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Abstract

In this paper we consider the wave equations with power type nonlinearities including time-derivatives
of unknown functions and their weakly coupled systems. We propose a framework of test function methods
and give a simple proof of the derivation of sharp upper bounds for lifespan of solutions to nonlinear wave
equations and their systems. We point out that for respective critical cases, we use a family of self-similar
solutions to the linear wave equation including Gauss’s hypergeometric functions, which are originally
introduced by Zhou [59]. We emphasize that our framework does not require the pointwise positivity of the
initial data even in the high dimensional case N > 4. Moreover, we find a new (p, g)-curve for the system
8,2u — Au=1v|4, Btzv — Av = |3;u|P with lifespan estimates for small solutions in a new region.
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1. Introduction

In this paper we consider the semilinear wave equations with power type nonlinearities in-
cluding derivatives of unknown functions and their weakly coupled systems

FPulx,t) — Aux, ) =G(ux, 1), u(x,n), (x,0)eRN x(0,7),
u(x,0) =ef (x), xeRY, (1.1)
du(x,0) =eg(x), xeRN

and

Btzu(x, 1) — Au(x,t) = Gl(v(x, t), orv(x, t)), (x,1) e RN x (0, T),
8,2v(x, t)— Av(x,t) = Gz(u(x, t), oru(x, t)), (x,1) eRY x (0, T),
u(x,0)=ef1(x), vx,0) =¢efr(x), x eRVN,
du(x,0)=eg1(x), dv(x,0)=egr(x), x eRY,

(1.2)

where 0, =9/0t, A = Z —1 82/8x and T > 0. The nonlinear terms G, G and G are nonneg-
ative and smooth (spemﬁed later), and u and v are unknown functions. Throughout this paper the
initial values (f, g), (f1, g1) and (f2, g2) satisfy the following condition

(f.9) €CERY), Ilg]:= / g(x)dx > 0. (1.3)
RN
Finally, the parameter ¢ > 0 describes the smallness of the corresponding initial value. The aim

of the present paper is to give a simple way to derive the corresponding sharp lifespan estimates
of blowup solutions to (1.1) and (1.2) via a test function method.
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The problem of blowup phenomena of (1.1) has a long history. The study of this kind problem
with G (u) = |u|? has been started by John [26]. He proved the following fact when N = 3.

elfl<p<l1+ ﬁ, then the solution of (1.1) blows up in finite time for non-zero initial
value.
e If p > 1+ /2, then there exists a global solution with a small initial value.

After that Strauss [51] conjectured that the threshold for dividing blowup phenomena in finite
time for arbitrary “positive” small initial value and global existence of small solutions is given
by

ps(N)=sup{p>1; ys(N,p) >0}, ys(N,p)=2+(N+1Dp—(N—-1)p?

which provides ps(3) =1+ V2 as proved in John [26]. In the case N = 1, Kato [29] proved
blowup phenomena in finite time for arbitrary “positive” small initial value with 1 < p <
ps(1) = oo. There are many subsequent papers dealing with blowup phenomena. Then by the
contributions until Yordanov—Zhang [58] and Zhou [63], the complete picture of blowup phe-
nomena and existence of global solutions are clarified including the critical situation p = ps(N)
(see also Glassey [13,14], Sideris [50], Schaeffer [47], Rammaha [46], Georgiev—Lindblad—
Sogge [11] and Lai—Zhou [36]).

The lifespan of blowup solutions to (1.1) has been intensively considered. Here we refer Lind-
blad [40], Zhou [59-61], Lindblad—Sogge [41], Di Pomponio—Georgiev [8], Takamura—Wakasa
[54]. In view of the previous works listed above, the precise behavior of lifespan of small solu-
tions with respect to the parameter ¢ > 0 sufficiently small:

2p(p=1)

Ce 7sN» if 1 <p < ps(N),
exp(Ce™ PP~y if p = pg(N).

LifeSpan(u) ~

An alternative proof of lifespan estimate with critical case p = ps(N) with the use of Gauss’s
hypergeometric function can be found in Zhou [61] and Zhou—Han [65].

Similar problem for (1.1) with G = |d;u|” can be found (see e.g., John [27], Sideris [49],
Masuda [43], Schaeffer [48] Rammaha [45], Agemi [1], Hidano-Tsutaya [17] Tzvetkov [55],
Zhou [62] and Hidano—Wang—Yokoyama [18]). The complete picture of the blowup phenomena
for small solutions can be summarized as follows:

1 N—1\-1
Ce 177 if1<p<%,
LifeSpan(u) ~ { exp(Ce=?=1) if p = 4,
00 if %—ﬂ <p< %

We should remark that the global existence of small solutions to (1.1) with G = |9;u|? is only
proved under the initial value with radially symmetric in high spatial dimension.

The problem (1.1) with the combined type G = |u|? + |9,;u|” has been recently discussed
by Zhou-Han [64] and Hidano—Wang—Yokoyama [19]. In [19], the borderline of the position
of (p, g) for blowup phenomena of small solutions is determined. Surprisingly, in the threshold
case they proved the global existence of small solutions. Therefore the situation is completely
different from both the cases G(#) = |u|? and G = |0;u|”.
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In this connection, a similar interesting structure has been analyzed for the weakly coupled
problem (1.2). In this case the interaction of each unknown functions u# and v plays an im-
portant role. In particular, the situation depends heavily on the structure of the nonlinear terms
G| and G». This means that even in the special case G| = |v|? and G, = |u|?, the position
of (p,q) (with describes the effect of nonlinearity) is quite important to discuss the behavior
of solutions to (1.2). From this viewpoint, many mathematicians tried to find blowup phenom-
ena and global solutions of small solutions. Here we refer Del Santo—Georgiev—Mitidieri [4],
Deng [6], Del Santo-Mitidieri [5], Deng [7], Kubo—Ohta [31], Agemi—Kurokawa—Takamura
[2], Kurokawa—Takamura [34], Kurokawa [33], Georgiev—Takamura—Zhou [12], Kurokawa—
Takamura—Wakasa [35] for the case G| = |v|? and G, = |u|?, Deng [7], Xu [57], Kubo—Kubota—
Sunagawa [32] for the case G| = |9;v|” and G, = |d;u|?, and Hidano—Yokoyama [20] for the
case G| = |v|? and G, = |0;ul”.

Recently in Ikeda—Sobajima [24], an alternative test function method for nonlinear heat,
Schrodinger, and damped wave equations has been introduced. This argument provides sharp
upper bounds of lifespan for respective equations. Of course each equation has a huge amount
of previous works (see e.g., Fujita [10], Hayakawa [16], Sugitani [52], Kobayashi—Sirao—Tanaka
[28], Li—Nee [38] for the heat equations, Ikeda—Wakasugi [25], Fujiwara—Ozawa [15] for the
Schrodinger equations and Li—Zhou [39], Lin—Nishihara—Zhai [42], Ikeda—Ogawa [21] Lai—
Zhou [37] for the damped wave equations the references therein). Despite of this, the technique
in [24] gives us a short proof of sharp upper bound of lifespan of small solutions to respective
equations and in some cases, in particular, this technique enables us to find new estimates for
the Schrodinger equation. Moreover, it worth noticing that the initial value is not required the
positivity in the point-wise sense even in high dimensional cases N > 4. Therefore we expect
that by introducing the technique in [24] into the analysis of wave equations, one can give an
alternative proof of sharp (for many cases) upper bound of lifespan of small solutions and the
assumption on the initial value can be weakened.

The first purpose of the present paper is to propose a framework of test function methods for
nonlinear wave equations due to [24] and give precise lifespan estimates for problems (1.1) and
(1.2) without the assumption of the positivity of initial value in the point-wise sense. The second
is to find a new blowup region for the case (1.2) with G| = |v|? and G, = |d,u|? with lifespan
estimates for respective cases. Since in the present paper we focus our attention to the framework
of test function methods, we do not enter a discussion for existence of solutions to the respec-
tive problems. At this point, we refer Sideris [50], Kapitanskii [30], Hidano—Wang—Yokoyama
[18], Georgiev—Takamura—Zhou [12], Kubo—Kubota—Sunagawa [32], Hidano—Yokoyama [20]
and their references therein.

The present paper is organized as follows: In Section 2, to explain our argument, we demon-
strate the short derivation of the upper bound of lifespan for the special case 8,2u — Au = |u|?
with 1 < p < pg(N). Section 3 is devoted to describe the properties of super-solutions to the
wave equations and self-similar solutions to the linear wave equation including Gauss’s hyper-
geometric functions, which is introduced in Zhou [59]. Some useful lemmas indicating our test
function method are stated and proved also in Section 3. The main results are stated at the begin-
ning of each Sections 4, 5, 6, 7, 8 and 9. More precisely, in Section 4, we discuss

Pu—Au=1ul? inRY x(0,7)

for the critical case p = ps(N). Although the sharp lifespan estimate has been proved by
Takamura—Wakasa [54] and an alternative proof was given by Zhou—Han [65], we will give a
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(much) simpler proof. Then we discuss the equation
3u — Au=|3ul” inRN x (0,T)

in Section 5, which is related to the Glassey conjecture. The equation with a combined type
nonlinearity

32u — Au=ul? + |3ul? inRY x (0,T)
will be dealt with in Section 6. After that the weakly coupled systems

02u — Au=ay|v|P1 +ap|dv|M2, inRY x (0,7),
07v — Av = ay [ulP? +ap|du|P2, inRY x (0,7),

are considered when ajs = ay> = 0 in Section 7, when aj; = ap; = 0 in Section 8§ and when
az1 = a2 =0 in Section 9, respectively. We point out that in Section 9, a new blowup position
of (p, q) is found and lifespan estimates including critical situations (on the critical curve) are
derived.

2. Alternative proof of blowup of 8t2u — Au=|u|P for1 < p < ps(N)

To begin with, we consider the following problem

ue — Aue = lue|? in RN x (0, 7),
ug(0)=¢f in RV, .1
orus(0) =eg in RV,

where we assume that f and g satisfies (1.3). In this section we use
ys(N,p) =2+ (N +1)p—(N—=1p*,  ps(N)=sup{p>1; ys(N, p) >0},
Definition 2.1. Let f, g € C2°(RV) and p > 1. The function
ueC(0,T); H'®RY) nclqo, T); L2RY)) N LP0, T; LP(RY))

is called a weak solution of (2.1) in (0, T') if u(0) = ¢f, 0;u(0) = g and for every ¥ € CSO(RN X
[0, 7)),

T

S/g(x)\l»’(x,O)dx—i—//|u(x,t)|P\Il(x,t)dxdl

RN 0 RN

T
=//(—a,u(x,t)at\y(x,t)+w<x,t)-vw(x,t))dxdt.

0 RN
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Proposition 2.1. Let f, g satisfy (1.3) and let u. be a weak solution to (2.1) satisfying suppus C
{(x,1) e RY x [0, T1; |x| <ro+t}forro=sup{|x|; x € supp(f, g)}. Set T as a lifespan of u.
given by

T, = sup{T > O ; there exists a solution to (2.1)in (0, T)}.

If 1 < p < ps(N) (that is, ys(N, p) > 0), then T, < 0. Moreover, there exist ey > 0 and C > 0
such that for every ¢ € (0, &g,

Czs_p%1 ifN=1,1<p<oo,
_r-1

Ce 3vr IfN=2,1<p<2,
Ce 20(=D/vs@p) i N =2 2<p< ps(2),
Ce2P(=D/ys(N.p) it N >3 1 < p < ps(N).

T, <

Proof. If 7, < 1, then the assertion is trivial by choosing &g sufficiently small. Suppose that
T, > 1 and take T € (1, Ty). Put n € C*°([0, 00)) satisfying

1 s<1/2
n(s) = {decreasing 1/2<s<1, nr(s)=n(s/T).
0 s> 1,

By the definition of weak solution of (2.1) in (0, T), we see from ¥ = nT(,)Zp’ (multiplying
compactly supported smooth function x on RY satisfying x =1 if x € B(0,ro + T))

T

Ilgle + f ny’ / el dx di

0 RN

T
=//(—Btugat(nsz)+Vu5~V(n2Tp ))dxdt

0 RN

=//uga,2(n§1”)dxdr

T

2p _

=25 [ [ (v T @)+ @ = 007 @/ 1) dvat
0

RN

T
2/ (In" Il + @p' = DI I3) [ 2y
< - L fnrp/pflualdxdt
0 RN
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, T T
20/ Moo +2p —1 /ZOop 1 ,
< 2p'UIn"llL=+ 2p / NLAZS) / / dxdt+—/n§’) /|u5|pdxdt,
p'T?p 4
0 B(ro+1) 0 RN
where we have used the finite propagation property. This yields
T
/ 2
p’l[g]e+/n§” f|ug|f’dxdrsc1TN*‘*F, (2.2)
0 RN

with

129/ Nl + @p" = Dl 1317 (14 rg) VSV

Ci:
N+1

and the volume of N-dimensional unit sphere |SN -1 |. Since the choice of T € (1, T;) is arbitrary,
the above inequality implies the first and second estimates for 7.

To obtain the third and fourth estimates for 7, we introduce a special solution to the linear
wave equation as follows:

N-1

wy (x, 1) = AN ((,\ +1)? - |x|2) . A>ro.

Noting that w; (x, 0) — 1 and 9, w, (x, 0) — 0 as A — oo uniformly on supp(f, g), we see from
the dominated convergence theorem that there exists Ao > ro such that

1 1
/ g(X)wy,(x,0) — f(x)dwyy(x,0)dx > 3 f gx)dx = El[g] > 0.
RN RN

Taking W = wy, n%p / (multiplying compactly supported smooth function x on RV satisfying
x = 1if x € B(0, rg 4+ T)) in the definition of weak solutions, we have

T
S/g(x)wko(x,O)dx+//|u8|p\Ildxdt
RN 0 RV

T
=//(—8;u88t‘lf+Vug~V\I/>dxdt

0 RN

T
ZS/f(x)atwAO(X,O)dx-l-/fug<3t2W—A\P>dxdt.

RN 0 RN

Neglecting the second term in the left-hand side and using Holder’s inequality and the definition
of wy,, we deduce
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T
I[g]afZ//ug(atz‘lJ—A\IJ)dxdt

0 RN

= / 2,17 2/1/!5(28[‘11})%)%
RN

" ’r_ / 2
n ¢/ Tn/T)+ 2p" — D(n'(¢/T)) )dxdt

+ wy,

T2
2\
< TN 1/ 2”/”/|ue|< &l 2) dxdi
(Ao +1)
T/2
1 1
L Nl v
“N—1 x| 2P
<CT |u€|"dxdt 1- dxdt
Ao+t
l/2 I'/2 B(0,ro+t)
1
P
<cy| VT / 2 /|u8|pdxdt ,
0
for some C, > 0 and Cé > (. Therefore we have
T
P _ ’
(I[g]s) TN—¥chg/n§” /|u5|1’dxdt. 2.3)
0 RV

Combining (2.2) and (2.3), we obtain
p — 12
(1[8]8> TN_¥”SC1C§TN =55

which implies the third and fourth estimates for 7,. O

Remark 2.1. The upper bound of 7 is not sharp in the case (N, p) = (2, 2). Indeed, Lindblad
[40] and Takamura [53] proved the estimate T, < Ca(e) with a’e? log(1 +a) =1 by using a
refined concentration estimate (similar to (3.5)) which is deduced from pointwise estimates for
solutions to the linear wave equation.

Remark 2.2. In Yordanov—Zhang [58] and the subsequent papers, to prove a lower bound for
fRN |u|P dx, the positive radially symmetric solution e ¢ (x) of 8,214 — Au = 0 with the function
¢ satisfying ¢ — A¢ = 0 was used. However, their treatment requires the positivity of initial value
in the point-wise sense, in particular for high spatial dimensional cases. In contrast, the proof of
Proposition 2.1 only needs the positivity of I[g] by virtue of a new choice of the solution w_.
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Remark 2.3. In the proof of Proposition 2.1, we do not use neither an auxiliary result for second
order ordinary inequalities nor an iteration argument. The view-point from the proof of Proposi-
tion 2.1 may give us an easier understanding about blowup phenomena for sub-critical case.

3. Preliminaries for general cases

To analyze more general equations and systems, we introduce the super-solutions to wave
equations and self-similar solutions. In this section, we state the fundamental properties of the
super-solutions to wave equations and self-similar solutions.

We note that even if some notations overlap with ones in the previous section, we state them
again for the reader’s convenience.

3.1. Super-solutions of the linear wave equation and their properties

First we introduce super-solutions of wave equations.
Definition 3.1. Let ( f, g) satisfy (1.3). The functionu € H'(0, T; L2(RN))NL%(0, T; H'(RV))
is called a super-solution of 8t2u — Au = H with u(0) = ¢f and 0;u(0) = eg and H €

L0, T; LY(RY)) if u(0) = &f and

T T

8/g(x)\ll(x,0)dx+//HlllddeS//(—8,u8,\II+Vu~V\IJ)dxdt
RN 0 RN 0 RN

for every nonnegative function ¥ € C! (RN x [0, T)).

Then we will use two kinds of families of cut-off functions with respect to time variables;
n € C*°([0, 00)) satisfying

1 s <1/2,
n(s) = ydecreasing 1/2<s <1,
0 s> 1

and

*(5) = 0 s <1/2,
T = nis) s>1/2

and fork>2, R > 0,

77R(t)=77<%>’ ng() =n* <%> () =rMO1F, V@) =1

The functions 1 and ¥ are used only to justify the following estimates.
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Lemma 3.1. Let k > 2 and R > 1. For every t >0,

k(0= Dl B+ 0"l )
R2

klin'll s
R

8 R(1)] < Wik, 102R()] < [Whn]'F.

Proof. Noting that

Y1) = kn(OlrRO1,

O2Ur(0) =k (k= DR + nRONRO) IR (O,
we easily obtain the desired inequalities. O

By using ¥ as a test function for super-solutions, we obtain the following lemma.

Lemma3.2. Let 1 < p <ooandk >2p’, and let (f, g) satisfy (1.3) and let u be a super-solution
of 32u — Au = H with u(0) = ef, d,u(0) = eg, H € L>(0, T; L*(R")) and suppu C {(x,1) €
RN x [0,T]; |x| <ro+ t} for ro = sup{|x| ; x € supp(f, g)}. Then the following inequalities

hold:

(i) Foreveryl <R <T

T T
1[g]e+f/H¢Rdxdt5clR—2//|u|[1/f;g]%dxdr. (3.1
0 RN 0 RN
(ii) Foreveryl <R <T
T T
1
1[g]e+//H1dexdtgc2R*‘//|a,u|[¢;§]ﬁ dxdr. (3.2)
0 RN 0 RN

Proof. By the definition of super-solution of a,zu — Au = H >0, choosing ¥ = /g (with mul-
tiplying compactly supported smooth function ¢ satisfying ¢ = 1 on supp u), we have

T T
I[g]e—}—//Hl/fRdxdtf—/fE)tuB,wRdxdt.

0 RN 0 RN
Then we can obtain (ii) by using Lemma 3.1 with k > p’. On the other hand, noting that
d 2
oudrdx = = udyrdx — | ud Yyrdx,
RN RN RN

we obtain (i) from Definition 3.1 with k > 2p’. O
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For a general (smooth) test function W, we can find the following relation with respect to
W — AW,

Lemma 3.3. Let u be a super-solution of8,2u —Au= H withu(0) =¢f, 0,u(0) =eg and H > 0.
Then the following inequalities hold:

(i) For We C2RN x [0, T)) satisfying ¥ > 0,

/(g\ll( 0) — fo,%(-, 0))dx+//H\Ildxdt<//u(82\IJ AW) dx dt.
0 RN 0 RN
(3.3)

(i) For U e C3RYN x [0, T)) satisfying 3,V > 0,

T T
s/(ga,ix(-,O)—_fA\“ID(-,O))dx+//Hatiffdxdzgf/a,u(afiif—m’i)dxdt.

RN 0 RN 0 RN
34
Proof. (i) Integration by parts yields that
T J T
/ /(—8,u3,‘~11+ Vu-VW)dxdt = il / uoWdx +/ f(ua,zw — AuVW)dx dt
0 RN RN 0 RN

—S/fB,\IJ(x O)dx—i—//u(a v — AW)dxdt.

0 RN

Connecting the definition of super-solution, we deduce (3.3).
(i) Applying (i) ¥ = 8,‘1’ € CE(RN x [0, T)), we have

/(ga,xy( 0) — 02U, O))dx+//H\I/dxdt<//u8,(82\IJ AU) dx dt.

0 RN 0 RN

Noting that

T
/ / ud, (320 — AW)dx dt

0 RN

T T
d ~ o~ -~
Z/E /u(alle/—A\Il)dx dt—//&,u(atzlll—A\Il)dxdt
0

RN 0 RN
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T
=—e/f(afiﬂ(-,())—A\Tf(-,()))dxdz—//atu(afij—mi)dxdr,
RN 0 RN

we have (3.4). O

The following two lemmas describe the concentration phenomena of the wave near the light
cone dB(0, 1 4 ), which is essentially the same as an estimate given in Yordanov—Zhang [58]
(but under a weaker assumption). In their proofs, we use a special solution of the linear wave
equation given by

N+1
2\ "2
I X
Ve =12 — xP) =N <1 _ |t—2|)

in Q={(x,f) e RY x [0,00) ; |x| < t}. By the notation in next subsection, we see V(x,t) =
®g(x,t) with B = N (see Definition 3.2 below).

Lemma 3.4. Let f, g satisfy (1.3) and let u be a super-solution of Blzu — Au=0withu(0) =¢f,
3;u(0) = eg and suppu C {(x,1) e RN x[0, T1; |x| < ro+t} forro =sup{|x|; x € supp(f, g)}.
Then for every p > 1 and k > 2p’, there exists a constant 81 = 81 (N, p, k, f, g) > 0 (independent
of €) such that for every 1 <R < T

T

31(1[g]s)pRN—¥l’5//|u|/’¢;§dxdz. 3.5)

0 RN
Proof. Put
) =NV oA+, (D eQu={(x,0)eRY x[0,00); (x,1+1) € Q)

for A > rp and then suppu C Q;. Noting that

2 2\ — 32
&V, t)=—1"N"1 N+ﬁ e
t ) _— t2 t2 )

we see that

/ g@)va(x,0) — f(x)d;v(x,0)dx

RN

N+1 N43
N 1 2 A
) o))
RN RN

Since the pair (f, g) satisfies (1.3), the dominated convergence theorem implies that there exists
Ao > ro such that
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1
/ g(X)vpy(x,0) — f(x)0;vy,(x,0)dx > 3 / g(x)dx > 0. (3.6)

RN RN

On the other hand, since u is a super-solution of 8,2u — Au =0, choosing ¥ = v;,¥r in
Lemma 3.3 (i), we see from the fact B,ZUAO — Avy, =0 and Lemma 3.1 that

8/g(X)vxo(x,O)—f(X)azvxo(x,O)dx
RN

< / / U@ (g W) — Alvg Yrr)) di d

0 RN
T
gc//|u|(@ %) (Wi dxdi
0 RV
| >
T [ R N r
<C //|u|1’1/fRdxdt / f w’}%”@%) dxdt| . (37
0

RN § B(0,1+1)

Since |x| <1+t and R/2 <t < R yield

_N+3 N+3
2 —_—r
|8tvkol+%_CR_N 2(1 x| z <crN2(1- x| 2 ’
R R? (Ao +1)? Ao+t

a direct calculation implies

R ’
p
'3’”0 + 20 gxdr < CcRN-CFHP (3.8)
TR =
0,1+

R B
2

Combining (3.6), (3.7) and (3.8), we obtain (3.5). O

Lemma 3.5. Let f, g satisfy (1.3) and let u be a super-solution of 8t2u — Au=0withu(0) =¢f,
3;u(0) = eg and suppu C {(x,1) e RN x[0, T1; |x| < ro+1} forro=sup{|x|; x € supp(f, g)}.
Then for every q > 1 and k > 2q’, there exists a constant 8] =81 (N, q, k, f, g) > 0 such that for
everyl <R <T,

T
(I[g]e RV-"T14 < // \0,u Ty dx dt. (3.9)
0 RN
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Proof. Set w; (x,1) = —ANFT1V, (x,1) = —Avy(x, 1) for A > 1 and then

O (Wi YRr) = A(—0 v YRr — v 0 YR) > 0.

Noting that a,ZwA — Aw, =0, as in the proof of Lemma 3.4, we can verify that there exists
Ao > 1 such that

/g(x)atwkb(x,O) —f(x)Awké(x,O)dx

RV
:—)Lv/g(x)atv%(x,O)dx—i-k/.f(x)atzv%(x,O)dx
RN RN
> NI[ ]
=5 8l

Applying Lemma 3.3 (ii) with U = w VR We have

T
: / 2303, (x,0) — [ () Ay, (x,0)dx = — / / (2w, Y) — Ay, Yr)) dx di

RN 0 RN
T
vl i\ L1
0 RN

T
N-l_N
<CR 7 "4 //w,mw;;dxdt

0 RN
The above inequalities imply (3.9). O
3.2. Self-similar solutions including Gauss’s hypergeometric functions
In the respective critical case of blowup phenomena for wave equations, we need precise infor-
mation about the behavior of solutions to the linear wave equation. Therefore, next we introduce

a family of self-similar solutions to 8t2u — Au = 0 including Gauss’s hypergeometric functions,
which also can be found in Zhou [59-61], Zhou—Han [65] and also Ikeda—Sobajima [22,23].

Definition 3.2. Let N > 2. For 0 < 8 < o0, define

iy N-1 20x|

) (x,1) €Q,

where F'(a, b, c; z) is the Gauss hypergeometric function with a parameter (a, b, c¢) given by
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F(a,b,c;z)zzwi ZG[O,l)

T
=0 ©n n!
with the Pochhammer symbol (d)o = 1 and (d),, = ]_[Z=1 (d+k—1)forn € N. Also we set
Dg s (x,t) = )»ﬂcbﬁ(x, A+1), (0,0 e Qu={x1neRY x[0,00); (x,r\+1) € Q).

Remark 3.1. In particular, the following formula for hypergeometric functions is known:

1 1 2
F(a,a—ki,c; z> =(1+ﬁ)_2“F(2a,c— E’ZC_ 1; 1+\/\E/E>

(see Beals—Wong [3, Section 8.9.6]). Putting a = g, c= %, we have

B N-—1 2|x| _ B B+1 N |x?
Dp(x, 1) = (t+|x|) ﬁF(ﬂ,T,N—l;tHx'):t ﬁF(E’T’?rT .

This formula implies ®g € C°°(Q). In one-dimensional case, the critical exponent for respective
case does not appear.

Then the family {®g}g-¢ satisfies the following properties. For detail, see [65] and also [22,
23].

Lemma 3.6. The following assertions hold:

(i) 9?®s — ADg=00n Q.

(ii) 9 Pp=—BDpi1 on Q.
(iii) If0<p <251, thent=F < ®pg(x, 1) < Kgt = on Q.
(iv) If B > ML, then

2\ Y-8 2\ Y -p
kgt P 1—ﬁ <dg(x,1) < Kgt™# 1—ﬂ
B 2 =W, = A 2 :

In view of the properties of {®g}g-0, we will take W = ®g ; Yg. Then we have the following
lemma.

Lemma 3.7. Let (f, g) satisfy (1.3) and let u be a super-solution of 8,214 — Au= H withu(0) =
ef, du(0) =eg, H € L*(0,T; L>(RN)) and suppu C {(x,1) e RN x [0, T1; |x| <ro+1t} for
ro =sup{|x|; x € supp(f, g)}. Then for every B > 0, there exist constants Lg >0, Cg 1 > 0 and
Cg,2 > 0 such that the followings hold:

() Ifk>2p' and B > O, then for every . > Agand 1 <R <T

T T

1 1
51[g]8+//H@ﬂ’AwRdxdthﬂ,lR_I//|u|d>ﬁ+1,;t[1[f1’§]l’ dxdt (3.10)
0 RN 0 RN
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(i) Ifk>2p’ and B > 1, then for every A > rgand 1 <R <T

T T

1 1
5[[g]s+/fHCDﬂ,M//Rdxdtscﬂng_l/‘/|8,u|d>,3,x[w1’§]f’ dxdr (3.11)
0 RN 0 RN

Proof. Put

cpi(fi8) = / 8Ppy + Bf Ppy1dx.
RN

Then we easily see that cg , (f, g) — fIR{N gdx as A — oo. Therefore there exists Ag > 0 such
that for every A > Ag,

1
cpi(fs8) = El[g].

Next, observe that for R > 1 and (x, t) € O, N supp 1//1’5,

4 N-—1 2x|
) <20+ +1 Pl (B, — N—1, ———
pa(x, 1) < A+ 41+ |x)) B ) pREpEp

N -1 2
52/\’3(k+t)(k+t+IXI)_ﬂ_1F<ﬂ+ I, =——,N~—1 ¢>

2 A4+ |x]

g N-1 2)x|
<A+ +1 P-1F l, — N—1,—— —
< A+ +14+1x) B+ 5 pRT—

<4RDpg i 5 (x, ).
Therefore by Lemma 3.1 and Lemma 3.6 (i), (ii), we see that
02 (@1 WR) — A(@pavr)| <210, Pp 8 Wr| + pa07 Rl
<CR™'®g,nlvpl' F.

Choosing W = ®g ;g in Lemma 3.3, we have (i). For (ii), we choose ¥ = —(8 — D1 x
A®g_1 g for B> 1 and A > Ag (the same choice as the case (i)). Noting that

A
V=g Yr— ﬁd)ﬁ,katl/fR > Og VR,

we can deduce (ii). O

Throughout the present paper we often use the following lemma.
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Lemma 3.8. For every R > 1,

R G RN ifelo, X — 1,
/ / ®f, dxdr < {CRV T log R ifp=N41 L
R BO1+1) c, RN-5Hr ifBe ™ — %, 00).

Proof. All of the assertions are verified by using Lemma 3.6 (iii) and (iv). O
3.3. Lemmas for lifespan estimates for respective critical cases

To provide an upper bound of lifespan of solutions to respective critical cases, we need to
adopt the framework proposed in [24]. For the proof we refer the one of [24, Proposition 2.1].

Definition 3.3. For nonnegative function w € L ([0, T): LY(RN)), set

loc

R

T
Y[w](R):/ //w(x,t)w;(t)dxdt o 'do, Re(0,T).

0 \0 RN
Then Y [w] has the following properties.

Lemma 3.9. For w e LL ([0, T); L'(R")), Y[w](-) € C'((0, T)) and for every R € (0, T)

loc

T
%Y[w](R)zR—lffw(x,z)w;;(z)dxdt,

0 RV
T
Y[w](R)S//w(x,t)lﬁR(t)dxdt.
0 RN

It worth noticing that in critical cases the behavior of Y[|u|”®g] is crucial to obtain not
only the blowup phenomena but also the upper bound of lifespan for respective problems. The
following lemma provides the sharp upper bound of solutions for respective problems.

Lemma 3.10. Let 2 <tg < T, 0 < ¢ € Cl([t9, T)). Assume that

:a < K114/ (1), t € (o, T), G.12)

()" < Kat(logt)P2~1¢/(t), te(to, T)

with §, K1, K> > 0 and p1, p2 > 1. If p» < p1 + 1, then there exist positive constants 8y and K3
(independent of 8) such that

__ri-!
T <exp(K3s ri—r2tl)

when 0 < § < §.
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_pri —pp+l
Proof. If T < tg , then we can choose 86 = (4KO_ ! log to) p1-1  Therefore we assume té' <T.

By the first inequality in (3.12), we have for every ¢ € (tg, T),

¢(t)—qb(t1/2)+/qb(s)ds>—(logt 1ogt‘/2)— logt

(172

On the other hand, let ¢ € (tg , T) be arbitrary fixed. The second inequality in (3.12) implies

t~'logn)' P2, re (i3, T)

Cipwn < - P1K21

and therefore integrating it over [tl1 / 2, t11, we deduce

3|

[$(tD)]' 7 < [p(,/ D)7 —plT_l / s~ (logs)! =72 ds
2

1

S 1-p1 pi—1 1
< | —logt B s ge (log) P
=|x, 0g1i| X /G o (logt))
1/2

s Ji-m pi—1 !
< — =12 g5 Qoe ) FP1—P2 | (logs) 71,
< [41(1} X /0’ o (logty) (log1y)

1/2

This yields that
-1

1
1
(10gt1)1+p1 P2 < (4K1)p1 K2 fal—pz do 6_(171—1).

p1—1
172

Since the choice of 1] € (tg , T) is arbitrary, we obtain the desired upper bound of 7. O
4. The case 3?u — Au = G(u)

The first problem is the following classical Cauchy problem of the following semilinear wave
equation

u — Au=Gu), (x,t)eRN x(0,T),
u(0) = ¢f, x eRVN, 4.1)
oru(0) =eg, xRN,

where the nonlinearity G € C!(R) satisfies
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G0)=0, G(s)=als|’, seR
for some a > 0 and p > 1. In this case the definition of weak solutions is the following:

Definition 4.1. Let f, g € C2°(R") and p > 1. The function

ueC0,7T); HH®RYynclqo, 7); LXRY)), Gw)eL'©,T;L'RY))

is called a weak solution of (4.1)in (0, T') if u(0) = ¢f, 0;u(0) = g and for every ¥ € CSO(RN X
[0, 7)),

T
5/g(x)‘¥(x,0)dx+//G(u(x,t))\ll(x,t)dxdt

RN 0 RN
T
=f/(—8,u(x,t)atlll(x,t)+Vu(x,t)~V‘I/(x,t)>dxdf-
0 RN

In order to give a unified viewpoint with weakly coupled systems, we introduce

N-1_ ys(N.p)
2 -1

1
Ts(N, p) = (1 + ;) (p—D7'-

The case of G(s) = |s|” with 1 < p < ps(N) was already shown in Section 2. The essence of the
proof for 1 < p < ps(N) is the same as in Section 2. Therefore we would state all assertions but
prove only for the case p = ps(N). The assertion is formulated by the upper bound of maximal
existence time of solutions to (4.1).

Proposition 4.1. Let (f, g) satisfy (1.3) and let u be a solution to (4.1) in (0,T) satisfying
suppu C {(x, 1) € RN x [0, T; |x| < ro+1t} for ro =sup{|x|; x € supp(f, g)}. If

Is(N,p)=0

(thatis, 1 < p < ps(N)), then T has the following upper bound

C,g—p%l ifN=1,1<p<oo,
Cs_p%fl’ ifN=2,1<p<2,
T=)CeTs@n™  ifN=2 2<p<ps@),
Ce~TsWn™ N >3, 1< p < ps(N),

exp(Ce=PP=Dy if N >2, p=ps(N)

for every € € (0, &9], where g9 and C are positive constants independent of €.
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Proof. We only show the estimate for T for the case N > 2, p = ps(N). We will deduce dif-

ferential inequalities for ¥ = Y[|u|P ®g ;] defined in Lemma 3.9 with 8 = 8, = % — % and

A = Ap, (given in Lemma 3.7). By virtue of Lemma 3.9, we see from the inequality in Lemma 3.4
that

T

Y’(R)R://mv’cbﬂw;‘;dxdt

0 RN

T
A g —B Py
> T R lu|PYpdxdt

0 RN
>4 (%H)ﬁ (sl[g])p,

where weused 8, = N — NT*I p by the assumption ys(N, p) = 0. Moreover, using Lemma 3.7 (i)
with 8 = 8, and Lemma 3.8, we have

T P T
[Y(R)]F < //|u|l’q>,g,mdxdt 5CR¥P*N(1ogR)P*1//Iulplﬁédxdt

0 RN 0 RN

T
SC(logR)P*I//|u|1’q>ﬁw;‘;dxdt
0 RN

= CR(log R)’'Y'(R).

Applying Lemma 3.10 with p; = p» = p, we obtain T < exp(Cs~P»~D). The proof is com-
plete. O

5. The case 3?u — Au = G(3;u)

In this section we consider the following semilinear wave equation with the nonlinearity gov-
erned by derivatives of the unknown function:

32u — Au=G@Bu) (x,1)eRN x(0,T),
u() =¢f x eRVN, (5.1)
o:u(0) =¢eg xeRY,

where the nonlinearity G € C'(R) satisfies
G0)=0, G(o)=blo|’, o€l

for some b > 0 and p > 1. In this case the definition of weak solutions is the following:
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Definition 5.1. Let f, g € C° (R™) and p > 1. The function
ueC(0,T); H'RY) ncl(o, 7); L2(RY)), G@u) e L 0, T; L'RY))

is called a weak solution of (5.1)in (0, T) if u(0) = ¢f, 0;u(0) = g and for every ¥ € CSO(RN X
[0, 7)),

T
S/g(x)\lf(x,O)dx—i—//G(B,u(x,t))‘ll(x,t)dxdl

RN 0 RN

T
=//(—B,u(x,t)at\ll(x,t)—i—Vu(x,t)-VW(x,t))dxdt.

0 RN

For the problem (5.1), we set

Fo(N. p) = 1 n—1
G 7p_p_1 2 .

The exponent pg(N) = %—J_r} (' (N, pg(N)) =0) is so-called Glassey exponent. For the con-

venience, we put pg (1) = oo.

Proposition 5.1. Let (f, g) satisfy (1.3) and let u be a solution to (5.1) in (0, T) satisfying
suppu C {(x,#) e RN x [0, T1; |x| <ro +1t} for ro=sup{|x|; x € supp (f, &)} If

FGg(N,p)=0

then T has the following upper bound

T <

CeTeV.n™ i1 < p < p(N),
exp(Ce= =Dy ifN >2, p=pG(N)

for every € € (0, &9], where g9 and C are positive constants independent of €.

Proof. Note that u is a super-solution of 8,2u — Au = b|d;u|?. Choosing B > % + 1 and
A =Ag in Lemma 3.7 (ii) and Lemma 3.8, we have

T
sttel+6 [ [ 1o @pvedsar

0 RN

T
SCR_I//|Btu|q>ﬂ,x[1/f;§]%dxdt

0 RN
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L
I

T % R
<CR™! //|atu|l’q>,3w;;dxdt / f dp ;. dx dt
0 RN § B(0,ro+1)
T 2
_(;_N_—l)L
<CR 71 V7 f/|a,u|l'q>ﬁw;;dxdr ) (5.2)
0 RN

Setting Y = Y[|3,u|P®p ;] defined in Lemma 3.9, we obtain
p
(gl[g] + bY(R)) < CRTeWN.P(r=D+ly/ gy,

Solving the above differential inequality, we can deduce

N—-1y—
!

1
Ce 1™ if TG(N, p) > 0,

R <

exp(Ce= =Dy if Tg(N, p) =0.
Since the choice of R € (1, T') is arbitrary, we could derive the desired upper bound of 7. O

Remark 5.1. We can also see from v/ < ¥ that if ['g(N, p) > 0, then by Young’s inequality
we have

1 N-1

Sy

& —( —
El[g]SCR pml 2

and therefore we can easily get the desired lifespan estimate for 1 < p < %—J_r} However, this

argument does not work in the critical situation p = %

6. The case of a combined type 3t2u — Au=G(u, o;u)

In this section we discuss the semilinear wave equation with a nonlinearity of a combined
type

u— Au=G(u,du) (x,t)eRN x(0,7),
u(0) =¢f x eRVN, 6.1)
du(0) =¢g x eRVN,

where the nonlinearity G € C'(R?) satisfies
G(0,00=0, G(s.0)=als|+blo|” (s,0) €R?
for some a,b > 0 and p, g > 1. This problem has been considered by Zhou—Han [64] Hidano-

Wang—Yokoyama [19] and Wang—Zhou [56].
In this case the definition of weak solutions is the following:
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Definition 6.1. Let f, g € C° (R™) and p > 1. The function

ueC(o,7T); HH®RYy)ynclqo, 7); LXRY)), Gu,du)e L 0, T; L'RY))

is called a weak solution of (6.1) in (0, T') if u(0) = ef, 9;u(0) = g and for every ¥ € C2° RN x
[0, 7)),

T
E/g(x)\ll(x,O)dx—l—//G(u(x,t),8,u(x,t))\ll(x,t)dxdt
RN 0 RN

T
=//(—atu(x,z)a,w(x,t)JrW(x,z).vw(x,t))dxdt.
0 RN

For the problem (6.1), we set

qg+1 N -1
r N’ ) = -
comb(N, P, q) g —1) )

The following assertion is already given by Hidano—Wang—Yokoyama [19].

Proposition 6.1. Ler (f, g) satisfy (1.3) and let u be a solution to (6.1) in (0, T) satisfying
suppu C {(x,1) e RN x [0, T); |x| < ro+1t} for ro =sup{|x| ; x € supp(f, &)}. If

max{I's(N,q),I'c(N, p)} =0 or T'ecomp(N, p,q) >0,

then T has the following upper bound

exp(Ce= =Dy ifp=2H g5 14 45,

Ce— TN ifp<%, qg>2p—1,
TS Cg_rcomb(N!p’q)71 lf‘pquzp_ 1, Fcomb(N7 p’q)>0’
Cgfrs(NsPrl ifp>q, q<ps(N),

exp(Ce?"V)  ifp>q=ps(N)
for every ¢ € (0, &9, where g9 and C are positive constants independent of ¢.

Remark 6.1. In the case I's(N,q) <0,Tg(N, p) <0 and I'comp (N, p, g) <0, Hidano—Wang—
Yokoyama [19] proved global existence of small solutions to (6.1) when N = 2, 3. Therefore
although it is open but one can expect that the same conclusion can be proved for all dimensions.

Remark 6.2. In Wang—Zhou [56], the lower estimate for lifespan of solutions to (6.1) with N =4

and p € {2} U[3, o0) is given. Therefore in these cases, the upper bound for T in Proposition 6.1
is sharp.
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Proof. We have already proved the first, second, fourth and fifth cases in Propositions 4.1 and
5.1 because G satisfies both G > a|s|? and G > b|o|?. Therefore we only consider the third
case. Observe that u is a super-solution of Btzu — Au = 0. By virtue of Lemma 3.5, we already
have

T

ai(l[g]s)pRN—¥l’5/f|a,u|l’1/f;gdxdz.

0 RN

On the other hand, since u is a super-solution of Btzu — Au > alu|? + b|o;u|?, Lemma 3.2 with
Young’s inequality implies

T T
1
I[g]e—i—/ /(a|u|q+b|8,u|p)g/f}§dxdt§CR72/ / lul[¥r]e dx dt
0 RN 0 RN
a‘qlTlcq’ gt
=

T
TRN—FJrg//Ww;gdxdz.
0 RN

Combining the above inequalities, we deduce

1 !’
P - a a—1C14 est
s (11gle) RV "5 < T RV
q

Since the choice of R € (1, T') is arbitrary, this gives the third estimate for 7. O
7. The case of the system 3t2u — Au=G1(v) and 3t2v —Av=G3(u)

The problem in this section is the following weakly coupled semilinear wave equations

32u — Au=Gi(v), (x,1)eRN x(0,7),

v —Av=Gy(w) (x,1)eRN x(0,7),

u(0) =¢f1 xeRZ, 7.1
o:u(0) =egq x eRY,

v(0)=¢f> x eRVN,

rv(0) =eg2 xeRVN,

where the nonlinearities G| € C! (R)and G, e C 1 (R) satisty

G1(0)=0, G2(00=0, Gi(s)=als|’, Ga(s)=b|s|? seR

for some a, b > 0 and p, g > 1. The problem (7.1) with G (s) = |s|” and G(s) = |s|9 is studied
by Deng [7], Kubo—Ohta [31], Agemi—Kurokawa—Takamura [2], Kurokawa—Takamura—Wakasa
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[35]. The aim of this section is to find the same result about upper bound of lifespan of solutions
to (7.1) by using a test function method similar to the one in Section 4.
In this case the definition of weak solutions is the following:

Definition 7.1. Let f, f2, g1,82€ C° (RY). The pair of functions
(u,v) € C([0,T); (H' RV)?) n (o, T); (L*RY))?),
Ga(u) e L0, T; L'"RY)), Gi1(v) e L'(0, T; L'RY))

is called a weak solution of (7.1) in (0, T') if (u, v)(0) = (¢f1, €f2), (0:u, 3;v)(0) = (eg1, €82)
and for every W € C°(RY x [0, T)),

T
S/gl(x)\ll(x,O)dx—l—//Gl(v(x,t))\ll(x,t)dxdt

RV 0 RN

T
://(—8,u(x,t)8t\11(x,t)+Vu(x,t)-V\ll(x,t)>dxdt,

0 RN

T
S/gg(x)\ll(x,O)dx—i—//Gz(u(x,t))\ll(x,t)dxdt
RN 0 RN

T
://(—a,u(x,z)at\l/(x,t)—i—Vu(x,t)~V‘-I/(x,t))dxdt.

0 RN

As in the previous works listed above, we introduce

1 ., N-
Fss(N,p,q) = p+2+5 (pg—1) -

The assertion for the estimates for T is the following. The result has been given until Kurokawa—
Takamura—Wakasa [35].

Proposition 7.1. Let (f1, g1) and (f2, g2) satisfy (1.3) and let (u, v) be a weak solution of the

system (7.1) satisfying supp(u, v) C {(x, 1) €RY x [0, T); |x| < ro +1} for ro=sup{lx|; x €
supp (f1, f2, g1, &)} If

Iss(N, p,q) =max{Fss(N, p,q), Fss(N,q, p)} >0,

then T has the following upper bound
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CeTssV.p.a)”! if Tss(N., p.q) >0,
T < { exp(Ce™mintp(Pa=D.a(pa=D}y if T'¢o(N, p,q) =0, p#q,
exp(Ce=P(P=D) if 'ss(N,p,q)=0, p=gq

for every € € (0, g9], where g9 and C are positive constants independent of .

Proof. We assume Fss(N, p,q) > Fss(N, q, p), otherwise, we can interchange u and v. More-
over, we already have the following estimates by Lemma 3.4:

T

51(1[g1]e)qRN—%q§//|u|q1/f;gdxdt. (71.2)

0 RN

Now we consider the case Fss(N, p,g) > 0. By Lemma 3.2, we have

T gl T
//|v|plﬁRdxdt §CR_2+(N_1)(‘1_1)//|u|q1//}'}dxdt,
0 RN 0 RN
T p T
//|u|qldexdt 5CR—2+(N—“(P—1>//|v|f’¢;§dxdt. (7.3)
0 RN 0 RN
These imply
T P4 q
//|u|wRdxdt <C R—2+<N—1)<P—“/|v|P¢;§dxdt
0 RN RN
T
<cR[—2+<N—1><l’—1>lq—2+(N—1><‘1—1>//|u|‘11/f;;dxdt
0 RN
T
§CR(N_1)(1”1_1)_2(’1+1)//|u|qw;$dxdt,
0 RN
and hence
T
2(q+1) 2g+1
//|u|qudxszCRN*1* it = CRV T
0 RN

Combining (7.2), we deduce
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N—1__ pg+2q+1

<I[gl]8)q§CR_q pi—1 = C R 4Fss(N.p.q)

Since R € (1, T) is arbitrary, we have the upper bound for T'.
Next we consider the critical case Fss(N, p,q) =0. If Fss(N, p,q) = Fss(N, q, p), then
we have p = g = ps(N). In this case, we consider the following differential inequality

8,2(u +v) — A(u +v) =blul? +alv|? > 2P min{a, b}(Ju| + |v])” > 27? min{a, b}|u + v|?.

Applying Proposition 4.1 with a replaced with 277 min{a, b}, we can obtain T <
exp(Ce’P(P’l)). Here we assume 0 = Fss(N, p,q) > Fss(N, g, p). Then combining (7.2) and
(7.3), we have

N-1

T

pq _ pq N-1_
//Ivl”w}"edxdth?i(l[gl]e) R<N—¥q>p+2—<N—l>(1"”:51(1[&]8) R
0 RN

Q=

where we have used Fss(N, p, g) = 0. We see from Lemma 3.6 (iii) that

T

Pq
/ / o|P@p ki dxdt > 8, (I[gl]s)

0 RN

with B = g, = 21 — % and A = Ag, . By using Lemma 3.7 (i) with 8 = B,, Lemma 3.8, (7.3)
and the condition Fsg5(N, p, q) =0, we have

T rq T 4
//|U|Pq>,g,m//,gdxdt < CR-NV=30P (g RyP@—D //IMW;‘%dxdt
0 RN 0 RN
T
5CR*W*%!I)%H(N%)@*I)(logR)p(qfl)//|U|p¢;dxdt
0 RN
T
5C(1ogR)P<q—1)//|v|Pc1>,g,mp;;dxdt.
0 RN

In view of Lemma 3.9, taking ¥ = Y[|v|” ®g ; ], we deduce

eP1 < CRY'(R),
[Y (R)]P7 < CR(log R)?~DY'(R).
Applying Lemma 3.10 with § = ¢4, p; = pq and pr = p(q¢ — 1) + 1, we obtain
T <exp(Ce9Pa=D)y,

The proof is complete. O
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8. The case of the system 8t2u — Au = G1(0;v) and atzv — Av = Gy (0su)

We consider the following weakly coupled system of semilinear wave equations with nonlin-
earities including derivatives

u — Au=G1(3v), (x,1)eRN x(0,7),

v —Av=Gr(3u) (x,1) eRY x(0,7),

u(0) =¢fi X GRZ, &1
oru(0) =¢eg x eRY,

v(0)=¢fr x eRN,

3 v(0) = eg> x eRV,

where the nonlinearities G| € C'(R) and G» € C'(R) satisfy
G1(0)=0, G2(0)=0, Gi(o)=alol?, Ga(o)=blo|?, oeR
for some a,b > 0 and p, g > 1. The blowup phenomena of the system (8.1) is studied in Deng
[7]. It seems that the upper bound of lifespan of solutions to (8.1) has not been obtained so far.
In the present paper we obtain an upper bound of lifespan by our technique similar to Section 5.
In this case the definition of weak solutions is the following:

Definition 8.1. Let f1, f>, g1, 82 € C (RN ). The pair of functions

(u,v) € C([0, T); (H' RV )2 n ([0, T); (L2RN))?),
Go(Bu) e L0, T; L"RY)), G;@v) e L 0, T; L'RY))

is called a weak solution of (8.1) in (0, T) if (u, v)(0) = (¢f1, £f2), (d;u, 3;v)(0) = (eg1, £g2)
and for every W € C2° (RN x [0, T)),

T
S/g](x)llf(x,O)dx—l—//G](B,v(x,t))\lf(x,t)dxdt
RN 0 RN

T
:[f (—atu(x,t)atlll(x,t)—{—Vu(x,t)-V\I/(x,t))dxdt,

0 RV

T
S/gz(x)\ll(x,O)dx—i—//Gz(a,u(x,t))\ll(x,t)dxdt
RN 0 RN

T
=// (-a,u(x,z)a,\y(x,t)+vM(x,t)-V\y(x,t))dxdt.

0 RN
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In this case, set

p+1 N -1

FeG(N.p.q)=—"— 5

The exponent Fgg seems to play the same rule (with the shift of dimension N to N — 1) as the
one for weakly coupled heat equations in Escobedo—Herrero [9] (see also Nishihara—Wakasugi
[44] for weakly coupled system of damped wave equations).

Proposition 8.1. Ler (f1, g1) and (f2, g2) satisfy (1.3) and let (u, v) be a weak solution of the
system (8.1) satisfying supp(u, v) C {(x,t) € RN x[0,7); |x| <ro+ t} forro =sup{|x|; x €
supp (f1. f2. &1, &)} If

L66(N, p,q) =max{FGG(N, p,q), FeG(N,q, p)} =0,
then T has the following upper bound
CeToa®Wer 0™ if TGN, p,q) > 0,

T < yexp(Ce~ 47Dy ifT66(N,p,q) =0, p#gq,
exp(Ce~P~Dy  ifT66(N,p,q) =0, p=gq

for every € € (0, &9], where g9 and C are positive constants independent of €.
Proof. As in the proof of Proposition 7.1, we only consider the case Fgg(N, p,q) >

FGG(N.q. p) (thatis, p > q). Lemma 3.7 (if) with § > N-1 + 1 and » = Ag and Lemma 3.8
imply

T T
1
%I[gl]—l—a//|8,v|pd>5’)L1//Rdxdt§CR_1//|81u|<1>ﬂ’;t[1/f;]§dxdt
0 RN 0 RN
1
T a
— (L ANl L
<CR 971 274 //|a,u|‘1d>,3,)\w}§dxdt ,
0 RY
and similarly,
T T
1
Stigat+b [ [aureppedrdr R [ [lavioptt avar
0 RN 0 RN
1
T p
(L,N*I)L
<CR ‘77T 27/ f/lB,vV’d),g,m/f};dxdt
0 RV

Combining these inequalities, we deduce
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pq

T T
£ p XLy (pg—1)—p—1 » .
Sl1gil+a 8,0/P®psrdxdt | <CRS 18,07 B dux di.
0 RN 0 RN

Using ¥ = Y[|0;v|”®g ;] in Lemma 3.9, we can verify

_ |cemFee®™r ™ i oG (N, pq) > 0,
= |exp(Ce=P4=D) if Fg6(N, p.q) =0.

Note that in the case Fgg(N, p,q) = Fg6(N, g, p) =0, we have p = g and then 'g(N, p) =0.
Applying Proposition 5.1 to the inequality

32 (u 4 v) — Adu +v) = 27P minfa, b}|d; (u + v)|?,
we have T < exp(Ce~?~D). O
9. The case of system afu — Au=G1(v) and 3t2v — Av =G, (0;u)

To close the paper, in the last section we consider the weakly coupled system of semilinear
wave equations of the form

2u — Au=G(v), (x,1)eRN x(0,7),

32v — Av=Gr(du) (x,1) eRN x (0, 7),

u(0) =¢ef) x GRZ, ©.1)
o:u(0) =eg x e RY,

v(0) =¢fs xeRV,

0:v(0) = eg2 xeRVN,

where the nonlinearities G; € C1(R) and G, € CL(R) satisfy
G1(0)=0, G2(00=0, Gi(s)=als|?, Ga(o)=blo|”, s,0€R
for some a, b > 0 and p, g > 1. In this case the definition of weak solutions is the following:

Definition 9.1. Let fi, f>, 81,82 € C° (RN ). The pair of functions (u, v) satisfying

(u,v) € C([0, T); (H' RY)NH N Cl ([0, T); (L2RN))?),
G>(0u) € LY, T: L"RY)), Gi(v)eLY 0, T; L'RY))

is called a weak solution of (9.1) in (0, T) if (u, v)(0) = (sf1, &f2), (3;u, 3;v)(0) = (eg1, £g2)
and for every W € C2°(RY x [0, T)),
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T
S/gl(x)\IJ(x,O)dx—i—//G](v(x,t))\IJ(x,t)dxdt

RV 0 RN

T
=//(—atu(x,t)atlll(x,t)—i-Vu(x,t)~V\I/(x,t))dxdt,

0 RN

T
8/gz(x)\ll(x,O)dx+//Gz(atu(x,t))lll(x,t)dxdt
RN 0 RN

T
=[/ (—B,u(x,t)at\D(x,t)+Vu(x,t)-V\IJ(x,t))dxdt.

0 RN
Here we introduce two kinds of exponent for the problem (9.1).

1 ., N-1
FsG,1(N,p,q)= ;+1+q (pg—1) -

1 . N1
FSG,2(N1p9q): 2_’_5 (Pq_l) _T

The problem (9.1) is recently discussed in Hidano—Yokoyama [20] and the blowup phe-
nomena for small solutions are shown in the case Fsg,1(N, p,q) > 0. The other condition
FsG2(N, p,q) > 0 is now carried out by our test function method. Furthermore, we can also
find the lifespan estimate for (p, ¢) on the borderline case.

Proposition 9.1. Let (f1, g1) and (f2, g2) satisfy (1.3) and let (u, v) be a weak solution of the
system (9.1) satisfying supp(u, v) C {(x,1) e RN x [0, T); |x| <ro+ 1t} for ro =sup{|x|; x €
supp (f1, f2, &1, 82)}. If

Isg(N, p,q) =max{Fsg,1(N, p,q), Fsg2(N, p,q)} =0,

then T has the following upper bound:

Ce TseN-P™ ifTgG(N, p.gq) >0,

exp(Ce~1P1=D) if 56 1(N, p,q) =0> Fsg2(N, p.q),
exp(Ce P4~y ifTs61(N, p,q) <0= Fsg2(N, p.q),
exp(Ce=P4=D)  ifTs6 (N, p,q) =0= Fsg2(N, p,q)

for every ¢ € (0, g9], where gg and C are positive constants independent of ¢.
Remark 9.1. On the critical curve, we could find lifespan estimates including exponential func-

tions. At the intersection point of two critical curves {I"sg,1 = 0} and {I"sG 2 = 0}, some discon-
tinuity in the sense of lifespan estimates appears.
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Proof. (The case I'sg(N, p,q) > 0.) By Lemma 3.4 for v and Lemma 3.5 for d,u, we have

51 (11g11e) RV sf/wtul"x/f,edxdr ©.2)
0 R
5 <I[g2]8> RNt < / / |7y % dx dt. 9.3)
0 RN
On the other hand since u is a super-solution of 8214 — Au =G =|v|? and v is a super-solution
of 821) — Av =G = |0;u|? using Lemma 3.2 (ii) w1th u, we have
T T
1
f/ [v|9yrpdx dt < CR_I/ f [0,u|[Y 1P dx dt
0 RN 0 RN
1
T P
—14+N(p=1)
<CR » // [0:u|P g dx dt 9.4
0 RN

and using Lemma 3.2 (i) for v, we have

T T
/f|a,u|P1/fRdxdt5CR*2//|u|[w;§]5dxdr

0 RN 0 RN

T
—24(N=D)(g=1)
<CR™ 7 //www;;dxdt . 9.5)

0 RN

Combining the above inequalities, we deduce

T ba T
//|8,u|prdxdt 5CR[_2+(N_1)(q_1)]p_1+N(p_1)//|B,u|pw}§dxdt
0 RN 0 RN

T
§CR_1"1_1"1+N(1"1_1)//|8,u|/’w}';dxdt
0 RN

and
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T pa .
/ f ll?yrdxdt | = CR[‘“N(P—UM—H(N—1><q—1)f / |99k dx di
0 RN -

T
SCR—2q—1+N(Pq—1)/ / iy dx dr.
0 RN
These yield that
T
_ pqtp+l
/ / Iatu|p1[/RdXdl‘ < CRN pg—1
0 RN
T
2q+1
//IvlqudxdtfcjeN‘%’
0 RN

and therefore combining (9.2) and (9.3), we obtain the desired estimates for T for I'sg(N,

p.q) > 0.
(The case Fsg 1(N,p,q) =0 > Fsg2(N, p,q).) Observe that the condition Fsg,1(N,

p,q) =0 yields

N -1 N -1
(N_Tp_ﬂq>CI+(N_Tq_ﬁp_l):_FSG,I(N»PJ]):Q (9.6)

We see by (9.2) and (9.5) that

T T

//|v|qw,’§dxdtzC_qu_(N_l)(q_l) //|8,u|prdxdt
0 RN

0 RN

Pq -
> C*qglq (I[gl]€> R(N*¥p)q+2*(1\’*l)(f1*1)

> C795] (1[g1]8>pqR<N—NT’1P—/%>‘/+N—NT’I‘1
pq
=C98{(11g1le) " R

and therefore

T

//|u|‘1<1>ﬁw;dxdzzc—qa;f(al[g]])pq

0 RN

with B =B, + 1 and A = Ag, 4. On the other hand, using Lemma 3.7 (ii) with 8 = B, + 1,
Lemma 3.8, (9.5) and the condition Fsg,1(N, p, g) =0 again, we deduce
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pq

T T
C 1
/f|v|qd>,s,mdxdr < Eff|atu|<1>ﬂ,x[w]vdxdt

0 RN 0 RN

rq

q

T
< CR~W="7"P)4 (1og R)2(P—D //|8,u|”1/f;$dxdt

0 RN
T
SCR*(ﬂv*‘)(logR)q(P*‘)//|u|w;;dxdt
0 RN
T
§C(1ogR)q<P—“[/|v|qcb,3,w;§dxdt.
0 RN

Lemmas 3.9 and 3.10 with 8 = 79, p; = pg and p, = q(p— 1)+ 1 imply T < exp(Ce~PP4=D),
(The case Fsg,1(N,p,q) <0 = Fsg2(N, p,q).) Observe that the condition Fsg (N,
p,q) =0 yields

N -1 N—1
<N— TP—ﬁ:,) + (N— — 4B 1>p=—Fsc,2(N,P,q)=0- .7

We see by (9.3) and (9.4) that

T T P

//|a,u|Pw;‘;dxdtzc*PR1*N<P*U //|v|‘11dexdt

0 RN 0 RN

pPq —
>Crsh (I[gz]g) RN=25L ) p+1-N(p—1)

rq
=Cf (1lg21e) R
and therefore

T

//|atu|1'c1>ﬁ,“/f;gdxdtzc—f’af(l[gz]e)pq
0 RV

with B = B; and A = Ag,. On the other hand, using Lemma 3.7 (i) with 8 = §;, Lemma 3.8,
(9.5) and the condition Fsg2(N, p,q) =0, we have
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T rq T rq
[ [ warepearar | <( %[ [ st arar
0 RN 0 RN
T P
§CR_(N_¥q)p(logR)P(q_l) //|U|ql/f;$dde
0 RN
T
gCR*ﬂq(logR)P@*l)//|a,u|1’w;§dxdz
0 RN
T
5C(1ogR)P<4—1>//|atu|f’q>,g,“//;gdxdt. (9.8)
0 RN

Lemmas 3.9 and 3.10 with § = P4, p; = pg and pr = p(g—1)+1imply T < exp(Ce~9(P4=D),
(The case Fsg.1(N, p,q) = Fsg.2(N, p, g) =0.) In this case we see from (9.6) and (9.7) that

N —1 N—1
N——S—p=By N——F—q=Fp+1,

This implies that (9.2) can be rewritten as

T

51<1[g1]8>p§R7N+¥p//|8tu|P1p}§dxdt

0 RV

T
§Cf/|8,u|p<b,3,;tw;§dxdt
0 RV
with B = B, and A = g . In view of the above estimate and (9.8), Lemma 3.9 with w

|0;u|’®pg; and Lemma 3.10 with § =¢&”, py = pg and pp = p(g — 1) + 1 imply T <
exp(Cs_(f’q_l)). O
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