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Abstract

The blow-up for semilinear wave equations with the scale invariant damping has been well-studied for
sub-Fujita exponent. However, for super-Fujita exponent, there is only one blow-up result which is obtained
in 2014 by Wakasugi in the case of non-effective damping. In this paper we extend his result in two aspects
by showing that: (I) the blow-up will happen for bigger exponent, which is closely related to the Strauss
exponent, the critical number for non-damped semilinear wave equations; (II) such a blow-up result is
established for a wider range of the constant than the known non-effective one in the damping term.
© 2017 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper, we consider the following initial value problem.
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ull‘_Au+1:L_l

u; = |ul? inR" x [0, 00), (L1)
u(x,0)=¢ef(x), us(x,0) =eg(x), xeR" '

where i >0, f,g € Cj°(R") and n € N. We assume that & > 0 is a “small” parameter.

First, we shall outline a background of (1.1) briefly according to the classifications by Wirth
in [20-22] for the corresponding linear problem. Let u° be a solution of the initial value problem
for the following linear damped wave equation.

[k 0 . n
———u; =0, inR" x][0,00),
(1+0)p" (1.2)

u®(x,0) =ui(x), u(x,0) =uz(x), xeR”,

0 0
u;, — Au +

where >0, 8eR,neNand uy,u; € CgO(R"). When g € (—o0, —1), we say that the damp-
ing term is “overdamping” in which case the solution does not decay to zero when ¢ — co. When
B €[—1, 1), the solution behaves like that of the heat equation, which means that the term u?,
in (1.2) has no influence on the behavior of the solution. In fact, L”-L9 decay estimates of the
solution which are almost the same as those of the heat equation are established. In this case,
we say that the damping term is “effective.” In contrast, when g € (1, 00), it is known that the
solution behaves like that of the wave equation, which means that the damping term in (1.2) has
no influence on the behavior of the solution. In fact, in this case the solution scatters to that of
the free wave equation when ¢ — oo, and thus we say that we have “scattering.” When g8 =1,

the equation in (1.2) is invariant under the following scaling
J)(x, t) = uo(ax, o(l+¢t)—1), 0 >0,

and hence we say that the damping term is “scale invariant.” The remarkable fact in this case is
that the behavior of the solution of (1.2) is determined by the value of w. Actually, for u € (0, 1),
it is known that the asymptotic behavior of the solution is closely related to that of the free wave
equation. For this range of w, we say that the damping term is “non-effective.” However, the
threshold of © according to the behavior of the solution is still open. We conjecture that it may
be 1 = 1 since we have the following L? estimates:

1+ ifue(,l),
1u® GOl 2 S llutllgz + luzll g1 x { logle+1)  ifp=1,
1 if uw> 1.

In this way, we may summarize all the classifications of the damping term in (1.2) in the follow-
ing table.

B e (—oo,—1) overdamping
Bel—1,1) effective
B=1 scaling invariant
u € (0, 1) = non-effective
Be(l,00) scattering

Next, we consider the following initial value problem for semilinear damped wave equation.

Please cite this article in press as: N.-A. Lai et al., Blow-up for semilinear wave equations with the scale invariant
damping and super-Fujita exponent, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.06.017




YJDEQ:8875

N.-A. Lai et al. / J. Differential Equations eee (eeee) see—eee 3

v, =v|?, inR"x][0,00),
(1+np"" (1.3)

v(x,0) =¢ef(x), v(x,0)=¢eg(x), xeR"?

Vs — Av +

where u >0, 8> —1, f,g¢€ Cgo(R”) and n € N. We assume that ¢ > 0 is a “small” parameter.

For the constant coefficient case, 8 = 0, Todorova and Yordanov [15] have shown that the
energy solution of (1.3) exists globally-in-time for “small” initial data if pr(n) < p (<n/(n—2)
for n > 3), where

2
pr(n) =1+ p (1.4)

is the so-called Fujita exponent, the critical exponent for semilinear heat equations. It has been
also obtained in [15] that the solution of (1.3) blows-up in finite time for some positive data if
1 < p < pr(n). The critical case p = pr(n) has been studied by Zhang [24] by showing the
blow-up result. We note that Li and Zhou [10], or Nishihara [12], have obtained the sharp upper
bound of the lifespan which is the maximal existence time of solutions of (1.3) in the case of
n=1,2, or n =3, respectively. The sharpness of the upper bound has been studied by Li [11]
including the result for more general equations with all n > 1, but for smooth nonlinear terms.
The sharp lower bound has been obtained by Ikeda and Ogawa [6] for the critical case. Recently,
Lai and Zhou [9] have obtained the sharp upper bound of the lifespan in the critical case for
n>4.

For the variable coefficient case of the most part of the effective damping with —1 < 8 < 1,
Lin, Nishihara and Zhai [13] have obtained the blow-up result if 1 < p < pr(n) and the global
existence result if prp(n) < p (< (n 4+ 2)/(n — 2) for n > 3). Later, D’ Abbicco, Lucente and
Reissig [2] have extended the global existence result to more general equations. For the precise
estimates of the lifespan in this case, see Introduction in Ikeda and Wakasugi [7]. Recently,
similar results on the remaining part of effective damping with 8 = 1 have been obtained by
Wakasugi [19] for the global existence part, and by Fujiwara, Ikeda and Wakasugi [5] for the
blow-up part. The sharp estimates of the lifespan are also obtained by [5] except for the upper
bound in the critical case.

Now, let us turn back to our problem (1.1). Wakasugi [18] has obtained the blow-up result if
l<p<prmandu>1l,orl <p<1+4+2/(n+pu—1)and 0 < u < 1. He has also shown in
[17] that an upper bound of the lifespan is

Ce~(P=D/{2=n(p=1} ifl<p<pr@m) andpu=>1,

Ce=—(p=D/2=(+p=D)(p=-D} i1 < p<l4+——m
n+p—1

and0<pu <1,

where C is a positive constant independent of €. We note that the both proofs in [17] and [18]
are based on the so-called “test function method” introduced by Zhang [24]. On the other hand,
D’ Abbicco [ 1] has obtained the global existence result if pr(n) < p (<n/(n —2) for n > 3), but
w has to satisfy

5/3 forn=1,
"= 3 forn=2,
n+2 forn>3.
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It is remarkable that, by the so-called Liouville transform;
w(x, 1) = (140" u(x, 1),

(1.1) can be rewritten as

2 p
pe-w 1wl inR” x [0, 00),
A0+ 02" " (L4 rp-D/2 (1.5)

w(x,0)=¢ef (x), wi(x,0)=e{(n/2)f(x) +g(x)}, xeR™

Wy — Aw +

When u =2, D’ Abbicco, Lucente and Reissig [3] have obtained the following result. Let

pe(n) :==max{pr(n), po(n+2)}, (1.6)

where

+1++vn2+10n—7
poln) ;= T (n22) (17)

is the so-called Strauss exponent, the positive root of the quadratic equation,

y(p,n):=2+n+1)p—m—1)p*=0. (1.8)

We note that po(n) is the critical exponent for semilinear wave equations, & = 0 in (1.1). They
have shown in [3] that the problem (1.1) admits a global-in-time solution in the classical sense
for “small” ¢ if p > p.(n) in the case of n = 2,3 although the radial symmetry is assumed
in n = 3, and that the classical solution of (1.1) with positive data blows-up in finite time if
1 < p < pc(n) and n > 1. In the same year, with radial symmetric assumption, D’ Abbicco and
Lucente [4] extended the global existence result for po(n +2) < p < 14 2/(max{2, (n —3)/2})
to odd higher dimensions (n > 5). We remark that, in the case of n = 1, Wakasa [16] has studied
the estimates of the lifespan and has shown that the critical exponent p.(1) = pr (1) = 3 changes
to po(1 +2) = 1 + +/2 when the nonlinearity is a sign-changing type, |«|?~'u, and the initial
data is of odd functions. Both results in [3] and [16] heavily rely on the special structure of the
massless wave equations, 1 =2 in (1.5). In view of them, © = 2 may be an exceptional case.
Recalling Wirth’ classification in the linear problem, (1.2), one may regard u = 1 as a threshold
also for the semilinear problem, (1.1). In this sense, the blow-up result in Wakasugi [18] says
that the solution may be “heat-like” if u > 1. Here, “heat-like” means that the critical exponent
for (1.1) is Fujita exponent.

In this paper, we claim that the solution of (1.1) is “wave-like” in some case even for p > 1.
Here, “wave-like” means that the critical exponent for (1.1) is bigger than Fujita exponent and is
related to Strauss exponent. We also conjecture that such a threshold of u depends on the space
dimension n. The main tool of our result is Kato’s lemma in Kato [8] on ordinary differential
inequalities which is improved to be applied to semilinear wave equations by Takamura [14].
Together with Yordanov and Zhang’s estimate in [23], we can prove a new blow-up result for
wave-like solutions by means of some special transform for the time-derivative of the spatial
integral of unknown functions.
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This paper is organized as follows. In the next section, we state our main result. In the sec-
tion 3, we estimate the spatial integral of unknown functions from below. Making use of such an
estimate, we prove the main result for u > 2 in section 4, and for 0 < p < 2 in section 5.

2. Main result
First we define an energy solution of (1.1).
Definition 2.1. We say that u is an energy solution of (1.1) on [0, T) if
ueC(0,7), H' R"))NC' ([0, T), L*R") N LY (R" x [0, T)) 2.1

satisfies

/u,(x,t)q&(x,t)dx —/u[(x,O)qﬁ(x,O)dx

R R
1
—l—/ds/{—uf(x,s)(bt(x,s)—i—Vu(x,s)~V¢(x,s)}dx 2.2)
0 R"
f f
+/ds/w¢(x,s)dx:/‘ds/‘ lu(x,s)|Pp(x,s)dx
0 R" i 0 R"

with any ¢ € C3°(R" x [0, 7)) and any ¢ € [0, T).

We note that, employing the integration by parts in (2.2) and letting t — 7', we have that

u(x, s) {¢tt(X,S) — Ag(x,s) — (M> }dxds

1+s
R x[0,T)
=/uu(x,0)¢>(x,0)dx—/u(x,O)qSt(x,O)dx
R” R"
—l—/ut(x,O)(j)(x,O)dx—I— / lu(x, s)|Po(x, s)dxds.
R” R*x[0,T)

This is exactly the definition of a weak solution of (1.1).
Our main result is the following theorem.

Theorem 2.1. Letn > 2,

2
n“+n+2
0<p<pon):= m and pp(n) < p < po(n+2u). (2.3)

Assume that both f € H'(R") and g € L*(R") are non-negative and do not vanish identically.
Suppose that an energy solution u of (1.1) satisfies

Please cite this article in press as: N.-A. Lai et al., Blow-up for semilinear wave equations with the scale invariant
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suppu C{(x,t) eR" x[0,T) : |x| <t+ R} 2.4)

with some R > 1. Then, there exists a constant eg = o(f, g, n, p, i, R) > 0 such that T has to
satisfy

T < Ce2r(p=1/y(p.n+210) (2.5)
or 0 < & < gy, where C is a positive constant independent of €.
p P

Remark 2.1. Theorem 2.1 can be established also for n = 1 if one define ¢ (x) = ¢* + e~ for
x € R in Section 3 below. But the result is not new. See the following two remarks.

Remark 2.2. In view of (1.4) and (1.8), one can see that

2 2
V(pp(n),n+2u)=n—2{n +n+2—2(n+2)u}.

Therefore 0 < u < po(n) is equivalent to
pr(n) < po(n+2u).

We note that 119(2) = 1. This means that Theorem 2.1 just covers the non-effective range of p for
n = 2. Since uo(n) is increasing in n, Theorem 2.1 gives us the blow-up result on super-Fujita
exponent even for p in outside of the non-effective range for n > 3. We also note that pp(n) < 2
forn=2,3,4 and puo(n) > 2 forn > 5.

Remark 2.3. One can see also that

2 2{n =D+ (=3}
y<l+m,n+2ﬂ>— (I’l+,l,L—1)Z .

Therefore we have that

T 2
+n+u—1 < po(n+24u)

forn=2and 0 < u < 1,orn >3 and u > 0. This means that Theorem 2.1 includes the blow-up
result in Wakasugi [18].

Remark 2.4. If 8 is in the scattering range, (1, 0o), for the problem,

"
1+

— — p
Uy Au + [)ﬂut_|u| >

the result will be
T < Ce2PP=D/y(:m) for | < p < po(n)

for all u > 0. This estimate coincides with the one for non-damped equation,
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ure — Au = |ul?

except for the case of fRZ g(x)dx #0inn =2 and 1 < p < 2. See Introduction of Takamura
[14] for its summary. The proof of this fact will appear in our forthcoming paper.

3. Lower bound of the functional
Let u be an energy solution of (1.1) on [0, T'). We estimate

Fo(t) ::/u(x,t)dx

R)‘l

from below in this section. Choosing the test function ¢ = ¢ (x, s) in (2.2) to satisfy ¢ =1 in
{(x,s) e R" x [0,¢]: |x| <s+ R}, we get

/u,(x,t)dx—/u,(x,O)dx

RH R"
t t
+/ds/de=/ds/|u(x,s)|”dx,
1+s
0 R" 0 R"

which means that

1 t

Fé(t)—Fé(O)—i—/%(::)dxzfds/m(x,sﬂpdx.
0 0 R”

All the quantities in this equation except for F(t) are differentiable in 7, so that so is F{(t).
Hence we have

Fy (1) +

“lFi(;) =[|u(x,t)|pdx. 3.1)
Rn

Integrating this equation with a multiplication by (1 4 ¢)*, we obtain

t
(1+t)“F6(t)—Fé(O):/(l+s)“ds/|u(x,s)|pdx. (3.2)
0 R"

It follows from this equation and the assumption on the initial data that
Fy()>= (1 +1)""Fy0)>0 and Fy(r) > Fp(0) >0 for t>0. (3.3)

From now on, we employ the modified argument of Yordanov and Zhang [23]. Let us define

Please cite this article in press as: N.-A. Lai et al., Blow-up for semilinear wave equations with the scale invariant
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Fi(t) ::fu(x,t)wl(x,t)dx,

R)‘l

where

@D =g e, di(x) = / e 0dS,,

sn—1

In view of (3.2) and the argument of (2.4)—(2.5) in [23], we know that there is a positive constant
C1 =Cj(n, p, R) such that

(1 + 0" Fj(t) — F}(0) > Cy /(1 + ) O=DA=P/D | F (5)|Pds. (3.4)
In order to get a lower bound of Fy(t), we turn back to (2.2) and obtain that

% /ut(x, He(x,t)dx
RV!
+f{—ut<x,r>¢,<x,r)—u(x,r>A¢<x,r>}dx

+/ ‘”;‘f 2. t)dx_f|u(x O (x, Hdx.
Rn

Multiplying the above equality by (1 + )", we have that

% (1+t)“/ut(x,t)¢(x,t)dx
RYl

+a +r>“/{—uf<x,r>¢l(x,r)—u(x,r>A¢<x,r>}dx

:(1+t)”f|u(x,t)|p¢(x,t)dx.

Integrating this equality over [0, t], we get

Please cite this article in press as: N.-A. Lai et al., Blow-up for semilinear wave equations with the scale invariant
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(l+t)“/u,(x,t)¢(x,t)dx —5[g(x)¢(x,0)dx
Rll Rn
t

—/ds/(l + ) u;(x, ) (x, 5)dx
Rn

0

t
:/dsf{(l+s)“u(x,s)Aq)(x,s)+(1+s)“|u(x,s)|p¢(x,s)}dx.
0

RVl
It follows from this equation and

t

/ds/(l + ) u (x, ) (x, s)dx
Rn

0

=(1 +t)“/u(x,t)¢),(x,t)dx—/u(x,O)d),(x,O)dx

R” R”
t

—/ds/u(l~|—s)“_lu(x,s)¢t(x,s)dx

0 R"
t

—/ds/(l + ) ux, s)py (x, s)dx,

0 R”

which follows from integration by parts that

(I+n* / {ur(x, )P (x, 1) —u(x, ) (x, 1)} dx
R”

_gfg(x)qb(x,O)dx+8ff(x)¢t(x,0)dx

R” R”
t

+/dsf,u(l+s)“_lu(x,s)¢,(x,s)dx

0 R”"
t

=/ds/(1 + ) ulx, s){A¢(x,s) — ¢ (x,5)}dx

0 R"
t

~|—/ds/(1+s)“|u(x,s)|p¢(x,s)dx.
RVL

0

If we put

P, 1) =y1(x,1) =e'$p1(x) on suppu,

Please cite this article in press as: N.-A. Lai et al., Blow-up for semilinear wave equations with the scale invariant
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we have

¢y =—¢, ¢y =A¢p on supp u.

Hence we obtain that

(1+t)“Ff(t)+2(1+t)“F1(t)—Ef{f(X)+g(X)}¢(X)dx

t t
:/M(l+s)“*1F1(s)ds+/ds/(1+s)ﬂ|u(x,s)|1’¢(z,x)dx,
0 0 R”
which yields
t
F{(t) +2F(t) > (fiijﬂ (ljt)u/u(l—i-s)“*lFl(s)ds,
0
where

Cre= / {f(x) + g(x)}p1(x)dx > 0.
Rn
Integrating this inequality over [0, ] with a multiplication by ¢, we get

e S
e Fi(t) > Fi(0) +Cf,g8/ mds
(3.5)

/(1+ o f,u(l—l—r)“ YFi(rydr.
0

We note that the assumption on f implies F1(0) > 0. Hence we find that there is no zero point of
F1(t) for t > 0. Because the continuity of Fj implies F1(¢) > 0 for small ¢ > 0. If one assumes
that there is a nearest zero point 7y of F; to 0, then one has a contradiction in (3.5);

20 Fy(t9) =0 > F1(0)+cfge/(1+s)ﬂds

/(1+ ¥ /M(1+r)" 'Fi(r)dr.
0

The last term in the right-hand side of this inequality is positive by Fi(¢t) > 0 for 0 < ¢ < 19.
Turning back to (3.5), we obtain

Please cite this article in press as: N.-A. Lai et al., Blow-up for semilinear wave equations with the scale invariant
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C C
Fi(t)> —28 (1 —e™2) 4 e 2 F(0) = mf—o’“’

for ¢t > 0.
20 + )k tor o=

Here we have used the fact that Cr¢ > C .
Plugging this estimate into (3.4), we have

t
c,c?
(1+ O Fj(t) — F}(0) > —2pf’oel’/(1 5=+ e=DA=p/2) g
0

Since F{j(0) > 0 and it follows from ¢ > 1 that

t t
/(1 +s)lt(1—p)+(n—l)(1—p/2)ds > (zt)u(l—p)/s(n—l)(l—p/z)ds

0 1/2
> pu(l=p)=(=D(1=p/+1,14+u(1=p)+(n—-1)(1=p/2)

we obtain that
F{(t) > CpeP!=mpT=DU=p/2) for s > 1,

where

c,Ch
Cy: £.0

= Dt a—D(—p/2—1 0.

Here we have used the fact that

1+(n—1)(1—§>>0

follows from

po(n) < po(4) =2 forn >4,
p<pon+2u) <3 poB)=14++2<3 forn =3,
P02 =B +17)/2 <4 forn=2.

Integrating this inequality over [1, 7] and making use of F;(0) > 0 and

t t
/sl_“p+("_1)(1_p/2)dszt_“p/s1+("_l)(l_p/2)ds fort > 2.

1 t/2

we get
Fo(t) > C3eP>#p+t=DU=p/2)  for s >0 (3.6)

where

Please cite this article in press as: N.-A. Lai et al., Blow-up for semilinear wave equations with the scale invariant
damping and super-Fujita exponent, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.06.017




12 N.-A. Lai et al. / J. Differential Equations eee (eeee) see—eee

C

G = Sena—pm

0.

4. Proof of Theorem 2.1 for p > 2

Let us define
F(1):= f w(x, Hdx = (141" Fo(0),
R71

where w is the solution of (1.5). We note that (3.1) yields

. pR=p . —M(p—l)/2/ »
F'O+ fi e PO =040 wer, P dx.
Rn

Then it follows from (2.4) and Holder’s inequality that
/ lw(x, 1)|Pdx > {vol(B" (0, )} =P (z + R) " P~V |F(1)|7.
Rn

By combining (4.1) and (4.2), and noting the assumption R > 1, we come to

1" n2—p)
Fo+ 41 + t)2

F(1) = C4(1+ )~ HHRP=DIE@)|P fort >0,
where
Cs = {vol(B" (0, 1)} =P R™"(P=D 5 0,
Due to (3.3), we have that
F(t)=(1+0)*?Fyt) >0,
F'(t) = %(1 + O Ry () + (1 + M2 F)(1) > 0,

which implies that

F(0)=Fo0) =l fllp1 (g€
p n
F'(0) = 7 Fo(0) + Fy(0) = (5 1/ ey + gl ey ) -

YJDEQ:8875

4.1

4.2)

(4.3)

4.4)

4.5)

From now on, we focus on the case of @ > 2. Then it follows from (4.3) and (4.4) that

F'(t) > C4(1 + 1)~ /D=0 p1)|P,

We shall employ the following lemma now.

(4.6)
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Lemma 4.1 (Takamura [14]). Let p > 1,a > 0, q > 0 satisfy

M::pgla—%+1>0. @7
Assume that F € C%([0, T)) satisfies
F(t) > At° fort > Ty, (4.8)
F"(t) = B(t + R)"|F (1)|” fort =0, 4.9)
F(0)>0, F'(0) >0, (4.10)

where A, B, R, Ty are positive constants. Then, there exists a positive constant Co = Co(p, a,
q, B) such that

T <2¥MT, (4.11)
holds provided
F(0
T} := max {To, F%), R} > CopA~(P~D/CM), (4.12)

Due to the lower bound of Fj in (3.6) and the definition of F(¢) in (4.4), we have
F(t) > C3ePt>= o+ =DU=p/D+1/2 for 1 > 2, (4.13)

which is (4.8) in Lemma 4.1 with

A= CseP, a=2—,up~|—(n—1)(1—§)+%, To=2.

The inequality (4.9) with
B=Ci g=(n+5)(p-1

follows from (4.6), and (4.10) is already established by (4.5). The final step to use Lemma 4.1 is
to check the sign of M. By the assumption that p < po(n 4+ 2u), we have

y(p,n+2u)
= 74 >

M 0.

Set

To = COA—(p—l)/(ZM) — Cocgz(l’_l)/y(l’sn*‘zﬂ)8—2p(p—1)/y(p,n+2p,).

Then, since F(0)/F’(0) is independent of ¢ by (4.5), one can see that there is an gy =
so(f, g, n, p, b, R) > 0 such that
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F(
To > max 4 2, © for 0 < e <e¢g.
F'(0)

This means that 77 = Ty in (4.12). Therefore the conclusion of Lemma 4.1 implies that the
maximal existence time 7 of F(¢) has to satisfy

T < C58—2p(p—1)/y(p,n+2u) for 0 < & < &,
where
Cs:= 28/y(p.n+2u) COCZZ(P—U/V(P»”"'ZM) < 0.
This completes the proof in the case of ©u >2. 0O
5. Proof of Theorem 2.1 for 0 < u <2
Before showing the proof of Theorem 2.1 for 0 < u < 2, we first prepare the following lemma:

Lemma 5.1. Suppose that the assumption in Theorem 2.1 is fulfilled. Then it holds that

Fl)> /2( Ci S+ £y~ /D P=D/2 () (4D /2 G.1)
p

fort > Cee™2PP=D/Y(Pn+210) \yhere we set

2 n\"*
C6:=<w> o

2c ey
and
X=2-(n+5)p-D+@-Df2-w+a-n(1-£)+ 5}
_vp,n+2p)
ER

C3, C4 are the one in (3.6), (4.3), respectively,

Proof. Multiplying the both sides of (4.3) by (1 + 1)2F'(t) > 0 and noting that (4.4), we get

A+, , 2 w@—p 2y
2 {(F(I))}+ 8 tF07 fort > 0.

> Cy(1 +0)>~THDP=D PP F/(1)

Integration by parts yields that
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(1+41)2
2

2 —
(F' (1)) + %F(t)z

! fort > 0.
> Cy4 /(1 + )2~ 2D P=D F ()P F' (5)ds
0

Noting the assumption on p

2
p>prn)>1+——7 foru=>0,
o
n+§

it is easy to get that

2—(n+%)(p—l)<0.

And hence we have

t

/(1 + )220 B ()P F (5)ds

0
+1 +1
S (1 4 py2-runp-n FOTT = FOIT
- p+1
Since
2
prn)=14—->——— forn>2and0<pu <2,
n n+l—pu
and hence
2
> — .
P ”l“rl—/,L

This is equivalent to

P\ A6 M y(p,n+2p)
2 —1(1——) —) b nT A
P ( up +(n—1) 7 + 7))~ 5
Thus, for t > Cﬁe’zl’(l”l)/ﬂp’”*z“) > 2 (¢ small enough), we have
C3€Pt2*/4P+(n*1)(1*P/2)+M/2 > 2||f||L1(R")57 (5.2)
which implies

F(t) > 2F(0). (5.3)

Hence, it follows from
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F()P™ — FO)PT > F(t)? {F (1) — F(0)} > %F(r)ﬁ*‘

that

Ca(1 + )2=+u/2)(p=D) Fpyp+1
F(t)2 . 4( + ) ( ) (5'4)
2(p+1)

(141)?
2

(F'(0)

2 u@2—p
S

for t > Cee2P(P—D/y(p.nt+21)
On the other hand, for ¢ > Cge~2P(P—D/y(P.n+210) we have

Ca (| 4 20 uD (=1 oyep 2-ap+-D=p/2+u/2yp=1 5 FC =1
Ap+ 1) 8

which gives us

Cy 2= (/2 (p-1 Il D
— (10> DD pyptl > T2 R 5.5
4(p+1)( ) Q) g Q) (5.5)

by combining (4.13). Therefore, we get (5.1) from (5.4). O

By (5.1), it is easy to see that there is a g = go(f, g, 1, p, L, R) > 0 such that

Fo | Gy et o-/2 g o-1/2-
FO'™ 20+ 1)

with 0 < § < (p — 1)/2 holds for

t> Ty := Cee PP~ D/y(nt2)  gng 0 < e < g,

Here we use our lower bound of F in (4.13) again to get

F'(t _1/o— C
®) > PR [ 8 o pl D20 for g >y, (5.6)
F (1)1t 20p+ 1)

where

Y :=(pT_1—8>{2—up+<n—1)(1—3)+ﬁ}—(n+ﬁ)p—‘1

2) 72 2) 2
_v(p,n+2p) { p ,u]
e LR 1)(1 2)+2 5.

Therefore, taking § small enough such that ¥ 4+ 1 > 0, we then have by integrating (5.6) over
[Ty,1],

Fy=  cPV [,
>
5 Y+1 \V2(p+D

gPP=D2=0) Y+l _ ¥+l fors > 7y,
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Making use of (4.13) with ¢ = T7 in this inequality, we obtain that

1> C78p(p—1)/2le(p,n+2u)/4—(Y+1)(IY+1 . T1Y+1) fort > Ty,
where

—-1)/2
ch[’ )/ C4

Cq:= >0
! Y+1 V2(p+1)

If one sets t = kT with k > 1, then, due to the definition of 77, one has
> C7Cé/(p’"+2”)/4(k”1 1.
Therefore the conclusion of the Theorem 2.1,
T < C88—2P(P—1)/V(p,n+2ﬂ«) for 0 < ¢ < g,

is now established, where

6 >

_ 1/(Y+1)
Cyi= (14 C7' 7Pty c

This completes the proof inthe case of 0 < u <2. O
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