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Abstract

We study whether the solutions of a fully nonlinear, uniformly parabolic equation with superquadratic
growth in the gradient satisfy initial and homogeneous boundary conditions in the classical sense, a prob-
lem we refer to as the classical Dirichlet problem. Our main results are: the nonexistence of global-in-time
solutions of this problem, depending on a specific largeness condition on the initial data, and the existence
of local-in-time solutions for initial data C! up to the boundary. Global existence is know when bound-
ary conditions are understood in the viscosity sense, what is known as the generalized Dirichlet problem.
Therefore, our result implies loss of boundary conditions in finite time. Specifically, a solution satisfying
homogeneous boundary conditions in the viscosity sense eventually becomes strictly positive at some point
of the boundary.
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1. Introduction and main results

The present article is a contribution to the study of qualitative properties of viscosity solutions
of the so-called Cauchy—Dirichlet problem for the following fully nonlinear parabolic equation
with superquadratic growth in the term with gradient dependence:

uy — M~ (D*u) = |Dul’ inQx(0,T), (1.1)
u=0 ondR2x(0,7), (1.2)
u(x,0) =up(x) in$, (1.3)

where 2 C R” is a bounded domain satisfying both uniform interior and exterior sphere condi-
tions. While this is not strictly necessary for all our results, it does establish a better connection
between our main theorems. See Remarks 3.2 and 6.4. We also assume p > 2 throughout, except
for certain remarks regarding the case p < 2 made in this introduction. See also Remark 3.1. Here
M~ denotes one of Pucci’s extremal operators, which are defined as follows: let A, X € S(n),
the symmetric n x n matrices equipped with the usual ordering, I denote the identity matrix, and
0< X < A.Then

M™(X) =M (X, 1, A) = inf{tr(AX)|M] < A < A},
MEX) = MT (X, A, A) =sup{tr(AX)|A] < A < A}

Alternatively, if we denote by A; = X; (X) the eigenvalues of X, then

M) =1 M+AD

Ai>0 2i<0
MT(X)=A in + A in.
2i>0 2i<0

Pucci’s operators are fundamental to the study of fully nonlinear equations, at once acting as
barriers to all equations sharing the same ellipticity constants (owing to the first definition) and
allowing fairly explicit computations to be carried out (owing to the second). The Dirichlet con-
dition (1.2) will be considered both in the classical sense and in the generalized sense of viscosity
solutions. We will stress the distinction when necessary. Precise definitions and more on this later
in this introduction. On the other hand, condition (1.3) is always meant in the classical (point-
wise) sense. See Remark 2.5.
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We assume the compatibility condition
up(x) =0 forall x € 92

is also satisfied in the pointwise sense and that ug € C'(R). As with the assumptions on €, it is
not strictly necessary to assume this regularity for uo throughout, but helps establish a connection
between our main theorems. Also, we assume #(y > 0 without loss of generality, since (1.1) is
invariant with respect to additive constants.

Equation (1.1) can be seen as a generalization of the so-called viscous Hamilton—Jacobi equa-
tion,

u; — Au=|Dul? in Q x (0, T). (1.4)

For p = 2, this corresponds to the deterministic Kardar—Parisi—-Zhang equation, proposed by
these authors in [22] as a model for the profile of a growing interface. Mathematically, it is of
interest because it is the simplest model of a parabolic equation with nonlinear dependence on
the gradient, as well as a viscosity approximation of a first-order Hamilton—Jacobi equation (see
[18], Ch. 10).

For equation (1.4), including all values p > 0, it is well-know that there exists a unique,
maximal-in-time classical solution u € C1+¢ (2 x [0,T*]) for some @ >0 and 0 < T™* < o0,
assuming sufficient regularity for 2 and for the initial and boundary data ([20], Ch. 7).

In [32] the nonexistence of global, classical solutions of problem (1.4)—(1.2)—(1.3) is proved
when p > 2 and ug € C'(Q) and is suitably large. It is also shown here that this implies the
occurrence of gradient blow-up (GBU, for short). GBU is said to occur in finite time 0 < 7" < co
if a solution u satisfies

sup u <oo, lim sup|Du(x,t)|=o0.
[0,T]x S =T yeQ

A version of equation (1.4) containing a more general gradient term with superquadratic
growth is studied in [1] in the context of weak solutions, for irregular initial data. The notable re-
sult is the nonexistence of global-in-time weak solutions with initial data u¢ a positive, bounded
measure and suitably large.

In both [1] and [32], the largeness condition on ug is (roughly speaking) given in terms of an
L2-product of uy with the principal eigenfunction of the Laplacian. The condition that appears
in our Theorem 1.2 is essentially the same as the one in [32]. An alternative proof of global
nonexistence for (1.4) given in [30], Theorem 40.2, uses a weaker condition on ug. In this proof
it is enough to consider the L7-norm for any ¢ > 1, but the argument does not adapt to more
general nonlinearities.

There are different extensions of the results of [32]. Still in the context of classical solutions,
the existence of global solutions and their large-time (or asymptotic) behavior for equation (1.4)
with nontrivial right-hand side is studied in [33]. For equation

Uy — Au=|Dul? + Ah(x) inQx (0,T), (1.5)

where 1. >0, h € C! (5), h > 0, a complete description of the asymptotic behavior is given when
uo, h are radially symmetric and Q2 = Bg(0), for some R > 0: in this case, for / £ 0, there exists
a A* > 0 such that
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e If 0 <A < A*, then (1.5) has a global solution which converges to the solution of the steady-
state equation

—Av=|Dv|’ +Ah(x) inQ, (1.6)

which additionally satisfies v € C!(R). B B
e If L = A*, then u converges to a solution v ¢ CcL(Q) for any ug € C1(Q) with ug < v. This
implies GBU in infinite time, i.e.,

limsup || Du(:, t) |l oo = 00.
t—>0o0

e If A > A*, then (1.6) has no solution and GBU in finite time occurs for any ug € cl(Q).

In the case of a general, bounded domain €2 C R” only a partial description is available.

Some of these results have been extended to equations with degenerate diffusion (i.e., with
A, in place of A) in [4] in the context of weak solutions. Other questions, such as determining
precise blow-up rates, profiles and sets are addressed in [36], [4], [26]. See also [30], Ch. IV, and
the references therein.

Equation (1.4) has also been studied from the viewpoint of viscosity solutions, in which a
generalized notion of boundary conditions exists. The relevant phenomenon in this context is
known as loss of boundary conditions (LOBC, for short). More precisely, (1.2) is said to hold in
the viscosity sense for (1.1) if

min (u, — M~ (D) — |Du|P,u) <0, and (1.7)
max (u, — M~ (D) — |Du|p,u) >0, (1.8)

while loss of boundary conditions are said to occur whenever (1.2) is not satisfied in the classical
sense. A standard reference for the concept of viscosity solutions is [13]; in particular see [13],
Sec. 7, which covers generalized boundary conditions. Another helpful reference for this last
topic can be found in [6], Chap. 4., where its relation to the underlying optimal control problem
is covered.

In [8] it is proved that the Cauchy—Dirichlet problem for a class of fully-nonlinear equations
which includes (1.1) admits a unique, globally defined, continuous viscosity solution, assuming
boundary conditions are understood in the viscosity sense. The result follows from a strong
comparison principle proved by these authors and a subsequent application of Perron’s method.
This result is relevant in the case p > 2, since it is shown in this same work that for p <2
there is no LOBC for either sub- or supersolutions, hence the classical comparison result of [13]
applies, and global existence of solutions satisfying Dirichlet boundary conditions in the classical
sense follows. A one dimensional example of LOBC is also provided which, in contrast to those
furnished by our result, satisfies time-dependent boundary data. As these results apply directly
to the problem under our consideration, we review some of them in Section 2 for convenience.

Building on the existence of global solutions of the generalized Dirichlet problem, a natural
question is to determine their large-time behavior. In this direction again there is an important
distinction between the sub- and superquadratic cases, which are studied rather thoroughly in [9]
and [35], respectively. Consider equation
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us — Au+|Dul? = f(x) inQx(0,T), (1.9)
where
ux,t)=@px) onoQ2x(0,T),

is satisfied in the viscosity sense, f € C(2), ¢ € C(92), and ¢(x) = ug(x) for all x € 2. In the
superquadratic case, p > 2, there are two possibilities: if the corresponding steady-state equation

—Av+|Dv|? = f(x) inQ (1.10)

has a bounded subsolution, then there exists a solution us of (1.10) and u(x, t) = ueo on 2. If
(1.10) fails to have bounded subsolutions, one must introduce the so-called ergodic problem with
state-constraint boundary conditions:

AV |DVP = f(x)+e inQ, (1.11)
—Av+|Dv|? > f(x)+c indQ. (1.12)

Here c € R is the so-called ergodic constant, and is an unknown in problem (1.11) together
with v. Existence and uniqueness of solutions (c, v) of (1.11) are studied in [23]: ¢ is unique
while v is unique up to an additive constant. Convergence of u(x,t) 4 ct to v where (c, v) is a
solution of (1.11), as well as LOBC is then analyzed.

The behavior in the subquadratic case is more complicated. It depends also on whether 1 <
p <3/20r3/2 < p <2 and becomes necessary to introduce the following problem, also studied
in [23], as an analogue of (1.10) and (1.11):

—Av+|Dv|P = f(x)+¢ inQ, (1.13)

v(x) > 00 asx — 0%2. (1.14)

‘We refer the reader to [9].

A different type of result concerning large-time behavior is given in [28]. It is shown that there
exist constants K, A and C such that the solution of the generalized Dirichlet problem for (1.9)
with homogeneous boundary data and any compatible initial data ug € C(Q) satisfies, for every
1= Klluolloo,

u(0) e WHe(Q), and  Ju(, Dlloo+ 1DUC, Dl < Ce™.

In particular, after some finite time, the solution u satisfies the boundary data in the classical

sense. This property is then applied to the interesting problem of the null controllability of (1.9).
Regarding regularity of solutions, it is proved in [11] that if u is a bounded, upper-

semicontinuous viscosity subsolution of the (possibly degenerate) elliptic equation

—tr(A(x)D2u) +Au+ |Du|? = f(x) forall x € Q, (1.15)
where p > 2, Q C R" is a regular domain, A > 0, and A : Q — S(n) and f satisfy fairly

standard assumptions, then u is globally Holder continuous with exponent o = r—2/p-1 (i.e.,
u € CO"7/r=1(Q)). As noted in [7], the result above is surprising, since most regularity results
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apply to actual solutions of uniformly elliptic equations that satisfy subquadratic growth condi-
tions, none of which points are met in the assumed hypotheses. The authors of [11] go on to prove
interior Lipschitz bounds for solutions of (1.15) by the so-called weak-Bernstein method intro-
duced in [5]. These results are valid for fully-nonlinear equations satisfying hypotheses which
are discussed in detail in [7].

In [7] a slight simplification of the proof of Holder regularity is provided, and the relation to
the solvability of Dirichlet problem is analyzed. In short, if a general boundary condition u = ¢
with ¢ € C(d€2) is assumed in the viscosity sense, an additional reason for the occurrence of
LOBC is that ¢ might not have the same regularity as u. This is, of course, irrelevant to the case
of homogeneous boundary data.

Time-dependent versions of these regularity results are proven in [3], though they require the
additional assumption that

u; >—C forall (x,t) e 2x(0,T)

for some C > 0 be satisfied in the viscosity sense. This means that: for all (x, 1) € 2 x (0, T), if
(a,&,X) € 732’+u(x, t), the parabolic superjet of a subsolution u (see, e.g., [13] for definitions),
then a > —C. To the best of our knowledge, there is no readily available result in the context of
viscosity solutions that would allow us to do away with this assumption, which is why we have
followed the strategy of regularizing the solution (see Sec. 4.2).

Main results

Our main results are the following. We begin by proving the existence of solutions of
(1.1)—(1.2)—(1.3) that for a small time satisfy the boundary data in the classical sense. The exis-
tence time depends only on a gradient bound for the initial data, the remaining constants usually
considered universal.

Theorem 1.1. Let ug € C'(Q). There exists a T* > 0, depending only on A, A,n,Q and
””0”C1(§)’ such that the viscosity solution of (1.1) in Q x (0, T*) satisfies (1.2) and (1.3) in
the classical sense.

Since we already have the existence result of [8], we need only show that (1.2) is satisfied is
the classical sense. For this we use a barrier argument, following the construction of comparison
functions used in [4] to show local existence under a slightly different strategy.

Next we prove the nonexistence of global solutions to the classical Dirichlet problem when
Q = B;(0) and the initial data is radially symmetric, and suitably large. Again, thanks to the
global existence result of [8], this implies the occurrence of LOBC.

Theorem 1.2. Let ug € C'(B1(0)) be a radial function. Then, there exist positive constants § =
(A, A,n)and M = M (A, A, n, p) such that, if

1-8

/ uo(rydr > M (1.16)

8

then the solution u of (1.1)—(1.2)—(1.3) with Q = B1(0) and initial data uy has LOBC at some
finite time T = T (ugp).
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The proof of Theorem 1.2 uses key ideas from that of Theorem 2.1 in [32]. The main dif-
ficulty in adapting this proof is its crucial use of the divergence structure of the Laplacian by
repeatedly using integration by parts. We remedy this problem by using the divergence form
of the Pucci operator, available for radial solutions (see, e.g., [19]), and the regularization by
inf-sup-convolution introduced in [24]. Combining these techniques we obtain an equation in
divergence form which is satisfied point-wise and all of whose terms are integrable. Afterwards,
the main complications are keeping track of the terms which depend on the regularization pa-
rameters and providing estimates which are independent of these. We also adapt a weighted,
one-dimensional version of Poincaré’s inequality, and make use of different results from [10]
and [16] regarding the principal eigenvalue problem for the Pucci operator.

This result is extended to show LOBC occurs for solutions of (1.1) in a sufficiently regular
bounded domain in Corollary 5.2, and then to equations with more general nonlinearities, first in
the radially symmetric case, then also for a bounded domain as above. The most general result is
the following. Consider

u; — F(D*u) = f(Du) in 2 x (0, T), (1.17)

where F : S(n) — R is uniformly elliptic, i.e.,
M (X-Y)<FX)—FY)<M"(X-Y) forall X,Y e S(n), (1.18)
and vanishes at zero, i.e., F(0) =0, and f : R” — R satisfies f(&) > |£]?h(|£]) for all £ € R",
where i : R — R is positive, nondecreasing, grows more slowly than any positive power, and is

such that & — |& |2h(|E |) is convex. Precise hypotheses on 4 are given in Section 6.

Theorem 1.3. Assume that F, f, and h are as described above. If additionally h satisfies

e ¢]

1
f ) ds < 0o, (1.19)

1

then there exists ug € C1(Q), with ug > 0 and uglaq = 0, such that LOBC occurs for solutions
of (1.17)—(1.2)—(1.3) in some finite time T =T (up).

This result follows more or less easily from Theorem 1.2 and the main ideas used in its proof,
as do the other extensions given in the final section.

The organization of the article is as follows. In Section 2 we briefly review the results of
[8] which are directly used in our work. Section 3 is devoted to the proof of Theorem 1.1. In
Section 4 we gather the technical results which lead us to the approximate equation we use to
prove the nonexistence result, as well as some fundamental facts and estimates related to the
eigenvalue problem for the Pucci extremal operator in a radial case. The statements and remarks
of this section contain key concepts and notation used in the proof of the Theorem 1.2 and
its subsequent generalizations. Section 5 contains the proof of our main result in the radially
symmetric case, Theorem 1.2, and its extension to a bounded domain. This is the core of our
work. Finally, in Section 6 we provide extensions to more general equations, including the proof
of Theorem 1.3.
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After completing a first version of this work, we learned that the occurrence of LOBC,
together with other closely related results, had been obtained for the equation involving the
Laplacian (i.e., for (1.4)) in [27].

2. Comparison, existence and uniqueness
Existence and uniqueness for the so-called generalized Dirichlet problem for

ur+Gx,t, Du, D*u)=0 inQx (0,7), (2.1)

where the boundary condition
u=g ondQx(0,T7), 2.2)

g € C(0Q2 x (0,T)), is understood in the viscosity sense, is proven in Theorem 5.1 in [8]. For
convenience, in this section we quote the main results of this work, as well as a couple of remarks
relevant to our purposes. Here G is a continuous function that satisfies the degenerate ellipticity
condition,

Gx,t,£,X)<G(x,t,&Y) ifX>Y, (2.3)
forallx € Q,¢ €[0,T],&€ € R" and X, Y € S(n), together with two key hypothesis, for which we
must introduce additional notation. Note that condition (2.3) uses the opposite sign convention
than the one used in (1.18). See also the discussion at the beginning of Subsection 6.1.

Let A1 : [0, 00) — [0, 00) be a continuous function. We say h satisfies property (P) if the
following hold:

. o0

M [ Tb ds < 00,

(ii) forany C > 0, s large enough and L > 1, the map L + h(Ls) — CL?h(s) is increasing,
(iii) for any C, C > 0, there exists s > 0, L > 1 such that

hi(Ls) — CL?h\(s)>CLs fors>5,L>L. (2.4)
The key assumptions on G as the following:

(H1) There exists constants C1,Cy > 0 and a continuous function h satisfying property (P)
such that, forall x € 2, ¢ €[0,T], £ e R” and X € S(n), we have

Gx,1,§, X) = —C — G X[l + h1(I5D. (2.5)
(H2) For any € > 0, there exists 0 < e < 1 converging to 1 as € — 0 such that
G(y.5.62,Y) = Glx,t, g 51,1 X) < 0(1)

forall x,y € Q. 1,5,€[0,T], £1,& € R" and for all X, Y € S(n) satisfying the following
properties for some K > 0 and a sufficiently small > 0:
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Kn X 0 o)y (I, -—I,
_6_2]2115(0 _Y>§E—2<_In I, +o(1) Ipy,

|61 — &2 < Ke min{|&1], |62[},
[x —y|+ |t —s| <e.

The main result is the following:

Theorem 2.1 (Strong comparison result). Assume ug € C (), and let u and v be respec-
tively a bounded upper-semicontinuous (USC, for short) supersolution and a bounded lower-
semicontinuous (LSC) supersolution of (2.1)—~(2.2)—(1.3), where G satisfies hypotheses (H1) and
(H2). Then u < v in Q x [0, T]. Moreover, if we define u on Q x[0,T] by setting

limsup u(y,s) ondQ2x(0,T],

- (y,8)—=(x,1)
i, 1) =1 (v ¥)eaxO.1) (2.6)

u(x,t) otherwise,

and similarly define v, then u and v are still respectively a bounded USC subsolution and a
bounded LSC supersolution of (2.1)—(2.2)—~(1.3) and u < v in Q x [0, T].

As is standard, existence is proven by combining this result with Perron’s method of sub- and
supersolutions.

Remark 2.2. When Theorem 2.1 is used to compare continuous sub- and supersolutions, com-
parison holds up to the boundary without having to redefine the functions as in (2.6).

Remark 2.3. The lower bound of (1) implies that the gradient nonlinearity has the opposite sign
to that of (1.1). However, the results proved for

uy — MY (D*u) + |Dul’ =0 indQ x (0,T)

are valid for (1.1) provided we exchange the role of sub- and supersolutions. Indeed, u is a
subsolution of the above equation if and only if —u is a supersolution of (1.1). This is already
noted in Remark 3.2 of [8]. We note also that in [8] there is no requirement that the solution be
nonnegative, as there is in the proofs of gradient blow-up given in [32].

We will verify that hypotheses (H1) and (H2) apply to the equations considered in this work
(after the appropriate sign change) in Section 6.

Remark 2.4. Following the exchange of sub- and supersolutions mentioned in the previous re-
mark, it follows from Proposition 3.1 in [8] that any supersolution v of (1.1) satisfies v > 0 on
02 x (0, T) in the classical sense for any given T > 0. Hence, if LOBC occurs, as we prove
later, then the solution satisfying (1.2) in the generalized sense must become strictly positive at
some point of the boundary.

Remark 2.5. As mentioned in the introduction, the initial condition (1.3) is always meant in the
classical sense. There is no loss of generality in this assumption. It is a consequence of Lemma
4.1 in [25] that there is no LOBC on the bottom of the parabolic domain, 2 x {r = 0}.
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Remark 2.6. An easy but important consequence of the comparison result is that solutions u of
(1.1)—(1.3) are uniformly bounded and nonnegative. Indeed, for ug > 0, v =0 and v = supg ug
are respectively sub- and supersolutions, so by comparison we have

0<u(x,t)<supug forallx e Q,0<r<T. 2.7
Q

In particular, ||#|lco < [|0|lco-
3. Existence of local solutions

We follow the construction of the comparison functions used to prove local existence of so-
lutions for a related problem in [4], accounting for the presence of the extremal operators and
providing additional detail regarding the choice of constants.

Proof of Theorem 1.1. Step 1: A time-independent barrier. We define a time-independent com-
parison function in a neighborhood of a fixed x( € 02, using the exterior sphere condition, and
prove that it is a supersolution of (1.1). We will address the initial and boundary conditions in a
later step.

From the exterior sphere condition there exists a ball of radius p > O centered at x; ¢ €,
tangent to 9€2 at xo. We will employ the radial variables r = |x — x|, where p <r < p + 7 for
some 1 > 0, and s = |[x — x1| — p. In this and the following steps we will compare the solution
u to different functions in the set

Fr={xeQ|0<s=|x—x1|—p<n}l
Let ¢(s) = s(s + u)~# with 1, B > 0 to be chosen later, and define
v(x) =@(lx —xi| — p) = @(s). (3.1
For any C? radial function, say ¢ (x) = ¢ (|x|), a standard computation of the eigenvalues of
D?¢ at any point gives them explicitly as ¢” and ¢'/jx| with multiplicities 1 and n — 1, respec-

tively, where ’ denotes the derivative in the radial direction. By the definition of the extremal
operator, this gives

— 2.\ . " n—1 /
M™(D ¢)—a,b12{1£A}(a¢ +b—r ¢). (3.2)

Setting 8 < 1, we compute

¢'(5) =11 = P)s + pl(s + w =" >0,
9" ()= =Bl = B)s +2u)(s + W P2 <0,

Hence, the extremal operator takes the form

M™(D*5)(s) = Ag”(s) + A <u) /()
s+ p
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= — ABL(L = B)s +2ul(s + ) P72
n—1 —p—1
+A — ) [Ad=B)s+ulls +wn) -
s+ p
The function v is a supersolution if
—M(D*D) = [VlP = |¢|P.
That is, from the previous computations, if
n—1 -2
ABI(L = B)s +2u] — 2 st p [(A=B)s +pnls+w) | (s+wp)
2 [(1=B)s +plP s + )~ PPHD.
Here we have factored the leading term (s + 1) “#~2 in the left-hand side. We proceed to show

that its coefficient K is positive for the right choices of @ and B.
Setting n = p and using only that 0 < 8 < 1 and 0 < s < n = i, we have

—1
K >2AB1— % (”—) (1= By + w2,
s+ p

Hence, to have K > 0 it is sufficient that

B 2Ap
w55 () Y
Next, we verify that
K(s+w 72> [(1 = B)s+ulP(s + ) PPHD. (3.4)

Again 0 < B < 1 implies
[(A—=B)s +ul? < (s+w?,
then
[(1 = B)s + ulP (s + ) PPD < (s + )P (s + ) 7P~ PF
=(s+u) PP
Hence (3.4) holds if (s + u) P < K (s 4+ n)~#~2, that is, if

K~ <(s+pmfr-b-2, (3.5)

Setting 8 < ﬁ gives B(p—1) -2 < —%, so that the term on the right is singular. This
precise value of 8 will be useful in a moment. Using once more that 0 < s < u, it is sufficient to

have
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K~ <@upr-b=2, (3.6)

We recall that K, the coefficient defined above, also depends on ©. However, from the above
computations we have that for small pu,

n—1
K >2ABu —A <m> (1= B+ pu)2u > Cip — Cop?,

hence K~! = O(u™") as u — 0, whereas the previous choice for B gives that the right-hand

side of (3.0) is O(M_%). Therefore, choosing 1 small enough gives all the desired inequalities.
Step 2: Time-dependent control. We introduce a second comparison function which will help
us relate the solution u of (1.1)—(1.2)—(1.3) to the supersolution v constructed in the previous
step.
Let

u(x,t) =At+C(l —e™7%),

and write ¥ (s) = 1 — e77*. We will prove that for appropriate choices of the positive constants
A, C and y, u satisfies

i; — M~ (D*i) > |Di|?  inT x (0, 00), (3.7)
i>u on@INK) x (0,0), (3.8)
i>uy onT x {t=0}, (3.9)

where (3.8) and (3.9) are meant in the classical sense.
Denote by v the exterior unit normal at xg € 2. For x = xg — sv, t =0, this is

w(x,0)=C —e V) >up(x).
We use that

ou

ov

0<|—(x0)| =Cy¥/'(0)=Cy < 0, (3.10)

| Duglloc < 00, uo(xo) = ¥ (0) =0, and that both uy and & are non-negative to choose C > 0
large enough, so that for small s, say 0 < s < &, we have

ug(x) =ug(xp — sv) < Cyr(s).

In other words, we are comparing the first-order expansions in the direction —v. Then, for § <
s < n, we may also take

Cmin{l, min u(xo —sv,0)} > max uy, 3.11)
S<s<p Qx[0,T]

since the minimum above is strictly positive. We may repeat this reasoning in the other directions
which sweep I', by considering an extension by zero of ug to the corresponding section of the
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annular domain where ¢ is defined. The choice of C remains bounded since T is compact.

Furthermore, it can be chosen uniformly with respect to x( since 2 is compact. Observe that this
also ensures that i > u on the rest of 9, (I" x (0, 00)).

To check (3.7), we compute

—1
—M™ (D) = (Ay - /\n—> Cye 7,
s+ p

(3.12)
and observe that choosing y large enough gives —M ™ (D?%ii) > 0. Then, i is a supersolution if
we can get

iy > |Dil|P.
This amounts to taking
A > max (Cye V)P,
0=s=p
We have therefore proved that u satisfies (3.7)—(3.8)—(3.9). Also, by definition # > 0 on {xp} =
o' N 9L2. Hence, by comparison, it follows that # > u in all of I" x [0, 00).
Step 3. Relating the comparison functions for small time. We claim that for some 7* > 0,

i(x,t) <v(x) forallxeTand0<t<T*

The proof is similar to that of the previous step. We establish first the comparison for ¢ = 0,
the bottom of the domain. Again we consider x = xo — sv. Recalling (3.10), we now seek

86( )
—(x
av 0

, ou
=9 0)=Cy= E(XO’O) . (3.13)
From previous computations,

@ 0)=pnP - 400 asu—0.

On the other hand, C depends on p through (3.11). Since ¥ = ¥ (s) is increasing inward,
the minimum in (3.11) is achieved at s = §. Clearly we can take § < u = 1, and so a simple
computation shows

C=o(n? asu—0.

Therefore, taking © = n small enough eventually yields (3.13). We remark that this choice,

which amounts to shrinking the domain I', does not affect the choices made for other constants.
As before, looking at the first order expansion gives u(x, 0) < v(x) for all x as above, near xg,

say with s < 8’. Moreover, in this case it is easier to extend the inequality to the directions which

sweep I' x {t =0}, since both functions are radial and defined on the same annular domain.
To obtain

u(x,0) <v(x) onal, (3.14)



2910 A. Quaas, A. Rodriguez / J. Differential Equations 264 (2018) 2897-2935

there is no choice like (3.11) available. However, we may restrict the comparison to Iy x {t = 0},
where Iy :=TN{0 <s=|x —x1| —p <8}, 8 > 0 as above, so that (3.14) holds by comparing
the first-order expansions, and more importantly, holds strictly. That is, u(x, 0) < v(x). We may
now take 7* small enough so that, for all 0 <t < 7* and all x € Q such thats = |[x —x;| — p =
8,

u(x,t) <u(x,t)=At +u(x,0) <v(x).

Thus we have proven that v solves

U, — M~ (D*%) > |Dv|?  inTy x (0, T%),

v>u on (3Ty N Q) x [0, T*],
>0 on (ATy N3 x [0, T*],
V> U infy,

where the boundary conditions (inequalities) are satisfied pointwise. Hence, by the compar-
ison principle of [8] (see also Remark 2.2), u(x,t) < v(x) in all of T'ss x [0, T*]. In particular,
this implies u(xg, t) < v(xg) = 0, hence u(xg,t) =0 for all 0 <r < T*. As xg € 92 was arbi-
trary, this implies that the solution u satisfies the boundary conditions in the classical sense on
02 x[0,T*]. O

Remark 3.1. The preceding computations do not require that p > 2; only p > 1 is explicitly
used in (3.4). We remark, however, that only the superquadratic case is of interest, since by the
results of [8], in the subquadratic case the globally defined solution of (1.1)—(1.2)—(1.3) satisfies
the boundary data in the classical sense.

Remark 3.2. The proof of Theorem 1.1 uses only the uniform exterior sphere condition. Both in-
terior and exterior sphere conditions are assumed to establish a connection between Theorems 1.1
and 1.3. See also Remark 6.4.

4. Technical results for the proof of nonexistence
In this section we gather a series of technical results and fundamental facts related, on one
hand, to the process by which we arrive at an approximate equation (actually, an inequality)

with the required properties, and on the other, to the eigenvalue problem for the Pucci operator.
Furthermore, we introduce key concepts and notation that will be used in Sec. 5.

4.1. Radial form
Lemma 4.1. Let u € C(B1(0)) be the viscosity solution of
uy — M=(D?*u) — |Dul? =0 in By(0) x (0, T),

u=0 on 3B;(0) x [0, T], 4.1
u(-,0) =up in B1(0),

where uq is a radial function. Then u is radial as well, that is, u(x,t) = U(|x|,t) for some
U:[0,11 x[0,T] — R, and U solves
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U —6UU" = "L U' - |U'|P =0 in(0,1) x (0, T),
U=0 on{r=1}x[0,T], 4.2)
U(,0)=ug in B1(0),

in the viscosity sense, where ' denotes the radial derivative and

A, ifs >0,
G(S):{A, ifs <0,

Remark 4.2. We note that, although the function 6 above is discontinuous at 0, equation (4.2)
depends continuously on the derivatives of u, since the function s — 6(s)s is continuous for all
seR.

Proof. The solution u of (4.1) is radial due to the uniqueness of solutions of the Cauchy—
Dirichlet problem, the rotation-invariance of the equation and the fact that the initial data is
radial. Hence, there exists a function U : R — R such that u(x) = U (|x|) for all x € B1(0). We
will show that this function is a subsolution of (4.2) by definition.

Consider ©((0,1) x (0,7)) € C? that touches U from above at (7,1), and define ¢ (x, 1) =
®(|x], 7). Then ¢ is C2, radial and a valid test function for u at any (%, 7) such that |£| = 7, hence
we can compute M~ (D?@) as in (3.2). Observing also that | D¢| = |®’|, we obtain exactly the
equation in (4.2). The proof that U is also a supersolution is analogous. O

Remark 4.3. In what follows we will at times write simply u(x) = u(r) for radial functions, as
is standard. We avoided this notation in the last lemma for clarity.

4.2. Regularization

In this section is we apply the regularization procedure introduced in [24] solution u of (1.1).
In this way we obtain an equation satisfied in the pointwise a.e. sense, all of whose terms are
integrable. Although the technique is applicable in greater generality, in practice we will only
apply the regularization to solutions of (1.1) when 2 = B1(0) (see Remarks 4.9 and 4.10). For
the sake of clarity, especially regarding notation, we recall some of the relevant definitions and
properties, noting that we do not seek full generality in what follows.

Definition 4.4. For u € C(Q x [0, T]) and €, k > 0, define

1 1
1) = inf , —|x =y + —t—s*), 4.3
Uec(x,1) (y’s)elgrzlx(oj)<u(y s)+2€lx yl +2/<| sI) (4.3)
1
u(x,1) = sup (u(y, 1) — —|x — y|2> . 4.4)
yeQ 2e

We may also define #“* and u, similarly. Note that we use just one index when the convo-
lution is performed in the space variable only. In the following statement we collect a series of
well-known facts regarding these operations which will be used shortly hereafter.
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Proposition 4.5. Assume u € C(Q x [0, T)), and let €, «, 8 > 0.
(i) Both operations preserve both pointwise upper and lower bounds, i.e.,

infu <wue, <supu,

infu <u® <supu,

where inf and sup are taken over Q x (0, T).

(ii) Let €* =2 /€lulloo, k* = 2/k[tt]loo, Q€ = {x € Q | d(x,9) > €*}. For all (x,t) €
Q" x (k*, T — k%), there exist (y,s) € Q x (0, T) such that

1 2 1 2
e, ) =u(y,s)+ —Ix —y["+ —t —s|".
2¢ 2K

In other words, the sup and inf in the definition of the convolutions are achieved, provided
we are at a sufficient distance from the boundary.
(iii) Both uc, and u®* are Lipschitz continuous in x with constant % where K = 2||u]| co-

That is,

lu(x,t) —u(y,t)| K
up ——— < —,
X, yEQ lx — I Ve
1€[0,7]
Similarly, they are Lipschitz continuous in t with constant %
(iv) u®*, uc  — u uniformly as €,k — 0, and similarly for u®.
(v) u®*, ue . are respectively semiconvex and semiconcave. In particular, they are twice differ-

entiable a.e. That is, there are measurable functionsa : 2 x [0, T] > R, ¢ : Q x [0, T] —
R*", M:Q x [0, T] = S(n) such that

MG’K(yﬂS) ZMG’K(-xvt) +a(x7t)(s - t) + <Q(x»t)’ y —.X>
+ (M, 0)(y —x),y —x) +o(ly — x|* +|s — t]).

We will denote a = (u*);, ¢ = Du€*, M = D*u* for simplicity. The same goes for

Ue .
(vi) With the notation above,

2 1 2 €,k 1 .
D uc <-1 and D°u®*>—-1 a.e.inQ2x[0,T]
€ €

(vii) (ue,lc)é =Uec+§,k-
(viii) (”e+8,/c)6 < Ue k-

Remark 4.6. The easier proofs follow more or less directly from the definitions (see e.g., [15]),
while (vii) and (viii) may be found in [12]. Property (v) uses the well-known theorems of
Rademacher and Alexandrov on the differentiability of Lipschitz and convex functions, respec-
tively; see [17] and the Appendix of [13].
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The time-independent version of the following result appears as Lemma 4.2 in [31]. We say
that F is proper if for all (X,&) € S(n) x R",r,s eR, if r <s then F(X,&,r) < F(X,&,s).

Lemma 4.7. Let u be a viscosity supersolution of u; + F(D*u, Du,u) =0in Q x (0, T), where
F is proper. Then, using the notation of Proposition 4.5, uc , is a viscosity supersolution of
ur + F(D*u, Du,u) =0in Q" x (k*, T — k*).

Proof. Let ¢ = ¢(x,1) be a C? function that touches Uc, from below at (X,f) € Q¢ x
(k*, T — «*), that is, ¢(%,7) = ue (%,7) and for |x — X| + |t — | < & and sufficiently small
5§ >0,

P(x,1) < ttee(x,1). (4.5)

By Proposition 4.5, (ii) there exist (¥, §) €  x (0, T) such that
A A A 1 A A2 1 A ~2
e (R, D) =u(P,8) + —|% = 91* + —f — 5%,
2¢ 2K

with (9, §) = (%, f) as €, k — 0. Hence, for sufficiently small €, k, (¥, §) remains close to (x, t)
as in (4.5). Therefore,

A A 1 . . 1 .
so(x,z)Sue,K(x,r)5u<x+<y—x),r+(s—t)>+z|x—y|2+§|r—s|2.

Evaluating this expression now at (x + (X — 3), ¢ + (f — §)), we have that

- A N a 1 . . )
G, ) =g+ GE =9t + T —85) — —IF = — —IF — 51> <u(x,0).
2¢ 2K

We also have, from the choice of (7, §), that ¢(3, §) = u(y, 5). Hence ¢ is a valid test function
for u. Since

D*4(9,5) = D*p(%,1),  D@@,5) = Dp(%, 1),
G, =g (X, 1),  §3,8) < &, 1),

by the properness of F,

@ (X, 1)+ F(D*p(%,1), Dp(X, 1), (%, 1)) >
@ (3,8 + F(D*¢($,5), Dg(3,5), ¢(3,5)) > 0.

Hence, uc , is a supersolution. O

The following Proposition is an adaptation of Proposition 4.6 from [12], which is developed
in a slightly different context.
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Proposition 4.8. Let Q' CC 2, 0 <19 <11 < T and u be a bounded viscosity supersolution of
(1.1) in Q2 x (0, T). Then, there exist constants €,8,k > 0 such that the regularized function
w= (ue_H;’,()‘S satisfies

w; — M~ (D*w) > |Dw|?  a.e. in Q2 x (19, 11). (4.6)
In particular, w is a so-called L°-strong supersolution of (4.6).

Proof. We apply Lemma 4.7 to (1.1) to find that, for sufficiently small € and «, u. ., depending
on [lull Lo (@x 0.1y (see Proposition 4.5, (ii)) is a viscosity supersolution of (1.1) in " x (to, #1).
Observe that the Lemma applies since there is no “x-dependence”. The regularized function w
defined above is both semiconvex and semiconcave in x, as well as Lipschitz-continuous in ¢.
Hence it is twice differentiable a.e. in ' x (r, T — 1), in the sense of having a second order
“parabolic” Taylor expansion (as in Proposition 4.5, (v)).

Let (%,7) be any such point of differentiability. As in Proposition 4.5, (viii), we have that
w < uc .. Suppose that w(%, /) = ue (£, 7). For (x, ¢) in a neighborhood of (%, ), we then have

Ue (X, 1) > w(x, 1) =w(X, ) +w (X, 1)t — ) + (Dw(X, 1), x — X)
+(D*w(&, 1), x — %) +o(x — 2>+ |t — 1))

=te, R, D) +w (X, D)t — 1)+ (Dw(X, 1), x —X)
+(D*w(%, 1), x — %) +o(lx — x>+ — 7)),

which implies that (w;(%,f), Dw (%, 1), D*w(X,1)) € P> uc (%, 1), the parabolic subjet at
(X,1) (see, e.g., [13]). Since uc . is a viscosity supersolution, this gives

w, (£, 1) — M~ (D*w(Z, 1) — |Dw(E, )P > 0.

Assume now that w(%, f) < ue (%, 7). In this case, by Proposition 4.4 in [12], D?w(%, f) has
an eigenvalue equal to — % On the other hand, by Proposition 4.5 in [12], w is i-semiconvex, S0
the remaining eigenvalues are bounded by above by % Recalling also the gradient bounds which
come from the Lipschitz continuity of w with respect to both x and #, as in Proposition 4.5, (iii),
we obtain

K 1 1 KP
wi (%, 1) — M~ (D*w(#, 1)) — |Dw(®, )P > —— +hs = (1= DA- -
K2 €

_ﬂ'

€2

By taking § = o(e §) and e sufficiently small, the right-hand side of the above inequality becomes
nonnegative. Hence, w is a supersolution. [

Remark 4.9. For the proof of Theorem 1.2 we apply Proposition 4.8 in the case where Q2 =
(0, 1), and regularization is applied to U = U(r), the radial part of the solution u of (1.1) in
B1(0) x [0, T']. The spatial regularization will be performed with respect to the radial variable. To
alleviate the notation of Section 5, we briefly switch to using € and § for the spatial regularization
parameters. Precisely, this gives
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w(r.t) = Uy, 5 00 D)

. 1 5 1 s 1 2
= Ssup inf U@z, s)+ ——rn—rl|"+ —|t —s| —§|r—r1| .

0,1 2K
r1€0,1) zzee(E)T)) 2(€ 4+6)
Note also that from the proof of Proposition 4.8, we choose § = S(E), with § — 0 as € — 0, so

we need only choose suitable € > 0 in the regularization.

Since the viscosity solution of (1.1) is uniformly bounded (see Remark 2.6), Proposition 4.8
provides a supersolution to (1.1) on a domain which arbitrarily approaches (0, 1) x (0, 7). That
is, we can have w satisfy (4.6) in (¢, 1 —€) X (#p, t1) for arbitrarily small € and 7, and 1 close to
T, provided we choose small enough regularization parameters, depending on ||ug||so. For this
reason, in the proof of Theorem 1.2 given in the following section, we require certain estimates
as €, to — 0. This use of € is maintained from the following subsection onwards, throughout
Section 5, where additionally § is used as a different cut-off parameter.

The use of € and § as regularization parameters is only briefly revisited in Subsection 6.2,
where some comments are made regarding the adaptation of Proposition 4.8 to an equation with
more general nonlinearities.

Remark 4.10. We obtain the inequality in divergence form as follows. By combining Proposi-
tion 4.8, Lemma 4.1, and the considerations of Remark 4.9, we have w satisfies

—1
w — 0w w” — oW — |w'|P >0 forae.re(el—e)tet),  @.7)
r

for arbitrarily small €, #y > 0 and #; arbitrarily close to 7. Define

o) it e
e(w”)(n—l)+l, p(r) =elt—¢ , and ,o(r)—e(w//).

ﬁ:

Note that p is the indefinite integral of a measurable function, and is therefore absolutely contin-
uous. In particular, this implies that it is differentiable a.e.
Multiplying (4.7) by p, we obtain, for the second-order terms,

n—

1
'5 (9(w”)w” + —G(w/)w/> — (,ou/)/.
r

Hence,

pw; > (pw') 4+ plw'|P forae.re(e,1—e),t ety t1). (4.8)
Remark 4.11. The functions p and p depend on the regularization parameters both explicitly
and through the solution of the approximate equation w, but we omit these dependencies for
simplicity of notation.

We now provide a couple of bounds which will be useful later. As

S o)
- O (w")

m—ns%m—m
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we have for € € (0, %) and all r € (¢, 1 — €), that

A1
)= — efm%ds>1( r )m )

0w’ A\1l—c¢
1 LAn-1
> (%) = p(r). (4.9)

Note that o no longer depends on the regularization parameters and is defined for all r € (0, 1).
This is the function which appears in the statement of Theorem 1.2.
On the other hand, since ﬁ <1 forall r € (¢, 1 — €), we similarly obtain

p(r) < (4.10)

> =

We can also explicitly compute

An—1)
A

p(l—€e)=1 and 05,0(6)5(%) —0 ase—0. 4.11)

4.3. Eigenvalue problem for the Pucci extremal operator

The proof of Theorem 1.2 involves the solution to the Dirichlet eigenvalue problem for the
extremal operator —M ™ in annular domains approximating the punctured ball B1(0)\{0}.
More precisely, let Ac = B1—(0)\ B¢(0), and consider

=0 on 9A,. (4.12)

{ —M~(D*¢)=1p inA,
Here the boundary condition is satisfied in the classical sense. Note that A corresponds to the
spatial domain where (4.8) is satisfied.

By Proposition 1.1 in [10], there exists a solution pair (A{,¢]) of (4.12) with A{ >0,
of € C%(A)NC(A¢) and @] > 0in A, where ¢{ is unique up to a positive constant. We nor-
malize this solution so that ¢f (%) = 1, for reasons that will become apparent later. Our notation
indicates that both A{ and ¢| depend on the parameters of the spatial regularization through the
domain A..

We employ the following lemma to state our main theorem without reference to these regu-
larization parameters.

Lemma 4.12. Let K C (0, 1) be a closed interval such that [1/4,3/4] C K. There exists a function
¢ € C(K), such that p(r) > 0 for all r € K and ¢ — ¢ uniformly over K, up to a subsequence.

Proof. In general, if we denote by A1 (2) the corresponding principal half-eigenvalue (i.e., solu-
tion of (4.12)) in €, we have that 11 (') < A1(2) if Q C €'; see Proposition 1.1 (iii) in [10]. We
therefore have the monotonicity )Li/ < Af{ if € < e. For the same reason, A1(B1(0)) < A{ for all
€ > 0. Hence, A{ — A as € — 0, for some A > 0. Note also that A{ < A((1/4,3/4)) for all € < 1/4.
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Consider now a closed interval K’ > K. By Harnack’s inequality (see Theorem 3.6 in [29]),
for all € > 0 small enough such that K’ C (e, 1 — €), we have

sup<p1 < sup ¢f <C 1nf (pl <C1nf<p1 <C, (4.13)
(e,1—¢)

where we used gpf(%) =1 and % € K’ for the last inequality. The Harnack constant C above
depends only on n, A, A, )Li and dist(K’, 9(0, 1)). Since )Li is uniformly bounded for € < 1/4, C
is independent of € as well.

It follows that the functions ¢{ are uniformly bounded, and therefore satisfy a family of ODEs
with uniformly bounded right-hand sides. More precisely, using (3.2) once more, we have

—1
M (D*¢f) =01(9)"1(¢)" + 9[(%6)’]((0?)’”7 =-Ag] inin(K’),  (4.14)

with [|A{¢{llec < C max{A, A((1/4,1/4))} := C, where C is the Harnack constant above. We pro-
ceed with a compactness argument, following [16].

Let ye := |l¢fllc1 (k) and define @€ = ¢{/y.. Using that M~ is positive homogeneous, we
have that @€ is also a solution of (4.14), and since ||¢¢ ik =1 for all € < 1/4, this implies
(¢¢)" is uniformly bounded as well.

By compactness, this implies that, up to a subsequence, ¢€ — @ uniformly on K’ for some
78S C2(int(K")) N CHK). Recalling that )f — A we pass to the limit to find

M™(D*¢)=—i§ inint(K'). (4.15)

Note ¢ # 0 since it is the limit of g€ and [|¢€||c1(x) =1 forall € < 1/4.
Assume that y, becomes unbounded as € — 0. As before, using the homogeneity of M ™, we
see that

» A‘f €
M= (D% = —1PL ininuk?),

Ve

tion with (4.15). It follows that ye = [|¢][lc1( k) 1s uniformly bounded in €, hence we can pass to

A€ g€ — . e - . .
and || ;/—fl lloo < C/ye — 0 as € — 0. Passing to the limit, this gives M~ (D?@) = 0, in contradic-

the limit as before (without the normalization ¢¢), to find that ¢ — ¢ uniformly in K’ for some
@ € C(K") which is a solution of (4.15).
From the uniform convergence and gaf > 0 for all € > 0, we conclude ¢ > 0, hence the strong

maximal principle applies (see Lemma 3.4 in [21]). Recalling also that (pf(%) =1, we have
¢ # 0. Combining these facts, we conclude that ¢ > 0 inint(K’) D K. O

Remark 4.13. Since K is a closed interval, ¢ is bounded by below on K by a positive constant
which does not depend on €.

The proof of Theorem 1.2 requires two additional lemmas.

Lemma 4.14. Let ¢ be the solution of (4.12), as defined above. Then, for any 0 < a < 1, there
exists a positive constant C > 0 such that
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1—e
/ (p]) %pdr <C. (4.16)

Furthermore, C may be taken uniformly for € € (0, %).

Proof. By Remark 4.13, it is possible to bound ¢] by below by a positive constant uniformly
for small € over a closed interval K C (0, 1), to be chosen later. Hence, to obtain (4.16) it is
sufficient to bound the integral near the endpoints € and 1 — €.

We now proceed as in the proof of Hopf’s lemma to obtain a uniform lower bound for (¢{)’(¢).
Let 8 > 0 and

" e PG _ B3 —e)’ ] 1
) = or eE<r<-—.
[ — e B2 2

We verify that v > 0, v(e) =0, v(%) =1, and compute

2p - et

/
v (r
") | — e BG—€?

>0, 4.17)

(42(5 =) —2p) e PU1"

V'(r) =
«) | — e BG—e?

>0, (4.18)

where the inequality in (4.18) follows from taking a sufficiently large g > 0.
We abuse notation slightly and define v(x) = v(|x]) in B 1 (0)\ B¢ (0). By the previous compu-

tation, using also that )Lﬁ >0, v >0, we have
n—1
M= (D*0) = "+ h——V' >0> —Afv.
r

Hence v is a subsolution of (4.12). Since v(e) = ¢ (€), v(%) = (pf(%), by comparison we have
v(r) <f(r) foralle <r < % (see, for example, Appendix A in [2]). Recalling (4.17), for all
O<e< % this gives

263 -0 PG pet

6/€>v/€=
W@z v ="

= C. (4.19)

Note that the last constant does not depend on €.
By looking at the first order expansion of ¢f at e,

¢i(r) = (¢} ()(r — ) +o(Ir —€)),

we have that there exists a § > 0 such that
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(1) (e)
2

p1(r) > (r—e) forall e<r<e+8. (4.20)

In the above series expansion, the constant § > 0 depends only ((pf)’(e). In view of (4.19), we
need only bound (¢f)’(¢) by above, independently of €. For this we use a barrier type argument,
taking advantage of some of the computations from Sec. 3. Define

p)=4(1-e7079),

where A, y > 0 are to be chosen. We have 1 (¢) = 0, and for an appropriate choice of A,
w(1/2) = A (1 _ e*y“/z*f)) > A(l—e ) > 1,

again using € < 1/4. Computing as in (3.12), and using once more that )\ﬁ < A((1/4,3/4)), we can
choose y large enough so that

— MT(D*Y) = A5y = =M™ (D*) — A((1/a, 3/a)

—1
=A (Ay2 — )»VnT + A ((1/4, 3/4))) eV — AN((1/4, 3/4))
r €
2 n—1 —yr
>A(Ay? —ry—— ) e 7" — AM((1/4,3/4)) > 0.
r
Thus, by comparison, ¥ > ¢f in [€, 1 — €], for all € < 1/4. Hence,

(9] (€) <Y¥'(e) = Ay, (4.21)

and from this we conclude that § in (4.20) does not depend on €.
We then estimate, fore <r <€ + 6,

(gof(r))fa < ((¢1)2(€)>_ r — 6)70(
<€) (r—e) ",

where we have used (4.19) for the second inequality. Recall the bound p(r) < % given by (4.10).
Then,

€+8 €448

/(wf(l’))*“ﬁdrS(C/2)*°’II/3|Ioo /(V—é)*“dr

§
1 3
<5 f r%dr <C.

0
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A similar bound can be obtained over | —e —§ <r < 1 — €. We may then choose K = [§, | — §]
with § as above and recall that ¢ are uniformly bounded by below on K. Also note that for all
€ >0,

K=[5,1-8]D(+8,1—€—3), 4.22)

hence, we may combine the bounds near the endpoints with the lower bound on K to obtain
(4.16). O

Remark 4.15. The interval K = [§, 1 —§] is the one that appears in the statement of Theorem 1.2.
As claimed, § depends only on X, A, n.

Lemma 4.16. Consider p : [e,1 — €] — R as defined in Remark 4.10. Let v : [€,1 — €] — R be
once differentiable such that v(1 — €) = 0. Then,

1—e 1—e
/ lv| pdx < / V| pdx. (4.23)
€ €

In the proof of the above inequality we employ the following result from [34]:

Theorem 4.17. Let v : [0, 1] — R be a non-negative, non-vanishing, continuous weight on the
closed unit interval. Let f : [0, 1] — R be once differentiable and satisfy f(0) =0. Then,

1 1

1

/|f(x)|v(x)dx§ max L v(z)dz /|f/(x)|v(x)dx, 4.24)
0<x<1v(x)

0 X 0

and the constant is sharp.

Proof of Lemma 4.16. Let v be as in the statement of the Lemma, and define g : [0, 1] —
R, g(r) = (1 —2¢)r + €. Note that g is an affine change of variables sending [0, 1] to [¢, | — €]
and that g’(r) = 1 — 2¢. Define

fr)=v(g—r)), v(r) = p(g(l —=r)).

We have that f(0) = v(g(1)) = v(l —€) =0, hence f so defined satisfies the hypotheses of
Theorem 4.17. The weight p is continuous and non-negative on [0, 1], and furthermore, from the
computations in Remark 4.11, for all € [¢, 1 — €]

A
r\ zmr=1
)A >0,

p(r) = (5

i.e., p is also non-vanishing.
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By changing variables, we obtain

1 1
/If(V)IV(r)dX=/|v(g(1 —r)lp(g(l —r))dr
0 0

1—e
:ﬁ / lv(r)|p(r)dr,

and similarly,

1 1
/If/(r)IV(V)dVZ /Iv/(g(r))llg/(")lp(g(l—r))dr
0 0

1—e€
= / v ()o@ dr.

Next, we estimate the constant in (4.24). It is easy to check that p is strictly increasing from
the definition, as is g. Hence, for s > r we have p(g(1 — s)) < p(g(1 — r)). Therefore, for all
O0<r=1,

p 1
! 1
m/\)(ﬁds:m/p(g(l—s))ds

- 1— 1—
sp@a_¢»p@( A —=r)

<l-r<l.

By the above computations, we can apply (4.24) to obtain

1—€ 1—€
/|v<r)|p(r>dx§ / W) p(rydr. O

Remark 4.18. In the proof of Theorem 1.2 we will actually use Lemma 4.16 with the weight p
instead of p. This is possible since

P<Pp=—p.

> =
> =

The preceding argument, however, does not apply to p directly since it is not continuous.
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5. Nonexistence of global solutions and LOBC

We now prove our main result in the radial case, i.e., when the spatial domain is a ball and
the initial data is radially symmetric. The proof of the result in a general domain follows more or
less easily from the radial case.

Proof of Theorem 1.2. Our proof uses key ideas from that of Theorem 2.1 in [32]. Some care
is required in choosing the constants appearing in our argument in the correct order. Specifically,
we first choose u( large in an appropriate sense, then choose the regularization parameters suffi-
ciently small. This amounts to making € and ¢y approach 0, although the actual limit is not taken.
This difficulty is not present in [32], since the solutions dealt with therein are classical and no
regularization is needed.

Consider the differential inequality

yi)>Cy®)P, O<rn<t<t, 5.1
y(t0) = Mo, (5.2)

where C, My > 0. We can integrate (5.1) explicitly to obtain

0<y(®)' "7 <C(1 - p)t —10) + My .

1—p
Hence, y(1)' ™7 — 0 as t — 19 + % Since 1 — p < 0, this implies y(#) — +oo. Alterna-

tively, for a fixed #; > 79, blow-up occurs for ¢ < #; provided we have

1

Mo > [C(p— D1 —10)] 77T (5.3)

So fix T > 0 and assume that the viscosity solution u of (1.1) in B1(0) x [0, T'] with radial
initial data ug € C'(B(0)) satisfies (1.2) in the classical sense. Writing u = u(r, t), with r €
[0,1] and ¢ € [0, T'], this means u(1,¢) = 0 for all ¢ € [0, T]. We will specify the largeness
condition on u in terms of My later, but may consider it set from now on, since it depends only
on constants already available.

Recall now the regularized function w defined in Remark 4.9, which satisfies the inequality
(4.8) in (e,1 — €) x (tp,t1). We take € so that 0 < € < §, where § is the same constant given
above. This is so that [§, 1 — §] C (¢, 1 — €). Note also that the regularization in time may be
performed so that ¢y and #; are arbitrarily close to 0 and T, respectively (see Remarks 4.9 and
4.10). It follows that My depends only on p, T, and the coefficient C in (5.1).

Using the solution pair (A1, ¢1) to the eigenvalue problem (4.12), we define

1—e

z(t) = / w(r, D1(r)p(rydr, 1€ (o, 11).

€

We will to show that z = z(r) satisfies (5.1) with z(#9) > My, and consequently blows up for
some ¢ < t1. This is a contradiction, since z is uniformly bounded for all # > ¢y by the uniform
convergence of w — u and the fact that u , ¢1, and p are all uniformly bounded (see Remark 2.6,
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(4.13) and (4.10), respectively). Therefore, the solution u cannot satisfy the boundary data in the
classical sense for all time. In other words, LOBC occurs.
Using (4.8), we compute

1—¢ 1—¢
Ho) = / wi (. D1 (P dr > / ((ow')’ + lw'1P) g1 () dr

1—e 1—e
= /(pw/)/fpl(r)dr+ / lw'[Po1(r)pdr
€ €

=11+ b. 5.4)
(We omit some of the functions’ arguments for simplicity.) Integrating by parts twice in Iy,
we obtain
1—€

L= f w(r, 1) (0@y) dr + pw'e1| ™ — pweile ™.

€

Since ¢1(€) = ¢1(1 — €) = 0, we have that pw’<p1|i_€ = 0. On the other hand, cpi(e) > 0,
goi (1 —¢€)<0and p, w >0 imply that —pwfpi |i_€ > 0. Hence, we continue estimating

1—€ 1—e€
I > /w(r,t)(pst)i)’drz / w(r, 1) (FM™(D*p1)) dr
1—€
_ /w(r,t)(—klwl)ﬁdr=—/\1z(t). (5.5)

€

The second inequality above comes from the minimality of the Pucci operator. Indeed, for all
radial ¢ € C2, by the definition of the weights p and 5, we have

1 —1
~ (o)) =0w")g" + 0w ——
o r

wherever w” is defined. This defines an elliptic operator with ellipticity constants A, A. There-
fore, M~ (D%p) <1/5(p¢’) ae.in (¢, 1 — €).
We turn to estimating /5. From Holder’s inequality for the measure o(r) dr,

1—€ 1—¢
1 _1
/Iw’lpdr=/|w’|(<p1)P(<p1) »pdr
€ €

p—1
€ 14

1— 1—€
1
< / (o) 7T pdr /Iw/lpwlﬁdr . (5.6)
€ €

1
P
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The assumption p > 2 implies 1/p—1 € (0, 1), so we can apply Lemma 4.14 to bound the first
integral in the right-hand side of (5.6) by a constant C that does not depend on €. We then have

1—e 1—e€

1
/Iw’|,5dr§C /|w’|p<p1/5dr =CI). (5.7)
€ €

Define w(r, 1) :== w(r,t) — w(l —¢) for all r € [e, 1 — €], t € (ty, 11). Note that ' = w’,
and w(l — €, 1) = 0, hence Poincaré’s inequality (Lemma 4.16) applies. Moreover, since we are
taking ug > 0, ug % 0, the strong minimum principle for u the viscosity solution of (1.1) in
B1(0) x [0, T] implies that u(0,7) > O for all r > O (see e.g., [14]). Therefore, by the uniform
convergence of w — u, we have that

w(e, t) —> u(0,t) >0, forallt>1ty, ase — 0.

On the other hand, the uniform convergence w — u and the uniform continuity of u in By (0) x
[0, T'] imply that w(l —€) — 0 as € — 0. Indeed, let v > 0. By assumption u(1, t) = 0 for all
t > to. Hence, for small € > 0,
wl—e,)=w(l —€,t) —u(l,t) <|w(1 —¢€,1) —u(l —e,1)|
+u(l—e€,t) —u(l,t)] <2v. (5.8)

(We will later simply write w(l — €) = o(1).) Again by the minimum principle (w is an
L®°-strong solution, as shown in Proposition 4.8, hence also a viscosity solution; see e.g., [12]),

min w(-, t) =min{w(e, t), w(l — ¢, 1)}.
[e,1—¢€]

Together with the considerations above, this implies that minpe | —¢j w(:, 1) = w(l — €, t). There-
fore, w > 0.
Thus, applying Lemma 4.16,

1—e 1—e

1—e 1—e
/(w(r,t)—w(l—e,t))ﬁdr:/ﬁ)(r,t),&drf f |u~/|/5dr:/|w/|,6dr.
€ € €

€
Since p is uniformly bounded (see (4.10)), this gives

1—e€

1—€
/ w(r, t)pdr <Cw(l —e, t) + / |w'| pdr.
€ €
Recalling (4.13) and using the elementary inequality (a + b)? < 2P~ 1(a? + bP), we have
1—e€ p 1—e€ P

z(t)? = /w(r,t)gol(r)ﬁdr <C /w(r,t)ﬁdr

€ €
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1—e P

<C Cw(l—e,t)+/|w’|,5dr
€

B 1—e P
<C|lw(l—¢e1)?+ / |w’'| pdr
€

Together with (5.7), this implies

1—e€ I3
L>C / lw'Peipdr | > Cz(t)? —w(l —e,1)P. (5.9)
€

Thus, combining (5.4), (5.5), (5.8) and (5.9), we have obtained
z2(t) = =h1z(t) + Cz(H)? +o(1), 1€ (1o, 11), (5.10)

where, crucially, the coefficient C does not depend on either € or uy.

We can reduce (5.10) to (5.1) as follows. Using that ¢ = <pf — @ in [8, 1 — 8] uniformly as
€ — 0 (see Lemma 4.12), w — u in [0, 1] x [0, T] uniformly as €, ty — 0, and the uniform
continuity of u (more precisely that u(-, ty) — ug as to — 0), the bound p > p given in (4.9), and
the fact that all these functions are nonnegative, we have

l—e 1-8
2(10) = f w(r 10) 01 () () dr = / w(r. 10) @1 (A dr
€ 1)

1-6

/ w(r, 10) (r)p(r)dr +o(1)

8

v

1-6

/ uo (NG dr + (1), 5.11)
b

v

where we have also used that ¢ and p are uniformly bounded. Since these functions are also
bounded by below in [§, 1 — §] by a positive constant, choosing the value of the last integral in
(5.11) is equivalent to the condition (1.16) from the statement of the Theorem.

We recall from the proof of Lemma 4.12 that A1 = A{ is also uniformly bounded. Since p > 2,
this implies that the term Cz(¢)” dominates the linear term in (5.10). More precisely, if, say
A{ < C’, setting

1-8 ) A 2 ])+I
/ uo(r)e(r)p(r)dr > max { My, (7> +1,

8
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gives both z > (C/2)z(t)? and z(ty) > My, which is equivalent to (5.1). This gives the desired
contradiction. 0O

Remark 5.1. The hypothesis which leads to contradiction, i.e., that the solution u satisfies the
boundary data in the classical sense, is used only to determine w(l — €, t) = o(1) in (5.8), and
in the subsequent application of Lemma 4.16. This is essential, however, to show that z satisfies
(5.1).

Note also that, although (5.1) blows-up for p > 1, the use of p > 2 is crucial in the application
of Lemma 4.14 in the estimate (5.6).

We now use Theorem 1.2 to provide an example of LOBC for solutions of (1.1)—(1.3) in a
more general bounded domain. The computations closely follow [36].

Corollary 5.2. Let 2 be a bounded domain satisfying a uniform interior sphere condition. Then,
there exist ugy € CI(Q), with ug > 0 and uglyqg = 0, such that LOBC occurs for solutions of
(1.1)—(1.3) in a finite time T = T (ug, 2).

Proof. From the interior sphere condition, there exists an 1 > 0 such that for all xo € 92, there
exists a ball of radius 7 tangent to L2 at xo, say By (x1). Consider ¢ € C;°(B1(0)) aradial cut-off
function such that

IA
FNTIRETIN

") = 1, r
@)= 0

: r 2
and consider the solution v of

v, — M~ (D%*v) — |Dv|? =0 in B;(0) x (0, 00),
v=0 on dB;(0) x [0, 00),
v(x,0) =Co(|x]) in B1(0),

where the boundary condition is understood in the viscosity sense. It is easy to check that, for
large enough C > 0, Cg satisfies (1.16). Hence, by Theorem 1.2, LOBC occurs for v at some
time T =T (Cyp) > 0. As before, v is radial, thus v(x, T(C¢)) > 0 for all x € dB(0).

We now rescale and translate v to obtain a solution in B, (x): define

5, 1) = o v — x11, 720, (5.12)

where k = Z—j. Then v is a solution of (1.1) in By (x1) x (0, 00) satisfying homogeneous bound-

ary data (again in the viscosity sense) and initial condition
5(x,0) = Cri*o(n™"x = x1).

We note that, since the rescaling (5.12) produces a solution of (1.1) on the corresponding rescaled
domain, the boundary condition in the viscosity sense is preserved: if the equation holds “up to a
boundary point” (x, t) € dB1(0) x (0, 00), it will hold up to the point of d B, (x1) x (0, c0) where
it is mapped.
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The solution v is radially symmetric with respect to x;. Thus we have v(xg, T) > 0, where
T =T (Cy).
Define now

v(x,0) ifx e By(xy),

Mo(x): { 0 ifx€§\Bn(xl)’

and consider the solution u of

u; — M~ (D*u) = |Dul? in 2 x (0, c0),
u=0 on dQ2 x [0, c0),
u(x,0) = up(x) inQ,

with uq as previously defined. Of course, u is also a solution of (1.1) in B, (x1) x (0, 00), and
satisfies u > 0 on 9B, (x1) x (0, oo) in the viscosity sense. Thus, by comparison we have

u>7 inmx [0, c0).
Hence,
u(xo, T) > v(xp, T) >0,
i.e., LOBC occurs foru. 0O

The previous result might be rephrased to include a condition applicable to more general u(
than the example provided. We avoided this for simplicity, since the condition is rather convo-
luted, but do so now for completeness.

For any ball B, (x1) C €2, where x; € 2, n > 0 and 8 B,,(x}) is tangent to 9€2 at xo, denote the
radial variable by r = |x — x1|. Note 0 < r < 7. For any v defined in B),(x1), we may define the
radial symmetrization

s(v)(r) = BBiIgc )v.
r X1

Note that, for any ug € C(Q) such that uglae = 0, we have s(ug) < ug in By (x1) and s(ug)(n) =
s(uo)(xo0) = 0. Note also that ||s(#0)||co = ll40llco-

Corollary 5.3. Using the notation above, as well as that of Theorem 1.2 and Corollary 5.2, there
exists positive constants § = §(A, A,n) and M = M (A, A, n, p) such that LOBC occurs for all
solutions of (1.1)—(1.3) with initial data uo such that
1-8
sup nfk / s(uo)(nr)dr ; > M. (5.13)
$

Here, the supremum runs over all B,(x1) C Q2 tangent to 92 for fixed n > 0.
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Proof. The corresponding proof is analogous to that of Corollary 5.2, in that it follows by a
comparison argument and scaling between B, (x1) and B1(0). Hence, it will be omitted. O

Remark 5.4. After a change of variable, condition (5.13) can be written as

n(1-4)
sup /s(uo)(r)dr > nftim,

ns

which more closely resembles the condition given for Theorem 1.2, in that the limits of integra-
tion and the constant on the right-hand side reflect the dependence on €2 (through #), in addition
to A, A,n and p. Note that the supremum still runs over all interior tangent spheres B;(x1) for
fixed n > 0.

6. Extensions

To extend the results regarding LOBC to more general equations, we must first guarantee
that the global existence result of [8] applies to the equations considered. In fact, that the result
applies to our model equation, (1.1), will follow as a particular case. For convenience, we restate
part of what was mentioned in the introduction. Namely, consider

u; — F(D*u) = f(Du) in 2 x (0, T),
where the nonlinearities are as follows: F : S(n) — R is uniformly elliptic, i.e.,
M (X-Y)<FX)—FY)<MYX-Y) forall X,Y € S(n),
and vanishes at zero. In particular, this implies that
M (X) < F(X) < MT(X) forall X € S(n). 6.1)

The gradient nonlinearity f : R" — R satisfies f(§) > |& 12h(|&]) for all £ € R", where i : R —
R satisfies the growth condition (1.19) and

h = h(s) is positive nondecreasing for s > 0, (6.2)
S szh(s) is convex, (6.3)
h(yz) < C(h(y) + h(z)) for large y, z > 0 and some C > 0. (6.4)

The last condition implies that 2 grows more slowly than any positive power. Examples which
satisfy the conditions above are h(s) = (logs)? and h(s) = (logs)? (loglogs)?, for large s and
p,q > 0.
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6.1. Comparison, existence and uniqueness

We look to verify hypotheses (H1) and (H2) needed for the Strong Comparison Principle,
Theorem 2.1. We begin by setting

Gx,r,§,X)=GE, X)=—FX)+ (&), (6.5)
where £ € R", X € S(n), and the nonlinearities F, f (and consequently, /) are as above. Note

that this is compatible with the exchange of sub- and supersolutions mentioned in Remark 2.3,
since F : S(n) — R given by

F(X)=—F(=X), forallX € S(n)

is uniformly elliptic and vanishes at zero if F' does.
We proceed to check (i) through (iii) of property (P) for i1 (s) = szh(s), with & as above:

(i) By the growth condition (1.19), we have

oo oo o0

K K 1
—ds = = ds < 00.
/h1(S) fszh(S) /sh(S)

1 1 1

(ii) Since h is nondecreasing,
L+ L?s?h(Ls) — CL?sh(s) = L*>s*>(h(Ls) — Ch(s))

is increasing for all s > O and L > 1. _
(iii) Since L, s > 0 will be taken large, it is equivalent to show that, for fixed C, C > Oand € > O,

h(Ls) — Ch(s) > €,
€ > é/Ls.
It follows from the growth condition (1.19) on A that h(s) — oo as s — oo. Hence, fix-

ing s > 0 and taking large enough L = L(s) > 1, we get h(Ls) > € + Ch(s). The second
inequality above comes from choosing L large as well.

This shows (1.17) satisfies (H1). Now on to (H2). The second matrix inequality in (H2) im-

plies X <Y 4 o(1). Hence, uX <Y 4 o(1) for any 0 < © < 1, and from the uniform ellipticity
and the definition of the Pucci operator, this gives

F(uX) = F(Y) < M*(uX = Y) < o(l).

For the contribution of the gradient term to the estimate of (H2), if suffices to have & above (i.e.,
s > s2h(s)) be locally Lipschitz and satisfy the following, as noted in Example 1 of [8]:
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(H3) For all C > 0, there exists a sequence 0 < u. < 1 defined for 0 < € <1 such that . — 1
as € — 0 and such that for all large r > 0 large enough and 0 < € small enough, we have:

Cer sup I (D) < (1 — pe) in
0<t<r(1+Ce) 727 (1=C(1—pte

))(h’l (D)7t = hi(7)).
Given the properties of & above, a lengthy but straightforward computation shows that to
verify (H3) it suffices to choose w, such that el - Ue) = +o0 as e — 0.

6.2. Loss of boundary conditions

What follows is an extension of Theorem 1.2 that includes a more general gradient term, with
a suitable growth condition. Consider

u; — M~ (D*u) = g(|Du]) in B1(0) x (0, T), (6.6)

where g : R — R, g is convex increasing for s > 0, and g(0) = 0. Note that (6.6) has no
“(x, t)-dependence”, so that Lemma 4.7 applies directly. Lemma 4.1 applies as well if uq is
radially symmetric, given that g = g(|Du|).

On the other hand, Proposition 4.8 requires a slight adaptation. In the case that w (%, ) <
Ue (X, 7), where (%, 1) is a point of second-order differentiability of the regularized function w,
we must take the regularization parameter § = §(g) small enough so that

K A An—-1 K
wi (£, 1) = M™(D*w(E, D) — g(Dw(E, D) = — — + 5 — (”f) —g (—1)

K2 8 €2
>0

to get that w is a supersolution.
For the statement of the following Lemma, we define

g O9)
a(s) =sup S22 5 >0,
y>0 &8 (y)

and recall the definition of the convex conjugate,
g*(s) =sup{ys —g(y) |y eR}.

Lemma 6.1. Let ug € C(B1(0)) be a radial function, and g as described above. Assume also that
g is such that (6.6) satisfies (H1) and (H2) of Section 2. If

]

/ 87(LA) 4o« oo 6.7)

52
1

for all L > 0, then there exist positive constants § and M, depending only on A, A, n and g, such
that, if
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1-6

1
/ uo(r) = 5 luolloe dr > M, 6.8)
F)

then the solution u of (6.6), (1.2), (1.3) with Q = B1(0) and initial data ug has LOBC at some
finite time T = T (ugp).

Proof. Aside from using all the auxiliary results leading to Theorem 1.2, the proof follows that
of Theorem 5.2 in [32]. We repeat most of the argument for convenience. Once more, we proceed
by contradiction, assuming u is a solution which satisfies (1.2) in the classical sense. We consider
@1 as previously defined, and again denote by w the function obtained by regularizing the radial
part of the solution u of (6.6) for 2 = B;(0). This function now satisfies, for arbitrary € > 0 and
O<ro<t1 <T,

pw, > (ow') + pg(lw'|) forae.r (e, 1 —e),t e (ty, ).

From the definition of a, setting y = g(Jw'(r, 1)1 (r, t) for r € (¢,1 —€), 19 <t <11, we
have

a(Yeg  (g(w'e1) = g (fer) = [w'].

Hence,

oo = ¢ (). 69)
(/o)

Let L > 0 to be chosen later. By the definition of the convex conjugate, we have

[w’|
a(l/e1)

_ vl
a(1fer)

Liw'| La(l/p) < g < ) +&"(La(/p1))

for a.e. r € (e,1 —€),t9 <t < t; (we have omitted the arguments for simplicity). This is an
instance of Fenchel’s inequality, analogous to that of Holder’s inequality in the proof of Theo-
rem 1.2.

Using (6.9), we have

1—e 1—e

1—e€
L/Iw/lﬁdri/g(lw/|)901/3dr+/g*(La(l/wl))ﬁdr-

€ €

That the second integral is finite follows from (6.7). It can also be proven that it is bounded by a
constant C that does not depend on €, as in Lemma 4.14.
Arguing as in the beginning of the proof of Theorem 1.2, we obtain

z(t) +rz() =1

where 7 is defined exactly as before, but now
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1—e

1= / g(w' g1 dr
€

1—€ 1—e

zL/|w/|,5dr—/g*(La(1/<P1)),5dr

€ €

1—e
zL/|w’|,5dr—C
€

1—e€
>L /|w|,5dr—w(l—6,t) —-C,
€

where the last inequality is follows by applying Lemma 4.16. Setting L sufficiently large, in
terms of ||¢1]leo and A1 (both of which are independent of €), and noting that w(l — €, 1) = o(1)
as € — 0, as before, we obtain

z(t) > z(t) — C forae.t € (fy, 1), (6.10)
which we can integrate to get
z2(t) = (z(tg) — C)e' ™ forall t € (19, t1). (6.11)

To conclude, note that (6.10) does not blowup in finite time, as does (5.1). We will find a con-
tradiction in the form of a bound, derived from (6.11), which we can easily violate by choosing
the appropriate ug. Also, since our aim is to prove nonexistence beyond some finite time, we
may assume 7 > 0 is large to achieve this contradiction. By choosing the time-regularization
parameter small as well, the difference f; — #o can be made large as well, say t; — 1o > 7/2.

Asin (5.11), we have

1-8
z(tg) > / uo(r)er)p(r)dr +o(1), ase, top— 0. (6.12)
s

On the other hand, by evaluating (6.11) at r =1y,

2(tg) <e Mz )y+ C
1—e

<e 2 / w(r, o1 (r)pdr + C.

€

Recalling the bounds for ¢, p, that ¢, p are bounded by below by a positive constant in [§, 1 —
8], and that ||w]|co < ||#0llco, We take T sufficiently large so that
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1-6
| N
) = 5 / luolloo@p dr + C.
F)

Combining both estimates for z(#p), we have

1-6

1 AouA
/ (o = 5 lluollec)(r)p(r)dr < C,
8

where C = C(A, A, n, g). This bound is readily violated by choosing a suitably large u(, and
as before, it is equivalent to the one in the statement of the lemma since ¢ and p are uniformly
bounded from below in [§,1 —§]. O

Finally, we proceed with the proof of the extension mentioned in the introduction.

Proof of Theorem 1.3. First, define g(s) = s2h(s), where h satisfies (6.2)—(6.4) and the growth
condition (1.19). It is proven in Lemma 5.3 and the Completion of Theorem 2.2 in [32] that g so
defined satisfies the hypothesis of Lemma 6.1, including (6.7). Furthermore, using (6.1), if u is a
solution of (1.17), formally we have that

uy — M~ (D*u) > u; — F(D*u) = f(Du) > | Du|*h(|Dul) = g(| Dul)
in 2 x (0,7),

and this is readily checked using test functions. Hence, u is a supersolution of (6.6) in Q x (0, T').
Using the interior sphere condition, without loss of generality we may assume that B;(0) C @
with B;(0) tangent to d€2 at some point xg € 92 N dB1(0) (This is equivalent to repeating the
constructions of Theorems 1.2 and 6.1 on a ball of arbitrary radius and performing translation.)
Arguing as in the proof of Corollary 5.2, we conclude that u is a supersolution of (6.6) in B1(0) x
(0,T). Let uig € C(B1(0)) nonnegative, radially symmetric and satisfies (6.8), and consider the
solution # of (6.6) with initial data iz9 and homogeneous boundary data. By Lemma 6.1, & has
LOBC in finite time 7’ > 0, and since it is radially symmetric we may conclude that LOBC
occurs at xo € B1(0). Now define

ip(x), xe€B1(0)

up(x) = _
) 0, xeQ\B(0).

By comparison, we have that the solution u of (1.17)—(1.2)—(1.3) with initial data u¢ satisfies
u(xo, T") > ti(xg, T) > 0, hence u has LOBC. O

Remark 6.2. The more general nonlinearities do not admit a rescaling argument like the one
given in the proof of Corollary 5.2. Furthermore, (1.17) may no longer have radial symmetry.
The preceding argument is in some sense simpler, but it does not provide a condition one can
check for any given initial data like the one in Corollary 5.3.
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Remark 6.3. The typical example for the nonlinearity # in Theorem 1.3 is A(s) = (logs)? for
q > 0 and large s. In this case, the growth condition (1.19) forces that g > 1. This is consistent
with what is known to be a more precise condition for preventing GBU in the case of the viscous
Hamilton—Jacobi equation: for

ur — Au= f(u,Vu) inQ x (0,7T),
GBU does not occur if
|f (u, Vu)| < Cu)(1 + |Vu|)h(|Vul)

where C (u) is locally bounded, and % is positive nondecreasing and satisfies

e¢]

/ 1
=00
sh(s)

1

See [30], Ch. IV, and the references therein.

Remark 6.4. The proof of Theorem 1.3 uses only the uniform interior sphere condition. Both in-
terior and exterior sphere conditions are assumed to establish a connection between Theorems 1.1
and 1.3. Specifically, to have both results applicable in the same situation. See also Remark 3.2.
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