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Abstract

We prove uniqueness in inverse acoustic scattering in the case the density of the medium has an un-
bounded gradient across ¥ C I' = 92, where 2 is a bounded open subset of R3 with a Lipschitz boundary.
This follows from a uniqueness result in inverse scattering for Schrodinger operators with singular §-type
potential supported on the surface I' and of strength o € LP ('), p > 2.
© 2018 Elsevier Inc. All rights reserved.

MSC: 81U40; 78A46; 35J10; 47B25

Keywords: Inverse scattering; Acoustic equation; Schrodinger operators

1. Introduction

The aim of this paper is the study of the uniqueness problem in the inverse scattering for the
acoustic wave equation
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in the case ¢ has an unbounded gradient across some surface ¥ C I' = 9%, where  C R? is
open and bounded with Lipschitz boundary. Here u is the pressure field, o is the density and v
is the sound speed; we assume that o(x) = v(x) = 1 whenever x lies outside some large ball
Br D Q.

To introduce our arguments and to allow the reasoning in the following lines, we start assum-
ing that the functions ¢ and v are positive and sufficiently regular (for instance we can take o of
class C? and v bounded). Looking for fixed frequency solutions of the kind u (¢, x) = e~ioly  (x),
o > 0, one gets the stationary equation

2 2 1
—w Uy =v0oV-{—Vu,|. (1.1)
[

Defining i, 1= 0!

Uy, the equation (1.1) transforms into
H(p,v,w’:iw = wzﬁw , (1.2)

where H,, , ., denotes the Schrédinger operator

Hyvo=—0+ Vo0 (1.3)
Ag 1 2 1
Vov,o =V +Vow, Vo = 7 , @i= ﬁ , Vo= |1- p . (1.4)

Notice that, since ¢ = v = 1 outside Bg, the potential V,, , ., is compactly supported.

As well known from stationary scattering theory in quantum mechanics, whenever V is a
short-range potential, a generalized eigenfunction for the corresponding Schrddinger operator,
(—A + V)Y = K>y, k > 0, admits the outgoing representation

1 eiklxl . B . X
(27_[)3/2st(k,§,x)+0(|x| 3, k=,

Prx) = e 4

where sy (k, é, é’), é, é’ € S?, denotes the scattering amplitude (see e.g. [3, page 425]). Since the
solution u,, of equation (1.1) and the solution u,, of the corresponding quantum scattering prob-
lem (1.3)—(1.4) identify outside a ball, i.e.: u,(x) = i, (x) for |x| > R, the above representation
yields the asymptotic formula

iwlx|
x|

where the far-field pattern ugf’v is related to the scattering amplitude by the equality

t () = €15 4

U, (@.&.%) + 0(|x|7?),

~

(;€,&). (1.5)

o] PN
uQ,v (1), Evé ) - (27_[)3/2 SV(p,v.w
The inverse acoustic scattering problem consists in recovering the couple of functions (g, v)
from the knowledge of the far-field pattern at some fixed frequencies; in particular, to recover the
two independent functions o and v, one needs the knowledge of the far-field patters at least for
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two different frequencies @ and @. Clearly, the solvability of such an inverse problem requires a
corresponding uniqueness result:

, - 7') QZ Uz(w’ 7') N Ql =Q2

ug; v, (@, ) =ug  (@,-,) V] =1v;.

Ql Ul(

By (1.5), this uniqueness issue is a consequence of an analogous result concerning Schrédinger
operators:

SVI(U),'N):SVQ(O),',') - Vl:V2 (16)

The justification of the uniqueness property (1.6) goes back to the pioneering works [27,32,33].
The idea is based on the orthogonality relation f Br (V1(x) = Va(x))ui(x)uz(x) dx = 0, involving
the total field solutions u; to the Schrddinger equation with potential V;, and which can be de-
rived from the equality of the far-field patterns for the two frameworks. Then the strategy consists
in constructing a specific set of solutions u j, known as complex geometrical optics solutions or
CGO'’s in short, and use them to deduce that V1 V2 (here” stands for the Fourier transform).

Finally, the two equalities Vi, v;,0 = Vg, 05,0 a0d Vy, v .6 = Vi, 1,6 entail (o1, v1) = (02, v2).

The aim of our work is to extend the above reasoning and conclusions to the case in which the
density function o belongs to HIL . (R?) and the jump of its normal derivative across some closed
set ¥ C I' belongs to L”(I"), p > 2, where I" is the Lipschitz boundary of some opened and
bounded © C R? (see Section 7 for the precise hypotheses and statements). Under these condi-
tions, the corresponding Schrodinger equation is modeled by a potential of the form (1.3)—(1.4)
with and additive §-type potential supported on I with a strength belonging to L”(T"), p > 2
(see Section 3). Hence, the inverse problem consists in extending the above approach (holding
for regular perturbations) to the case of Schrodingers operators with singular §-type potentials
supported on I'.

As the setting of the problem is motivated by many applications in sciences and engineer-
ing, after those mentioned works, a considerable effort was put to improve and refine these
results to deal with potentials in more general classes of functions and also other models as
the electromagnetism and elasticity for instance. The reader can see the following references for
more information [10,19,34,36]. A model of particular interest is the EIT (Electrical Impedance
Tomography) problem, also called Calderén’s problem, which consists in identifying the con-
ductivity o using Cauchy data (u|3q, o Vu - v|yq) of the solution of V- oVu =0, in Q C R3.
The uniqueness question of this problem is reduced, in the same way as described above, to the
construction of the CGO’s, see [32], where o is a positive C 2_smooth function. The regularity of
o is reduced to C37€ in [6], then to C3%in [28] and to C%’p, p > 6in [7]. Finally in [15,9] this
condition is reduced to W1-°° and then to W -3 in [16] where the CGO’s are constructed allowing
potentials of the form V- f 4k, where f € L3 and h € L? with compact supports. This last result
is a key for us as §-type potentials, with strengths in L”(I") p > 2, can be cast in these forms (see
Section 6). In particular, using CGO techniques, the analysis developed in Section 6 and Sec-
tion 7 provides With a uniqueness result for the case of positive and bounded acoustic densities
o which are in H loc (R ) and such that |ng/exg | € L4 (Rin/ex) and AQm/er € Lz(Qin/ex), where
Qin/ex denotes the interior or the exterior of £2, while the normal derivatives across a closed sub-
set ¥ of I" have jumps of regularity L?(X) with p > 8/3 (see Theorem 7.4 and Remark 7.3 for
the details).
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Let us now discuss the forward problem and how we model the acoustic scattering with such
regularity of the density. There are several ways to study and describe the solutions of the forward
acoustic scattering and generate the far-field patterns. We mention the variation formulation,
see [18,8] for instance, which reduces the problem to a bounded domain €2 by introducing a
Dirichlet-Neumann map to the exterior problem, i.e. stated in R3 \ &, where the background
is homogeneous. A second approach consists in using integral equations; this allows to reduce
the problem to inverting a Lippmann—Schwinger equation via the Fredholm alternative, see [22].
The approach requires, in addition to the regularity of the coefficients, a positivity of the contrast,
i.e. in our case vZp = const. and p < 1, see [22].

In this paper we follow a different strategy and exploit the connection between the acoustic
problem and the Schrédinger one, providing the link between (1.1) and (1.2) in the case the
density o is no more C? as supposed in the reasonings above. Due to the lack of regularity of o,
we use Schrodinger operators with §-type potentials and unbounded strengths, thus generalizing
previously known results about such kind of operators (see e.g. [5], [25] and references therein);
for this class of operators we provide the rigorous construction as self-adjoint extensions of the
symmetric operator A|CZp,, (R3\I'). The Schrodinger approach allows the use of techniques
from quantum mechanical stationary scattering theory, in particular, by extending some results
provided in [25], we get a limiting absorption principle (LAP for short in the following) for our
class of Schrodinger operators; as a consequence, the scattering amplitude is derived and used to
define the acoustic far-field patterns. Let us remark that, by combining the results contained in
[30] with [12, Theorem 16], one could get a non-stationary scattering theory (i.e. the existence
of the wave operators) directly for the acoustic model whenever 0 < ¢} < g,v < ¢ < +00.
Nevertheless, using the connection with Schrédinger operators, and the corresponding LAP, our
approach has the advantage of easily providing with the acoustic far-field patterns in terms of the
(quantum mechanical) scattering amplitude and results better suited for the study of the inverse
scattering problem.

The paper is organized as follows. The self-adjoint realizations of such operators are provided
in Section 2 and the existence of a limiting absorption principle for them is given in Section 4.
The proof of the connection between Schrodinger operators with §-type potentials and acoustic
operators with densities with unbounded gradients is provided in Section 3. In Section 5, we give
sense to the far-field through the construction of the generalized eigenfunctions. In section 6, we
derive the uniqueness result for the Schrodinger model, as Theorem 6.2, and then we conclude
the corresponding result for the acoustic model, as Theorem 7.4, in Section 7.

2. Schrodinger operators with delta interactions of unbounded strength

Let V € L2(R3) 4+ L>®(R3); then, by the Kato—Rellich theorem,
Ay tH*R) C L*RY) - L*RY), Ay:=A-V

is self-adjoint and bounded from above. Here H* (R3), s € R, denotes the scale of Sobolev Spaces
on R3, we refer to [14, Chapter 1] for the appropriate definitions of such spaces and for the trace
maps defined on them; we also refer to the same book for the definition of the scale H*(I"),
|s| <1, of Sobolev spaces on the Lipschitz surface I' which we use below.

Ay can be broadened to an operator in H ~2(R?) (by a slight abuse of notation we denote
such an operator with the same symbol):
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Ay 2R Cc H 2R - H 2R, Ay:=A-V,

where now V denotes the linear operator, belonging to B(L?(R?), H~2(R?)) by the Kato—Rellich
hypothesis, defined by

(Vi v) o o=, Vv) 2, ueL*R), ve HX R C L¥[®R?).
Since Ay € B(H*(R?), L?>(R?)), by duality and interpolation one has

Ay e BH 2R}, H(R?), 0<s<2

and, setting RZV =(—Av+27Lze p(Ay),

”RzV”B(H*S(R3),H*H2(R3)) < IIRZVIIB(LZ(W),Hz(Rs)), 0<s<2.

Lemma 2.1. Let a’zv denote the distance of 7z € p(Ay) from o (Avy). Then there exists cy > 0
such that, whenever dZV > cy,

1

_—, 0<s<2,0<t<2.
@yy'—z

Vv
”RZ ||B(H—-V(R3)’H—S+I(R3)) <

Proof. By RY = R2(1+ VR?)™! and ||V R?|lg 123y — 0 as |z| = +00, one gets, whenever
dY > cy
Z 9

||RZV ||B(L2(R3),H2(R3)) S 1 .
Thus, since

v 1
IR llpr2ms)y = i
Z

by interpolation one obtains

1
IR B2 ®3), 5 (®R3)) = (dZV)“é
and, by duality,
IRY | <
B(H5(R3)),L2(R3), = _s
z IB(H 5 (R3)),L2(R3) @V

The proof is then concluded by interpolation again. O
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Given Q C R?, open and bounded with Lipschitz boundary I, we introduce the bounded and
surjective trace map

vo: H'FT(R3) = H'(T), O<s<1,

defined as the unique bounded extension of the map

V5 1 Coopp®) —> C(I), ypu(x) =u(x), xeT.

1
In the following we also use the extension (denoted by the same symbol) of g to Hlsotz (R?)
defined by you := yo(xu), where x € C%° (R3) and x = 1 on an open neighborhood of T

comp
Using the adjoint y; : H*(I') - H™* -3 (R3?) and R;/ we define the bounded operator (the
single-layer potential)

SLY =RV yg :H(I) > HIZ(®R?), 0<s<I.

z
This gives the bounded operator
wSLY : H5() - H'™(I), 0<s<l.
Remark 2.2. Given ¢ € H*(R%) and & € H5(D), |s| < 1, let y := ¢ — SLY &. By the definition

of SL;/ one has (—=Ay + 2)¥ = (=Ay + 2)¢ — y;&. Thus, notwithstanding neither Ay nor
Yo & belong to L%(R?), one has

Avy —yiE e LA(RY).

Lemma 2.3. Let « e B(H*(T"), H*(I')), 0 < s < % Then there exists cq, v > 0 such that forall
z € C such that d;/ > cq v one has (1+ )/()SLXot)_1 e B(H*(I)).

Proof. By Lemma 2.1, one has

1 1
RY e 5 By < — O0<s<-—-.
A R =0=3
Thus
170RY ¥4 a0y sty < ——— 1702 0<s<s
Yoz Yo lIB(H— (), HS () = (dv)%—s Yollg(ps+1/2(R3), s (1)) ° =5

Z

Such an inequality show that if 0 < 5 < % then there exists ¢y v > 0 such that operator norm
||yOSL;/a||B(Hs(r)) is strictly smaller than one whenever d;/ >cqy. O
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Corollary 2.4. Letra € B(H*(I'), H*(I")),0 < s < % such that o* = a. Then there exists a finite
set So.v C R such that (1 + oe)/oSL;/)_1 e B(H™*(I")) for any z € p(Ay)\Sq.v. Moreover

(1T +aySL))'a)* = (1 +apSLY) a. 2.1)

Proof. Let 0 < s < % By the compact embedding H'~*(I") < H*(I") and by ran(ySLY) €
H'=5(I"), the map ySLY : H=*(I') — H*(T') is compact and so ySLY & : H*(T') — H*(T)
is compact as well. Moreover, by the identity SLY = SL) + (w — z)RY SL), the map z —
yoSL;/a is analytic from p(Ay) to B(H*(I")). Thus, since the set of z € p(Ay) such that (1 +
)/OSLXOl)_l € B(H?*(I")) is not void by Lemma 2.3, by analytic Fredholm theory (see e.g. [31,
Theorem XIIL13]), (1 + pSLY @)~' € B(H*(I")) for any z € p(Ay)\Sq,v, where Syv is a
discrete set. By next Theorem 2.5, S, v is contained in the spectrum of a self-adjoint operator
and so Sy, v C R; hence, by Lemma 2.3, Sy v C [supo (Avy), supo (Ay) +cq, v] and so it is finite
being discrete, i.e. without accumulation points.

Since (1 + y0SLY )* = (1 4+ yoRY yi)* =1+ anRY v =1+ aSLY and 1+ ySLY o is
surjective, 1 4+ aygSL y is injective and hence invertible for any z € p(Ay)\Sq,v. Moreover

(1 +aySL)) ' = (1 +wSLY )™ = (1 + wSLY)™") e B(H ().

By the obvious equality (1 +oeyoSL¥)oe =a(1+ )/()SLyoe), one gets (1 +oeyoSL¥)_1oz =a(1+
)/()SL;/oz)_1 and so

(1 +aySL)) 'e)* =a((1 +apSLY) ™) =a(1 + pSLY &) ™!
=(1 +otyoSL¥)_loz. O

By the previous results one has

C\R C p(Av)\Se,v € Zy.a :={z € p(Av) : (1 +anSLY) ™" e B(H*(IM)}. (2.2)
Thus
AR
and
RY:=RY — SLY(1 +anSLY)'anRY ., z€Zyq. 2.3)

is a well-defined family of bounded operators in L*(R3).
Taking A, € RN p(Ay), in the following we use the shorthand notation SLX = SL)YO.

Theorem 2.5. Let V € L2(R?) + L®(R%) and o € B(H*(I), H*(), « =a*, 0 <5 < 1. The

family of bounded linear operators R;/ @ given in (2.3) is the resolvent of the self-adjoint operator
Ay g in L2(R3) defined, in a ho-independent way, by

dom(Ay o) := (¢ € H2>5(R3) : v+ SLY ayoy € HX(R?)}, (2.4)
Av oV = Avy — ygany . (2.5)
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Proof. We proceed as in the proof of [29, Theorem 2.1]. Setting A, := (1 + ocyoSL;/)_l(x, using
the resolvent identity for RZV and definition (2.3), one gets, for any w, z € Zy o (see the explicit
computation in [29, page 115])

z—w)RVRYV“ =RV — RV _ 5LV ((AZ —Ay) —(z— w)AwyoRXSLZVAZ) YRV .
(2.6)

By SLZ = RZV ¥ and resolvent identity for RZV , it results
(1+aySLy) — (1 +apSLY) = (z — w)ayR,, SLY .

This yields

Az — Ay =z —w)AyyoRYSLY A,
and (2.6) reduces to

(z—w)R,*RY“ =R} —RY™.
Therefore RY*® is a pseudo-resolvent. Moreover, RY'® is injective, since, if ¥ € ker(R)"*) then

RYy =RYyiA R ¥

This gives sztp =0 and so ¥ = 0. Hence, see e.g. [21, Chap. VIII, Section 1.1], sz’a is the
resolvent of a closed operator Av,a and the identity (2.1) implies

Z

(RV<) = RY®

so that such an operator is self-adjoint; given z, € Zy 4, Av,a is defined, in a z,-independent
way, by

Aygi=—RY) " +2,,  dom(Ay,) :=ran(R)). 2.7)
Notice that any ¥ € dom(Av,a) is given by
v =RV =y, —SLY Ao, V.. =RYpe H*R), g L*®’). (2.8)

By the mapping properties of SL, and by ran(A;) € H*(I'), one gets dom(Av,a) =
ran(RY%) € H2~5(R3). Thus

~ 3 _
dom(Ay.q) 1= {w e HI (R ¢ =y, — SLY (1 +ayoSLY ) ey, , v, € HZ(R3)} :
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The definition (2.7) yields
(—Ava+2)¥ = (Ava + 2R o =9 = (Av + 2R ¢ = (Av + )V, . (29)

Let us now show that Ay = Av,a-
Let ¢ =, — SLY Az yoyz, € dom(Ay o). Since

ayoy = ayoyz, —aySLY (1 +anSLY) tany., = 1 +anSLY) ey, = Ay, .
(2.10)

one has y =, — SLZO[)/()I//. Then

¥+ SLY ayoy =y, — (SLY — SLY Yayoy =¥, + (2o — o) R} SLY ayoyy € H*(R?)
(2.11)

and so ¢ € dom(Ay ). Conversely, given ¢ € dom(Avy ), define ¥, := v + SL; yoy. Then,
by (2.10), ¥ =, + SL., A, yov., and, by (2.11), ¥, € H*(R?). Thus ¢ € dom(Ay ) and so
dom(Ay o) = dom(Ay ). By (2.9),

Ava¥ = Avi, + 20 —¥z,) = Ay, +2oSLY Az yovre,

= Av¥e, + 2oSLL ayoy = Avy + (—Av +20)SLY ayy = Ay + ygayoy

= AV,oﬂ/f .
Finally,

¥+ SL) ayoy = + SL ayoyr + (ho — o) R} SL), ayoy

shows that the definition of dom(Avy ) is A.-independent. 0O
Remark 2.6. A particular case of operator « € B((H*(I"), H*(TI")), such that ¢« = o* is @ €
M(H*(T), H*(I)), a real-valued, where M (H*(I"), H*(I")) denotes the set of Sobolev multi-
pliers on H*(I") to H~*(I") (here and in the following we use the same notation for a function and

for the corresponding multiplication operator). By proceeding as in the proof of Theorem 2.5.3
in [17], one has

jel'? € M(H* (D), LX) =« M(H* (D), H*(I')).

Then, by Sobolev’s embeddings and Holder’s inequality, one gets

p> = LP(")C M(H*("), H*(I)).

© | =

Thus we can define Ay , whenever « € LP(I"), p > 2.
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Remark 2.7. One can check that, in the particular cases where V € L®[R3), o € L°°(T") and
I" is smooth, the self-adjoint operators Ay o coincide with the ones studied (and constructed by
different methods) in [5, Section 3.2]; also see [24, Section 5.4] for a construction that follows
the lines here employed in the case V € C° (R3),a € M(H% (I")) and I is of class C!!. Similar
kind of operators in the case I' is not necessarily Lipschitz and can have a not integer dimension
have been considered in [29, Example 3.6].

Remark 2.8. Here and below we use dualities (-, -) xx x which are conjugate linear with respect
to the first variable. Let £ € H—5(I"), 0 < s < 1. Since

(VOE: D) —s—12R3), gs+172R3) = (&2 YOB) 15 (1), ()

for all ¢ € H*+1/2(R3), the distribution ¥y has support contained in I'. In the case & € L*()
one has

(V0&: D) 123, st 2R3 :/§(X)¢(X) dor(x),
r

where or denotes the surface measure. In particular y(;“l = 81, where 1 denotes the Dirac dis-
tribution supported on I'. Introducing the notation y;& = &4r, the operator Ay 4 is represented
as Ay oY = Avy — ayoydr and this explain why this kind of operators are said to describe
quantum mechanical models with singular, é-type interactions.

Remark 2.9. Notice that Ay, is a self-adjoint extension of the symmetric closed operator
Ay|ker(yp). If o« € M(H*(I'), H~*(I")) then supp(yjayoy¥) € Xo, Xy := supp(a), and so
(Ay,o¥)|ZS = (Ayy)| 2. This shows that Ay o is a self-adjoint extension of the symmet-
ric operator Ay |C§;’mp (R3*\=4) and so it depends only on X, and not on the whole I': outside
3, we can change I' at our convenience without modifying the definition of Ay ,.

Lemma 2.10. Under the assumptions of Theorem 2.5, the self-adjoint operator Ay g is bounded
from above and c.55(Av o) = (—00, 0]. Moreover, if V is compactly supported and R3\§2 is
connected then o,(Ay o) N (—00,0) = 0.

Proof. By V € L*(R3)+ L (R?) and by the Kato—Rellich theorem, Ay is bounded from above.
Thus, by (2.2), there exists Ay > sup(o(Ay)) such that: A € Zy o for all A > Ay. Then, the
resolvent formula (2.3) implies (Ay, +00) C p(Ay ) and so Ay , is bounded from above.

By Corollary 2.4, by the compact embedding H~*(I") < H (") and by (2.3), the resolvent
difference RZV o RZV is a compact operator. Therefore, since o,ss(Ay) = (—00, 0] (see e.g. [31,
Example 6, Section 4, Chapter XIII]), one has o,ss(Ay,q) = Oess (Av) = (—00, 0].

Let us now suppose that supp(V) is compact and that exists A € ,(Ay ) N (=00, 0); let
Y, denote a corresponding eigenvector. Let K a compact set containing both I and supp(V),
so that (—Ays 4+ A,)| K€ = 0; by elliptic regularity, ¥, € C*°(K€), and, by the Rellich esti-
mate one gets ¥, | K¢ =0 (see e.g. [23, Corollary 4.8]). Using the unique continuation property
(holding for our exterior problem in R\ according to [20]), we get ¥; |R3\Q = 0. Since
V5. € dom(Ay o) C H2~5, this gives yous = 0 and so ¥; € H2(R3) and (—Ay + Ay =0,
i.e. A €0, (Ay). This contradicts o, (Ay) N (—00, 0) = @ (which holds for any V € Ly, (R3),
see [20]). O
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The next lemma shows that the construction leading to Theorem 2.5 is unaffected by the
addition of a bounded potential:

Lemma 2.11. Let V and o be as in Theorem 2.5. If Voo € L°°(]R3) then

AV,a + Voo = AV+Voo,o: .

Proof. According to the representation (2.5), we only need to show that dom(Ayiy, o) =
dom(Avy ). By the definition of SL X and the second resolvent identity there follows

SLY — SLY TV = RY Voo SLY V.
Since RZV Voo € B(L2(R3), H2(R3)), then (2.4) yields the sought domains equality. O
3. The connection between acoustic and Schriodinger operators
We begin the section by reviewing some results about multiplication of distributions and re-

lated topics.
Given the couple u € H/

IR}, ve HS(R?), 0 <s <t, we can define the product uv €
7' (R3) by

(v, )1,z = (v, ¢y s € DR).
In particular, the product u(y;é) € 2'(R3) is well defined for any € € H*(I'), 0 < s < I, and
ueH (R, t>s+3.

Lemma3.1. Ifu € H. (R®), ve HS[R?), 1 <s+1<t1, then

V(uv) = (Vu)v+uVuv. 3.1
Proof.

(Vv), ¥)gr .9 == v, Vo) g, 9 = = (v, uV ) g—s ys = —(v, V(Ug) — ¢pVit) s ps

= (V0,¢i0) 51 st + {(Vi)v, @) . = Vv + (Vu)v, $) g . O
Remark 3.2. Notice, that, by the same proof, (3.1) holds true also in the case u € (R3) and
vel? (RY).

loc

1
Hcomp

Lemma 3.3. If u, v € H'(R?) then uv € WHHR3) and yo(uv) = youyov in LY (I).

Proof. By (3.1), uv € WH1(R3). Since yo € B(WL1(R?), L1(I')) one has yo(uv) € L' (I). Let
{un}S° C 2R3, {v,}° € 2(R) such that u, — u and v, — v in H'(R?). Thus, by (3.1),
Unvp — uv in WEI(R3). Since 1o € B(H'(R3), H2 (), y0(tntn) = YoltnYoUn converges in
L'(I") to both yo(uv) and youyov. O
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Since W1-(I") € M(H*(I")), 0 < s < 1, we can define the product & € W!-*°(I")’ whenever
teH' TD)andé e H (N, 0<s<t<1,by

(& ooy wioe =& fO g s feWH2(D).

Notice that the inclusion W1-%°(I") ¢ H'(I") implies H~*(I") ¢ W>°(I")’, with 0 < s < 1. Since
Yo € WH°(I") whenever ¢ € 2(R?), given & € W1°(I")’ one defines Yo€ € 2'(R?) by

V& D). 7 = (. 0P wiooy wieo, P € DRY).

In the case £ € H™*(I'), 0 < s < 1, the mapping properties of yp imply y;& € H —5=3 (R3); then,
from the above identity one recovers the preceding definition in term of the dual map of the
trace yp.

Lemma34./féc H (I),0<s<1,andue Ht+%(R3), t > s, then

u(yy &) =vy (Vout).
Proof.

W(v58), PY .9 = (Vo &, it) y—s—112_ps+12 = (€, YodY0il)) s s
={(youé, 0P) (wi.coy oo = (J/(;k (voué), d)g 9. O
Lemma 3.5. Let u € H) (R?) such that 1 € L®(R3). Then 1 € H!, (R®) and

1 Vu 1 1

V_Z__27 VO_Z_'
u u u You

Proof. Since % € L*®(R?), the definition of the distributional gradient
1 1 3
V-, ¢ =— | =V¢dx, ¢ 2R,
u 9.9 u
R3

shows that V% e WHIR3)) = w~1°(R3). Thus, for any v € WZ]O’J (R3?), we can define the
product UV% € 2'(R3) by

<vvl,¢> =<v1,¢ﬁ> , » € 2(R?).
u @/,,@ u W—l.m,wl‘l

Since u € HY (R%) c W1 (R?), by

Ozfé(ﬁwﬁ)dx:/é(V(ﬁ¢)—¢Vﬁ)dx» b IR,

R3 R3



A. Mantile et al. / J. Differential Equations 265 (2018) 41014132 4113

we get

1 1 Viu

<V—,¢ﬁ> =<uv—,¢> =—/Tu¢dx, be IR,
u W—l.oo’Wl,l u 9.9 u
R3

ie. uV% = —%. Let x € C?fjmp(R3) such that x = 1 on an open neighborhood of I'; by
Lemma 3.3, 1 = yo(xux%) = yo(xu)yo(xi) = youy()%. Thus ypu is a.e. different from zero
and y()% = VOLM O

Given the real-valued function ¢ we suppose there exists an open and bounded set 2, =
Q ¢ R3 with Lipschitz boundary I, = I' such that

1 1
peH (R, o c L¥®R), V,:= p (Ag, (912 ® Ag,, (¢IR20€x) € LAR?), (3.2)

where Qip = Q, Qex = R3\_§. Let n(x) denote the exterior unit normal at x € I'; the lateral
operators defined in C2,,, p(Qin /ex) by

Vlm/exuin/ex(x) =n(x) - Vitin/ex (X)
uniquely extend to bounded maps
i 1
1 B (Qungex) > H2(T).
Furthermore, by [26, Lemma 4.3 and Theorem 4.4], these extend to
~i _1
P HE Qungex) — H2(D),
Hi(Qin/ex) = {uin/ex eH! (Rin/ex) © Ay, Uin/ex € Lz(Qin/ex)} s

as bounded operator with respect to the natural norm

2 . 2 2
”Min/ex”Hi(Q = ||”in/ex||H1(Qin/eX) + ”AQin/cxuin/eX”Lz(Q

in/ex) :

in/ex)

Therefore the jump across I" given by

[P1le =P xe — 9" xe.
where x € cggmp (R3) is such that x = 1 on an open neighborhood of T, is a well-defined dis-
tribution in H _%(F). Moreover, by Lemma 3.5, ﬁ eH %(I‘) and its product with [y]e is
well-defined in W11 (I"). As further assumption, beside (3.2), we suppose

ap = (), H D)), se,1)2). (3.3)

Yo
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In particular, by Remark 2.6, hypothesis (3.3) holds true whenever
oy € LP(I')  for some p > 2.

Remark 3.6. A more explicit characterization of a class of function ¢ satisfying hypotheses (3.2)
and (3.3) is the following:

&(y)dor(y)

@(x) = o + SLE, SLE(x) := oy p—

where ¢, € Hl% . (R3) and £ € LP(T'), p > 2. By the properties of the single layer potential SL
(see [13, Theorem 3.1]), one has
Ao SLE =0, [MISLE=~§, xSLE € H'(R?) NWIFVP=OP(Qyy ey)

for any € > 0 and any x € C (R?). Since Wl+1/p—€’p(Qin/ex) C C(ﬁin/ex) whenever p > 2

comp
and € is sufficiently small, one gets ¢ € C(R?) and so ¢! € L®(R3) entails (ypp) ' € L®(I).
Thus, since [1]¢, =0, one has ay = —&/yop € LP(I') C M(H*(I"), H~*(I")).

By hypotheses (3.2), (3.3) and Theorem 2.5, we can introduce the self-adjoint operator in
L?(R3) defined by

A¢ = AVq;,th .
The next theorem gives the connection between A, and the acoustic operator:

Theorem 3.7. Let ¢ satisfy hypotheses (3.2) and (3.3), let ¥ € dom(Ay) and set u := ol
Then

VuelLl (R3CY, V~((p2Vu) e L’ RY)
and
1 2
—V-((p w) = Ay
%
Proof. By the “half” Green’s formula (see [26, Theorem 4.4], one gets
Ap = Ag, (¢]Qn) ® A, (¢01Qex) + ¥ V110
Thus Ag € H~!(R?) and, by (3.2) and (3.3), we get
l *
Vo = ” (Ap — Yy 2pv09) - 3.4

Since both Ag and Ay belong to H —1(R3) (notice that ¥ € dom(Ay) € H L(R3)), the products
¥ Ag and p Ay are well-defined in 2(R?) and from (3.1) there follows
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PAY — Y Ap=V-(pVYy — Y V). (3.5
Moreover, (3.1) and Lemma 3.5 yield

verl, @i

and, by (3.5) and (3.1), we get

1 AN 1
—V'(sﬁ V—) =—V-(¢Vy =¥Vo) = —(pAY = Ag) .
¢ o) ¢ ¢

Then, by Lemma 3.3, by (3.4) and by (2.5),

1 1
—V. (wzvf) =— (pAY — Y Ap)
% (2 (2

1
=, (@AY — Y5 apvoeyoy) — (W Ap — v apvopyoy))

1
=, (P (AY = i apnoy) — ¥ (Ap = Yoy yop))
=AY —ygapny = Ve¥ = Agyr. O
4. The limiting absorption principle

In this section the results provided in [25, Section 4], which in particular apply to Ag o, (When-

ever a € M(H% (I"))), are extended to Ay 4.
The weighted Sobolev spaces H{; (R3) are defined for k =0, 1,2 and w € R by

Hy,(R) = {u € 7'(R) : lull g (R?) < 400},

k
10138 3y = D 1 G VVul T s
j=0

where (x) is a shorthand notation for the function x +— (1 + ||x||2)1/ 2. In particular, we set
L2 (R*) = HO(R?). Since

[0, 8]~ x)"™", asx;—0,

the two conditions (x)” u € L>(R?) and (x)*” Vu € L>(R?) are equivalent to (x)* u € H'(R?);
hence

HI(R3) = {u € 7' (R : (x)"ue Hl(R3)] .
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A similar argument applies to HU% R3)

HRY) ={ue 7/ ®): (x)" ue HARY)| .
In particular, this provide the equivalent Hl% (R3)-norm

32 @) :=/<x>“’|(—A+1>u<x>|2dx.
R3

The above definitions are generalized to the case of non-integer order s € R by
HS (R3) = |u cT®RY: (x)"uc HS(R3)} ,
while the corresponding dual spaces (w.r.t. the L?-product) identify with
H™S(R?) = {u eI R : (x) M ue H‘S(]R3)} . @.1)
For the open subset Q C R, the spaces H; () and H;), (R3\S_2) are defined in a similar way. In

particular, since €2 is bounded, one has: H;, (2) = H®(£2), the equalities holding in the Banach
space sense; thus

L@ =12 @e L] (R\Q) 42)
and
HS (R3\F) = H* () @ H <R3\§) . 4.3)
The trace operators are extended to H; R3\I"), w <0, by

V(icxuex = V(?x(Xuex)a V]exuex = Vlex(Xuex)a

where x € C(2°), x = 1 on a neighborhood of T'.

comp
From now on we suppose that V € Lgomp (R3), so that op(Ay) N (—00,0) =¥ (see e.g. [20])
and, since V is a short range potential, a limiting absorption principle (LAP for short) holds

for Ay (see e.g. [2, Theorem 4.2]):

Theorem 4.1. Let V € L2 (R3). For any k € R\{0} and for any w > %, the limits

comp
RY:S ==lim(—Ay — (k> £i€))™! (4.4)
- €l0
exist in B(L%) (R3), ng(ﬂ@)). Moreover

V,+ 0,4+ 0+, oV,
RV:S =R"S —RYEVRYS, (4.5)
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and
(—A+V—KHR"S =1.

Remark 4.2. By duality, the limits (4.4) also exist in B(H,, 2(R?), L%, (R?)) and so, by interpo-
lation,

RV €B(H, (R?), H3P2(RY), 0<s<2.

In order to extend LAP to operators of the kind Ay ,, we need some preparatory lemmata. In
the following Bg denotes a sufficiently large ball such that supp(V) C Bk.

Lemma 4.3. Let V € L7, (R®). Then, for all z € p(Ay) and for all w € R,
v 2 3 2 m3
RY e B(LZ(RY), HA(RY)). (4.6)
Proof. From the resolvent identity RX = Rg (1 — VRZY ), there follows
IRY ull 72 ) < | Rl g2 3y + 1R (2) VRY el 2 ) -

Thus, since the thesis hold true in the case V = 0 (this a consequence of [31, Lemma 1, page 170],
see the proof of Theorem 4.2 in [25]), we get

1RY ull sy = (Il oy + IV RY wll .y ) - @.7)
Then the continuous injection H 2(Bg) < L (BR) yields
IVRY ull 12 @3y < llV Il 2@ I RY wlli sy < el VI 2@ IR ull 2 sy -

For w > 0, the embedding Lﬁ)(R3) < L?(R?) and the standard mapping properties of RZY lead
to

IV RY ull 2 w3y < IV I 2 IRY ull g2y < IV 12 el 2gsy < 1V 2y el 22 @)
4.8)

and so, in this case, the statement follows from (4.7) and (4.8). For w < 0 we proceed as in the
proof of [31, Lemma 1, page 170] starting from the identity

RY oyl ey u = ()T RY (x) u+ [RY, ()™ ] ()" e
An explicit computation leads to

RY ()™ )" u= ((x)"'RY + RY A (x)" RY +2RYV (x)!". VRY) (x)" u (4.9)
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and so

IVRY ull 2 sy < IV )™ RY ()" ullp2 @sy + IVRY A )™ RY ()" ull 2 o)
+2(VRYV ()™ VRY () |12 gs) -
If |w| € [0, 1], the functions A (x)*! and V (x)"™! are bounded and smooth; then the functions

VR;/A (x)ylwl R;/ and VR;/V (x)lw! ~VR;/ define bounded maps in B (Lz(R3), Hg(R3)) for any
o € R (since V has compact support). In this case, we get

l VRZV”||LZW(R3) <c|{x)” u||L2(R3) =c ||”||L2W(R3) ) (4.10)

and as before, we obtain (4.6) from (4.7). This result and an induction argument on |w| €
[n, n 4 1], allow to conclude the proof. O

Lemma 4.4. Let V € LZ,,,,(R®) and w > 1/2. Then, for all k* > 0,
IVRY Sull 2 @y < eIV 2l el 2 gs) - (4.11)
Proof. According to our assumptions, it results
IVRY ZSull 2 @y < eVl 2s) IRV S ull ooy -
and the injection H> (Bg) < L (Bg) yields
IVRY Sull 2 @) < IVl 2 IR w25y - 4.12)
Since R‘_/kj; €B (L%U(R3), HEw(R3)), the inequalities
IRY Sull s < IR Zull 2 gy < cllull 2 (R, (4.13)
hold for w > 1/2. Then the statement follows from (4.12) and (4.13). O
This result yields the following mapping properties.

Lemma 4.5. Let V € L2 (R3) and w > 1. For all compact subsets K C (0, +00) there exists

comp

ckx > 0 such that, for all k* € K and for all u € L2w(R3) N ker(R‘:}:{ - R‘:};),

V,+
IRV Full ooy < ek lull 2 w) - (4.14)

Proof. If V =0 the statement follows from [4, Corollary 5.7(b)]; in this case for all k? e K and
ue L (R?) Nker(R% — R™),

0,+ ~
IRZpull 23y < CK”u”Li(RS) ) (4.15)
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for a suitable cx > 0 depending on K. From the identity (4.5) there follows

v+ 0,+ V.t
R u=R"5(1=VR Y)u, (4.16)
and
0,+ 0,— V,+ V,+ V,—
ker (R75 —R,) S(1—=VR G)ker(R;; —R'};). (4.17)
Letu e L%} (R3) Nker (R‘:kJ{ - RX}(;); then
f=0—=VRY )ueker(R"; —R"). (4.18)
and using (4.11) there follows
f=0—=VRY )ueLL®)Nnker (R”; —R"S). (4.19)
with
1712 w3y < (I+c ||V||L2(R3))||M||L§,(R3) . (4.20)

Hence, from the representation (4.16) and the estimates (4.15), we finally obtain

V.t 0.4+ .
IRy ullpewsy = IRZ o fll sy < Ckll fllp wey < ckllullpz sy . O (4.21)

The existence of the resolvent’s limits on the continuous spectrum has been discussed in [35]
for a wide class of operators including singular perturbations. In the particular case of a singu-
larly perturbed Laplacian described through the general formalism introduced in [24], a limiting
absorption principle has been given in [25]. In what follows, we use the same strategy used in
these works to establish a limiting absorption principle for the self-adjoint operators given in
Theorem 2.5.

Theorem 4.6. Let V € L2 (R3) and let Ay o defined as in Theorem 2.5. Then the limits

comp

~1
RVa* = lim (-Av,a _ (k2 + ie)) , (4.22)
€

exist in B(L2 (R?), L2 (R?)) for all w > 1/2 and k € R\ {0}.

Proof. According to Theorem 4.1, the limits RL/;; exists for all k2 > 0 and w > 1/2 in the

uniform operator topology of B(sz(R3)), sz(R3)). Hence we follow, mutatis mutandis, the
same arguments as in the proof on Theorem 4.1 in [25] (corresponding to the case V = 0) to
which we refer for more details: by [35, Theorem 3.5 and Proposition 4.2], our statement holds
whenever there exist ¢y, ¢ and cx > 0 (the last constant depending on K C (0, +00) compact),
such that the following conditions are fulfilled:

Vo eR, VzeC\{Re(z) > c1}, RY, RY“ e B(LZ(RY)), (4.23)
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RY — RV €By (LZ(IR{3), L?,(R3)) . 0>2, ze{Re(x) > e} (4.24)

(here Boo (L2(RY), Lg(R3)) denotes the space of compact operators from L2(R?) to L%, (R3)),
and, for all compact subset K C (0, +00),

Vile K, YuelL3,®)nker(RVT =RV, IRV Jull 2@ < ck lall 3 ey - (4:25)

Recalling that Ay is bounded from above, there exists ¢; > 0 such that z € p(Ay) when-
ever Re(z) > c1; hence (4.23) holds for RZv by (4.6). Since I' is compact, by (4.6) and by
the mapping properties of yp, one has yRY € B(L2(R?), H'(T)) and, by duality, SLY €
B(H~!(I'), L2 (R%)). Thus, formula (2.3) gives (4.23) for R)*“.

Since (1 + ozyoSLX)’la € Boo(H*(I'), H*(I")), 0 < 5 < 1/2, by the compact embeddings
H'(I') < H*(I') and H=*(T") = H~'("), one has (1 +ayoSLY) "o € Boo(HY (), H~1(I")).
So, since yoR) € B(L*(R*), H'(T")) and SL} € B(H~1(I"), L2 (R?)), (4.24) follows from (2.3).
Finally, the condition (4.25) holds as a consequence of the Lemma 4.5. 0O

The previous results also allow to prove that the resolvent formula (2.3) survives in the limits
z— — (kX £i0).

Theorem 47.Let V e L% (R3), k € R\{0} and let Ay o defined as in Theorem 2.5. For any

comp
w> 5 the limits

V,+
SL 5 = Llin SL_(ksz » (4.26)
exist in B(H*(I), H2 "(R3),0<s<1,and
SLY:S =SLY + (z+KHRVSSLY . zep(Avy), 4.27)
LY =wR" 7. (4.28)

The function SLK’kfé solves, in the distribution space 9’ (R3\I') and for any € € H~'("), the
equation

(A—V+K)SLY e =0
and there exist cki2 > 0 such that

V£
”SL_kzé”Hi{f*s(Rs) > Ckiz IE 1 =5 () - (4.29)

Moreover, the limits

-1
hm(1+ozyoSL wosin) @ (4.30)



A. Mantile et al. / J. Differential Equations 265 (2018) 41014132 4121

existin B(H*(I'), H*(I")), 0 < s < 1/2, and the operator 1 ~|—ayoSLZ}j2E has a bounded inverse
such that

-1

-1
(1+ay05LZ;j;) a:]iig(‘l—i—ayoSLV’i ) a. 4.31)
€

—(k2tie)

Finally, the limit resolvent R‘_/}:;’i has the representation

-1
RVG* = RVF —sLV% (1 + ayOSLKf;) apR"E. (4.32)
Proof. The proof uses exactly the same argumentation of the proofs of Lemma 4.4 and Theo-
rem 4.5 (which give the analogous results in the case V = 0) provided in [25] and so is left to the
reader. O

5. Generalized eigenfunctions

We say that a function u+ which solves, outside some large ball Bg, the Helmholtz equation
(A + k¥ us =0, satisfies the () Sommerfeld radiation condition (or u is () radiating for
short) whenever

lim  |x|(G-V£ikug(x)=0 (5.1)

|x|—+

holds uniformly in X := x/|x|.

Given 1//,? # 0, a generalized free eigenfunction with eigenvalue k> # 0, i.e. w,? € Hfoc

(R?)
and (A + kz)w,? =0, we say that 1//,:/ /= # 0 is an incoming/outgoing eigenfunction of —Ay
associated with the free wave W;? whenever w,:/ = HIZOC(R3) solves (AV + kz)!”;:/ + — 0 and
the scattered field I/IIX ;f = 1//,:/ o+ w,g satisfies the () Sommerfeld radiation condition. Here

Ay 1 HE. R cL? (R — L2 (R, VelL?, (R), denotes the broadening of Ay defined

loc loc comp
by Ayy := A¢ — V. Let us notice that 1/ka ’Sf satisfies the Helmholtz equation outside the
support of V.

The next result is a consequence of LAP for Ay:

Theorem 5.1. The unique incoming and outgoing eigenfunctions of —Ay, V € Lgomp R3), as-

sociated with the free wave 1//,?, k # 0, are given by
V.E. V,+
v F =yl = RUTVY.

Proof. By definition, w: I~ e Hl%) . (R3) is an incoming/outgoing eigenfunction of —Ay associ-
ated with w,? if and only if (wki — w,?) is a (£) radiating solution of (Ay +kHu = Vw,?. Since
the potential V is compactly supported, such an equation has an unique (%) radiating solution.
Indeed, if u; and u, were two different solutions then u := u; — u> would be a radiating solu-
tion, outside some large ball B containing the support of V, of (A + k?)u = 0. Thus u|Bg =0.
Then, by the unique continuation principle for AV (see [20]), one gets u = 0 everywhere. By
Theorem 4.1, v ;¢ := —R"'5Vy € H?, (R%) solve the equation (Ay + k?)yy 1 = Vil
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Moreover, by Theorem 4.1, wk‘f Mi = R(i‘kiz V(- RZ;;V)I//,? . Since V is compactly supported,
1//kV ;f is () radiating by [11, Lemma 7, Subsection 7d, Section 8, Chapter II]. O

Now we extend the previous result to Ay 4. At first we introduce the following broadening of
Ay o to the larger space L? (R3):

loc

AV,a : dom(AV,a) c L2 (Rg) - leoc(RS) ’

loc

dom(Ay o) :={y € H,%“(R*) W+ SLY ayoyr € H (RY)),

oc

Av oV = Avy — yiayy .

We say that w,:/’a’+/_ # 0 is an incoming/outgoing eigenfunction of —Ay o associated with

the free wave w,?, whenever w,:/’“i € dom(Avya) solves the equation (A Vi + kz)l/fkv""’i =0
and the scattered field w,:/;‘zi = kv’ai - w,:/’i is (&) radiating, where 1//,:/’+/_ is the unique

incoming/outgoing eigenfunction of —Ay associated, according to Theorem 5.1, with 1//,? . Let

us notice that 1//,:/ ;‘z’i

satisfies the Helmholtz equation outside the supp(V) UT.

Theorem 5.2. Suppose that R3\SQ is connected and V € Lgomp (R3); let —Avy .o be defined as in
Theorem 2.5. Then the unique incoming and outgoing eigenfunctions of —Avy o associated with

the free wave w,? are given by
V,a,+ V,+ V.t V- V,+
v =y T = SLY S aneSLY ) ey

Proof. By our definitions, 1/7: = dom(A v.) 18 an incoming/outgoing eigenfunction of —Ay 4
associated with 1//,? if and only if (1/7,?: — I/I]:/’i) is a (£) radiating solution of (Ay + Ku —

3
viayou = ytayow, " belonging to HZ, " (R?). Since both the potential V and the distribution
Yoé are compactly supported, such an equation as an unique (&) radiating solution. Indeed,
if u; and u, were two different solutions then u := u; — up would be a radiating solution,
outside some large ball B containing both supp(V) and supp(y;é), of (A + k*)u = 0. Thus

u|Bf = 0. Then, by the unique continuation principle for Ay (see [20]), one gets uRI\Q =0.

3_
Since u € Hlic S(R3), then you = 0 and so u is a radiating solution of (Ay + k%) u = 0; thus,
proceeding as in the proof of Theorem 5.1, u = 0 everywhere. To conclude the proof we need
to show that ¥ € dom(Ay o), i.e. that ¥o := ¥, “F + SLY apoy "™ € H2 (R?), that
(Av.a + k)9 ** =0 and that SL"5 (1 + apSLY )" ayoy"™ in (&) radiating. Since

ozyol//,:/’o"i =1+ ayoSLK}Cf)_laympkv’i, one has, by (4.27),

o=y =4 (SLY = SLUDayoyy T = v = O + KRV S SLY ayovy ™ € Hip (RY).

Then
(Ava + k0 = Ay + KDWY = SLY S ™) — vievowy

=(—Ay — KR S ygenw] = viany T =0.
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Finally, by (4.5) and by (4.28), SL ka.f R’ kz(yoé‘ - VSLK’;;E) and so, since both yj'& and V

are compactly supported, SL_kZS is (%) radiating by [11, Lemma 7, Subsection 7d, Section 8§,
Chapter II]. O

Remark 5.3. By the resolvent identity RZV = Rg — RZV VR? and by (4.27), one gets SLY’ka =
SLY% + ¢¢, where ¢ € H2, (R%). Thus, by [$11SL% = —& (see [26, Theorem 6.11]) and
sz(]l@) C ker[y1], one obtains

[(PISLY 56 = —¢.

Then, by the identity ozyol//kv ot a1+ ayoSLK’kf)_layol//,:/ ’i, one obtains the relations

apo¥y =l T =T SL Sy
For any k > 0, we define the set
Sei={peClip.p=—k%,
where - denotes the euclidean scalar product, equivalently
Si=(p=wi+iVur +K2E:w=0, ¢ 6 es? xs? {E=0).

Clearly any function of the kind v, (x) :=e”*, p € %y, is a generalized eigenfunction of —A
with eigenvalue k.

Corollary 5.4. Given a ball Br, D 2 U supp(V), the outgoing eigenfunction pr % associated,
according to Theorem 5.2, with ¥, (x) 1= e, p € Xy, has the asymptotic behavior

ik|x|
| x|

uniformly in all directions X := ﬁ Moreover

Yy (x) = e + Yk, p. )+ O(x| %), |x]> Ro,

A
3Bg,

1
Itk )= [ (U800 59T - O vyl don ). 652)

where

V,— V,— ,
e =—RSVY, —SL Sy, .
Proof. By Theorems 5.1 and 5.2, and by the identity ayoy)* = (1 + ayOSLZ}(;)—layowV,
where pr denotes the outgoing eigenfunction associated, according to Theorem 5.1, with v,

one has I/f;/’ =Y, + I/Ip . Since (—A + kz)l/fp se = 0 outside Q U supp(V), the thesis is con-
sequence of the asymptotic representation of the radiating solutions of the Helmholtz equation
(see e.g. [10, Theorem 2.6]). O
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Remark 5.5. Since (—A + k2)y) % = 0 outside © U supp(V), by elliptic regularity v, is
smooth outside €2 U supp(V') and so relation (5.2) is well defined.

According to Corollary 5.4, the scattering amplitude sy o for the Schrédinger operator Ay
is then related to the far-field pattern w“fa by the simple relation

svalk, £,%) = @2m)? YR (k, ikE, %) . (5.3)

Indeed, by Corollary 5.4, the outgoing eigenfunction 1//,:/ ** associated, according to Theorem 5.2,

with W/? (x):= eiké *, has the asymptotic behavior

1 eiklxl

—— sy, E. D)+ 0(x172),  |x|>R,.

Vi oy ikEex
Yy (x)=e +7(2n)3/2 x|

The next lemma shows that the scattering amplitude univocally determines both the far-field
1/’8? ., and the scattered field ¥ X “.

Remark 5.6. Here and below, when considering two different self-adjoint operators Ay, o, and
Ay, «, we mean that they can be eventually be defined in terms of two different subset €21 and €25,
so that (02] =)' # (= 0€2») is allowed.

Lemma 5.7. Under the same hypotheses as in Theorem 5.2, suppose that, for some k > 0,

SV, (kv és 2) = sVz,az(kv é’ xA) for all (és )/(\f) € Sz X Sz'

Then

U o e po ) = Ui o (ko p, ), forall (p, §) € Tg x S2 (5.4)
and

1//;/’13’?” (x) = I/fXZS’g‘Z(x) . forall p € ¥y and for any x € By , (5.5)

where Br, D (21 U €2 U supp(V1) Usupp(V2)).

Proof. By (5.3) and (5.2), to get (5.4) it suffices to show that, for some R > R,, if wi‘l?é’ilc|BR =

I//l_‘]?é’iZJBR, for all £ € S2 then Yy L' |Br = v, 52| Bg for all p € 3.
Since C(S?) is dense in L2(S?), according to [37, Theorem 2] there exists a sequence { Ml c
C(S?) such that Hy f,, — ¥, in H?(Bg), where Hy, k # 0, is the Herglotz operator

Hf (x) = / FE M do ().
SZ
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Writing the above integral as a limit of a Riemann’s sum, v, can be obtained as a H 2(Bg)-limit

of a sequence of functions of the kind Y, _| am.» eikbmnx Since, by Theorems 5.1 and 5.2,

I,

v, :
ve=—L"%y,. LYS=RSV+SL S +ansSLY ) an - R

p,SC
to get (5.4) one needs to show that the linear operator szoé is continuous on HIZ()C(R3) to
L%, (R?). Since V € LZ,,,
B(H?(Bg), L2 (R3)); thus, by Theorem 4.1, RV};V € B(HZ(BR) H? (]R3)) Moreover, by

(R3), the multiplication operator associated with V belongs to

Theorem 4.7, SL k2(1+ay0SL k2) layo € B(H 2+ (Bg), sz "(R3)).So LY ©5 €B(H?(Bg),

H Zw *(R3)) and (5.4) holds true.

Ifyy ,, k. p, x)—lpvz w ks 0, X), then, by Corollary 5.4, us.(x) : —wpl 1 (x) — wpz 2 (x) =
O(|x|~2). Since uy, solves the Helmoltz equation (A + kH)ug. = 0 outside Bpg,, by Rellich’s
lemma (see e.g. [10, Theorem 2.14]), one gets us.|Br, =0, 1i.e. (5.5). O

6. Uniqueness in inverse Schrodinger scattering

- _g—1 ~
Given V e L2, (R¥) anda € H(T"), 0 < s < 1, let us define Vo € Heomp’ (R?), by Vy :=

comp
1 ~

V +yja.Forany ¢ € H;;Z (R3) the product ¥ V,, € Z'(R?) is well defined and, by Lemma 3.4,

W\Zx =V + ygayoy. Thus, since M(H*(I'), H~*(I')) € H™*(I"), we have

Veavow, $)or.o = (avol, vod) ;e » Wr € HVI(RY)

and 50 V¥ Vy € Heomp’ (R3) whenever o € M(H*('), H*(I")) and ¥ € H ISOJ;Z(]I@). In par-

ticular, whenever V and « are as in the definition of Av,a and € dom(Av,a), one has
YV, € ch,mp(R3).
We need a preparatory lemma before stating the main result in this section:

Lemma 6.1. Let wvl *and wvz "*2 be the outgoing eigenfunctions of Ay, 4, and Av, o,, associ-
ated, according to Theorem 5.2, with \rp, (x) = eP'™* and ¥, (x) = e, where both p\ and p
belong to X. Then

1 =0.

wm P H, loc

sV k) = s k) = (Wl (Vi = Vo) ¥2%)
Proof. By the definition of Va, by Lemma 3.4 and by Remark 5.3, one obtains

(W Ve, = V), W2 ) 1

comp» Hloc

= (Y (V= V2), ¥ )2 o s

+ (a1 )0, 1¢Vl al,J/o,H/f,Yzz’ Y H-s (). He () — (0200,2Y,

Vi,0q

Va,
s V0.2Y 57 ) s (T HS (T
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= (Y (Vi = Vo), ¥ )2 oy

+ ([, 1]1ﬂv1 “, VO,Iwpzz’w)H*f(I‘.),HS(Fl) - ([)71,2]1#,(‘)/11’0”, Vo,zlﬂ,‘,/zz’az)Hﬂ(rz),m(rz),
6.1)

where yp ,, and [y ;] denote the trace operators on I, and the jump of the normal derivatives
across I'y, respectively.
Let ¥, ,, m = 1, 2, be outgoing eigenfunctions of Ay, 4, associated with ¥, p € Zy. Setting

Qs £=0

Q = _
Cm TN RINQ) N Br, £=1,

where Bg D (21 U 2> Usupp(V7) U supp(V2)), one gets

Ay Wi p120m) = ((Vie = k3 Ym, p) 1R

so that

Vi, p| Qe € HA(Qem) i={u € H' (Qm) : Mgy, ut € L*(Qm)}

Then, according to the half Green’s formula (see [26, Theorem 4.4]), one obtains

<_As20ym (I/Im,p|g20,m)s (I/In,p’|QO,m)>L2(QO,m) + <_A§21,m (I/fm,p|g21,m)» 1pn,p/|g21,m>L2(§zlim)
= <VWm,p» VWn,p’)LZ(BR) + ([Pl,mhﬁm,pv VO,m¢n,p’)H—l/z(rm),l-[l/z(r‘m)
= {YL.RYm.p» YO.RVn.p') L2(9B) »

where yo g and y1 g de~note the trace operator and the normal derivative on d Bg respectively.
Thus, since Ay, , = (Vi — kz)dfmyp, by (6.1), one gets

(W Ve, = V) W2 )

camp H)! loc

Viag

= LRV VRV ) 1208 — VORY ) VLRV ™) 1238

and, by (5.5) in Lemma 5.7,

0

Vilai vy Vi.ay
<1/f)01 (Vm Voq )a sz )H[;”]np Hlloc
Vi,

={n, RWV] 1, Rlﬁ;/z"a')LZ(aBR) (Yo,rY,""" 7, Rlﬁ;/z"a')LZ(aBR)

lal 1011

(y1.r » 0, Rlﬂpz ) r208r) — (VO.R Y1, Rlﬂpz 2o - O

Finally we state our uniqueness result for inverse Schrodinger scattering:

Theorem 6.2. Let V1, V3 € LZ,,,,,(R?), a1 € M(H*(T'1), H™*(I'1)), a2 € M(H*(2), H*(I")),
0 <s < 1/2, and suppose that R*\ Q| and R*\Q; are connected. Then

SVi,aq (ka'a ) =SV2,0t2(k7'7') - Vl = VZ’ Supp(al)ZSllpp(aZ)’ o) =ap.
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Proof. Let I/JV'" @ m =1,2, be as in Lemma 6.1 and choose p; and p> in Xy in such a way
that p; + o2 = —zé, S € R3. Further set ¢X,;"’a’” (x):=e™ " xxpv’" %m(x) — 1, so that wv’” m () =
e’ (1 + ¢X;,"’a’" (x)). Then, by Lemma 6.1, setting ug (x) :=e —ifx

Fe(p1, p2) = (Voy — Vay s (@)1 + )2} 1 g

comp >,

Visay oy (7 Va, a2
+ ((bp] (Val - Vaz)a u§¢p2 >1.[L;’1np’11110C

=(Va2—Val,u§)H1 il =@(§)—§o:(§)-

comp s,

By our definitions, setting ¥, (x) = e”*, one obtains

=(Av, .0 + VS = (A+ KW, (L4 @) = Y, (14 @)V,

=V (BT 4200 -V — (14" Vi, )

Thus ¢Xﬁ;"‘ solves the equation

Ad’pm o + 2'0m V¢X’:’”’am - d)/‘)/n’:l o Va’” = Vam :
Decaying estimates of solutions of such an equation have been obtained in various papers con-

cerning Calderén’s uniqueness problem. In particular we use the recent results provided in

[16]. Since oy, € M(H*(I'), H*(T")) € H~*(T"), 0 < s < 1/2, one has Vam € Hc_omp(R3) C
—-1,3/2

Weomp (R?). Thus (see e. g. [1, Theorem 3.12 and Corollary 3.23]) Va Zl lme i+ hy

Where fmihelL’ 3(R3). Then, taking y,, € Cump (R3) such that x, = 1 on supp(Vam) one
has V, = Xm am = Zz 1 V(mem i)— Zizl fm,t i Xm + Xmhm = Zi:l Vifm,i + hm where
fm, i» he Lgom (R3). Therefore [16, Theorem 5.3]" applies to Va,,, and so, by the same reasoning
as in the (second part) of the proof of Theorem 1.1 in [16] (see in particular inequality (31)), for
any § € R3 one gets the existence of two suitable sequences {pm,n}j;xl’ C 2k, P+ 020 =—i8,
such that

lim F =
Lam £ (1,0, P2,0) =0

This implies \70,1 = Vaz and so Val = \70,2. Then, by the definition of Vam, one obtains V| — V, =
ygfzaz — y({ 11, where 9,1 and yp,> denote the trace operators on I'y and I'; respectively. This
entails Vi = V5, supp(a1) = supp(az) and o) = vp. O

7. Uniqueness in inverse acoustic scattering

The next lemma probably contains well-known results but we found no proof in the literature.

1 Such a theorem is stated for q= y~ U 2Ay 12 v logy € Lgom p (R3); however the proof only uses the decomposition
q=Y}_, Vi fi +h where f; € L},,,,(®?) and h € L3/2(R3).
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Lemma 7.1. Let o > O satisfy the hypotheses

1
0 L®®RY), —eL®®R, |Vol|leL*®RY. (7.1)
0
Then
1 1 1 v
V—el’®) and V—=—=—2. (7.2)
Je Je o 20

Let us further suppose that o is constant outside some bounded ball Br, and there exists an open
and bounded set Q, = Q C Br, with Lipschitz boundary Ty =T such that

Vel € L*Qinex) . Ay € L2 (Qin/ex) (1.3)
Then
AQiy e Ry L*(Qnjex) (7.4)
Je
and

-172y __1 [nle

= , 75
2 (yo0)3/? 72)

[71le

where ypo and [y1]o denote the trace on T and the jump of the normal derivative across T
respectively.

Proof. At first we define the sequence o, := et "0, n > 1. Then, since the heat semigroup is
positivity-preserving, strongly continuous in both L>®(R3) and L?(R?), commutes with V and
2 (L®(R3)) ¢ C*®(R3) whenever ¢ > 0, one gets g, > 0, 0, € C®(R3) N L®R3), Vo, €
L>(R3*R%), 0, — 0 in L®(R?) and Vo, — Vo in L?2(R3;R?) as n — +o0. Since o(x) >
1 /Q||Z;o &) forae xe R3, 0, (x) is definitively strictly positive uniformly in x € R? and so

9;3/2 — 073/ in L*®(R?). Thus, by V. /o, = —2_19;3/2 Von — —2"10732Vp in L>(R?),
(7.2) follows.
By Lemma 3.5, (7.2) and Remark 3.2 one gets

—=——V.— -V— 4 —V-—
o Jo o o

20274 o5
(7.6)

1 1_ Vo 140 1 11 11 1 Ao 3 |VoP?
A—m=—sV =535~ 5 Ve = 7
Ve o o

This, by o~ € L%®(R3) and (7.3), gives (7.4).
By Lemma 7.1, one immediately gets XQ_1/2|Qin/eX € Hi(Qin/eX), X € Cfgmp (R3). Then, by
the half Green’s formula (see [26, Theorem 4.4]) one has

<—AQ_1/27 U)LZ(Qin)QaLZ(QeX) = (VQ_1/27 VU)LZ(R3)) + <[)71]Q_]/2, )/OU)HfI/Z(r),Hl/Z(F)
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(R?) N L*®(R?), one has o3/ €
(RY).

for any v € H'(R?). Since both o~! and o~!/? belong to H}!

loc
Hlloc (R?) and so we can use the above Green’s formula in the case v = o —>/?w, w € C°

comp
Then, by (7.6) and (7.2), one obtains

{[P11e™"
1

_ 3 _ _
72 ((_AQ’ 07 2w) 2@ er2u T ;(Ve.e Y2wVe) 2@y — (Voo 3/2Vw>L2(R3>>>

2 ~172 ~1/2
L Yow) -2y 112y = (—A0T 2 W) 12 aver2@e) — (VO VW) 2wy,

1

=3 (<—A91 0w 2 ger@e — (VO V(Q%/zw)h?(m)))

= ([71le, vol@ W) y-12(ry iy = ([P1les vol@ ™2 yow) yg-12ry grivacry -

Therefore [711(0™"/?) = =27 'y (0~*»)[$1]0. By Lemma 3.3, yp(¢*/%) = (y00) ~*/* and the
proof is concluded. 0O

Now we introduce a further hypothesis on o:

[m]g@ e M(H*(T), H*(T)), se(0,1/2). 1.7)

In particular, by Remark 2.6, hypothesis (7.7) holds true whenever

rle € LP(T") for some p > 2.

Yoe

Corollary 7.2. If ¢ > 0 satisfies (7.1), (7.3) and (7.7), then ¢ := o~ '/? satisfies (3.2) and (3.3).

Proof. Hypotheses (3.2) are consequence of Lemma 7.1. By Lemma 3.3, one has yy(0~/?) =
(y00)~ /% and then hypothesis (3.3) follows from (7.5). O

Let us now take v > 0 such that v=! € L°°(R3), suppose that o(x) = v(x) = 1 whenever x
lies outside some large ball Bg, and set

1 1
Q= ﬁ > V(p = ; (Aﬂin (¢]R2in) + Ag., (¢|Qex)) s
2 1
Vowi=0 |1 — ) Vov,0 =V + Voo,

sothat V, € Lgomp R* and V, , € Loy (R?). By Lemma 2.11 and Theorem 3.7, there is a well
defined correspondence between the outgoing eigenfunctions ¥&"” of Ay + V.o = Av,, ,.a,

provided in Theorem 5.2 and the acoustic eigenfunctions u%" such that

1
0’ ul® +v%V- <5 wg”) =0. (7.8)
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Such a relation is given by us’ = o¥d ™. Notice that u(t, x) := e~ @Y (x) is a fixed-
frequency solution of the acoustic wave equation

1
Oy = UZQV' (— Vu) .
Q

@,v,w
w

By Corollary 5.4, since u%" = outside Bg,, the eigenfunction %" has the asymptotic

behavior

iw|x|

e up,(@,6,8) + 0(xI7),  |x|> Ro,

Ul () = e 4

uniformly in all directions X := Ii_l’ where the far-field pattern u
amplitude for the Schrodinger operator Ay, , , o, by

o.v 18 related to the scattering

~ A~

u (. &.8) = stw,v,w(w,é,s/). (1.9)

By Theorem 5.2, u%" is the unique solution of the stationary acoustic equation (7.8) such that

the scattered field uﬁ,’,vsc(x) =u8" (x) — e 16X gatisfies the outgoing Sommerfeld radiation
condition.

Remark 7.3. An more explicit characterization of a class of function ¢ satisfying hypotheses
(7.1), (7.3) and (7.7) is the following:

&(y)dor(y)

o) =1+Xo(@o+SLE),  SLE():= | = x|

e¢]

where y, € Cmmp (R3), xo = 1 on some large ball containing €2, o, € H%(R3) and & € LP(I),
p > 8/3. This includes the case where the normal derivative of ¢ has a jump across I" which is
locally supported on a closed subset ¥ C I'. By the same reasoning as in Remark 3.6 one has
Vol € LAR?), Agy, 00 € L*(Qinjex) and [P1]o/y0e € LP(T') C M(H*(T"), H*(I)). More-
over, by H*(RY) ¢ WIO(R?), by SL&E € W!TV/P=€P (Qiy/ex) (see [13, Theorem 3.1]) and by
WIH/P=€P(Qiyjex) C W4 (Qinjex) Whenever p > 8/3, one has | Vg, 0] € L*(Qin/ex)-

Thanks to Theorem 6.2, one gets the following uniqueness result in acoustic scattering:

Theorem 7.4. Let 01 > 0, 02 > 0 satisfy hypotheses (7.1), (7.3), (7.7) (see for example Re-
mark 7.3) and let vi > 0, vy > 0 such that vl_l, 02—1 € LOO(R3). Suppose ]R3\§Ql and ]1%3\592
are connected and that 01(x) = 02(x) = v1(x) = v1(x) = 1 whenever x lies outside some large
ball B, D (2o, Uy,,). Then, given w # @ # 0,

o0

ug?,vl (CU,',‘)=MZ<2>’U2(CL),',') 01 =02
) — 1,00 b —
MQ],UI(CU"a')_ugz’vz(wa'a') v =12.
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Proof. Let ¢,, = Q,;l/z, m = 1,2. By (7.9) and Theorem 6.2, one gets

[Piler  [7ile2
Oy = = =0y, (7.10)
Yo®1 Yop2

Furthermore, considering any open and bounded €2 with Lipschitz boundary I' such that
supp(aty, ) = supp(ey,) C I one has, in both L?(Qin) and L?(Qex),

A 1 A 1
ﬂ—|—(,()2 ——2 =ﬂ+a)2 1——2 N
@1 V] @2 vy
A - 1 Apy . 1
_‘P+w2 - = :_(P+w2 1__2
@1 V] @2 vy

Thus, since w # @ # 0, one has v| = vy and

(@220 /ex) AQip e (@11R2in/ex) = (@1182in/ex) Ay jex (92/$2in/ex) -

Let us set Uinjex := (@2 — ¢1)|Qin/ex, S0 that

AQin/ex ((pl | Qin/ex)

(_AQin/ex —+ Vin/ex)uin/ex =0 s Vin/ex = o |Qin/ex

Since ue.x = 0 outside Br, and Vg € L%omp(Qex), the unique continuation principle (see e.g.

[20]) leads us to @1 = @2 on 2. In addition, due to Corollary 7.2, both ¢; and ¢> belong
to H'(R3); then the previous identity yields yo¢; = yo¢2 and 71 = p{*¢2. Hence, setting
u = uin @ uex, one has [yplu = 0 and, by (7.10), [y1]u = 0. By elliptic regularity, ui, € HZ(Qin);
so u belongs to H%(R?) and solves (—A + Vip @ Vex)u = 0. Using again the unique continuation
principle, this entails u = 0. Therefore ¢ = ¢2,1.e. 01 =02. O
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