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The aim of this work is to prove existence and multiplicity results when double resonance is
possible. To make this situation more transparent, suppose that

ft,X) = amlx|P2x + g(t,x) forall(t,x) e T x R,

with A4 m >0 an eigenvalue of the negative scalar p-Laplacian with periodic boundary conditions
and g(t,x) is a Caratheodory function (i.e., for all x € R, t — g(t, x) is measurable and for a.a. t € T,
X — g(t,x) is continuous) such that limy ‘f‘(;—;"z)x =0 uniformly for a.a. t € T. Then problem (1)

is said to be “resonant at infinity” with respect to the eigenvalue Am. If this resonance phenomenon
can occur with respect to two successive eigenvalues Xm <'):m+1, then we have “double resonance”,
a term coined by Berestycki and de Figueiredo [4] who examined such problems in the context of
semilinear (i.e., p = 2) Dirichlet elliptic equations.

Scalar periodic problems with double resonance were investigated primarily for semilinear equa-
tions. In this direction we mention the works of Fabry and Fonda [11], Gasinski and Papageorgiou
[15], Omari and Zanolin [21] and Su and Zhao [26]. Fabry and Fonda [11], Gasifiski and Papageor-
giou [15] and Su and Zhao [26], use Landesman-Lazer type conditions, while Omari and Zanolin
[21] use certain nonresonance conditions involving the quotient % where F(t,x) = fé‘f(t, s)ds
is the potential function corresponding to f(t,x). In Fabry and Fonda [11] and Omari and Zanolin
[21] the approach is degree theoretic, while in Gasifiski and Papageorgiou [15] and Su and Zhao [26]
the authors use variational methods coupled with techniques from Morse theory. From the aforemen-
tioned works Fabry and Fonda [11] and Omari and Zanolin [21] prove only existence theorems, while
Gasinski and Papageorgiou [15] and Su and Zhao [26] have multiplicity results. Gasifiski and Papageor-
giou [15] produce four solutions, while Su and Zhao [26] obtain two solutions. We also mention the
recent works on semilinear (i.e., p = 2) partial differential equations of Gasinski and Papageorgiou [16]
(Dirichlet problems) and O’Regan, Papageorgiou and Smyrlis [22] (Neumann problems), where simi-
lar multiplicity results are proved. The orthogonal direct sum decomposition of the ambient Sobolev
Hilbert space in terms of the eigenspaces, makes the analysis of the semilinear problem easier. For
equations driven by the periodic scalar p-Laplacian, to the best of our knowledge, there is only the
works of Fabry and Fayyad [12] and Kyritsi-Papageorgiou [18]. In Fabry and Fayyad [12] the authors
prove an existence theorem for problems with asymmetric nonlinearities using an alternative inter-
esting approach based on degree theory. The asymptotic conditions at oo are similar using this time
the Fucik spectrum and the a priori bounds for the solutions are obtained by means of a count of
the number of revolutions in the phase plane. In Kyritsi and Papageorgiou [18] the authors prove an
existence theorem using asymptotic conditions similar to those employed by Omari and Zanolin [21].

Our approach here combines minimax arguments based on the critical point theory, with Morse
theoretic techniques. We prove a multiplicity theorem and an existence theorem. In the existence the-
orem the asymptotic double resonance condition is essentially complementary to the corresponding
one used in the multiplicity theorem.

2. Mathematical background

In this section, for the convenience of the reader, we recall some of the main mathematical tools
which we will use in the sequel.

We start with critical point theory. So, let X be a Banach space and X* its topological dual. By
(-,-) we denote the duality brackets for the pair (X*, X). Given ¢ € C!(X), we say that ¢ satisfies the
“C-condition”, if the following is true:

“Every sequence {un}p>1 € X such that {¢(up)}n>1 € R is bounded and (1+ [lus[)¢’(us) — 0 € X*,
admits a strongly convergent subsequence”.

Using this compactness-type condition on ¢, we can have the following minimax characterization
of certain critical values of ¢. The result is known in the literature as the “mountain pass theorem”.
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Theorem 2.1. If X is Banach space, ¢ € C'(X) and satisfies the C-condition, ug, u; € X, r > 0, ||u; — ug|| > r,

max{p(uo), ¢(un)} < inflo@): u—uol =r] =1

c=yig£or£ta<x]<p(y(t)) where I' = {y € C([0, 1], X): y(0) =up, y(1) =u1},

then c > 5, and c is a critical value of ¢.

Let ¢ € C'(X) and ¢ € R. We introduce the following sets:

e ={ueX: p) <c} Ky ={ueX: ¢'u) =0}, Kg = {ueky: o) =c}.

If YCY1 CX and k > 0 is an integer, then by Hy(Yq,Y2) we denote the kth relative singular
homology group for the pair (Y1, Y) with integer coefficients. Then the critical groups of ¢ at an
isolated critical point ugp with ¢ = ¢(up) (i.e., up € K; ), are defined by

Ck(@.ug) = Hi(¢°NU, 9 NU \ {ug}), k=>0.

Here U is a neighborhood of ug such that Ky, N @ NU = {uo}. The excision property of singular
homology theory, implies that the above definition of critical groups is independent of the particular
choice of the neighborhood U.

Suppose that ¢ € C1(X) satisfies the C-condition and —oo < infp(Kyp). Let a < infg(Ky). The crit-
ical groups of ¢ at infinity, are defined by

Ci(p, 00) = Hy(X, ¢%) forallk > 0.
We know that the deformation theorem is still valid under the C-condition (see, for example,
Papageorgiou and Kyritsi [23]). So, using the deformation theorem, we see that the above definition
of critical groups at infinity, is independent of the particular choice of the level a < infg(Ky). If for

some integer m > 0, Cpy (¢, 00) # 0, then exists u € K, such that Gy (¢, u) # 0.
In the study of problem (1) we will use the Sobolev space

W) (0,b) = {u e W'P(0,b): u(0) =u(h)}.
Recall that W1-P(0, b) is embedded compactly in C(T) (Sobolev embedding theorem) and so in the
above definition, the evaluations at t =0 and t = b make sense. We shall also use the Banach space

CUT) ={ueCl(T): u0) =ud)}=Ccl(T)N ngfr’(o, b). This is an ordered Banach space with positive
cone C, given by

C, = {u e C(T): u(t) >0forallt > 0}.
This cone has a nonempty interior given by

intC, = {u eCy:u(t)>O0forallt> 0}.
Let A: W (0,b) — WP (0, b)* be the nonlinear map defined by

b
<A(u),y):/|u’(t)|p_2u’(t)y’(t) dt forallu,ye W;gr’(o, b). (2)
0
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We have (see Gasifiski and Papageorgiou [14] and Kyritsi and Papageorgiou [19]):

Proposition 2.2. The map A : Wper (0,b) — WPer (0, b)* defined by (2) is bounded, continuous, strictly
monotone (hence maximal monotone too) and of type (S)+, ie, if uy X uin Wper (0,b) and
limsup,,_, oo (A(un), up —u) <0, thenu, — uin Wper (0, b).

Next let us recall some basic facts concerning the spectrum of the negative scalar periodic
p-Laplacian. So, we consider the following nonlinear eigenvalue problem:

—(|u’(t)|p_2u’(t))/ =X|u(t)|p_2u(t) ae.onT =0, b],

3
u0)=u), w©O=u®h), reR, 1<p<oo. G)

A number A € R for which problem (3) has a nontrivial solution u € C!(T), is said to be an eigen-
value of (3) and u is a correspondmg eigenfunction. It is easy to see from (3) that, if 2 eRis an
eigenvalue, then %> 0. In fact )\,0 =0 is the smallest elgenvalue with corresponding eigenspace R
(the space of constant functions). Moreover, if u € C'(T) is an eigenfunction corresponding to an
eigenvalue % >0, then u is necessarily nodal (i.e., sign changing). In addition u(t) #0 for aa. teT
(in fact u(-) has ﬁnitely many zeros).

27 (p— 1)P

Let mp = psin T

. Note that if p =2, then 7, = 7. The sequence

!'Xn _ (Znnp )p }
b n=0

is the set of all eigenvalues of (3). If p =2 (linear eigenvalue problem), then we recover the well-
known spectrum of the negative scalar Laplacian with periodic boundary conditions, which is the
sequence {/):n = (Z”T”)z}n;o.

In addition to the eigenvalue problem (3), we will also consider the following weighted nonlinear
eigenvalue problem:

(|l ®|"w'®) = (@+B®O) u® " u®) ae.onT=[0.b], )
u( =u), v©O©=u®h), 1<p<oo, Bel(T).

As before [i € R is an eigenvalue, if problem (4) admits a nontrivial solution u € C'(T). This eigen-
value problem was investigated by Zhang [28] and Binding and Rynne [5,6]. In fact it was shown
by Binding and Rynne [6] that problem (4) can have nonvariational eigenvalues, answering this way
a question left open by Zhang [28]. Concerning the eigenvalues of (4), we will need the following
observation which can be found in Aizicovici, Papageorgiou and Staicu [1].

Proposition 2.3. If 8 € L>(T) . satisfy A < Bt) < )»m+1 a.e. on T for some integer m > 0 and m #+ B,
Am+1 # B, then all eigenvalues of (4) are nonzero and do not have zero as a limit point.

Let Uy denote the positive LP-normalized eigenfunction corresponding to 70 =0. Then Tip = i, S
(0, +00). Using +1p, we can have an alternative variational characterization of A1 > 0 (the first
nonzero eigenvalue of (3)), distinct from the one provided by the Ljusternik-Schnirelmann theory.
This alternative characterization can be found in Kyritsi and Papageorgiou [19] and will be used in
the proof of the existence theorem (see Section 4).
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Proposition 2.4.1f 9BL” = {u € LP(T): |lull, =1}, M = WP(0,b) N 9B and

={y eC([-1,1], M): y(=1) = —lo, P(1) =To},
then %1 = inf,_x max_1<s<1 [ &7 ()1}

In Kyritsi and Papageorgiou [19] we can also find the following simple lemma:
Lemma 2.5.If 6 € L1(T), @ <0 a.e.on T and 6 # 0, then there exists & > 0 s.t.

b

Ju' —/G(t)\u(t)|"dt EollulP forallu e Wyt (0,b).
0

Finally in what follows by || - || we denote the norm of the Sobolev space Wper (0,b) and by (-,
the duality brackets for the pair (Wper 0,b)*, W per P(0,b)). Also, if x € R, we set x* = max{=£x, 0}.

3. Multiplicity theorem
The hypotheses on the reaction term f (t, x) are:
H f:T x R— R is a Caratheodory function s.t. for a.a. t € T, f(t,0) =0 and

i) |f ¢, %) <at)(+ |x|P~1) foraa. teT, all xe R, with a e L' (T),;
(ii) there exists an integer m > 1 s.t.

t, t
< liminf &%) < limsup f&.x

T oL 1
Ix|>o00 |X|P~ 2x |X|— 00 |x|P=2x s

uniformly for a.a. t € T, and

11m [f(t,x)x— pF(t,x)] =+0co uniformly fora.a.teT;

|x|]— 00

(iii) there exists a function 8 € L1(T), 6(t) <0 a.e. on T, 6 # 0 such that

F(t,x .
limsup PR %) <0(t) uniformlyforaa.teT,
x>0 |xIP
where F(t,x) = jgf(t, s)ds;
(iv) for every r > 0, there exists & > 0 s.t. f(t,x)x+&|x|P >0 foraa. teT, all xe[—r,r].

Remark. Hypothesis H(ii) implies that we have double resonance in the spectral interval [Xm,imﬂ],
m > 1. We emphasize that in contrast to the semilinear works of Gasifski and Papageorgiou [15]
and Su and Zhao [26], where as we already mentioned in the Introduction, multiplicity results are
proved, we do not require that f(t,-) € C!(R). This together with the fact that the ambient space is
not Hilbert, create difficulties in the use of the Morse theoretic methods.

Example. The following function f(x) satisfies hypotheses H (for the sake of simplicity we drop the
t-dependence):



E.H. Papageorgiou, N.S. Papageorgiou / J. Differential Equations 255 (2013) 3678-3702 3683

Fo = {Xm|x|f—2x— [x|P~2x if x| <1
AmlxIP2x — |x|972x if x| > 1,
withm>1and 1<qg<p<r<oo.
First we will produce two constant sign solutions for problem (1). To this end, we choose € €
(0, 1) and consider the following truncations—perturbations of the reaction f(t, x):

(t.x) = 0 ifx<o0
Erh0= f(t,x)+exP~1 ifx>0,
and
_Jfe. 0 +exP2x ifx <0,
g-(t,x) = { ifx>0, (5)

Both are Caratheodory functions. We set GL(t,x) = fg g+(t,s)ds and consider the C!-functionals
Yy per P(0,b) — R defined by

b
1
wi(u)zBHu’”i—i—%Hu”ﬁ—/ci(t,u(t))dt forall u € WpeP (0, b).
0

Also, let ¢ : Wper (0, b) — R be the energy functional for problem (1) defined by

b

o) = %”u’ug _/ (t.u®))dt forallue Wper (0, b).
0

We know that ¢ € C! (Wper (0, b)).
Proposition 3.1. If hypotheses H hold, then /. satisfy the C-condition.

Proof. We do the proof for v, the proof for ¥_ being similar.
We consider a sequence {up}lp>1 € Wper (0,b) s.t.

|1ﬁ+(un)’ M; forsome M1 >0, alln>1 (6)
and
(14 llunll) ¥y (un) — 0 in Wpel (0, b)* as n — oc. 7)
From (7) we have
b b ,
(A(”")’h>+8/|Un|p_2unhdt—/g+(t,un)hdt LU 8)
0 0 T+ Jlunll

forall h e Wper (0, b) with &, — 0%,
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In (8) we choose h=—u, € Wll,éf(O, b). Then

H(u;)/Hz+8Hu;”£<8n foralln>1 (see(5)),

= u; —>0eWyk©,b). (9)
Claim. {1} }y>1 € Wyt (0, b) is bounded.

We proceed by contradiction. So, suppose that |u;f || — co. We set y, = % n>1.Then ||y, =1

for all n > 1 and so we way assume that o
Yoy inWyP©,b) and y,—y inC(T). (10)
For (8) and (9) we have
b b
(A(y,,),h)+ef lyalP~2yhdt — %har <ellh| withe, — 0. (11)
n
0

Choose h=y,—y e W;éf(o, b), pass to the limit as n — oo and use (10). We obtain

lim (A(yn), yn — y) =0,
n—-oo

= yp—>Yy in W;g’r’(o, b), hence ||y||=1, y >0 (see Proposition 2.2). (12)

N
Note that because of H(i) and (10), we have that {W}@] C LY(T) is uniformly integrable.
n

So, by virtue of the Dunford-Pettis theorem, we may assume that

N
75’“5;"";_(1)) X9, inL\(T). (13)

Using hypothesis H(ii) and reasoning as in the proof of Proposition 14 of Aizicovici, Papageorgiou
and Staicu [2], we show that

O, =(E+e)yP" withdy <& <Amyi1ae.onT. (14)
So, if we return to (11), pass to the limit as n — oo and use (12), (13) and (14), then
b

(A(y),h):/gyp‘lhdt forallh e W;é’f(o,b),
0

= Ay =¢&yP !,
= —(y®©]" 2 y0) =£0y©OP" aeonT,
yO) =yb), YO0 =y'b). (15)
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Recall that Am <E() < )»m+1 ae.onT. lfé #+ Am and & # )\.m+] then from Proposition 2.3 it follows
that y =0, which contradicts (12). If £(t) = Am ae.onT or &) _Am+1 a.e. on T then from (15) and

since m > 1, we infer that y must be nodal, which, contradicts (12). Therefore {u;}n>1 € Wper (0, b)
is bounded. This proves the Claim.
From (9) and the Claim we infer that {uy};>1 C Wper (0, b) is bounded. So, we may assume that

Up X uin WPer (0,b) and u, — u in C(T). Hence, if in (8) we let h = u, — u and pass to the limit as
n — oo, then

HIHEO(A(”")’ up —u)=0,
= U,—u in WSé’r’ (0,b) (see Proposition 2.2).
This proves that v satisfies the C-condition. Similarly for ¥_. O
Proposition 3.2. If hypotheses H hold, then ¢ satisfies the C-condition.
Proof. We consider a sequence {uy}p>1 € Wll'e’rJ(O, b) s.t.
|@(un)| <My for some M >0, alln >1 (16)

and

(1+llunll)¢'(un) > 0 in wgé‘r’(o, b)* asn — oo. (17)

From (17) we have

enllhll
Au,h—/ t,uphdt| < ——— 18
(Aun). h)— | £t un) ia (18)
0
for all h € Wpel (0, b) with g, — 07
In (18) we choose h = u; and obtain
—||u;,||§+/f(t,un)undt<£n foralln > 1. (19)
0
On the other hand from (16), we have
b
||u;,||§—/pF(t up)dt < pM, foralln>1. (20)
0

Adding (19) and (20), we obtain

b
/[f(t, Up)up — pF(t, up)] ,dt < M3 for some M3 >0, alln > 1. (21)
0
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Claim. {u;}n>1 € WpeP (0, b) is bounded.

We argue indirectly. So, suppose that |up|| — oo and set y, = |”—” n> 1. Then |y,|l =1 for all

[unll”
n>1 and so we may assume that
Yoy inWyP©,b) and y,—y inC(T)asn— oo. (22)

From (18) we have

enllhl
S (A Hlun D )P

b
f(t, up)
l[un|P—1
0

(A(yn). h) — foralln > 1. (23)

It is clear from hypothesis H(i) that {ﬂ(um(—? his1 € L(T) is uniformly integrable. Hence, if we set

h =y, —y and pass to the limit as n — oo, then

lim (A(yn), yn —y) =0,
n—oo
= ya—y inWpL(0,b), hence ||y =1 (see Proposition 2.2). (24)
Since {J|C|E‘L|,|r;7(’)1) bis1 € LY(T) is uniformly integrable, by the Dunford-Pettis theorem, we may as-
sume that
- Un(: ~ .
JC.un()) "(2) 26 inLY(T) (25)
lun P~

with g:&ly\p_zy, M < ) gimﬂ a.e. on T (see the proof of Proposition 3.1). Passing to the limit
as n — oo in (23) and using (24) and (25), we obtain

b
(A(y),h):/g|y|P‘2yhdt forallh e Wgé‘r’(o,b),
0

= A =ElylP?y,
-2 -2
= (YOI yo)=:0|y0O" "y® aeonT,
y(0) = y(b), y'(©0)=y'(b). (26)
We know that /):m <E®) g/):mﬂ a.e. on T. First suppose that & ;ﬁm and & ;é/xm+]. Then frgm
(26) and Proposition 2.3 it follows that y =0, which contradicts (24). So, we assume that £(t) = Ap
a.e.on T or £(t) = Am+1 a.e. on T. Then being an eigenfunction for (4), we have y(t) #0 foraa. teT
(see Binding and Rynne [6]). Therefore |u,(t)| — oo for a.a. t € T and this by virtue of hypothesis H(ii)
implies
f(t, un@®)un(t) — pF(t, up(t)) > +oo foraa.teT,
b
= /[f(t, Un(t))un(t) — pF(t, un(t))]dt — +oo  (by Fatou’s lemma). (27)
0
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Comparing (21) and (27), we reach a contradiction. This proves the Claim.

By virtue of the Claim, we may assume that u, X uin W;'e’rj(O, b) and u;, — u in C(T). Using
h=up —u in (18) and passing to the limit as n — oo, we obtain

lim (A(un), up —u) =0,
n—oo
= up—u in Wgé’r’ (0,b) (see Proposition 2.2).
This proves the proposition. 0O
Proposition 3.3. If hypotheses H hold, then u = 0 is a local minimizer of ¥+ and of ¢.

Proof. We do the proof f9\r Ve, the proofs for ¢_ and ¢ being similar. By virtue of hypothesis H(iii),
given € > 0, we can find § =§(€) > 0 s.t.

Fx,t) < —(0(t) +2)x|P foraa.teT, all|x| <3. (28)

==

Let u € C'(T) with |[ullc1r) < 3. Then

b
1
ve = |+ Sl - [ Gy
D p
0
b
> %Hu’”z—O/F(t,u*)dt (see (5))

b
1 1 Gl
>—u’p——f9updt——up see (28
p“ ||p po [u] pll [P (see(28))

—-%
>‘§Op lull’ (see Lemma 2.5). (29)

Choosing € € (0, &) from (29) we infer that

Y4 () >0 forallueC'(T) with ullcr ) <3,
= u=0isalocal C'(T)-minimizer of ¥,
= u=0isalocal Wgé? (0, b)-minimizer of ¥,

(see Proposition 3.3 of Kyritsi and Papageorgiou [19]).
Similarly for the functionals ¥_ and ¢. O

We may assume that u = 0 is an isolated critical point of ¥ _. Indeed, otherwise we can find
{Unns1 € Wpel (0, b) \ {0} such that u, — 0 in Wpel (0, b) and
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Y (up) =0 foralln>1,
= A(Uup) +&lunlPun = Ng, (up) foralln>1,

where Ny, ()(-) = g (-, u(-)) for all u € WpeP (0, b). (30)
Acting on (30) with —u, € W;‘éf (0, b), we obtain u, >0 for all n > 1 and so (30) becomes

A(up) =Nyg(up) foralln>1,
where Ny (u)(-) = f(-,u()) forallue Wgé‘r’(o, b),

= Uy e C'(T)isasolutionof (1) foralln > 1.

Hence we have produced a whole sequence of distinct nontrivial (and in fact positive) solutions of

(1) and so we are done.
Reasoning as in Aizicovici, Papageorgiou and Staicu [2] (see the proof of Proposition 29), we can

find p4 € (0,1) small s.t.

Y1 (0) =0 <inflyry (u): ull =ps] =74 (31)

In a similar way, we show that we can find p_ € (0, 1) small s.t.

Y-(0) =0 <infly_(): ul =p-]=7-. (32)
Now we are ready to produce two constant sign solutions for problem (1).

Proposition 3.4. If hypotheses H hold, then problem (1) has at least two constant sign solutions
Up € intar and vgp e — intar.

Proof. Let £ € R, £ > 0. Then

b

© == [Feod (see(s).

0

From hypothesis H(ii) it follows that

PRCE) o PEEE o

Xm < liminf < Am+1 uniformly fora.a.teT

gl>oo  IEIP T gmoe  IEIP

(see, for example, Aizicovici, Papageorgiou and Staicu [2, Remark 26]). Therefore

Yi(§) > —o0 asé — 4oo. (33)

From (31), (33) and Proposition 3.1, it follows that we can apply Theorem 2.1 (the mountain pass
theorem), and obtain ug € W;é‘: (0,b) s.t.
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¥+(0) =0 <73 < ¥4 (uo), (34)
¥ (ug) =0. (35)
From (34) we have ug # 0. From (35) we have
A(uo) + &luo|P"*ug = Ng, (ug). (36)

Acting on (36) with —u; € W;;fr’(o, b) and using (5), we show that ug > 0. So (36) becomes

A(ug) = Ny(uo),
= —(|u6(t)|p72u6(t))/ = f(t,uo(t)) ae.onT,
up(0) =ug(h),  un(0) =uy(h),
= UgE€ f+ \ {0} solves problem (1). (37)

Let r = |luglleo. Then by virtue of hypothesis H(iv), we can find & > 0 s.t.
f(t,uo®) +&ug®P ' >0 aeonT

= (|u6(t)|p_2u6(t))/ <&uo(P~! ae.onT (see(37)),

= ugeintCy (see Vazquez [27]).

Similarly, working this time with ¥_ and using (32), we obtain a second constant sign solution

voe—intCy. O

Next using Morse theory, we will produce a third nontrivial solution for problem (1).
We start by calculating the critical groups at infinity of ¢.

Proposition 3.5. If hypotheses H hold, then Cy;,11 (¢, 00) # 0 (m > 1 as in hypothesis H(ii)).

Proof. Let 1 € (')Tm,'):mﬂ) and consider the C!-functional  : ngfr’ (0,b) — R defined by

1 % 1
X =— ||u’||5 — Zulb forallu e Wyt (0,b).
p p
We consider the homotopy
h(z,u)=1-1)p@W)+tx@W) forall(r,u)el0,1]x w;g;(o,b).
Clearly we may assume that K, is finite (otherwise we already have infinitely many distinct

nontrivial solutions of (1) and so we are done). Note that h(0,-) = ¢ satisfies the C-condition (see
Proposition 3.2) and h(1,-) = x also satisfies the C-condition since w € (Am, Am+1)-

Claim. There exist § e Rand § > 0s.t.

ht,uy<p = (14 |ull)|h(c.w)|, =8 foralzel0,1].
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We argue by contradiction. So, suppose that the Claim is not true. Since h is bounded, we can find

{Tuln=1 €10, 1] and {un}as1 € Wpeh (0,b) sit.

T — T, lunll = 00,  h(Tp,up) > —oco and (1 + |[unl)hy (Tn, uz) — 0.

By virtue of the last convergence in (38), we have

enllh]l
T+ flunll

(A ) = 1= 70) [ e umhde = Tape [ 1 ushde] <
0 0

forall h e Wper (0, b) with &, — 0t.

Let y, = ”u Tz 1. Then ||y,|| =1 for all n > 1 and so we may assume that

yn—y in W[],éf(o,b) and y,—y inC(T).

From (39) we have

t,u
(A(n). h) — rn)/ ”f( ”p”)lhdr—rnu/mv’ 2ynhdt
n

enllhll
= (A Hlu D lun P

foralln >1

Recall (see (25)) that

fCun() w5

NS =&[y[P~2y inL'(T) with A < £(t) <Amy1ae.onT.
n

In (41), we choose h =y, — y and pass to the limit as n — co. Using (40), we obtain

lim (A(yn). yn — y) =0,
n—oo
= Yan—>y in Wper(o b)andso |yl =1.

Hence, if in (41) we pass to the limit as n — co and use (42) and (43), then

(A, h>_(1—r)/a§|y|p 2yhdt+tu[|y|” 2yhdt forallh e Wyt (0,b),
0 0

= AW =&lylP %y withér =1 -1+ 1L,
= —(yoP?yo) =&0lyo"?ye) aeonT,
y©) =yb), y©)=yb).

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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Note that ’A\m <EL(D) g’):mﬂ ae.onT.
If T €(0,1], then

§c ?5/):111 and & #xmﬂ,
= y=0 (see(44)and Proposition 2.3), which contradicts (43).

So, suppose T = 0. Then & = & and we proceed as in the proof of Proposition 3.2 to reach a
contradiction, using hypothesis H(ii) and the third convergence in (38). This proves the Claim.

Then from Lemma 8 of O’Regan, Papageorgiou and Smyrlis [22] (see also Chang [8, p. 334] and
Perera and Schechter [25]) we have

Cr(@, 00) = C(x,00) forallk>0. (45)

Since u € (Xm,imﬂ), u =0 is the only critical point of x. Hence

Cr(x,00) = Cr(x,0) forallk>0. (46)

Let r > 0 and set Eg={u € Wt (0, b): w5 < plullh, lul =r}and D={u e W) (0, b): lu'lI5 >
pllullb}. Evidently Eo N D = @. Also 3B, = {u € Wg,éf (0,b): |u|l =r} is a Banach C'-manifold, hence
locally contractible. Since Egp is an open subset OEBBL. Eg is locally contractible. Similarly W;;fr’(o, b)\
D is locally contractible. Note that since @ € (A, Am+1), We have i(Eg) =m + 1, where i denotes
the index introduced by Fadell and Rabinowitz [13]. Similarly i(Wg‘e‘r’(O, b) \ D) =m + 1. Invoking

Theorem 3.6 of Cingolani and Degiovanni [9], we know that there exists C C Wg’ef(o, b) compact s.t.
the pair (Eg UC, Eg) and D homologically link in dimension m + 1 and so Cip4+1(), 0) # 0 (see Chang
[7, p. 89]). From (45) and (46) we conclude that Cpy1(p,00) #0. O

Next we compute the critical groups at infinity of .
Proposition 3.6. If hypotheses H hold, then Cy ({4, 00) = Cx(¥—, 00) =0 for all k > 0.

Proof. We do the proof for v, the proof for ¥_ being similar.
Let u € (Xm,imﬂ) and consider the C!-functional o : W;él; (0,b) — R defined by

1 & + &
o) = [l + S ullp - L

for all u e Wé’e’rj(O, b), with € € (0,/):2).
We consider the homotopy hy : [0, 1] x W;g’(o, b) — R defined by

hi(t,u) =1 —-1)Y+ () + 1oL (u) forall (r,u)el[0,1] x Wg,éf(o, b).
As before, without any loss of generality, we assume that Ky, is finite.

Claim. There exist § e Rand § > 0s.t.

hytwy<p = (1+ul)|tp, . w],>8 foraltel0,1].
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As before, we argue by contradiction. So, suppose we can find {7;};>1 € [0,1] and {uplp>1 S
Wk (0,b) sit.

Tn—>T€[0,1],  funll > o0,  hy(th,up) > —oo and  (1+ |lugll)(hy)y (Tn, un) — O.

(47)

From the last convergence in (47), we have

(A(un),h)—l—e/|un|p_2unhdt—(1 —tn)/g+(t,un)hdt

b
nllh]|
—T(M+8)/u+ Ppae| < S (48)
! () 1+ fJun]
for all h e Wper (0, b) with &, — 0%,
In (48) we choose h=—u, € Wpe,r (0,b) and
[ (u;)/Hi +8Hu;‘|z <&y foralln>1
= u; -0 inWpF,b)asn— oo. (49)

From (47) (second convergence) and (49) it follows that ||u; || — co. We set y, =
lynll =1 for all n > 1 and so we may assume that

\Iu*H n > 1. Then

Yn ¢ y in Wper (0,b) and y,—>y inC(T). (50)

From (48) and (49), we have

b
t,u,
(ACyn), h) +8/y hdt—(l—rn)/g+( 1)
, lJuzf 1P~
b
~tuu o) [y nde| <efini (51)

with g, — 0.
In (51) we choose h =y, — y. Passing to the limit as n — oo and using (50) we obtain

lim (A(yn). yn — y) =0,
n—oo
= yp—>y in Wper(O b)andso ||y|l=1, y >0. (52)
Recall that

+
% e Oy =E+o)yP " inL'(T) and Ap <&() <Amyq foraateT. (53)
un
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Therefore, if in (51) we pass to the limit as n — oo and use (52) and (53), then

<A(y), h):/gryp’lhdt forallh Wper O,b)withér =1 —1)6+ T U,

= AW =&y",
-2 _
= —(YOI" " y©) =&0y®"" aeonT,
y© =yb), y©0)=yb). (54)
We know that /):m <& () </):m+1 ae.onT.If t €(0,1], then & ;é/):m, & 75/)\\m+1 and so by virtue
of (54) and Proposition 2.3, we have y =0, which contradicts (52). The same is true if 7 =0 and
&0 # Am, &o 75)\,;'"4,] Finally, if T =0 and & = Am, or & _Am+1 a.e. on T, then from (54) and since

m > 1, y(-) must be nodal again a contradiction (see (52)). This proves the claim.
The claim permits the use of Lemma 8 of [22] and we have

Cy(Y4, 00) = Cg(04,00) forallk > 0. (55)

Since u € (Xm,§m+l). u =0 is the only critical point of o and so
Cy(04,00) = Cx(04+,0) forallk > 0. (56)
Let n € L*°(0,b), n >0, n #0 and consider the homotopy h+ [0,1] x Wper (0,b) — R defined by

h+(l’ u)=o04+(u)—tnu forall (z,u) €[0,1] x Wper (0, b).
We claim that

(ﬁ+)/(r, u)#0 forallt €[0,1], u#0. (57)

Suppose that (57) is not true. We can find 7 € [0, 1] and u #0 s.t.

(hs)'(r,u) =0,

= AW FelulP2u= @+ + o (58)

On (58) we act with —u~ € W;e?(o b) and obtain ||(u~ )||p +é&llu™ ||p =0, i.e, u > 0. So, (58)
becomes

Aw)=puP~ M+, u>0, u#0. (59)

First suppose that 7 = 0. Then

A(u) = puP™! (see (59)),
= —(|u’(t)|p_2u’(t))/=uu(t)p_l ae.onT,
u) =u(), u'(0)=u'(b),

= u must be nodal (recallm > 1), which contradicts (59).
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So, we assume that t € (0, 1]. Then

A®) = puP~ 1 + 11,
= —(|u’(t)|p_2u’(t))/ =put)’ '+ 1n(t) ae.onT,
u(0) = u(b), u'(0) =u'(b). (60)
We have u e Cy \ {0} and (Ju'(t)|P~2u/(t)) < 0 ae. on T. It follows that u e int’C\Jr (see

Vazquez [27]).
Let y € C+ and consider

p I
Ry w)®) =[y'®)|" - !u/(r)!‘”u’(t)(ﬁ—,l) (®.

From the generalized Picone identity of Allegretto and Huang [3], we have

b
0</R(y,u)(t)dt
0
7 p
= HY/”ﬁ —/—(|u’]p_2u/)’ui—7] dt (by integration by parts)
0
b
=y —f(uy"+rn)dt (see (60))
0

S lly/llﬁ —plylly (recalln > 0).
We choose y =1ip € intf+. Then

0< —uﬁgb <0, acontradiction.

This proves that (57) holds. Then the homotopy invariance property of critical groups (see Chang
[8, p. 334]) implies that

Cx(04,0) =Cy(G4,0) forallk >0, (61)

where 6, (u) =0, (u) —nu for all u € Wéé’r’ (0, b). From the previous argument, we know that &, has
no critical points. Then

Cr(@4,0)=0 forallk>0,
= Ck(Y4,00) forallk>0 (see(61),(56)and (55)).
Similarly, we show that Cy(¥_,00) =0 for all k> 0. O
Having this proposition, we can have a precise computation of the critical groups of ¢ at ug €

intf+ and vg € —intar. Recall that ug, vo are the two constant sign solutions of (1) obtained in
Proposition 3.4.
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Proposition 3.7. If hypotheses H hold and ug € int E+ and vg € —int C: are the two constant sign solutions
of (1) obtained in Proposition 3.4, then Cy (¢, ug) = Ck(@, vo) = 8k1Z for allk > 0.

Proof. We do the proof for ug, the proof for vy being similar.

First note that we may assume that {0, up} are the only critical points of v (otherw1se we already
have one more solution yg € int C+ of (1) distinct from {0, up, vo}; note that Ky, < C+)

Let n <0 <& <7+ (see (31)) and consider the following triple of sets

W+ < W-ﬁ- Wper (0, b).

For this triple, we consider the long exact sequence of homology groups

g Hk( per (0 b), WJF) ( per (O b), ¢+) —> Hy— 1(‘//+v‘a”+) . (62)

By i we denote the group homomorphism induced by the inclusion (Wper(o b), ‘ﬁ+) N
(Wper (0,b), I/f+) and 9, is the boundary homomorphism. From the rank theorem, we have

ranka( per (0, D), 1//+)_rank(kera*)+ranlc(1m8*) (see (62))

= rank(imiy) + rank(imd,) (from the exactness of (62)).  (63)

Recalling that {0, ug} are the only critical points of ¢, and since

n<0=1y,(0) <7y <y (uo),

we have

( per (0,b), Y1) = Cx(¥4,00) =0 forallk>0 (see Proposition 3.6),
= imi, ={0}. (64)

Also kal(lﬁi 1//1) = Cx—1(Y4, 0) = 6k—1,0Z = 6,1 Z for all k > 0 (see Proposition 3.3). Therefore
rank(imad,) < 1. (65)

Finally since 0 < & < 74 < ¥4 (up), we have

Hi(Wpil (0,), ¥5) = Ck (¥4, ug) forall k> 0. (66)

So, if in (63), we use (64), (65), (66), then

rank C1 (Y4, up) < 1. (67)

From the proof of Proposition 3.4, we know that ug is a critical point of ¥, of mountain pass
type. Hence C1 (¥4, ug) # 0 (see Chang [7, p. 89]). Combining this with (67) we infer that

Cx(Y4,ug) =68k 1Z forallk > 0. (68)
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Consider the homotopy h : [0, 1] x Wpel (0, b) — R defined by

i_1+(7:, u=>10-1)epW) +ty(u) forall(r,u)el0,1]x W;é’r’(O, b).

Claim. We may assume that we can find p € (0, 1) small s.t. ug is the only critical point for all T € [0, 1] of
hy (T, ) in By (o) = {u € Wik (0,b): |u — uoll = p).

Suppose we can find {t;}p>1 S [0, 1] and {up}n>1 S W;g;(o, b) s.t.

T.—>1€(0,1],uy > up in Wper (0,b) and (h+) (Tp,Up) =0 foralln> (69)
We have
A(iln) + Tnlitn|P%iln = (1 — Ta)Ng, (iIn) + TaNs(ily) foralln>1

= —(|@,oP*T,0) = f(t, 35 ) + A — ) f(t, =iy ©) + t(uy)P ™" aeonT,
Un(0) =tn(b),  Uy(0) =iy (b). (70)

From (70), arguing as in the proof of Proposition 3.3 of Kyritsi and Papageorgiou [19], we establish
that {uy}p>1 € C 1(T) is relatively compact. Therefore we have

i —up inCYT) (see(69)). (71)
Recall that ug € intar. So, we can find ng > 1 s.t.
i, €intC, foralln > ng (see (71)),
_ —2_ _
= —(|u,’1(t)|p u;,(t))/ = f(t,Uy(t)) ae.onT,

un(0) =un(b),  uy(0) =1y (b),

= {upln>1 S intf+ are nontrivial solutions of (1) and so we are done.

This proves the Claim.
Then the Claim and the homotopy invariance property of the critical groups (see Chang [8, p. 334]),
we have

Cr(@, up) = Cx (¥4, up) forallk >0,
=  Cx(p,up) =81Z forallk>0 (see(68)).

In the similar fashion, using this time y_, we show that Ci(¢, vo) =68 Z forall k>0. O
Now we can state the multiplicity theorem for problem (1) under double resonance conditions.

Theorem 3.8. If hypotheses H hold, then problem (1) has at least three nontrivial solutions

upeintCy, voe—intC; and yge CY(T).
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Proof. From Proposition 3.4, we already have two nontrivial constant sing solutions of (1)

upeintC4+ and vge —intCy.

From Proposition 3.7, we have

Cr(p, ug) = Cr(p, vo) = 8,1Z forallk > 0. (72)

Also, by virtue of Proposition 3.3, we have

Ck(9,0) =6k oZ forallk > 0. (73)

Recall that Cpmyq(@, 00) # 0 (see Proposition 3.5). This implies that there exists yo € Ky s.t.

Cm+1(@, yo) #0, m=>2. (74)

Comparing (74) with (72) and (73), we infer that yg ¢ {0, ug, vo}. Also yo € C1(T) and solves
problem (1). O

4. Existence theorem

In the previous section we proved a multiplicity theorem (three nontrivial solutions) for problem
(1), by avoiding double resonance in the first spectral interval [)\0 =0, )q] It is natural to ask what
can be said if double resonance occurs in the first spectral interval [0, *1]. In this case, we show that
we can still have an existence theorem.

The new hypotheses on the reaction f(t, x) are:

H f:T xR — R is a Caratheodory function s.t. for a.a. t € T, f(t,0) =0 and
() [ft, x| <a®)(1+ |x|p‘1) foraa. teT,all xeR, withae LI(T)y;
(ii) 0 < liminfjy - \){IP L limsupy_, o0 I>{V’—2>X M uniformly for a.a. t € T and
limyx— oo [ f (£, X)X — pF(t X)] =400 umformly foraa.teT;
(iii) there exist an integer [ > 1 and functions &, s € L®(T)4 s.t.

SEM) <EM) <My foraateT, a#E, Emﬁ?

t,x f(t,x
|x|p_2X<l SUP | \p—2x \é(t)

x—0

and £(t) < llm 151f

uniformly for a.a. t € T.

Remark. Hypothesis H'(ii) implies that we have double resonance in the spectral interval [0, Ml
Hypothesis H’ H'(iii) implies that at zero we have nonuniform nonresonance with respect to the first two
eigenvalues %0 =0 and A; > 0. Again we emphasize that no differentiability hypothesis is assumed

on f(t,-).

Example. The following function f(x) satisfies hypotheses H’' (for the sake of simplicity we drop the
t-dependence):

Fx) = £[x|P—2x R if1x] <1
MIXIP~2x 4 (6 =) Ix|" 20 if x> 1,

with & € (/):,,’):H]), [>1and 1 <q<p < oo.
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Let n € (kl, A;H) and as before we consider the C!-functional ¥ : Wper (0, b) — R defined by
1 %
X = EHu/Hﬁ - E||u||§ for all u € WpeP (0, b).

We will show that the first two critical groups of x at the origin are trivial (i.e.,, Co(x,0) =
C1(x,0) =0). To this end, we will need the following lemma.

Lemma 4.1 If /¢ € Gy, 2pp) with 1 > 1 and Vy, = {u € Wpel (0,b): u'||h < eflullb), then V,, is path-
connected.

Proof. Note that i € V. To prove the lemma it suffices to connect an arbitrary U e V. with
Up by a continuous path which stays in the open set V. So, let V be the path component of V,
containing . We define

!
rﬁ:lnf[ |||| ||||p. ueV, u;éo] =inf[[lu|}: u eMﬁV],
p

where M = W;g{’(O, b)N 8B%p. By virtue of the Ekeland variational principle and Lemma 3.5(iii) of
Cuesta, de Figueiredo and Gossez [10], we can find {up}p>1 SM NV st

Jun]l? — (75)
and
|(A(un), h)| < nllnll forall h € Ty, M with &, — 0. (76)

Here by T,,M we denote the tangent space at u, of the Banach C'-manifold M. We know that
=t{he Wper (0, b): fo [un|P~2uyhdt =0}. For y € Wper (0,b) we set

b
h=y-— </|un|”_2unydt>uneTunM foralln>1

In (76) we use this h and obtain

b

(A(up), y)— /|un|p 2upydt|u n” < éencllyll forsomec >0, alln>1. (77)

From (75) and since [luyllp =1 for all n > 1, we see that {up}p>1 € Wper (0, b) is bounded. So, we

may assume that ujy X ¥in Wper (0,b). In (77) we choose y =uy — 1. Then

lim (A(up), up —U) =0,
n—o0

= up,—1u in W[l,é‘r’ (0,b) (see Proposition 2.2).
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Hence e MNV and it = ||ﬁ’||g. If 7 is boundary point of M NV, since MNV is a path component
of M NV, which is open in M, then by virtue of Lemma 3.5(iii) of Cuesta, de Figueiredo and Gossez
[10], we have U ¢ M NV . But ||ﬁ’||g =i < p and so i € M NV, a contradiction. This proves that U

cannot be a boundary point of M N V and so 7 e MN V, which means that 7 is a critical point of the
functional o (u) = ||u/||§ on the Banach C'-manifold M. Therefore, to prove the lemma, it suffices to
connect Uy and this particular U with a continuous path staying in V.

First we assume that T < 0. We know that the only LP-normalized constant sign eigenfunctions of
the negative periodic scalar p-Laplacian are . Since ||ﬂ’||g =, by the Lagrange multiplier rule U
is an eigenfunction in M and so o = —1p. Then Proposition 2.4 guarantees that there is a continuous
curve in V,, connecting tlp and —lip = 1.

Therefore, we way assume that T # 0. We set

~ it -1 -ou-
Ur = —=— ( )~ eM forallT €][0,1].
lur =1 —1)u~|p

As we said, since ||TJ/||5 =m, by virtue of the Lagrange multiplier rule, we have
b
(A1), h) :m/ [U|P~%Uhdt forallhe w;ggm, b). (78)
0

In (78) we choose h =T+ € Wpe? (0, b) and obtain

@), =t (79)
Next in (78) we choose h = —&i~ € W (0,b) and have

1@

Note that ™ and T~ have disjoint supports. So, (79) and (80) imply

>, (80)

[ Hz:rﬁ forall T € [0, 1],

Tt
~ utooo
= U = o= is a minimizer of u — o' (u) = ||u/||£ on M,
1l p
= U;=1Ug (sincel; >0).

On the other hand

ot —u- u I (sinced e M)
=————=——=10 (sincel e M).
lut—u=lp lulp

tg

There T — i, is a continuous curve connecting % and i which stays in V,, since ||t || = < u
forall T €[0,1]. O

This lemma leads to the following observation concerning the first two critical groups of x (u) =
1, . o~ o~
Sl = S lullp for all u e Wyt (0,b) with 14 € G, A1)

Proposition 4.2. If hypotheses H hold, then Co(x,0) = C1(x,0)=0.
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Proof. Since u € (/):l,’)»\H,]), u =0 is the only critical point of x. So, by definition

Ci(x,0) = Hi(x° x°\ (0)
(we can take U = W;é’r’ (0, b) in the definition of the critical groups; see Section 2).

We have V,, C x9\ {0}. Let % € V.. Then from the reduced exact homology sequence (see Granas
and Dugundji [17, p. 388]), we have

c o H (0, %) =5 He (w0, w0\ {0}) 2> Hyq (90 {0}, ) —> -+, (81)

where i, is the group homomorphism induced by the inclusion map (x°, %) - (x°, x°\ {0}) and 3,
is the boundary homomorphism. Since x is p-homogeneous, x° is radially contractible and so

Ce(x°, %) =0 forallk>0 (seeGranasand Dugundji[17, p.389]). (82)

From the exactness of the long sequence (81) we have
0 =imi, =kerd, (see(82)).
This means that Hg(x©, x°\ {0}) = Cx(x, 0) is isomorphic to a subgroup of Hy_1(x%\ {0}, ). We
have V, = ¥0={ue Wgé‘r’(o, b): x(u) < 0}. Then using the second deformation theorem (see, for

example, Papageorgiou and Kyritsi [23, p. 349] and the result of Granas and Dugundji [17, p. 407]),
we have

XO \ {0} is homotopy equivalent to x ¢ (¢ > 0 small) (83)

and
)'(0 =V, is homotopy equivalent to x =° (¢ > 0 small). (84)
From (83) and (84) it follows that
XO \ {0} is homotopy equivalent to V,, = )'(0,
= He(x°\ {0}, %) = Hp(V,,, %) forallk>0. (85)
From Lemma 4.1 we know that V, is path connected. Hence
Ho(V,,%) =0 (see, for example, Maunder [20, p. 109]),
= Ho(x°\{0},%)=0 (see(85)). (86)

Recall that Ci(x,0) is isomorphic to a subgroup of H_1(x°\ {0}, ) for k > 0. Hence Co(x,0) =
C1(x,0) =0 (recall that for k < 0, all singular homology groups are by definition trivial). O

Now we are ready for the existence theorem.

Theorem 4.3. If hypotheses H' hold, then problem (1) has a nontrivial solution ¥ € C1(T).
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Proof. Reasoning as in Perera [24] (see Lemma 4.1), we can find R >0 and ¢ € Cl(Wgé‘rJ (0,b)) s.t.

() ifflull <R
~ X (87)
>

Pu) = , 1
) ifflull >2PR
and Kg € Ky. From (87) we see that

Cu(@,0) = C(x,0) forallk > 0. (88)

From Proposition 4.2, we know that

Co(x,0)=C1(x,0)=0,
= Co(@.0)=C1(9,0)=0 (see(88)). (89)

On the other hand, again from (87) we see that

Cr(@, 00) = Cy (@, 00) forallk > 0. (90)

As in the proof of Proposition 3.5, we show that

Ci(p, 00) #0,
= C1(P,00) #0 (see(90)).

This means that we can find U € K3 s.t.

C1(@., 1) #0. (91)

Comparing (89) and (91) we infer that 7 0. Moreover, U € K3 € K, and so U € C'(T) solves
problem (1). O

So our work here shows that existence of nontrivial solutions is guaranteed if double resonance
occurs at any spectral interval and multiplicity (producing at least three nontrivial solutions) can hap-
pen when we have double resonance at any spectral interval beyond the “principal” one [Ag =0, A1].
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