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Abstract

Let M (X) be the space of all Borel probability measures on a compact metric space X endowed with the
weak*-topology. In this paper, we prove that if the topological entropy of a nonautonomous dynamical sys-
tem (X, { fn}j;xl’) vanishes, then so does that of its induced system (M (X), { fn};:';xl’); moreover, once the
topological entropy of (X, { fn };:';Xl’) is positive, that of its induced system (M (X), { f» };ll:c;) jumps to infin-
ity. In contrast to Bowen’s inequality, we construct a nonautonomous dynamical system whose topological
entropy is not preserved under a finite-to-one extension.

© 2019 Elsevier Inc. All rights reserved.

MSC: 37B0S; 54H20

Keywords: Entropy; Nonautonomous dynamical system; Induced system; Finite-to-one extension

1. Introduction

As an important invariant of topological conjugacy, the notion of topological entropy was
introduced by Adler, Konheim and McAndrew [1] in 1965. Topological entropy is a key tool to
measure the complexity of a classical dynamical system, i.e. the exponential growth rate of the
number of distinguishable orbits of the iterates of an endomorphism of a compact metric space.
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In order to have a good understanding of the topological entropy of a skew product of dynamical
systems (as we know that the calculation of its topological entropy can be transformed into that
of its fibers), Kolyada and Snoha [11] proposed the concept of topological entropy in 1966 for a
nonautonomous dynamical system determined by a sequence of maps.

By a nonautonomous dynamical system (NADS for short) we understand a pair (X, { f,,
where X is a compact metric space endowed with a metric p and { f,,}+ | 1S a sequence
of continuous maps from X to X. In 2013, Kawan [8] generalized the classical notion of
measure-theoretical entropy established by Kolmogorov and Sinai to NADSs, and proved that
the measure-theoretical entropy can be estimated from above by its topological entropy. Follow-
ing the idea of Brin and Katok [3], Xu and Zhou [14] introduced the measure-theoretical entropy
in nonautonomous case and established a variational principle for the first time. More results
related to entropy for NADSs were developed in [2,5,7,8,10,15,16].

In contrast to the classical dynamical systems whose dynamics have been fully studied,
properties of entropy for NADSs are still fairly poor-developed. One of such respects that we
considered naturally is the relation between a NADS and its induced system (whose phase space
consists of all Borel probability measures on the original space, for details see Section 2). A well-
known result due to Glasner and Weiss [6] in 1995 reveals that if a system has zero topological
entropy, then so does its induced system. This theorem is amazing. Generally speaking, a system
is rather “tiny” (in the sense of a subsystem) compared with its induced system. However, the
vanishment of its entropy surprisingly results in the same phenomenon for its induced system.
Later, this connection was further developed by Kerr and Li in [9]. They obtained that a system
is null if and only if its induced system is null (recall that a classical dynamical system is null
if its topological sequence entropy along any increasing positive sequence is zero). In [12], the
second named author and Zhou generalized the result of Glasner and Weiss to any increasing
positive sequence for classical dynamical systems. This generalization strengthens Kerr and Li’s
result as well.

The present paper aims to investigate the entropy relation between a system and its induced
system in the context of NADSs. We denote by M (X) the space of all Borel probability mea-
sures on a compact metric space X equipped with the weak*-topology. Our main result is as
follows.

10,

Theorem 1.1. Let (X, { fn}n l) be a NADS. Then the following statements hold:

L. hiop (X, {fu3729) = 0 if and only if hyop(M(X), { fu}12]) = 0.
2. hiopX, A Su}25) > 0 if and only if hyop(M(X), { f1}125) = +oo.

Note that Theorem 1.1 includes the results mentioned previously in [6,12].

Now let us turn to considering the entropy relation between a system and its extensions. In
classical dynamical systems, topology entropy, as we know, is preserved under finite-to-one ex-
tensions [4]. A natural question is if we may further expect such an assertion to be true for
NADSs. Unfortunately, this property fails in nonautonomous case.

Theorem 1.2. There exist two NADSs (X, { fu}12%) and (Y, {g,}123) such that (X, {f,}25) is a
finite-to-one extension of (Y, {gn}+°<1>) and

Biop (X AL} T29) > huop (Y, {8 }129).
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Theorem 1.2 reflects that entropy properties of NADSs may differ from that of classical dy-
namical systems. In particular, it indicates that the Bowen-type entropy inequality (stated in
Theorem 2.1) does not hold for NADSs in general.

This paper is organized as follows. In Section 2, we list basic notions and results needed in
our argument. In Section 3, we prove Theorem 1.1(2). In Section 4, we prove Theorem 1.1(1). In
Section 5, we provide a constructive proof of Theorem 1.2.

Acknowledgments. The authors would like to thank Prof. Wen Huang and Dr. Lei Jin for
their useful comments and suggestions. Y. Qiao was partially supported by NNSF of China
(11901206). L. Xu was partially supported by NNSF of China (11801538, 11871188) and the
Fundamental Funds for the Central Research Universities.

2. Preliminaries

For clarification, throughout this paper by a topological dynamical system (TDS for short)
we mean a pair (X, T), where X is a compact metric space endowed with a metric p and T :
X — X is a homeomorphism. A nonautonomous dynamical system (NADS for short) is a pair
(X, { fn} ) where X is a compact metric space endowed with a metric p and {f, : X — X }
is a sequence of continuous maps. We denote by N and N the sets of nonnegative integers and
positive integers, respectively.

2.1. Topological entropy

Let (X, { fn}+ 1) be a NADS and p a metric on X. An open cover of X is a family of open
subsets of X, whose union is X. For two covers I/ and V we say that I is a refinement of V if
foreach U e U thereis V € V with U C V. For n € N and open covers U1, Us, ..., U, of X we
denote

n
VUi ={AINAIN-NA Al el Ayelhy..... Ay €Uy}
i=1

Note that \/}_, U; is also an open cover of X. We denote by A/ (/) the minimal cardinality of all
subcovers chosen from /. Set

P =idx, fI'= fixm—1) 0 fixm—0---0 fix10 fi, £ ="

for all i, n € N, where idy is the identity map on X. Let

NNZ W)
htop({fn}n lyu)_llmsup log \/] 0J1 '

n—+00 n
The topological entropy of (X, { fn} %) is defined by
iop (X, fu b 29) = sup {hiop ({ )25, U) : U is an open cover of X} .

As we expected, there is a Bowen-like equivalent definition of topological entropy for NADSs.
For each n € N, a compatible metric p, on X is defined by the formula
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J J
pou(x,y)= max p(fix, f]y).
0<j<n-1

For any n € N and ¢ > 0, a subset F of X is called an (n, ¢)-spanning subset of (X, {fn} ) if
for any x € X there exists y € F with p,(x, y) < &. A subset E of X is called an (n, ¢)- separated
subset of (X, {fn}+ 1) if for any distinct x, y € E, pn(x, y) > . We denote by r, (X, {fn}n 1)
the smallest cardmallty of all (n, €)-spanning subsets of (X, {f,,} ) and s, (X, {f,,}n l,s) the
largest cardinality of all (n, ¢)-separated subsets of (X, { fn} ) It was proved in [11, Lemma
3.1] that for every NADS (X, {fn}+ 1), we have

1 X, oo,
rop (X, U 22) = lim lim sup <22 Unbuzi- ©)

e—0 p— o0 n

1 X, ,
= lim limsup 0g7n( {fn}" 1

£>0 p—+o0 n

2.2. Extensions

Let (X, T) and (Y, S) be two TDSs. We say that (X, T') is an extension of (Y, S) if there is
a continuous surjective map 7w : X — Y such that m o T = S o . For two NADSs (X, {fn}+°<f)
and (Y, {g,,}‘“xl)) (X, {f,,}+ 1) is said to be an extension of (Y, {g,,}+ 1) if there is a continuous
surjective map m : X — Y such that 7 o f;, = g, o w for every n > 1. In both of the above
definitions, 7 is called an extension (or a factor map), and if in addition, there exists ¢ > 0 such
that SUpycy #r ! (y) <c, then & is called finite-to-one.

It is easy to see that if (X, T') is an extension of (¥, §) then A;p (X, T) > hyop (Y, ). Bowen
[4] gave an upper bound of extensions in his renowned work as follows.

Theorem 2.1 ([4, Theorem 17]). Let (X, T) and (Y, S) be two TDSs, and w : (X, T) — (Y, S)
an extension. Then

Riop(X, T) < hyop(Y, S) + sup hyop(T, 71 ().
yeyY

In particular, if 7 is finite-to-one, then h;op(X, T) = hyop(Y, S).

Remark 2.2. In the case of NADSs, the assumption that for any n € N, f, is topologically
conjugate to g, (via a homeomorphism i, : X — Y) is not sufficient to guarantee the equality
Biop (X AL} 129) = huop (Y, {gn}29). However, if all ,’s are the same, then /o (X, { £, }120) =
hiop (Y, {gn}+°<])) holds (see [11, Section 5.b]).

2.3. Induced systems
Let X be a compact metric space, B(X) the set of Borel subsets of X, C(X) the space of

continuous maps from X to R endowed with the supremum norm (|| - || ), and M (X) the set of
Borel probability measures on X. The weak*-topology is the smallest topology making the map

Dy : M(X) — R, ,ur—)/gdu
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continuous for every g € C(X). A basis is given by the collection of all sets of the form

Vg1, 82, .., 8k58) = {VEM(X):‘/gidM_/gidV

<eg, 1§i§k},

where u € M(X), g1,82,...,8 € C(X), k € N and ¢ > 0. It is well known that M (X) is
compact in the weak*-topology [13, Theorem 6.5].
Suppose that {gn}Jr‘Xl’ is a dense subset of C(X). By [13, Theorem 6.4], the metric

P V)Z*Z“ugndu—fgndw
2 2(lsullee + D)

on M(X) is compatible with the weak*-topology. So M (X) becomes a compact metric space
as well.

ANADS (X, {f,,} )1nduces anew NADS (M (X), {f*} ) where f: M(X) - M(X)
is given by f (,u)(B) = u(f, 'B) for each n e N, u € M(X) and B € B(X) We call
(M(X),{ fn} ) the induced system of (X, { f,,} ) and write (M (X), { fn} ) instead of
(M(X), {f*}n l) if there is no ambiguity.

3. Proof of Theorem 1.1(2)

Let X be a compact metric space with the metric p and n € N.. The metric
d((-xlv-x2 e sxn)s (ylv y2a L] )’n)) = ma.X ,O(xi’ yl)
1<i<n
on X" is compatible with the product topology. For a map f: X — X, set

f(")zfxfx-~~xf:X”—>X”, (X1, %2, .oy X)) > (fx1, fxo,..., fxn).

n times

Proposition 3.1. Let (X, { fn} ) be a NADS and k € Ny. Then
heop (XS LN =k - huop (XS} 12D

Proof. Forfixedm € N and ¢ > 0, we let E be an (m, £)-spanning set of (X, {fn} ) with #E =
rm(X, {fn}n 1,8). Then for any x = (x1, x2, ..., xx) € XX, there exists y = (y1, y2, ... ) € E¥
such that p,, (x;, yi) < e fori =1,2,..., k. Thus,

Pm(x,y) = max d((f{xl,...,fljxk),(fljy1,...,f1jyk))
0<j=<m-—1

= max max Xi,
0<) o1 1 2ok P(fl i f1 yi)

= max P (x;, yi)
1<i<k

<é.
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This implies that EX is an (m, &)-spanning set of X¥, and hence

(X5, {FOVH20 e) < #(EX) = (rn (X, (1)), e))F

for any m € N and ¢ > 0. Therefore,

1
Riop (X5, { O} )—hmhmsup—logr X5 £ e)

e=>0m—too M

k
< lim limsup — logru (X, { 2}, 5. ©)

e=>0m—+o0

=k-hop(X, {fn}n D- 3.1
For fixed n’ € N and ¢’ > 0, we assume that F is an (n’, ¢’)-separated set of (X, {fn}+°°)
with #F = s,/(X, {fn}n 1> ¢’). For any two distinct points x = (x1,x2,...,x;) and y =
(1, ¥2, .., Yx) in F*, we have
dy(x.y)= max d((f]jxl,...,fljxk),(f]jyl,...,fljyk))
0<j<n’—1
= max max p(f xS0
0<j<n'—11<i<
= max o (xi, yi)
> ¢
So FKis an (n’, &')-separated set of (X, {fnk)}+ 1), which means that
sw (XS AL, €)= #FY) = (5w (X, fa)1 25, €
for any n’ € N and ¢’ > 0. Thus,
1
hiop(XE, (£ 112D = lim Tim sup — log sy (X", (/)25 )
=0, —4o00
k
> lim hmsup — logs,,/(X {fn}” 1€ "
=0y 5400t
=k - hiop (X, { fu},29). (32)

By (3.1) and (3.2), we get yop (X5, {f0V20) = k - hyop (X, (f,1129). O

n= 1
Proposition 3.2. Let X be a compact metric space and k € N.. Then the map

k
1 .
. vk i
i X5 — M((X), (xl,xg,...,xk)HﬁEIZ(Sxi
Zl: 1=

is injective.
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Proof. Fix x = (x1,x2,...,x¢) and y = (y1, y2, ..., yx) in X¥. Set
t=min{i =1,2,...,k:x; # yi}.

There exists a continuous function g € C(X) satisfying that g(x;) = 1 and that g(z) =0 for all
z€{x1,Xx2,..., Xk, Y1, ¥2, - - -» Yk} \ {x¢}. Then we have

(- () fofn)

and

ol fofen) o)

If t =k, then

/gd (i%}”) =2k5£0=/gd (izfay,.).

Otherwise, we have

k k
2f+1f/gd (Zziaxl), 21+ /gd (szayi).
i=t i=t

Summing up,

k k
fgd(zziéx,-);é/gd(Zz'a”).
i=1 i=1

This implies

k k
D 2, # Y 26y,
i=1 i=1
Thus, 7y is injective. O
We are now ready to prove Theorem 1.1(2).

For any k € N, let rx be the map defined in Proposition (3.2). It is clear that 7y is continuous
and equivariant, which, together with the injectivity of ; that we just proved in Proposition (3.2),

allows us to regard (X*, {f,,(k)} ) as a subsystem of (M(X), {f,,} ) This implies that

Ptop (M), Fd 25 = o (XX ALV =k - Byop (X, { )23
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for all k € N.. Since h;p (X, {fn}+ 1) > 0, we conclude

hiop(MX), { fu},27) = +00.
4. Proof of Theorem 1.1(1)

To begin with, we borrow a key lemma which has some combinatorial flavor.

Lemma 4.1 (/6, Proposition 2.1]). For given constants € > 0 and b > 0, there exist no € N and
a constant ¢ > 0 such that for all n > no, if ¢ is a linear mapping from Iy to I}, of norm

llpll = sup {llp()lloo s x € 1], [Ix[| < 1} <1,

and if ¢(B1(I}")) contains more than 2P points that are e-separated, then m > 2", where
Bl =={y el llyll =1}

Firstly, (X, { f,,}Jr 1) may be regarded as a subsystem of (M (X), { f,,}+ 1) by mapping x € X
to 8y € M(X), where

1, ifxeA
‘Sx(A)= . .
0, ifx¢A

S0 hop(M(X), {f},27) = 0 implies  hop (X, {hh2) =
Now we assume /., (M (X), {f,,} ) > (. We shall show hiop(X, {fn} ) > (0. Let {gn}
be a sequence in C(X) satisfying that || g,,|| <1 for any n € N, and that

+0o0
| [ gndpr — [ gndv
LITRVEDS >
n=1
is a metric on M (X) giving the weak*-topology.
Since h;0p (M(X), {]‘,,}Jr 1) > 0, there exist a > 0 and gy > 0 such that for any 0 < ¢ < &
we can find an increasing sequence {N; }+ | C N with

SN (MO0, (/)75 6) > M,

For any fixed 0 < ¢ < g9, there exists Ko € N such that Zn Ko+1 1/2" < g/2. Since g, is
continuous for any n € N, there exists § > 0 such that d(x, y) < 8 implies d(g,(x), g,(y)) <
g/9,forallx,ye Xandn=1,2,..., Kp.

Let U = {Uy,Us,..., Uy} be an open cover of X with diam(/) < § and set Ly, =

N;i—1 .
J\/( \V fljl/{). By the definition, we can take a subcover V = {V],Vg,...,VLN’_} of

—1
\/ f/U of the minimal cardinality Ly;,. Set

Please cite this article in press as: K. Liu et al., Topological entropy of nonautonomous dynamical systems, J.
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LNi —1
A=V, Ap=Va\Vi,..., ALy =V, \ | Vi
Jj=1

Then {A1, A, . ..,ALNI,} is a partition of X and A; # ¢ for every i = 1,2, ..., Ly,. For each

Ly, "
i=1,2,..., Ly, wetakezieA,'.Deﬁneq):llN’ —>Z§O°N’ by

Ly;

. 1 i
Pkl = 5 > wen(fi z0)
k=1

I=n=Kp, 0=j<N;—1

N; Ko-N;
i to ZOO(J i

L
It is clear that ¢ is a linear mapping from / 1 with ||¢]| < 1.

Ly;
Next we will show that ¢(B1(l, N’)) contains more than eV

2Ko)_separated. Let E; be an (N;, £)-separated subset of M (X) with

points that are ¢/(9 -
#E; = sy, (MX), { )15, ) > Vi

For any distinct u, v € E;, we have Dy, (i, v) > €. Thus, there exists 0 < jo < N; — 1 such that

Ko | [ g0 (f{°x)dpn(x) — [ gn(f{°x)dv(x)

2 7 >

n=1

A.1)

N ™

Ly,
We claim that for any distinct w, v € E;, the following vectors in ¢ (B (/; N )) are &/(9 -
2K0)_separated:

¢ (A, 1(42). . pi(ALy,) ) and ¢ (V(AD. V(A2 .. v(ALy))

If the claim is not true, then for any 1 <n < Kg and 0 < j < N; — 1 we have

Lu; , Luy; .
kZ (A g (f zk) — kz V(A gn (fi 1)
> < 5ok 4.2)
On the other hand,
‘ f en(f{ x)dpu(x) — / en(ff Ddv)| < I + L+ L, (4.3)
where
LNi
L= / gn(fi)dpx) =Y u(Agn(f{ )]
k=1

Please cite this article in press as: K. Liu et al., Topological entropy of nonautonomous dynamical systems, J.
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Ly, Ly,
L= uAgn(fiz) = v(ADg(f{ z)
k=1 k=1
and
LNi
L= ‘ f gn(f{0)dv(x) =Y v(Agn(fi )] -
k=1

Fork=1,2,..., Ly,,if x € Ay then p(f{ (x), f{ (zx)) <8 forall j =0,1,..., N; — 1. Thus we
have

Z / gn(f{%) = gn(f{ z)dp(x)

k=14,

<Z[

k=15,

Ly

&

< E w(Ag) - 5
k=1

&

9

gn(fl x) — gn(fl Zik) | dp(x)

Similarly, I3 < ¢/9. By (4.2), we know I < ¢/9. So it follows from (4.3) that

‘ / gn(f{ )dp(x) - f gn(f 1)dv(x)| < /3
foralln=1,2,...,Kpand j=0,1,..., N; — 1. This contradicts (4.1). Therefore ¢ ({/ (E)) C
¢ (B (llLNi ) aree/(9- 2K0)—separated, where

Vi E— lfNi, > (M(Al), w(Az), ...,M(ALNI.))'

To end the proof, we employ Lemma 4.1. In the above discussion, we have shown that ¢ is a
Ly , Ly
linear mapping from /; Y to l(fo(’N’ with ||¢[| < 1 and that ¢ (B ([, N )) contains more than ¢%i
points which are /(9 - 2K0)-separated. By Lemma 4.1, there exist 19 and a constant ¢ > 0 such
that for all sufficiently large i € N we have Ly, > 2¢Ni Thus,

huop X, U2 2 tim —logN \/ fiu

1
> lim — log 2eNi

i—400

Please cite this article in press as: K. Liu et al., Topological entropy of nonautonomous dynamical systems, J.
Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.11.029




YJDEQ:10106

K. Liu et al. / J. Differential Equations eee (eeee) see—eee 11
=c-log2
> 0.
5. A constructive proof of Theorem 1.2

Let » = {0, 1}N and o : ) — £, (@n)peN — (@ns1nen. For p € N, ¢ € N, and
i1,...,ig €{0, 1} we set

[i17i27'~'7iq](]17={(an)HEN GEZ:ap-i-j:ij-Hij:Oa17-~~’q_1}-

We define
1
={0}U{1}U{ax—:aeEz,neN+},
n

where a x (1/n) converges to 0 asn — oo fora € [0](1), and a x (1/n) converges to 1 as n — 0o
fora e [1](1). We define

1
Y:{O}U{ax—:aeEz,neN+},
n

where a x (1/n) converges to 0 as n — oo for any a € X».
For n € N we take

£.00) U(a)xl_H, ifx:axll.andi<n,
x) = )
" X, otherwise

and let g, be the restriction of f; to Y. Clearly, { fn}Jr 1 and {gn},, | are sequences of continuous
maps on X and Y, respectively.
We defineamap 7 : X — Y by

ifx=1
n(x)={°’ ne=n

x, otherwise.

We may directly check that 7 : X — Y is a finite-to-one extension. Now Theorem 1.2 follows
from Proposition 5.1.

Proposition 5.1. Under the above settings,

Riop (Y, {gn) 35 )+suphmp(n”(y> {F129) < huop (X, A fud29).
yeYy

Proof. We first notice that for every y € Y, hop T (), { f,,} ) = 0, which means that the
second term in the above mequahty vanishes. So it remains to deal with the first and third terms.
We will show A4, (X, {fn} ) > 0and h;op (Y, {gn}Jr =0.
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To show £ (X, {fn}:icf) > 0, we take a finite open cover U = {U1, Us} of X, where

1
U1={O}U{ax—:ae[0](1),neN+}
n
and
1 1
Up={1}Ujax —:ae[l]y,neNi}.
n

+00

2—1- itis not hard to check that for every m € N, we have

By the construction of { f,,}

[t ={u, vy},

where
m 1 . 1 .
U'={0Uibx -:by—;=0,i=1,2,....miUibx -:b1=0,i>m+1
i i
and
1 . 1 .
Ul'={l}Uibx - :by_i=1,i=1,2,....mgUibx -:by=1,i>m+1;.
i i
Therefore
m—1 )
NV 7 an | =2m,
j=0
and thus

Biop (X Afa b2 = hiop (A fu 1125, UD)

: log (N (Vi £ <u>))

= lim
N—+o0 m
. log2™
> lim
N—+40c0 m
=log?2.

Next we show hyop (Y, { gn}:jf) = 0. Let V be a finite open cover of Y. We choose sufficiently

large Ny, N> € N such that

V*=[V1,V"

iy 0512y €010, 1 S0 = N

is a refinement of V', where
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1
Vi={0}Ujax —:a€¥p,n>N;
n
and
n 1 . .. . No
‘/'1'1,1'2,...,1'1\/2 =1ax n acliy,iz,....in]

forall iy, iz, ...,in, €{0,1} and 1 <n < N;. By the definition of g,, for every x € Y and every
integer n > N1 we have g{x € V1, thatis, g, (V*) = {Y, #§}. Thus,

n—1 Ni
N Ve o) =~ e v
i=0 i=0
for all n > N;. Therefore,
400 * +00 : lOgN (\/’1\20 gl_i(v*)>
htop(v» {gn}n=1) = htop(v s {gn}nzl) = nl}[—ir-loo " =0

Since V is arbitrary, we see that A, (Y, {g,,}:jl’) =0. O
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