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Abstract

We investigate the spreading properties of a three-species competition-diffusion system, which is not
order-preserving. We apply the Hamilton-Jacobi approach, due to Freidlin, Evans and Souganidis, to estab-
lish upper and lower estimates of spreading speed for the slowest species, which turn out to be dependent
on the spreading speeds of the two faster species. The estimates we obtained are sharp in some situations.
The spreading speed is being characterized as the free boundary point of the viscosity solution for certain
variational inequality cast in the space of speeds. To the best of our knowledge, this is the first theoretical
result on three-species competition system in unbounded domains.
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1. Introduction

Biological invasion is a fundamental and long-standing subject in ecology [49]. Mathematical
studies have so far been focused on the single-species and two-species models, in which the
order-preserving property of the underlying dynamics can be exploited to identify the speeds of
the invasive species. In this paper, we consider the diffusive Lotka-Volterra system consisting of
three competing species, which is not order-preserving. After suitable non-dimensionalization,
the system reads

Oy — diOxxuy =riu1(l —uy —ajppuz —azuz)  in (0,00) x R,

Oun — Oxxutr =u2(l —aziuy — uz — axus) in (0, 00) x R,

0ruz — d30xxusz =r3usz(l —azjuy —axuz —u3)  in (0,00) x R,
u;i (0, x) =u;olx) onR,i=1,2,3,

(1.1)

where u; (¢, x) represents the population density of the i-th competing species at time ¢ and
location x. The positive constants d; and r; denote the diffusion coefficient and intrinsic growth
rate of u; (we may assume dp = r» = 1 by scaling the variables x and ¢), and positive constant
a;;j is the competition coefficient of species u ; against u;. We will determine a class of solutions
where each competing species invades from left to right with a different speed; see Fig. 2. A
necessary condition is the following competitive hierarchy:

dyr3 <1 <dir;, axy<1<an, and a3 +az <1, (1.2)

which says that the species u1, uz, u3 are ordered from the fastest to the slowest, and that u, can
competitively exclude u; in the absence of u3, but both will eventually be invaded by u3. We
will assume that (1.2) holds throughout this paper.

1.1. Spreading speeds of the first two species
When u3 =0, system (1.1) reduces to the two-species competition system

Oy — diOxxuy =rui(l —uy —appuz)  in (0, 00) x R,
Oiup — Oxxttr =up(l —aziuy —uy) in (0, c0) x R, (1.3)
u; (0, x) =u;o(x) onR,i=1,2.

When az1 < 1 < ayz (i.e. the second species is competitively superior to the first one), and that
uy,0 and 1 — up o are both nonnegative, compactly supported and bounded from above by 1, a
classical spreading result due to Li et al. [40] says that there exists ¢ pw € [24/1 — a21, 2] such
that u, invades into the territory of u; with speed ¢Lpw in the following sense:

lim  sup  (lui(t,x) = 1|+ [u2(t,x)) =0,  Vn>0,
t_)oox>(6LLW+77)t (14)
lim sup  (lui(t, x)| + |uz(t,x) — 1)) =0, Vn>0.

=20 o<y <(@LLw—m1

Furthermore, ¢r 1w coincides with the minimal wave speed for the existence of a traveling wave
solution of (1.3) connecting (1,0) and (0, 1). A linearization of (1.3), at the equilibrium (1, 0)
that is being invaded, shows that ¢ 1w > 24/1 — a;.
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When ¢ pw = 2+4/1 — ay1, we say that the spreading speed ¢ 1w is linearly determined. In this
case, the resulting invasion wave is a pulled wave, in the sense that the invading population is
fueled by the growth of population at the leading edge of the front. When ¢ 1w > 24/1 — az1, we
say that the spreading speed ¢rrw is nonlinearly determined. In this case, the resulting invasion
wave is a pushed wave, in the sense that the expansion is pushed by all components of the
population. Thus a pushed wave is a mechanism to speed up the invasion of an initially compactly
supported population. A signature of a pushed wave is its fast exponential decay at x = oo [1,48].

Yet another mechanism of speed enhancement takes effect when the two species are invading
an open habitat. Namely, when both u; ¢ and u3 ¢ are compactly supported. This question was
raised by Shigesada and Kawasaki [49] as they considered the invasion of two or more tree
species into the North American continent at the end of the last ice age (approximately 16,000
years ago) [15]. The case of two competing species was first considered by Lin and Li [42], and
is completely solved in [25] for compactly supported initial data via a delicate construction of
super- and sub-solutions. See also [37] for the existence of entire solutions which are stacked
waves as t — 00. Specializing to the two-species system, (1.2) becomes

diry>1 and a3 <1 <ays. (1.5)

The first condition says that, in the absence of competition, u spreads faster than u,. The second
condition says that u, is competitively superior to u.

Theorem 1.1 (/25]). Assume (1.5). Let (u ,-)1.2:1 be any solution of (1.3) with compactly supported
initial data which are nonnegative and non-trivial. Then for each small n > 0, the following
spreading results hold:

lim  sup  (lug (@ )|+ |u2(t, X)) =0,

t_>°°x>(c1+n)t

lim sup (lur(t, x) — 1] + uz(z, x)|) =0,

=00 (cr+mit<x<(ci—n)t

lim  sup  (Ju1(t, x)| + |ua(r, x) — 1) =0.

=00 0<x<(cr—n)t

Here the spreading speeds are given by ¢y = 2+/dr1 and

CLLW otherwise,

= {max {5LLW, 7 —ax + ﬁ ifer <2(Jaxn + /1 —az),

where ¢ w € [24/1 — an1, 2] is the spreading speed given by (1.4).

Observe that c; > 2, by (1.5). When ¢1 = 24/djr1 \( 2 (e.g. by varying rp), the speed of the
second species approaches 2, which is larger than ¢rpw. This novel mechanism of speed en-
hancement was first discovered by Holzer and Scheel [28] when aj; = 0 (in such case (1.3) is
decoupled). In [25], it is named as a “nonlocally pulled wave”: It is “nonlocal” since c; is in-
fluenced by cy, and it is considered a kind of pulled wave since it is of slow decay (see [43] for
further discussion). The weak competition case (i.e. 0 < ajz, az1 < 1) was subsequently consid-
ered in [43,44] via obtaining large deviations type estimates. A key observation is that the faster
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moving front can influence the slower moving front, but not vice versa. This enables us to esti-
mate each invasion front separately, from the fastest to the slowest. In contrast to the approach in
[25] based on the construction of a single pair of global super- and sub-solutions, this new point
of view opens the door to analyzing more general non-cooperative systems.

In this paper, we are interested in the spreading dynamics of the three-species competition
system (1.1), with initial data satisfying one of the following conditions.

(Heo) Fori=1,2,3,u;0e C(R;[O0, 1]) is non-trivial and has compact support.
(H)) Fori=1,2,u;0e C(R; [0, 1]) is non-trivial and has compact support, and the initial data
uz o € C(R; [0, 1]) satisfies u3 o(x) > 0 for all x € R, and

0< liminfekxulo(x) < limsupe)‘xulo(x) < oo for some A € (0, 00).
X—> 00 X—> 00

To facilitate our discussion, we introduce the maximal and minimal spreading speeds for each
of u; as follows (see, e.g. [27, Definition 1.2], for related concepts for a single species):

c¢;i =inf{c > 0 | limsup sup u; (¢, x) = 0},

1moo xmd fori =1,2,3.
¢;=sup{c >0 [liminf inf u;(, x) >0},

=00 ct—l<x<ct

Note that ¢; > ¢;. Furthermore, the species u; has a spreading speed c in the sense of [2,3] if and
only if ¢ =¢; = ¢;. Different from the spreading speed, these maximal and minimal speeds are
well defined a priori, and are more amenable for estimation.

Let us assume, without loss of generality, that u3 is the slowest species. By the observation
that the slower front does not affect the faster fronts, the spreading speeds of the two faster
species can be determined based on [25,43,44]. To state the theorem, we define the nonlocally
pulled wave speed:

S Jan + 711:% if c1 <2(Jaar + V1 —aan), (16)

2J1 —an; otherwise.

§n1p(cl) = {

(Note that Spp € [24/1 — a21,2].)

Theorem 1.2. Assume that (1.2) holds and that ¢ pw = 2+/1 — ap; (i.e. CLrw is linearly deter-
mined). Let (u,-)?:1 be a solution to (1.1), such that one of the following conditions holds:

(1) (Heo) holds and 2/d3r3 < §n1p 24/dr1); or
(i) (H;) holds for some A € (0, 00), and 03(A) < Snp(2+/d111), where

d3A + % if 0 <A </r3/ds,

o03(A) := )
2Jdzrs  if A= \/r3/ds.

(1.7)

Then, letting c1 = 2+/dir1 and ¢y = §n1p(2«/d1r1), we have c| > ¢y > 03(A) > ¢3. Furthermore,
the spreading dynamics of the first two species satisfy, for each n > 0 small,
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lim  sup (lui(z, x)| + |ua(z, x)]) =0,

—>00

x>(c1+mt
lim sup (lur (2, x) = 1] + Juz(z, x)|) =0,
1720 (crm)t<x<(c1—n)t (1.8)
lim sup (luy(t, x)| + luz(t, x) — 1) =0,

1—00 (©3+nt<x<(ca—n)t

lim sup |uz(x,t)|=0.
=90 x> @+t

The proof of Theorem 1.2 is a direct application of [44, Theorem 7.1] and is thus omitted.
Therefore, we can reduce the problem into determining the speed of the slowest species.

Remark 1.3. By [38, Theorem 2.1], a sufficient condition for ¢ pw = 24/1 —ap; is d| = 1,
a1 < 1 < aypp, and azjaip < max{l,2(1 — a1)}. (See also [1,31].) However, the linear deter-
minacy assumption was added only for simplicity purpose. In fact, it is possible to remove the
assumption, by replacing ¢; = max{fnlp, ¢ Lw} in the conclusions.

Definition 1.4. Given c1, ¢3 € (0, o0) and A € (0, oo]. We say that (H, ,,») holds if

() c1>c2>o03(0),
(ii) the solution (u,-)?: ; of (1.1) has initial condition satisfying (H;,), and

(iii) the spreading conditions (1.8) hold.

The conclusion of Theorem 1.2 can be rephrased as (H, ,,») being satisfied for

c1 =2y/dir1, c2=5up(c1), andforsome A€ (0,00].

Note that o3()), defined in (1.7), is an upper bound of the spreading speed of u3 when it has
exponential decay A. Thus (i) means that the three species are ordered from the fastest to the
slowest.

1.2. The spreading speed of the third species

Hereafter we will work under the assumption that (H¢, , 1) holds for some cy, ¢2, A, and
proceed to prove upper and lower bounds of the spreading speed c3 of the third species in terms
of spreading speeds of the first two species. Furthermore, we will show that these estimates are
sharp in case the invasion wave of u3 is nonlocally pulled.

To this end, we introduce the speed snip = snip(c1, c2, A) as a free boundary point of the vis-
cosity solution of a variational inequality.

Definition 1.5. For given ¢ > ¢2 > 0 and A € (0, 00], let pyyp : [0, 00) — [0, 00) be the unique
viscosity solution of the following variational inequality:

min{p — sp’ + d3|p'|* + R(s), p} = 0 in (0, 00),

p(0)=0, lim 2% =3, (1.9)
§—>00 b
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where R(s) = r3(1 —a31 X{cy<s<e1) — @32 X{s<c,)) and xs is the indicator function of the set S. See
Definition 2.1 for the definitions of viscosity solutions. We define the speed su1p = snip(c1, €2, A)
as the free boundary point given by

Snlp = sup{s : ppip(s) = 0}. (1.10)

Remark 1.6. The quantity syp is well-defined since py1p(s) is continuous, nonnegative, and non-
decreasing in s (see Lemma 3.5). In the special case when a3; = a3y = 0 so that species u3 can
spread as a single species, it is not difficult to see that

2

Pnlp(s) = max { :7 —r3, 0} and  spp =24/d3r3
3

when u3 ¢ is compactly supported, i.e. A = 0o; and that
3 r3
Pulp () = max {A (s —d3A — T) ,O} and  syp =d3A + -

when A € (0, \/r3/d3). This recovers the classical Fisher-KPP (locally pulled) wave speed for the
single species with compactly supported initial data, and the result of [52] when the exponential
decay rate A is subcritical. We refer to the arXiv version of this paper [45] for the complete
explicit formula of spp(cy, 2, A).

Remark 1.7. The following results will be proved in Lemma 3.6 and Proposition 5.1.

(1) 2/dsr3(1 —az) < Snlp < 03 (A1), where 03()) is defined in (1.7).
(i1) If a3y < azp and 24/d3r3 < cp < ¢ < 2+/d3r3( /a3 + +/1 — azp), then

Snlp > 24/ d3r3(1 — azn).
We also introduce the speed cp w, which is due to Kan-on [35].

Definition 1.8. Let cr 1w be the minimal speed of traveling wave solutions (i.e. (u, v) = (p(x —

ct), ¥(x —ct)) of

(1.11)

o — eyt =u(l —ar; —u —axzv) in (0,00) x R,
0V — d30yxv =1r3v(1 — azou — v) in (0, 00) x R,

such that Slim (o, ¥)(&) = (1 —ap,0) and : lim (@, ¥)(E) = (u*, v*), where (u*, v*) is the
—00 ——00

unique stable constant equilibrium such that v* > 0.

Remark 1.9. It is well-known that cppw € [24/d3r3(1 — a3 (1 — az1)), 24/d3r3]. Furthermore,
cLew = 2/d3r3(1 — azn (1 — azy)) if (see Lemma A.1 and [38, Theorem 2.1])

1
d3> -, apn(l—ay)<l< 423 , and aszaxy < 1.
2 1 —ay
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We can now state the main theorem of this paper.
Theorem A. Assume the hierarchy condition (1.2), and, in addition,
di=1 and azapn <az. (1.12)

Let (ui)?zl be any solution of (1.1) such that (He, ¢, ») holds for some ¢1 > ¢ > 0 and A €
(0, o). Then the maximal and minimal speeds 3, c; can be estimated as follows.

2/dsr3(1 — a3 — az) < c3 < €3 < max{sup(ci, €2, ), cLw} < €2 (1.13)

Furthermore, for each n > 0 small, the following spreading results hold:

lim — sup  (lug(z, x)| 4 |uz(t, x)| + |us(z, x)|) =0,

—>0o0

x>(c1+n)t
lim sup (ur (@, x) = 11+ |uz(t, x)| + luz(, x)[) =0,
1—00 (cr+mt<x<(c1—n)t (114)
Lm sup ()] + el x) — 1+ s, 1) =0,

(©3+n)t<x<(ca—n)t

liminf inf usz(t,x) > 0.
1—=00 0=<x<(c3—mt

If, in addition, snp(c1, c2, A) > cLLw, then the spreading speed of u3 is fully determined by

C3 =C3 = spip(C1, €2, A). (1.15)
Remark 1.10.

(1) The condition (1.12) is needed to ensure (see Proposition A.4)

lim inf (az1u1(t, x) + azua(t, x)) > minf{asy, azz},
=00 (ca—mt<x<(c2+mit

which says that there is no “gap” for u3 to exploit when u5 is taking over u . See Remark 3.21
for further discussions.
(ii) The condition spip(c1, €2, A) > cLLw is always satisfied for some A € (0, oo].

See also Corollary 1.12 and Proposition .13 for two instances when all the hypotheses of The-
orem A, including (H¢, ¢,,1), can be verified.

We also determine the asymptotic profile of #3 in the final zone {(z, x) : 0 < x < ¢3¢}.

Theorem B. Let (ui)?:1 be any solution of (1.1) with the initial data us o # 0. Suppose that
a3, a3 > 1 and (1.2) hold. Then ¢y > 24/d3r3«/1 — a3z — azp, and for each small n > 0,

lim sup  (Jui(t, x)| 4 lua(t, x)| + luz(, x) — 1) =0. (1.16)

1= 0<x<(cz—n)t
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The assumptions (1.2) and a3, a>3 > | mean that the species u3 is a strong competitor to
species u1, ua, and hence eventually invades and drives u1, u» to extinction. It is illustrated by
numerics in Subsection 1.3 that the condition a3, a»3 > 1 is likely optimal to ensure (1.16).

We briefly discuss the difference of this work with our previous work [25,43,44]. In [25],
the two-species system (1.3) generates a monotone dynamical system, so that the result can be
obtained by constructing a single pair of weak super- and sub-solutions, and applying compar-
ison principle in the entire domain (0, co) x R. In [43,44], by analyzing the Hamilton-Jacobi

equations which are satisfied by the limit of the rate function wy(z, x) = lirr}) —eloguy (é, ;—C),
€e—

we obtained large deviation type estimates for u; along the ray {(¢, x) : x = c1¢}, which in the
case of compactly supported initial data says

. Cl ~
uat,cit) = exp (~(uo+o()). with o= (5 = v/ax) €1 = Sup).
where ¢| = 2+/dry and Sy is given in (1.6). Hence, we can restrict the equation (1.3) into the
sectorial domain {(z, x) : 0 < x < ¢t} with the boundary conditions

(w1, u2)(t,0) = (1,0),  (u1,u2)(t,c11) = (0,1), and  wup(t,c11) ~e M,

for ¢ > 1. From this point, only one comparison with the traveling wave solution was enough to
determine the speed c;.

The main difficulty of treating the three-species system (1.1), in connection with the spreading
speed of the slowest species u3, is the lack of monotonicity of the full system. Our first idea is
to use the subsystem (1.11) between the second and the third species to estimate c3 from above.
However, (1.11) is non-optimal, as we have set ] = 1 in the first equation of (1.11) and u; =0
in the second equation of (1.11), whereas it ought to hold that u1 ~ X{¢,s<x<c,s} in the “correct”
system. In fact, whenever az| > 0, the traveling wave solutions of (1.11) always overestimate c3.
Similarly, a3; > 0 causes trouble when we try to estimate c¢3 from below. (When either one of
them is sufficiently small, c3 can be determined exactly, see Corollary 1.12 and Proposition 1.13.)

Our second idea is to estimate the rate function ws(¢, x) = Elg% —elogus (é, )e—“) directly, to

show that w3(t, x) > 0 for x/t > max{cLLw, snip}, Which is equivalent to ¢3 < max{cLLw, Snlp}-
While this cannot be achieved by a single comparison, we can leverage the second species u»
to control the first species u1, and use an iterative method to improve the estimate step by step.
Theorem A further implies that the estimate (1.13) is sharp in case syp > cLLw.

A particular instance when we can completely determine the speed of u3 occurs when ap; is
small while the other parameters d;, r;, a;; are fixed and satisfy

1
di=1, ap>1, ap=<_, a31§aﬁ, (1.17)
2 a
1 1
dy>—, ap>1, l<a3n<—, (1.18)
2 asn

1 1 .
— 1 1-— . 1.1
NN TN <3< N < 11 <+/dzr3(az ++/1 —azn) (1.19)

Remark 1.11. We claim that the set of parameters satisfying (1.17)-(1.19) is nonempty. In-
deed, one can choose d;, r;, a;; in the following order: fix di, a1, a3z, a3y by (1.17), then fix
dz, a3, a3 by (1.18), finally fix r; and r3 by (1.19).
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Corollary 1.12. Fix all coefficients, except for az, to satisfy (1.17)-(1.19). Then there exists
6 > 0 such that for all a1 € [0, §), any solution (ui)?zl of (1.1) with compactly supported initial
data, satisfies (1.14), (1.15), and (1.16) with

c1=2ydiry, c2=2y/1—ay, ¢3=c3=snp(ci,c2,00).

Proof. By a3 < a3 (from (1.17)) and the latter part of (1.19), we can apply Remark 1.7(ii) (to

be proved in Proposition 5.1) to show that spp > 24/d3r3(1 — a3z), where syp = snip(2+/d1r1,
24/1 — a1, 00). By taking as; sufficiently small, we can further assume

anaxy <1, 2/dsr3(1 —axn(l —azn)) < sup, (1.20)

and

a3
ap(l—ay) <1< o Vdars </ 1—ax, <axy++1—ax <r. (1.21)
21

Observe next that (1.2) and (1.12) are consequences of a>; € (0, 1), (1.17) and (1.19).

We claim that ¢Liw = 2+/1 — az1 = Snip(24/dir1). The first equality follows from d; =1,
a1 <1 <ajp, and ajpaz; < 1 as in Remark 1.3. The second equality is due to di = 1, the latter
part of (1.21), and (1.6). Combining with the middle part of (1.21), we have

2/ dsrs <21 —ax = §n]p(2\/d1r1) and CoLw =21 —ap.

Hence, we may apply Theorem 1.2 to conclude that (Hc, ¢, ) holds with
c1 =2ydr1, ¢y =max{Spp, cLiw} =2y 1 —az;, A =o00.

Having verified (H¢, ¢,,1), (1.2), and (1.12), we can apply Theorem A. Assuming

snip(c1, €2, 00) = cLLW, (1.22)

then the spreading speed of the third species can be uniquely determined as spip(cy, ¢2, 00). Since
also a3 > 1 and a3 > 1, we apply Theorem B to yield that (u1, u2, u3) ~ (0,0, 1) in the final
zone after the invasion of u3.

It remains to show (1.22). To this end, we first claim that ¢y pw = 24/d3r3+/1 — a3 (1 — azy).

This follows since d3 > 1/2, a3p(1 —az;) <1 < 122;21 ,and azparz < 1. See Lemma A.1.

Combining cppw = 24/d3r3+/1 — az2 (1 — ao1) with the latter part of (1.20), we deduce (1.22).
This concludes the proof. 0O

The conditions on coefficients in Corollary 1.12 can be further relaxed, if we allow u3 to have
exponential decay.

Proposition 1.13. Assume the hierarchy condition (1.2) and condition (1.12) hold, and

d3 > =, apar < 1, 2 d3r3 < §nlp(2\/d1r1)a aiz > 1, azz > 1. (1.23)

| =
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Then there exist A € (0, oo] and 6 > 0 such that for any solution of (1.1) with initial data satisfy-
ing (H,) and a3y € [0, §), the conclusions (1.14), (1.15), and (1.16) hold with

c1 =2/dir1, c2=38up(c1), ©¢3=c3=snplc1,c2, 1),

where Snip(c1) is given by (1.6).

Apart from the smallness of a3, here we need only the technical conditions d3 > 1/2, (1.12),
and azjajy < 1. All other conditions on coefficients are natural. The proof of Proposition 1.13 is
postponed to Section 5.

1.3. Numerical simulations

In this subsection, we present some numerical results of system (1.1) with compactly sup-
ported initial data to illustrate our main findings.

In the first numerical result, we simulate the speed of u3 to illustrate Theorem A. The pa-
rameters in (1.1), except for apq, are fixed by r1 =1.08,d; =1,r3=1.1,d3 =0.6, a;p = 1.2,
az1 = 0.1, a;3 = 1.1, azp = 0.4, ax3 = 1.1. It is straightforward to verify that (1.17)-(1.19) are
satisfied.

First, we take a>1 = 0.01 and then cr 1w = 24/d373+/1 — azx (1 — ax1) = 1.2628, since cppw is
linearly determined for the chosen parameters. We use the second-order finite difference schemes
to discretize [x, ] domain and use the explicit Euler scheme to solve system (1.1) numerically.
Note that for ap; = 0.01 small, the spreading speed of u3 can be fully determined by ¢3 = syjp >
cLLw (Corollary 1.12). This is in agreement with the numerical result in Fig. | and illustrates that
the estimate (1.13) in Theorem A is sharp in this case. However, if we take a>; = 0.5 so large that
Corollary 1.12 is not applicable, then it is shown in Fig. 1 that the case ¢3 < cpLw could happen,
where cLw = 24/d3r3/1 —aza (1 — azp) = 1.4533. This suggests that the estimate (1.13) is not
necessarily sharp in all situations and it cannot be expected that c3 = max{snip, cLLw}. It remains
open to determine the spreading speed of u3 for the case spp < cLLw. An improved estimate for
the lower bound of ¢; is provided in Proposition 3.18, which is given as the free boundary point
of a variational inequality associated with cppw.

Our next numerical result illustrates that the condition a3, a3 > 1 in Theorem B is optimal
to guarantee (1.16). The asymptotic behaviors of the solution for system (1.1) are illustrated in
Fig. 2 for the four cases: (a) aj3 > 1 and a3 < 1, (b) @13 < 1 and a3 > 1, (c) a;3 < 1 and
a3 < 1, (d) a;3 > 1 and a3 > 1. Note that Theorem A is independent of a3 and a3, and
our choices of parameters in the four simulations satisfy the hypotheses of Theorem A, so the
prediction of spreading speed c3 is the same for all cases. It is shown in Fig. 2 that for the case (d)
when aj3 = ar3 = 1.1 > 1, the solutions of (1.1) behave as predicted by Theorem B, i.e. species
u1 and u; are driven to extinction behind the spreading of 3. However, once @13 > 1 and ax3 < 1
even though they are closed to 1, it is shown in Fig. 2(a) that species u#, and ©#3 may coexist in
the final zone {(¢, x) : x < ¢3¢}, and similarly species u; and u3 may coexist when a3 < 1 and
az3 > 1; see Fig. 2(b). Interestingly, when aj3 < 1 and a3 < 1, all the three species may coexist
and studying the general coexistence patterns in the final zone is beyond the scope of this paper.
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Fig. 1. Approximate speed of u3 with the initial value u1 (0, x) = u3 (0, x) = u3(0, x) = x[0,10]> and with (a) ap1 = 0.01,
and (b) a1 = 0.5, where the horizontal axis represents the time variable ¢, and other parameters are chosen by r; = 1.08,
di=1,r3=1.1,d3=0.6,a1p =1.2,a31 =0.1, a3 =0.4, a;3 = 1.1, ap3 = 1.1. (For interpretation of the colors in the

figure(s), the reader is referred to the

web version of this article.)
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Fig. 2. Asymptotic behaviors of solutions of (1.1) with different @13 and a3, where the other parameters are chosen

byr; =1.08,di=1,r3=1.1,d3 =

0.6, ajp = 1.2,a31 =0.3,a31 =0.1, azp = 0.4. The horizontal axis represents the

space variable x. In case (a), a;3 = 1.1 and ap3 = 0.9; In case (b), a;3 = 0.9 and ap3 = 1.1; In case (¢), aj3 = 0.5 and

a3 =0.7; In case (d), aj3 = 1.1 and

ap3 = 1.1. The initial value is set as uy o = u o = u3,0 = X[0,10]-
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1.4. Related results

The pioneering work of Aronson and Weinberger [2,3] established the spreading speed for
a single-species model with monotone nonlinearity, which coincides with the minimal speed of
traveling waves. Weinberger later introduced a powerful method based on recursion to determine
spreading speed for single-species models [54], which is subsequently generalized to systems
of equations [47] and to general monotone dynamical systems framework [40,41]. A closely
related work is [33] concerning cooperative systems with equal diffusion coefficients, where the
existence of stacked fronts was also studied. See also [16] on the spreading of two-competing
species with free-boundaries.

For a single-species model with non-monotone nonlinearity, Thieme showed in [50] that the
spreading speeds can still be obtained by constructing monotone representation of the nonlinear-
ity. This idea was used in [55] to establish spreading speeds for a partially cooperative system,
which is a non-cooperative system that can be controlled from above and from below by cooper-
ative systems. See also [53] where results on general partially cooperative systems were obtained
in the spirit of those in [40]. Besides, Girardin [23,24] established a number of general results
on spreading speeds and traveling waves for non-cooperative systems with the property that the
linearization at the trivial equilibrium is cooperative.

General non-cooperative systems, such as predator-prey systems, cannot always be controlled
by cooperative systems. Due to the lack of comparison principles, much less is known about
the spreading properties for such type of systems. Recent work due to Ducrot et al. [19] investi-
gated certain predator-prey systems where the decoupling technique was also used to investigate
stacked invasion waves. However, the waves therein are locally and linearly determined and do
not interact, which is different from the nonlocally pulled waves treated in this paper. See also
[17,18] for related results. For integro-difference models, the spreading properties were consid-
ered by Hsu and Zhao [30] and Li [39], where the linearly determined speeds were obtained
under appropriate assumptions.

For the three-species systems. In the special case when a1 = az1 =0, a13,a23 > 1 and a3; +
az < 1, (1.1) can be transformed into a cooperative system, and Guo et al. [26] studied the
minimal speed of traveling waves in this setting. Therein they applied the monotone iteration
scheme to give some conditions on the parameters such that the minimal speed of traveling
waves connecting (1, 1, 0) to (0,0, 1) is linearly determined. See also [29] and [46] for similar
spreading results in two other such three-species models, and [12] for the existence of entire
solutions for the monotone system, which behaved as two traveling fronts moving towards each
other from both sides of x-axis. When the influence of the third species on other two species is
small, it was recently shown in [10] that the three species can coexist as a non-monotone traveling
wave, which was proved to be stable.

To the best of our knowledge, however, much less is known about the spreading properties
for systems of equations for which the comparison principle does not hold, except for the recent
works [13,19,56]. In particular, the rigorous analysis of spreading properties of fully coupled
three-species competition system (1.1), has never been carried out before. It is this knowledge
gap that has motivated the research in this paper.

1.5. Organization of this paper

In Section 2, we introduce and recall some comparison principles for a class of variational
inequalities. These variational inequalities are cast in the space of speeds, and their solutions are
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to be understood in the viscosity sense. In Section 3, we derive upper and lower estimates of
the spreading speed of the slowest species under hypothesis (H¢,,¢,,5), which is sharp in some
situations. The main result of this paper, i.e. Theorem A, is proved in Sections 2 and 3, which
are self-contained. The readers who are interested in the main ideas of the paper can focus their
attention here.

In Section 4, we determine the convergence to homogeneous state in the wake of the inva-
sion wave of the third species and prove Theorem B. In Section 5, we derive Remark 1.7 and
prove Proposition 1.13, which lead to sufficient conditions for the full determination of spread-
ing speeds. Finally, we include some useful lemmas in Appendix A, establish Lemma 2.5 and
Proposition 2.6 in Appendix B.

2. Preliminaries

In the introduction, there are various quantities including sy defined via the viscosity so-
lutions to some variational inequalities. We briefly explain the connection of such quantities to
the spreading speeds of the population here. Suppose that u, (¢, x) is a solution to the rescaled
Fisher-KPP equation

N 1
Oiue = ed0yxyue + gus(r(ty X) — Ug),

where d > 0 is a constant and r(t,x) is a bounded function. It was observed in [20,22] (see

also [8]) that the propagation phenomena is well described by the rate function wg(t,x) =

—elogu,(t, x). Moreover, the local uniform limit w(z, x) = lin%) we (¢, x), if it exists, satisfies
£—>

the following first order Hamilton-Jacobi equation in the viscosity sense:
min {a,w(z,x) 1w, 02+t x), w(t,x)} —0. 2.1)

Roughly speaking, the population density u. (¢, x) is exponentially small when w(¢, x) > 0, while
ug(t, x) is bounded below by some positive number when w(#, x) = 0. See Lemma 3.1 for the
precise statement of the latter claim.

In the special case r (¢, x) = R (%) (i.e. it depends only on x/¢), then the limit w(¢, x) can be
represented in the form zp (’[—C) for some continuous function p (see Remark 3.2 for details). In
such an event, it is convenient to work on p, which satisfies a reduced equation cast in the space
of speed s = x /¢, which is one-dimensional. (See Proposition 2.6 for the proof.)

min{p(s) — sp'(s) +d|p'(s)|* +R(s), p(s)} = 0. 2.2)

Now, if there is § > 0, a free boundary point, such that

p(s)=0 forO<s<s, and p(s)>0 fors>s.
Then the population is exponentially small in {(z,x) : x/¢ > §}, and is bounded from below in
{(t,x) : x/t < §}, i.e. it spreads at speed § in the sense of [2,3]. This motivates the definition of

spreading speed in terms of the free boundary point of (2.2) in this paper.
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Next, we give the definitions of viscosity super- and sub-solutions associated with (2.2) (see
[5, Sect. 6.1]). The corresponding definitions for (2.1) are similar and are given in [44, Ap-
pendix A], where a comparison principle is established. For our purposes, we will henceforth
assume that the function R(s) is bounded and piecewise Lipschitz continuous.

Definition 2.1. We say that a lower semicontinuous function p is a viscosity super-solution of
(2.2) if p > 0, and for all test functions ¢ € C!, if s is a strict local minimum point of p — ¢,
then

H(50) — 509’ (s0) + d|¢' (s0)|* + R*(s0) > 0.

We say that a upper semicontinuous function p is a viscosity sub-solution of (2.2) if for any test
function ¢ € C, if s is a strict local maximum point of 5 — ¢ such that 5(so) > 0, then

p(s0) = 508’ (s0) + d1¢ (50)|* + Reu(s0) <0,
Finally, 0 is a viscosity solution of (2.2) if and only if p is a viscosity super- and sub-solution.

Remark 2.2. By the convexity of the Hamiltonian of (2.2), a Lipschitz continuous function p is
a sub-solution of (2.2) if

min{p(s) — sp'(s) + d|p'(s)|> + R(s), p(s)} <0 a.e. in the pointwise sense. (2.3)

See [4, Ch.II, Proposition 5.1]. In particular, if p is a viscosity sub-solution of (2.2) if it is the
maximum or minimum of two classical solutions of the differential inequality (2.3). However,
this is true for sub-solution only. See also Remark 3.21.

The functions R* and R appeared above denote respectively the upper semicontinuous and
lower semicontinuous envelope of R, i.e.

R*(s) =limsupR(s’) and Ry(s)=liminfR(s").
s'—s

s'—s

Lemma 2.3. Let ¢ € (0, 00] be given. A function p(s) is a viscosity sub-solution (resp. super-
solution) of (2.2) in the interval (0, cp) if and only if w(t, x) =tp ()t—c) is a viscosity sub-solution
(resp. super-solution) of

min{atw+c2|axw|2+7%(x/z),w}=o 2.4)
in the domain {(t,x) : 0 < x < cpt}.
Proof. Let p(s) be a viscosity sub-solution of (2.2) in (0, ¢p). Let us verify that w(t, x) =tp ()t—‘)
is a viscosity sub-solution of (2.4). Suppose that w — ¢ attains a strict local maximum at point
(4, xx) such that w(z,, x,) > 0 for any test function ¢ € C!. Since w(t,x) = t,o(%), we deduce
that p(’;—**) >0and T —~ rt*p(f—:) — @(Tty, TX4) has a strict local maximum at T = 1, so that

letting s, = x,/t, we have

678



Q. Liu, S. Liu and K.-Y. Lam Journal of Differential Equations 271 (2021) 665-718

L (85) — 14 0r @ (L, Xi) — X5 0x @ (ts, X4) = 0. (2.5)

Set ¢ (s) := @(t, sti) /1. It can be verified that p(s) — ¢ (s) takes a strict local maximum point
s = sy and p(sy) > 0. Moreover, by (2.5) we arrive at

Ox @ (ts, Xy) = ¢/(S*) and 3, (ty, x5) = p(54) — S*¢/(S*)~

Hence at the point (¢, x,), direct calculation yields

3@+ d |30 + R (v /12) = p(5:) — 559 (55) + d|9 (5:) % + Res (55) <0,

where the last inequality holds since p is a viscosity sub-solution of (2.2) with ¢ (s) being the
test function. Hence w is a viscosity sub-solution of (2.4).
Conversely, let w(t, x) =tp ()t—‘) be a viscosity sub-solution of (2.1). Choose any test function

¢ € C! such that p(s) — ¢ (s) attains a strict local maximum at s, such that p(s,) > 0. Without
loss of generality, we may assume p(s,) —$(s,) = 0. Then w(r, x) —t¢ (¥) — (t = 1)? =1p (£) —
tp (%) — (t — 1)? attains a strict local maximum at (1, s,). Hence, by the definition of w(z, x)
being a sub-solution, we deduce that

B (5:) — 540 (5:) + 19 (5:)* + Rucls) <0,

which implies that p is a viscosity sub-solution of (2.2).
The proof of the equivalence for viscosity super-solutions is similar and is omitted. O

We now present a comparison result associated with (2.2).

Lemma 2.4. Fix any ¢ € (0, 00]. Let p and p be a pair of viscosity super- and sub-solutions of
(2.2) in the interval (0, cp) with the boundary conditions

s ) s
0(0) <p(0), limsup & < liminf &, and  limsup Q < 00. 2.6)
- s

s—Cp N S=>Cp N S—>Cp
Then we have p > p in [0, cp].

Proof. If (0, ¢;) is a bounded interval, then Lemma 2.4 is a direct consequence of [51, Theorem
2]. It remains to consider the case ¢, = c0. Define

w(t,x) = tﬁ(é) and w(t,x):= tﬁ(?) .
We will apply the comparison principle [44, Theorem A.1] to derive the corresponding result
for our reduced equation here. By Lemma 2.3, w and w is a pair of super- and sub-solutions of

(2.4). It remains to verify the boundary conditions w(¢, 0) < w(¢,0) and w(0, x) <w(0, x) for
t > 0, x > 0, which follows by the following calculations.

w(t,0)=1p(0) <1p(0) =w(s,0) forz>0, 2.7
and
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p(s) 0
w(0, x) = limsup [tp (£>] =xlimsup=—— <x liminf@
1—0 —\f §— 00 S §—>00 S

2.8)
= liminf [tﬁ (’t—c)] = (0, x),

where we used (2.6). Therefore, we apply [44, Theorem A.1] to deduce w > w in [0, 0c0) X
[0, 0o), which implies that p(s) > p(s) for s € [0, 00). The proof is now complete. O

Hereafter, we let R(s) = 7 — g(s) for some constant 7 > 0 and g : [0, c0) — R such that

(Hg) The function g is nonnegative, bounded, and piecewise Lipschitz continuous, and sptg C

[0, ;] for some cg > d(h A7 /d) + —L—.

inyrd

Namely, we consider

[mm{p_sp/+a|p/|2+;_g<s),p}=o in (0, 00), 09

p(0)=0, lim 28 =7
§—> 00

We mention that (Hy) is always satisfied for the variational inequalities derived in this paper. The
next result is related to the finite speed of propagation for Hamilton-Jacobi equations.

Lemma 2.5. Assume that (Hg) holds. Then for any A € (0, 0], there exists a unique viscosity
solution p of (2.9), and it follows that

(a) ifd < ;—Z then p(s) = hs — (dr? +7) fors > cg;

i > S
) if x> L then

s — (c§3»2 +7) for s> 24X,
p(s) =

[N}

57 or Cp <5 < 2dA.
4d for ¢g =

It is well-known that the viscosity solution p to (2.9) exists and is unique [14, Theorem 2].
Set w(t,x):=1p (f) By Lemma 2.3, w(¢, x) is a viscosity solution of (2.4) in (0, c0) x (0, 00)
with the boundary condition w(z, 0) = 0 and the initial condition w(0, x) = &3 (x), where

0 forx =0,

h;(x) =Ax when0 <X <oo, and hoo(x) =
oo forx > 0.

In either case, one can use dynamic programming principle (see, e.g. [22, Theorem 1] or [20,
Theorem 5.1]) to deduce w(#, x) = max{J (¢, x), 0} with

t

J(t, x) = inf f[")(mz —f+g(y(s))i| ds + h; (7 (0)
’ ar 4d * ’
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where the infimum is taken over all absolutely continuous paths y : [0, ] — [0, co) such that
y (t) = x. Therefore, one can obtain the above assertions (a) and (b) by direct calculations as in
[43, Appendix B], which says that the viscosity solution p(s) restricted to the interval [cg, 00)
does not depend on g. Alternatively, one may proceed by constructing simple super- and sub-
solutions and applying Lemma 2.4. Since the proof is straightforward but tedious, we will present
it in the Appendix B.

Proposition 2.6. Assume that (Hg) holds. For each re (0, o], let w(t, x) be a viscosity super-
solution (resp. sub-solution) of 2. 1) withr =r — g(x/t). Then W(t, x) > tp (’li) (resp. W(t, x) <
to (f)) in (0, 00) x (0, 00), where p defines the unique viscosity solution of (2.9).

Proof. By Lemma 2.3, 19 ()t—‘) is a viscosity solution of (2.1) with » =7 — g(x/t). Hence, the

conclusion follows directly from [44, Theorem A.1] for the case re (0, 00). The case A = oo
will be established by an approximation argument, and is deferred to the Appendix B. O

Corollary 2.7. Assume (Hg). Fix any A€ (0,00]. Let p be a viscosity super-solution (resp. sub-
solution) of (2.9). Then p(s) > p (s) (resp. p(s) < 0 (s)) for s € (0, 00), where p is the unique

viscosity solution of (2.9).

Proof. It is a direct consequence of Proposition 2.6 by noting that w(t, x) := tp(x/t) defines a
viscosity super-solution (resp. sub-solution) of (2.1) with r =7 — g(x/1); see Lemma 2.3. O

3. Proof of Theorem A

This section is devoted to the proof of the main result, namely, Theorem A. We will define
some notations in Subsection 3.1. Then the estimates for ¢3 and c5 are proved in Subsections
3.2 and 3.3, respectively. We assume, throughout this entire section, that d;, ;, a;; and the initial
conditions u; ¢ are fixed in such a way that (H, ¢, ) holds for some ¢; > ¢ and A € (0, oo] (see

Definition 1.4). To apply the idea of large deviation, we introduce a small parameter € via the
following scaling:

t
uE(t, %) = u; (—,f>, i=1,23. 3.1)
€ €
Under the scaling above, we may rewrite the equation of u3 in (1.1) as

dru§ = ed3dxcu§ + 2u§(1 — azu§ — azu§ —u§) in (0,00) x R,
u§(0, x) = u3,0(%) on R.

As discussed in the beginning of Section 2, one can obtain the asymptotic behavior of u$ as
€ — 0 by considering the WKB-transformation, which is given by

w5 (t, x) = —elogu§(t, x), (3.2)
and satisfies the following equation.
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qws — edzdexw§ + d3]d,ws|* + r3(1 — azju —azus —u$) =0 in (0, 00) x (0, o),
w§(0, x) = —elogus o(%) on [0, 00),

w5 (t,0) = —elogu§(t, 0) on [0, 00).
(3.3)
A link between w$ and u$ as € — 0 is the following result, which is originally due to [20].

Lemma 3.1. Let K, K’ be any compact sets such that K C Int K" C K'. If w§ — 0 uniformly on
K’ as e — 0, then

liminfinfu§ > 1 — a3y limsup sup u§ — a3 limsup sup u5.
e=>0 K e—0 K’ e—0 K’

In particular,

liminfinfu§ > 1 — a3 —az > 0.
e—>0 K

Proof. The proof is analogous to [44, Lemma 3.1] and we omit the details. O

Next, we apply the half-relaxed limit method, due to Barles and Perthame [7], to pass to the
(upper and lower) limits of w$. More precisely, we define

wi(t,x):= limsup w§(’,x") and w3, (t,x):= liminf w§(’,x"). (3.4)
€e—0 €e=>0
(t'.x') > (t.x) ' x") = (t,x)

Remark 3.2. Let w3 and w3« be defined in (3.4). Then for any ¢ € R,
w3 (1, ct) =twi(l,c) and w3 (1, ct) =tw3 (1, ¢). (3.5)

Indeed, by (3.1) and (3.2), the first equality in (3.5) is due to the following observation:

" ) P
twi(l,c)=—t limsup |elogus -

e—>0
', x")y = (1,0

t// x//
=— limsup |:(et)logu3 (5 E)j| =wj(t, ct),
e—>0

(", x") — (t,ct)
where (t”, x") = (¢', x")t. The second equality in (3.5) follows by the same argument.
The following lemma says that w3 and w3 4 are well-defined and is finite-valued everywhere.
Lemma 3.3. Let (H,, ,,5.) hold for some A € (0, oo] and let w§ be the solution of (3.3).
(1) If » € (0, 00), then there exists some constant Q > 0 independent of € such that

max{ix — Q(t +¢€),0} <w5(t,x) <Ax + Q(t +¢) for (t,x) €[0,00) x [0, 00);
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(i1) If . = oo, then for each compact subset K C [(0, 00) x [0, 00)], there is some constant Q(K)
independent of € such that

0 <wi(t,x) < Q(K) for (t,x)eK.
Furthermore, w*(t,0) = w,(¢,0) =0 forall t > 0.
Proof. The assertion (i) follows from [44, Lemma 3.2] and we obviously have w.(t,0) =

w*(¢, 0) = 0. To show assertion (ii), we first observe that u3(¢, x) < 1, so that w€(¢, x) > 0.
Next, we observe that u3(¢, x) is a positive super-solution of a KPP-type equation:

Oiuz — d30xyu3z > r3(1 —as1 —asp — u3)

so that liminfus (¢, 0) > l_m‘f_‘m This means w€ (¢, x) satisfies, for each 7o > 0,
11— 00

dw — edzdyxyw +d3]d,w> <0 in (tg, 00) x (0, 00),
we(£,0) < e |log 1=84=02 in [19, 00), (3.6)

we (g, x) < +00 in [0, 00).

It follows by comparison that

(x +/6)?  eds
m‘f—?(l—to)-i—&‘

1 —az —az

0<wé(t,x) <
Swo(t,x) < >

log (3.7)

for (z, x) € [tg, 00) x (0, 00). Indeed, the expression of the right hand side is a super-solution of
(3.6). Assertion (ii) is a consequence of (3.7).
Finally, for each ¢ and #y such that #y < ¢, we let ¢ — 0 in (3.7) to get

2
0 < w,(r,x) Sw*(t,x) < 2({3();4_“) for (¢, x) € (f9, 50) x (0, 00).

)

Setting x = 0, we deduce w,(¢,0) = w*(¢#,0) =0 forallt > 0. O

Remark 3.4. If 1 € (0, c0), then one can take r = 0 and let ¢ — 0 in Lemma 3.3(i) to deduce
w3 (0, x) = w3 +(0, x) = Ax for x > 0.

3.1. Definitions and preliminaries

Recall that, throughout this section, the assumption (Hg, ¢, ;) holds for some ¢ > ¢, and
A € (0, oo] (see Definition 1.4). We proceed to define several quantities based on the parameters
ds, r3, az1, asi, az, CLLW, C1, 2, A. We list the objects, and where they are defined in Table |
for quick reference later.
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Table 1

List of auxiliary objects.

Object (s) Defined in Used in Property

a3 Section 3.1.3 Section 3.2,3.3,4, 5 a3 =2/dyr3

CLLW Definition 1.8 Section 3.2, 3.3, 5 cLLw < o3

w%k, W3 4 Section 3, (3.4) Section 3 Remark 3.2

pf:lp Section 3.1.1 Section 3.2 Lemma 3.8

sr’jlp Section 3.1.2 Section 3.2 (3.12)

ﬂg Section 3.1.3 Section 3.2.1 Lemma 3.6

sH(C) Section 3.1.5 Section 3.2.1 Lemma 3.11

vé‘ ©), vé‘ Section 3.1.5 Section 3.2.1 Remark 3.10

& Section 3.2.1, (3.38) Proposition 3.16 Proposition 3.13

Palp Proposition 3.18 Section 3.3, 5 Plp = p]ilp for u =11n (3.8)
Snlp Section 1, (1.10) Section 3.2.2, 3.3, 5 Proposition 5.1

B3 Section 3.2.2 Section 3.2.2, 3.3 B3 = max{cLLw, snip}
ES Section 1, (3.61) Section 3.3 Proposition 3.18

3.1.1. Definition ofpr/flp(s)for nel0,1]

For each u € [0, 1], we define function pr‘flp : [0, 00) x [0, 00) — [0, 00) as the unique viscos-
ity solution of the variational inequality

min{p — sp’ + d3|p’|* + R*(s), p} =0 in (0, 00),
p(0)=0, lim 2% =3, (3-8)
§—> 00

where R¥(s) =r3(1 — paz1 Xjey<s<ci) — 32 X{s<c,))» and A € (0, oo] is given in (He, ¢,,5.). The
existence and uniqueness of ,ollflp is guaranteed by Lemma 2.5. (When p = 0, the species #| and
u3 do not compete. We will be using it as a starting case to bootstrap to u =1.)

Lemma 3.5. For any u € [0, 1], pl’flp (s) is Lipschitz continuous and non-decreasing with respect
to u € [0, 1], and is non-decreasing with respect to s € [0, 0c0). Moreover,

{s =01 ppy,(5) =0} = [0, 50] (3.9

for some so > 2+/d3r3(1 — a3 — az) depending on y and cy, ca, which are given in (He, ¢,.2)-

Proof. Step 1. We prove the continuity and monotonicity of pr‘f]p with respect to w. Given any

0<pu <pr<l,let pr’flll) and ,or‘flf) be the viscosity solutions of (3.8) with ;& = 1 and u = s,

respectively. It suffices to show that

0< pr‘;;(s) - ,orlflllo(s) <r3azi(ua — 1) forany s € [0, 00). (3.10)
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To this end, we first apply Lemma 2.5 with ¢ = ¢y to deduce that ,offl;) (s) = pr’ﬁ; (s) for s €

[c1, 00). It remains to prove (3.10) for s € [0, c1]. In such a case, ,0[’1‘1}‘) defines the unique viscosity
solution of the problem

min{p — sp’ +d3|p'|*> + R*(s), p} =0 in (0, c1),

3.11
pO)=0,  pler) = plip(en. G

It is straightforward to check that pr’flz and prﬁ; — r3az|(uy — 1) are, respectively, viscosity

super- and sub-solutions of (3.11). Since the boundary conditions can be verified readily, by
comparison arguments in Lemma 2.4, we obtain (3.10).

Step 2. We show that prlflp is non-decreasing in s € [0, 00). Since prlflp(O) = 0 and that prlflp(s) >0
for s > 1, it suffices to show that ,offlp has no positive local maximum point. Suppose to the
contrary that there exists some sg € (0, 0o) such that pr’flp — 0 attains a local maximum at s and

pr’flp (s0) > 0. By the definition of viscosity solutions (see Definition 2.1 and [5, Proposition 3.1]),
we have

0= o, (50) = 50 - 0+ 3|01 + R¥(s0) = pfy, (s0) + R* (50),

which is a contradiction to R* > 0. Step 2 is completed.
Step 3. We show that prlflp(s) < max{% —r3(1 —az; —azp), 0} for s € [0, 00).

_ 2 . . .
Observe that p,(s) 1= max{ij — r3(1 — a3z — a3»), 0} is continuous, nonnegative, and a

classical super-solution for (3.11) whenever s # 2/d3r3(1 —a3; — az). Let ¢ € C1(0, 00) be
any test function such that p, — ¢ attains a strict local minimum at § = 2/d3r3(1 — a3 — az).
Then at s = §, direct calculation yields

52(5) — 8¢+ da|d/|> + (RM*(5) = —5¢' + d31¢'|* 4+ r3(1 — az)

2
> d; I:qy _ /rs(l—ti%l—asz)i| > 0.

Therefore, p, defined above is a viscosity super-solution of (3.11). Observing also that

M p—
Pyip($)
PO <50 and  lim P =5 <oo= lim P2 A

§—>00 Ky s—>00 §
we apply comparison principle in Corollary 2.7 to complete Step 3.

Finally, since prﬁp is nonnegative, non-decreasing in s and pfﬁp (0) =0, we deduce that (3.9)
holds for some sg > 2+4/d3r3(1 —az; —az) >0. O

3.1.2. Definition ofsr’flpfor nel0,1]
For each for u € [0, 1], we define the speed Sllljip by

S#lp :=sup{s: pI’flp(s) =0}. 3.12)

m

nlp € [24/d3r3(1 — a3 — a3z), o0), and is non-increasing in .

By Lemma 3.5, we have s
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3.1.3. Definition of a3z and ,Bg
We define

a3 :=2y/dsr; and By = max{sfflp, crw)  for wel0,1], (3.13)
where ¢ 1w is defined in Definition 1.8.
Lemma 3.6. Let ,Bé‘ be defined by (3.13). Then ,35 <oz <cyforall pel0,1].
Proof. Recall that 03 = d3(A A /73/d3) + M\;ﬁ Since cp 1w < a3 (see Definition 1.8) and

03 < ¢ (see (i) in Definition 1.4), it follows that c 1w < a3 < 03 < 3.
It remains to show sI’flp < 03. To this end, we define P, as the unique viscosity solution of

min{p — sp’ + d3|p'|* 4+ r3, p} =0 in (0, 00),
. p(s) (3.14)
p(0)=0, lim == =2,
§—>00
which is clearly a viscosity sub-solution of (3.8). We apply Corollary 2.7 to deduce that
Bz(s) < prlflp(s) for s € (0, 00). (3.15)

We first consider the case A > /r3/d3. In this case, 03 = 24/d3r3 and A > 2”733. A direct
application of Lemma 2.5 for (3.14) with ¢, = 03 and g = 0 yields

s2 S2 _ (0.3)2
)= —ry= B

4ds id; for s in a right neighborhood of o3.

Thus, by (3.15) we arrive at p’; (s) > ﬁz(s) > 0 for s in a right neighborhood of ¢3. The defini-

%
nlp

: ®
tion of Snip
It remains to consider the case A < /r3/d3. In this case, 03 = d3A + %3 and A < 2"733 We apply

Lemma 2.5 for (3.14) with ¢, = 03 and g = 0 again to deduce that

in (3.12) implies sl’flp < 03 as desired.

Bz(s) = [s — (d3r + ’;\—3)] = A(s —o3) for s in aright neighborhood of o3.

Hence, pI’flp s)=p ) (s) > O for s in a right neighborhood of o3, which implies Srlﬁ <o03. O

p

Remark 3.7. Let © =1 in (3.8), (3.12) and (3.13). It is easily seen that

1 1 1 .
Paip = Palps Spip = Snlp(c1, €2, A) and B3 = B3 := max{cLLw, Supp(c1, €2, M)},

where pnp and syip(ct, 2, A) are defined in (1.9) and (1.10). With this in mind, we occasionally

drop the superscript 1 in the notations wilp, sr{]p and ﬁ; when we consider the case u = 1.

686



Q. Liu, S. Liu and K.-Y. Lam Journal of Differential Equations 271 (2021) 665-718

Lemma 3.8. For any p € [0, 1], let ,offlp be the unique viscosity solution of (3.8). If s’

nlp >
a3/ 1 — az, then
w w W
Prnlp (c2) = )‘nlp (c2 — Snlp)’

" nlp —/ (Ynlp) —Ol3(l as)
where A, = and snlp is defined by (3.12).

nlp — 2d3

Proof. We first prove pnl (o) = A p(cz - snlp) in detail, and then pn]p(cz) < k (02 nlp)
follows from a similar argument To this end, let us argue by contradiction, by assuming
pf:lp(cz) < )»ﬁflp(cz nlp) By continuity there exists some § > a34/T — a3, (in fact § > s lp)
such that

Prip(€2) <10(8) - (e2 = 5), (3.16)

where v (§) = ﬁ(f — /52— a%(l — a3p)). Note that (3.16) holds due to vy(s) )»fflp as § \y

Srl:lp’ By (3.16), we can check ,offlp is a viscosity sub-solution of

{ min{p —sp’ +d3|p'|> +r3(1 —azn), p} =0 fors € (0, c2), 317

p0)=0, p(c2) =vp(S) - (c2 —9).

Define P; (s) := max{vy(5) - (s — §), 0}. It is straightforward to verify that Py is a viscosity so-
lution of (3.17). Indeed, it is a viscosity sub-solution since it is the maximum of two classical
sub-solutions of (3.17). To show that it is also a viscosity super-solution, it remains to check the
definition at the point s = §. For this purpose, let p,— ¢ attain a strict local minimum at §, then

A~

0<¢'() <) < ;73. (3.18)

We deduce

£,() —5¢'(5) + d31¢'$)1> + r3(1 — az2) = =510 (8) + d3vo(8)* + r3(1 —az) =0

where the inequality follows from P; (§) =0 and (3.18), whereas the equality follows by defini-
tion of vy(s). This verifies that P; is the unique viscosity solution of (3.17).
By Lemma 2.4 again, we have ,ollflp(s) =p; (s) for s € [0, c3]. Therefore, we deduce that

[0, 5/51 = {s 1 p, () =0} D {s 1 p,(s5) = 0} = [0. 5],

where the first equahty follows from the definition (3.12) of s Th1s implies that s p = 5, a
contradiction to § > snlp. "ljh1s proves Pnlp(CZ) > knlp(cz —.s[’:lp). . .

For the reverse inequality, one can proceed by contradiction in a similar manner: choose (by
contradiction assumption) § € (a3+/1 — a3 ,s,’:lp) such that pn“lp (c2) > vy(8) - (¢ — §). Compar-
ison then yields ,ol’fl (s) > P; for s € [0, c3] but that implies s“l > §, which is a contradiction to

§ being strictly greater than s Lemma 3.8 is thus proved. O
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3.1.4. Definition ofﬁz (s) for we[0,1]and £ >0
For given £ > a34/1 — a3», we define

1
v1(£) :=E (z+,/32—a§(1—a32)>. (3.19)

Lemma 3.9. For any p € [0, 1] and €', £ such that a3/1 — a3y < £ < £’ < ¢y, the function BIZ :
[£, 21— [0, 00) defined by B? (s) := min{pr’flp(s), v1(€) - (s — £)} is a viscosity sub-solution of

min{p —sp’ +d3|p' > +r3 (1 —axn), p} =0 in (£, L),
(3.20)

p(O)=0,  p(t)=pli (1),

where vi(£) is given by (3.19). Furthermore, if vi(£) - (£’ — £) > plﬁp(ﬂ/), then B’Z defines the
unique viscosity solution of (3.20).

Proof. We first verify that Bif is a viscosity sub-solution of (3.20). First, it is easy to see that
pr’]‘lp(s) and v (£)(s — £) are viscosity solutions of the first equation of (3.20) and satisfies (3.20)
wherever they are differentiable. They are both Lipschitz continuous (as they satisfy p — sp’ +
ds3)p’|? < 0 in viscosity sense so that their Lipschitz bounds are bounded locally [34, Proposition
1.14]). By Rademacher’s theorem they are both differentiable a.e., and hence satisfy the first
equation of (3.20) a.e. Hence, p/' Py 1s also Lipschitz continuous and satisfies the first equation
of (3.20) a.e. By Remark 2.2, we conclude that it is in fact a viscosity sub- solut10n of the first
equation of (3.20). Since it is clear that the boundary conditions are satisfied, B ¢ 1s a viscosity
sub-solution of (3.20).

Ifvi(0) - (' —20)> pfflp(ﬁ’), then pr‘flp and vy (€) - (s — £) are both viscosity super-solution of
(3.20). Upon taking their minimum, the resulting function B? is also a viscosity super-solution
of (3.20) (see, e.g. [5, Proof of Theorem 7.1]). Since B? is already a sub-solution, it is therefore
a viscosity solution. Finally, the uniqueness follows from Lemma 2.5. O

3.1.5. Definition of s*(¢), vg (¢), and vé‘
For given 11 € [0, 1] and ¢ € (B}, c2], we define

dgv“(c) + w if Vé‘(é) < w and vg(é) < Vg,

sH(E) 1= ELG) dsv; (3.21)
ﬁg otherwise,
where ,Bg < ¢7 (as proved in Lemma 3.6) and
5 {6 = @ —4dala (1 = an( = @) + ol @)1
MHoay . N N
vy (€)= if &2 > 4d3[r3 (1 — aza (1 — a2)) + P (@)1, (3.22)

00 otherwise,
and

688



Q. Liu, S. Liu and K.-Y. Lam Journal of Differential Equations 271 (2021) 665-718

1
V= g [ﬂé‘ + (B2 o3 — a1 —am)] , (3.23)

the latter is well-defined since ﬂé‘ >ciw > a3+/1 — a3z (1 —apy) due to (3.13).

Remark 3.10. By the construction of v’ (¢) and v}, we can rewrite B3 as

| —as(l —
Bl =dyvt + ra( mﬁ @1)). (3.24)
V3

In case ¢ > 4ds[r3(1 — azn(1 — azp)) + ,offlp(é)], we can rewrite plﬁp(é) as
A A A A2
,O,Iﬁp(c) =5 (&) —d3 (V5 (&))" —r3(1 —axn(l —a)). (3.25)
Furthermore, if s#(¢) > ﬁé‘ , then it follows from (3.21) and (3.25) that
PLh @) = Vh (@) - (€ — sH(@). (3.26)
Lemma 3.11. Let ¢ € (ﬂé‘, ¢p] and s*(¢) be defined by (3.21). Then s*(¢) € [ﬂé‘, 0).

Proof. First, we show s#(¢) > ﬂé‘ . By definition (3.21), it suffices to verify s*(¢) > ﬂé‘ when
Vi (&) < vf and vy (0) < nlzand=a)) 1, gych a case, by (3.24), direct calculation yields

dzvy
1) — B =d3 (@) — 1) + (1 —asa(l — an)) | = — —
3 2 3 vé‘(é) vé‘

JTp n
v, (c) —v r3(l —azn(l —a
_ 2(#) — 3 dyt (@) — 3( 32£ 21)) S0,
v, () V3
which proves s (¢) > B5'.
It remains to show s*(¢) < é. Since ¢ € (,8; , 2], there is nothing to prove in case s (¢) = 5.
Next, assume s (¢) > g4’ Since & > B} > syp by the definitions in (3.13), using (3.12) we have

pfflp(é) > 0. In view of (3.26), pfjlp(é) > 0 implies that s*(¢) < ¢. O
3.2. Estimating ¢3 from above

The purpose of this subsection is to prove ¢3 < max{sylp, cLLw] as stated in (1.13). Recall that
throughout the section, we have fixed d;, r;, a;; and the initial conditions u; o in such a way that
(H¢,.¢,.2) hold for some ¢ > ¢ and A € (0, oo].
3.2.1. Estimating c3 for given u € [0, 1]

In this subsection, we show that ¢3 < g} for any u € [0, 1] satisfying w3 (1, c2) > pr’flp(cz),

where ,3; is given in (3.13) and w3 is defined by (3.4). See Proposition 3.14 below.
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Lemma 3.12. Let (ui)?=1 be any solution of (1.1) such that (H, ¢,.») holds. Fix any ¢ € (,B#, 2]
and p € [0, 1]. Suppose that

w3 «(1,¢) > pr’flp(é) and pfflp(é) > 0. (3.27)
Then we have ¢3 < s*(¢), where s (C) is defined by (3.21).
Proof. Observe from (3.27) that w3 (1, ¢) > 0 so that (by definition (3.4) of w3 ) we have

u3(t,ct) - 0ast — oo, i.e. ¢ € (c3, c2]. By (1.8), we can choose a sequence ¢; € (c3, ¢2) such
that ¢; — ¢ as j — oo and

lim us(t, ¢5t) > foreach j e N. (3.28)
11— o0

Fix j € N large such that {; := w3 «(1,¢;) A pff]p(éj) > 0. Denote by (u,,u3) the unique
solution of the problem

Oty — Oxxlty = Uy(1 —any —uy —an3uz) for0<x <éjt, t > 1o,

itz — d3dxxtts = r3u3(1 —anuy —u3)  for0<ux <¢jt, t > 10, (3.29)

with the initial-boundary condition

1 —ay;
2

i, :min{uz, } and u3z =u3 on A{(t,x):1>1, x €{0,¢;t}}.

In view of (3.28), we have tlim gz(t,éjt) = % Obviously, (u2,u3) defined by (1.1) is a
—00
classical super-solution of (3.29), so that by comparison we derive that

ur>u, and uz <uz for0<x <¢éjt, t>1.

By the definition of w3 4 in (3.4) and w5(1, ¢;) = —elogu§(1, ¢;), for small € > 0, we have

A

1 ¢ n ~
—elogus (E ﬁ) > w3 (1, &) +o(1) > ft; +o(1),
that is
1 ¢ 2+ o(l
" <_, c_,> <exp <_M>
€ € €
Since u3(t, ¢;t) = u3(t, ¢;t) for all ¢, this implies
u3(t,¢jt) =us(t, ¢;jr) <exp{—(it; +o(1))t} forz>1. (3.30)

We can apply Lemma A.2 to (u,, u3) to yield
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lim sup wu3(f,x) < lim sup u3(t,x)=0 foreachc>s;,.
11— 00 ~ t A J
ct<x<c_/-t Ct<.x<Cjt

Here s;; can be expressed by

CLLW if L > ALLw(Cj — cLLw),
S¢i =9 A 2d310 RN ~
! Cj— L if i <ALw(¢j — cLiw),

Cj —\/53 —4d5[fij+r3(1—az(1-az))]

where 0 < Appw < /r3(1 —as (1 —az)))/ds is the smaller positive root of Acppw — d3rz? —
r3(1 —a31(1 —az1)) =0 (see Remark A.3). Hence, ¢c3 < 8¢ for all j > 1. Recalling that (i ; :=
w3 «(1,¢5) A pI’flp(éj) > 0 and that w3 4(1,¢) > pr’flp(é), we arrive at [L; — ,ollflp(é) as j — o0
(note that ,or’flp is continuous and w3 , is lower semicontinuous). Therefore, letting j — oo, we
obtain c3 < sz. Here s; is given by

CLLW if pppp (&) = ALw (€ — cLiw),
(3.31)

Sr =
¢ o pnlp( )

46)

if P,lflp(@) < ALLw (€ — cLLw),

where we used the definition (3.22) of vé‘ (¢). It remains to verify sz < s#(¢).

If pr?lp (é) > )\LLW(CA’ — cLLw), then by (3.31) we obtain S¢ = CLLW- Since s“(@) > ﬂg > CLLW
by Lemma 3.11 and (3.13), we have s; = cLpw < s#(6).

It remains to prove sz < s#(¢) if pI’flp(é) < ALLw (¢ — cw). We use Remark A.3 to derive

Prip(©) < ALiw (€ — cLiw)
= ALLwé — d3A i — r3(1 — azn(l — az)). (3.32)

Completlng the square, Appw¢ — d3)‘LLW d so that we arrive at pnlp(c) <3 d —r3(1—az(1—

azy)),i.e. 2> 4ds [r3(1 —az (1 —any)) + pnlp(c)], whence we can invoke (3.25) and the second
part of (3.31) to derive that

vy (&) — pfflp(é) r3(l — a3 (1 —az))

Se = T =d3vy (&) + @ (3.33)
Next, we claim that
VY (6) < ALw < ﬁ (3.34)
~ 2d3
Indeed, by (3.22) and Remark A.3, respectively, we have
¢ cw By ¢
0<v, ()< and 0</\LLW§2—d3§2d3 <7. (3.35)
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This yields the second inequality of (3.34). Next, we compare (3.32) and (3.25) to obtain
A WA A2 N
vl (@) — ds (V5 ()" < ALwé — d3A i w- (3.36)

Since (3.35) says that vg (¢) and Appw belong to the interval I = (0, ﬁ], on which s — és —d3s2
is monotone, this completes the proof of (3.34).

n
Since vé‘ > % (see (3.23)), we deduce from (3.34) that

Vi (@) <f. (3.37)
Next, we verify s; < s*(¢) by dividing into the following two cases:

(@) If vy < W then since v§ (¢) < v}’ (proved in (3.37)), it follows from (3.21)
and (3.33) that s; exactly equals s#(¢);

(i) If vi' (@) > W then s#(¢) = B4 by (3.21). We directly calculate that
3V3

V3 vé‘(c)
_B " » (©) [dwé‘(é) _ 31 —and —021))} S0,

£‘<> vy

1 1
sH(@) — se =d3(Vf — vy (@) +r3(1 —axn(l —az)) |:—,L - —A]

where we used (3.24) and (3.33) for the first equality, and used W <vh(@©) <y

for the last inequality.
The proof is thereby completed. O

To argue by continuity, let pr’flp be the unique solution of (3.8), and define the set

&i={uelo w1 e 2 pfyy e} (3.38)
We establish in the next two propositions that ¢3 < ,Bf forall u € €.
Proposition 3.13. If u € &, then either c3 < ,33 or w3 x(1,¢c) > pnlp(c) forall c € [ﬁg, cal.

Proof. Fix u € £ and define
D, = {c/ €[ ol wau(1,0) = pli (o) forall ce [c’,cz]}. (3.39)

First we observe that D, is closed, since pllfl is continuous and w3 4 is lower semicontinuous.
Also, D,, is non-empty by the hypothesis c> € D,, (which is in fact equivalent to u € £). Define

=infD,, then ¢ € D, and ¢ € [ﬁg , c2]. Suppose to the contradiction that Proposition 3.13
fails. Then we have ¢ € (B}, c2] and ¢3 > BY'.
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Step 1. We show that ¢3 < s*(¢), where s#(¢) € [ﬁé‘, ¢7) is defined by (3.21). Taking ¢3 > ,Bg
into account, this implies in particular s*(¢) > ,3; .

Since ¢ € (/3;, c2] and ¢ € Dy, we see that w3 (1, ¢) > prlﬁp(é) > 0. (To see that the last term
is positive, note that ,3? > sﬁp by definition, so that ¢ > ,35 > S#lp' Hence pr’flp(é) > 0 follows
from the definition of srﬁp in (3.12).) Then we may apply Lemma 3.12 to deduce ¢3 < s#(¢). This
completes Step 1.

To derive a contradiction to ¢ = inf D, we will find some § = §(¢) > O such that ¢ — 8 € D,
in the following three steps.

Step 2. We show that w3 .(1,5) > p;(s) for all s € [s*(¢), ¢], where p; defines the unique vis-
cosity solution of (for uniqueness see Lemma 2.4)

min{p — sp’ + d3|p'1* +r3 (1 —azx), p} =0 fors € (s*(é), ),

) . . (3.40)
p(s (@) =0, p(&) = pp,(©).

By Step 1, we have ¢3 < s#(¢). Thus applying (1.8) yields

liminf u(t',x') > Xjeyt<x<cyry and liminf uS (', x") = xsn @y <x<eat)-
", x")—(t,x) ", x")—(t,x)
e—0 e—0

Letting € — 0 in (3.3), it is standard [5, Sect. 6.1] (also [6, Propositions 3.1 and 3.2]) to see that
w3« 18 a viscosity super-solution of

min {8tu) + d3|dyw)? + Rs(x /1), w} =0 in (0, 00) x (0, 50), (3.41)

where R3(s) = r3(1 — a3 Xica<s<c1) — @32 X{sk (&) <s<c,})- (We note that (A.2) in Proposition A.4
is used crucially in the derivation, to deal with the discontinuity of Hamiltonian function.)
We claim that w3 , is also a viscosity super-solution of

min{d,w + &3]3, w2 +r3 (1 —azxn),w}=0 for s*@)r < x < ét,
(3.42)

w(t, s*(&)t) =0, w(t,ét) = t,ogjp(é) fort > 0.
First, we check the boundary conditions. Indeed, it follows that w3 .(¢,s*(¢)t) > 0 and
w3« (1, ) = tws «(1,¢) > tpr’flp(é), where the first equality is due to (3.5) in Remark 3.2, and
the last inequality is due to ¢ € D,,. Next, observe that the first part of (3.42) is the restriction of
(3.41) to a subdomain, as R3(z, x) = r3 (1 — a3p) when s#(é)t < x < ét. As aresult, w3 4, being

a super-solution of (3.41), automatically qualifies as a super-solution of (3.42). Then we apply
Proposition 2.6, which exploits the connection between (3.40) and (3.42), to deduce

w3 «(t, x) > tpy (x/t)  for sH (Ot <x <ét,

so that w3 (1,s) > p1(s) for all s € [s#(¢), ¢]. Step 2 is thus completed.
Step 3. To proceed further, we show

0 < P& <V (@) - @ = ")), (3.43)
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P

sh (é) e85 ¢S

Fig. 3. A typical profile of p3.

where we define (consistently with definition of v (£) in (3.19))

SH@) + /(540?31 — )
2d; '

V(@) = i (s7(8)) = (3.44)

Since s*(¢) > ,8? according to Step 1, the first alternative in (3.21) holds, and we deduce

r3(1 — a3 (1 —azy))
d3vé‘

r3(1 —az (1 —azy))
i (©)

sH(E) = d3vy (&) + L@ =y, v(©) <

This implies v4'(¢) < W = %C) — v} (&), so that by (3.44) we derive that
3V

s"(¢)

vé‘(é) < TN < vff(é).

This, together with (3.26) in Remark 3.10, implies
0 < pjp(E) =vh' (@) - (@ —s"(@) < vy (&) - (€ —s"(&)).

(Note that pr’ﬁp(é) > 0 since ¢ > ,8? > Sl‘lljip as in Step 1.) We have proved (3.43).

Step 4. We show that there exists some § > 0 such that ¢ — § € D,,, which contradicts ¢ = infD,,
and completes the proof of Proposition 3.13.
First, we apply Lemma 3.9 with £’ = ¢, £ = s#(¢) to conclude that

pa(s) 1= min { o} (5). v}/ (@) (s = 5@ ] (3.45)

is a viscosity solution sub-solution of (3.40), where vff (&) = v1(s#(¢)) is defined in (3.44). See
Fig. 3 for a typical profile of p3. Since p; is a viscosity solution of (3.40) by definition, we apply
the comparison principle in Lemma 2.4 to deduce

p1(s) = p3(s)  fors € [s"(C),Cl. (3.46)
By (3.43), it follows by continuity that there exists § € (0, ¢ — s*(¢)) such that
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© KA A A A
0<,onlp(s) <y ©)-(s—s"()) forselc—34,cl.

On account of (3.45), we have p3(s) = p'; _(s) in [¢ — 6, ¢], so that

m
nlp
w3« (1,5) = p1(s) = p3(s) = py, (s) foralls € [¢—38,¢l, (3.47)

where the first inequality follows from Step 2 and the second one is due to (3.46). Since ¢ € D,
we already have w3 «(1,s) > prﬁp(s) for s € [¢, ¢3]. Taking (3.47) into account, we thus arrive at
¢ — 8 € Dy, a contradiction. Step 4 is completed and Proposition 3.13 is proved. O

We improve Proposition 3.13 by removing one alternative in its conclusion.

Proposition 3.14. Assume that (H¢, c,») holds. If n € £, then c¢3 < ,BéL , where ,3; =

max{srlflp, cLLw} with srlflp given by (3.12).

Proof. If Proposition 3.14 fails, i.e. ¢3 > ﬂ# , then by Proposition 3.13, we deduce
w3«(1,¢) = py () forall ce (B3, cal.

Since B} > sl’flp (see the definition of B in (3.13)), we have (85, ¢2) C (sh, , ¢2). It follows from

the definition of sl’flp in (3.12) that

I
nlp’

w3 4(1,¢) > pr‘jip(c) >0 forany c € (BY, c2). (3.48)

Recalling (3.4), we see that for each c € (,8? ,C2),

1 1, 1
lim us (_, 5) < lim exp GM) _o,
€ €

e—0 e—>0 €

so that by (3.48) we derive that

lim sup wu3(t,x) =0 foreachc € (B, c2).
>0 et <x<cpt

Therefore, we reach ¢3 < ﬁg , a contradiction. This completes the proof. O
3.2.2. Bootstrapping up to u =1

We proceed to prove ¢3 < B3 in this subsection, where 83 = max{sup, cLLw}. In view of
Proposition 3.14 (see also Remark 3.7), it is enough to show that 1 € £. We will argue with a

continuity argument.

Lemma 3.15.0 < €.
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Proof. Observe from (1.8) that

(l/l)irgl—i:%tfx) ué(l’, x/) 2 X{cst<x<cat}-
' e—0 '

By a standard verification, we assert that w3 . is a viscosity super-solution of

min{d,w + d3]9; w|? + r3(1 — @32 X eyt <x<eary)s W =0 in (0, 00) x (0, 00),
w(t,0)=0, w(0, x) =Ax fort >0, x >0,

where A € (0,00] is given in (Hg, ¢,,2), and the boundary conditions have been verified in
Lemma 3.3 and Remark 3.4. A direct application of Proposition 2.6 yields

w3 «(t, x) >tps (x/t) in [0, 00) x [0, 00), (3.49)

where p4(s) is the unique viscosity solution of

min{p —sp’ +d31p'* + r3(1 — a2ty <s<c2)): P} = 0 in (0, 00), 150
p(0)=0, lim 2% =3, (3.50)
§—>00 °
We recall from (3.8) that pr?lp defines the unique viscosity solution of
min{p —sp’ +d3|p’|* + r3(1 — a32x{s<cy))> P} =0 in (0, 00), isi
p(0)=0, lim 2% =3, 3.5D)
§—>00

Regarding (3.50) and (3.51), we apply Lemma 2.5 with ¢, = ¢ and g =r3a32 X{c;<s<c,} OF § =
r3a32 X{s<c,} to deduce that p4(c2) = ,or?lp (c2), by which we deduce from (3.49) that w3 (1, c2) >

p4(cy) = ,or?lp (c2), so that 0 € £ by the definition of £ in (3.38). O
We now state the main result of this section.

Proposition 3.16. Let (ui)?zl be any solution of (1.1) such that (He, ¢, ,3) holds. Then

¢3 < B3 = max{sup, cLLw},

where spp = Srlljip| and sr‘flp is given by (3.12).

u="r

Remark 3.17. By Proposition 3.16, we have ¢3 < B3 = max{syp, cLLw}. Hence species u; is
controlled by species u» in the region {(¢, x) : B3¢t <x < cat} for ¢t > 1. Precisely, one may apply
(1.8) to deduce that

lim sup u? (t/a )C/) < X{x<pst} T X{cat<x<eit}s
' ,x")—>(t,x)
e—>0

where u{ is defined by (3.1).
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Proof of Proposition 3.16. In order to apply Proposition 3.14, we will show 1 € £ by a con-
tinuity argument. First, we claim that £ is closed and non-empty. It is closed since pnlp(cz) is
continuous in u (see Lemma 3.5). The set £ is non-empty because of 0 € £, which is proved
in Lemma 3.15. Define pup = sup& such that puys € [0, 1]. By the closedness of £, we have
um € &, so that Proposition 3.14 implies

oy < M, (3.52)

where g} = max{snlp ,cw) with s2Y € (0, ¢2) given by (3.12). If s“ M < cr1w, then Propo-
sition 3.16 can be established by (3.52) since

T3 < B4 = cLow < max{sypp, cLiw} = Bs.

Therefore, it remains to consider the case s"** > ¢ 1w and prove puy = 1.

nlp
Suppose to the contrary that py < 1 and Snlp > cLLw- Then

3 = By =max{sy¥, cLiw) = sy (3.53)

Again by (1.8), we deduce that

liminf uS(,x") > and liminf uS@(’,x") > x,.n ,
st 1( ) X{cat<x<cyt) st 2( ) > X{Smf)w <x<cot)
e—0 e—0

where the second inequality follows from (3.53). Letting € — 0 in (3.3), by (A.2) in Proposi-
tion A.4, Lemma 3.3 and Remark 3.4, we check that w3 . is a viscosity super-solution of

m1n{8,w+d3|8 w|2+R3( ),w}=0 forx>sn1pt

w(0,x) = for x >0, (3.54)
w(t,sﬁfft):O forz >0,
where R3(s) = r3(1 — a31 X{er<s<ci) — A32X ("M <s<c2})' By Proposition 2.6, we deduce that
nlp -
w34 (t,x) > 1ps (x/t) for x > sffh’ft, (3.55)

where ps5 defines the unique viscosity solution of

min{p — sp’ + d3|p'|> + R3(s), p} =0 forse(snlp ©0),
o) (3.56)
Pl =0. lim 22 =5

In what follows, we will show that there exists some s € (i, 1) such that py € £. This is
in contradiction to pp = sup €.

Step 1. We choose some s € (1 p, 1) such that

Pfflg(cz) <vilsp) - (c2 = sy, (3.57)
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where (see (3.19) for the definition of v{(£))

S \/(sn]p —o2(1 —az)

Vl(snlp)—‘)l(g)u sl = 2

Indeed, notice that SI‘SM > cLLw > @3+/1 —a3>. By Lemma 3.8 and the definition of )\g{r‘f
there, we arrive at

.UvM

i (@) =2 (e = i) < T = s < v - (e = 5.

2

Hence, from the continuity of p#l in p as stated in Lemma 3.5, we may choose pz € (upy, 1) to
be sufficiently close to w s, so that (3.57) holds.

Step 2. Let g € (i, 1) be chosen as in Step 1. It follows from Lemma 3.9 that
po(s) == min | ol (5), vl - 5 — stjin |
is a viscosity sub-solution of

min{p —sp’ +d3p'1* +r3(1 —az), p} =0 in (s, c2),

PG =0, plea) = ph(ca).

where v (slllp ) = (E)‘e ;LM is defined in Step 1.

Step 3. By (3.57), there exists § > 0 such that pg(s) = prlflg(s) for s € [co — 6, c2]. Define

pnlg(s) for s € (¢, 00),
pr(s) = | Py () = pe(s)  for s € [e2 = 8, e2l, (3.58)
06(8) for s € [snlp c —96).

We claim that p7 is a viscosity sub-solution of (3.56) in the entire region (snlp 00).

Indeed, since uy < 1, we see that pnlp is a viscosity sub-solution of (3.56) in (¢ — §, 00).
Moreover, it is straightforward to check that pg is a viscosity sub-solution of (3.56) in (snlp ).
By noting that viscosity solution is a local property, we can deduce that p7 as given in (3.58) is a

viscosity sub-solution of (3.56) in (snlp 00).

Step 4. We claim that ps5(s) > p7(s) for s € [s"; nlp ,c1]-
To see that, we apply Lemma 2.5 with ¢, = ¢1, and deduce from the definitions of ps (as the

unique viscosity solution of (3.56)) and ,0[’:1; = ,or’l‘lp |M=l‘«u that

ps(8) = pyp(s) = pr(s)  fors >cy.
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Observe that p5 and p7 are a pair of super- and sub-solutions to (3.56) in the bounded interval
(snlp c1), with boundary values,

ps(snlp)>0 p7(sn]p) and  ps(c1) = p7(c1).

By standard comparison principle [51, Theorem 2], we arrive at p5(s) > p7(s) for s € [snlp ct].

Step 5. We claim that s € €, which contradicts the definition of 11p.
Step 4 together with (3.55) implies that

w3 «(1, c2) = ps(c2) = pr(c2) = ,Onlp(cz)
so that uy € £, which is impossible as py > uy =sup€.
Thus puy =1, and € = [0, 1]. We now take w = 1 in Proposition 3.14 to establish ¢3 <
,35 |M:1 = B3. This completes the proof. O

3.3. Estimate ¢z from below

Let (Hc, ¢,,1) be satisfied for some ¢1 > ¢ and A € (0, co]. Define the continuous function
0 Ip : [0, 00) — [0, c0) as the unique viscosity solution of

min{p — sp’ + d3|p'|* + R(s), p} =0 in (0, 00),

p(0)=0, lim 2% =3, (3.59)
§—> 00
where
R(s) =r3(1 = a31 x(cy<s=<c1} — 32X (s<c2) — 3031 X (s <max{syp.cLiw}} (3.60)

with syip(ct, 2, ) and cLw being given in (1.10) and Definition 1.8 respectively.
By arguing similarly as in Lemma 3.5, we see that Pip is continuous and non-decreasing in

s € [0, c0). Hence, we can define the speed

é3 := sup{s :Bnlp(s) =0}. (3.61)

The main result of this subsection is to establish a lower bound of ¢5, and show that this lower
bound coincides with the upper bound showed in Proposition 3.16, in case snp > cLLW.

Proposition 3.18. Let (”i)?=1 be any solution of (1.1) such that (H¢, c,.») holds. Then we have
3> ES, where é3 is given by (3.61) and satisfies é3 € laz/1 — a3z — azy, snpl. Furthermore,

_ : _ M
By = sulp if sulp = cLLw, where sup = sy |-

Remark 3.19. In case snp > cLLw, Propositions 3.16 and 3.18 together imply
Snlp < ¢3 < ¢3 <max{snip, CLLW} = Snip-
Thus ¢3 = ¢3 = sn1p and Propositions 3.16 and 3.18 are sharp in such a case.
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We establish a lemma before proving the Proposition 3.18.
Lemma 3.20. Let (ui)?zl be any solution of (1.1) such that (H¢, ,,») holds. Then
wi(1,5) < Bnlp(s) fors €10, 00),
where Paip is defined as the unique viscosity solution of (3.59).
Proof. Using (1.8) (see also Remark 3.17), we observe that

lim sup Mﬁ (f/, x/) < X{eat<x<eit) T X{x<pst) and lim sup u;(t/s x') < X{x=<cpt}-

(' x") = (t,x) (', x") = (t,x)
e—0 e—0

Letting € — 0 in (3.3), then use Lemma 3.3 and Remark 3.4 to verify boundary conditions, it is
standard to verify that w3 is a viscosity sub-solution of

min{d,w + d3|9,w|> + Ry (x/1), wy=0 in (0, 00) x (0, 00). (3.62)

Here at s = ¢2, we can only estimate both u{ and 5 from above by 1, so that

R(s) for s # c3,

R(s) =
R(s) r3(1 —az; —az) fors=cy,

and R(s) is defined in (3.60).

Note that R (s) < R(s), so we cannot directly apply comparison directly, and need to proceed
with care. Since w3 (¢, x) = tw3(1, T) as stated in Remark 3.2, by arguing as in Lemma 2.4, it
can be verified that ,o;‘ (s) = wé"(l, s) satisfies, in the viscosity sense,

min{p — sp' +ds|p'|* + R, (s), p} <0 in (0, 00), (3.63)

and satisfies

*
pi0)=0 and lim ) _

s—>00 §

A

Now, we claim p3 € Lip;o. ([0, 00)). Indeed, since R, (s) > 0, one can easily verify that p3(s)
is a viscosity sub-solution of p —sp’ +d3|p’|?> = 0 on (0, c0). Fix an arbitrary so > 0, and choose
M = M (sg) > 0 such that p(sg) —soM + %M 2 > 0, then a direct application of [34, Proposition
1.14] yields that ,o§ is Lipschitz continuous in [0, sg], for arbitrary sg > 0.

It follows from the Rademacher’s theorem that ,o;‘ is differentiable a.e. on [0, co). Being a
viscosity sub-solution of (3.63), it thus satisfies the differential inequality (3.63) a.e. on [0, 00).
Since R (s) = R(s) a.e. we have proved that ,03“ satisfies

min{p — sp’ +ds3|p’|> + R(s), p} <0 ae.in (0, 00). (3.64)

By Remark 2.2, we conclude that p3 is in fact a viscosity sub-solution of (3.59), for which
Paip is the unique viscosity solution. The lemma thus follows by a standard comparison via
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Proposition 2.6, now that we realize that wg‘ (t,x) = t,o§ (x/t) is now a sub-solution of (3.62)
with R replaced by R. O

Remark 3.21. The equivalence in concepts of the viscosity sub-solutions for (3.63) and (3.64)
is guaranteed by convexity of the Hamiltonian functions. This is however not true for viscosity
super-solutions. As pointed out in Remark 1.10(i), the condition (A.2) is essential in Step 2 in the
proof of Proposition 3.13 as well as in the verification that w3 . being a viscosity super-solution
of (3.54). Heuristically, this suggests that the “gap” created by the succession of u; by u#y may
speed up, but never slow down, the invasion u3.

We are ready to prove Proposition 3.18.

Proof of Proposition 3.18.
Step 1. We show ¢5 > ﬁ3. By Lemma 3.20, 0 < w;‘(l, s) < Bn]p(s) in (0, 0o), which implies

fs:w3(1,9) =0} Dfs:p  (5)=0}=[0,B,].

Therefore, by (3.5), w; J@,x)=0in{(t,x):0<x < /3 t}. Recalling the definition of w3 in (3.4),
we see that w§(z, x) = —elogu§(t, x) — 0 locally unlformly in{(,x):0<x< ,8 t}ase — 0.
For each small > 0, we can choose the compact sets K, K’ in Lemma 3.1 by

K={(1,9:2n=<s<p,—2n} and K'={(l,s):n=s=<p,—n}
Since 0 <u; <1forall (f,x)andi =1,2,

sup uj(t,x)<1 and sup u5(r,x)<1.
(t,x)eK’ (t,x)eK’

We may apply Lemma 3.1 to deduce that

liminf inf u3(t, x) = liminfinfu§(z, x) > 0.
t—00 2nt§x§(é3—2n)t e—>0 K

This implies ¢3 > B and Step 1 is completed.

Step 2. We claim ,3 < snip. It is straightforward to check that pnp = oy p’ﬂ | (as given by (3.8)
withu=1)isa v1s0051ty sub-solution of (3.59). By Corollary 2.7 once again we get

Pyip(8) = Prip(s) in [0, 00).
By definition of 8 ; and spip (see (3.61) and (3.12) with = 1), we deduce
By =supls:p (s) =0} =sup{s: pnp(s) = O} = suip. (3.65)
Step 3. We claim , > a3+/1 — az1 — asz;. In this case, it suffices to note that pg(s) := max{ - 4d

r3(1 — a3 — az), 0} defines a viscosity super-solution of (3.59), so that we can proceed as in
Step 2 to yield the inequality E3 >a3+/1 —az —az.
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Step 4. We show ﬁB = snlp if spip > cLLw. Assume sy > cLrw, then B3 = syp. It suffices to
show that pnp is a viscosity solution of (3.59). Indeed, if that is the case, then by uniqueness
in Lemma 2.5 we deduce that Ppip = Pulp in [0, cc). Hence the equality in (3.65) holds, and we
derive ﬁ 5 = Salp-

To show that pyyp is a viscosity solution of (3.59), noting that pyp is already a viscosity sub-
solution of (3.59), it is enough to verify that it is a viscosity super-solution of (3.59) in (0, 00).
To this end, suppose that pyp — ¢ attains a strict local minimum at s > 0. In view of pyp > 0, it
suffices to show that

Puip(50) — S08' (s0) + d31¢ (s0)|* + (R)*(s0) > 0, (3.60)
where (R)*(s) = limsup,_, ; R(s’) is the upper envelope of R. Let R1(s) be as given below

(3.8), then R(s) =R (s) — r3a31 X{s<p;} for s > 0. Taking the upper envelope on both sides, we
obtain

(R)*(s) = (RHY*(s) fors > Bs. (3.67)
(Note that R (s) is continuous at B3€(0,c2).)
If 50 > sn1p, then noting that B3 = sy1p, we have so > B3. Then (3.66) follows from (3.67) and
the fact that pyp, is a viscosity solution of (3.8).

If 5o < snip, then by the definition of syjp, we see that ppp(s) vanishes in a neighborhood of
50, so that ¢’(sg) = 0, and thus

Paip(s0) — s08’ (50) + 319 (s0) 1> + (R)*(s0) = Ros0) > r3(1 — a3 — azx) > 0,
which implies (3.66) holds. Therefore, pqp is a viscosity super-solution of (3.59). O
We are now in a position to prove Theorem A.
Proof of Theorem A. The estimate (1.13) in Theorem A is a direct consequence of Proposi-

tion 3.16, Proposition 3.18, and Lemma 3.6. The fact c; = ¢3 = sn1p, When syp > cLLw is proved
in Remark 3.19. Therefore, it remains to show that

liminf inf u3(t,x) >0 foreach small n > 0, (3.68)

=00 0=x<(cz—m1

and then the spreading property (1.14) follows from (1.8) in the assumption (H, ¢,.1). Observe
from u; <1 and up <1 that u3 is a classical super-solution of

0t = d30xxu +r3u(l —az; —aszp —u) for (¢, x) € (0,0) x R,
u(0,x) =u3(0, x) for x € R.

By the classical results in Fisher [21] or Kolmogorov et al. [36], we have

lim inf  u(t,x)>({—a3 —az)/2>0 forsmall >0, (3.69)

1=00 |x|<(az—m1
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where 05 := a34/1 — az1 — azy. Hence, to prove (3.68), it suffices to claim that for each > 0
small, there exist some 7" > 0 and § > 0 such that

uz(t,x) =8 in {(t,x):1 =T, (—a3+mt <x < (c; —nit}. (3.70)
Fix a small n > 0. By the definition of ¢, there exist some c/3 € (¢c3 —n,¢3) and T > 0 such that

inf u3(t, cat) > 0. 3.71
tlgTuz( ;) > (3.71)

Since {(T,x): (—o3+MT <x < ch} is compact and u3 > 0 in (0, c0) x R, we see that

inf u3(T, x) > 0. 3.72)
(—o3+mMT=x=;T

By (3.69), (3.71) and (3.72), we deduce that

8 := min { inf uz(r, csr), infus(t, (o5 +m0), (1 —az —axn)/2,  inf  us(T, x)}
t>T t>T (—g3+n)7‘5x5c’37‘

is positive. Then u3 is a super-solution to the KPP-type equation d,u = d39yxu + r3u(l —az; —

azy — u) such that u3 > § on the parabolic boundary. By the parabolic maximum principle, we
derive (3.70) and the proof of Theorem A is complete. O

4. Asymptotic behaviors of the final zone

The purpose of this section is to prove Theorem B, which characterizes the asymptotic profile
of the final zone {(z, x) : x < c3t}.

Proof of Theorem B. By (3.69) and the definition of ¢, itis obvious that ¢; > a34/1 — az| — aza.
Hence, it remains to prove (1.16). We divide the proof into several steps.

Step 1. We show that, if

lim sup u; < B; fori =1,2, and each small n > 0, “.1)

=00 (—a3+mt<x<(cz—nt

with some constant B; € [0, 1], then

lim inf u3 > A foreach small n > 0, “4.2)
=00 (—g3+nt<x<(cz—mt

where A = 1 — a3 By — a3z B>. Suppose that (4.2) fails. Then there exists (¢, x,) such that
Cp i =Xu/ty = c €(—a3,c3) and lim u3(t,, x,) < A. “4.3)
- n—>0o0

Denote (u1 ,, u2,n, u3.,)(t, x) := (Ui, u2,u3)(ty + t,x, + x). In view of 0 < u;, <1 in
[—t,,00) x R for i =1, 2, 3, by parabolic estimates we assert that (11 ,, U2, u3 ) 1S precom-
pact in CIZOC(K ) for each compact subset K C R?. Passing to a subsequence if necessary, we
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assume that u3 , — i3 in Cfoc(]Riz), which satisfies 8;/3 — d3y i3 > r3ii3(A — ii3) in R? due to

“.1).
Observe from (3.70) that 4i3(z, x) > & in R2. Let U;(t) denote the solution of

Ui, =r3U3(A—Us) and Us3(0) =3,

which satisfies U3 (00) = tlim U;(tr) = A. Note that for each Ty > 0, it3(—T1,x) > U;(0)
— 00

for all x € R. By comparison, we have #3(t,x) > Us(t + T1) for (¢,x) € [-T1,0] x R,

and thus #3(0,0) > U;(T1) for each T} > 0. Letting 71 — oo, we obtain #3(0,0) > A, i.e.

lim u3(t,, x,) > A, contradicting (4.3). Therefore, (4.2) is established.

n—>oo

Step 2. We show that, if

lim inf u3 > A for each small n > 0,
1=00 (—gz+mt<x<(cz—mt

with some A € [0, 1], then

lim sup u; < B; fori=1,2, and each small n > 0, “4.4)

1790 (gt <x<(cz—nt

where B; = max{1l —a;3A, 0}.
Since this is analogous to the arguments in Step 1, we omit the details.

Step 3. We show that if 1 < a3 < a3, then for each small > 0,

lim sup lui (2, x)| =0; 4.5)

1200 (gatmr<x<(es—mt

If 1 < aj3 < aps, then for each small > 0,

lim sup luz(t,x)| =0. 4.6)

1200 (_gstmr<x<(c;—mt

We only treat the case 1 < a3 < a3 and prove (4.5), as (4.6) follows by switching the roles
of 1 and u;. We shall define By ;, B>, j, A inductively by applying Steps 1 and 2. First, define
Bi.1 = B2,1 =1 and apply Step 2, so that (4.2) holds for A = A; = 1 — a3; — a32. Then letting
A = Ay in Step 2, we deduce (4.4) with B; = B; » = max{l —a;3A1, 0} fori =1, 2. Recurrently,
if 1 —a3A;; > 0 for some m > 1, then 1 — az3A,, > 0 (by aj3 > a»3) and

Ant1=1—a31(1 —ai3Ay) —an(l —apiy)

u ) @.7)
= Ay + (a31a13 + anan)An = Y _(az1a13 + anax)" Al
n=0

whence (4.2) holds for A = A,,,+1. Notice from (4.7) that A,,+| > A,,. We shall claim that there
exists some mg > 1 such that 1 — a134,,, <0, and then applying (4.4) in Step 3 with A = A,
we deduce (4.5).

To this end, we argue by contradiction and assume that 1 — aj3A4,, > 0 for all m > 1, so that
(4.7) holds for all m. We can reach a contradiction by the following two cases:
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(1) If az1a13 + azpazz > 1, then by choosing some mg > ﬁ, it follows from (4.7) that 1 —

a13Amy <1 —aizmoA; <0, which is a contradiction;
(i) If az1a13 + azpaxz < 1, then letting m /' 0o in (4.7) gives

Ao A 1 —a3; —az

I —(az1a13 +azxnaxs) 1—(azja13 +azas) —

where the inequality follows from a3 > 1 and a3 > 1. Hence, we can choose m large such
that 1 — aj3A,,, <0, which is also a contradiction.

Therefore, (4.5) is established.

Step 4. We show (1.16). The proof is based on classification of entire solutions of (1.1). We only
consider the case 1 < a3 < a3, since for the case 1 < aj3 < a3, (1.16) can be proved by a same
way. By (4.5) in Step 3, it remains to prove

lim sup (Jua(t, x)| 4+ |uz(t,x) —1]) =0 for each small n > 0. 4.8)

1700 (—ggtmr<x<(c;—mt

Suppose that (4.8) fails. Then there exists (#,, x,) such that
Cpi=Xp/ty > c€(—03,¢3) and lim wus(t;,x,) > 0or lim u3(t,,x,) < 1.
n— 00 n—od

As before, we also denote (41, U2, U3,,)(t, x) := (U1, u2,u3)(t, +t, x, + x). By parabolic
estimates, we may assume that (12, u3,) converges to ({2, #3) in CfOC(RZ) by passing to a
subsequence if necessarily. By (4.5), we see that (i12, u3) satisfies

Ol — Oxxliy = ila(1 — il — a3il3) in R?,
0;113 — d30yxii3 = r3u3(1 — azpitp — ii3) in RZ.

Again by (3.70) in the proof of Theorem A, we have (it2, #3)(t, x) < (1,6) for all (z,x) € RZ.
Let (U2, Us) denote the solution of ODEs

Uy =Ux(1 = Uy —ax3U3) and Uz =r3Us(1 — anU; — Us),
with initial data (U3, U3)(0) = (1, 8), so that (U2, U3)(c0) = (0, 1) due to az < 1 < ans.
Analogue to Step 1, by comparison we can arrive at (ii2, #3)(0,0) < (U2, U3)(c0) = (0, 1),
so that u» (t,, x,) — 0 and u3(t,, x,) — 1 as n — oo, which is a contradiction. Therefore, (4.8)

is established. The proof of Theorem B is now complete. O

Remark 4.1. Let hypothesis (H, ¢,,1) hold with ¢; > ¢;. Assume a3 > a31 and a3 < a3z (in-
stead of a13, a3 > 1 in Theorem B), then we claim that for each small n > 0,

lim  sup  (lui(t,x) — U{| + |ua(t, x) — Uy | + luz(t, x) — U5 |) =0,

=000 <(cz—mt

where (U}, Uy, U53) is the unique positive equilibria of system (1.1). In this case, [9, Proposition
1] can be applied to yield a strictly convex Lyapunov function for system (1.1). One can then
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proceed similarly as in [56, Lemma 6.8] to fully classify the positive entire solutions of the
three-species competition system (1.1). We omit the details.

5. Properties of syp(c1, €2, 1)

This section is devoted to deriving Remark 1.7 and the proof of Proposition 1.13. Since syjp <
03(A) was established in Lemma 3.6, Remark 1.7 follows from the following result.

Proposition 5.1. Let sy be defined by (1.10) for ¢y > ¢2 and A € (0,00]. Then sy
a3«/1 — azy. Furthermore, if a31 < a3 and a3 < ¢2 < ¢ < a3(/az + /1 — azz), then sy
a3/ 1 — azn, where oz =24/dsr3.

VIV

Proof. Step 1. We prove syp > @3+/1 — azz. The proof depends on the construction of a viscos-
ity super-solution and an application of Lemma 2.4. Define p : [0, ¢1] — [0, c0) by

Xs—d3X2+7 forc, <s <cy,
p(s) = % —r3(1 —az) foraz/1—az <s<cs,
0 for 0 <s <wa3+/1 —asz,

_ 2
where A = ‘1+°2 + % and 7 = d3 [“401‘2 - %] Let us show that o is a viscosity

super-solution of (1.9) in the interval (0, ¢1). Set A := <=2 dcz and B := w We can verify p
is continuous in [0, c1] by the following calculations at s = c¢5:

2
- 2 - 2 2 -
Aey —d3h = |A+B+—|-d3;|A+B+
2 —dazn +r 62[ + +2d3:| 3[ + +2d3] +r

2 2
—Cz[A+B]+%—d [A + BY? —cz[A-I-B]—ﬂ%-
3
_(02)2 2 2
= 4ds —d3[A+ Bl +d3[A — B]
_(2)2 _ (e2)?

Observe that p is a classical super-solution for (1.9) in the set (0, c1) \ {c2, ®3+/1 — a32}. Since
© > 0 by construction, it remains to consider the case when p — ¢ attains a strict local minimum
at § = ¢ or § = az/I —az, where ¢ € C'(0,00) is a test function. In case § = ¢», direct
calculation at s = § yields that

2 2
() —§¢' +dsl¢')> +R*(5) > % — ' +d3|¢')? = ds (¢ —2—> > 0.
3 d3

On the other hand, if § = a3+/1 — a3y, then at s = 5, we calculate that
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PB) —$5¢ +d51¢" 1>+ R* () = —a3/1 —azng’ +ds3|¢' > +r3(1 — ax)

2
= ds |:¢/ _ /r3(1d—3a32):| >0.

Therefore, p defined above is a viscosity super-solution of (1.9).

Recall that onyp denotes the unique viscosity solution of (1.9). Notice that py1(0) =0 = 0(0).
To apply Lemma 2.4, let us verify the boundary condition 0(c1) > pnip(cy). First, by Lemma 2.5
with ¢g = ¢y, it follows easily that pnp(c1) < cj /(4d3) —r3(1 — azp). Writing A= 2d — D and

7 =d3D?, where D = ¢ d362 — ”211%22), we verify that

2
Bl =her—dshie+7=c1 | —D|—ds| L —D| +d5D?
2d3 2d3
_ T peay| L 9P g e (c1).
2d3 Cl 3 4d2 A 4d = Pnlp(C1

By applying Lemma 2.4 with ¢, = ¢, we deduce p(s) > pup(s) for s € [0, ¢1]. In particular,
0 < pnp(az+/1 —asz) < p(az+/1 —a3z) =0. Hence by definition, we have sy, = sup{s > 0:
Pnlp(s) =0} > a3+/1 — asz;, which completes Step 1.

Step 2. We show spip > a34/1 — a3z if a3 <az and a3 < ¢z < ¢ < a3(\/azz ++/1 —azz). Due
to as; < a3y, it can be verified that ppyp is a viscosity sub-solution of

min{p — sp’ + d3|p'1> + r3(1 — az2 x(s=c1})s p} =0 in (0, 00), S
p(0)=0, lim 2% =3, SR
N

—> 00

Let p be the unique viscosity solution of (5.1). Corollary 2.7 implies that ppp(s) < p(s) for all
s € (0, 00). By the same arguments as in the proof of Lemma 2.4, we can verify that w(z, x) :=
tﬁ(%) is the viscosity solution of

{ min{d,w + d3]d,w|* + r3(1 — @z X(x<c;1})> w} =0 in (0, 00) x (0, 00), 52)

w0, x)=Ax, w(,0 =0 for x €[0,00), t e (0,00).

Define Snip > 0 such that {(¢,x) : w(t,x) =0} ={(,x):t>0and x <5
a3( /a3 + /1 —asp), itis shown in [44, (1.6) in Theorem 1.3] that

Spip > A3v/ 1 —as.

Spipt - Since ¢y <

(To apply [44, Theorem 1.3], we consider the transformation w(s,y) := w (r r% y) ) In
view of p(snlp) =w(, snlp) =0, we arrive at 0 < ,Onlp(inlp) < p(gnlp) = 0. By definition,
Snip = sup{s > 0: pyip(s) =0} > Snip > a3+/1 — a3 as desired. O

Next we prove Proposition 1.13. We first prepare the following result:
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Lemma 5.2. Let syip(c1, c2, A) be defined by (1.10). Then syyp is continuous and non-increasing
with respect to A € (0, oco].

Proof. Similar to Lemma 3.5, we can prove that pnyp is non-increasing and continuous in A. This
implies that sy is non-increasing and continuous in A. We omit the details. O

Proof of Proposition 1.13. The proof is divided into two steps.
Step 1. We show that there exist some § > 0 and A € (0, 00) such that (i) 03(A) = d3\ + ’73 <
Snip(c1) and (ii) spip(ci, Snip(c1), A) > cLrw for all a3; € [0, §). Here §yp and sy are defined in
(1.6) and (1.10), respectively. _

First, we consider the case az; = 0. We claim that there exists A € (0, 4/r3/d3) such that

. . - _ - 13
a3 <03 = Snip(c1) = snip(ct, Sup(c1), A),  where 03 :=d3A+ 5 (5.3)

Indeed, since a3 = 2+/d3r3 < Syp(c1) (see (1.23)), we can choose the unique r € (0, /r3/d3)
so that the first equality in (5.3) holds. Also, the first inequality in (5.3) follows from »re
(0, /r3/d3). Next, we show 53 = snip(c1, Snip(c1), A). To this end, we observe that

p(s) :=max {A - (s —53), 0}

is the unique viscosity solution of

min{p — sp’ +ds1p'1* +R(s), p} =0 in (0, 00), (5.4)

where R(s) =r3(1 — a3 X{sfimp(q)})' However, by the fact that a3; = 0 and the first equality of
(5.3), it follows that  is also the unique viscosity solution of (1.9) with ¢ = Syp(c1) and A = A
Hence 073 = syip(c1, §nlp, ). Now, if we consider A = A + € for € > 0 small, then

03(A) <03 =S5np(c1) and  sypler, Saplcr), A) > a3,

where we used the continuous dependence in A (Lemma 5.2). This proves Step 1 in the case az; =
0. Since all of the desired inequalities are strict, the case 0 < a3z} < 1 follows by continuous
dependence on a3;.

Step 2. We show (1.14), (1.15), and (1.16) hold for the chosen X as in Step 1. First, the hierarchy
conditions (1.2), (1.12), and apjaj2 < 1 imply éLpw = 2+4/1 — ap; as stated in Remark 1.3. Since
o3(A) < §n1p (c1) for the chosen A, we can apply Theorem 1.2 to deduce that (H, ., ») holds with
c1 =2+/dyry and ¢z = S (c).

Since (1.2) and (1.12) also hold, Theorem A applies. In particular, (1.14) holds. In view of
sup(ct, §nlp(c1), A) > a3 > cLLw (see Remark 1.9 for the last inequality), it follows that (1.15)
holds. Finally, due to aj3 > 1 and a3 > 1, (1.16) is a direct consequence of Theorem B. Propo-
sition 1.13 is proved. O
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Appendix A. Some useful lemmas

In this section, we include some lemmas used in this paper. The first result called linear deter-
minacy is based on [38, Theorem 2.1]. Related results can be found in [31,32].

Lemma A.1. Let c 1w be given by Definition 1.8. Suppose that

, axn(l—ay)<l< 1 423 , and azxax <1. (A.1)

—azl

dz >

N =

Then crpw = a3/1 —az (1 — any).

Proof. Let (1, v) be a solution of (1.11). Then (U, V)(s, y) := ( o v) ( 2 ‘ri—;y) satisfies

l—az’ 3’

35U — d3dyy U =F3U(1 —U —axV) in (0, 00) x R,
9V =3y V=V —anU—V) in (0, 00) x R,

7 1 =~ 1—a ~
where d3 = -, i3 = =2, a3 = g

observe that (A.1) is equivalent to

azs
—az)’

and az» = asp(1 — ap1). Under these notations, we

623 <2, ayp<l<ady, and axpazx <l1.
Thus Lemma A.1 is a direct consequence of [38, Theorem 2.1]. O
The next result will be used in the proof of Lemma 3.12.

Lemma A.2. Fix any ¢ > 0. Let (u, v) be a solution of

O — Oyt =u(l —ax; —u —axzv) 0<x<dCt, t >,
0;V — d30xx v =r3v(1 — azu —v) O<x<ct, t>1y.

Suppose that there exists some [L > 0 such that

() fim (e, v)(¢,é0) = (1 - a1, 0);

(i) tlirrolo ettu(t, ct) =0 for each € [0, j1).
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Then there exists s; > 0 such that

lim sup v(,x)=0 foreachc > sg,
1—00 A
ct<x<ct

where

CLLW if L > Aw (¢ — cLiw),

A 2d3 1

c— if <A c—c .
e—/2—4d3[p+r3(1—az(1—az)))] fi LLw LLW)

CLLW*\/(CLLW)Z*(X%(I —axn(l—az1))

Here c11w is defined in Definition 1.8 and A 1w = 30

The proof of Lemma A.2 can be found in [43, Lemma 2.4] and is omitted.

Remark A.3. We mention that Ay 1w defined above satisfies

CLLW
ALwerw = dsAfw +73(1 —asn(l —ax)) and  Appw < 2

The following result is associated to condition (1.12) and will be used in the proof of Propo-
sitions 3.13 and 3.16.

Proposition A.4. Let (ui)?zl be any solution of (1.1) such that (H¢, ¢,,1) holds. If (1.12) holds,
then for each n > 0 small,

lim inf (aziu1(t, x) +azua(r, x)) = min{as, as}. “.2)
t—00 (cp—n)t<x <(cr+n)t

Proof. Let v(t, x) = a3ju;(t, x) 4+ azpu;(t, x) and denote

asnasy
asi

az3as }

K := max {1, } and £ :=max la13a31,

Since a3 < Z% and az1 < 1 < app, we have ka3 < az». Due to d) = 1, by (1.1) we calculate

0V — dxxv =azriuy (1 —uy — appus — azusz) + azpua(l — agruy — up — apzus)
=aziriur (1 —uy) + azpua(l — uz) — (asrainry +aznaz)) ujus
— (ai3aziriu; + apzazuz) us (A.3)
>aziriuy (1 —uy) + kasiuy — kaxpui — (azry +ikasy) uyuy — (riuy + kuz)lus

=(riu1 +kuz) (az1 —luz —v).

By (1.8), it follows that for each small > 0,
lim v(¢, (c; —3n)t) =a3; and lim v(t, (c; — 3n)t) = a3y > asq,
t—00 t—>00
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and moreover,

lim sup lus(t,x)| =0.
=00 (cr—2n)t<x<(o1—2n)t

Using a similar argument as in Step 1 of the proof of Theorem B, we can show that there exist
some T > 0 and § € (0, a3;) such that

v(t,x)>8 in Qr:={tx):t>T, (co—3nt <x < (o] —3nt}. (A4)
Let v(¢, x) denote the unique solution of
00 — OxxV = (riuy + kun) (a31 — fus —y) inQ2r and v=24o0ndR7,

for which v(#, x) is obviously a super-solution due to (A.3) and (A.4). By comparison, we arrive
at v < v in Q7, so that noting that az; < a3, it suffices to show

lim sup v(t, x) =asy. (A5)

=00 (ca—mit<x<(cr+n)t

The parabolic maximum principle implies that v < a3; in Q7. Suppose (A.5) fails. Then there
exists (t,, x,;) such that

Cni=Xxp/ty > c€(cy—2n,¢c2+2n) and lim v(t,, x,) < azp. (A.6)
n—>oo

Denote v, (1, x) := vty + £, X, +x) and (U1, U2 n, u3,,) (¢, x) := (U1, u2, u3) (@, + 1, x, + x).
By parabolic estimates we see that v, and (41, 42,5, 43,,) are precompact in CIZOC(K) for each
compact subset K C R2. Note that u3, — 0 as n — oo and by (A.4), for some §>0,

.. . r K .. N
liminf(riuy , + kup p) > mln{—, —}hmlnfv(tn +t,x, +x)>6.
n—o00 az; azy ] n—oo

Passing to a subsequence if necessarily, we assume that v, — ¥ in ClzOC (R?), which satisfies
§<d<az and 9D —dd>8(az — ) in RZ.

By the parabolic maximum principle, we deduce that d = a3; in R?, and particularly,
lim v(#,, x,) = (0, 0) = a3, which contradicts (A.6). Therefore, (A.5) is established. O
n—oo

Remark A.5. We mention that condition (1.12) in Theorem A is nearly necessary to guarantee
(A.2). Indeed, for any traveling wave solution (i1, tip) of (1.3), the lower bound of a3z + asziin
was considered in [11]. Setting 4; =1 and i1, = i in [11, Theorem 1.2] yields

. . . azp | min(dy, 1)
asju] +asxpuy >mimnyasz;, — ¢ —————.
apz | max(di, 1)

To ensure (i1, iip) satisfies (A.2), we require
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> min{as1, azz},

B | max(@, 1) =

. { a32} min(dy, 1)
min
an

which in turn implies that dy = 1 and a3; < %

Appendix B. Proofs of Lemma 2.5 and Proposition 2.6

Proof of Lemma 2.5. We only show uniqueness, as the existence pf o1is standardA[l4, Theorem
2]. We divide the proof into two steps by distinguishing the cases A € (0, o) and A = oo.

Step 1. We prove Lemma 2.5 when A € (0,00). In this case the uniqueness is proved in
Lemma 2.4. It remains to show that assertions (a) and (b) hold.
To this end, we first define P € C (0, 00) as follows:

d
(i) If A > %,then

() IfA <./%, then p, (s) :=max { As — (dA2 +7),0};
=1

As — (dA2+F) fors>2dh,
2 ¢ for 2V dF <s < 2dA.,
for 0 < s < 2V dF.

©n

31(S) =1

S &
£,

It is straightforward to verify p is a viscosity sub-solution (in fact a viscosity solution) of

min{p — s’ +d|p')? + 7, p} =0 in (0, ).

In view of g > 0, we conclude that P, is a viscosity sub-solution of (2.9).

2
Set gmax := max { sup g, (Cf; } We define p; € C(0, 00) as follows:
(0,00)
() If A > <& then
2d
As — (dA2+7) for s > 2d .,
_ 2, An
01 = i—ﬁ—r forc, <s <2dA,

Ais — (35\% +7—gmax) for0<s<cg,

Wlth i] = C—gA —_ _gmAax;
2d d

.o 2 C_g
(i) If A < o then

_ :is—(ﬁiz—i—f) for s > c,,
p1=

Aos — (c?i% +7 —gmax) for0<s<cg,
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S co—y/ (C —2(2)1)2+412g
with Ay = = g = =

2d

We shall verify that p; defined above is a viscosity super-solution of (2.9) for case (i), and then
a similar verification can be made for case (ii). Since sptg C [O, cg], by the definition of gmax, it
suffices to check p; is a viscosity super-solution of

min { p = 50’ +d1p'2 +7 = gmax Kjo<sc,)» £| =0 in (0,00). (B.1)

By construction, p; is continuous and nonnegative in [0, 0o). We see that p; is a classical (and
thus viscosity) solution of (B.1) whenever s # c,. It remains to consider the case when p; — ¢
attains a strict local minimum at s = ¢z, where ¢ € C 100, 00) is any test function.

In such a case, noting that (7 — gmax X{0<s<c,})* =7 at s = cg, we calculate at s = ¢, that

_ ; L () ; . s e\
—c +dl¢ P +i= " —F - +dlp P +i=d (¢ — =) >0
L1 @ @’ ad @ o8 ¢ 2d

Hence p; is a viscosity super-solution of (B.1), and thus of (2.9).
Observe also that

P, (s) O(s
lim sup =L~ —1lim sup ) = liminf
§— 00 N §— 00 N §—>00 N

To apply Lemma 2.4, we shall verify P, (0) < 6(0) < p,(0). For the case > %, we calculate
P1 0)=- (dAi% +7— &max)
Zil(cg - 62il) — (F — gmax)
=dA (c_gA _ gmAax> (C_gA + grﬁax) - Zmax) (B.2)
2d d 2d d
(A .
=———-r=0=p(0)=p, 0),
4d =1

where the first inequality is due to ):1 < 0, and similar verification can be performed for the case
A<,

leqafl:refore, p1 and p | defined above are a pair of viscosity super- and sub-solutions of (2.9).
Observe from the expressions of 2 and p; that p; = P, in [cg, 00) and satisfies assertions (a)
and (b). Let p be any viscosity solution of (2.9). Since P = 0 <p; in [0, c0) by Lemma 2.4, the
assertions (a) and (b) hold for p in [cg, 00). Step 1 is thus completed.

Step 2. We prove Lemma 2.5 for the case 2 = oo. First, we show that for any viscosity solution
0 of (2.9) with A = oo, it follows that

2
ps) = :_g —7 for 5 > cq. (B.3)
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To this end, we shall adopt the same strategy as in Step 1 by constructing suitable viscosity

super- and sub-solutions of (2.9). For any A > 4/ f/c?, we define P, € C(0, c0) by

rS — (dA)»2 +7) fors> 24\,

2

7 for 2vd# < s < 2dX, (B.4)

Y

p, =

S s
Y

f0r05s<2\/ﬁf,

which can be verified directly to be a viscosity sub-solution of (2.9). In view of p N 0)=0=p(0)

and lim sup B*S(s) =X < 0o =Ilimsup @, we apply Lemma 2.4 with ¢, = oo to deduce

§—>00 §—>00

p, <p in[0,00) forall A> 7/d,
where letting A — o0, together with the expression of p . in (B.4), gives

2
p(s) > j_g —F  for s>c, (B.5)

To proceed further, for any € > 0 and 5o > ¢, we define p, ;, € C([0, so]) by

2 ~

S €

E—r—}-mﬂ, for cg <5 <50,
Peso =12 An . (B.6)
€50 Als—(d)»%—i—r—gmax—ﬁ) for0 <s < cg,
where A; = ;—Z - Z"‘Zi is defined in Step 1. Similar to Step 1, we can verify that p, ;, defines a

viscosity super-solution of (2.9) in (0, so) for each so > c¢. By (B.2), one can check p 4, (0) >
0 = p(0) = 0. Moreover, since

0(50) . Peso(S)
< 00 = liminf ———,
) §—>50 s

we apply Lemma 2.4 with ¢, = so to get p(s) < b 5,(s) for s € [0, so]. Letting € — 0 and then
5o — 00, we have p(s) < % — 7 for s € [cq, 00), which together with (B.5) implies (B.3).

Finally, we apply Lemma 2.4 to show that / is also uniquely determined in [0, ¢,]. Thus p is
unique, and the proof of Lemma 2.5 is now complete. O

Next, we prove Proposition 2.6 for the remaining case A = oo.

Proof of Proposition 2.6 for case % =o0. In this case, w(t,x) is a viscosity super-solution
(resp. sub-solution) of the equation
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min{d,w +d|d;w|> +7 — g (%), w} =0 in (0, 00) x (0, 00),

_]0  forx=0, _ (B.7
w(0,x)= { 0o forx € (0, 00), w(,0)=0 on [0, 0c0).

The initial condition is understood in the sense that w(z, x) — oo if (¢, x) — (0, xg) for x¢ > 0.

Step 1. Let w(¢, x) be a viscosity super-solution of (B.7). We show w (¢, x) > 1p (f) in (0, 00) x
(0, 00), where p is the unique viscosity solution of (2.9).

We first prove w(z, x) > t0 (f) for x > cgt, where c, is given in (Hg). Recall from Step 2 in
the proof of Lemma 2.5 that P, defined by (B.4) is a viscosity sub-solution of

min{p — sp’ +d|p'|* +F — g(s), p} = 0 in (0, 00),

for all A > /7 /c;', whence, by a standard verification as in Lemma 2.4, we may conclude that
tp, (%) is a viscosity sub-solution to (B.7). Observe that

~ . X ~
1o, 0)=0=<w(t,0) and tlg% [tgA (;)] =Ax <w(0, x).
We apply [44, Theorem A.1] to deduce that for all A > /7 /02 ,

Bt x) = 1p, (;) in (0, 50) x (0, 0). (B.8)

By Lemma 2.5, we deduce that 2 (s) > % —r=p(s)as A — oofors e [cg, 00), so that letting

A — oo in (B.8) gives w(t, x) > 1 (%) for x > c,t.
To complete Step 1, it remains to show w(t,x) > ¢4 (£) for 0 < x < cgr. Note that o is a
viscosity super-solution of the problem

imin{a,w+c;'|8xw|2+f—g(x/t),w} =0 for0<ux <ct, B9)

w(t,0)=0, w(t,cgt) =1p(cg) fort >0,

while, by direct verification, #p (?) defines a viscosity solution to (B.9). Once again we apply
[44, Theorem A.1] to derive that W(t, x) > t0 (’I—‘) for 0 < x < c,4t, which completes Step 1.

Step 2. Let w(¢, x) be a viscosity sub-solution of (B.7). We show that w(¢, x) <1p ()li) For any
€ > 0and 5o > cg, we see that p, ; given by (B.6) is a viscosity super-solution of

min{p — sp’ +d|p'|> +7 — g(s), p} =0 in (0, 50),

from which we can verify that 7o (%) is a viscosity super-solution to (B.7) for 0 < x < spt.
By [44, Theorem A.1] again, we arrive at

w(t,x) <tPe g, (;) for 0 < x < spt. (B.10)
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Letting ¢ — 0 and then so — oo in (B.10) (as in the proof of Lemma 2.5), and noting that
De.sy(8) = i—z — 7= p(s) for s € [cg, 00), we deduce w(t, x) <1p () for x > c,t. Finally, the
fact that (¢, x) <tp (’ti) for 0 < x < ¢4t can be proved by the same arguments as in Step 1.

Step 2 is now complete and Proposition 2.6 is proved. O
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