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Abstract

In this paper, we study systems of lattice differential equations of reaction—diffusion type. First, we es-
tablish some basic properties such as the local existence and global uniqueness of bounded solutions. Then
we proceed to our main goal, which is the study of invariant regions. Our main result can be interpreted as
an analogue of the weak maximum principle for systems of lattice differential equations. It is inspired by
existing results for parabolic differential equations, but its proof is different and relies on the Euler approx-
imations of solutions to lattice differential equations. As a corollary, we obtain a global existence theorem
for nonlinear systems of lattice reaction—diffusion equations. The results are illustrated on examples from
population dynamics.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

The most studied example of a lattice differential equation has the form

i—?(x,t):k(u(x+1,t)—2u(x,t)+u(x—1,t))+f(u(x,t),x,t), xeZ, t>0, (1.1)
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where u : Z x [0, 0c0) — R is the unknown function. This equation is obtained from the classical
one-dimensional reaction—diffusion equation

ou 9%u
— @, ) =k—x, )+ f(ulx,1),x,1), xeR, rel0,00), (1.2)
Jt ax2

by discretizing the space variable. For some applications in biology, chemistry, kinematics or
population dynamics, the semidiscrete equation seems to be more appropriate than the classical
reaction—diffusion equation (see, e.g., [2,11,14,21,22]).

For various choices of the reaction function f, numerous authors have studied the properties
of solutions to Eq. (1.1), such as the asymptotic behavior [4,35,36], existence of traveling wave
solutions [8,11,24,40,41] or pattern formation [6—8]. On the other hand, the recent papers [30,
31] have focused on well-posedness results and maximum principles for Eq. (1.1) with a general
reaction function f. Let us mention that the maximum principles are important for the study of
traveling wave solutions (cf. [24,39]).

Systems of two or more lattice differential equations were also considered by numerous au-
thors. The motivation for the study of such systems often comes from population dynamics — see,
e.g., [5,16-19,23] and the references there. Again, most papers focus on equations of reaction—
diffusion type with specific choices of the reaction function. A fairly general class of linear lattice
systems with continuous, discrete or mixed time was studied in [28].

The present paper is devoted to general systems of nonlinear lattice differential equations of
the form

E;—Ltt(X,l)IA(x,t)u(x—i-1,t)+B(x,t)u(x,t)+C(x,t)u(x—1,t)
+ fulx,t),x,1), xe€Z, t=0, (1.3)

where u takes values in R” and A, B, C are matrix-valued functions. Obviously, Eq. (1.1) rep-
resents a special case of Eq. (1.3) withm =1, A(x,t) =C(x,t) =k and B(x,t) = —2k.

In Section 2, we present some basic results on the existence and uniqueness of solutions to
nonlinear systems of lattice equations. We focus on initial-values problems with bounded initial
conditions. Such problems generally have infinitely many solutions (see, e.g., [29, Section 3]);
to get uniqueness, we restrict ourselves to the class of bounded solutions. As explained in [14],
the space of bounded sequences is a quite natural choice for the study of diffusion-type lattice
differential equations.

The core of the paper is in Section 3, where we study invariant regions for systems of the form
(1.3). The invariance results can be interpreted as a generalization of the weak maximum princi-
ple: In the scalar case (1.1), the weak maximum principle says that under suitable assumptions
on the reaction function f, the values of the solution always remain in the interval determined
by the infimum and supremum of the initial values. Thus, the interval is an invariant region for
the given equation. In the higher-dimensional setting, the interval is replaced by a closed con-
vex set S, and the problem is to find sufficient conditions guaranteeing that S is an invariant
region, i.e., that solutions with initial values in S never leave this set. The key assumption is
that the vector field f points inward S or is tangent to the boundary at all boundary points of S.
This condition is well known from the invariance results for classical parabolic equations; see
[1,9,25,34,38]. The proofs of these classical results are fairly straightforward for bounded spatial
domains, while the treatment of unbounded domains is more difficult.
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For example, Weinberger [38] uses the fact that solutions to initial-value problems on un-
bounded spatial domains can be obtained as limits of solutions to initial-boundary-value prob-
lems on bounded domains. As far as we are aware, no such result is available for lattice
reaction—diffusion systems. Chueh et al. [9] simply add the additional hypothesis that for all
t >0, u(x,t) € S whenever x is sufficiently large. Redheffer and Walter [25] provide a more
general invariance theorem for solutions satisfying a certain growth condition as |x| — co; how-
ever, their method does not seem to be applicable to lattice equations. The method used by
Valencia [34] is elegant and can be used in the context of lattice equations, but it seems to work
only in the case when S is a hyperrectangle.

The proof of our invariance result for lattice equations is different from the existing proofs
for parabolic equations: We start by deriving an invariance result for the Euler approximations
to Eq. (1.3), and only later pass to the continuous-time limit. Therefore, the results of Section 3
also contribute to the theory of partial difference equations.

In Section 4, we illustrate our invariance result on examples from population dynamics, in-
cluding a predator-prey model of Lotka—Volterra type, and a model of two competing species.

Let us remark that in Sections 3 and 4, we consider only those equations of the form (1.3)
that satisfy A + B + C = 0. Already in the scalar case (i.e., when m = 1), this condition is
necessary for the validity of the weak maximum principle; see [29, Section 4]. For applications,
this restriction is not a serious one: Consider a system of lattice reaction—diffusion equations of
the form

2—':@, 1) = Di(x, Hu’V (x, 1) + Da(x, Hu () + D3(x, Hu” (x, 1) + f(u(x, 1), x,1), (1.4)

where u®Y (x, 1) = u(x+1, 1) —2u(x, t)+u(x — 1, r) denotes the second-order central difference
of u with respect to x, u® (x,t) = u(x + 1,1) — u(x, ) is the forward difference and u" (x, 1) =
u(x,t) —u(x —1,r) is the backward difference. The system (1.4) is the semidiscrete counterpart
of the parabolic system

M = Do+ B’
8[ .xa - x7 8 2x5 x’

L)+ fulxn ), x.1),
X X

ax
which has been studied in [1,9,25,34,38]; the second-order derivative on the right-hand side is
replaced by the second-order central difference, and the first-order derivative is replaced either
with the forward or the backward difference.
By expanding the differences in (1.4), we see that the system is equivalent to (1.3) with

A()C, t) = D](.X, t) + D2(-x» t)v

B(x’ t) = _2D] (-x’ t) - Dz(xv t) + D3(xa t)9

C()C, t) = D] (x7 t) - D3(-xv t)a
which means that A + B + C = 0. Conversely, each equation of the form (1.3) satisfying A +

B 4+ C =0 can be rewritten in the form (1.4). The corresponding coefficients D1, D, D3 are not
uniquely determined; for example, it is possible to choose

Di(x,t)=0, Dy(x,t)=A(x,t), Ds3(x,t)=—C(x,1).
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2. Well-posedness results

Throughout the rest of this paper, we use the symbol £°°(Z) to denote the vector space of all
bounded real sequences {u,},cz. This space is equipped with the supremum norm

lull = sup |uxl, u € L>(Z).

X€ZL
The symbol £2°(Z)™ denotes the product space whose elements have the form u = (u!, ..., u™)
with u!, ..., u™ € £%°(Z). This space is equipped with the supremum norm
laell = max{llu [l ... 1™}, € €@,

and it is a Banach space. For an arbitrary u € £°°(Z)™ and x € Z, we use the symbol u, to denote
the vector (u}c, Loul) e R

In this section, we generalize the results from [30] and obtain some basic well-posedness
results for the initial-value problem

k
o )= YA Ou(x+ .0+ fux. ), x.0), xeZ, tel0,T],
o1 = @1

u(x,0) = ug, x €,

where 4 = {u0},cz € £°(Z)", u: Z x [0, T] = R", Ay, ..., A : Z x [0, T] — R™ ™ and
f:R™ xZ x [0, T]— R™. This system generalizes (1.3), which corresponds to the special case
k = 1. Systems with k > 1 are useful, for example, in the study of stochastic processes; see [15].

We impose the following conditions on the functions A_g, ..., Ag, and f:

(A1) A_yg, ..., A are bounded.

(A) Foreach je{—k,...,k}, e >0andt €0, T], there exists a § > 0 such that if s € (t —
8,t+38)N[0,T], then |Aj(x,t) — Aj(x,s)| <& forall x € Z.

(F1) f is bounded on each set B x Z x [0, T], where B C R™ is bounded.

(F») f is Lipschitz-continuous in the first variable on each set B x 7 x [0, T, where B C R™
is bounded.

(F3) For each bounded set B C R™ and each choice of ¢ > 0 and t € [0, T, there existsa § > 0
such that if s € (t — 8,t +8) N[0, T], then || f(u,x,t) — f(u,x,s)|| <e forall ueB,
x €.

The proof of the next theorem is similar to the proof of [30, Theorem 2.1]; we include it here
for completeness.

Theorem 2.1. Assume that A_y, ..., Ay : Z x [0, T] — R™*™ satisfy (A1), (Az), and f :R™ x
Z x [0, T] — R™ satisfies (F1)—(F3). Then for each ul e L°(Z)™, the initial-value problem
(2.1) has a bounded local solution defined on Z, x [0, §], where § > 0. The solution is obtained
by letting u(x,t) = U(t)x, where U : [0, 8] — £%°(Z)™ is a solution of the abstract differential
equation
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U'(ty=oW@).1), U©O)=u’,
with @ : £°(Z)" x [0, T] — £°°(Z)™ being given by
D({uylrez t) ={Ar(x, Dttyqr + -+ Ak (X, Dtty—g + fux, X, t)}xez. (2.2)

Proof. Conditions (A1) and (F]) guarantee that ® indeed takes values in £°°(Z)™. Choose an
arbitrary p > 0, and denote B = {u € £>°(Z)"; |u — u®|| < p}. Foreachi € {1,...,m}, let B; =
[infrez@®)i — p, sup,ez )i + p] C R, and denote B = By x -+ x B,,. Note that if u, v € B,
then uy, v, € B forall x € Z. Let L, M be the Lipschitz constant and the bound for the function f
on Bx7Z x[0,T],and M_y, ..., M the bounds for the functions A_, ..., AronZ x [0, T].

Observe that ® is bounded on B x [0, T']: For each u € B, we have u, € B for all x € Z, and
consequently

1D G, DI < My - Httxgidvezll + - + Mg - Hux—ichxezll + 1 f (ux, x, D) xezl
<M_g+ -+ Mllull +M < (M—g+ -+ M) (Ju®|| + p) + M.

Next, we show that ® is Lipschitz-continuous in the first variable on B x [0, T']:

D@, t) — P, D) < My - [{txtk — Vatitxezll + -+ Mg - {ttx—k — va—t}rezll
HIH{f @x, x, 1) = fur, X, D}xezll £ Mg + -+ Mp)llu — v|| + Lllu —v||.

Finally, we claim that ® is continuous on B x [0, T']. To see this, consider an arbitrary & > 0
and a fixed pair (u, t) € B x [0, T]. Let pmin > 0 be the minimum of all numbers § obtained from
conditions (A») and (F3). Then for all (v, s) € Bx [0, T] with ||lu —v|| < e and s € (t — Smin, t +
Smin) N[0, T], we have

[P, 1) — P, )| <[P, 1) — P, )|+ |P(v, 1) — P(v, s)l
SWMop -+ M+ D) flu—vll + I{f (vx, x, 1) — f(vx, X, ) }rezll
HIH{(Ak(x, 1) — Ag(x, s)usxyk + -+ (A—p (3, 1) — Ak (x, $))ux—k }xezl
<M_p+---+ M+ L)|ju—v| +e&+ Qk+ De|lul,

which proves that @ is continuous at the point (u, ).
By the Picard—Lindel6f theorem, the initial-value problem

U'(ty=dWU (), 1), U©O) =u,

has a local solution defined on [0, §], where § > 0. Letting u(x,t) = U (t),, x € Z, we see that
u is a solution of the initial-value problem (2.1). O

The next result is a slight generalization of [30, Theorem 2.2], which corresponds to the
special case when m = 1. The proof for a general m € N can be carried out in the same way and
we omit it.
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Theorem 2.2. Assume that ¢ : £°(Z)™ x Z x [0, T] — R™ satisfies the following conditions:

1. @ is bounded on each set B x Z x [0, T, where B C £°°(Z)™ is bounded.
2. @ is Lipschitz-continuous in the first variable on each set B x 7 x [0, T], where B C £>°(Z)™
is bounded.

Then for each u% € £°°(Z)™, the initial-value problem

a—u(x,t)=<0({u(x,t)}xez,x,t), x€Z, tel0,T]
ot (23)

u(x,0)= ug, X €7,
has at most one bounded solution u : 7. x [0, T] — R™.

As a corollary of the previous result, we obtain the uniqueness of bounded solutions to the
initial-value problem (2.1).

Corollary 2.3. Assume that A_y, ..., Ay : Z x [0, T1— R™*™ satisfy (A1), and f :R™ x Z x
[0, T] — R™ satisfies (Fy), (F2). Then for each u® € £°°(Z)™, the initial-value problem (2.1)
has at most one bounded solution u : 7. x [0, T] — R™.

Proof. Note that (2.1) is a special case of (2.3) with the function ¢ : £>°(Z)" x Z x [0, T] — R™
being given by

o({uxlxez, x, 1) = Ax (X, Dty g + -+ Ak (X, Dux—g + f(ux, x,1).

Hence, it is enough to verify that the two assumptions of Theorem 2.2 are satisfied.

Given an arbitrary bounded set B C £°°(Z)™, there exists a bounded set B C R™ such that
u € B implies u, € B, x € Z. Hence, the first condition in Theorem 2.2 is an immediate conse-
quence of (A1) and (F7). To verify the second condition, let L be the Lipschitz constant for the
function f on B x Z x [0, T], and M_y, ..., M the bounds for the functions A_, ..., Ax on
Z x [0, T]. Then, for each pair of sequences u, v € 5 C £°°(Z)", we have

lou,x, 1) —o,x, )| < (M_g+ -+ M) - lu—vll + || fux, x, 1) — f(vg, x, 1)
SWM_p+---+Mg+ L) |lu—nvl,

which means that ¢ is Lipschitz-continuous in the first variable on B x Z x [0, T]. O

We conclude this section with two continuous dependence results concerning ordinary differ-
ential equations in Banach spaces. Thanks to Theorem 2.1, these results are also applicable in
the study of Eq. (2.1). The first result is a special case of [30, Theorem 3.2]; it provides sufficient
conditions ensuring that the solution of a given ordinary differential equation is the limit of the
Euler approximations.

Theorem 2.4. Let X be a Banach space and B C X. Suppose that @ : B x [0, T] — X is con-
tinuous and Lipschitz-continuous with respect to the first variable. Assume that u° € B and
U : [0, T] — B satisfies

Please cite this article in press as: A. Slavik, Invariant regions for systems of lattice reaction—diffusion equations, J.
Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.08.019
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U)y=oU®,0, t€l0,T], U©O=u’.
Foreachn €N, let h =T /n, and assume that Uy, : {0, h,2h, ..., (n — 1)h,nh} — B satisfies

Uy (t +h) —Uy(t)
h

=®U,(1),1), t€f{0,h,2h,....,(n—Dh}, Uy(0)=u.
Moreover, let Uy : [0, T]1 — B be the piecewise constant extension of U, given by

_[u.© =0,

Uyt = )
U,(kh) ift € ((k— Dh,kh] for somek €{1,...,n}.

oo

Then the sequence {U;}2 | is uniformly convergent to U on [0, T].

The second result, which is a consequence of [27, Theorem 4.7], is concerned with continuous
dependence of solutions on the right-hand side of a differential equation.

Theorem 2.5. Let X be a Banach space, C C X and u® € C. Consider Sfunctions ® :C x [0, T] —
X and ©, :C x [0,T] — X, n € N, which are continuous, bounded by the same constant,

Lipschitz-continuous in the first variable with the same Lipschitz constant, and such that ®,, — ®
on C x [0, T). Assume that U : [0, T] — C satisfies

U(t)=dWU(@),1), te[0,T], UQO) =u’.

Finally, suppose there exists a p > 0 such that the open p-neighborhood of U in X is contained
in C. Then there is an ny € N and a sequence of functions U,, : [0, T] — C, n > nq, such that

UL(t) = @, (Uy(t),1), t€[0,T], U,(0)=u’,

and {U,} is uniformly convergent to U on [0, T].

[o)0]
n=n
3. Invariance results

Throughout this section, we consider compact convex sets S described as intersections of sub-
level sets of certain functions G, ..., Gi. More precisely, we introduce the following condition:

(S) Assumethatk e N, Uy, ..., Uy S R™ are open sets, and foreachi € {1,...,k},G; : U; - R
is a C! function. Suppose also that the closed sets

Si={uelU;; Gi(u) <0}, iell,... k},
are convex, their intersection
S=851N---NSy=wueUnN---NU;; Gi(u) <0,...,Gr(u) <0}

is bounded and has nonempty interior, and that VG; (1) # 0 foreachi € {1,...,k},u € 9S;.

Please cite this article in press as: A. Slavik, Invariant regions for systems of lattice reaction—diffusion equations, J.
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If condition (S) is satisfied, then S is a compact convex set with nonempty interior. Note that
VG (u) is the outward normal to S; at u € 9.5;, the set

{zeR";VGiu) -z=VG;(u) - u} 3.1

is the unique supporting hyperplane (and also the tangent hyperplane) of S; at u, and S; is con-
tained in the supporting half-space

{(zeR™; VG;(u) -z < VG;(u) - u}.

Remark 3.1. The description of the convex set S in terms of the functions Gy, ..., G is taken
over from the paper [9]. In practice, the set S is often chosen in one of the following two ways:

1. § is the interior of a closed hypersurface described by the equation G(u) = 0, where u €
UCR" and G:U — R is a C! function with nonzero gradient on 9S. In this case, we
have k =1 and S = {u € U; G(u) <0}. A simple illustration of this case will be given in
Example 4.1.

2. § is the m-dimensional hyperrectangle S = [ay, b1] X - - - X [am, by, ]. In this situation, we let
k=2m,U;=---=Uy, =R™, and

Si={ueR"; Gi(u)=a; —u; <0}, ie{l,...,m},
Smti ={u €R™; Gpyi(w) =u; —b; <0}, ief{l,...,m}.
An illustration of this situation will be provided in Example 4.2.

Remark 3.2. Since a nonempty closed convex set is the intersection of all its supporting half-
spaces (see, e.g., [26, Corollary 1.3.5]), we have

Si= () fzeR"; VGi(w) -2 < VGi(w) - u},
MEBS,'

and consequently
k
S = ﬂ ﬂ {zeR™; VG;(u) -z <VG;u) - u}.
i=lueds;

However, for our purposes, it is more convenient to express S in the form

k
S=( [\ eR™:VGiw)  z<VG;) - u}. (3.2)
i=luedsins

To see why the last relation holds, we use the fact (see, e.g., [10, pp. 27-28]) that S, which is
a compact convex set with nonempty interior, can be expressed as the intersection of only those
of its supporting half-spaces that correspond to extreme supporting hyperplanes. (A supporting
hyperplane is called extreme if its normal vector a cannot be written in the form a = aa' + Ba?,

Please cite this article in press as: A. Slavik, Invariant regions for systems of lattice reaction—diffusion equations, J.
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where o, 8 > 0, @+ B =1, and a', a? are normal vectors of two distinct supporting hyperplanes
at the given point.) Now, if u € 95 is such that u € 9S; for a unique index i, then (3.1) is the
unique supporting half-plane of S at u, and thus it is extreme. Otherwise, we have u € 9.S; for
several indices i € I, where I C {1, ..., k}and |7| > 1. There might be more than one supporting
hyperplane of S at u, but the normal cone of S at u (i.e., the set of all outer normal vectors of S
at u together with the zero vector) is the sum of the normal cones of the sets S;, i € I, at u (see
[26, Theorem 2.2.1]). Since the latter cones are half-lines in the direction of VG;(u), i € I, it
follows that all extreme supporting hyperplanes of S at # have the form (3.1) with i € I, and this
establishes the formula (3.2).

We now consider initial-value problems for lattice reaction—diffusion equations having the
form

2—?()(, H=Ax,Hu(x+1,t) + B(x,Hu(x,t) + C(x,Hu(x — 1,1)

+ f(u(x,0),1), x€Z, t€l[0,T], (3.3)

u(x,0)= ug, x€Z,

where u® = {40} ez € €°(Z)", u 1 Z x [0,T]— R™, A, B, C: Z x [0, T] — R™ ™ and f :
R™ x [0, T] — R™. This initial-value problem is a special case of (2.1) with k =1 and

A_1(x,t)=Ax,t), Aolx,t)=B(x,t), Ai(x,t)=C(x,t).

Whenever we refer to conditions (A1), (Az) from Section 2, we always assume that A_j, Ao,
A are defined in this way.

To avoid technical difficulties, we restrict ourselves to the case when f does not explicitly
depend on x. In this setting, the conditions (F;)—(F3) can be simplified as follows:

(D1) f is Lipschitz-continuous in the first variable on each set B x [0, T'], where B C R™ is
bounded.
(D») f is continuous in the second variable.

Obviously, (D) implies (F2). If (v,s) € R™ x [0, T] and V is an arbitrary bounded neighbor-
hood of v, then the estimate

If G, 0) = f, DI <If@1)— fDl+If(1)— f )l

together with the Lipschitz-continuity of f in the first variable on V x [0, T'] and continuity in
the second variable at (v, s) imply the continuity of f (as a function of two variables) at (v, s).
Thus, the conditions (D) and (D7) imply that f is continuous. For each bounded set B C R™,
f is uniformly continuous and bounded on the compact set B x [0, T, which means that the
conditions (Fi) and (F3) are satisfied.

Our goal is to obtain sufficient conditions guaranteeing that S is an invariant region for
bounded solutions of Eq. (3.3), i.e., that each bounded solution of Eq. (3.3) with ug eS,xeZ,
satisfies u(x, ) € S foreach r € [0, T], x € Z. We introduce the following conditions:

Please cite this article in press as: A. Slavik, Invariant regions for systems of lattice reaction—diffusion equations, J.
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(Cy) Foreachie{l,...,k} anducdS; NS, we have VGi(u) - f(u,t) <0forallt €[0,T].
(Cp) Foreachie{l,...,k},uedS;NS, x e Zandt € [0, T), there exist numbersa >0, b <0,
¢ > 0 such that

VG;uw) A(x,t) =aVG;w)', VG;w) B(x,t)=bVG;u)",
VGiw) Cx, 1) =cVGiu)'.

(C3) Foreachx € Z andt €10, T], we have A(x,t) + B(x,t) + C(x,t) =0.

Remark 3.3. The fact that the condition (C3) is necessary even in the scalar case was already
noticed in the introduction. Let us provide some additional comments concerning the first two
conditions:

e Recall that if u € 05; N S, then VG, (1) is the outward normal to S; at u. Thus, condition
(Cy) says that the vector field f at u points inward S; or is tangent to 9S; for all values
of ¢. This condition, which was mentioned in the introduction of this paper, is the standard
condition in the study of invariant regions for both ordinary and partial differential equations
(see, e.g., [1,9,25,33,34,38]).

e Condition (Cy) says that VG;(u) is a left eigenvector of the matrices A(x,t), B(x,1),
C(x,t) foreach x € Z and r € [0, T']; equivalently, it is the eigenvector of A(x, t)T, B(x, t)T,
C(x,1)". Moreover, it is required that the corresponding eigenvalues a, ¢ are nonnegative,
while b is nonpositive (note that the eigenvalues might depend on x and #). Condition of
a similar type can be found in [9,12,13,37], and it is also implicitly present in [34]. Let us
mention two typical situations when (C») is satisfied:

1. The matrices A, B, C are scalar multiples of the identity matrix, where the scalars corre-
sponding to A, C are nonnegative and the scalar corresponding to B is nonpositive (the
scalars might depend on x and ¢). This happens, e.g., for weakly coupled systems of lat-
tice reaction—diffusion equations, where all equations have the same diffusion coefficient;
see Example 4.1. Since each vector in R” is a left eigenvector to a scalar multiple of the
identity matrix, the condition (C3) is satisfied for an arbitrary set S.

2. The matrices A, B, C are diagonal, the diagonal elements of A, C are nonnegative,
and the diagonal elements of B are nonpositive. This happens, e.g., for weakly coupled
systems of lattice reaction—diffusion equations where different equations might have dif-
ferent diffusion coefficients; see Example 4.2. Since the eigenvectors of a diagonal matrix
are precisely the vectors of the canonical basis in R” (and their multiples), condition (C»)
is satisfied if S is the m-dimensional hyperrectangle described in Remark 3.1.

Clearly, if A, B, C are not scalar multiples of the identity matrix, then condition (C;) im-

poses a serious restriction on the shape of § — it says that the boundary of S has to be such

that the normal vectors VG; are left eigenvectors of A, B, C. In general, a condition of this
type cannot be avoided. The necessity of an analogous condition for systems of parabolic
differential equations was proved in [9, Theorem 4.2]. For example, if we have a decoupled
system of two linear diffusion equations with different diffusion coefficients, it can easily
happen that a solution leaves a compact convex set that has a non-rectangular shape; a con-
vincing pictorial argument can be found in [12, Section 3.4]. The situation when A, B, C are
not scalar multiples of the identity matrix will be illustrated in Example 4.3.
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We begin our investigation of invariant regions by considering the linear case f = 0; in this
situation, condition (C) is trivially satisfied.

Lemma 3.4. Suppose that the conditions (S), (C2), (C3) are satisfied and there exists a B > 0
such thatif x € Z, t € [0, T] and X is an eigenvalue of B(x,t), then |A| < B. If h € (0, 1/B] and
{ux}xez is a sequence such that u, € S for each x € Z, then

hA(x, Dux41+ T +hB(x, 1)uy +hC(x, uy—y

is an element of S forallt € [0, T], x € Z.

Proof. Assume that 4 € (0, 1/8] and {u,},cz is a sequence such that u, € S for each x € Z.
Consider a fixed pair t € [0, T], x € Z, and denote

u=hAQ, ux1+ U +hBx, ))uy +hC(x,Duyx_y.
We will show that & € S. Taking into account (cf. Remark 3.2) that
k
S=() [\ &eR":VGi(y) 2<VGi(y) ).
i=1yeds;Ns

we need to prove thatifi € {1,...,k}and y € dS; N S, then VG;(y) - u <VG;(y) - y.
We know that u, 1, u, and u,_; are elements of S;, and therefore

VGi(y) ux41 =VGi(y) -y, VGi(y)-ux <VGi(y)-y, VGi(y) ux—1 =VGi(y)-y.
Using condition (C3), we get

VGi(y) i =VGi('i=VGi(y) (hauy1 + (1 +hb)uy + hcuy_1)
=VG;(y) - (hauyy1 + (1 + hb)uy + hcuy—1),
where a,c > 0 and b < 0. Note that the three identities in condition (C;) together with con-
dition (C3) imply that a 4+ b + ¢ = 0. Moreover, the relation VG;(u)" B(x,t) = bVG;(u)"

from condition (C) implies that the number » is an eigenvalue of B(x,?), and therefore
1+hb=1—h|b|>1-— %/3 = 0. Consequently,

VGi(y)-u =haVGi(y)-y+ A +hb)VGi(y) -y +hcVGi(y) - y=VGi(y) -y,
which completes the proof. O
The previous lemma will be needed in the proof of our main result; however, we can immedi-

ately derive the following interesting corollary, which shows that S is an invariant region for the
Euler approximations of the linear system whenever the time step is sufficiently small.
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Corollary 3.5. Suppose that the conditions (S), (C2), (C3) are satisfied and there exists a § > 0
suchthatif x € Z, t € [0, T] and X is an eigenvalue of B(x,t), then |A| < B. Letn e N, h=T/n,
and consider the partial difference equation

u(x,t+h)—u(x,t)
h

=Ax,Hu(x+1,6)+Bx, Hulx,)+C(x,Hu(x—1,1), xe€Z, (3.4)

wheret € {0, h,2h,...,(n — 1)h}. If h € (0, 1/B], then S is an invariant region for Eq. (3.4).

Proof. The statement is an immediate consequence of Lemma 3.4, because Eq. (3.4) is equiva-
lent to the relation

u(x,t+h)=hAx,Hu(x+1,6)+ U +hBx,t)ulx,t) +hCx,Hu(x—1,t), xe€Z. 0O

Remark 3.6. Obviously, the statement of the previous corollary remains valid if we consider
Euler approximations with nonconstant step size, which does not exceed 1/8. Note that if B is
bounded, then its eigenvalues are also bounded. Thus, our result generalizes [29, Theorem 4.7]
in the case of a discrete time scale.

We now turn our attention to nonlinear systems and temporarily replace the condition (Cp) by
the following stronger version:

(Ci) Foreachie{l,...,k}andu € dS; NS, we have VG;(u) - f(u,t) <0forallt €[0,T].

This stronger assumption will enable us to show that S is an invariant region for the Euler ap-
proximations of Eq. (3.3) provided that the step size is sufficiently small. We need the following
auxiliary lemma.

Lemma 3.7. Assume that conditions (S), (D1), (D), (Ci) are satisfied. Then there exist numbers
8 > 0, & > 0 with the following property: If i € {1,...,k}, z,w € R", d(z,9S5; N S) <§ and
lw—z|| <6, then z,w € U and VG;(w) - f(z,t) < —¢ forallt € [0, T].

Proof. Choose an arbitrary i € {1, ..., k}. Recall that U; is open and S C U;. Thus, there exists
a p; > 0 such that the closed p;-neighborhood of S, i.e., the set S, = {y € R™; d(y, S) < p;}, is
contained in U;. (If U; # R™, note that (39S, dU;) > 0, because u +— d(u, dU;) is a continuous
positive function on the compact set 9.5.)

Since f and VG; are continuous and (3.5; N S) x [0, T] is compact, (C;) implies

d;i = max VG; . 1) <O.
= s o iy fO, 0

The function
gw,z,t) =VG;(w)- f(z,1)

is continuous on the compact set S,, x S, x [0, T'], and therefore uniformly continuous. Thus,
there exists n; > 0 such that
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lg(z1, wi, 1) — g(z2, w2, )| < |d7’|
whenever ||z1 — 22l < mi, [lwi — w2l < ;.
Choose a positive number §; < min(n; /2, p; /2) and let &; = —d; /2. Consider an arbitrary pair
z, w € R™ satisfying d(z, d5; N'S) < §; and ||w — z|| < §;. Note that z, w € S, C U;. Let p(z)
be the closest pointto z on dS; N'S. Then ||z — p(2) | <6; <ni/2, lw—p@| < lw—z||+ |z —
p(@)| <268; <n;, and consequently

VGi(w) - f(z,t) =gw,z,1) =g(p(2), p(2), 1) + g(w, z,1) — g(p(2), p(2), 1)

|di|  d;
<di+7[=5[=—85.
Thus, the assertion of the theorem holds with § = min(éy, ..., ;) and e =min(ey,...,&). O

We now proceed to the promised result concerning the invariance of S under the Euler ap-
proximations of Eq. (3.3). Parts of the proof are inspired by the proof of [33, Lemma 5.1], which
deals with the invariance of convex sets under the Euler approximations to ordinary differential
equations.

Theorem 3.8. Suppose that conditions (S), (A1), (A2), (D1), (D2), (C}), (C2), (C3) are satis-
fied. Let n € N, h =T /n, and consider the partial difference equation

u(x,t+h)—u(x,t)
h

=Ax,Hu(x+1,t)+ B(x,Hu(x,t) + C(x,Hu(x — 1,1)

+ fu(x,1),t), x¢eZ, (3.5)

where t € {0, h,2h, ..., (n — V)h}. If h is sufficiently small, then S is an invariant region for
Eq. (3.5).

Proof. Since the function B is bounded, there exists a 8 > 0 with the following property: If A
is an eigenvalue of B(x,t) for some x € Z, t € [0, T], then |A| < B. Thus, the assumptions of
Lemma 3.4 are satisfied.

Let &, ¢ be the numbers from Lemma 3.7. The lemma implies that if Ss is the closed
8-neighborhood of S, then S5 C Uy N --- N Uy. Denote

My= sup [If(y. D, (3.6)
yeS$,tel0,T]

M, = VG, , 3.7

2= max (ryrg; l z(y)||> (3.7

Mz = sup (JAGx, )|+ 1B, DIl +1Cx, 1)), (3.8)
tel0,T]

My =max|y]. (3.9)
yesS

Let L be the Lipschitz constant for f on S x [0, T'] and denote
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. (1 4 &
hp=min| —, —, —— |.
B My MyMizM4L

Assume that i € (0, hg]. We now show thatif t € {0, h,2h,...,(n — 1)h} and u(x,t) € S for
all x € Z, then u(x,t + h) € S for all x € Z. Fix an arbitrary i € {1, ..., k}; we will prove that
u(x,t+h) e S;,ie., that G;(u(x,t + h)) < 0. Denote

u=hAx,Hu(x+1,0) + (I +hBx,t))u(x,t) +hCx,Hu(x —1,1)
and observe that
u(x,t+h)=u+hfwx,1),t), xeZz.

By Lemma 3.4, we have u € S§. We now distinguish two cases: either d(u, dS) > §, or
du,dS) <.

Ifd(u, 0S) > &, the fact that u(x, t + h) € S follows immediately from the estimate ||u(x, f +
h) —ull=h|l f(ux, 1), )l <hMy < hoM; <.

It remains to consider the case when d(it, 95) < §. Let £ be the line segment connecting the
points i and u + hf (u(x,t),t). Since ||u(x,t + h) —u|| <4 and u € S, the distance between
an arbitrary point of £ and the set S does not exceed 8, and therefore £ C Ss C U;. Using the
mean-value theorem, we obtain

Gi(u(x,t+h)=Gi(a+hf(u(x,1),0) =Gi(@)+ G +hf u(x,1),1) — G (@)
=Gi) +hVGiw)- fulx,1),1),

where w € £. Note that G; (1) <0 (because i € §) and VG;(w) - f (i1, 1) < —e (this follows from
Lemma 3.7, because ||w — ]| < §). Consequently,

Gi(u(x,t+h)) <hVG;(w) - f(u(x,1),1)
=hVGi(w)- fu,t) +hVGi(w) - (f(ux,1),t)— f(u,r1))
<—he +h|IVG;(w)|[Lllu(x,1) — ul
< —he + B> MaL|A(x, u(x + 1,1) + B(x, Du(x, 1) + C(x, Hu(x — 1,1)||
< —he + B> MyLMy(|ACx, D)l + [ BGe. )] + [C(x, D))
< —he +h*>M>LMyM3 = —h(s — hLM>M3My).

By the definition of &g, the last term is nonpositive, and therefore G; (u(x,t +h)) <0. O

Remark 3.9. Note that the previous theorem no longer holds if (C}) is replaced by the weaker
version (C1). Indeed, suppose that at a certain point y € d.5; NS, the vector field f is nonzero and
tangent to the boundary of S;. Furthermore, assume that y is the only point of S on the half-line
determined by y and the vector f (i.e., the normal section of 9S; at y in the direction of f is
“curved”). If we start with the initial condition u(x, 0) = y for all x € Z, then the solution of
Eq. (3.5) will immediately leave the set S no matter how small step size 1 we choose.
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We now use our previous result concerning the Euler approximations to show that § is an
invariant region for the lattice differential equation (3.3).

Theorem 3.10. Assume that conditions (S), (A1), (A2), (Dy1), (D2), (Ci), (Cp), (C3) are satis-
fied. If u : 7 x [0, T1— R™ is a bounded solution of Eq. (3.3) with u® € £>°(Z)™ and ug € S for
each x € Z, then u(x,t) € S forallt € [0,T)], x € Z.

Proof. According to Theorems 2.1 and 2.3, the solution u necessarily has the form u(x, ) =
U(t)x, where U : [0, T] — £°°(Z)™ is the unique solution of the abstract differential equation

U'(ty=dU(),1), UQO) =u’
with @ : £%°(Z)™ x [0, T] — €°°(Z)™ being given by
D ({uxtrez, 1) ={Ax, Dux+1 + B(x, Dux + C(x, Dux—1 + fux, H}rez. (3.10)

For each n € N, let T,, = {0, h, 2h, ..., (n — 1)h, h}, where h = 1/n. Also, let U, : T,, —
£°°(Z)™ be the solution of the abstract difference equation

Un(t +h) — Up(1)
h

= U, (1), 1), x€Z, te€{0,h2h,....,(n—Dh}, Un(©0)=u".

Obviously, if we denote u,(x,t) = (U,(t))y, then u, is the solution of the partial difference
equation

up(x,t+h) —u,(x,1)
h

=A(x,Hu,(x+1,t) + B(x,Duy(x, 1)
+Cx,Dup(x —1,8) + f(uy(x,1),t)

satisfying u, (x, 0) = u? for all x € Z.

By Theorem 3.8, there exists an ng € N such that u,(x,7) € S forall n > ng, x € Z, t € T,.
Thus, if we denote B = {u € £°°(Z)™; u, € S for all x € Z}, then U,(t) € B for all n > ng,
t € T,,. It follows that the piecewise constant extension U, described in Theorem 2.4 also takes
values in B. According to this theorem, the sequence {U,}7° ; is uniformly convergent to U on
[0, T']. Since B is closed (because S is closed), it follows that U takes values in B, i.e.,u(x,t) € S
forallt € [0, T],xe€Z. O

Our final goal is to prove that the previous theorem remains valid if (C}) is replaced by the
weaker condition (Cp). The idea is to find a perturbation of the reaction function f such that
the new reaction function will satisfy the stronger condition (C/). This idea was used by Chueh
et al. [9] in the context of parabolic equations. Unfortunately, the authors did not provide any
details on the construction of such a perturbation. This purpose of the next lemma is to fill this

gap.

Lemma 3.11. If condition (S) holds, there exists a function N : R™ — R™ that is Lipschitz-
continuous on each bounded subset of R™, |N ()| <1 forallu e R™, and VG;(u) - N(u) <0
foreachie{l,...,k}andu €dS;NS.
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Proof. Choose an arbitrary sq in the interior of S and let

N() =300 o4 ueR",

iam S+ 1’

where diam S denotes the diameter of S and 6 : R” — R is given by
Sw)y=10—du,SH".

It is well known that the distance from a point to a nonempty set is Lipschitz-continuous. Hence,
6 is Lipschitz-continuous (because it is a composition of Lipschitz-continuous functions) and
takes values in [0, 1]. On each bounded subset of R, N is the product of two bounded Lipschitz-
continuous functions, and therefore Lipschitz-continuous.

Ifd(u, S) > 1, we have N(u) = 0. Otherwise, let p(u) be the closest point to # in S. Then
lpm) —ull <1, |[p(u) — sol|l <diam S, and therefore

IN @) < llso —ull _ llso— @)l +1lp() —ull _

1.
“diamS+1 "~ diam S + 1 -

Finally, if u € 9S; N S, then VG; (u) is the outward normal of S; at u. Since the vector so — u
points from u to the interior of S;, we have VG, (u) - (so — u) < 0, and consequently VG; (u) -
Nu)<0. O

Theorem 3.12. Assume that conditions (S), (A1), (Az), (D1), (D3), (C1)—(C3) are satisfied. If
u:7 x 1[0, T] - R™ is a bounded solution of Eq. (3.3) with uf e ¢ (Z)"™ and ug € S for each
x €7, thenu(x,t) € Sforallt €[0,T], x € Z.

Proof. According to Theorems 2.1 and 2.3, the solution u necessarily has the form u(x,?) =
U(t)y, where U : [0, T] — £°°(Z)™ is a solution of the abstract differential equation

U'(ty=oU),1), U®O0) =u’,

with @ : £2°(Z)™ x [0, T] — £°°(Z)™ being given by (3.10). Since u is bounded, there exists a
bounded set C C £°°(Z)™ that contains the solution U together with its 1-neighborhood. As in
the proof of Theorem 2.1, one can show that the restriction of the function ® to C x [0, T'] is
continuous, bounded, and Lipschitz-continuous in the first variable.

Consider the operator @, : £°°(Z)" x [0, T] — £°°(Z)™ given by

@, ({ux}rez, 1) = P({uxtrez, 1) + {N(ux)}xez,

where N is the function from Lemma 3.11. It follows from the properties of ® and N that
for each ¢ € [0, 1], the restrictions of the functions ®, to C x [0, T'] are continuous, bounded
by a constant independent of &, and Lipschitz-continuous in the first variable with a Lipschitz
constant independent of €. Note also that lim,_, o+ @ ({t1}xez, 1) = D ({ux}xez, ). According
to Theorem 2.5, there exists an ng € N and a sequence of functions U,, : [0, T] — C, n > ng, such
that

U, (t) =@y (Uy(2),1), t€[0,T], U, (0) = u®.
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Moreover, {U, ;’fzno is uniformly convergent to U on [0, T]. If we denote u, (x,t) = (Uy(?))y,

then u, : Z x [0, T] — R™ is a bounded solution of the equation

%(x, 1) =AM, Duy(x + 1,1) + B(x, Dy (x, 1) + C(x, Huy(x — 1,1)

+fl’l(un(-xvt)7t)a erv IE[O, T]v

where
faCu,t)y = f(u,t)+ %N(u), ueR" €[00, T].

Foreachi €{l,...,k} and u € 3S; N S, it follows from condition (C;) and the properties of N
that

VGi(u)- fu(u,t) =VGi(u)- f(u,t)+ lVG,~(1,t) -N(u) <0, tel0,T].
n

Thus, f, satisfies condition (Ci). Since f fulfills the conditions (D1) and (D»), it is clear that
fn has the same properties.

According to Theorem 3.10, we have u, (x,t) € S forall x € Z, t € [0, T]. Thus, if we denote
B ={u € £°(Z)";u, € S forall x € Z}, then U, (t) € B for all n > ng, t € [0, T]. Since B is
closed (because S is closed), it follows that U takes values in B3, i.e., u(x,t) € S forallt € [0, T'],
xeZ. O

Remark 3.13. Let us mention two special cases of Theorem 3.12, which generalize earlier re-
sults:

o If f =0, Eq. (3.3) becomes a linear system of lattice diffusion-type equations. If A, B, C
satisfy conditions (Aj), (A3), (C2), (C3), Theorem 3.12 implies that each bounded solution
of Eq. (3.3) with initial values in the compact convex set S remains in this set for all ¢ > 0.
This result generalizes [29, Theorem 4.7] in the case when T = R.

e If m =1, Eq. (3.3) becomes a scalar reaction—diffusion equation. Assume that S = [«, ],
ie.,

Si={uek; Gi(u) =a —u <0},
Sr={uelk; Gy(u)=u—p <0}

(cf. Remark 3.1). Then VS;(u) = —1 and VS, (1) = 1 for all u € R. Since 5] NS = {«} and
95> NS = {B}, condition (Cy) is satisfied if f(w,t) <0 and f(B,t) >0 for all r € [0, T].
Obviously, condition (C») is satisfied if A, C are nonnegative and B is nonpositive. Provided
that the remaining conditions (C3), (A1), (A2), (D7) and (D) are satisfied, we get the
invariance of the interval [«, 8]; this result extends [30, Theorem 4.4] in the case when
T =R (in [30], it was assumed that A, B, C are constant).

A simple corollary of our invariance result is the following global existence theorem; its proof
is essentially the same as in [30, Theorem 4.6], but we include it for completeness.
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Theorem 3.14. Assume that conditions (S), (A1), (A2), (D1), (D2), (C1)—(C3) are satisfied. If
u® € £°(ZY™ is such that uy € S for all x € Z, then the initial-value problem (3.3) has a unique
bounded solution u : 7. x [0, T] — R™.

Proof. The uniqueness is an immediate consequence of Theorem 2.3. According to Theorem 2.1,
it is enough to prove that the initial-value problem

U'(y=oWU(), 1), U®O) =u’, (3.11)

where @ : £°°(Z)" x [0, T] — £°°(Z)™ is given by Eq. (3.10), has a solution on the whole
interval [0, T].

Let 7 be the set of all T € [0, T] such that Eq. (3.11) has a solution on [0, 7], and denote
t; =sup7 . We know from Theorem 2.1 that #; > 0; let us prove that ¢; € 7. It follows from the
definition of #; that Eq. (3.11) has a solution U defined on [0, #1). According to Theorem 3.12,
U takes values in the bounded set S = {u € £>°(Z)™; u, € S for all x € Z}. As in the proof of
Theorem 2.1, one can show that @ is continuous on its domain and bounded on § x [0, T'] by a
constant M. Since U is a solution of (3.11), we have

t
U(t):U(O)—i—/CD(U(s),s)ds (3.12)
0

for each t € [0, 11). Hence, ||U(s1) — U(s2)|| < M|s; — s3] for all s, sp € [0, t1), which means
that the Cauchy condition for the existence of the limit U (#1—) = lims_,,,— U (s) is satisfied. If
we extend U to [0, #1] by letting U(¢1) = U (t;—), we see that (3.12) holds also for r = #;. Since
the mapping s — ® (U (s), s) is continuous on [0, #1], it follows that U is a solution of Eq. (3.11)
on[0,1],ie.,1 €T.

Ift; < T, Theorem 2.1 implies that U can be extended from [0, #1] to a larger interval, which
contradicts the definition of #;. Thus, we necessarily have ty =T7. O

4. Examples

Let us illustrate the previous results on three examples. Following the discussion in Re-
mark 3.3, we consider three typical cases: 1) A, B, C are scalar multiples of the identity matrix.
2) A, B, C are diagonal matrices. 3) A, B, C are nondiagonal matrices.

Throughout this section, we use the symbol uV to denote the second-order central difference
of u with respect to x, i.e., u®V (x, 1) =u(x + 1,1) — 2u(x,t) + u(x — 1,1); cf. Section 1.

Example 4.1. Consider the pair of weakly coupled lattice reaction—diffusion equations

0
%(x, 1) =kut (x, ) +auy (x, 1) — buy (x, Hua(x, 1),

a

%(x, 1) =kudY (x, 1) — cup(x, 1) + duy (x, Dua(x, 1),

where k > 0 is the diffusion coefficient and a, b, ¢, d > 0O are parameters. This system can be
interpreted as a predator-prey model of Lotka—Volterra type with diffusion; u(x, t) is the number
of prey and u>(x, t) the number of predators at point x € Z and time ¢ € [0, T'].
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The given system is a special case of Eq. (3.3) with m = 2,

1 1 1
AQ;U::k(O ?), Bu;nzz—zk(o ?), CQgﬂ::k(O ?),

fi(u,t) =auy —bujuz, fo(u,t) = —cuz +dujus.

It is obvious that conditions (A;), (A2), (D), (Dy) are satisfied. Let U = (0, o0) x (0, 00). In
the classical Lotka—Volterra model, it is well known that the quantity

duy —clnuy +bur —alnuy

remains constant along each solution u = (11, uy) contained in U (see, e.g., [20, Section 11.2]).
More precisely, each solution with positive initial values is a closed orbit in U given by the
equation

du; —clnuy +buy —alnuy =K “.1)

for a certain K € R. Let S be the planar region enclosed by the curve (4.1), i.e., S ={u €
U; G(u) <0}, where G(u) =duy —clnuy + buy —alnup; — K.

Our previous considerations imply that VG (u) - f(u, t) =0 for each u € 9§, and this fact is
confirmed by simple calculation:

B d—c/u; auy — buiuz —
VG- f ) = (b —a/u2> ‘ <—Cu2+du1”2> ~°

Thus, condition (C) is satisfied. Condition (C») also holds because A, B, C are scalar multiples
of the identity matrix (cf. Remark 3.3):

VGu) A(x,1)=kVGu)',
VGu)' B(x,t)=—=2kVGu)',
VGu) C(x,1)=kVGu)'.

Obviously, condition (C3) holds as well. Note that G is a convex function of two variables on U,
because its Hessian matrix
c/ u% 0
0 a/u3

is positive definite (cf. [26, Theorem 1.5.13]). Consequently, the set S C U is convex, because it
is a sublevel set of the convex function G. Hence, condition (§) holds and Theorem 3.12 implies
that S is an invariant region for the given system of equations.
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Example 4.2. Consider the pair of weakly coupled lattice reaction—diffusion equations

ou

L= diupY (x, 1) +uy (x, 1) (ar — buy (x, 1) — cruz(x, 1)),

ot 42)
8u2 AV

W(x’ 1) =daus" (x,1) +uz(x, 1) (ay — baus(x, 1) — cou (x, 1)),

where di, dy > 0 are diffusion coefficients and ay, az, b1, by > 0, c1, ca > 0 are parameters. This
system can be interpreted as a model of Lotka—Volterra type with two competing populations;
for each i € {1, 2}, u; (x, t) is the number of individuals from the i-th population at point x € Z
and time ¢ € [0, T']. In the absence of one population, the other population obeys the logistic law.
This competition model has been studied in numerous papers, see [16—18] and the references
there.

The given system of equations is a special case of (3.3) with m = 2,

A(x,t):(c(i)1 (g), B()c,t)=—2<a(1)1 52), C(x,t):<do1 i),

fitu,t)y =ui(ar — bruy — cruz),  fau,t) =uz(ay — bouz — couy).

It is obvious that conditions (A1), (A2), (D1), (D,) are satisfied.

Let us try to find rectangles of the form S = [«, 8] X [y, 6], 0 <a < B8, 0 <y < §, that are
invariant regions for the given system. Such a rectangle S is the intersection of the four closed
half-planes

Si={ueR* Gi(u) =a —uy <0},
Sy={u eR* Ga(u) =y —us <0},
S3={u eR* G3(u) =u; — B <0},
Ss={ueR? Ga(u) =up — 8 <0}.

We have U; = Uy = Uz = Uy = R? and for each u € R2, we get

VGl(u)=<_01)’ VGz(u)=<_Ol), VG3(M)=((1)>, VG4(u)=<(1)>,

which means that condition (S) is satisfied. Condition (C3) holds because A, B, C are diagonal
and the vectors VG;(u) are multiples of the vectors from the canonical basis in R? (cf. Re-
mark 3.3):

VG;w) A(x, 1) =d\VG; )" fori € {1, 3},
VGiw) A(x,t) =d2VG; )" fori € {2,4},
VG; )" B(x,t)=—-2d;VG;u) forie{l,3)},
VG; )" B(x,1)=—-2d,VGi(u) forie{2,4},
VGiw) C(x,1)=d,VG;u)" fori e {1,3},
VGiw) C(x,1) =drVG;u)" fori € {2,4}.
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Obviously, condition (C3) holds as well, and it remains to check condition (Ci). For each
ie{l,2,3,4} and u € 3S; N S, we find necessary and sufficient conditions guaranteeing that
VGi(u)- f(u,t) <0:
e Ifi=1andu €dS; NS, then u; =« and u; € [y, §]. Therefore, we need
VGi(u) - fu,t)=—fi(u,t) =—ala; —bja —ciuz) <0 forall us €[y, §].
Since o > 0, this is equivalent to
a=0 or a—bja—c;6>0. “4.3)
o Ifi=2andu €4S, NS, then up =y and u; € [«, B]. Therefore, we need
VGau) - fu,t) =—fa(u,t) = —y(az — by —couy) <0 forall u; € [, B].
Since y > 0, this is equivalent to
y=0 or ay—by—c8>0. “4.4)
e Ifi=3andu €9dS3NS,then u; = B and u; € [y, 8]. Therefore, we need
VG3w) - fu,t) = fi(u,t) =pay —b1f —ciuz) <0 forall us €[y, d].
Since 8 > 0, this is equivalent to
ap—b1B—cy <0. 4.5)
e Ifi=4andu €9dS4NS,then up =46 and u; € [«, B]. Therefore, we need
VGs(u) - f(u,t)= fo(u,t) =8(ay — b6 —cou1) <0 forall u; € [w, B].
Since § > 0, this is equivalent to
ar) — b8 — cra <0. (4.6)
Theorem 3.12 implies that if conditions (4.3)—(4.6) are satisfied, then the rectangle S = [«, 8] x
[y, 8] is an invariant region for our system of equations.

For example, if we let « = y =0, then (4.3) and (4.4) are satisfied, while (4.5) and (4.6)
require that 8 > a;/b; and § > ay /by, respectively. Note that (0, 0), (a1/b1,0) and (0, az/b>)
are equilibrium points of the vector field f. We also remark that Theorem 3.14 guarantees the
existence of a unique bounded global solution on [0, 7] for all initial conditions u® € £°(7)?
with nonnegative components (take S = [0, 8] x [0, §] with 8 > a1 /by and § > az /b, chosen in
such a way that ug e S for all x € Z).

Several authors (e.g., [16—18]) have considered the special case of the system (4.2) with a; =
ap=by=by=1,c) =k, cop =h,ie., the system
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ouq AV
— @, ) =diud (0 +ur (e, ) (L —ur(x, 1) — kua(x, 1)),
ot
4.7
ouy

W(x, 1) = dzuzAv(x, 1)+ uy(x, t)(l —ur(x,t) — hui(x, t)).

The case when £, k > 1 is referred to as the bistable case, since both equilibria (1, 0) and (0, 1)
are stable. Moreover, there is another equilibrium point at

11—k 1-h

l—hk’ 1—hk)"
As a consequence of our previous calculation, we can show the existence of two invariant rect-
angles adjacent to the two stable equilibria (for a different approach, see the proof of Theorem 1

in [16]).

1. To find an invariant rectangle adjacent to (0, 1), we let S = [«, B8] X [y, 8] with o =0, 0 <
y <1,6 > 1. Then (4.3) and (4.6) are satisfied, while (4.4) and (4.5) reduce to

l—y—hf>0 and 1—-8—ky <O.
Solving for 8, we get

1—y
1—ky<p<—=".
y<B= p

This pair of inequalities can be satisfied if and only if 1 —ky < I_TV, which is easily shown
to be equivalent to

< .
Y=1"he

2. To find an invariant rectangle adjacent to (1,0), we let S = [«, B8] X [y, 8] with y =0,
O<a <1, >1.Then (4.4) and (4.5) are satisfied, while (4.3) and (4.6) reduce to

l—a—k6>0 and 1—-6—ha <O.
Solving for §, we get

l—«o

1—ha<é§<

This pair of inequalities can be satisfied if and only if 1 — ha < I_T"‘, which is easily shown

to be equivalent to

1—k
1 —hk’

o=
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Example 4.3. Suppose that a, b > 0 and consider the linear system of lattice diffusion equations

9
%(x, D =auf (x, 1) +bus¥ (x,1),
(4.8)

B
aitz(x, 1) = bulAV(x, 1) +au2AV(x, 1),

or, equivalently,

Ju _ AV _fa b . ui(x,t)
E(x,t)—Du (x’t)a WhereD—(b Cl) and u(x7t)_ (le(.x,t) )

In contrast to the previous examples, the diffusion matrix D is no longer diagonal. The cross-
diffusion terms (together with suitable reaction terms) are used in various population or epidemic
models (see, e.g., [3,32] in the context of parabolic equations). For example, u1 and uy might
describe two different types of individuals with the same diffusion rate a. Moreover, we assume
that the individuals of each type try to keep away from places with high concentration of indi-
viduals of the other type; this behavior is sometimes modeled by the cross-diffusion terms with
diffusion rates b.

Unfortunately, simple models of this kind have the unpleasant property that nonnegative initial
conditions need not lead to nonnegative solutions. For example, consider the initial condition

1 forx=0
up(x,0) = =T L, 0)=0forall x € Z.
0 forx#0,

Using Eq. (4.8), we get 33# (0,0) = —2b < 0, which means that  — u3(0, t) is negative for small

positive values of 7. A similar argument shows that no rectangle of the form S = [«, 8] X [y, §]
can be an invariant region for Eq. (4.8). To see this, take the initial condition

# forx =0,

ur(x,0) =1y forall x € Z,
o for x # 0, 20,0 =y

ul(x,O)z{

and observe that %2 (0, 0) = b(a — B) < 0.

Nevertheless, if a > b, then Eq. (4.8) has invariant regions of a different type, namely all rect-
angles whose sides make a 45° angle with the coordinate axes. This follows from Theorem 3.12,
because we have

A(x,0)=D, Bx,t)=-2D, Cx,0)=D, fi(u,1)= fa(u,1)=0.
The eigenvalues of D are a + b and a — b, and the corresponding left eigenvectors are (1, 1) and

(—1, 1). Hence, if S is a rectangle of the above-mentioned type, then condition (C7) holds; the
remaining assumptions of Theorem 3.12 are trivially satisfied.

Remark 4.4. Sometimes it is necessary to deal with lattice systems of the form (3.3) where
the reaction function f is not defined on the whole set R™ x [0, T']. For example, the authors
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of [5] study a predator-prey model consisting of two weakly coupled lattice reaction—diffusion
equations

%(x, D =ulY e, ) +rug (e, (1 —up (x, 1) — kua(x, 1)),
2 (01 = dus IR
W(x,t)—duz (x,t)+su2(x,t)<1 ul(x,t)>’

where d, r, s, k > 0 are parameters. Here, the reaction function is undefined on the line u; = 0.
In general, suppose that f is defined on a set Y x [0, T'], where ¥ C R™. Assume that f is
Lipschitz-continuous in the first variable on each set B x [0, T'], where B C Y is bounded, and
that f is continuous in the second variable.
If S C Y is a compact convex set, the question whether S is an invariant region for bounded
solutions of Eq. (3.3) still makes sense. To be able to apply the results from Section 3, we can
extend f to R” x [0, T'] by letting

fu,ny=f(pw),t), ueR" 1€[0,T],

where p(u) is the projection of u to §, i.e., the unique point of S that minimizes the distance
to u. We claim that this extension of f satisfies conditions (D), (D). Continuity in the second
variable is obvious. To verify that (D) holds, let L be the Lipschitz constant for f on S x [0, T'].
Then for each pair u, v € R™, we have

IfQu,t) = f, Dl =1f(p).1) = f(p@), D) < Llipw) — p)|l < Llju — vl

where the last inequality follows from the well-known fact that projection onto closed convex
sets is a nonexpansive mapping. This shows that (D) is fulfilled and therefore the results from
Section 3 are applicable. In particular, Theorems 3.12 and 3.14 still hold: Although their proofs
require that f is defined on R™ x [0, T'], the values of f outside S are unimportant thanks to the
invariance of S.
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