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Abstract

We consider a planar differential systein= P(x,y), y = Q(x,y), whereP and Q are @1
functions in some open s&f C R2, and'= %. Let y be a periodic orbit of the system iw.

Let f(x,y): % € R? - R be a%? function such that
of of
P(x,y) == (x,y) + O(x,y) ——(x,y) = k(x,y) f(x,y),
Ox Oy

wherek(x, y) is a %! function in % andy C {(x,y)| f(x,y) =0}. We assume that ip € %
is such thatf(p) =0 and V f(p) =0, thenp is a singular point.

We prove that/OT (% + %) (y(t))dt:fOT k(y(t))dt, whereT > 0O is the period ofy. As an
application, we take profit from this equality to show the hyperbolicity of the known algebraic
limit cycles of quadratic systems.
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1. Introduction

We consider glanar differential system
)'C=P(X,y): y'=Q(st)» (1)

where P and Q are ! functions in some open séf C R?, and’ = %. A singular
point of system 1) is a pointp € U such thatP(p) = Q(p) = 0. We assume that all
the singular points of (1) are isolated.

Given a system (1), we can always consider its vector field representatiory) =
(P(x,y), Qx, y)).

We will denote by diyx, y) the divergenceof system (1), that is, div= 0P/0x +
0Q/0y.

We also need to consider tiflew of system (1), which we denote l&; (p) and which
represents the unique solution of system (1) passing through the paint/ € R?.

We notice that for eaclp € U/ there exists ar, > 0 (which may beg, = 4-00) such
thatt e (—¢,, &5) is the maximal symmetric interval of existence of the solution of (1)
passing throughp. We have thatddit”(p) = (P(D:(p)), Q(D;(p))), for all p € 4 and

t € (—&p, &p), and @g(p) = p. Given p € U, the function®(-, p) : (—¢p, ep) — R?,
where ®(z, p) := ®,(p), defines asolution curveor orbit of (1) through the poinp.

A limit cycle of system (1) is an isolated periodic orbit. Lgthe a limit cycle for
system (1). We say thatis stableif there exists a neighborhodd, C I/ of y such that
for all p € U,, we have lim_, ;o d(®;(p),y) = 0. As usual, the previous application
d is the distance between sets in the Hausdorff sense. Analogously, we say ithat
unstableif there exists a neighborhodd, C ¢/ of y such that for allp € U4,, we have
lim;— e d(®:(p),7) = 0.

There might be limit cycles which are neither stable nor unstable. Using the Jordan
curve theorem, which states that any simple closed curve, as the limit gyabparates
any neighborhood/, of y into two disjoint sets having as a boundary, we can
considerlf, as the disjoint union off Uy U Ue, wherelfi and U are open sets
situated, respectively, in the interior and exterioryofWhen for anyp € U; we have
lim;_ 100 d(®;(p),y) = 0 whereas for any; € Us we have lim_, _» d(®;(q),y) =0
(or, the other way round, for any € U we have lim_, _o d(®;(p),y) = 0 whereas
for any ¢ € Ue we have lim_, 1 d(®;(g),7) = 0), we say thaty is semi-stable

Any limit cycle y of a system (1) is either stable, unstable or semi-stable as it is
stated in [16]. For a detailed description of the classical known results on limit cycles
see also [16].

The following result, which is stated as a corollary in [16, p. 214], gives a formula
to distinguish the stability of a limit cycle.

Theorem 1. Let y(r) be a periodic orbit of systerfil) of period T. Theny is a stable
limit cycle if

T
f div(y(z))dt <0
0
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and it is an unstable limit cycle if

T
/ div(y(t))dt > 0.
0

It may be stableunstable or semi-stable limit cycle or it may belong to a continuous
band of cycles if this quantity is zero

A sketch of the proof of this theorem is given after the forthcoming Thed3em

When the quantityfg div(y(?)) dt is different from zero, we say that the limit cycle
y is hyperbolic

Since we are considering differential systems (1) in the class of functidnsve
may have a limit cycley belonging to a sequence of periodic orbftg , n € N} with
Ya41 in the interior ofy,, such that the sequence accumulates to a singular point, a
periodic orbit or a graphic and such that every trajectory betwgeandy, , spirals
towardsy, or y,,, ast — zoo. This kind of phenomena does not exist for analytic
systems.

In this work, we give another quantity which equalsﬁg) div(y(2)) dr for a periodic
orbit y defined in an implicit way, as explained below. This is the main result of
the article and it is stated in Theorem 2 in the following section. We can, therefore,
distinguish the hyperbolicity of a limit cycle using two different quantities.

Given a planar system (1) (or equivalently its vector field represent&iony) =
(P(x,y), O(x,y))), we define aninvariant curveas a curve given byf(x, y) = 0,
where f : U € R? > R is aC? function in the open se, non-locally null and such
that there exists &' function in 2/, denoted byk(x, y), for which

P(x,y) f(x y) + Ox,y) f(x y) = k(x,y) f(x,y) (2

for all (x,y) € U. Identity (2) can be rewritten bW f - F = kf. As usual,V f denotes
the gradient vector related t(x, y), that is,V f(x, y) = (1— 6-"' Loy, Py

is the previously defined vectaP (x, y), Q(x, y)), and - denotes the scalar product.
We will denote by f or by d the functionV f - F once evaluated on a solution of
system (1).

We will always assume that ip € U is such thatf(p) = 0 andV f(p) = 0, then
p is a singular point of system (1). This is a technical hypothesis which generalizes
the notion of not having multiple factors for algebraic curves. For instance, if we had
written that the periodic orbiy was contained inf2(x, y) = 0, then we would have
that V(f2)(p) = 0 for all p € y, in contradiction with the hypothesis.

We notice that, as a particular case, we may have a funcfion y) given by a
polynomial in R[x, y]. In such a casef(x,y) = 0 is called aninvariant algebraic
curve When, in addition, the system is polynomial, that i5,0 € R[x, y], then the
function k(x, y) is a real polynomial called¢dofactor When we consider an algebraic
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curve, we can always assume that it is defined by a polynoiftial y) = O such that
the decomposition off (x, y) has no multiple factors. The same assumption must be
done for curves defined bg! functions and it is equivalent to the assumption that if
p € U is such thatf(p) =0 andVf(p) = 0, thenp is a singular point of system
(1). More explicitly, assume that system (1) has an invariant algebraic curve given by
f(x,y) = 0 and assume that the decomposition fafc, y) in the ring R[x, y] has
no multiple factors, that isf(x, y) = bi(x, y)ba(x, y)...bi(x,y) whereb;(x,y) is
an irreducible polynomial irR[x, y] and b;(x, y) # cbj(x, y) for any c € R — {0} if
i # j. Let p € U be such thatf(p) =0 and Vf(p) = 0. Since the decomposition
of f(x,y) has no multiple factors, we deduce thais a singular point of the curve
f(x,y) =0 and, hence, it is a singular point of system (1).

Our main result, Theorem 2, can only be applied when the periodic prisitgiven
in an implicit way, that is, when there exists an invariant cufe, y) = 0 such that
y C {(x,zy) | f(x,y) = 0}. For instance, let us consider the followidg system defined
in all R*:

X = (x+y)coqx) — y(x2 +xy+ 2y2),

x2+y2
2

¥ = (y — x)(cosx) — y?) + sin(x), ®)

which hasy? — cogx) = 0 as invariant curve. We defing(x, y) := y2 — cogx) and

we have thatf e CY(R?) and thatV f(x, y) = (sin(x), 2y). Therefore, there is no

p € R? such that bothf(p) = 0 and Vf(p) = 0. Moreover, f(x, y) = O satisfies

Eq. ) with k(x,y) = 2y(x — y) — (x 4+ y) sin(x). The divergence of this system is
div(x, y) = —4y? 4+ 2cogx) — x sin(x) and V(x, y) = (x2 + y?) f(x, y) is an inverse
integrating factor. We denote by,, n € Z, the oval of f(x, y) = 0 belonging to the

strip —n/2 4+ 2nn<x<m/2 + 2nn. Each ovaly,, with n € Z, gives a periodic orbit

of (3) with minimal period7, > 0. The ovaly, is a hyperbolic stable limit cycle for
system (3), which can be shown just applying Theorem 1. We have, after some easy
computations, that

/‘Tn . x =mn/2+ 2nn,
div(y,(t))dt = —4arctar<—)
0 VCOSXY) /1y — /2 4 2mn,

which is zero whemm # 0 and it is —4n for y,. Each one of the other ovals of
fx,y) =0, y, with n # 0, belongs to the period annulus of a center as it can be
shown from the fact that the functiof (x, y) = f(x, y)(x2 + y2) exp{2 arctariy/x)}
is a first integral for system3]. Our result can be applied for any of the periodic orbit
y, of this example.

When considering a polynomial system, as far as the authors know, only algebraic
limit cycles are known in this implicit way. A limit cycle is said to ladgebraicif its
points belong to an invariant algebraic curve.
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The paper is organized as follows. Sect®rontains the statement and proof of the
main result of this work, i.e. Theorem 2. Using Theorem 2, in Section 3, we will show
that all the known algebraic limit cycles of a quadratic system are hyperbolic.

2. Main result

Theorem 2. Let us consider a systefd) and y(¢) a periodic orbit of periodT > 0.

Assume thatf : U C R? — R is an invariant curve withy € {(x,y)| f(x,y) = 0}

and letk(x, y) be theC? function given in(2). We assume that ip € I/ is such that
f(p)=0and V f(p) =0, then p is a singular point of syste(d). Then

T T
/0 k(@) de = /0 div(y(®)) dt. 4

In order to prove Theorer?, we need to recall the definition and some properties
of the Poincaré map. Let us considgra periodic orbit with minimal period” > 0
for system (1) andpo € y. Let i, € U/ be a neighborhood of not containing any
singular point andX = {g € U, | (¢ — po) - F(po) = 0}, where - denotes the scalar
product between the vectots— po and F(po).

As stated and proved in [16, pp. 210-211], we have that there exiéts- ® and
a unique functiorr : £ — R, which is defined continuously and differentiable for any
g € TN Bs(po) such thatr(po) = T and O, (¢) € Z. As usual,Bs(po) is the ball of
centerpg and radiuso. Then, for anyg € XN Bs(po), the functionP(q) = Dy, (g) is
called thePoincaré mapfor y at pg. It is clear that fixed points of the Poincaré map,
P(g) = q, give rise to periodic orbits for system (1). Moreover, it can be shown that
P:X — Xis aC! diffeomorphism.

We considerX as a subset dff € R?, soP is considered as a planar function from
Y c R? to R Hence, we notice that the derivative ®f at pg, which is a point in
%, can be represented by ax2 matrix, which we denote by P(po). The following
theorem, stated and proved in [2, p. 118], is very useful to establish the stability of

Theorem 3. Let v be a non-null vector normal t&(po). Then
T
V- DP(po) = exp(/ div(y(t))dt) V. (5)
0

Theorem3 is proved by using the variational equations of first order related to
system (1). If®,(x, y) is the flow related to the vector fiel#(x, y), we have that
% (DO (x, y)) = DF(®;(x, y)) - DD;(x, y) with the initial condition DD, (x, y)|;=0 =
I, whereD means the differential with respect to the point y) and| is the identity
matrix. These equations with respect to the mami®, (x, y) are the variational equa-
tions of first order. SincéP(q) = ®(,;)(¢), the solution of the variational equations of
first order allows the computation dP(pg) in a point pg € 7.
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In order to show that the stability of is determined by the value of - DP(po),
as stated in Theorem, we consider thedisplacement functiorand we follow the
reasoning of [16, p. 213]. For any € £ N Bs(po), we have thaly = pg + sv, with
s € (=9d/Iv],d/Iv]). SinceP(q) € Z, we have that givens € (—d/|v|, §/|v]), there
exists aa(s) € R such thatP(pg + sv) = po + a(s)v. Therefore, we have defined a
¢! function ¢ : (—d/|v|,5/|v]) — R and the displacement function is given by: d
(=0d/|vl, 6/Iv]) = R with d(s) = o(s) — 5. It is clear that d0) = 0, d(s) = ¢'(s) — 1
andv-DP(po+sv) = ¢’(s)v. Since ds) is Ct, we have that the sign of @) coincides
with the sign of d(0) for |s| sufficiently small as long as'@) # 0. By the mean value
theorem, we have that givep| sufficiently small there exists & € (0, s) such that
d(s) = d'(&)s. Therefore, if d(0) > 0, we have that ¢) > 0 for s > 0 and ds) < O
for s < 0, which implies that the periodic orbit is an unstable limit cycle. Similar
reasonings show that i#(0) > 1 theny is an unstable limit cycle and i§'(0) < 1
theny is a stable limit cycle. Theorem 1 clearly follows from Theorem 3 and the fact
that ¢/(O)v = v - DP(po).

Lemma 4. Let us consider a systeifl) and let f : &/ € R> — R be a non-null
CY(U)-function. There exists &' functionk(x, y) such thatV f(¢) - F(¢) = k() f(q)
for any g € U if, and only if for any ¢ € & and anyr € R such that®,(g) € U, the
following identity is satisfied

t
f(@:(qg)) = f(q) eXp(/Ok@s(q))dS) : (6)

Proof. Assume thaWV f(¢)-F(g) = k(q) f(¢) for anyg € U. We fix a pointg € U and
we definep(t) = f(®;(q)) for anyr € R such that®d,(q) € U. We have that belongs
to an open interval—e,, ¢,) with ¢, > 0 (and it may be that, = +o00). We have,
using some of the properties of the flow and the fa¢®;(q)) = k(®;(¢)) f(P:(q)),
that:

do .
P(1) =V f(®(q)) - d—tt(q) = V(D (q)) - F(@i(q) = f(P:(q)) = k(Ps(q)) ().

We deduce tha%(z) = k(D;(q)) @(t) and p(0) = f(g). Solving this linear equation

in the functionp(z) we geto(t) = f(q) exp(fgk((bs(q))ds). As we can consider the

same reasoning for any € U, we obtain identity §). The reciprocal is proved by the
same reasoning.[]

Lemma 5. Let us consider a systeifl) and y(z) a periodic orbit of periodT > 0.
Assume thatf : &/ € R?> - R is an invariant curve withy C {(x, y)| f(x, y) = 0}
and letk(x, y) be theC! function given in(2). Take anypo in 7. Then

T

V f(po) - DP(po) = eXp(/O k("/(t))dl) V f(po). )
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Proof. We consider the Poincaré map defined in an interval of the straight3ine
containing po, P(q) = @) (¢). Since f(x,y) = 0 is an invariant curve defined in
U C R?, it is clear that for anyg € ¢/ and anyr € R such that®,(q) € I, identity
(6) is satisfied as proved in Lemma 4. Hence,

(q)
f(P(q) = f(q)exp (/o k(<1>s(q))dS>

and differentiating this identity with respect tpwe get

T(q)
Vf(P(@)-DP(q) = eXD(/O k(CDs(c]))dS> V)
T(q)
+/(q) exp /0 k(®s(q))ds

(q)
X [ / (VR @,(0)) - DOy () ds + k(P(q))Vr(q)} ,

where DP(q) and D®(q) stand for the Jacobian matrix with respect doof the
functionsP and @y, respectively, in the poind.

We evaluate the previous identity in= po, taking into account thaf (po) = 0 and
©(po) = T, and we get identity®). [

Proof of Theorem 2. The vectorV f(po) is a non-null vector that is normal to the
vector F(pg) since f(x, y) = 0 is an invariant curve that contains and pg € y. The
fact of V f(po) to be a non-null vector is ensured by the assumption thatdfi{ is
such thatf(p) = 0 andV f(p) = 0, thenp is a singular point of system (1). Since
po belongs to a periodic orbit, it cannot be a singular point.

Therefore, the vectov in identity (5) of Theorem 3 can be replaced Byf (po).
Using identity (7) of Lemma 5, we deduce that

T T
exp</ div(y(t))dt) = exp(/ k(y(t))dz),
0 0

from which @) follows. O

3. Hyperbolicity of the known algebraic limit cycles of quadratic systems

We consider the families of quadratic systems with algebraic limit cycles known at
the time of composition of this paper. These families sweep all the algebraic limit
cycles defined by polynomials of degrees 2 and 4 for a quadratic system, as it is
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proved in[9]. In [12-14], it is shown that there are no algebraic limit cycles of degree
3 for a quadratic system. See [8] for a short proof. In [11], two examples of quadratic
systems with an algebraic limit cycle of degree 5 and 6 are described. We study the
hyperbolicity of all these limit cycles.

The following result is due to Ch’in Yuan-shiin [10] and characterizes the algebraic
limit cycles of degree 2 for a quadratic system.

Theorem 6 (Yuan-shin Ch'inf10]). If a quadratic system has an algebraic limit cycle
of degree2, then after an affine change of variabléke limit cycle becomes the circle

[=x?+y>-1=0. (8)

Moreover I' is the unique limit cycle of the quadratic system which can be written in
the form

X =—yx +by +c)— x2+y? -1, ©
y = x(ax + by + ¢),

with a # 0, c> 4+ 4(b+ 1) > 0 and ¢? > a? + b2.

We summarize the four families of algebraic limit cycles of degree 4 for quadratic
systems in the following result, which is stated and provef@]JnWe remark that these
families were encountered previously to the work [9], but in this work it was shown
that there are no other algebraic limit cycle of degree 4 for a quadratic system. System
(10) was first described in [17], system (12) in [15], system (14) in [5] and system
(26) in [9].

Theorem 7 (Chavarriga et al.[9]). After an affine change of variables the only
quadratic systems having an algebraic limit cycle of degtemre

(a) Yablonskiis system

% = —dabex — (a + b)y + 3(a + b)ex? + 4xy,
¥ = (a + byabx — dabcy + (dabc?® — 3 (a + b)? + 4ab)x? (10)
+8(a + b)cxy + 8y2,

with abc # 0, a # b, ab > 0 and 4c?(a — b)? + (3a — b)(a — 3b) < 0.
This system has the invariant algebraic curve

(y + cx®?+ x2(x — a)(x — b) =0, (11)

whose oval is a limit cycle for syste(mO).
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(b) Filipstov's system

X 6(l—|—a)x+2y—6(2+a)x2+12xy, (12)
y =151+ a)y + 3a(l + a)x?> — 2(9 + 5a)x y + 16y2,

with 0 <a < 1% This system has the invariant algebraic curve
31+ a)ax® + y)? + 2y?(2y — 31 + a)x) =0, (13)

whose oval is a limit cycle for syste(h2).
(c) Chavarrigds system

X

2 2
; 5x + 6x“+ 41+ a)xy + ay*, (14)

x+2y+4xy+(2+3a)y2,

with #127‘/177 < a < 0 has the invariant algebraic curve
x4+ x3+ X%y + 2axy? + 2axy® + a%y* =0, (15)

whose oval is a limit cycle for syste(i4).
(d) Chavarriga et al's system

¥ =214 2x — 2ax? + 6xy),

y=8—3a — 1ldax — 2axy — 8y2, (16)
with 0 <a < 711 has the invariant algebraic curve

1 2 3 2.2

-+ x—x"4+ax*+xy+x°y°=0, a7

4
whose oval is a limit cycle for syste(h6).

In a work due to Christopher et al. [11] two families of quadratic systems with an
algebraic limit cycle of degrees five and six, respectively, are given. These two families
are constructed by means of a birational transformation of system (16)rational
transformationis a rational change of variables such that its inverse is also rational.
Moreover, they prove that there is also a birational transformation which converts
Yablonskii's system (10) into the system with a limit cycle of degree 2, that is, system
(9).

The fact of the limit cycle of degree 2 being hyperbolic is stated in [18] (see
pp. 256-258) following the proof of [10]. As a consequence, and taking into ac-
count the forthcoming Lemma 9, one of the limit cycles of degree 4 (the one due
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to Yablonskii) is also hyperbolic, because this limit cycle of degree 4 is birationally
equivalent to the one of degree 2, as it is shown[id]. Our contribution is the
proof of the hyperbolicity of the other known limit cycles of quadratic
systems.

Lemma 8. Let us consider a differential syste(m) and a change of variables =

F(u,v) andy = G(u, v), whereF, G are C2 functions in{. We denote by = R(u, v),
v = S(u, v) the transformed differential system. Let

J(u,v) := (u v) (u v) — (u v) (u v),

be the Jacobian of the transformation. Then

oP o0 OR oS
— F,v),Gu,v)) + —(Fw,v),Gu,v)) = —,v) +—(u,v)
0x dy Ju v

1 oJ 6
IO ( ) (18)

Lemma8 is a computational result whose proof is clear after some easy manip-
ulations. We use it to prove the following result which states that the value of the
integral of the divergence on the limit cycle does not change under transformations of
dependent variables.

Lemma 9. Let us consider a differential syste(d) with a periodic orbity of pe-
riod T > 0 and a change of variables = F(u,v) and y = G(u,v) which is
well-defined in a neighborhood of We denote by = R(u,v), v = S(u,v) the
transformed differential system and by the corresponding periodic orbit.

Then
T /op 00 T /0R 08
[, (G )omar= [ (G+5)ooa

Proof. Using the same notation as in Lemi®awe have that the mtegrgﬂ0 ( A +‘Z—§)

(y(t)) dt becomes, under the transformation of dependent variables F (u«, v) and
y=G(u,v),

rrop 00
/ (T(F(u,v),G(u,v))+ S (F(u,v),G(u,v))> (1)) dt
0 \ 0x Jy
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which, by Lemma8, equals to

T
/ <6—R(u, v) + g—i(u, v)) (W) dt

o \ Ju
r 1 oJ 0J
+f0 T o) <E(u, v)R(u, v) + E(u, v)S(u, v)) V(1)) dt.

We notice that the integrand of the second integral in the former expression can be
rewritten asd(J (u, v))/J (u, v) and, since the change of variables is well defined in a
neighborhood ofy, we have that this expression is a well defined, exact 1-form which
is integrated over the closed curvke so 3519 d(J(wu,v))/J(u,v)y=0. O

Therefore, in order to prove that all these families of limit cycles are hyperbolic, we
only need to study the stability of the limit cycles of systems (12), (14) and (16). The
hyperbolicity of the two limit cycles described in [11] is shown by the fact that they
are birationally equivalent to (16).

Theorem 10. Each one of the limit cycles of systefd®), (14)and (16) is hyperbolic

Proof. In order to prove the hyperbolicity of the limit cycles of systems (12), (14) and
(16) we use the same process for all of them. These systems depend on a paaameter
which belongs to a certain open interval when the limit cyclexists. We denote by
T > 0 the period of the limit cycle and bf(a) the value of the integr@fg div(y(t)) dt
for any value of the parameter for which the limit cycle exists. This value decides the
hyperbolicity character of the limit cycle in the system with parametex By virtue
of Lemma 9, we may consider any birational transformation of these systems well
defined in a neighborhood of the limit cycle and we may consider the transformed
system instead of the previous one because the value of the intﬁéldﬂ/(y(t))dt
does not change.

Using Theorem 2, we have that

T T T
D(a) = / div(y(t)) dt +w ( / div(y(t)) dt — / k(y(t))dt),
0 0 0

wherek is the cofactor of the invariant algebraic curve containing the limit cycle and
w is any real number.

We show that the functiorD(a) has no zero whera belongs to the interval of
existence of limit cycle by choosing an adequates R and parameterizing the limit
cycle y. The way of choosing the adequate valuenofs purely heuristic, although we
expect that this choice is related to some geometric property. We find it very surprising
that it is possible to choose = —3 for each one of the three families of systems.
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3.1. Hyperbolicity of the limit cycle given by the algebraic curve (17) for system (16)

The stability of the limit cycley is given by the following function of the parameter
a of the system/D(a) = fg div(y(¢)) dt, where di\x, y) = 2(2 — 5ax — 2y) is the
divergence of systemlg) and7 > O the period of the limit cycle. Theorem 2 gives

T T
/ div(y(1)) di = / KOW)) dt,
0 0

wherek(x, y) = 4(2 — 3ax + 2y) is the cofactor of the invariant algebraic cuniery.
So, given any real numbew, we have that

T T
D(a) = / div(y(?)) dr + w/ (div —k)(y@)) dt
0 0

T
= / (A4 w)div — wk) (y(t)) dt.
0

We consider the following parameterization of the oval of the algebraic curve (17):

—-1+£2{/(—a)t(t — t1)(t — 12)
2t ’

x() =1, yx(v) = (19)

wherety = 1=¥1=4% Vzi_““, Ty = Lhida Vzl“‘“ and the parameter € (11, t2). The positive sign
y+(7) gives a half of the oval and the negative sign(r) the other half. One of the
endpoints of both parameterizations (ig, y1) = (25=%, — 1124y and the other

endpoint is(xz, y2) = (1+“/2}Z‘74“, _1+‘£m). We have that the vector field ifx1, y1)

is (0, 64/1—4a) and in (x, y2) is (0, —64/1 — 4a), so the flow on the limit cycle is
clockwise. The line @2x = 1 cuts the limit cycle in two points with ordinatds\/@—

a, which are given, respectively, by.(1/2a). We have the following relation between
the differentialsdt = P (x(t), y+ (1)) dr whereP(x, y) = 2(14-2x —2ax2+6xy). Then,

T
D(a) = / (14 w) div — wk) (y(t)) dt
0

B /TZ(((l + w) div — wk)

P ) (. y+ (D) dt

1

. /Tl( 1+ w)ﬁiv — wk)) (t.y_(0) dt
2

(L4 w)div — wk
2/11[((( w)P'V “’))(r,ym))

3 (((1+ w) div — wk)

7 ) (z, y—(f))} dr.
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For w = —3 and substituting by the parameterization, we get,

o [P Vatt—t)(12— 1)
D) = 8/11 (1 + 87 4 at?) dt

Sincet; > 0 andtp > 71 for any a € (0,1/4) and the integrana% is
also strictly positive and well defined for anye (t1,12) anda € (0, 1/4), we have
that D(a) > 0 for all a € (0, 1/4), which implies that the limit cycle in systeni®) is

hyperbolic (and unstable).
3.2. Hyperbolicity of the limit cycle given by the algebraic curve (13) for system (12)

In order to simplify our computations, we consider the following birational change
of the parameterg = 3c/(4 + 5¢), with inversec = 4a/(3 — 5a) and we have that
c€(0,1/2).

We consider the birational change of variablesy) — (u,v) given by (x, y) =
(X (u,v), Y(u,v)), where

X(u,v) = —%(c—2(1+c)u+cu2—2«/1—|—20v),
3 12(1 4 2c)? )
Y(u,v) = _c2(4~|—5c)(1+u)4 (c =21+ c)u + cu® — 2+/1+ 2cv).

The inverse of this change is given liy, v) = (U(x, y), V(x, y)) with

6(1+ 2c)x
~ (4+50)y
V14 2¢ 2 4 2
= ————|(1+2c)(54c 18¢(4+5
1% (4+5c)3y3[( + 2¢)(54c*x” + 18c(4 + 5¢)x“y
—6(4 + 5c)2xy2)i| + V1+ 2c.

The Jacobian of this change of variables is

oU oV dU oV 324¢2 (1 + 2¢)%/2 x*

ox 0y dy ox (44 5c)4y5

’

which can be seen to be well defined and different from zero in all the points of the
oval of the curve given in1(3).

We get a transformed system in which we reparameterize its timaltiplying by
c2(4+4 5¢)(1 + u)3/(12(1 + 2¢)). This reparameterization does not affect the direction
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of the flow on the limit cycle. The new system reads for:

= —2u(cu+4+9)(cu?—u+c)—2v1+2c (cu2 — (4+ 5¢)u + 2c¢)v,
b= —c® I+ 2c(u+1D%*wu—1)GBu+2) (20)
—(cu 4+ 4+ 9¢)(Bcu? — 2u + ¢)v + 2+/1+ 2¢ (4 + 5¢ — 3cu)v?

and the limit cycle is transformed to the real oval of the cw¥e-u(cu? —u+-c) = 0.
This algebraic curve is invariant for syste@0} with cofactork(u, v) = 41+ 2c (4+
5S¢ —3cu)v —2(cu+9c+4)(3cu? — 2u+c). The divergence of system (20) is div v) =
2T+ 2¢ (124 15¢ — 8cu)v — [11c?u®+ ¢(28+ 81c)u? 4 (5¢% — 54c — 24)u +3c(4+9¢)].

We consider the following parameterization of the oval of the algebraic cufve
u(cu? —u+c)=0:

u(ty =1, vxL(tr)= :l:\/cr(r —11) (12 — 1), (21)

wheret; = 1‘—V21€‘402, 79 = 1+_v21€—4c2 and the parameter e (t1, 72). We notice that for

¢ € (0,1/2), we have that O< 11 < 1 < 12. The endpoints of both parameterizations
are (11, 0) and (t2, 0), and the vector field at the poirit;, 0) is (0, ¢2v/1 + 2¢ (t; +
1)2(3t; + 2)(1 — 1;)), for i = 1, 2. Therefore, the flow on the limit cycle is clockwise.
We follow analogous arguments to the previous example to deduce that

P — /rz [<((1 + w);liv — wk)) @, v, ()
71

B (((1 + w);iiv — wk)) (. v(‘c)):| dr.

where P(u, v) is the polynomial which defineg = P(u, v). For w = —3 and substi-
tuting by the parameterization, we get

_ 2 Ver(t —11)(12 — 1)
Dle) = 8 1+2€/T1 D2+ (17c+ 7 + 41 80)

Since O< 11 < 1 < 13 for any ¢ € (0,1/2) and the integrand is strictly positive and
well defined for anyr € (r1,12) and ¢ € (0,1/2), we have thatD(c) > 0 for all

¢ € (0, 1/2), which implies that the limit cycle in systen2@) given by the real oval of

v2 +u(cu® —u+c) = 0 is hyperbolic (and unstable). Hence, using Lemma 9, we have
that the limit cycle given by the oval of the curve (13) in system (12) is hyperbolic
and unstable.

3.3. Hyperbolicity of the limit cycle given by the algebraic curve (15) for system (14)

We consider the following birational change of variables y) — (u, v) with
(x,y) = (X(u, v), Y(u, v)) where

(_2’ —2u)
v+ 14 u+ 2qu?’

(X(u,v),Y(u,v)) =
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The inverse of this change i&, v) = (U(x, y), V(x, y)) with

2
5 +2)
U(x,y)zf, Vix,y)=-2a2 — 22 _

1
X2

X

This change of variables is well defined in a neighborhood of the real oval of the curve
(15) and its Jacobian is

ou v oU oV 2

The algebraic curvels) is transformed tow? + 4au?(u — 1) — (u + 1) = 0. We
consider the transformed system in which we make a reparameterization of it$ time
which consists on multiplying by + 1 + u + 2au?. This reparameterization reverses
the direction of the flow on the transformed limit cycle and the new system is written
as

= (u+ 12— 4au’wu — 1) + (1 — 3u)v,

b = 2w+ 1B+ u + 2au — au®) + (1 + dau + u — 6au?)v — 5v°. (22)

The divergence of this system is @ivv) = 3(1 + u) + 12au — 18au? — 13v. The
algebraic curver®+4au®(u—1)—(u+1)? = 0 is invariant for system22) with cofactor
k(u, v) = 2(1+ u + 4au — 6au® — 5v). The real oval of this curve is a hyperbolic limit
cycle for system (22) if, and only if, the real oval of the curve (15) is a hyperbolic limit
cycle for system (14), by Lemma 9. We are going to compute the fundfian =

fg div(y(1)) dt, wherey is the real oval of the curve? + 4au?(u — 1) — (u + 1)2 = 0.

To do so, we parameterize this oval by

u(r) =1, vi (1) = £v/4at2(1 — 1) + (1 + 1),

wheret takes values between andts. The values; andt, are the two smallest roots
of the polynomialg(a, 1) := 4at(1— 1) + (t+ 1)2 in 7. We considem in the interval
between(17+/17 — 71)/32 and 0, which are the values of the parameter for which the
limit cycle exists. Since the coefficient of the highest order term(af ) is —4a which

is strictly negative,g(a, —(3+ +/17)/2) = 429+ 7/17) [a — A7/17 - 71)/32] >0

and g(a, —1) = 8a < 0, we deduce that; < —(3+ +/17)/2 < 72 < —1. We denote

by P(u, v) the polynomial which definegd = P(u, v) in system 22). We consider the
point with coordinates

3+ /17 | 71-17J17
(1o, vo) = (—+T*/_,2\/29+7«/1_7 a+Tf)
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and we have thav(z) — g(a,up) = 0 and P(ug, vo) = volvo + (114 3v/17)/2]. We
deduce thatP (ug, vo) > 0 and that the flow on the limit cycle is clockwise. Using
analogous arguments as in the previous examples we conclude that:

R+ w) div — wk)
D(C’)_/HK o )(r,vm))

(14 w) div— wk)
— < PGr.v) > (t, v(r))] dr.

For w = —3 and substituting by the parameterization, we get

D(a)zszz— v8(a, 1)
nT—=Dr@ar+2

We have thatr; < —(3++/17)/2 < 12 < —1 and thatt — 1 < 0 andt < 0 < —2/a

for any © € (11, 72) and for anya e ((17/17 — 71)/32,0). Hence, the integrand is
strictly positive and well defined for any € (t1, 70) anda € ((17¥/17 — 71)/32, 0).

We deduce thaD(a) > 0 for all a € ((17+/17 — 71)/32, 0), which implies that the

limit cycle in system 22) given by the real oval ob2 — g(a,u) = O is hyperbolic

(and unstable). Thus, using Lemma 9 and the sign in the change of time, we have that
the limit cycle given by the oval of the curve (15) in system (14) is hyperbolic and
stable. [
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Appendix A

The aim of this appendix is to present some relations among elliptic integrals which
the authors obtained by using the identity given by Theorem 2 for systems (12) and
(16).

Before the presented proof of Theorem 10, the authors got its proof for systems
(12) and (16) by computing the corresponding integrals which give place to elliptic
integrals. The identity given in Theorem 2 was used to encounter a Fuchs equation for
the functionD(a). After some thorough analysis of this Fuchs equation, we deduce
the non-vanishing of the functio®(a) for any value of the parameter in which the
limit cycle exists. We are not going to give this proof, but we think that the relations
among elliptic integrals obtained by the former reasoning are interesting by themselves.
Hence, we give the identities obtained which, as far as we know, do not appear in any



384 H. Giacomini, M. Grau / J. Differential Equations 213 (2005) 368-388

book of tables of integrals and relations between classical functions. On the other hand,
we also give the obtention of the Fuchs equation for the funcidgm) in the case of
system 16).

A.1l. Identities among elliptic integrals

The functions involved in this subsection are the complete elliptic integrals of first,
second and third kinds, denoted bydg, E(w) and I1(k, w), respectively. We recall
the definition of these functions

K(w) = f“/Z do _/1 di
Jo Vicosir@® JoJA-DA-w?d)
m/2 1V1= w2
E(w) = V1- 'n20d9=/ —dt,
(@) /o @ SIm (o) 0+/(1—12 :

n/2
I(k, w) = / 40

0 (1—ksint(0)v1— wsirt(®)

_ /1 dt
Jod— kA -1 - wr?)

and their derivatives

oy 1 _1
KI(@) = 5= s E(@) = 5K (),

1 1
E'(w) = %0 E(w) — EK((D)’

ok, w) 1
ok T 2k(k—1) K@) + 2(k — D(w —x) E(@)
K2 —w
+2K(K —D(w—x) MG, ),
oIl(k, w)

1
ow T2k —w)(w—1) E(w) + m II(x, w).
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We use the following parameterization of the oval of the algebraic cutve {o
explicitly compute the integrals for system (16). We parameterize the oval by

—1+2{/(—a)t(t — 1) (1t — 12)
27 ’

x()=1, y+(1)= (23)

wheret; = @, Ty = @ and the parameter € (11, 72). The positive sign
v+(7) gives a half of the oval and the negative sign(z) the other half. The explicit
computation of the integrals for systerh6) gives that identity (4) stated in Theorem
2 reads for

—9K(mo) + c4 Il(wy, wg) + c— IM(w—, wp) = 0, (24)

which is valid fora € (0, 1/4), where

ik 2V1—7a

O 1t VI—4a T 9+ JI-dat2J/ib-a
9- JI—da

cx =+ VI6-a

The derivative of the expression i84) with respect t@ gives place to the same identity
(24). In fact, when computing the derivative with respectatof the expression given
in (24), using the described formulas of derivation for these elliptic integrals, we get
—1/(1—4a + +/1 — 4a) times the same expression (24). This simple factor is different
from zero whera € (0, 1/4).

In the same way, we can explicitly compute the integrals involved in the identity (4)
stated in Theorem 2 for system (12), via using the parameterization of the oval of (13)
given by

xi(7) = 22(3'1123)3 (c — 21— 2cT + ct? £ 2V 1+ 2¢y/1(—c + T — ¢72)),
2 5)
B —12(1 + 2¢) o 5 — —
yi(1) = c2(4+5c)(1+r)4(c 21— 2ct + ¢t £ 241+ 2¢/ (= + T — ¢77)),

wheret € (11, 1) with 71 = 1=¥1=4 Vzlc“"z and 1, = 114 V21C‘4€2. It is clear that O< 11 <
1 < 15 for ¢ € (0,1/2). We defineg(c, 1) = —1t(c — 7 + ¢1?) = c1(t1 — 11)(12 — 1),
which is strictly positive for allz € (t1, t2). The explicit computation of the integrals

involved in the identity 4) gives

5K(gp) + C4 TI(c4, o) + C_TI(c_,co) =0, (26)
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which is valid forc € (0, 1/2), where

2V1—4c2 21— 4c?
=, = :
1+VI—42 5 94 17c+VI— 42+ /641 + 202 + &2

—2(24+ 47¢) £ 3641+ 2¢)2 + ¢2

+ = .
9+ 17c + V1 — 42 + \/64(1 + 2¢)? + 2

The derivative of expressior2§) with respect toc gives place to the same identity
(26).

The authors have not been able to give an analogous identity related to system (14)
due to the fact that the corresponding integrals require much more computations to be
identified with the elliptic integrals.

A.2. Fuchs equation foD(a) in system (16)

In this part of the appendix we develop the way we obtained a Fuchs equation for
the functionD(a) in system (16), via using relation (24). We think that the fact of
obtaining a Fuchs equation satisfied by this function is interesting to further understand
the stability of algebraic limit cycles for polynomial systems. We obtained a similar
Fuchs equation for system (12), but we do not state it because the equation itself does
not give any further information about the properties of system (12) and the way it
was obtained is completely analogous to the way Eq. (27) for system (16) is obtained.

Let us consider system (16) and we parameterize the oval which contains the limit
cycle by (23). Taking the notation described in the previous subsection:

ik 2V1—7a

O 1y VI—4a T 9+ JI-dat2J/Ib6-a
9- J/I—da

o= 6 a

and

p=+v1++1—4a, by =24+V16—a)cs,

we explicitly compute the value dP(a)

D(a)

T
/ div(y(r)) dt
0

7
= Wgﬁ [—34«/16 —aK(wo) + by T, wo) — b Tl(e_, wo)] .
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We compute the successive derivativesTti)

D'(a) = 4—\/_|:\/16 2K (wg) + HV16=a M E(wo)

(16— a)3/?

—cy (w4, wo) + c— (w-—, wo)},

B 6+/2 (100° + 3302 — 6416 —a
D" (a) = K(wo)
(16— a)5/2 3a(1— 4a)
(73a? — 420 + 128)4*/16 — a
E
6a2(1— 4a) (wo)
+ct (w4, wo) — c- (-, wo)},
-2 (18* + 13473 — 968512 + 25664 — 4096,/16 —
D"(a) = =5 5 5 K(wo)
w16 —a)’/ as(1—4a)

N (1812:* — 2025%° + 1021642 — 60544 + 8192 4%\/16—a

2a3(1— 4a)? E@o)

— 15¢; (w4, wg) + 15c_Tl(w_, a)o)i|.

By elimination of independent functions and using ident?¢)(we obtain the following
third-order homogeneous differential equation of Fuchs typelfar):

8(a — 16)a(4a — 1)(17a + 8) D" (a) + 4(612:° — 411%% — 260
+512 D" (a) + 6(a — 2)(28% + 528 D'(a) + 3(17a + 64) D(a) = 0. (27)

An easy computation shows th@(1/4) = 0, D'(1/4) = —8/21/9 and D" (1/4) =
98y/21/27. Hence, Eq.27) univocally determines the functioR(a) defined ina e
(0, 1/4]. A thorough analysis of the properties 6f(a) gives thatD(a) > O for a €
0, 1/4).

We remark that using identity (24) we get a Fuchs equation of order Dfta. If
we did not have this relation, we would get an equation of order 4, which would make
the analysis of properties much more difficult. We notice that this Fuchs equation is an
interesting alternative method to prove the hyperbolicity of the limit cycle in system
(16). This kind of equation may exist for all algebraic limit cycle of a planar polynomial
system and may let distinguish its hyperbolic character.



388 H. Giacomini, M. Grau / J. Differential Equations 213 (2005) 368-388

References

[2] A.A. Andronov, E.A. Leontovich, I.I. Gordon, A.G. Me¥, Theory of bifurcations of dynamic systems
on a plane, Halsted Press (A division of John Wiley & Sons), New York, Toronto, Ont.; Israel
Program for Scientific Translations, Jerusalem, London, 1973 (translated from the Russian).

[5] J. Chavarriga, A new example of quartic algebraic limit cycle for a quadratic system, preprint,
Universitat de Lleida, 1998.

[8] J. Chavarriga, J. Llibre, J. Moulin-Ollagnier, On a result of Darboux, LMS J. Comput. Math. 4
(2001) 197-210 (electronic).

[9] J. Chavarriga, J. Llibre, J. Sorolla, Algebraic limit cycles of degree 4 for quadratic systems, J.
Differential Equations 200 (2004) 206-244.

[10] Yuan-shiin Ch'in, On algebraic limit cycles of degree 2 of the differential equatﬁn:

Zosi+j=2%i% Y o Sinica 7 (1958) 934-945, Acta Math. Sinica 8 (1958) 23-35.
20<i+j<2bijx'y!

[11] C. Christopher, J. Llibre, GSwirszcz, Invariant algebraic curves of large degree for quadratic systems,
J. Math. Anal. Appl. 303 (2005) 450-461.

[12] R.M. Evdokimenco, Construction of algebraic paths and the qualitative investigation in the large of
the properties of integral curves of a system of differential equations, Differential Equations 6 (1970)
1349-1358.

[13] R.M. Evdokimenco, Behavior of integral curves of a dynamic system, Differential Equations 9 (1974)
1095-1103.

[14] R.M. Evdokimenco, Investigation in the large of a dynamic system with a given integral curve,
Differential Equations 15 (1979) 215-221.

[15] V.F. Filiptsov, Algebraic limit cycles, Differential Equations 9 (1973) 983-988.

[16] L. Perko, Differential Equations and Dynamical Systems, third ed., Texts in Applied Mathematics,
vol. 7, Springer, New York, 2001.

[17] A.l. Yablonskii, On limit cycles of certain differential equations, Differential Equations 2 (1966) 164
—168.

[18] Ye Yan Qian, Cai Sui Lin, Chen Lan Sun, Huang Ke Cheng, Luo Ding Jun, Ma Zhi En, Wang
Er Nian, Wang Ming Shu, Yang Xin An, Theory of Limit Cycles, second ed., Translations of
Mathematical Monographs, vol. 66, American Mathematical Society, Providence, RI, 1986 (translated
from the Chinese by Chi Y. Lo).



