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Abstract

We would like to study a weakly coupled system of semi-linear classical damped wave equations with
moduli of continuity in nonlinearities whose powers belong to the critical curve in the p — g plane. The
main goal of this paper is to find out sharp conditions of these moduli of continuity which classify between
global (in time) existence of small data solutions and finite time blow-up of (even) small data solutions.
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1. Introduction

Recently, there exist numerous contributions to non-linear damped wave equations with lo-
cal or nonlocal nonlinearity as well. One of these models is the following semi-linear Cauchy
problem for the classical damped wave equation:

Mlt_AM+M[:|u|p, xERn,IEO, (1)
u(0,x) =uo(x), u;(0,x)=ui(x), x eR",
with p > 1. The authors in [9] proved the global (in time) existence of small data energy solutions
for

2
P> prj(n) =1+ o

the so-called Fujita exponent, and for p < n/(n — 2) if n > 3. Besides, they also indicated a
blow-up result in the inverse case 1 < p < pgyj(n) which was improved to 1 < p < pgyj(n) in
the paper [10] by using the well-known test function method so far. For this reason, we can
say that the Fujita exponent distinguishes the admissible range of powers p in (1) into those
possessing global (in time) existence of small data solutions (stability of the zero solution) and
those producing a blow-up behavior (even for small data). However, to determine the critical
nonlinearity, it seems too rough to restrict (1) to the scale of power nonlinearities {|u|”},~1.
Quite recently, the second author and collaborators have discussed this issue for the following
Cauchy problem in the paper [1]:

e — Au+up = JulPP p(|u), xeR", 120, @
u0,x) =uo(x), ur(0,x)=ui(x), xeR”,
where 1 = p(|u|) stands for a modulus of continuity, a well-known notation to describe the reg-
ularity of a function with respect to desired variables, here with respect to «. This means that it
provides an additional regularity of the non-linear term in comparison with the power nonlinear-
ity |u|PFi™  More precisely, the authors in the cited paper have found out sharp conditions for
the critical regularity of the non-linear term of (2), namely,

c c

/&ds<oo and /M(S)ds=oo,
S S

0 0

where c is a sufficiently small positive constant. Both conditions separate the global (in time)
existence of small data Sobolev solutions and the blow-up behavior of Sobolev solutions, respec-
tively.

During the last decades, the study of Cauchy problems for weakly coupled systems of equa-
tions in place of exploiting single equations only has been achieving a great attention from many
mathematicians because of their wide applications in various disciplines. One of the most typical
problems is the following weakly coupled system of semi-linear classical damped wave equa-
tions (see, for example, [5—8] and references therein):
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un—Au—i—u, |v|?, xeR", >0,
i — Av+ v =u|?, xeR", t>0,

u(O,x):uo(x), u(0,x) =ur(x), x e R,

v(0,x) =vo(x), v,(0,x)=vi(x), x eR",

3

with p, g > 1. Particularly, the authors in the papers [5,7] investigated the global (in time) ex-
istence of small data Sobolev solutions to (3) in low space dimensions n = 1,2, 3, which was
extended for any space dimensions n > 1 in the paper [0] afterwards by using weighted energy
estimates. Here the following condition for a pair of exponents (p, g) comes into play:

1 +max{p.q} n
—_— <.
pq — 1 2
When this condition is no longer true, non-existence results of global (in time) Sobolev solutions

to (3) were proved in [5—7]. For this reason, one may claim that the critical curve of the exponents
(p,q) in (3) in the p — g plane is described by the condition

I +max{p,q} n
— == 4
pqg —1 2

The main interest of this paper is strongly inspired by the recent paper of the second author [1]
for a possible connection between (2) and (3). A natural question arises that whether it is sharp or
not to obtain the critical curve (4) in the scale of pairs of power nonlinearities {|v|?, [u]|7}, 4>1.
Hence, the key motivation for this article is to give an answer to this question. Namely, let us
consider the Cauchy problem for the following weakly coupled system of semi-linear classical
damped wave equations with moduli of continuity terms in power nonlinearities:

Mtt—AM—l-Mt [v[P” i (lv)), xeR" t>0,
it — Av+ v = [u|? pa(lul), xeR", >0,

u(O,x):uo(x), u(0,x) =ur(x), x e R,

v(0,x) =vo(x), v:(0,x)=0v1(x), x eR",

&)

where the functions @1 = w1 (Jv]) and wr = wa(|u|) are some suitable moduli of continuity. We
assume that the pair of exponents (p*, ¢*) with p* > 1 and ¢* > 1 belongs to the critical curve
described by (4) in the p — g plane. Our main purpose of this paper is that we would like to
understand the effect of interaction of additional regularities in power nonlinearities lv|P" and
lu|?”, which are given by these moduli of continuity, not only on the global (in time) existence
of small data Sobolev solutions but also on finite time blow-up of Sobolev solutions. Especially,
we are interested in looking for a threshold by exploring the following optimal conditions for 1
and pa:

c c

1 1 1 1
/ (11(s))7 #a (2(s)) 7+ ds <oco  or / (11(s)) 4 #a (n2(s)) 71 ds = o0,

0 0

which leads either to global (in time) existence results or to non-existence results of global (in
time) solutions individually (see later, Theorems 1.1 and 1.2). In the proofs we develop some



T.A. Dao and M. Reissig Journal of Differential Equations 299 (2021) 1-32

ideas coming from the paper [1] to the weakly coupled system of type (5). Through this work,
one should recognize that our results are not a simple generalization of those in [1]. Concretely,
there are two points worthy to be mentioned. The first point as we can see is that allowing loss
of decay appropriately, which has never appeared in [1], comes into play to find out these condi-
tions for w1 and w, in guaranteeing the existence of global (in time) Sobolev solutions. In other
words, we can feel more explicitly how the required assumptions of additional regularities of
nonlinearities follow essentially from using some suitable loss of decay. This gives a new inter-
play in comparison with the previous research papers in terms of the study of weakly coupled
systems (see, for instance, [5—7]). Moreover, the other point worth to be noticed is that the tech-
nical choice of a test function with a parameter depending on p*, ¢* brings some remarkable
benefits in the proof of the blow-up result.

Notations

e We denote [s] := max {k €l : k< s} as the integer part of s € R.

e For later convenience, hereafter C denotes a suitable positive constant and may have different
value from line to line.

e For two given nonnegative functions f and g, we write f < g when f < Cg. We write
fr~gwheng S fSg.

e Asusual, H" and H", with m € N, denote Sobolev spaces based on the L? space.

Main results

Without loss of generality, if we assume p* < g*, then the critical curve in the p — g plane
for (5) becomes

1+g* n
T ©
pfq*—1 2
Our main results concerned with the case p* < ¢* read as follows.

Theorem 1.1 (Global existence). Let n = 1, 2. Assume that the following assumptions of moduli
of continuity hold:

spi(s)=0(u;(s)) ass—+0with j=1,2. (7

Moreover, we suppose that one of the following conditions is satisfied:

1) / 210 ds <oo and / Ha(s) ds < o0. ®)
S s
0 0
i) If /Ml(s)ds=oo or /MZ(S)ds=oo, then /l(ul(s))qz%(uz(s))q*—l“ ds < o00.
s s s
0 0 0
©)
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wi(s)

pa(s
ing function. Here ¢ > 0 is a suitable small constant. Then, there exists a constant € > 0 such

that for any small data

is a decreas-

Especially, when q* = p*, a further assumption required is that s € (0, c] —

2
((uo, u1), (vo,v1)) € A= ((L‘ NH"2) (L n H["/21)>
satisfying the assumption

(o, u1), (o, vi)ll 4 = lluoll gr+tn/2 + Nluoll g1 + llurll gz + llurll 1 < e,

we have a uniquely determined global (in time) small data Sobolev solution

2
(u,v) € (c([o, o), H' ﬂL°°)>
to (5). The following estimates hold for k =0, 1:

n__k k%
IV u, )| 2 S A+ 07372574 0@) || o, uy). (vo, v1)ll4.
(e, Yz S A +072P 0 @) (o, uy). (vo, v1)ll.a,
n_k

[V¥ o, )| 2 S A +0757 2| (o, ur). (vo, vi) |l 4.
o, )iz < (140720, ur), (vo. vi) | 4,

where

* ok
o g = (10)
and the weight function £ = £(t) is defined by

1 if (8) holds,
1

L) = ul(c(l—i-t)’s)
pa(c(1+07°)

)W (11)
if (9) holds,

with a sufficiently small constant ¢ > 0.

Remark 1.1. We want to point out that the constant o (p*, ¢*) and the weight function ¢ =
£(t) appearing in the estimates for solutions in Theorem 1.1 represent some loss of decay in
comparison with the corresponding estimates of Sobolev solutions to the corresponding linear
Cauchy problem with vanishing right-hand side.

Example 1.1. We give some examples of moduli of continuity | and w, satisfying the assump-
tions (8) and (9) in Theorem 1.1.

e The assumption (8) is fulfilled if we choose ) and @, by one of the following moduli of
continuity:
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u(s) =s% with o € (0, 1];
n(s) = (log(l +5))* with a € (0, 1];

o
3. u(0)=0and u(s) = (log %) with o > 1;

N =

-1 -1 —a
4. uw(0)=0and u(s) = (1og %) (loglog %) (log---log %) withm e N, o > 1.
: —_——
m times log
e The assumption (9) is fulfilled if we choose w; and py by one of the following pairs of
moduli of continuity:

1\
1. m(O):Oandm(s):(log—) with0 < a; <1,
u2(0) =0 and ua(s) =

o
( with ap > 1,
or w1(0)=0and u(s)= <log

o)
) - with o) > 1,
)

1
N
12(0) =0and us(s) = (log ! with 0 < an < 1,

provided that

q 4! I
e e LR

2. m(O):Oandm(s)z(1og§)_l(1oglog§)_l.--(1og Jog L )_“' withm e N, 0 <

—_——
m times log
ap <1,

-1 -1 —a
m(O):Oandm(s):(log}) (1oglog§) .-.(1og.-.1og§) " withm e N, a >

m times log

la
1\ 7! 1\ ! IR -
or £1(0) =0 and ui(s) = (logE) (loglog;) ---(1og---log;) with m €
—_——
m times log
N, a; > 1,
] —1 1 -1 -
/Lg(O):Oandp.z(s):(logE) <log10g§) -~~<log -log ¢ ) withm e N, 0 <
m times log
ay <1,
provided that

*

q 1
q*+1al+q*+la2>1'

Intuitively, from the two latter examples one can think of the modulus of continuity

g*

pi2 = p12(s) = (i(s)) 7+ e (12(s)) 7

as a “middle” modulus of continuity between 1 and wy being subject to the following
conditions:
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Cc c

/ M(s)ds =00 and / MZ(s)ds <00
S S
0 0
or
C c
/ M(S)ds <oo and / MZ(s)ds =00
S S
0 0

Then, we may take, among other things, suitable choices of w1 as well as u to claim that
1,2 satisfies

c

/Mm(s}ds - o
S

0

Theorem 1.2 (Blow-up). Assume that the initial data uy = vo = 0 and uy, v € L! satisfy the
following relations:

/ul(x) dx >0 and fvl(x) dx > 0. (12)

R~? Rn

Moreover, we suppose the following assumptions of moduli of continuity:

sk,uﬁk)(s)zo(uj(s)) ass — +0with j,k=1,2, (13)
and
¢
1 g 1
[ 500 ©) T () 75 a5 = (14)
0

where ¢ > 0 is a suitable small constant. Then, there is no global (in time) Sobolev solution to

(5)

Example 1.2. We give some examples of moduli of continuity w1 and u; fulfilling the assump-
tion (14) in Theorem 1.2. One may choose 1 and uy as follows:

—
1. u1(0)=0and ui(s) = (log %) ] with o > 0,

—
112(0) = 0 and s (s) = (log 5) ? with as > 0,
provided that
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1

-1 - —a
2. Ml(O):Oand;u(s):(log%) (1oglog§) .--(1og---1og§) "withm e N, a1 > 0,

m times log

—1 —1 —a
1u2(0) =0and ua(s) = (log %) (log]og %) <10g10g %) ? withm e N, ap > 0,

m times log

provided that

q 1
o]+ oy <
g +1 g +1

2. Proofs of main results
2.1. Global (in time) existence of small data solutions

In order to prove the global (in time) existence of small data Sobolev solutions, the following
preliminary lemmas come into play.

Lemma 2.1 (Lemma 1 in [4]). The Sobolev solutions to the corresponding linear Cauchy prob-
lem to (5) with vanishing right-hand side satisfy the following estimates:

_n_k
|V w9 2 S A +075 3 (lwoll 1 + lwoll e + lwill 1+ lwillgact),
withk =0,1, 1+ [n/2] and
lw(t, )iz < A+072 (lwoll o1 + Nwoll grewmar + lwillr + lwill gi).,
where w stands for u or v.
Lemma 2.2. Let 1 = 1(s) and pur = u2(s) be moduli of continuity. Then, the following esti-

mates hold:

t
(a) /(1 =0 A+ (i (CA+0)7) (2 (CU +1)77))dr
0

t
S+~ /(1 +0) 7 (i (CA+ 1)) (ua(C +1)77))?dr
0

Sforany a <1 and for all By, B2,y =0,
oo C !
(b) f (1407 (i (C+1)7) (m2(C1 + 1) 7)) dr = G f ~(119)" (n2()) s
0 0
for any B1, B2 = 0 and for all y > 0, where Co = Co(C, y) is a suitable positive constant.

Proof. To prove the first estimate, we divide the integral on the left-hand side into two parts as
follows:



T.A. Dao and M. Reissig Journal of Differential Equations 299 (2021) 1-32

t
/(1 +1 =01+ D) (w1 (CA+ D7) (a(CL+0)77))Pdr
0

t/2
- /(1 +i—0 0+ (i (CA+ 7)) (w2 (C +1)77))2dr
0

t
+ [ =07 u(ca+ ) ua(ca+ o)
12
— 1(1) + (D).

Using the relation 1 +¢ — 7 &~ 1 4 ¢ for any t € [0, /2] one derives

t/2
L)<+ /(1 + 07 (i (CA+ 1)) (ua(C +1)77))?dr
0

t
<A+ /(1 +0 i (Ca+0 ) (ma(ca+1)7)?ar. (15
0

In addition, we notice the relation 1 + 7 &~ 1 +¢ for any t € [¢/2, t] to deal with I, in the follow-
ing way:

t
L SA+n7° /(1 +i—D) 0+ (i (CU+ D)7 (wa(C +)77))2dr.
t/2

Due to the hypothesis « < 1 and y > 0, it holds

1 el < (141 —1)!
{( +0)* 7 <(0+1t-1) forany T € [t/2,1].

A+ 7V<0+t—-10)77

As a result, this leads to

1
LhOSA+0™ /(1 +1 =0 (i (CU+1—0)7) (pa(CU +1 - 1)) Par
t/2
t/2

S+ /(1 +0) " (11 (CA+p) ) (a2 (C + p) 7)) ?dp
0

t
Sa+n™ / (1+ o) (1 (CA+p)™)) (2 (€1 + p) 7)) 2dp, (16)
0

9
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where we have used the increasing property of the functions w1, o as well as the change of
variables p =t — t. Combining (15) and (16) we may conclude the estimate (a). Finally, a
standard change of variables implies immediately the estimate (b). O

Lemma 2.3 (Gagliardo-Nirenberg inequality, see [2,3]). Let j,m € N with j <m and w €
H™(R"). Let us assume % <0 <landl <r,ri,r <00 such that

j=t=(m-2)o-2a-o.

r r
Then, it holds

1-60

|V/wl o wlhe

< ” Vmw

LT~

provided that (m — =) — j ¢ N, that is, ;= >m — j or - ¢ N.

If (m — ;7—1) — j € N, then this inequality holds provided that # <0 <1.

Proof of Theorem 1.1. We introduce the solution space

X@):= (C([0, 11, H' N L))

with the norm

It )lxa = sup (4 +0F7C (e@) e, 2

o<t<t
+ (14000 (0(0) 7| Va(e, )
F (141377 (00) (e, )l

+(1+ D @ 2+ A+ 2| Vo, ) |+ (1D v, ~)||Loo),

where the parameter o (p*, ¢*) and the weight function £ = £(t) are determined as in (10) and
(11), respectively. We denote by Ko = Ko(t, x) and K = K (¢, x) the fundamental solutions to
the corresponding linear Cauchy problems for (5). Then, Sobolev solutions to (5) with vanishing
right-hand sides are defined by

ul™(t, x) = Ko (t, x) #, uo(x) + K1 (¢, x) %, u1 (x),
vz, x) = Ko(t, x) *, vo(x) + K1 (2, x) #x v1 (X).

Thanks to Duhamel’s principle, Sobolev solutions to (5) are interpreted as solutions to the fol-
lowing system of non-linear integral equations:

10
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*
u(t, x) =u'"(t, x) +/’C1(t —1.x) % (0T, O @i (o, x)))dr = u" (2, x) + u" (¢, x),

v(t, x) = v (t, x) + / K1t — 7, x) % (lu(z, 07 pa(u(r, x)))dt =", x) + v" (7, x).

For all r > 0, we define the operator
Wi (u,v) € X() > W, v)(1,x) = (1, x) + u (2, x), v (2, x) + 0" (2, x)).
Our aim is to apply Banach’s fixed point theorem to arrive at global (in time) existence of small

data Sobolev solutions to (5). To establish this, we need to indicate that the operator W satisfies
the following two inequalities:

W@, )llx@ < o, ur), (wo, vi)lla + Il (u, v)IIX(,)JrII(u v)IIX(,), a7
W, v) = Wi, D)llxe < M, v) — @, ﬁ)llxm(ll(u, v)IIX(,_) + I (u, 1_))”1;(([_)

_ *—1
I + 1@ DI,

(18)
At first, we conclude the estimate
[ @™ "™ ) S o, u1), (wo, vl
by Lemma 2.1. Hence, it suffices to prove the following inequality instead of (17):
@™, 0™ S G 0 + 11 0% (19)

Before verifying the inequality (19), we take account of the following auxiliary estimates for
T €0,1]:

[l )17 (o (e, -)|)||LW
l+q* *
S A4 (e 417 ) )15, 20)
IIC K7 (1) | P
1 q* __14p* *
SA+07 (@) w2 (e +0)7 7T @) lw v, @)

lIv(z, -)I”*m(lv(t ->|)

— H’q* *
S A0 T (e 407 )l v (22)
(e, 9 2 (1@ ) |1

<A@ paet 417 FET @) w1 (23)

11
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where ¢ > 0 is a suitable small constant. Indeed, we may re-write
[ P e = 0@ Y+ T, I,
N @ | iz = M@ N+ ez )
The application of Gagliardo-Nirenberg inequality from Lemma 2.3 to control the norms
lo@ Mprs Mo Iz, lue, )l and lu(z, )7,
yields immediately
@ P | e S A+ 729 D@ v,
Nz N | 1z S (14 1)72@=DF @ ()i, v) (1% -
Since w1, (o are increasing functions, from the definition of the norm in X (¢) one obtains
[ (e ) = 1 (0@ ) < (CA+ D700 x0) )
< /Ll(c(l + r)—%)
and
2z M) o = 2(l ) liw) < 2 (CA+0) 737 @) ) x )

< (e + 7DD )

with ¢ := Cegg, where g is a sufficiently small constant such that ||(u, v)| x() < &o. For this
reason, we may arrive for t € [0, ¢] at

Ho@ 7 w1 (@ N | fine S @ age (@) )]

S+ (e 4078 ) I ),

~1+ 522 - p*
S+ (e + 0T ) 01,
and

[ N g2 (jue, ) 12
< e

LinL? ”M2(|“(T’ )l) ||L°°

S (U4 BN (@) s (et + 1)@ ), )11,
—1 q* 7# q*
A+ (E)” (el +0)7 77 T0@) ) 6w, 0) 1,

12
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where we notice that the relations

n * q*_p* n. k0 k%
——(pF=D=—-1+— (" =1 , =1,

S =D +p*q*_1 5@ =D +o(".qMq

n N b A

S tolr.g) = g —1

are valid due to (6) and (10). This completes the proof of (20) and (21). In order to show the two
remaining estimates (22) and (23), we take into consideration

lo@ 1 w1 (0@ ) | paagn = 0@ w1 (0@ )| 12 + [ 17w (v ) | g
(24)

[N w2 (ju @ )| o = N )9 w2 (u ) | iae + @1 w2 (ju )] i
(25)

Therefore, it is reasonable to control the two additional norms only

@ 1P wi(v@ )|z and  [lu(e )1 wa(lu@ )] i

Observing the assumption (7) one derives the relation

IV (Jo(z, 017 (e, 0OD) | S v, )P (Jo(z, o)1) Ve, 2.

Thus, it follows that

[, P e (jo( )| g1 S o A5 e (I 1) | < 190, 2

1

g(1+z)*%<P**“*%*fm(c(1+r)*%)||<u,v)||§*(,). (26)
In the same way we obtain

[, 1 2 (e, 1) [
5 04 _L_)_%(q*—l)—%—%"‘U(l’*’q*)q* (E(f))q* Mz(C(l + T)—%+G(p*’q*)£(7;)) I (u, U)“z:(t).
27

Collecting (20), (24), (26) and (21), (25), (27) we may conclude (22) and (23), respectively.

Let us come back to show the inequality (19). Our strategy is to use the estimates from
Lemma 2.1 and the derived estimates from (20) to (23) to achieve the following estimates for
k=0,1:

t
[V um ., )|, 5](1 +1 =0 e )1 (o) | i ade
0

13
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14+¢*
< i, U)||X(t)/(l+l—f) 4 2(1+‘L’) **1 M](C(l—}-‘r) Prq* fl)d-[,

t

Jas =0 o w () pegpde =1

@, | e S 1
A+t =07 @ ) wi (@) | pgde ifn=2

0

R e S
< I (u, v)||X(t)/(l+t—t) 2(1+r) 1 M1(0(1+T) P¥q *1>dr

and

t
vk, 9] . 5/(1 +1— 1) lue, ) o (lu (e, ) | i pd

0

Sl ik, / (4= 1407 (@) a0 T T ),

t

(141 =0) 72 lue, )9 pa(juw, )| prpadr ifn=1
ORI PNSSE A
[t =0 e wallu ) popdeifn =2
0
t -
S vl [ar=078 0407 ) w1+ o 7 i)

0

According to (11) let us divide our considerations into the following two cases:

e Case 1: Let us assume (8). So, we take £(7) = 1. For this reason, we can proceed as follows:

Vk nl < 1 q:;pjl [7*
[ V46 2 S A+ 07T T @ ) I,
1+¢*

A4+t—0) i 21+ (c(l o) e )dr

* 1+g*

—n_kya —p
<A4+n"* 2t *—1 I (u, v)||X(t)/(1+r)_ /L](C(l—'—‘[) o —1>dr

14
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7 2+q** 1 _%
<C(i+1) T, v>||X(,) A+0)7 p(e( 40770 )dr

c

_n_k p*
=C(+rn * 2+”*"*’1 Il (i, U)“x(t)/mT(S)ds
0

k q*_P* *
7’7"" EPEd
SA+0 42T T, )l )

where we applied Lemma 2.2 after choosing

1+4*

k
= — — :1’ :O, =
—|—2 pi B2 Y g —1

and used the assumption (8) as well. Moreover, one may estimate

1+*
[V¥ o™ )] 2 S . v)IIX(,)/(Ht—r) E 407 (e + 07T de
_n_k q* _ 1+P
S+1)7e 2|I(u,v)|IX(,)/(1+f) M2 C(1+t) PRt *1)dt

1+p*
<ca+nH . v)||x(t>/<1+r> (et 4 1) 77T e

c

=CO+07 3w v, / 120 g,

0
SA+0"F 5w 0%y,
where we have applied Lemma 2.2 by choosing

1+ p*

k
= — — :O’ :l, =
+2 B B2 Y gt —1

and used the assumption (8) as well. Analogously, we also obtain the following estimates:

[, 9] oo S (0 E 5w, )12,
[0 ) | oo S A+ 072l 0) %)
by the choice of

n _ . 1+g*
2 YT -1



T.A. Dao and M. Reissig Journal of Differential Equations 299 (2021) 1-32

or

1+ p*
:0’ :1, =
Bi B2 Y g — 1

From the definition of the norm in X (¢), collecting all the above derived estimates completes
the proof of inequality (19).
e Case 2: Let us assume (9). So, we take

e\
z(t)z(”“("’““) )) '

a(c(+1)~°)

Following similar arguments as we did in the treatment of Case 1 we may estimate

(AT
t

* _n_k -1
5||(u,v)||§(,)f(1+z—r) T4 T
0

() () (c(l n r)*g)dr

(since (1 1s an increasing function)
— )*

S A+ 0T 00l )1,
e 1
/(1 - o) (m(c(1+r) 8))q*+1 (“2(0(1+f)_8))q*+ldf

(by (28) in Remark 2. l)
< A i
S+ PR () || (u, U)”X(t)
t Ji, 1
x /(1 + 07 (e +07)) T (p2(c +17))
0

_n_k q
<c+0 S G, Dl

*

00 . 1
X/(l—l—r)_l (e +07)) T (et +07)) " ar

TN

Cc
R

1 g 1
— 40 0. % / (1)) 7 (ua(s)) 7 ds
0
———k+q *
SA+1) * 27r% —lﬁ(t)”(u U)”X(;y

where we have applied Lemma 2.2 after choosing

16
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%
1
9 po=——, y=¢

ﬁlzm, q*+l

N
N

as well as used the assumption (9). In such a way one also has

IVEo™ @) > S N, v)||x(t)/(1 - A+ )7 D) pa(ed +1)F)de
(by (29) in Remark 2.1)

t
n_k
= (u, v)||X(t)/(l+t—t i1+t

q* 1

x (1(e+07)) " (wa(c +0)7)) " Tar

SUA+07 5w v,

t

* 1

x/(1+r)*1 (m(c(lﬂ) )) e (/Lg(c(l—i-r) 8))Wdr

0
<CU+07 3w v,
q* 1

e et ) )

c

1 1
_C(1~|—t)___7||(u v)||X(t)/ (1(s)) *+1 (12(s)) T+ ds

0

SU+07 55w v)%,,.
where we have employed Lemma 2.2 after choosing

q !
= -, ﬂz:—, ‘}/:5‘

and used the assumption (9) as well. Similarly, we may derive the following estimates:
+ £3 *
[, ) e S A+ 07 FFFT 00w, 0) 12,
[0 ) | oo S A+ 0731 W) -

where we applied Lemma 2.2 after choosing
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From the definition of the norm in X (¢#), we combine all the above derived estimates to
complete the proof of inequality (19) in both cases.

Next, let us prove the inequality (18). For two elements (u, v) and (i, v) from X (¢), it is obvious
that

W, v)(t, x) — Wi, 0)(t, x) = (u"(r, x) — i (¢, x), v™ (¢, x) — 2" (1, x)).

Then, we use the same strategies as in the proof of the inequality (19) to gain the following
estimates with k =0, 1:

|V @™ =)@ )] 2
1
5/(1 +1 =) oG, 1P i (o, 1) = 15 P 1 (15, ) |1 p2d
0
| ™ = @)@, )] o

t
/(1+t—r>—%y||v(r,~>|f’*m(|v(r,-)|)—|a<r,‘>|P*u1(|a<r,~>|)UL.QL2dr ifn=1,
< )0

~

t
/(1 +1 =072 Jo(e, )N wa (l(e, ) = 106, )P w1 (19 )| 1 opdt ifn =2,
0
and
AR [(RD]
t
< /(1 +1— 1) 58 lue, )9 ol 1) — iz, 9 (s )| yades
0
[ (@™ = ")) e

t
/(1+z—r>—%H|u(r,~>|q*m(|u(r,->|)—|ﬁ<r,~>|‘1*uz(|a(r,->|)Hmzdr ifn=1,

<Jo

~ t

/(1 +1—0) 72 |u(r, N pa(lu(r, ) — iz, N pa(lae, )| iqidt ifn=2.
0

Applying the mean value theorem gives the following integral representation:

[z, )P i (lo(z, 1) = [5(z, )17 w1 (15(z, x)])

18
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1
= (v(t,x) — ﬁ(t,x))/dMG(wv(t,x) + (1 —w)v(r, x))do
0

where G (v) = |v|”" i1 (Jv]). Since the condition (7) of moduli of continuity holds, one gets

djp G () = p* P (o)) + 1P dpper (ol) S ol s (o).

Thus, it follows that

[l )P (Jo(z, 0)1) = 15z, 017 pa (5, x)1) |

< vt x) = o(r, x)| / lwv(r, x) + (1 — w)ﬁ(r,x)|”*‘1m(|wv(r,x) + (1 — w)v(r, x)|) do

Similarly, we also obtain

|u (e, )19 o (Julr, 1) — li(z, 0|7 pa(la(z, x))|

< lulr,x) — ﬁ(r,x)|/|wu(r,x) + (1= )ii(r, )" pa(jou(r, x) + (1 — wii(r, x)|) do

By the aid of Holder’s inequality and applying the same tools as in the proof of inequality (19),
we arrive at the inequality (18). Summarizing, the proof of Theorem 1.1 is completed. O

Remark 2.1. Here we want to underline that in the proof of Theorem 1.1 we have used the
following auxiliary properties of the weight function £ = £(t) in Case 2:

*_ ok

ar=p*
i) (1 4 7)rFa -1 Z(t) is increasing for 7 > 0; (28)

I+p

i) (1 4+ 1) a1 12(1) <(1+7)°° 29)

for a sufficiently small and positive ¢. Indeed, by change of variables s = ¢(1 + 7) ™% we may
re-write

1
= (14 1y i (1let 4 DTN -

1 1
1 B ' 1
= C R F(Z*q* 1) (Ml (S) ) o = C (S . F(Pp q)(q - ok (S) ) o

w2 (s) w2 (s)
For this reason, in order to prove that f = f(t) is an increasing function, it suffices to verify that

_(g*=pH)g*+D)
hi(s):=s 2@W*"-D  py(s)

19
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is a decreasing function in the case ¢* > p* due to the increasing property of the function w;.
Here we take into consideration that in the case ¢* = p* the assumption

m1(s)
wm2(s)

se€0,c]—> is a decreasing function

implies immediately that f = f () is an increasing function. To complete the case ¢* > p*, we
have

hy(s)
* ) (g*+ 1) _@F=pgt+ (@ =P+
_@T et )s T () s T (s)
e(p*q*—1)
_ @ =pH@F+D * _ pk O |
<s 0F-D l,ul(S) - @ P +1) +C (Since sp(s) < Cui(s) from (7))
e(p*q*—1)

501

after the choice of a sufficiently small constant ¢ > 0. This provides the first statement (28). In
an analogous way, we may conclude the second one (29).

2.2. Blow-up result
To prove our result, the following generalized Jensen’s inequality comes into play.
Lemma 2.4 (Lemma 8 in [1]). Let n = n(x) be a nonnegative function almost everywhere on 2,

provided that n is positive on a set of positive measure. Then, for each convex function h on R
the following inequality holds:

/f(x)n(X)dx /h(f(x))n(x)dx
Q

Q

< ,
/ n(x) dx / n () dx

Q Q

h

where f is any nonnegative function such that all the above integrals are meaningful.

Proof of Theorem 1.2. Our proof relies on ideas from the recent paper [1] of the second author
and collaborators, where the paper is devoted to the study of the single semi-linear damped wave
equation (2). First of all, we introduce a test function ¢ = ¢(p) fulfilling

1 if 0<p=<1/2,
@ € C3°(10, 00)) and ¢(p) = { decreasing if 12<p<]l,
0 if p>1.

Also, we introduce the function ¢* = ¢*(p) as follows:

20
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y . 0 if 0<p<1/2,
¥ (p) = .
o(p) if 1/2<p<ce.

Let R be a large parameter in [0, 0c0). We introduce two functions

2+ x|t

12+ |x[*\\ 2
i &)

o = 9r(t. ) = (o(

where the parameter v > 0 will be fixed later. Then, we may observe that

suppgr C Qr :={(t.x) : >+ |x[* < R*},
suppdi C Qg == Qr \ {(t, %) : 22+ x* < R4/2}.

Now we define the following two functionals:

Ig 3=//|v(f,x)|p*lil(|U(I,X)|)¢R(t,x)dxdt=/|v(f,X)|p*M1(|v(f,x)|)¢R(t,x)d(X,f),
Or

0 R
A ::/f|u<r,x>|‘l*m(|u<r,x>|)¢R<t,x>dxdr=f|u<r,x>|‘fuz(|u<r,x>|)¢R<r,x>d<x,r>.
0 R~ Or

Let us assume that (u,v) = (u(¢, x), v(¢, x)) is a global (in time) Sobolev solution to (5) for
data satisfying the assumptions of the theorem. We multiply the left-hand sides of (5) by ¢r =
¢r(t, x) and integrate by parts to achieve

0<lg=— / w1 ()R (0, x) dx + / w(t, x) (321, X) — Adr(t, x) — didr(t, X)) d(x, 1)

R” Or
= —/ul(x)¢R(O,x)dx+1;§, (30)
R~

0<Jp=-— f V1 ()R (0, x) dx + / v(t, ) (2R (1, x) — Apr(t, %) — dypr(t, X)) d(x, 1)

R~ Or
= - / V1 ()0, x)dx + Jg. 3D
Rn

To estimate I and J}, a straightforward calculation gives the following estimates:

21
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|0ipr(t, )| < RL( (ﬂ;%r‘»m,

1 24 x[*\\v
on.0| 5 7 (o ()

20015 (o ()

where we have used the support conditions of ¢g and ¢%. As a consequence, we arrive at
« 2 + IXI4 1 x 7
11 S 25 [ ln 01 (¢ () e =25 [ 1.0l @k 0) 7 dex . ()
O%

and
s < L (P I 1 i v
415 7z [ ol (07 (Fh)) dn = g [ e @) deen. 63

Let us now turn to estimate the above integrals. For this purpose, we define two functions
D, =D,(s) =5 pi(s) and Dy = D, (s) =57 pals).
We have
®, (lute, 01 (B30, 1))

= e DI (3. 0) (e, 0] ($500.0) 7 )

< lu(t, x)|7 (¢Z(I,x))5%uz(lu(t,X)I) =@, (|u(t, x)|) (px @, X))L2 (34
since i = p(s) is an increasing function and it holds

0< (@51, )™ <1

for any v > 0. It is obvious from the assumption (13) that

;(5) =572 (" (g™ = Dia(s) + 29" su5(6) +525()) 2 0

that is, @, is a convex function on a small interval (0, co] with a sufficiently small constant co >
0. Additionally, we can choose a convex continuation of &, outside this interval to guarantee that
®, is convex on [0, 00). The application of the generalized Jensen’s inequality from Lemma 2.4

with h(s) = Dg(s), f(t,x) = |u(t,x)|(}(, x))ﬁ, n=1and Q = Q% leads to the following
estimate:

22
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[t oi@e o) awn) [ o, (eoi@re ) ™) de.n
i

Q*
<R

/ 1d(x.1) - /1d(x,t)

0% 0%

oy

Taking account of

/ 1d(x,t) ~ R"?

Ok
it follows
[ e oi@e o) awn) [ o, (eni@re ) ™) de.n
@, % Rit2 = i Rii2 (35)
From the estimates (34) and (35) one derives
[Iu(t,X)I(qﬁTe(t,X))”L“d(x,t) /qu(lu(Z,X)I) (¢2(I,X)):L*;d(x,t)
@, £ Rn+2 = o Rn+2 (36)

Due to the fact that y = u(s) is a strictly increasing function, ®, = &, (s) is also a strictly
increasing function on [0, 00). As a result, it implies from (36) that

/CDq(Iu(t,x)l) (¢}§(I,X))5L“d(x,t)
Qk

/ |u(t,x)|(¢;}(t,x))"%2 d(x,t) <R" !
Q%

Rn+2

(37

Collecting the estimates (30), (32) and (37) we obtain

/q>q(|u(r,x)|) (@5t x)) " d(x. 1)
0%

IR—i-/ul(x)d)R(O,x)deR” CD;I R
R~

23
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In the same manner using (31) and (33) one also gets

/q’p(lv(t,X)I) (¢7g(t,X))EL“d(x,t)
Ok

Jr+ f v1(X)Pr(0, x)dx SR" &
R~7

Rn+2

Thanks to the assumption (12) we have
/ul(x)qu(O,x) dx >0 and / v1(x)pr(O0,x)dx >0
R~ R~
for all R > Ry, where Ry is a sufficiently large, positive constant. Thus, it holds
vg*
/ Dy (lut, x)]) (px . x)) " d(x,1)

Q*
n q—1 R
IRSR"®, o2 ; (38)

/d>p(|v(t,x)|) (G5t ) 2 d(x. 1)
ISR o[ o , (39)

for all R > Ry. Next, for A > 0 and s > 0 we define the following auxiliary functions:

8q =84\ = / D (Ju(t, x)l) (qﬁ}f(t,x)):%z d(x,t) and quGq(s)=/gq(X)r‘dA,
0% 0

gp=gp(,\)=/q>p(|v(t,x)|) (d);:(t,x))%d(x,t) and szGp(s)zfgp(A)A_ldA.
0% 0

Therefore, we can express

R

G,,(R):/(/ O, (jut, 1)) (¢, x)) 2 d(x,t))/\*‘d/\

0 Q%

24
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R
zf (lu(t, x))) f 12+|x|4)) . dA)d(x 0.
0

O%
_ t2 |x |4
By performing the change of variables A = a7 we take into account that to given (x, t) €
Q% we have
e | .
A= —a € [5, 1] on the support of ¢* for A € (0, R).

Moreover, the function ¢* is decreasing on [%, oo). Hence, we may conclude from

2+ |x* - 2+ x4

R < v for A €(0,R)
that
N Y ol
( A4 )— ( R4 )
as far as
24+ x* 1
> -,
R* —2

But this is clear due to (x, ) € Q%. Summarizing we arrive at the following chain of inequalities:

o]

1 vt -1 -
Gq(R):Z/CDq(|u(t,x)|) / (p*M)" A7 tar | dx,n

& 244
TR

1
1 L1 x|\ e L
§Z/®q(|u(t,x)|)<(p (T)) fx Yai | dex, 0 (40)

* 1
R 2

(since supp o™ C [1/2,1])

< lofz/q>q(|u(t,x>|)(<p(t2;%'4))”"*d<x,t)
0%

(since p* =g in [1/2, 1])

<C f d>q(|u(t,x)|)((ﬂ(tz;%|4))vq* d(x, 1),

Or
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since ¢ is decreasing. An analogous argument implies

G,(R)<C f ¢p(|v<t,x>|)(¢(t2f?%ﬁ))”p*d(x,t>.
ORr

2 2
p*—l’q*—l

2
Let us now choose v > max { } =— T Thus, it follows that
p*—

" 2 4\ v+2
G® = [ w0 (o)) dwn =cue @
Or

" 2 4\ v+2
Go®) = [ ool (v o) (o5 T)) Cawn=cn. @)
Or

Furthermore, the following relations hold:

m 1t T. 1? 13 g 1?
S)S q S), pa cular, S q )

95p ()5 =g, (s). in particular (dG”)( —R)R=2g,(R)
3, ()5 =8p(s), in particular, (—= ) (s = =gp(R),

which imply
G;(R)R =g4(R)= [ <I>q(|u(t, x)|) (¢§(r, x))zLJr2 d(x,t), (43)
Ok
G;,(R)R =gp(R)= f <I>p(|v(t, x)|) (¢}§(t, x)):L+2 d(x,t). 44)
Ok

Combining the estimates (38), (39) and from (41) to (44) gives

G4(R)

<JR<CR'®,! (G;’(R)),

Rn+1

G,(R) G;(R>>
C

= IR = CR" q)l;l( Rn+1

Consequently, we may conclude

o, <Gq(R)> _GH®

CR" ) — Rn+l’
o (G B _ Gy (R)
9\ CRn - Rnt1”
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for all R > Ry. Then, recalling the definition of the functions ®, and ®, we derive

(Gq(R)>/’*M (Gq(R)) _G®

CR" CR" )~ R+
Gp(R\" (Gp(R) _ Gy(®
crr ) "2\ Tcrr ) = e

for all R > Ry. These estimates imply

1 G,(R)
CRn(p*—l)—llL1 CR"

) (Gy(R)” <G, (R),

1 G,(R .
CRn(q*l)l’“( C[')](gn)>(GP(R))q =G, (R),

for all R > Ry. Due to the increasing property of the functions 1 = u1(s), 2 = u2(s), Gp =
Gp(R) and G4 = G4(R), the following inequalities hold:

CR"(PI*—I)—I i (Gé'(RIiO)> (G4 (B®)" < Gy(R),
CR"(ql**l)fl 2 (GE(RI?)) (Go(R)” = Gy(R).
Hence,
C _ .
M1 (CoR™)(Gg(R)" < Gy(R),
ﬁﬂz(cﬁ‘”)(%(m)f <Gy(R),

1
for all R > Ry, where Co = Co(C, Ry) := C min{Gp(Ro), Gy (Ro)}. For simplicity, putting
7 := R and denoting
. 1 —n . 1 —n
01(7) == WMI(COT ), 6a(r):= Wﬂz(cof )

we obtain the following system of ordinary differential inequalities for T > Ry:

G, (1) = CO1(1)(Gy(1)" (45)

G;(r) > C@g(r)(Gp(r))q . (46)

For any » > Ry, after multiplying (45) by G;(r) and integrating by parts over [Ry, 7] we arrive
at
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r

G ()G (r) — G »(R0)Gly(Ro) — / G,(0)G(v)dt
Ro

01(r)(Gy(m)F T = 01(Ro) (G4 (Rp))” !

p*+1 p*+1

/9{(1)(Gq(r))”*“ dr.

Ro

il

This relation is equivalent to

r G G’ A G /
Gy + [ FOD g [ OO,

Ry Ro

01 (Ro)(Gy (Rp))" ')

610)(Gq )" + (G p(R)G (Ro) -

p*¥+1 p*+1

/9{(1)(Gq(r))p*+l dr, @7)

Ro

o
where we have used the equality

80 =Gy

G// —
'(0) -

To control the right-hand side (RHS) of (47), at first let us choose a sufficiently small constant
C = C(Rp) > 0 to verify the inequality

C \
Gp(Ro)Gy(Ro) — m@l (R0)(G4(Rp))” T >0,

Hence, we can see that

r

/Gi(r)(Gq(r))p*Hdr. (48)

Ry

RHS of (47) > el(r)(Gq(r))p*+l -

p*+1 p*+1

A direct calculation gives the following equality:

Cot "} (Cor_”))el (1)

e e e e N (=

Now we distinguish our considerations into the following two cases:
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o If p*>1+ %, then n(p* — 1) — 1 > 0. Thanks to the assumption (13), it is clear that 6] (z) <
0. From (48) this implies immediately

RHS of (47) > 01()(Gy ()" . (49)

pr+1

e Ifl <p*<1+ % then n(p* — 1) — 1 < 0. Thanks to the assumption (13) again, one has
91’ (t) > 0 for large Ry. From (48) we deduce

: C . [ 0@(Ge@) !
RHS of (47) =~ 61(1)(G4 ()" H‘m(l‘”“’ _1))/ ( . )"
Ro
(50)
Introducing the function
01(1)(Gy (@) !
fi: T elRo o0 — file) = 2N qu)

one derives

0;(0)(Gy)" 't + (p* + DO (G, ()" G ()T - 61(0)(G(0)”
'L'2

fl(x) =

p*
> 91(?)((:§(T))

N 01(1)(Gy(1))”

((p* + DG, (1)t -G, (7,')) (since ] (7) > 0)

(" + gy = Gy()  (since G (1)7 = g (1)

p*
. (p* 1 log2>91 (0)(G4(0)" g4(0) S0

4 2

log?2
where we have used the relation G, (7) < % 84 (7). Indeed, by recalling the estimate (40)
we may conclude

2+ |x|*

vg* log2
o)) dn =" g ®) 6D

log?2
Gy(R) < == / Dy (Jult, x)l)(fp*(
Ok
. log?2 .
for all R > Ry. This means G, (7) < qu (r) for any T € [Ry, r]. In such a way, we gain
the increasing property of the function f1 = fi(r). So, one may estimate

r

/ 01(1)(Gy(x))"” o< () (G

T r

(r = Ro) <01(1) (G, . (52)

Ro
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Combining (50) and (52) we obtain

Cn(p*—1) .
RHS of 47 = W@] (r)(Gq (r))p +1' (53)

In order to estimate the left-hand side (LHS) of (47), it is obvious that g;(t) >0 for any t €
[Ro, r] since the function g, = g, () is increasing. Therefore, we may conclude

r

, Gp(1)Gl(v)
LHS of (47) = G p(r)G,(r) + fdr. 54)
Ro
By introducing the function
Gp(1)G ()

f2: T €[Rp,00) > fo(T):=
one has

G, ()G, ()T + G p(1)G(T)T — G ()G (7)
2
_ G,(MG (DT +Gp(1)(8,(0) = G (1)) = Gp(1) Gy (T)
- =
8q(0) — G;(r)>
T

A0 =

(since G’q/ (r) =

G/ G/ —2G
L GO =26,0) e 02 0)
T

. G, (0)(gp(1) —2G (1))

= (since G\(n)T = gp(D)

. (1 B 10§2)gp(T)G;(T)

> 0.
72 -

Here we notice that by an analogous argument to (51) we also derive the estimate G,(7) <
log?2
%gp(r) for any t € [Ry, r], which comes into play in the last line of the above chain of

estimates. As a result, we arrive at the increasing property of the function f> = f>(t) to estimate

/r GG ® , _ Gp)Gy(r)

T r

(r = Ro) < G, (G, (r). (55)
Ro

Collecting (54) and (55) gives

LHS of (47) < G p(r) G (r). (56)
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Consequently, from (47), (49), (53) and (56) it follows
41
G (G (r) = COI(r)(Gg(n)” T,
that is,

CO1r)(Gy(r)" !

57
56 (57)

Gp(r) =

By plugging (57) into (46), one gets

COr) (1) (Gy(r)) @Y

Gy(r) = :
! (G ()

which is equivalent to

*(p* +1)

7 (Gy0)

G, (r) = C(62(r))9 e @ (r))
C g 1 *(p*+D
= 7(#1 (Cor™) 7+ (a2 (Cor ™)) 71 (G4 (r)) o™+

Summarizing we have

* G/
g(,ul(Cor_"))‘;ﬁ(uz(cor_"))ﬁ < %.
' (Gg()

Integrating two sides of the last estimate over [Ry, R*] leads to

R*
1 g 1
C/ —(p1(Cor™)) 7 (ua(Cor ™)) 71 dr
r
Ro
G/
< / — ") dr
— q*(i’*+l)
Ry (Gq(r) o1
q*+1 _P oL ir=R* 2
=—W(Gq(”)) 7"+l E( (RO)) ,
g +1 _n . .
where we note that prorsns el For this reason, we pass R* — oo to derive
prq —

[
c/;(ﬂl(cor_”)) T (ua(Cor™) 7 dr = 2(G‘1(R0))
Ro
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Finally, carrying out change of variables s = Cor~" gives

CoRy"
1 * 1 _2
¢ [ LnE)F (a2 ds = (G, o))
0

This contradicts to the assumption (14). Summarizing, the proof of Theorem 1.2 is com-
pleted. O
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