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Abstract

A revised Yau’s Curvature Difference Flow is considered to deform one convex curve X to another
one X. It is proved that this flow exists globally on time interval [0, +-00) and the evolving curve, preserving

its convexity and bounded area A, converges to a fixed limiting curve Xoo (congruent to v/ A/A X) as time
tends to infinity, where A is the area bounded by the target curve X.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

In 2007, S.T. Yau proposed an interesting problem that whether one can use a parabolic
curvature flow method to evolve one curve X to another X either in finite time or in infinite
time. In the same year, Y.-C. Lin and D.-H. Tsai constructed a linear parabolic model [21] to
evolve a convex curve to another one, where a curve is called convex if it is closed, embedded
and has positive curvature everywhere. They showed that if the two curves have same length and
the curvature is bounded above during the evolution, then X can be deformed into X.
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To settle Yau’s problem, Tsai suggested an evolution model, which is called as “Yau’s Curva-
ture Difference Flow (YCDF)”:

Pp. 1) =[k(p.1) =K (@]IN(p.1) in §' x (0, w),
(1.1
X(¢.0) = Xo(p) on S',

where « and K are the curvature of the evolving curve X and the target curve X separately and
N is the unit inner normal of X.

The significance of YCDF is that it stops if X converges to X.Butin general, this flow may
not deform X into X. For example let Xo and X be two convex curves with curvature denoted
by ko and &, respectively. If kg > K everywhere then the results in Chapter 3 of the book by Chou
and Zhu [9] or their paper [8] tell us that the evolving curve will shrink to a self-similar solution
of the famous curve shortening flow. In the embedded case, the limiting curve is a circle after a
proper rescaling [1,3].

Early in the year 1993, Gage and Li [13,15] studied a flow for convex curves

X = (p/®)kN in S' x (0, w),
(1.2)
X (¢,0) = Xo(p) on S!,

where p 1= — (X, N) is the support function of the target curve X. They showed that the evolving
curve converges to the shape of the target curve as X (-, 7) shrinks to a point, provided that the
convex body bounded by X is symmetric. Their result implies that Yau’s problem is solved
for convex initial Xy and convex, symmetric target X. Motivated by the work of Gage and
Li and the models for phase transitions [4,5,17], Chou—Zhu in 1999 considered an anisotropic
flow [7]

= (g« + F)N in S' x (0, w),
(1.3)
X(0,0) = Xy() on S!,

where 6 denotes the tangent angle, g is of the form g = d” f/d#* + f and F is a constant. They
showed that the evolving curve X is uniformly convex on the maximal time interval [0, #ax) and
the behavior depends on the value of F' when t — f,x. This result was generalized to a more
widely used model by Chou—Zhu [8]. As a spacial case, they proved that there exists a constant
F* such that the flow

= (k — F*X)N in S' x (0, w),
(1.4)
X (¢,0) = Xo(g) on S,

exists globally and X converges to a stationary solution, where ¥ is a positive, periodic function.
This flow (1.4) is an alternative model to evolve X to X if one chooses ¥ as the curvature of the
target curve. Because the critical number F* is obtained via a contradiction argument, one may
not easily find its value for a concrete X¢. Lin—Tsai [22] did some work to estimate F* in the
case that the target curve X is a unit circle.
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Inspired by Yau’s problem and the work by Chou—Zhu [7], Chou—Zhu [8] and Lin-Tsai [21],
we studied a revised YCDF of the form:

.0 =[k(p,1) = MOR@IN (g, 1) in S' x (0, w),
(1.5)
X (¢,0) = Xo(g) on S,

where A(t) =2n/ | g1 kgdg and g is the metric of X. The nonlocal term A(#) is used to keep the
bounded area A of X (-, t) a constant. Comparing to F* in Equation (1.4), the coefficient A(¢) is
dependent on time and explicitly expressed.

If the target curve X is a circle (% is a positive constant) then this flow is Gage’s area-
preserving flow [11]. If the initial curve is homothetic to X then the evolving curve is stationary
under the flow. The main result of this paper is as follows.

Main Theorem. Let X and X be two smooth, closed and embedded curves with positive curva-
ture everywhere. The flow (1.5) with initial Xy and referential X exists globally on time interval
[0, 400), preserves the bounded area A and the convexity of every evolving curve X (-,t) and
deforms X into a fixed curve X (congruent to \/ A/ A X ) as time tends to infinity, where A is
the area bounded by the curve X

The proof of Main Theorem is composed of the following three aspects:

First of all, one needs to bound the curvature « of the evolving curve X to obtain the global
existence of the flow (1.5). The positivity of « is a direct application of maximum principle of
parabolic equations. The uniform upper bound of « can be obtained via a careful analysis of an
auxiliary function Q which introduced firstly by Chou [6].

Then, since whether the evolution equation of « is degenerate or not is unknown, it’s quite
hard to estimate the gradient of « directly. The LZ-norm of x4 can be bounded by the uniform
upper bound of « and the evolution of entropy fozn Inkdf. Then the convergence of the curvature
follows from Ascoli—-Arzela Theorem and the monotony of the Minkowski length £. By the
convergence of x and its positivity, it has a positive and lower bound. So the evolution equation
of k is not degenerate.

Finally, one has to prove that the evolving curve X converges as t — oo. In the previous study
of non-local flows for convex curves, the speed of the flow can be proved exponentially decaying.
However, due to the complexity of the evolution equation of «, the exponential decay of |k — AK|
seems quite difficult to be obtained. One can follow the method in [7] or Chapter 3 of [9] to prove
the convergence of the Steiner point and the support function, leading to the convergence of the
evolving curve to a fixed limit.

In Section 2, it is proved that the flow (1.5) exists in time interval [0, +00) and preserves
convexity and the bounded area of the evolving curve. In Section 3, it is shown that the curvature
of the evolving curve converges to a limit v/ A/AK in C* sense, where ¥ is the curvature of the
target curve. In Section 4, Main Theorem is proved via showing that the evolving curve X (-, t)
converges to a fixed curve X, as time goes to infinity.
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2. Existence

In this section, some basic properties of the flow (1.5) will be explored, such as the short time
existence, the convexity of every curve X (-, t). To extend the flow on time interval [0, +00), it is
proved that the curvature « of the evolving curve is bounded for all r > 0.

The estimate of the curvature is a key step towards to the global existence of the flow. A very
useful method constructed by Kai-Seng Chou [6] can give an upper bound of x independent
of time. The idea is first to define some an auxiliary function, denoted by Q. Then applying the
comparison principle of parabolic equations can give us an upper bound of Q, yielding a uniform
bound of the curvature.

One can also follow Gage—Hamilton’s method [14] to show that the flow (2.1) exists globally
via proving the similar geometric estimate, integral estimate and pointwise estimate of x. The
advantage of the method in this paper is that it provides an uniformly upper bound of the curva-
ture. The uniform bound of the curvature is very helpful to the study of the convergence of the
flow.

2.1. Short time existence

Let 6 = 0(¢, t) be the tangent angle of X (-, t). This parameter plays an important role in the
study of curvature flows for convex curves, because it can simplify some important quantities,
such as the Frenet frame 7' = (cos 6, sinf), N = (—sin8, cos#). In order to make 6 independent
of time, one can add a proper tangent component to Equation (1.5) to obtain

X = (k — AE)N +aT in S x (0, w),
2.1
X(¢,0) = Xo(¢) on st

As is well known that the flow (2.1) differs from that of (1.5) by a reparametrization. From
now on, let s be the arc length parameter and set B := k — Ak. Under the flow (2.1) the metric g
and the Frenet frame evolve according to

ag do
5 = (g - ,3’() 1)

0T _ (e Yy 0N _ LY,
ar  \¥ s ) T T\ T

and the relation for the operators 9/ds and 9/9¢ is

90 _ (e \D 90
aras  \as %) as Tasar

Noticing that

oT . a0 a0
— = (—sinf,cos)— = —N,
ot at ot

one obtains the evolution of the tangent angle
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200 3B
oK + —
ot ds’

If X(-,¢) is a family of convex curves then x(-,7) > 0 and one can use 6 to parametrize every
curve. Now one can choose

o= —l% 2.2)
K 0S

to make sure W = (0. Because % = k (by the definition of the curvature), the metric of the

evolving curve is g = % The evolution equation of « is as follows

k9% (o 9 96

E‘aras__<$_’3> Kt asar
3 30 da 5
“asar ast TPX

Thus under the flow (2.1), the curvature « satisfies a Cauchy problem

2 2~ ~ .
e _ 2 (gez AMEE 4 —M) in [0,27] x (0, w),

2.3)
k(6,0) =xp(0) on [0,21],

where K is the curvature of the initial curve Xy. (2.3) is a quasilinear parabolic equation with a
nonlocal term

2
2T~
f K/kd6

and a positive initial value which satisfies the closing condition

2716’,0
—do =0.
Ko

0

Once this Cauchy problem has a positive smooth solution, the above closing condition holds for
k and there exists a family of convex curves drawn by «, satisfying Equation (2.1). So one can
pay attention to Equation (2.3).

The linearization of the evolution equation of the curvature « at kg is

e 5% 9%k %% -
vl =K) > 502 + | 2k0— 502 2)\(0)/(() 7 T 3/<0 2A(0)kkg )«

, %% A(O)z
KO 592 +KKO 7 —/ch
0
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It is a uniformly parabolic equation with smooth coefficients. So Equation (2.3) has a unique
smooth solution on [0, 277] X [0, f9), where £y is small (see Fact 3 in Chapter 1 of the book [9]).
One can also follow [14] or [19] using Leray—Schauder fixed point theorem to show the short
time existence of the Cauchy problem (2.3).

Theorem 2.1. The flow (2.1) has a unique smooth solution on S' x [0, to) for some ty > 0.
2.2. Convexity of the evolving curve

The continuity of « implies that there exists #; € (0, 7o) such that the evolving curve X (-, ¢)
is convex for all ¢ € [0, #1). So one can use # to parametrize the curve in a short time interval.
In fact, the evolving curve is convex whenever the flow exists. It is an application of maximum
principle for parabolic equations. In order to use maximum principle, one first needs to show that
the nonlocal term A in the evolution equation of « is bounded.

Lemma 2.2. [f the flow (2.1) exists in time interval [0, w) and the evolving curve is convex for
t €10, 1)) (to < w), then the area bounded by X (-, t) is fixed and the length of the evolving curve
and the nonlocal term A(t) can be bounded by

2
2A [ o
VAT A < L(t) < | L2(0) + T/Kd@ =C, 2.4)
m
0
2 2
—=— <AMt) < ————:=A, 2.5)
MC m~/4m A

where M := max{k(0)|0 € [0, 2]}, m :=min{x(0)|0 € [0, 27]}.
Proof. Under the flow (2.1), we have set 8 =k — Ax. Compute that

2 2
dA K
dt K
0 0

So this flow preserves the bounded area of the evolving curve. The length of X satisfies that

JL 2 2 2
Z:—/(K—)fl?)d@:—/Kd@-}-)»/?d@.
0 0 0

Noticing that Gage Inequality [10] says

and A has upper bound
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2 21
A= T~ - ==
Jo K/kdo — mL

one obtains

2
dL< nL+2rr/~d9
a = A TmL )

0

So L2(t) < L*(0)exp(—Zt) + 22 02” kd6(1 — exp(—Z1)), which implies the right hand side
of Inequality (2.4). The left hand side is a corollary of the classical isoperimetric inequality.
Inequality (2.5) is a direct corollary of (2.4). O

Since A(t) is bounded by constants independent of time, one can use maximum principle to
show that the flow preserves the convexity of the evolving curve.

Lemma 2.3. The evolving curve under the flow (2.1) is convex.

Proof. Suppose the flow exists in time interval [0, w) and there is a smallest #; € (0, w) such
that the minimum of « (-, #1) with respect to 6 is 0. Let 6, be the point such that « (-, ¢) attains its
minimum value

K (B4, t) =min{k (0, 1)|0 € [0, 2]} := kmin(2),

for ¢ € (0, #1]. Set the constants 1\711- = max{|f—£

(04, 1), one has

96[0,271]},1' —1,2,3,---. At the point

. P
— >k Kk —A— — Ak
at 362

> —k2(AM> + AM).

Using Hamilton’s technique of maximum principle [18], the differential inequality

dkmi ~ ~
d“t““ > —«2. (AMy + AM)
holds in Lipschitz sense and implies that
~ o\t
Kmin(?) > ( + (AM> + AM)t) >0, (2.6)
Kmin(0)

for all ¢ € [0, #1]. It contradicts the hypothesis of ;. O

Once the flow (2.1) exists in time interval [0, w), the evolving curve is always convex. The
parameter 6 can be used to formulate evolution equations from now on.
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2.3. Bound of the curvature and global existence

In order to extend the flow, one needs to bound the curvature. Bonnesen Inequality [23] for
convex curves in the plane says that

—r 4 rL—A>0, rip <7 <rou,

where r;, and r,,; are the inradius and outradius of the domain bounded by X, respectively. So

rom L+\/L —47 A
Tin \/L2 4T A

=W+ =17

1<
where I, () = L2 /(4 A) is the isoperimetric ratio of X.
Let us turn to the flow (2.1). By the bound of L(¢), the isoperimetric ratio satisfies that

2

c
I<h@) < —.

for all ¢ € [0, ). Under the flow, the ratio of outradius and inradius is bounded by

Tour () C2 -
Fin(?) _(\/47rA \/47rA_1) =0, 1€[0,w).

Hence r,,;(t) < ori,(t). Because nr(,m(t)2 > A, one obtains that

rin(t) >0 \A/m, 2.7)

for all ¢ € [0, w). The inradius has a time-independent positive lower bound. Now one can show
that the curvature of the evolving curve has an upper bound independent of time.

Lemma 2.4. There exists a positive constant M independent of time such that

k@,t) <M, (0,t)€][0,2n] x [0, +00). (2.8)

Proof. Let E(0) be a circle enclosed by X with radius »(0) = r;,(0). Let us shrink E£(0) and
Xo by the famous curve shortening flow to obtain two family of curves, denoted by E(¢) and
Y (¢) respectively. By the maximum principle, E(¢) is bounded by Y (¢) for every ¢. Because the
velocity of the evolving curve X (-, t) differs from that of Y (¢) by —A(t)K N, X (-, 1) contains
Y (¢) as time goes. So E(¢) is enclosed by X (-, ¢) for all ¢ € [0, w). The radius of E(t) is given
by r(t) = /r2(0) — 2¢, t € [0, 7%(0)/2].

Define p := —(X, N) the support function of the evolving curve with respect to the center of
E(0) as the origin O. The support function p(9, t) satisfies that

p(0.1)>/r20) —2t, (0,1) €[0,2r] x [0, min{r(0)/2, w}).
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Let us choose #; = 3r2(0)/8 so that p(6,t) > r(0)/2. Since p(60,t) is the distance from the
point O to the tangent line of X,

L(t)
pO,1) <|X(0,1)] < — <C.

Define an auxiliary function

0 K 0. 5= r(0)
= — > = —,

) 4
for all ¢ € [0, #1]. One has 0 < 26 < p < C, where both § and C are constants independent of
time. Noticing that

ap ~ 8Q 1 o0« K ap

— = AK — K, —,

ar 9 p—580d0 (p—25)200
20 1 0% 2 dpox Kk 9%p L ap\*
362 p—58002 (p—8200036 (p—258)2002  (p—205)3 ’

one has the evolution equation of Q:

900 ,3°Q  2«* 3pdQ 3 ~ 2

— =K —— —8(p—-8)Q° —Ap—3 —AMp—3$

o0 = sz T _soe 08 CW L A >892Q (p—8KQ
AK

0.

+20% - —

Whenever Q > 8%(AA712(C — &) 4+ 2), one obtains that

3 P 2 ) M
—8(p—98)0 —)»(P—5)892Q —AMp—8)KkQ-+20° — 3

0
< Q*[—8%Q + AMy(C —8)+2)] <0

and the function Qmax(#) = max{Q(,1)|0 € [0,2n]} decreases. By the maximum principle of
parabolic equations, Q has an upper bound

1 ~
0,1) Smax{Qmax(O)v 5—2[AM2(C —3)+2]}, (2.9)

for all ¢ € [0, #1]. Repeating the same process as above, one can show that inequality (2.9) holds
fort € [nt;, (n+ 1)t1],n=1,2,---. Thus there exists a positive constant M independent of time
such that (2.8) holds. O

If the curvature « is bounded by 0 < k¥ < M for all time, all the derivatives &£ prod 0 grow at most
exponentially by the maximum principle. So the flow (2.1) exists globally.

Theorem 2.5. The flow (2.1) exists in time interval [0, +00).
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The upper bound of « in Lemma 2.4 is independent of time. An advantage of this fact is that
one can use the uniform bound for « to obtain its convergence.

3. Convergence of the curvature

In this section, we shall prove the C*-convergence of the flow (1.5). The flow has
C?-convergence if the curvature of the evolving curve possesses a limit as time tends to in-
finity. If all the derivatives of the curvature converges then we say the flow converges in the C*°
sense.

In order to prove the convergence of the curvature, some estimate of the derivative kg is
needed. Usually, the gradient estimate of parabolic equations can be obtained by applying maxi-
mum principle to some auxiliary functions. However, this strategy works only if the equation is
uniformly parabolic, i.e., the curvature « should have a positive lower bound for all # > 0 in our
case. Up to now, it is not known whether the equation of « is uniformly parabolic for all time.
The method in the classical theory of parabolic equations is not quite usable.

We shall use the entropy fozn Inkd6 and the uniform upper bound of « to estimate L2-norm
of ky, yielding the convergence of the curvature. The C*°-convergence of the flow follows from
a classical method of parabolic equations.

3.1. C*-convergence

In the previous study of non-local flows which deform convex curves into circles, the
C?-convergence of the flow relies on the Hausdorff convergence of the evolving curve to a fi-
nite circle, i.e., the isoperimetric difference L(1)? — 4w A(1) tends to 0 as time tends to infinity.
For two given convex curves X and X in the plane, one also has a similar inequality of Wulff
isoperimetric difference (see [16])

22 _4AA >0,

2w ~

where £:= ;7 p/kd0 is called Minkowski length of X with respect to X and the equality holds

if and only if X is homothetic to X.
Under the flow (2.1), the Minkowski length £ satisfies that

ac T F (% _o%
=/—£K2<—K—A—K+K—AE>d6

dr 20\ 962 "9p2
0
2
/ 82ﬁ+~( AK)d6
=- — K — Ak
902 P
0
2
1 -
:—‘/\:(K—)\,K)dg
K
0
27
K (2n)?
=) 7Y g
J fs
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where Cauchy—Schwarz Inequality is used. So Wulff isoperimetric difference is decreasing with
respect to time. In the case of ¥ = const., Gage [11] showed that the isoperimetric difference
satisfies

d , 2,
(L4 A < —(LP—47A
dt( TA) < A( TA),

by using his famous inequality (Gage Inequality, see [10]) for convex curves. So the isoperimetric
difference converges to 0 under Gage’s area preserving flow. However, the so called Wulff—-Gage

Inequality (see [16])
2
K -
/ pdo >
K
0

holds under a condition that the target X is centrosymmetric. It seems not easy to prove
lim, o0 (£% — 4AZ) = 0 directly. So it is not appropriate to prove the C?-convergence of the
flow via the method of using Hausdorff convergence.

To guarantee the existence of convergent subsequence of the curvature, we plan to bound an
L?-estimate of kg by using the entropy estimate.

J

[\e)
>|

Lemma 3.1. The quantity fozn (‘;—g)z do is uniformly bounded under the flow (2.1).
Proof. Using the evolution equation of «, one can compute
2 2
1d [ () a9 Pk 9%
-4 — ) do=| —— || — —r— — A% ) |do
2dr (ae) /ae 36 [K (an 202 T K>]
0 0

2

3Pk o (% 3% -
0
2

2 2 2
8%k 3%k 8%k 8%k
2 2 3
- XY do a2l g~ [ 3%
/K (392> + /K 362 902 /K 962
0 0 0

2
+ 2 / LAY
Kk —=do.
962
0
Using integration by parts, one obtains
2 2
/\/ zazk‘azxde )\/ax 5 axa2%+ , 3% "
K'——5df = — — |\ 2k—— +K"—
062 362 a0 06 062 063
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T e\ T ok
=—x/2,< Y TE e /KZK K 1
20 ) 302 90 903
0 0

where the constant ]\7Ii is the bound of I%I used in the proof of Lemma 2.3. There exist two
constants C1 and C; independent of time such that

2

27
ld/ oK d9<C/ i 2de+c
24t ] \ 90 =1 %0 2'
0 0

Noticing that

2 2 32~
K K ~
/lnxd / (892 Pyl + K — AK) do
0
2

A\ 2 ~ 5
< - 29 do+ AMM, -2m + M* - 2m,
0

one obtains

2 2 2
d / 9N 4o+ 2c +1)f1 de
— — n
dt 90 ! *

0 0
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2 5 5
< —/ <£> dO +2C, +27(2C1 + 1)(AM M, + M?)
2 5 2
daK
<— a5 ) 46+Q@CI+ D [ Inkdo
0 0

+QC1+1)-2nInM +2C + 27 (2C + 1)(AM M, + M?).
Integrating the above inequality can give us that

2

9 2 2
/(a—';> d6 + (2C; +1)flnxd6§C3,
0 0

for some constant C3 independent of time. So

2 5 2 2
/(£> d6 < C3 — (2C, +1)/1an9
0 0

2
=C3+ Q2C1 + 1)/1r1,0d0
0

2
<C3+(2C, +1)/,0d9
0

=C3+Q2C1+DL@)
<C3+ (2C1 +1)C :=Cy,

where p is the radius of curvature and C, given by Inequality (2.4), is a constant dependent on
the initial curve Xg. O

The estimate of [02;1 (g—g)z d6 is a key step to the proof of convergence for the flow (2.1). Let
01, 6, be two arbitrary points in [0, 27]. It follows from Lemma 3.1,

0>

0K
O, 1) — Kk (62, 1)) = /Wm < I =]

01

2 5 2
f(%) 46 < \/Cl61 — 6a]*.
0

where C4 = C3 4+ (2C1 + 1)C is a constant independent of time. So « (-, ¢) is equicontinuous.
Because the curvature is also uniformly bounded by Lemma 2.2 (¢ > 0) and Lemma 2.4 (k < M).
Ascoli—Arzela Theorem tells us that there is a convergent subsequence of « (-, ). Furthermore
one has the following convergence.
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Theorem 3.2. Under the flow (2.1), the curvature of the evolving curve has a limit

lim «(6.1) = \/7E(9). @3.1)

Proof. Let «(6,t;) be a convergent subsequence of the curvature, where t;, — 0o as i — 0o
Denote by ko (0) the limit of x (6, #;). Compute that

|

2

’e  d 2
] o
0 o fo 40

2
sz 8%k )LE)ZF N 40 Az 8%k )LE)ZK N ) do
=— | —(— —A—+K— —— | k| — —A— +Kk — Ak
K \ 062 062 2 062 062
0

0
2 2
A\ 2 9k 9% %%
:2/§ oK d@—/f——K—Kd9+AfK——de—/—de
AL <2 90 90
0 0 0
2 2
a2~ 23 928
2
dé kdb — Rl 7
/ + 202 2 / “902
0 0 0
)Lz 2 )\3 2
+—/E;<d9 - —/Ezde.
27 27
0 0

Since

2 5
2/" 0N 4p <2M ¢
A =

0

2 ~
K° 0k 0K M2M1
— | ==——db < ——V271/Cy4,
/Zaeae w2
0

and all the other terms of < TN £ have bounds independent of time, there is a constant Cs depending

on the initial curve such that

d*e

az | =

Noticing that £ g nonpositive, one can integrate of it to obtain
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/—dt_/—dQ £(0) > —£(0).

It follows from (1) % <0, (ii) the boundedness of "f;—’; and (iii) the lower bound of fooo %dt,

there exists a limit immediately

So the limit of the subsequence « (0, t;) satisfies that

2 )
Koo g
—/7d9+zn7;d@:
/ Jo"

The equality of Cauchy—Schwarz Inequality tells us that koo /K is a constant. Because the ratio
of the area bounded by the limiting curve and that by the target curve is A/ A, one has the limit
(3.1) for subsequence {k (6, t;)}.

It is proved that every convergent subsequence of « (-, f) tends to the same limit. So the cur-
vature itself converges and Equation (3.1) holds. O

3.2. C*-convergence

In the following, we shall show that all the derivatives of the curvature are uniformly bounded.
Combining the convergence of « (3.1), one obtains that the curvature converges in the C*° sense.

Because « (0, t) converges as t — 00, there exists a positive constant m independent of time
such that

k@, t)>m>0 3.2)

for all 6 € [0,27] and ¢ € [0, 00). So the evolution equation of the curvature (2.4) is always
uniformly parabolic. This is an important condition to show the C°°-convergence of «. The
method in Lin—-Tsai’s paper [20] can be applied here. From now on, subindex stands for partial

derivatives, such as f; = %, fo= fee 392 e

Lemma 3.3. There is a positive constant M| dependent on Xy and X such that
kol < M. (3.3)

Proof. Define ¢ = kg + 4. Then @y = kg + pkkp and oo = kago + i (kg)* + pkkge. Using
the evolution equation of k, one can compute that

@ = K2 @p0 + 26ckopn — 3uk2@? + 3Pk o 4 3ic2p — 2ARgokp — 20Kk

3 1
— ZM3K6 - z,tuc — )»K@@@K — AK9K2
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Set u = 1. Since ¢(6y,t) > 0 at the point 6, where ¢(-, t) attains its maximum value with
respect to 6, one has estimate at this point (6, t)

0 < 12000 + 20ckp09 — 3m2@% + BM* + M2+ 20, AM +2AMM)g

3.4 ~ a0 ~ a2
+ MY+ MMM+ A M.

—C1+,/C3+12m2C;

—on , @max(t) := max{p(@,1)|0 € [0, 2]} is decreasing as time goes,

where C; = 3M* 4+ M? +2AA~42M +2AMM and Cr= %M4 + AI\~43M2 + AMlMZ. The max-
imum principle tells us that there exists a constant

—C +,/C? + 12m2C;

_6m2

Once ¢ >

@) =max { Pmax(0),

such that ¢ < @ for all (0,1) € [0,27] x [0, +00).
Set u = —1.If (64, t) < 0 at the point 6, where ¢ (-, ¢) attains its minimum value with respect
to 0, then

0 > 12000 + 20ckpp + 3m2@E — BM* + M2 +2AMM, + 2AMM)g
3 . -
—§M4 — AM*M3; — AM?M,.

A similar argument implies that there exists a constant

—Ci —,/C} + 12m2C,

6m?

@2 =min | 0, @min(0),
such that ¢ > @, for all (9, ¢) € [0, 2] x [0, 4+00).
Combining the above two cases, one obtains a uniform bound of kg in (3.3). O
Lemma 3.4. There is a positive constant Mo dependent on Xy and X such that
lcge| < M. 34

Proof. The proof of this lemma is similar to that of Lemma 3.3. Considering the function ¢ =
Koo + %(K@)Z, one has the evolution equation
o = K2(P06 + dikgpy — (UK — 2)/«p2 + lower order terms of ¢.

2M+1
m2

Choosing u = one has —(uk — 2)k < —1. So the above equation implies that

@ < K2 pog + 4xkopg — 9% + filh, Kk, k9)p + fo(h, K, Kp),
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where f] and f> are polynomials with bounded and smooth coefficients. Once ¢ is large enough,
©max (t) 1s decreasing as time goes. So kgg must stay bounded above on [0, 2] x [0, 00). The
proof of the lower bound is similar. O

Since |kg| and |kgg| are uniformly bounded, there is a convergent subsequence kg (6, t;) as
t; tends to infinity. Theorem 3.2 tells us that « (6, t) converges to v/ A/AK(0) when t — 0. So
every convergent subsequence of kg tends to v/ A/ Aky. One obtains that:

Corollary 3.5. The derivative kg converges to \/ A/ Ay as time tends to infinity.

Lemma 3.6. There is a positive constant M; dependent on Xo and X such that the ith derivative
of k with respect to 0 satisfies

‘K(U <M, i=3,4-.. (3.5)

Proof. The induction method will be used. Suppose «g, kgg, - - - ,k@™=D are all bounded on
[0,27] x [0, 00) for n > 3. Choosing a similar function ¢ = k™ 4 %(K(”_l))z, one has its
evolution equation

o =Kk20p0 + Qnickg — i’k " V)py — i p?
+ Pl (I’L5 K,Kg,Kq0, """ 7/(.("_1))(0 + PZ(M, K,Kp,Kp0," ", K(n_l))a
where P; and P, are polynomials with of «, ¥ and their derivatives. Noticing that 0 < m <
k < M, one can choose proper © and follow the same argument in the proof of Lemma 3.3 or

Lemma 3.4 to show that ¢ and «® are also uniformly bounded on [0, 27r] x [0,00). O

Using the evolution equation of the curvature, one obtains that all the derivatives of the k are
uniformly bounded. Since « converges as t — 0o, one has the C* convergence of «:

Corollary 3.7. Under the flow (2.1), one has the convergence of the derivatives

R A%
lim =,/——, n=2,3,4,---.
t—o00 90" A 00"

4. Convergence of the evolving curve

As is well known, the curvature uniquely determines a curve up to transformations using the
Euclidean group. Although the curvature of the evolving curve under the flow (2.1) is proved
to converge a limit (Equation (3.1)) as time goes to infinity, the study of this flow is not quite
complete. To show that the flow effectively deforms X into the target curve, one needs to prove
that the evolving curve X (-,¢) can not escape to infinity or oscillate indefinitely. To fulfill the
proof of Main Theorem, we shall show that the evolving curve converges to a fixed limiting curve
X o (congruent to v/ A/A X) as time tends to infinity. The ingredient is to prove the convergence
of the support function by considering the movement of the Steiner point (see Definition 4.1).
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In order to better understand the convergence of the flow (2.1), we first review a special case,
i.e. Gage’s area-preserving flow. Under his flow, one has the evolution equation of the curvature

2 2
Ky =Kk (kgg + Kk — T)'

Furthermore, one obtains that

2 2 2 2
1d 2 2 2 2 27 2, \2
2 (kg)°dO =— | k" (kpg)°dO+2 | k(kg) (kK — T)d@ + | k“(kg)“dB.
0 0 0 0

Since tlim k = /% (a constant), one has an inequality f02" (kpp)2dO > (4 — 8)[02” (kg)2dO
— 00
(Lemma 5.7.9 in [14]) for & > 0 is small and 7 is large enough. Thus there exists Ty such that

2
1d 2 b4 i 2
EE/(K@) do < [—(Z —&)4—8)+3 (Z +8)]f(Ke) do,
o 0

when ¢t > Tp. Choosing ¢ small enough, one has the exponential decay of f02n (kg)>d6. Because

2 ’

Ry
/(K L)d@
0

L L
= /(/c - 2—ﬁ)zicds < M/(K - 2_71)2‘15
I = L
0
21 >
St e s<—M/<Ks>2d%

L2 2 2 7

7'[

= —M/( 2= L mMZ/(/ce)zde
0

L2 i
< ﬁw / (kg)d6,
0

Sobolev Inequality tells us that the speed of the flow |k — ZT”| also exponentially decays. So the
evolving curve converges to a fixed limiting curve.

Because the curvature under the flow (2.1) does not always converge to a constant, the above
technique is not applicable to show that the speed of the flow |« — AK| exponentially decays.
Thanks to the work by Chou—Zhu [7] (or see Chapter 3 of [9]), one can solve this problem by
considering the evolution of Steiner point and the support function for X (-, 7).
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Definition 4.1 (see [12]). Let X () be a convex curve in the plane parameterized by its tangent
angle 0. The Steiner point of this curve is defined by

1 T
S:—/X(@)d@.
2
0

Denote by p := —(X, N) the support function with respect to the origin. The Steiner point
can be expressed as

2
1 1
S:—/(pgT—pN)dQ:——prd@
2 b/
0 0
2 2
1
=— /psin@d@, —/pcos@d@
T
0 0

Remark 4.2. Since the Steiner point is mean value of X, it lies in the domain bounded by this
convex curve. One can choose another base point to define a new support function of X, but the
Steiner point is irrelevant to the choice of base point. Inequality 2.4 tells us that the length of the
evolving curve is bounded by a constant independent of time. The width (< %) of the region
bounded by X (-, ) also has an upper bound independent of time. So the evolving curve under
the flow (2.1) can not escape to infinity if the Steiner point S(#) converges to a fixed point.

Now we shift the support function to p = p + (S(¢), N) and consider a function I (¢) of p:

27TA
1) =/§d9.
K

0

1(t) has a lower bound since I (t) > —v 02 r pdo = L(') > == 4” . One can compute the evolution
of 1(t) to obtain

/ 9+/ a5 NVao
dt’
T s 1
=/ K:Kd9+<—,/:1vd9>
K dt K

0 0
‘ AK ds
=/Mds+<_,o>
K dt
0
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A
/(K d +Af(AK—K)ds
2 2
AK —
/(K K)d0+0_ /pz)
0

where we have used the closing condition of convex curves fozn %Nd@ =0 and the area-
preserving property of the flow. /(¢) is decreasing and has a lower bound, so it converges as
time tends to infinity. From the evolution of /, one obtains

2
VORCERES .1

Lemma 4.3. Define S= fozn ;%Ndé?. E(t) converges to a fixed point under the flow (2.1).

Proof. Because the limit (3.1) implies that lim pr=— lim (K — Ak) = 0, there exists Ty > 0

such that |p;/AK| <1and 1 — p;/AK > 5 1ft > To It follows from the closing condition,

/ o= / do
AK — py
2

-[5 [l+ﬁ+<kx>2+<f—;>3+~}d9

ie.,

2
D el

27 .
1 [ (p?? 1
Y B 1= e
o t

Computing the module of both sides can give us that

0

1
2 2 2 272
cos6 sinf
/p’~2 do | + /p’Jz do
K K
0 0

Please cite this article in press as: L. Gao, Y. Zhang, On Yau’s problem of evolving one curve to another: Convex case,
J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.07.037




YJDEQ:9433

L. Gao, Y. Zhang / J. Differential Equations eee (eeee) eee—see 21
2 273
L2 002 |costl <p1>2|sm9|
=3 — = W) |
0 0
2
22
<o [oras.
Px
0

It follows from the above estimate and Inequality (4.1),

ds|
dr|

2 Ndo
K

/— sinfd6 /—cos@d@

2[ QMM dI
<22 / (p2do < -0
A Am dt’

0

Let ¢’ and " be large enough positive time. Since

t// ~ ~ t// ~
~ ~ ds 2V2MM | [ dI 22MM
S-St =] —dt| < ——— || —dt|=———1It) - 11"
[SE) — S| /dt =53 /dt Aﬁ3|() (]

t t
and I (¢) converges as t — 00, E(t) converges as well. O

By its definition, p = — (X — S(¢), N) means the distance from Steiner point to the tangent of
X atf. So

0<p<

IA
N|(']

4.2)

N~

Rotate the xy-coordinate system such that the Steiner point can be expressed as S(¢) = (S1(¢), 0),
where S1(¢) > 0. Noticing that

2T 21 S N
= %Nd@—f SN v
K K
0 0
2T 2
=/~£Nd6— (Sy sin 20, —~5;1 smGCOSG) 0.
0 0
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one obtains that S (i.e., | S|) has a bound independent of time. So | X| has a bound

L(t)
IXCOI<IXC0) = SOOI+ IS0 < > +[S@)].

Thus the evolving curve can not escape to infinity in the plane. To prevent the case of indefinite
oscillation, one needs to show that the support function p of the evolving curve also converges.

Lemma 4.4. The support function of the evolving curve converges as time tends to infinity. So
the evolving curve itself converges.

Proof. Because |p| < |X]| for all 6 and all ¢, the support function is also bounded by a constant
independent of time. Therefore, pgg = 1/k — p has a bound independent of time and so is pg =
f09 Poo (@, 1)dd + peg (0, t). There is a convergent subsequence of p(:, t).

Every convergent subsequence of the support function determines a family of convergent
evolving curve. Suppose X (0,1') and X (0,1”) converge to different X;(0) and X,(0) respec-
tively. Denote by p; the support function of X;, i = 1,2. Since (x;(0,1) — A(t)K(0)) — 0 as
t — oo for every tangent angle 6, X and X, differs by a translation. So

p1— p2=11cosf +Isind

for some /1 and . Since %ﬁ and %Sﬁ are linearly independent, the Cauchy—Schwarz inequality
implies

172

21 2 2
cos? 0 sin? @ sin6 cosf
——do ——do > | —=—db.
K K K
0 0 0
Thus, from the following identity
2
. N
(lycost + 1 sinf) = db
K
0
2 2
N N ~ ~
= / P1=5db — / p2=5df = lim Sty — lim S’ =0,
K K t'—00 " =500
0 0

one can conclude /] =1, =0, i.e. p; = p». Since the support function uniquely determines the
curve, it is shown that the evolving curve converges. O

The proof of the Main Theorem is a combination of Lemma 2.4, Theorem 2.5, Theorem 3.2,
Corollary 3.7, Lemma 4.3 and Lemma 4.4.

In 2001, Andrews [2] introduced Minkowski differential geometry and considered a volume-
preserving anisotropic mean curvature flow for convex surfaces. Andrews’ model (1) can deform
a convex surface into its Wulff shape. This work may be a good reference to construct a flow
which deforms a convex surface to another one.
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It is similar to Gage’s area-preserving flow for convex curves [11], the flow (1.5) can not
evolve generic embedded curves to convex curves. We end this paper by asking a general case
of Yau’s problem: Whether one can define a parabolic curvature flow to evolve one closed and
embedded curve X( to another one?
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