

1/q

][<|u|+|Vu|>q <Cp( @ a) ][(|u|+|Vu|)2 + ][w
Q Q Q

forany 2 < g < p where C,(£2, o) > 0 does not depend on «. This completes the proof together
with the previous case. O

The next proposition will be used to study the complete Stokes problem (S). We will improve
the following result in Proposition 6.12, where we consider data which are less regular.
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Proposition 6.9 (Estimates in W"? (), with p > 2 and RHS f). Let p > 2, f € L?(Q) and
a € L'P)(T). Then the unique solution (u,7t) € WP (Q) x LF (Q) of (S), with F =0 and h =0,
satisfies the following estimates:
(i) if Q is nonaxisymmetric, then

lullwir) + I llr@) = Cp() 1 fllLr o

(ii) if Q is axisymmetric and o > oy > 0, then

lullyrrq) + I lLr@) < Cp(S2, ) | fllLr)-

Proof. The result follows by using the same argument as in Theorem 6.3 and the pressure esti-
mate (3.12). Hence, we do not repeat it. O

Proposition 6.10 (Estimates in WP () for RHS F). Let p € (1,00), F € L?(Q) and « €
L'P)(T). Then the solution (u, ) € WP (Q) x LY () of (S) with f =0 and h = 0 satisfies the
following estimates:

(i) if Q is nonaxisymmetric, then

lullwirq) + ITllzr@ = Cp() IF L (o) (6.19)

(i) if Q is axisymmetric and o > ay > 0, then

lullyrrq) + 1T lLr@) < Cp(82, ) IFILr (). (6.20)

Proof. For p > 2, the estimates (6.19) and (6.20) are proved in Theorem 6.3. Now, suppose
that 1 < p < 2. We prove it in two steps. Also, without loss of generality, we consider that 2 is
nonaxisymmetric.

(i) First, we prove that

VullLr@) < Cp(DIF|ILr(g)- (6.21)
We write

| [Vu: G|

Q

IVullpr@y=  sup (6.22)

O#GE]LP/(Q) ”G ”]Ll’/(Q)
and for any matrix G € (D())3*3, let (v, 7) € W7 (Q) x Lg’(sz) be the solution of

—Av+Va=divG, divv=0 in
v-n=0, [2Dv+G)n],+av;=0 onT.

Since p’ > 2, from Theorem 6.3, we have

”v”Wl,p’(Q) = Cp(Q)”G”]Lp’(Q)~
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Also, if u € WP (Q) is the solution of (S) with f =0and h =0, by using the weak formulation
of the problems from which u and v satisfy, we obtain

—/]F:Vv=2/]D)u:]D)v+/ozu,-vrz—/G:Vu,
Q r Q

Q

which implies

/G Vul < IFllLe@ IVl q) < CoIF Ly @ Gl o)
Q

and hence, (6.21) follows from (6.22).
(ii) Next, we prove that

lellLr@) < Cp(NFILr (o) (6.23)

Similarly to the previous step, we write

| [u- ol
lelpr@)=  sup Tol o (6.24)
0£peL? @ 1Py @

From Proposition 6.9, we get for any ¢ € L7 (Q), the unique solution (w, ) € Whr'(Q) x
Lg (2) of the problem

—Aw+Var=¢, divw=0 in €, 6.25)
w-n=0, 2[Dw)n], +aw,=0 onT, '
which satisfies
Il ) < Co() 101, - (6.26)

Therefore, using the weak formulation of the problems from which # and w satisfy, we get

/u-q):/u'(—Aw—i—Vft)=2/]D>u:]Dw—2/u-(]D)w)n
Q Q Q

r

=2/]D>u:]l])w+/ozu,~w,=—/]F:Vw,
Q

Q r

which implies (6.23) from the relations (6.24) and (6.26).
For the pressure estimate, we have (3.12). This completes the proof. O

Now, we study the complete problem (S).
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Theorem 6.11 (Complete estimates in WP (R)). Let p € (1, 00) and

FeLl’P(Q),F cLP(Q),he W 5P(T),acL'PT),

Then the solution (u, w) € WHP () x Lg(Q) of (S) satisfies the following estimates:
(i) if Q is nonaxisymmetric, then

lullwir )+ lImllzr@ < Cp(€2) (”f”L’(l’)(Q) + IFllLr @) + IIhIIW}],,,(F)> (6.27)

(ii) if Q2 is axisymmetric and o > o, > 0, then

Nl + 17 llLri@) < Cp(R, @) (IIfIILr@)(Q) +IF e + ||h||W_%,,,m> . (628)

To prove the above theorem, we also need the following proposition:

Proposition 6.12 (Estimates in WP (Q) with RHS f and h). Let p € (1, c0),

Fel’PQ@) . he W rP(T) and «cL'P(T).

Then the solution (u, ) € WHP(Q) x Lg () of (S), with IF = 0, satisfies the following estimates:
(i) if Q is nonaxisymmetric, then

”u”W]vP(Q) + ||7T||L”(Q) = Cp(Q) <||f||Lr(p)(Q) + ”h”W/]J’p(I‘))
(ii) if Q is axisymmetric and o > oy > 0, then
el ) + 171l L@y < Cp(R, ) (nfnw(m SR LI m) .

Proof. Without loss of generality, we only consider the case 2 is nonaxisymmetric. The proof
is similar to that of Proposition 6.10 with obvious modifications.

(i) For proving
IVulLr@ = Cp(S2) (Ilfllyuz)(g) + ||h||W[17,p(F)) ; (6.29)
we write
[Vu:G
Q
Vullpry=  sup (6.30)

0£GeL? (Q) IGILy ()
For any matrix G € (D(Q))>3, let (v, 7) € W7 (2) x L () be the solution of

303



P. Acevedo Tapia, C. Amrouche, C. Conca et al. Journal of Differential Equations 285 (2021) 258-320

—Av+Va=divG, divv=0 in ,
v.-n=0, [2Dv+G)n],+av;,=0 onT,

which satisfies

1l gy < Co@IGL g

by using Proposition 6.10. Also, if (u, ) € WI’P(Q) X Lg(Q) is a solution of (S), with F =0,
by using the weak formulation of the problems from which u and v satisfy, we get

—/G:Vu:Z/]D)u:Dv—i—/ozu,.v,:/f~v+(h,v)p.
Q Q

Q r

This implies, together with the embedding W7 () < L") (Q) for all p € (1, 00) (which
follows from the definition of r(p)), that

ol 1

/ G Vu| < 1 s 19l iy + 11 gy IOy
Q

=Cp(2) (”f”Lr(P)(Q) + ”h”Wll”p(l")> ”v”Wl,p’(Q)-

Therefore, (6.29) follows from (6.30).
(ii) Next, we prove the following bound:

lullLr@) < Cp(2) (IIfIILrw(Q) + IIhIIW_%_p(F)> (6.31)
as it was done for (6.23). Knowing that

| [u-ol|
Q
lelrr@ =  sup

ozper” @ 121y @)

there exists a unique (w,7) € Wl’p,(Q) X Lg,(Q) of the problem (6.25) for any ¢ € Lp,(SZ)
satisfying the estimate (6.26). Thus, we can write

/u-w:/u-(—Aw~|—Vﬁ)=2/]D)u:ID)w+/ozu,-w,:/f-w~|—(h,w)1—
Q Q Q r Q
which yields (6.31). The pressure estimate can be obtained from (3.12). O

304



P. Acevedo Tapia, C. Amrouche, C. Conca et al. Journal of Differential Equations 285 (2021) 258-320
Proof of Theorem 6.11. Let u; € W'?(Q) be the weak solution of

—Auy +Vr=divF, divu; =0 in ,
u;-n=0, [2Duy+F)n];, +aoui;=0 onT,

given by Proposition 6.10, and u; € WP (Q) be the weak solution of

—Auy+Vmy=f, divuy=0 in 2,
u, - n=0, 2[(Dus)n], +aurr=h onl,

given by Proposition 6.12. Then, (u, 7) = (u1, 71) + (u2, 7o) is the solution of the problem (S)
which also satisfies the estimates (6.27) and (6.28). O

Remark 6.13. Note that it is also possible to deduce a uniform estimate (6.27) in the case when
Q is axisymmetric, « is a constant with no strict positive lower bound o, and the condition (4.5)
is satisfied. Indeed, we may use the L2-estimate (4.7) in (6.18) and carry forward all consequent

results.

In the next result, we improve the dependence of the continuity constant y of the inf-sup
condition (5.15) on the parameters, and show that it is actually independent of «.

Theorem 6.14. Let p € (1, 00) and a € L''P)(I"). We have the following inf-sup condition.:

2[Du:Do+ [aur -,
Q r

inf sup > C(Q, p),
“Vor@ eyt ) 1Ivie 19y g
9#0

when either (i) Q2 is non-axisymmetric or (ii) Q2 is axisymmetric and « > oy > 0.

Proof. It follows the same proof as in Proposition 6.12. Indeed, let u € Vf;,,(Q) and u # 0.
Then, by Korn inequality, ||u||W1,p(Q) > ullpr(g) + IDullLr ).
(i) First, we write

/Du:G /Du:G
Q Q

“Du”LP(Q) = sup W = sup W, (6.32)
0£GeL” @ IPILY (@ gxgeL? @' LY @)

where L? /(Q) is the space of all symmetric matrices in ]LP/(SZ). For the last equality, note
that any matrix G can be decomposed as G = %(G +GT) + %((G — GT). Then, we have

[Du: (G - GT) =0, and denoting K = %(G +GT), we have K € ]Lf/(Q) and ||K||]L,,/(Q) <

Q
2|G ||]L,,/(Q), which proves that
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/Du:G
Q

/Du:K
Q

sup o = sup )
02GeL” @ ICILy @ 0£KeL! (@) KLy @)

The reverse inequality in the above relation is clear.
Now, for any G € LY (Q), let (¢, 77) € Wl’pl(Q) X Lg (£2) be the unique solution of

{_Aq) +VA=divG, dive=0 in &2, (6.33)

¢-n=0, [2D¢+G)n] +ap,=0 onT.

Since we have either (i) 2 is nonaxisymmetric or (ii) €2 is axisymmetric and o > o, > 0, the
solution also satisfies the estimate

@l gy < CoEDNGILy o) (6.34)

by using Proposition 6.10. Also, taking u as a test function in the weak formulation of (6.33), we
obtain

2/ID)(p:]D)u+/a(p,-u,:—/G:Vu:—/G:]D)u, (6.35)
Q r Q Q

where in the last equality, we used that G is a symmetric matrix. Thus, from (6.32), (6.34) and
(6.35), we get

2[Du:Deo+ [au; - @,
Q r

IDullzr@) < Cp(2) sup ol
oeV? (@) Plwirq)
9#0

(ii) Similarly to the estimate (6.23), to prove

2[Du:D¢+ [oaus - @,
Q r

lullpr@) < Cp(2) sup , (6.36)
(per,’,,(Sl) ”‘P”Wlp’(gz)
¢¥0
we write
| [u-w]|
Q
lullLr@)=  sup 6.37)

oswerL? @ 1Ly @)

So, for any w € L”/(Q), the unique solution (¢, 7) € Wl’p/(Q) X Lg/(Q) of the Stokes problem
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—Ap+Va=w, dive=0 in ,
(6.38)
¢ -n=0, 2[(De)n] +ap,=0 onT,
satisfies
10110 ) < Co() 10l - (6.39)

by using Proposition 6.9. Therefore, taking u as a test function in the weak formulation of (6.38),

we get
2/D¢:Du+/a<p,-u,=/u-w,

Q r Q

which yields (6.36) from (6.37) and (6.39). O

Remark 6.15. If we consider the operator of the form div(A(x)Vu) instead of Au in the first
equation of the Stokes system (S), we may obtain the following improved W27 -estimate as it is
done in [5, Theorem 3.1]:

Let p € (1,00), o be a constant and f € L?(2). Then the solution (u, ) € W2P(Q) x
WP (Q) of (S) with F = 0 and h = 0 satisfies the following estimate:

||u||W2-p(Q) + ||7T||W1,p(52) <Cp(Q,a:) 1 fllLr()-
7. Limiting cases

Our goal in this section is to study the limiting behavior of the solution of (S), when the
friction coefficient o goes to 0 or co.

7.1. atendsto 0

Theorem 7.1. Let p € (1, 00), 2 be a nonaxisymmetric bounded domain and
(g, my) € Wl’P(Q) X Lg(Q) be the solution of (S), with

1
feL'P(Q),FelLP(Q),he W () and «eL'P D).
Ifa — 0in L'PX("), then we have the convergence
(o, 7a) — (o, o) in W'P(Q) x L{(RQ),

where (uo, 7o) satisfies, in the sense of distributions, the following Stokes problem with Navier
boundary conditions:

—Aug+ Vo= f+divF, divug=0 in €,

(7.1
uy-n=0, [QDuo+F)n]l,=h on T,

which corresponds to the case o = 0.
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Proof. Let o — 0 in LP (I"). This means that there does not exist any o > 0 such that o > «,
on I'. Now, from the estimate (6.27), it is clear that (uy, 77,) is bounded in W?(Q) x L? ()
for all p € (1, 00). Then, there exists (uq, 7o) € WP () x LP(2) such that

(U, TTq) — (ug, m) weakly in WP (Q) x LP(R).

It can be easily proved that ug € W'7() is the unique weak solution of the Stokes problem
(7.1). Indeed, being a weak solution of (S), u, satisfies the weak formulation (3.8). Now, as
shown in Lemma 3.9, uy — ug in W7 () implies (#y); — () in L*(I"), where s satisfies
(3.7). Also & — 0 in L'P/(T") gives a(ug)r — 0 in L™ (T'), with m defined in (3.6). Hence, in
the weak formulation (3.8), the boundary term in the left hand side goes to 0. Finally, passing to
the limit, we deduce

2/]D>um]D<p=/f~go—/IF:Vq)—i—(h,‘/’)r V(peVg’:T(Q). (7.2)
Q Q Q

Satisfying this variational formulation (7.2) is equivalent to saying that (ug, 7o) satisfies (7.1) in
the sense of distributions, as shown in Proposition 3.1 1. Note that, the system (7.1) has a unique
weak solution if the domain is nonaxisymmetric (cf. Remark 3.14).

Now, by using the variational formulations for the systems (7.1) and (S), we obtain that (uy —
uo) is a weak solution of the following system, in the sense of Definition 3.10,

—A(uy —ug) +Virg —mp) =0, div (ug —ug) =0 in £,
(g —ug) -n=0, 2[Dwy —uo)nl, +a(wy —up); = —o(ug); on I,

for which employing the estimate of Theorem 6.11, the Holder inequality and the trace theorem,
yields

lee — uO”wLP(Q) + I — mollLr @) < C(2) ”a(uO)r”W_%‘p(I‘)
<C(Q) ”a“L/(P)([‘)||u0||W1~P(Q)'

Therefore, u, — ugy and 7, — my both tend to zero in the same rate as . 0O

Remark 7.2. We can prove also the above theorem for €2 axisymmetric and « constant, provided
the compatibility condition (4.5), with the help of the estimate (4.7) and the Remark 6.13. Indeed,
to expect the limiting system to be (7.1), we must assume the compatibility condition, since this
is the necessary condition for the existence of a solution of the system (7.1).

7.2. « tends to 0o

Next, we study the behavior of u,, where « is a constant and grows to oo.

Theorem 7.3. Let p € (1, 00) and (uy, 7y) be the solution of (S), with

1
fe Lr(P)(Q), F eL?(Q),he W »?(I') and a a constant.
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(i) If @ — oo, then we have the convergence
(s o) = (oo, o) in WHP(Q) x LP(Q),
where (U, Too) 1S the unique solution of the Stokes problem with Dirichlet boundary condition:

{—Auoo—}—VnOO:f—i—divIF, divus =0 in Q, 713)

Uso=0 onT.

(ii) Moreover, for any g < p if p #2 and q =2 if p =2, we obtain the strong convergence
(e, o) = (oo, Too) i WH(Q) x LI(Q).
Proof. Since o — 00, we can consider o > 1.

(i) From the estimates (6.27) or (6.28), we see that (uy, 77, ) is bounded in W17 (2) x LP(Q)
for all p € (1, 00), hence there exists (Uoo, Too) € Wl"’(Q) x LP(2) such that

(Ue, To) = (oo, Too) ~ weakly in WHP(Q) x LP(R).
On the other hand, we can also write the system (S) as follows:

—Auyg+Vry=f+divF, divu,=0 in ,
Uy =+ (h—[2Duy +F)nl;) on T.

T

(7.4)

Observe that, the condition u, - 7 = 0 on I' is included in the above system, because of the
assumption & - n = 0 (see paragraph 3 of Section 2). Passing to the limit in (7.4) as ¢ — 0o, we
obtain that (#, o) is the solution of the Stokes problem with Dirichlet boundary condition
(7.3).

Indeed, passing to the limit in the first two equations of (7.4), we obtain what we desire. For

the boundary condition, we have that 2[(Du,)n]; is bounded in W_%’p (), since (Uy, Ty) is
bounded in E?(£2) and by using the Green formula (3.3). Hence, taking the limit as ¢ — oo in
the boundary condition of (7.4), we obtain the boundary condition of (7.3).

(i) Now, to show the strong convergence, we know from the variational formulations of the
systems (7.3) and (S), that (u, — uso) is a weak solution of the problem

—A(Uy —Uso) + V(Ty — 7o) =0, div (ug —Us) =0 in €,
(g — o) - n=0, 2[D(uy —uco)nly + oy — o)y =h —2[(Du)n]l; on I,

and then, the Green formula (3.3) yields, choosing (#, — #~) as a test function,

2/ Dy — uoo)|2 +Ol/|(uot - uoo)r|2 =(h - 2[(Duco)nly, ug — uw)Hf%(l")xH%(F) .
Q r

Asuy, — Uy in H% (I") weakly and h — 2[(Duo)n]; € H_% ("), this shows the strong conver-
gence of uy 0 U in H'(). The strong convergence for the pressure term follows from the
estimate (3.12).
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Next, since Uy — Unso in H! (2), we have Vu, — Vuy, almost everywhere in €2. Further,
we know that Vu, is a bounded sequence in L?(2). Therefore, the strong convergence of u,
t0 U IN wla (R2) for any g < p follows, cf. [3, Lemma 1.2.3, Chapter 1]. This completes the
proof. 0O

7.3. « less regular
Theorem 7.4. Let

feLS(Q),Fel*Q),he H 3(I) anda € L3 ().
Then the Stokes problem (S) has a solution (u, ) in H' () x L*(S).

Proof. (i) First, let us consider that 2 is nonaxisymmetric. Using Theorem I1.4.2 in [42], we
know that there exists a sequence xj € Wl‘% (2) such that xx|r — « in L% (I'). Thanks to the
density of D(Q) in Wl’% (Q), we deduce the existence of a sequence &; € D(2) such that for
o = Alr, ax — o in L%(F). If (uy,m) € HYQ) x L%(Q) is the solution of the problem
(S) corresponding to ay, due to the estimate (4.3) satisfied by (ug, m), there exists (u,w) €
H'(Q) x L}(S) such that

(e, ) — (u,m) in HY Q) x LX(Q).

This implies (—Auy + Var) =~ (—Au+ V) in H (). Similarly, div uy — div u in H! ()
anduy-n—u-nin H 3 (I'). Thus, we obtain, in the sense of distributions,

—Au+Vr=f+divFinQ, divu=0inQ, u-n=0onT.

Next, from the Green formula (3.3), we have [(Duy)nr], — [(Du)n], in H? (I"). Moreover, as
o — a in L%(l") and (uy); — u; in L4(F), it follows ay (uy); — auy in Ll(F). Therefore,
passing to the limit in the Navier boundary condition satisfied by uy,

[CDuy +F)n), + ajug: =h onT,

it yields, [2Du 4+ F)n], + cu; = h on I'. Hence, (u, w) becomes the solution of the Stokes
problem (S). o
(ii) Note that, when €2 is axisymmetric and o > «, > 0, we can find a sequence oy € D(R2)

. . 4 . .
such that oy > a4 in 2 and og|r — o in L3 (I"). So, we can use the estimate (4.4) and obtain the
same result. O

Remark 7.5. For « € L% (I") and h = 0, the solution u € H' () satisfies the additional property:
[(Du)n], € L'(I).

Remark 7.6. Let f =0,F =0and h € L3 (I') with i -n =0 on T.

(i) If @ € L2(), then we have u € H'(S2) by Theorem 4.1. This implies that auy € L7 (I).
4

Hence, [(Du)n]; € L3(I"). We may now use complex interpolation between weak and strong
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solutions of the Stokes problem by treating ccu, as a source term on the right hand side (cf. [7]),
and we can consider the map

T:h—u
_1
WP > whr(Q)
W'TB P - WP ().

After interpolating, this yields that for h € L3 ("), the solution u € Wi+ 3 ().

() Ifae L% (I"), we have u € H'(), from Theorem 7.4. Then, au, € LI(Q) and from here,
we cannot improve the regularity any more.

8. Navier-Stokes equations

Finally, we consider the nonlinear problem and study the existence of weak and strong solu-
tions for the Navier-Stokes system (NS).

1
Definition 8.1. Given f € L"?(Q),F € L?(Q),h € W »’(I') and o € L'P ('), a function
ue Vg,t(Q) is called a weak solution of the Navier-Stokes system (NS) if it satisfies: for all

(p € V(I;,T(Q)a

2/]D>u:ID)<p+b(u,u,(p)+/au,~q),=/f~q)—/F:V(p+(h,<p)r, 8.1
Q r Q Q

where b(u,v,w) = [(u-V)v-w.
Q

Theorem 8.2. Let p € (1, 00) and

FeL'P(@),FeLP(Q),he W rP(T) anda € L'P/(T),

where r(p) and t(p) are defined by (2.3) and (2.2), respectively. Then the following two state-
ments are equivalent:

(i) ue Vg,, (R2) is a weak solution of (NS) and,

(i) there exists m € LP(Q) such that (u, w) € WHP(Q) x LP () satisfies:

—Au+ w-VYu+Vrn = f+divF, divu =0 in the sense of distributions,
u-n=20 in the sense of traces,
2[(Du)nl; +ou, = h in W=1/P-P(T),

The proof is standard and very similar to that of Proposition 3.11, hence we omit it. To facil-
itate the work, we introduce some properties of the operator b, but we skip the proof (cf. [7,

Lemma 7.2]).
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Lemma 8.3. The trilinear form b is defined and continuous on Vc27,r (R2) x chm () x Vg’r (2).
Also we have, for all u, v, w € Vg’T(Q),

b(u,v,v)=0 3.2)
and
b(u,v,w)=—b(u, w,v)
Moreover,
b(u,u,B)=0 and b(B,B,u)=0, wheref isdefinedin (2.4).
8.1. Existence and regularity

Now, we can prove the existence of weak solutions of the Navier-Stokes problem (NS). First,
we study the Hilbertian case.

Proof of Theorem 2.3 for p =2. (i) Existence: The existence of solution of (8.1) can be proved
by using standard arguments, i.e., we construct an approximate solution by using the Galerkin
method and then, we pass to the limit. Nonetheless, we state it briefly for completeness.

For each fixed integer m > 1, define an approximate solution u,, of (8.1) by

m
Uy = Z%—i,mvi» Si,m eR

i=1

2/Dum :ka+b(um,um,vk)+/aum~vrk=/f-vk—/IF:Vvk+<h,vk>r, (8.3)
Q r Q Q
fork=1,...,m
and V,, := (v1, ..., vy) is the space spanned by the vectors vy, ..., v, and {v;}icv 1S an or-

thonormal basis of Vg’T(Q). Note that V,,, is equipped with the scalar product (-, -) induced by
V2 (). Let the mapping Py, : iy — Viy be defined by

(Pm(w),v):2/]D)w:]D)v+b(w,w,v)+/aw,~v,—/f-v+/IF:Vv—(h,v)1—,

Q r Q Q

for all w, v € V,,,. The continuity of the mapping is clear. Also, using (8.2) and Proposition 3.13,
we get

(P (w), w) =2/|Dwl|f » o + /oz|wr|2 —/f ‘w+ /IF :Vw — (b, w)p
Q

r Q
> C(a, Q)”w”Hl(Q) {”w”H](Q) —C() (”f”Lg(Q) + ”IF”]Lz(Q) + ”h”H_é(l")) } .
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Hence, (Py(w), w) > 0 for all ||w|y, = k, where k > C(SZ)(HfIIL%(Q) + IFlp2q) +

Al - (r))' Therefore, the hypothesis of Brouwer’s theorem is satisfied and there exists a solu-
tion u,, of (8.3).

Next, since u,, is a solution of (8.3), we have
20Dt 0y + [ ltenl® = [ f -t = [ 5+ s
r Q Q

which yields the a priori estimate

ol g1y < Cl@) <”f”L‘5’(Q) + 1FllL2 @) + IIhIIH_%(F)> .

Since the sequence u,, remains bounded in V2 1 (€2), there exists some u € V2 o.(£2) and a sub-
sequence, which we still call u,,, such that

U, — uin V?U(Q).

Due to the compact embedding of H!(2) into L?(£2) and by using Lemma 3.9 to handle the
boundary integral f QUyy - Vrk, WE can pass to the limit in (8.3) and we obtain for any v €
r

2
V2 () that

Z/Duzﬂ)v—i—b(u,u,v)—}—/ozu,-v,:/ /]F Vv + (h,v)r,
Q Q

Q r

and thus, u is a solution of (8.1).
(ii) Estimates: The estimates can be proved in a similar way as in the linear case given in
Theorem 4.3. O

Proposition 8.4. The solution of the problem (NS), given by Theorem 2.3 is unique provided

1
n h - 8.4
11,8 g T WE L2+ RI oy ) < gy o

where the constant C(a, 2) depends on the continuity constant of the trilinear form b and the
equivalence constant of H'-norm, which will be shown in the proof.

Remark 8.5. Interestingly, in the case of @ = 0, there is no uniqueness of the solution of the
system (NS) even for small data. But in our case, when « # 0 on some I'g C I with |['g| > O,
there is indeed uniqueness of the solution under the assumption of small data as in the case of
Dirichlet boundary condition. The reason of this behavior is the presence of a nontrivial kernel
of the Stokes operator for o = 0.
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Proof. Choosing ¢ = u in the weak formulation (8.1) and using the relation (8.2) and the Propo-
sition 3.13, we obtain that any solution of (8.1) satisfies the estimate

C@, a)llully g < 2||1D>u||L2(Q)+/oz|ur|2
r

<C(Q) (”f”Lg(SZ) + ”IF”]L2(Q) + h”Hﬁ(F)) ||u||H1(Q)

which gives,

el g1 () = C(R2, ) (IIfIILg T IF 2 + A1 - z(r)> (8.5)

Now, if u; and u, are two different solutions of (8.1), let us define u = u; — u; and subtracting
the equations (8.1) corresponding to u; and u,, we get

2/]D)u Do +b(ur,u,@)+bu,us, @) +/au, 9. =0, Vepe V(z,’,(Q). (8.6)
Q r

Taking ¢ = u in (8.6) and using again (8.2), we have

2Du?, g, + / alucl? = —b, us, u)
r

which implies, by using the Proposition 3.13, the continuity of b and the estimate (8.5) for u,,

C@ @ lul g < | 2Dud, g + / aluel?
r

< C@Q)ulfp g 12l g1 g
< C(Q )l g, (IIfIILg I L2+ m)

Thus, considering the condition (8.4), the above inequality implies that ||u|| H(Q = 0 that is
uy=uy. 0O

Next, we prove the existence of solution of the system (NS) in W'7($2) by using the Hilber-
tian case and the Stokes regularity result.

Proof of Theorem 2.3 for p # 2. (i) First, let us consider p > 2. We have the existence of a
weak solution (u,7) € H'(Q) x L3(Q). Since u € H'(Q), the nonlinear term (u - V)u €

L3 (Q) — L"")(Q) if p < 3. Hence, the regularity result for Stokes problem in Corollary 5.7
implies that (u, ) € Wbhr(Q) x LP(Q). For p > 3, repeating the same argument with u €
W13 (Q), we deduce the required regularity.
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In order to obtain the existence result for p € (%, 2), we follow a similar argument as it was
done in the proof of [45, Theorem 1.1]. Note that we replaced the space w-Lr(Q) by L") (Q)
for the given data in [45]. For example, we use the following lemma instead of the given in [45,
Lemma 1.2]: if there exists (v, 7) € WP () x LP() such that

—Av+ (- Vv+Vr—f € L"P(Q),
divv = 0 in ,
v-n=0, 2[MDv)n], +av; = h onT,

for p < ¢ <2, then there exists (w, 7) € WP (Q) x LP() such that

—Aw+ w-VYw+ Ve — f € L'O(Q),
divw = 0 in 2,
w-n=0, 2[Dw)n], +e¢w; =h onl,
where % =141 % (thus s > ¢q). The rest of the proof follows the same argument as the given
in [45] without any further changes.
(ii) Next, to prove the strong regularity result, we consider that the data are more regu-
lar. For p € (1, %], since the Sobolev exponent p* € (%, 3] and thus, r(p*) = p, we have

% I
feLP)(Q),he W '’ (I). Hence, the above regularity result for the weak solutions of
(NS) implies that (u, 7) € WP (Q) x LP" (). Now, for p € (1, 3), (u - V)u € L*(Q) with

1 2
—=Z_1,

s D

which implies that s > p and thus, by using Theorem 5.10, we obtain (u, ) € WZP(Q) x
W1P(Q). For p = 3, since W!3(Q) = L™ () for any m € (1, 00), we have (u - V)u € L*(),
with él = % + % So, choosing m > 3, we have that s > % and thus, (u,7) € W2’%(Q) X
whi(Q).

For p > 3, since u € W23(Q), it follows that Y, u;d;u € L3(Q), which yields u €
W?237¢(Q). Further, repeating the argument, we get u € W>7(Q). O

Finally, we discuss the limiting behavior of the Navier-Stokes system (NS) as « goes to 0
or 0.

8.2. Limiting cases

Theorem 8.6. Let p > 2, Q be a nonaxisymmetric bounded domain and (uy, 7wy) be a solution
of (NS), with

1
feLl'P(Q),FelLP(Q),he W »P(")and a € L'P ().
If llell ooy = O, then we have the convergence
(o, o) = (w0, m0) in WhP(Q) x LP(Q),
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where (ug, 7o) is a solution of the following Navier-Stokes problem

—Aug+ (o -VYug+Vryg=f +divF, divug=0 in Q,

8.7
uy-n=0, [QDuo+F)nl,=h on I'.

Proof. (i) We assume, for ease of calculation, that F =0 and & = 0. Since « — 0 in L’ (p)(F),
there does not exist any « > 0 such that @ > o, on I'g C I'. Therefore, (uy, 7y) satisfies the
estimate (2.5) for p = 2. For 2 < p < 3, the Stokes estimate (6.1) yields

oty + el o < €@ (1LF o) + ke - Vitall i )
=@ (If g + el )

=@ (1 1f o) 10 ),

and for p > 3,

”u()l”Wle(Q) + ”na ”LP(Q) = C(Q) (”f”Lr(p)(Q) + ”u(x : Vuot”Lr(p)(Q))

=@ (If g + ltalsg,)

2
<C(@ [1 +(1+ 1) ||f||Lr<m(Q)} 1l -

Then, (uy, 77,) is bounded in W7 (Q) x LP () uniformly with respect to «. So, there exists
(wo, m9) € WHP(Q) x LP(2) such that

(g, Tq) — (ug, M) weakly in WP (Q) x LP(Q).

Now, like in Theorem 7.1, passing to the limitas @ — Oin L’ () (I') in the variational formulation
satisfied by (uy, 7)), we get that ug satisfies

Z/DuO:D¢+b(uo,uo,(p)=/f-(p VeVl (.
Q Q

Indeed, u, — ug weakly in W7 (Q) implies that u, — ug in L* (), where

(1, p*] if p<3,
sey(l,00) if p=3, (8.8)
(1,00] if p>3.

Also, Vuy, — Vug weakly in L?(2). Therefore, uy - Vug — ug - Vug weakly in L9(2), where

I 1 1

’

g p s
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and note that, ¢ € Wl’p,(Q) — Lq/(Q). Hence, b(uy, uy, ) — b(ug, ug, @) as a — 0 in
L'P)(T"). Therefore, (uq, 7o) is a solution of the problem (8.7).

(ii) Next, we prove that the convergence (u,, 7,) — (19, 7o) weakly in Whr(Q) x LP(Q)
occurs, in fact, in a strong sense. Subtracting the system (8.7) from the system (NS), we get

—Aug —uo) + V(g — o) = (o - Viuo — (g - V)ug  in €2,
div (ug —ug) =0 in €2,
(ug —ug)-n=0, 2[Dmy —uo)nl]; +aouy; =0 onl.

Note that ug - Vug — uy - Vuy, =div(u, @ uy — ug @ ugp). Thus, using the Stokes estimate (6.1)
for the above system, we have

lee — uO”w'J’(Q) + I7e — mollLr ()

<C||lug Quy —upQu + |loeu
< (”a a« — o ®@uollLr) + |l OTIIWII),”F))

=C Uy —u u u Uy, —u ou
<||( o —U0) QUg + 1o ® (Ug —uo)llLre) + |l 0r||W},4p(F)>
<C [||ua —uollrs (@) <||ua||Wl»P(Q) + ”uO”leP(Q)) + ”a”LT(P)(F)||u0||W1~P(Q):| )

where s is defined in (8.8). Since u,, is bounded in Wl’p(Q), it follows that u, — uq in L*(S2),
by compactness. This proves the strong convergence of uy to ug in Wh?(Q) asa — 0. O

Remark 8.7. In the same fashion as we did for the Stokes case, we can prove, with the help of
the estimate (2.7) and the Remark 6.13, the above theorem for 2 axisymmetric and « constant,
provided the compatibility condition (4.5) is satisfied. Indeed, in order to have the limiting system
(8.7), we must assume the compatibility condition since this is the necessary condition for the
existence of a solution of the system (8.7).

Proof of Theorem 2.5. (i) Without loss of generality, we assume F =0 and & = 0. Since o —

00, we can consider o > 1 and then, we have the estimates (2.5) and (2.6). Also, as it was done
in Theorem 8.6, the Stokes estimates (6.27) and (6.28) allow us to have for 2 < p <3,

llug ”WLI’(Q) + ||7T(x||LP(Q) = Cp(Q) (”f”l/(p)(gz) + llug - Vug ”L"(P)(Q))
= Cp@ (I i + el g )

= Cp@ (1+ 1 lringgy) 1 o gy

For p > 3, a similar estimate, independent of «, can be obtained as in Theorem 8.6. This proves
that (uy, ) is bounded in WI’P(Q) x LP () for all p > 2. Hence, there exists (#x, Too) €
WLP(Q) x LP(S2) such that

(Uo, Ta) = (Uoo, Too)  weakly in WP () x LP ().
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Now, rewriting the system (NS) as
{—Aua+(ua~V)ua+V7ta=f, diva, =0 in , 89)

uy = —2[(Dug)nl; on T,

and as it was done in Theorem 7.3, letting @« — oo in the above system, we obtain that (U, Too)
satisfies the Navier-Stokes problem (2.9).
(i) We know that (u#y — uoo) satisfies the system

=AUy —Uoso) +V (g — TToo) = (Uoo - Voo — (Ua - VUg in €,
div (g —us) =0 in 2,
(g —Us) =0, 2[D(uy— Uso) ]y +a (g —Uso)y = —2[(Duo)n]l; onT.

Then the Green formula (3.3) yields, choosing (u, — us) as a test function,

2/|1D>(ua —uoo)? +a/|(ua —oo)e
Q T

=b Uy —Uco, Uso, Uy — Uoo) — 2[(Duce)nly, (uy — uoo»H_%(l")xH%(l") .

But since « — 00, uy — U in L4(Q), by compactness, and thus
b (e — oo, oo, Ua — Uoo) < e — oo} 4. I VUooll 1 2(g) = O-
Also, since g — oo weakly in H2(I") and [(Duco)nl, € H=2 (), it implies

QRl(Ducc)nly, (uy — uOO))H_%(F)xH%(F) -0

Therefore, due to the fact that u, — uoo in Lz(SZ), we obtain the strong convergence uy, — Uso
in H'(). The strong convergence of pressure follows from the estimate (3.12).

Now, in the similar way to the Stokes case, uy, — Uso in H! (2) implies Vu, — Vs almost
everywhere in Q. Further, we know that Vu, is a bounded sequence in L?P(2) for all p > 2.
Therefore, the strong convergence of #, to #s, in W14 () for any g < p follows, cf. [3, Lemma
1.2.3, Chapter 1]. This completes the proof. O
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