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This paper is concerned with the Cauchy problem of a model
equation for shallow water waves of moderate amplitude, which
was proposed by A. Constantin and D. Lannes [The hydrodynamical
relevance of the Camassa–Holmand Degasperis–Procesi equations,
Arch. Ration. Mech. Anal. 192 (2009) 165–186]. First, the local
well-posedness of the model equation is obtained in Besov spaces
Bs

p,r , p, r ∈ [1,∞], s > max{ 3
2 ,1+ 1

p } (which generalize the Sobolev
spaces Hs) by using Littlewood–Paley decomposition and transport
equation theory. Second, the local well-posedness in critical case
(with s = 3

2 , p = 2, r = 1) is considered. Moreover, with analytic
initial data, we show that its solutions are analytic in both
variables, globally in space and locally in time. Finally, persistence
properties on strong solutions are also investigated.
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1. Introduction

In this paper, we consider the following Cauchy problem for a model equation for shallow water
waves of moderate amplitude [19]

⎧⎪⎪⎨⎪⎪⎩
ηt + ηx + 3

2
εηηx − 3

8
ε2η2ηx + 3

16
ε3η3ηx + μ(αηxxx + βηxxt)

= εμ(γ ηηxxx + δηxηxx), t > 0, x ∈R,

η(0, x) = η0(x), x ∈R.

(1.1)
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Here α, γ , δ and β < 0 are parameters, μ is shallowness parameter and ε is amplitude parameter.
In terms of the two fundamental parameters μ and ε, the shallow water regime of waves of small
amplitude (proper to KdV) is characterized by μ � 1 and ε = O (μ), while the regime of shallow
water waves of moderate amplitude (proper to CH) corresponds to μ � 1 and ε = O (

√
μ), see [19,1].

Since quantities of order ε = O (
√

μ) are also of order ε = O (μ) for μ � 1, the regime of moderate
amplitude captures a wider range of wave profiles. In particular, within this regime one expects to
obtain equations that model surface water wave profiles that develop singularities in finite time in
the form of breaking waves. Recently, Constantin and Lannes [19] proposed the model equation for
the evolution of the surface elevation (1.1). The local well-posedness of (1.1) for any initial data η0 ∈
Hs+1(R) with s > 3

2 was proved in [19]. In [26], author proved the local well-posedness of Eq. (1.1)
for initial data in H s(R) with s > 3

2 by using Kato’s semigroup approach for quasi-linear equations.
Note that, unlike KdV or CH, Eq. (1.1) does not have a bi-Hamiltonian integrable structure (see [10]).
Nevertheless, the equation possesses solitary wave profiles that resemble those of CH, analyzed in
[14], and present similarities with the shape of the solitary waves for the governing equations for
water waves discussed in [21,15], as proved in [32].

For α = 1
12 , β = − 1

12 , γ = − 7
24 and σ = − 7

12 , Eq. (1.1) becomes the following equation

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ηt + ηx + 3

2
εηηx − 3

8
ε2η2ηx + 3

16
ε3η3ηx + μ

12
(ηxxx − ηxxt)

= − 7

24
εμ(ηηxxx + 2ηxηxx), t > 0, x ∈R,

η(0, x) = η0(x), x ∈R.

(1.2)

In [19], it is proved that if the maximal existence time of (1.2) is finite blow-up occurs in the form of
wave breaking. Orbital stability and existence of solitary waves for Eq. (1.2) was recently obtained in
[32,27].

One of the closest relatives of Eq. (1.1) is the Camassa–Holm equation{
ut − utxx + 3uux = 2uxuxx + uuxxx, t > 0, x ∈R,

u(x,0) = u0(x), x ∈ R,
(1.3)

modelling the unidirectional propagation of shallow water waves over a flat bottom, u(t, x) stands for
the fluid velocity at time t in the spatial direction x. It is a well-known integrable equation describ-
ing the velocity dynamics of shallow water waves. This equation spontaneously exhibits emergence
of singular solutions from smooth initial conditions. It has a bi-Hamilton structure [28] and is com-
pletely integrable [5,8]. In particular, it possesses an infinity of conservation laws and is solvable by
its corresponding inverse scattering transform. After the birth of the Camassa–Holm equation, many
works have been carried out to probe its dynamic properties. Such as, Eq. (1.2) has travelling wave
solutions of the form ce−|x−ct| , called peakons, which describes an essential feature of the travelling
waves of largest amplitude (see [9,14,22,16]). It is shown in [20,12,17] that the inverse spectral or
scattering approach is a powerful tool to handle the Camassa–Holm equation and analyze its dynam-
ics. It is worthwhile to mention that Eq. (1.2) gives rise to geodesic flow of a certain invariant metric
on the Bott–Virasoro group [18,55], and this geometric illustration leads to a proof that the Least
Action Principle holds. It is shown in [13] that the blow-up occurs in the form of breaking waves,
namely, the solution remains bounded but its slope becomes unbounded in finite time. Moreover,
the Camassa–Holm equation has global conservative solutions [3,47] and dissipative solutions [4,48].
For other methods to handle the problems relating to various dynamic properties of the Camassa–
Holm equation and other shallow water equations, the reader is referred to [2,21,7,39–45,36,37,29–31,
51–54,57,33–35] and the references therein.

Motivated by the references cited above, the goal of the present paper is to establish the local
well-posedness for the strong solutions to the Cauchy problem (1.1) in Besov spaces. The proof of the
local well-posedness is motivated by that in Danchin’s celebrated paper [23–25] in the study of the
local well-posedness to the Camassa–Holm equation. However, one problematics issue is that we here
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deal with the equation with a higher order nonlinearity in the Besov spaces, making the proof of
several required nonlinear estimates somewhat delicate. These difficulties are nevertheless overcome
by carefully estimates for each iterative approximation of solutions to (1.1). Moreover, we also prove
the analyticity of its solutions in both variables, with x in R and t in an interval around zero, provided
that the initial profile u0 is an analytic function on the real line. Hence, this analytic result can be
viewed as a Cauchy–Kowalevski theorem for (1.1). Analyticity is inherent to travelling water waves
(see [16]). Finally, persistence properties on strong solutions are also investigated.

Our main results could be stated as follows, where the definition of Besov spaces Bs
p,r , Es

p,r(T ) and
Es0 will be given in Sections 2 and 4.

Theorem 1.1. Let p, r ∈ [1,∞] and s > max{ 3
2 ,1 + 1

p }. Assume that u0 ∈ Bs
p,r . There exist a time T > 0 and a

unique solution u ∈ Es
p,r(T ) to the Cauchy problem (2.1) such that the map u0 �→ u : Bs

p,r �→ C([0, T ]; Bs′
p,r)∩

C1([0, T ]; Bs′−1
p,r ) is continuous for every s′ < s when r = ∞ and s′ = s whereas r < ∞.

Theorem 1.2. Let u0 be in B
3
2
2,1 . There exists a time T > 0 such that Eq. (2.1) has a unique solution u ∈

C([0, T ]; B
3
2
2,1) ∩ C1([0, T ]; B

1
2
2,1). Moreover, the solution depends continuously on the initial data, i.e., the

mapping Φ : u0 �→ u is continuous from a neighborhood of u0 in B
3
2
2,1 into C([0, T ]; B

3
2
2,1) ∩ C1([0, T ]; B

1
2
2,1).

Remark 1.1. Note that for every s ∈ R, Bs
2,2 = Hs . Theorem 1.1 holds true in Sobolev spaces Hs with

s > 3
2 , which covers the corresponding result in [19,26] proved by using Kato’s semigroup theory.

Remark 1.2. In particular, we have obtained the local well-posedness of Eq. (2.1) in the case B
3
2
2,1.

However, this is not true in the case B
3
2
2,∞ in view of the proof of Proposition 4 in [25]. Noting that

B
3
2
2,1 ↪→ H

3
2 ↪→ B

3
2
2,∞ , one can see that s = 3

2 is the critical index.

The study of analytic regularity of solutions of the Camassa–Holm equation by A. Himonas and
G. Misiolek [44] using an abstract Cauchy–Kowalevski theorem led us to investigate the analytic reg-
ularity of the Cauchy problem (2.1) and prove the following theorem.

Theorem 1.3. If the initial data u0 is real analytic on the line R and belongs in a space Es0 , for some 0 < s0 � 1,
then there exist an ε > 0 and a unique solution u to the Cauchy problem (2.1) that is analytic on (−ε, ε) ×R.

Remark 1.3. We would like to note that the analyticity properties of the solutions to Eq. (2.1) and
Camassa–Holm equations are quite different from those of the Korteweg–de Vries equation whose
solutions are analytic in the space variable for all time [56] but are not analytic in the time vari-
able [50].

Theorem 1.4. Assume that u0(x) ∈ Hs with s > 3
2 satisfies that for some θ ∈ (0,1)

∣∣u0(x)
∣∣, ∣∣u0x(x)

∣∣ ∼ O
(
e−θx) as x ↑ ∞.

Then the corresponding strong solution u(x) ∈ C([0, T ]; H s) to (2.1) satisfies that

∣∣u(x)
∣∣, ∣∣ux(x)

∣∣ ∼ O
(
e−θx) as x ↑ ∞,

uniformly in the time interval [0, T ].
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Remark 1.4. In fact, Theorem 1.4 tells us the strong solution u(x, t) corresponding to initial data with
fast decay at infinity will behave asymptotically in the x-variable at infinity in its lifespan.

The rest of this paper is organized as follows. In Section 2, we prove the local well-posedness of
the Cauchy problem (1.1) in the Besov spaces Bs

p,r , p, r ∈ [1,∞], s > max{ 3
2 ,1 + 1

p }. In Section 3, the

local well-posedness in critical case (with s = 3
2 , p = 2, r = 1) is considered. Section 4 is devoted to

the study of the analyticity of the Cauchy problem (1.1) based on a contraction type argument in a
suitably chosen scale of the Banach spaces. Finally, persistence properties on strong solutions are also
investigated.

2. Local well-posedness in Bs
p,r , p, r ∈ [1,∞], s > max{ 3

2 ,1 + 1
p }

In this section, we shall establish local well-posedness for the Cauchy problem (1.1) in the Besov
spaces.

We prove here the well-posedness of the general class of equations

⎧⎪⎪⎨⎪⎪⎩
ut + ux + 3

2
εuux + ιε2u2ux + κε3u3ux + μ(αuxxx + βuxxt)

= εμ(γ uuxxx + δuxηxx), t > 0, x ∈R,

u(0, x) = u0(x), x ∈R,

with ι, κ ∈ R, in particular, above equation coincides with (1.1) if one takes ι = − 3
8 , κ = 3

16 .
Since β < 0 and μ is so small, we also assume that |μβ| < 1. Using the Green function G(x) �

1
2
√|μβ| e

−| x√|μβ| | , we have (1 + μβ∂2
x )−1 f = G ∗ f for all the f ∈ L2, and G ∗ (u + μβuxx) = u, where

we denote by ∗ the convolution. Then we can rewrite the above Cauchy problem as follows

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ut +

(
α

β
− εγ

β
u

)
ux = P (D)

[(
1 − α

β

)
u +

(
3ε − 2

4
− 1

2μβ

)
u2

+ ε2ι

3
u3 + ε3κ

4
u4 + 3εμγ − εμδ − μβ

2
u2

x

]
, x > t, x ∈R,

u(x,0) = u0(x), x ∈R,

(2.1)

with the operator P (D) � −∂x(1 + μβ∂2
x )−1.

For the convenience of the readers, we recall some facts on the Littlewood–Paley decomposition
and some useful lemmas.

Notation. S stands for the Schwartz space of smooth functions over R
d whose derivatives of all order

decay at infinity. The set S ′ of temperate distributions is the dual set of S for the usual pairing. We
denote the norm of the Lebesgue space Lp(R) by ‖ ·‖Lp with 1 � p � ∞, and the norm in the Sobolev
space Hs(R) with s ∈ R by ‖ · ‖Hs .

Proposition 2.1 (Littlewood–Paley decomposition). (See [6].) Let B .= {ξ ∈ R
d, |ξ | � 4

3 } and C .= {ξ ∈ R
d,

4
3 � |ξ | � 8

3 }. There exist two radial functions χ ∈ C∞
c (B) and ϕ ∈ C∞

c (C) such that

χ(ξ) +
∑
q�0

ϕ
(
2−qξ

) = 1, ∀ξ ∈R
d,

∣∣q − q′∣∣ � 2 ⇒ Suppϕ
(
2−q·) ∩ Suppϕ

(
2−q′ ·) = ∅,
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q � 1 ⇒ Suppχ(·) ∩ Suppϕ
(
2−q′ ·) = ∅,

1

3
� χ(ξ)2 +

∑
q�0

ϕ
(
2−qξ

)2 � 1, ∀ξ ∈R
d.

Furthermore, let h
.= F−1ϕ and h̃

.= F−1χ . Then for all f ∈ S ′(Rd), the dyadic operators �q and Sq can
be defined as follows

�q f
.= ϕ

(
2−q D

)
f = 2qd

∫
Rd

h
(
2q y

)
f (x − y)dy for q � 0,

Sq f
.= χ

(
2−q D

)
f =

∑
−1�k�q−1

�k = 2qd
∫
Rd

h̃
(
2q y

)
f (x − y)dy,

�−1 f
.= S0 f and �q f

.= 0 for q � −2.

Hence,

f =
∑
q�0

�q f in S ′(
R

d),
where the right-hand side is called the nonhomogeneous Littlewood–Paley decomposition of f .

Lemma 2.1 (Bernstein’s inequality). (See [24].) Let B be a ball with center 0 in R
d and C a ring with center

0 in R
d. A constant C exists so that, for any positive real number λ, any nonnegative integer k, any smooth

homogeneous function σ of degree m and any couple of real numbers (a,b) with b � a � 1, there hold

Supp û ⊂ λB ⇒ sup
|α|=k

∥∥∂αu
∥∥

La � Ck+1λk+d( 1
a − 1

b )‖u‖La ,

Supp û ⊂ λC ⇒ C−k−1λk‖u‖La � sup
|α|=k

∥∥∂αu
∥∥

La � Ck+1λk‖u‖La ,

Supp û ⊂ λC ⇒ ∥∥σ(D)u
∥∥

Lb � Cσ ,mλm+d( 1
a − 1

b )‖u‖La ,

for any function u ∈ La.

Definition 2.1 (Besov space). Let s ∈ R,1 � p, r � ∞. The inhomogeneous Besov space Bs
p,r(R

d) (Bs
p,r

for short) is defined by

Bs
p,r

.= {
f ∈ S ′(

R
d); ‖ f ‖Bs

p,r
< ∞}

,

where

‖ f ‖Bs
p,r

.=
{

(
∑

q∈Z 2qsr‖�q f ‖r
Lp

)
1
r , for r < ∞,

supq∈Z 2qs‖�q f ‖L p , for r = ∞.

If s = ∞, B∞
p,r

.= ⋂
s∈R Bs

p,r .
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Proposition 2.2. (See [24].) Suppose that s ∈ R, 1 � p, r, pi, ri � ∞ (i = 1,2). We have

(1) Topological properties: Bs
p,r is a Banach space which is continuously embedded in S ′ .

(2) Density: C∞
c is dense in Bs

p,r ⇔ 1 � p, r � ∞.

(3) Embedding: Bs
p1,r1

↪→ B
s−n( 1

p1
)− 1

p2
p2,r2 , if p1 � p2 and r1 � r2 .

Bs2
p,r2 ↪→ Bs1

p,r1 locally compact, if s1 < s2 .

(4) Algebraic properties: ∀s > 0, Bs
p,r ∩ L∞ is an algebra. Moreover, Bs

p,r is an algebra, provided that s > n
p

or s � n
p and r = 1.

(5) Complex interpolation:

‖u‖
B

θ s1+(1−θ)s2
p,r

� C‖u‖θ

B
s1
p,r

‖u‖1−θ

B
s2
p,r

, ∀u ∈ Bs1
p,r ∩ Bs2

p,r, ∀θ ∈ [0,1].

(6) Fatou lemma: If (un)n∈N is bounded in Bs
p,r and un → u in S ′ , then u ∈ Bs

p,r and

‖u‖Bs
p,r

� lim inf
n→∞ ‖un‖Bs

p,r
.

(7) Let m ∈ R and f be an Sm-multiplier (i.e., f : Rd → R is smooth and satisfies that ∀α ∈ N
d, there exists a

constant Cα , s.t. |∂α f (ξ)| � Cα(1 + |ξ |m−|α|) for all ξ ∈R
d). Then the operator f (D) is continuous from

Bs
p,r to Bs−m

p,r .

(8) The paraproduct is continuous from B
− 1

P
P ,1 × (B

1
p
p,∞ ∩ L∞) to B

− 1
P

P ,∞ , i.e.,

‖ f g‖
B

− 1
p

p,∞
� C‖ f ‖

B
− 1

p
p,1

∩ ‖g‖
B

1
p
p,∞∩L∞

.

(9) A logarithmic interpolation inequality

‖ f ‖
B

1
p
p,1

� C‖ f ‖
B

1
p
p,∞

ln

(
e +

‖ f ‖
B

1+ 1
p

p,∞
‖ f ‖

B
1
p
p,∞

)
.

Now we state some useful results in the transport equation theory, which are crucial to the proofs
of our main theorems later.

Lemma 2.2. (See [23,24].) Suppose that (p, r) ∈ [1,+∞]2 and s > − d
p . Let v be a vector field such that ∇v

belongs to L1([0, T ]; Bs−1
p,r ) if s > 1 + d

p or to L1([0, T ]; B
d
p
p,r ∩ L∞) otherwise. Suppose also that f0 ∈ Bs

p,r ,

F ∈ L1([0, T ]; Bs
p,r) and that f ∈ L∞(L1([0, T ]; Bs

p,r) ∩ C([0, T ];S ′) solves the d-dimensional linear trans-
port equations {

∂t f + v · ∇ f = F ,

f |t=0 = f0.
(T)

Then there exists a constant C depending only on s, p and d such that the following statements hold:
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(1) If r = 1 or s �= 1 + d
p , then

‖ f ‖Bs
p,r

� ‖ f0‖Bs
p,r

+
t∫

0

∥∥F (τ )
∥∥

Bs
p,r

dτ + C

t∫
0

V ′(τ )
∥∥ f (τ )

∥∥
Bs

p,r
dτ ,

or

‖ f ‖Bs
p,r

� eC V (t)C

(
‖ f0‖Bs

p,r
+

t∫
0

e−C V (τ )
∥∥F (τ )

∥∥
Bs

p,r
dτ

)
(2.2)

holds, where V (t) = ∫ t
0 ‖∇v(τ )‖

B
d
p
p,r∩L∞

dτ if s < 1 + d
p and V (t) = ∫ t

0 ‖∇v(τ )‖Bs−1
p,r

dτ else.

(2) If s � 1 + d
p and ∇ f0 ∈ L∞,∇ f ∈ L∞([0, T ] ×R

d) and ∇ F ∈ L1([0, T ]; L∞), then

‖ f ‖Bs
p,r

+ ‖∇ f ‖L∞ � eC V (t)

(
‖ f0‖Bs

p,r
+ ‖∇ f0‖L∞ +

t∫
0

e−C V (τ )
∥∥F (τ )

∥∥
Bs

p,r
+ ∥∥∇ F (τ )

∥∥
L∞ dτ

)

with V (t) = ∫ t
0 ‖∇v(τ )‖

B
d
p
p,r∩L∞

dτ .

(3) If f = v, then for all s > 0, the estimate (2.2) holds with V (t) = ∫ t
0 ‖∇v(τ )‖Bs−1

p,r
dτ .

(4) If r < +∞, then f ∈ C([0, T ]; Bs
p,r). If r = +∞, then f ∈ C([0, T ]; Bs′

p,r) for all s′ < s.

Lemma 2.3 (Existence and uniqueness). (See [23,24].) Let (p, p1, r) ∈ [1,+∞]3 and s > −d min{ 1
p1

, 1
p′ } with

p′ .= (1 − 1
p )−1 . Assume that f0 ∈ Bs

p,r, F ∈ L1([0, T ]; Bs
p,r). Let v be a time dependent vector field such that

v ∈ Lρ([0, T ]; B−M∞,∞) for some ρ > 1, M > 0 and ∇v ∈ L1([0, T ]; B
d
p
p,r ∩ L∞) if s < 1 + d

p1
and ∇v ∈

L1([0, T ]; Bs−1
p1,r) if s > 1 + d

p or s = 1 + d
p1

and r = 1. Then the transport equations (T) have a unique solution

f ∈ L∞([0, T ]; Bs
p,r) ∩ (

⋂
s′<s C[0, T ]; Bs′

p,1) and the inequalities in Lemma 2.2 hold true. Moreover, r < ∞,
then we have f ∈ C([0, T ]; Bs

p,1).

Lemma 2.4 (1-D Morse-type estimates). (See [23,24].) Assume that 1 � p, r � +∞, the following estimates
hold:

(i) For s > 0,

‖ f g‖Bs
p,r

� C
(‖ f ‖Bs

p,r
‖g‖L∞ + ‖g‖Bs

p,r
‖ f ‖L∞

);
(ii) ∀s1 � 1

p < s2 (s2 � 1
p if r = 1) and s1 + s2 > 0, we have

‖ f g‖B
s1
p,r

� C‖ f ‖B
s1
p,r

‖g‖B
s2
p,r

;

(iii) In Sobolev spaces H s = Bs
2,2 , we have for s > 0,

‖ f ∂x g‖Hs � C
(‖ f ‖Hs+1‖g‖L∞ + ‖∂x g‖Hs ‖ f ‖L∞

)
,

where C is a positive constant independent of f and g.
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Definition 2.2. For T > 0, s ∈ R and 1 � p � +∞, we set

Es
p,r(T ) � C

([0, T ]; Bs
p,r

) ∩ C1([0, T ]; Bs−1
p,r

)
if r � +∞,

Es
p,∞(T ) � L∞([0, T ]; Bs

p,∞
) ∩ lip1([0, T ]; Bs−1

p,∞
)

and Es
p,r �

⋂
T >0

Es
p,r(T ).

In the following, we denote C > 0 a generic constant only depending on p, r, s. Uniqueness and
continuity with respect to the initial data are an immediate consequence of the following result.

Proposition 2.3. Assume that p, r ∈ [1,∞] and s > max{ 3
2 ,1 + 1

p }. Let u, v ∈ L∞([0, T ); Bs
p,r) ∩

C([0, T ); S ′) be two given solutions to Eq. (2.1) with the initial data u0, v0 ∈ Bs
p,r . Then for every t ∈ [0, T ],

we have

(1) if s > max{ 3
2 ,1 + 1

p } but s �= 2 + 1
p , then

∥∥u(t) − v(t)
∥∥

Bs−1
p,r

� ‖u0 − v0‖Bs−1
p,r

exp

(
C

t∫
0

4∑
i=1

(‖u‖i
Bs

p,r
+ ‖v‖i

Bs
p,r

)
dτ

)
; (2.3)

(2) if s = 2 + 1
p and θ ∈ [0,1] then

∥∥u(t) − v(t)
∥∥

Bs−1
p,r

� C‖u0 − v0‖θ

Bs−1
p,r

exp

(
θC

t∫
0

4∑
i=1

(‖u‖i
Bs

p,r
+ ‖v‖i

Bs
p,r

)
dτ

)

× (∥∥u(t)
∥∥

Bs
p,r

+ ∥∥v(t)
∥∥

Bs
p,r

)1−θ
.

Proof. For s �= 2 + 1
p , let w = v − u. It is obvious that w solves the transport equation

⎧⎨⎩ wt +
(

α

β
− εγ

β
u

)
wx = εγ

β
vx w + f , t > 0, x ∈R,

w(x,0) = w0(x) = u0 − v0, x ∈ R,

(2.4)

where

f = P (D)

[(
1 − α

β

)
w +

(
3ε − 2

4
− 1

2μβ

)
(u + v)w + ε2ι

3

(
u2 + uv + v2)w

+ ε3κ

4

(
u3 + u2 v + uv2 + v3)w + 3εμγ − εμδ − μβ

2
(ux + vx)wx

]
.

In view of Lemma 2.2, it follows that
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e
−C

∫ t
0 ‖∂x[− εγ

β
u](τ ′)‖

Bs−2
p,r

dτ ′∥∥w(t)
∥∥

Bs−1
p,r

� ‖w0‖Bs−1
p,r

+ C

t∫
0

e
−C

∫ τ
0 ‖∂x[− εγ

β
u](τ ′)‖

Bs−2
p,r

dτ ′(∥∥∥∥εγ

β
vx w

∥∥∥∥
Bs−1

p,r

+ ‖ f ‖Bs−1
p,r

)
dτ . (2.5)

Due to s > max{ 3
2 ,1 + 1

p }, by virtue of Proposition 2.2, Bs−1
p,r ⊂ L∞ is an algebra. Thus we obtain

∥∥∥∥εγ

β
vx w

∥∥∥∥
Bs−1

p,r

� C‖vx‖Bs−1
p,r

‖w‖Bs−1
p,r

� C‖v‖Bs
p,r

‖w‖Bs−1
p,r

,

∥∥∥∥∂x

(
α

β
− εγ

β
u(n)

)(
τ ′)∥∥∥∥

Bs−2
p,r

� C‖∂x
(
u(n)

)(
τ ′)‖Bs−2

p,r
. (2.6)

Since P (D) is S−1-multipliers, if max{ 3
2 ,1 + 1

p } < s < 2 + 1
p , applying Proposition 2.2 and Lemma 2.4,

we have

‖ f ‖Bs−1
p,r

� C

∥∥∥∥(
1 − α

β

)
w +

(
3ε − 2

4
− 1

2μβ

)
(u + v)w + ε2ι

3

(
u2 + uv + v2)w

+ ε3κ

4

(
u3 + u2 v + uv2 + v3)w + 3εμγ − εμδ − μβ

2
(ux + vx)wx

∥∥∥∥
Bs−2

p,r

� C‖w‖Bs−2
p,r

+ ∥∥(u + v)w
∥∥

Bs−2
p,r

+ ∥∥(
u2 + uv + v2)w

∥∥
Bs−2

p,r

+ ∥∥(
u3 + u2 v + uv2 + v3)w

∥∥
Bs−2

p,r
+ ∥∥(ux + vx)wx

∥∥
Bs−2

p,r

� C
4∑

i=1

(‖u‖i
Bs

p,r
+ ‖v‖i

Bs
p,r

)‖w‖Bs−1
p,r

.

If s > 2 + 1
p , we know that Bs−2

p,r is an algebra. Thus, we also have

‖ f ‖Bs−1
p,r

� C
4∑

i=1

(‖u‖i
Bs

p,r
+ ‖v‖i

Bs
p,r

)‖w‖Bs−1
p,r

.

Therefore, inserting the above estimates to (2.6) we obtain

e
−C

∫ t
0 ‖∂xu(τ ′)‖

Bs−2
p,r

dτ ′∥∥w(t)
∥∥

Bs−1
p,r

� ‖w0‖Bs−1
p,r

+ C

t∫
0

e
−C

∫ τ
0 ‖∂xu(τ ′)‖

Bs−2
p,r

dτ ′ 4∑
i=1

(‖u‖i
Bs

p,r
+ ‖v‖i

Bs
p,r

)‖w‖Bs−1
p,r

dτ .

Hence, applying the Gronwall’s inequality, we reach (2.3).
For the critical case s = 2 + 1

p , we here use the interpolation method to deal with it. Indeed,

if we choose s1 ∈ (max(1 + 1
p , 3

2 ) − 1, s − 1), s2 ∈ (s − 1, s) and θ = s2−(s−1)
s2−s1

∈ (0,1), then s − 1 =
θ s1 + (1 − θ)s2. According complex interpolation and the consequence of case (1), we have
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∥∥w(t)
∥∥

Bs−1
p,r

�
∥∥w(t)

∥∥θ

B
s1
p,r

∥∥w(t)
∥∥1−θ

B
s2
p,r

� ‖w0‖θ

B
s1
p,r

exp

(
θC

T∫
0

4∑
i=1

(‖u‖i
Bs

p,r
+ ‖v‖i

Bs
p,r

)
dτ

)(∥∥u(t)
∥∥

B
s2
p,r

+ ∥∥v(t)
∥∥

B
s2
p,r

)1−θ

� ‖w0‖θ

Bs−1
p,r

exp

(
θC

T∫
0

4∑
i=1

(‖u‖i
Bs

p,r
+ ‖v‖i

Bs
p,r

)
dτ

)(∥∥u(t)
∥∥

Bs
p,r

+ ∥∥v(t)
∥∥

Bs
p,r

)1−θ
.

Hence, we get the desired result. �
Now let us start the proof of Theorem 1.2, which is motivated by the proof of local existence

theorem about the Camassa–Holm equation in [23]. Firstly, we shall use the classical Friedrichs regu-
larization method to construct the approximate solutions to the Cauchy problem (2.1).

Lemma 2.5. Assume that u(0) = 0. Let 1 � p, r � +∞, s > max{ 3
2 ,1 + 1

p }, and u0 ∈ Bs
p,r . Then there exists

a sequence of smooth functions {u(n)}n∈N ∈ C(R+; B∞
p,r) solving the following linear transport equation by

induction: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
∂t +

(
α

β
− εγ

β
u(n)

)
∂x

)
u(n+1)

= P (D)

[(
1 − α

β

)
u(n) +

(
3ε − 2

4
− 1

2μβ

)(
u(n)

)2 + ε2ι

3

(
u(n)

)3

+ ε3κ

4

(
u(n)

)4 + 3εμγ − εμδ − μβ

2

(
u(n)

x
)2

]
,

un+1(x,0) = un+1
0 (x) = Sn+1u0,

(2.7)

where the operator P (D) = −∂x(1 − ∂2
x )−1 . Moreover, there is a maximal existence time T > 0 such that the

solutions u(n) satisfy the following conditions:

(i) {u(n)}n∈N is uniformly bounded in Es
p,r(T ),

(ii) {u(n)}n∈N is a Cauchy sequence in C([0, T ]; Bs−1
p,r ).

Proof. Since all data Sn+1u0 ∈ B∞
p,r , Lemma 2.3 enables us to show by induction that for all n ∈ N,

Eq. (2.1) has a global solution which belongs to C(R+; B∞
p,r). Thanks to s > max{ 3

2 ,1 + 1
p }, we find

Bs−1
p,r is an algebra. From this, one obtains

∥∥∥∥P (D)

[(
1 − α

β

)
u(n) +

(
3ε − 2

4
− 1

2μβ

)(
u(n)

)2 + ε2ι

3

(
u(n)

)3

+ ε3κ

4

(
u(n)

)4 + 3εμγ − εμδ − μβ

2

(
u(n)

x
)2

]∥∥∥∥
Bs

p,r

� C
(∥∥u(n)

∥∥
Bs

p,r
+ ∥∥u(n)

∥∥2
Bs

p,r
+ ∥∥u(n)

∥∥3
Bs

p,r
+ ∥∥u(n)

∥∥4
Bs

p,r

)
= C

4∑∥∥u(n)
∥∥i

Bs
p,r

,

i=1



JID:YJDEQ AID:7206 /FLA [m1G; v 1.101; Prn:20/06/2013; 14:40] P.11 (1-29)

Y. Mi, C. Mu / J. Differential Equations ••• (••••) •••–••• 11
∥∥∥∥∂x

(
α

β
− εγ

β
u(n)

)(
τ ′)∥∥∥∥

Bs−1
p,r

� C
∥∥∂x

(
u(n)

)(
τ ′)∥∥

Bs−1
p,r

. (2.8)

In view of Lemma 2.1 and the proof of Proposition 2.3, it follows that

e
−C

∫ t
0 ‖∂x(u(n))(τ ′)‖

Bs−1
p,r

dτ ′∥∥u(n+1)(t)
∥∥

Bs
p,r

� ‖Sn+1u0‖Bs
p,r

+ C

t∫
0

e
−C

∫ τ
0 ‖∂xu(n)(τ ′)‖

Bs−1
p,r

dτ ′
(

4∑
i=1

∥∥u(n)
∥∥i

Bs
p,r

)
dτ . (2.9)

Hence, we get

∥∥u(n+1)(t)
∥∥

Bs
p,r

� e
C

∫ t
0 ‖∂xu(n)(τ ′)‖

Bs−1
p,r

dτ ′
‖u0‖Bs

p,r

+ C

t∫
0

e
C

∫ t
τ ‖∂xu(n)(τ )‖

Bs−1
p,r

dτ
(

4∑
i=1

∥∥u(n)
∥∥i

Bs
p,r

)
dτ . (2.10)

Let us choose a T > 0 such that 6C‖u0‖3
Bs

p,r
T < 1, and suppose by induction that for all t ∈ [0, T ]

∥∥u(n)(t)
∥∥

Bs
p,r

�
‖u0‖Bs

p,r

(1 − 6C‖u0‖3
Bs

p,r
t)

1
3

. (2.11)

Indeed, since Bs−1
p,r is an algebra, one obtains from (2.12) that

C

t∫
τ

∥∥∂xu(n)
(
τ ′)∥∥

Bs−1
p,r

dτ ′ � C

t∫
τ

(∥∥u(n)
(
τ ′)∥∥

Bs
p,r

+ ∥∥u(n)
(
τ ′)∥∥3

Bs
p,r

)
dτ ′

� C

( t∫
τ

‖u0‖Bs
p,r

(1 − 6C‖u0‖3
Bs

p,r
τ ′) 1

3

dτ ′ +
t∫

τ

‖u0‖3
Bs

p,r

1 − 6C‖u0‖3
Bs

p,r
τ ′ dτ ′

)

= 1

4‖u0‖2
Bs

p,r

[(
1 − 6C‖u0‖3

Bs
p,r

τ
) 2

3 − (
1 − 6C‖u0‖3

Bs
p,r

t
) 2

3
]

+ 1

6
ln

(
1 − 6C‖u0‖3

Bs
p,r

τ
) − 1

6
ln

(
1 − 6C‖u0‖3

Bs
p,r

t
)
. (2.12)

And then inserting the above inequality and (2.12) into (2.11) leads to

∥∥u(n+1)(t)
∥∥

Bs
p,r

�
e

1
4‖u0‖2

Bs
p,r ‖u0‖Bs

p,r

(1 − 6C‖u0‖3
Bs

p,r
t)

1
6

+ Ce

1
4‖u0‖2

Bs
p,r

(1 − 6C‖u0‖3
Bs

p,r
t)

1
6

×
t∫ (

1 − 6C‖u0‖3
Bs

p,r
τ
) 1

6

( ‖u0‖4
Bs

p,r

(1 − 6C‖u0‖3
Bs τ )

4
3

+
‖u0‖3

Bs
p,r

1 − 6C‖u0‖3
Bs

p,r
τ

0 p,r
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+
‖u0‖2

Bs
p,r

(1 − 6C‖u0‖2
Bs

p,r
τ )

2
3

+ ‖u0‖Bs
p,r

(1 − 6C‖u0‖Bs
p,r

τ )
1
3

)
dτ

�
e

1
4‖u0‖2

Bs
p,r ‖u0‖Bs

p,r

(1 − 6C‖u0‖3
Bs

p,r
t)

1
6

(
1 + C

t∫
0

‖u0‖3
Bs

p,r

(1 − 6C‖u0‖3
Bs

p,r
τ )

7
6

dτ

)

= e

1
4‖u0‖2

Bs
p,r ‖u0‖Bs

p,r

(1 − 6C‖u0‖3
Bs

p,r
t)

1
3

. (2.13)

Thus {un}∈N is uniformly bounded in C([0, T ]; Bs
p,r). Similarly we deduce that ∂t un+1 ∈ C([0, T ]; Bs−1

p,r )

uniformly bounded. Thus we get (i).
Next we show (ii). By Eq. (2.8), for all m,n ∈N, we obtain

∂t
(
u(m+n+1) − u(n+1)

) +
(

α

β
− εγ

β
u(n+m)

)
∂x

(
u(m+n+1) − u(n+1)

) = f ′ (2.14)

where

f ′ = εγ

β
u(n+1)

x
(
u(m+n) − u(n)

) + P (D)

[(
1 − α

β

)(
u(m+n) − u(n)

)
+

(
3ε − 2

4
− 1

2μβ

)(
u(m+n) + u(n)

)(
u(m+n) − u(n)

)
+ ε2ι

3

((
u(m+n)

)2 + u(m+n)u(n) + (
u(n)

)2)(
u(m+n) − u(n)

)
+ ε3κ

4

((
u(m+n)

)3 + (
u(m+n)

)2
u(n) + u(m+n)

(
u(n)

)2 + (
u(n)

)3)(
u(m+n) − u(n)

)
+ 3εμγ − εμδ − μβ

2

(
u(m+n)

x − u(n)
x

)(
u(m+n)

x − u(n)
x

)]
.

Similar to the proof of Proposition 2.3, one can deduce that

∥∥ f ′∥∥
Bs−1

p,r
� C

(
4∑

i=1

(∥∥u(n+m)
∥∥i

Bs
p,r

+ ∥∥u(n)
∥∥i

Bs
p,r

) + ∥∥u(n+1)
∥∥

Bs
p,r

)∥∥u(m+n) − u(n)
∥∥

Bs−1
p,r

.

Note that ∥∥un+l
0 − un+1

0

∥∥
Bs−1

p,r
= ‖Sn+l+1u0 − Sn+1u0‖Bs

p,r

=
∥∥∥∥∥

l+n∑
k=n+l

�ku0

∥∥∥∥∥
Bs

p,r

� C2−n. (2.15)

In the case of s > max{ 3
2 ,1 + 1

p } but s �= 2 + 1
p , in view of Lemmas 2.2 and 2.3, for all t ∈ [0, T ], we

obtain
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∥∥(
u(n+m+1) − un+1)(t)∥∥Bs−1

p,r

� e
C

∫ t
0

∥∥u(n)(τ )
∥∥

Bs
p,r

dτ (∥∥u(n+m)
0 − u(n)

0

∥∥
Bs−1

p,r
+

t∫
0

e
−C

∫ τ
0 ‖u(n+m)(τ )‖Bs

p,r
dτ

× C

(
4∑

i=1

(∥∥u(n+m)
∥∥i

Bs
p,r

+ ∥∥u(n)
∥∥i

Bs
p,r

) + ∥∥u(n+1)
∥∥

Bs
p,r

)∥∥u(m+n) − u(n)
∥∥

Bs−1
p,r

dτ (2.16)

� C

(
2−n +

t∫
0

∥∥(
u(n+m) − u(n)

)
(τ )

∥∥
Bs−1

p,r
dτ

)
. (2.17)

By induction, with respect to the index m, one can easily get

∥∥(
u(n+m+1) − u(n+1)

)
(t)

∥∥
L∞

T (Bs−1
p,r )

� T C

(n + 1)!
(∥∥u(m)

∥∥
L∞

T (Bs
p,r)

) + C
n∑

k=0

2k−n (T C)k

k! .

As ‖u(m)‖L∞
T (Bs−1

p,r )
and C are bounded independently of m, there exists constant C1 independent of m,

n such that ∥∥u(n+m+1) − u(n+1)(t)
∥∥

L∞
T ([0,T ];Bs−1

p,r )
� C12−n.

Thus u(n)
n∈N is a Cauchy sequence in C([0, T ]; Bs−1

p,r ).

On the other hand, for the critical points s = 2 + 1
p , we can apply the interpolation method which

has been used in the proof of Proposition 2.3 to show that (u(n))n∈R is also a Cauchy sequence in
C([0, T ]; Bs−1

p,r ) for this critical case. Therefore, we have completed the proof of Lemma 2.5. �
Proof of Theorem 1.1. Thanks to Lemma 2.5, we obtain that {u(n)}n∈N is a Cauchy sequence in
C([0, T ]; Bs

p,r), so it converges to some function u ∈ C([0, T ]; Bs−1
p,r ). We now have to check that u

belongs to Es
p,r(T ) and solves the Cauchy problem (2.1). Since {u(n)}n∈N is uniformly bounded in

L∞(0, T ; Bs
p,r) according to Lemma 2.5, the Fatou property for the Besov spaces (Proposition 2.2)

guarantees that u also belongs to L∞(0, T ; Bs
p,r).

On the other hand, as {u(n)}n∈N converges to u in C([0, T ]; Bs−1
p,r ), an interpolation argument en-

sures that the convergence holds in C([0, T ]; Bs′
p,r), for any s′ < s. It is then easy to pass to the limit

in Eq. (2.1) and to conclude that u is indeed a solution to the Cauchy problem (2.1). Thanks to the
fact that u belongs to L∞(0, T ; Bs

p,r), the right-hand side of the equation

ut +
(

α

β
− εγ

β
u

)
ux = P (D)

[(
1 − α

β

)
u +

(
3ε − 2

4
− 1

μβ

)
u2 + ε2ι

3
u3

+ ε3κ

4
u4 + 3εμγ − εμδ − μβ

2
u2

x

]
belongs to L∞(0, T ; Bs

p,r). In particular, for the case r < ∞, Lemma 2.3 enables us to conclude that

u ∈ C([0, T ]; Bs′
p,r) for any s′ < s. Finally, using the equation again, we see that ∂t u ∈ C([0, T ]; Bs′

p,r)

if r < ∞, and in L∞(0, T ; Bs−1
p,r ) otherwise. Moreover, a standard use of a sequence of viscos-

ity approximate solutions (uε)ε > 0 for the Cauchy problem (2.1) which converges uniformly in
C([0, T ]; Bs

p,r) ∩ C1([0, T ]; Bs−1
p,r ) gives the continuity of the solution u in Es

p,r . �
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3. Local well-posedness in critical Besov spaces B
3
2
2,1

In this section, we shall establish the local well-posedness of Eq. (2.1) in critical Besov spaces.
The remainder of this section is devoted to the proof of Theorem 1.2. To this end, we first prove the
uniqueness of the solution.

Lemma 3.1. Let u and v be solutions to (2.1) with initial datum u0 and v0 respectively. Assume that u0 and

v0 belong to B
3
2
2,∞ ∩ lip, and that u and v belong to L∞([0, T ]; B

3
2
2,∞ ∩ Lip)∩ C([0, T ]; B

1
2
2,∞). Let w = v − u

and w0 = v0 − u0 . There exists a constant C such that if for some t0 � T

sup
t∈[0,T ]

(
e

−C
∫ t

0 ‖∂xu(τ )‖
B

1
2
2,∞∩L∞

dτ ∥∥w(t)
∥∥

B
1
2
2,∞

)
� 1, (3.1)

then, denoting F (z) = z ln(e + z) the following inequality holds true for t ∈ [0, t0]

‖w(t)‖
B

1
2
2,∞

e

� e

C
∫ t

0 ‖∂xu(τ )‖
B

1
2
2,∞∩L∞

dτ (‖w0‖
B

1
2
2,∞

e

)exp[−C
∫ t

0 F [∑4
i=1(‖u‖i

B
3
2
2,∞∩Lip

+‖v‖i

B
3
2
2,∞∩Lip

)] dτ ]
. (3.2)

In particular, (3.2) holds true to [0, T ] provided that

‖w0‖
B

1
2
2,∞

� e1−e

C
∫ t

0 F [∑4
i=1(‖u‖i

B
3
2
2,∞∩Lip

+‖v‖i

B
3
2
2,∞∩Lip

)] dt

. (3.3)

Proof. Obviously, w solves the transport equations⎧⎨⎩ wt +
(

α

β
− εγ

β
u

)
wx = f , t > 0, x ∈R,

w(x,0) = w0(x) = u0 − v0, x ∈R,

(3.4)

where

f = εγ

β
vx w + P (D)

[(
1 − α

β

)
w +

(
3ε − 2

4
− 1

2μβ

)
(u + v)w + ε2ι

3

(
u2 + uv + v2)w

+ ε3κ

4

(
u3 + u2 v + uv2 + v3)w + 3εμγ − εμδ − μβ

2
(ux + vx)wx

]
.

Note that P (D) ∈ Op(S−1). Applying Proposition 2.2 and the fact that

‖ f g‖
B

1
2
2,∞

� ‖ f ‖L∞‖g‖
B

1
2
2,∞

� C‖ f ‖
B

1
2
2,1

‖g‖
B

1
2
2,∞∩L∞

,

one can deduce that
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‖ f ‖
B

1
2
2,∞

� C‖w‖
B

1
2
2,1

4∑
i=1

(‖u‖i

B
3
2
2,∞∩Lip

+ ‖v‖i

B
3
2
2,∞∩Lip

)
,

∥∥∥∥∂x

(
α

β
− εγ

β
u

)(
τ ′)∥∥∥∥

B
1
2
2,∞∩L∞

� C
∥∥∂xu

(
τ ′)∥∥

B
1
2
2,∞∩L∞

.

By Lemma 2.2 and Proposition 2.2, we obtain

∥∥w(t)
∥∥

B
1
2
2,∞

� ‖w0‖
B

1
2
2,∞

e

C
∫ t

0 ‖∂xu(τ ′)‖
B

1
2
2,∞∩L∞

dτ ′

+ C

t∫
0

e

C
∫ t
τ ‖∂xu(τ ′)‖

B
1
2 ∩L∞
2,∞

dτ ′

×
[

4∑
i=1

(‖u‖i

B
3
2
2,∞∩Lip

+ ‖v‖i

B
3
2
2,∞∩Lip

)]
ln

(
e +

‖w‖
B

3
2
2,∞

‖w‖
B

1
2
2,∞

)
dτ . (3.5)

Denote

W (t) = e

−C
∫ t

0 ‖∂xu(τ ′)‖
B

1
2
2,∞∩L∞

dτ ′

‖w‖
B

1
2
2,∞

,

H(t) =
4∑

i=1

(‖u‖i

B
3
2
2,∞∩Lip

+ ‖v‖i

B
3
2
2,∞∩Lip

)
.

Because for x ∈ (0,1] and α > 0,

ln

(
e + α

x

)
� ln(e + α)(1 − ln x)

is true, inequality (3.4) can be rewritten as

W (t) � W (0) + C

t∫
0

H(τ ) ln
(
e + H(τ )

)
W (τ )

(
1 − ln W (τ )

)
dτ

provided that W � 1 on [0, t]. Because of the hypothesis, using a Gronwall type argument yields

W (t)

e
�

(
W (0)

e

)exp(−C
∫ t

0 H(τ ) ln(e+H(τ )) dτ )

,

which yields the desired result. Note that (3.3) implies (3.1) with t0 = T . This completes the proof of
the lemma. �

The second step is to prove the existence of the solution.

Lemma 3.2. Let the initial data u0 be in B
3
2
2,1 . Then there exists a T > 0 such that Eq. (2.1) has a solution

u ∈ C([0, T ]; B
3
2
2,1) ∩ C1([0, T ]; B

1
2
2,1).
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Proof. Here we assume for the sake of simplicity that B
1
2
2,∞ ↪→ Lip and use a standard iterative pro-

cess to build a solution. Introduce a nonnegative mollifier ρ ∈ C∞
0 (R) such that

∫
R

ρ = 1 and denote
ρ(n)(x) = ndρ(nx). We choose u0 = 0 and define a sequence of smooth functions (u(n))n∈N solving the
following transport equation⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
∂t +

(
α

β
− εγ

β
u(n)

)
∂x

)
u(n+1)

= P (D)

[(
1 − α

β

)
u(n) +

(
3ε − 2

4
− 1

2μβ

)(
u(n)

)2

+ ε2ι

3

(
u(n)

)3 + ε3κ

4

(
u(n)

)4 + 3εμγ − εμδ − μβ

2
(u(n)

x )2
]
,

un+1(x,0) = un+1
0 (x) = ρn+1 ∗ u0.

(3.6)

Note that P (D) ∈ Op(S−1) and B
1
2
2,1 is an algebra, one can easily get

∥∥∥∥P (D)

[(
1 − α

β

)
u(n) +

(
3ε − 2

4
− 1

2μβ

)(
u(n)

)2 + ε2ι

3

(
u(n)

)3

+ ε3κ

4

(
u(n)

)4 + 3εμγ − εμδ − μβ

2

(
u(n)

x
)2

]∥∥∥∥
B

3
2
2,1

� C
(∥∥u(n)

∥∥
B

3
2
2,1

+ ∥∥u(n)
∥∥2

B
3
2
2,1

+ ∥∥u(n)
∥∥3

B
3
2
2,1

+ ∥∥u(n)
∥∥4

B
3
2
2,1

)
= C

4∑
i=1

∥∥u(n)
∥∥i

B
3
2
2,1

,

∥∥∥∥∂x

(
α

β
− εγ

β
u(n)

)(
τ ′)∥∥∥∥

B
1
2
2,1

� C
∥∥∂x

(
u(n)

)(
τ ′)∥∥

B
1
2
2,1

. (3.7)

By virtue of Lemma 2.2, we deduce

e

−C
∫ t

0 ‖∂x(u(n))(τ ′)‖
B

1
2
2,1

dτ ′∥∥u(n+1)(t)
∥∥

B
3
2
2,1

� ‖Sn+1u0‖
B

3
2
2,1

+ C

t∫
0

e

−C
∫ τ

0 ‖∂xu(n)(τ ′)‖
B

1
2
2,1

dτ ′( 4∑
i=1

∥∥u(n)
∥∥i

B
3
2
2,1

)
dτ . (3.8)

Hence, we get

∥∥u(n+1)(t)
∥∥

B
3
2
2,1

� e

C
∫ t

0 ‖∂xu(n)(τ ′)‖
B

1
2
2,1

dτ ′

‖u0‖
B

3
2
2,1

+ C

t∫
e

C
∫ t
τ ‖∂xu(n)(τ )‖

B
1
2
2,1

dτ (
4∑

i=1

∥∥u(n)
∥∥i

B
3
2
2,1

)
dτ dτ . (3.9)
0
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Let us choose a T > 0 such that 6C‖u0‖3

B
3
2

2,1

T < 1, and suppose by induction that for all t ∈ [0, T ]

∥∥u(n)(t)
∥∥

B
3
2
p,r

�
‖u0‖

B
3
2
p,r

(1 − 6C‖u0‖3

B
3
2
p,r

t)
1
3

. (3.10)

Indeed, B
1
2
2,1 is an algebra, one obtains from (2.10) that

C

t∫
τ

∥∥∂xu(n)
(
τ ′)∥∥

B
1
2
p,r

dτ ′ � C

t∫
τ

(∥∥u(n)
(
τ ′)∥∥

B
3
2
p,r

+ ∥∥u(n)
(
τ ′)∥∥3

B
3
2
p,r

)
dτ ′

� C

( t∫
τ

‖u0‖
B

3
2
p,r

(1 − 6C‖u0‖3

B
3
2
2,1

τ ′) 1
3

dτ ′ +
t∫

τ

‖u0‖3

B
3
2
2,1

1 − 6C‖u0‖3

B
3
2
2,1

τ ′ dτ ′
)

= 1

4‖u0‖2

B
3
2
2,1

[(
1 − 6C‖u0‖3

B
3
2
2,1

τ
) 2

3 − (
1 − 6C‖u0‖3

B
3
2
2,1

t
) 2

3
]

+ 1

6
ln

(
1 − 6C‖u0‖3

B
3
2
2,1

τ
) − 1

6
ln

(
1 − 6C‖u0‖3

B
3
2
2,1

t
)
. (3.11)

And then inserting the above inequality and (3.10) into (3.9) leads to

∥∥u(n+1)(t)
∥∥

B
3
2
2,1

�
e

1
4‖u0‖2

B
3
2
2,1 ‖u0‖

B
3
2
2,1

(1 − 6C‖u0‖3

B
3
2
2,1

t)
1
6

+ Ce

1
4‖u0‖2

B
3
2
2,1

(1 − 6C‖u0‖3

B
3
2
2,1

t)
1
6

×
t∫

0

(
1 − 6C‖u0‖3

B
3
2
2,1

τ
) 1

6

( ‖u0‖4

B
3
2
2,1

(1 − 6C‖u0‖3

B
3
2
2,1

τ )
4
3

+
‖u0‖3

B
3
2
2,1

1 − 6C‖u0‖3

B
3
2
2,1

τ

+
‖u0‖2

B
3
2
2,1

(1 − 6C‖u0‖2

B
3
2
2,1

τ )
2
3

+
‖u0‖

B
3
2
2,1

(1 − 6C‖u0‖
B

3
2
2,1

τ )
1
3

)
dτ

�
e

1
4‖u0‖2

B
3
2
2,1 ‖u0‖

B
3
2
2,1

(1 − 6C‖u0‖3

B
3
2

t)
1
6

(
1 + C

t∫
0

‖u0‖3

B
3
2
2,1

(1 − 6C‖u0‖3

B
3
2

τ )
7
6

dτ

)

2,1 2,1
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=
e

1
4‖u0‖2

B
3
2
2,1 ‖u0‖

B
3
2
2,1

(1 − 6C‖u0‖3

B
3
2
2,1

t)
1
3

. (3.12)

Hence, one can see that

∥∥u(n+1)(t)
∥∥

B
3
2
2,1

�
‖u0‖

B
3
2
2,1

(1 − 6C‖u0‖3

B
3
2
2,1

t)
1
3

,

which implies that (u(n))n∈N is uniformly bounded in C([0; T ]; B
3
2
2,1). Using Eq. (3.6), one can easily

prove that (∂t u(n))l∈N is uniformly bounded in C([0; T ]; B
3
2
2,1).

Thanks to Proposition 2.2, the Arzela–Ascoli theorem and a standard diagonal process, we infer

that, up to an extraction, (u(n))n∈N tends to a limit u in C([0; T ]; (B
3
2
2,1)loc). Besides, by using the

uniform bounds of u(n) and Proposition 2.2, we gather that u ∈ L∞(0, T ; B
3
2
2,1). According to Proposi-

tion 2.2, one can deduce that (u(n))n∈N tends to u in C([0; T ]; (Bs
2,1)loc) for any s < 3

2 . Taking limit in

(3.6), one can see that u is indeed a solution to Eq. (2.1). Thanks to u ∈ L∞(0, T ; B
3
2
2,1), the equations

in Eq. (2.1) and Lemma 2.2, we have u ∈ C([0; T ]; B
1
2
2,1). Using Eq. (2.1) itself again, we can easily in-

fer that ∂t u ∈ C([0; T ]; B
1
2
2,1). Therefore, we obtained solution u ∈ C([0, T ]; B

3
2
2,1)∩ C1([0, T ]; B

1
2
2,1). This

completes the proof of the lemma. �
The third step is to prove the continuity with respect to initial data.

Corollary 3.1. Let us fix a u0 ∈ B
3
2
2,1 and an r > 0. Then there exist T , M > 0 such that for all u′

0 ∈
B

3
2
2,1 with ‖u′

0 − u0‖
B

3
2

2,1

� r, Eq. (2.1) has a solution Φ(u′
0) ∈ C([0, T ]; B

3
2
2,1) ∩ C1([0, T ]; B

1
2
2,1) satisfying

‖u′‖
L∞(0,T ;B

1
2

2,1)

� M.

Proof. Noting that ‖u′
0‖

B
3
2

2,1

� ‖u0‖
B

3
2

2,1

+ r, (3.10) and (3.12), one can choose some suitable constant C ,

such that T = C/6(‖z0‖
B

3
2

2,1

+ r)3 and M = 2(‖u0‖
B

3
2

2,1

+ r), one can complete the proof of Corol-

lary 3.1. �
Lemma 3.3. (See [25].) Denote N = N ∪ {∞}. Let (v(l))l∈N be a sequence of functions belonging to

C([0, T ]; B
1
2
2,1). Assume that v(l) is the solution to

{
∂t v(l) + u(l)∂x v(l) = f ,

v(l)
∣∣
t=0 = v0,

(3.13)

with v0 ∈ B
1
2
2,1, f ∈ L1(0, T ; B

1
2
2,1) and that, for some α ∈ L1(0, T ),
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sup
l∈N

∥∥∂xu(l)(t)
∥∥

B
1
2
2,1

� α(t).

If in addition u(l) tends to u(∞) in L1(0, T ; B
1
2
2,1), then v(l) tends to v(∞) in C([0, T ]; B

1
2
2,1).

Lemma 3.4. Let u0 ∈ B
3
2
2,1 and u be the corresponding solution to Eq. (2.1), which is guaranteed by Lemma 3.2.

Then there exist a time T > 0 and a neighborhood V of u0 in B
3
2
2,1 such that v ∈ V , which is the solution of

Eq. (2.1) with the initial datum v0 , the map Φ : v0 → v(·, v0) : V ⊂ B
3
2
2,1 → C([0, T ]; B

3
2
2,1)∩C1([0, T ]; B

1
2
2,1)

is continuous.

Proof. We divide the proof into several steps as follows.

Step 1. Continuity in C([0, T ]; B
1
2
2,1).

Applying Lemma 3.1 and Corollary 3.1, one can get that

‖Φ(u′
0) − Φ(u′

0)‖
L∞(0,T ;B

1
2
2,1)

e
� eC MT

(‖u′
0 − z0‖

B
1
2
2,∞

e

)exp(−C MT ln(e+M))

provided that

∥∥u′
0 − u0

∥∥
B

1
2
2,∞

� e1−exp(C MT ln(e+M)).

In view of the uniform bounds in C([0, T ]; B
3
2
2,1) and an interpolation argument, we infer the mapping

Φ is continuous from B
3
2
2,1 into C([0, T ]; B

1
2
2,1).

Step 2. Continuity in C([0, T ]; B
3
2
2,1).

Let u(∞)
0 ∈ B

3
2
2,1 and (u(n)

0 )n∈N tends to u(∞)
0 in B

3
2
2,1. Denote by u(n) the solution corresponding to

datum u(n)
0 . By Corollary 3.1, we can find T , M > 0 such that for all n ∈ N, u(n) is defined on [0, T ]

and

sup
n∈N

∥∥u(n)
∥∥

L∞(0,T ;B
3
2
2,1)

� M. (3.14)

In order to prove u(n) tends to u(∞) in C([0, T ]; B
3
2
2,1), according to Step 1, we only need to show that

v(n) = ∂xu(n) tends to v(∞) = ∂xu(∞) in C([0, T ]; B
1
2
2,1). Note that v(n) solves the following transport

equation

⎧⎪⎨⎪⎩ ∂t v(n) +
(

α

β
− εγ

β
u(n)

)
∂x v(n) = f (n),

v(n)
∣∣
t=0 = ∂xu(n)

0

with
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f (n) = εγ

β

(
u(n)

x
)2 + 1

μβ

[(
1 − α

β

)
u(n) +

(
3ε − 2

4
− 1

2μβ

)(
u(n)

)2 + ε2ι

3

(
u(n)

)3 + ε3κ

4

(
u(n)

)4

+ 3εμγ − εμδ − μβ

2

(
u(n)

x
)2

]
− 1

μβ
G(x) ∗

[(
1 − α

β

)
u(n) +

(
3ε − 2

4
− 1

2μβ

)(
u(n)

)2

+ ε2ι

3

(
u(n)

)3 + ε3κ

4

(
u(n)

)4 + 3εμγ − εμδ − μβ

2

(
u(n)

x
)2

]
.

Following Kato [49], we decompose v(n) into v(n) = z(n) + w(n) with

⎧⎪⎨⎪⎩ ∂t z(n) +
(

α

β
− εγ

β
u(n)

)
∂xz(n) = f (n) − f (∞),

z(n)
∣∣
t=0 = ∂xu(n)

0 − ∂xu(∞)
0

and ⎧⎪⎨⎪⎩ ∂t w(n) +
(

α

β
− εγ

β
u(n)

)
∂x w(n) = f (∞),

w(n)
∣∣
t=0 = ∂xu(∞)

0

one can easily check that ( f (n))n∈N is uniformly bounded in C([0, T ]; B
1
2
2,1). Moreover, we can obtain

the following inequalities

∥∥ f (n) − f (∞)
∥∥

B
1
2
2,1

� C

(
3∑

i=1

(∥∥u(n)
∥∥i

B
3
2
2,1

+ ∥∥u(∞)
∥∥i

B
3
2
2,1

))

× (∥∥u(n) − u(∞)
∥∥

B
1
2
2,1

+ ∥∥∂xu(n) − ∂xu(∞)
∥∥

B
1
2
2,1

)
.

Applying Lemma 2.2, one can deduce that

∥∥z(n)(t)
∥∥

B
1
2
2,1

� e

C
∫ t

0 ‖∂x(
α
β

− εγ
β

u(n))(τ ′)‖
B

1
2
2,1

dτ ′∥∥∂xu(n)
0 − ∂xu(∞)

0

∥∥
B

1
2
2,1

+ C

t∫
0

e

−C
∫ t
τ ‖∂x(

α
β

− εγ
β

u(n))(τ ′)‖
B

1
2
2,1

dτ ′(∥∥ f (n) − f (∞)
∥∥

B
1
2
2,1

)
dτ

� e

C
∫ t

0 ‖u(n)(τ ′)‖
B

3
2
2,1

dτ ′∥∥∂xu(n)
0 − ∂xu(∞)

0

∥∥
B

1
2
2,1

+ C

t∫
0

e

−C
∫ t
τ

∥∥u(n)(τ ′)
∥∥

B
3
2
2,1

dτ ′( 3∑
i=1

(∥∥u(n)
∥∥i

B
3
2
2,1

+ ∥∥u(∞)
∥∥i

B
3
2
2,1

))

× (∥∥u(n) − u(∞)
∥∥

B
1
2

+ ∥∥∂xu(n) − ∂xu(∞)
∥∥

B
1
2

)
dτ . (3.15)
2,1 2,1
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Lemma 3.3 tells us w(n) tends to v(∞) = ∂xu(∞) in C([0, T ]; B
1
2
2,1). Let ε > 0, combining the above

estimates (3.14) and (3.15), when n ∈ N is large enough, we can conclude

∥∥∂xu(n) − ∂xu(∞)
∥∥

B
1
2
2,1

� ε + C MeC MT

(
ε + ∥∥∂xu(n)

0 − ∂xu(∞)
0

∥∥
B

1
2
2,1

+
t∫

0

(∥∥∂xu(n) − ∂xu(∞)
∥∥

B
1
2
2,1

+ ∥∥u(n) − u(∞)
∥∥

B
1
2
2,1

)
dτ

)
.

As u(n) tends to u(∞) in C([0, T ]; B
1
2
2,1), when n is very large, the last term is less than ε. Hence, using

Gronwall’s inequality, we get

∥∥∂xu(n) − ∂xu(∞)
∥∥

B
1
2
2,1

� C
(
ε + ∥∥∂xu(n)

0 − ∂xu(∞)
0

∥∥
B

1
2
2,1

)
,

here the constant C depends only on M and T , which yields the continuity in C([0, T ]; B
3
2
2,1).

Step 3. Continuity in C1([0, T ]; B
3
2
2,1).

Using (3.14), the equations in Eq. (2.1) and Step 2, we reach Step 3. Consequently, we have com-
pleted the proof of the lemma. �
4. Analyticity of solutions

In this section, we will show the existence and uniqueness of analytic solutions to the system (1.1)
on the line R.

For the proof of Theorem 1.3, we will need a suitable scale of Banach spaces as follows. For any
s > 0, we set

Es =
{

u ∈ C∞(R): |||u|||s = sup
k∈N0

sk‖∂ku‖H2

k!/(k + 1)2
< ∞

}
,

where H2(R) is the Sobolev space of order two on the real line and N0 is the set of nonnegative
integers. One can easily verify that Es equipped with the norm ||| · |||s is a Banach space and that, for
any 0 < s′ < s, Es is continuously embedded in Es′ with

|||u|||s′ � |||u|||s.

Another simple consequence of the definition is that any u in Es is a real analytic function on R.
Crucial for our purposes is the fact that each Es forms an algebra under pointwise multiplication of
functions.

Lemma 4.1. (See [44].) Let 0 < s < 1. There is a constant C > 0, independent of s, such that for any u and v in
Es we have

|||uv|||s � C |||u|||s|||v|||s.

Lemma 4.2. (See [44].) There is a constant C > 0 such that for any 0 < s′ < s < 1, we have |||∂xu|||s′ �
C

s−s′ |||u|||s , and |||(1 − ∂2
x )−1u|||s′ � |||u|||s, |||(1 − ∂2

x )−1∂xu|||s′ � |||u|||s.
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Theorem 4.1. (See [6].) Let {Xs}0<s<1 be a scale of decreasing Banach spaces, namely for any s′ < s we have
Xs ⊂ Xs′ and ||| · |||s′ � ||| · |||s . Consider the Cauchy problem{ du

dt
= F

(
t, u(t)

)
,

u(0) = 0.

(4.1)

Let T , R and C be positive constants and assume that F satisfies the following conditions:

1) If for 0 < s′ < s < 1 the function t �→ u(t) is holomorphic in |t| < T and continuous on |t| � T with values
in Xs and

sup
|t|�T

∣∣∣∣∣∣u(t)
∣∣∣∣∣∣

s < R,

then t �→ F (t, u(t)) is a holomorphic function on |t| < T with values in Xs′ .
2) For any 0 < s′ < s < 1 and any u, v ∈ Xs with |||u|||s < R, |||v|||s < R,

sup
|t|�T

∣∣∣∣∣∣F (t, u) − F (t, v)
∣∣∣∣∣∣

s′ � C

s − s′ |||u − v|||s.

3) There exists M > 0 such that for any 0 < s < 1,

sup
|t|�T

∣∣∣∣∣∣F (t,0)
∣∣∣∣∣∣

s � M

1 − s
.

Then there exist a T0 ∈ (0, T ) and a unique function u(t), which for every s ∈ (0,1) is holomorphic in |t| <

(1 − s)T0 with values in Xs, and is a solution to the Cauchy problem (2.1).

We restate the Cauchy problem (2.1) in a more convenient form. Let u1 = u, u2 = ux . Then the
problem (2.1) can be written as a system for u1 and u2⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t u1 = −α

β
u2 + εγ

2β
∂x(u2

1) − ∂xG(x) ∗
[(

1 − α

β

)
u1 +

(
3ε − 2

4
− 1

2μβ

)
u2

1

+ ε2ι

3
u3

1 + ε3κ

4
u4

1 + 3εμγ − εμδ − μβ

2
u2

2

]
= F1(u1, u2),

∂t u2 = ∂x

(
−α

β
u2 + εγ

β
u1u2

)
+ 1

μβ

[(
1 − α

β

)
u1 +

(
3ε − 2

4
− 1

2μβ

)
u2

1

+ ε2ι

3
u3

1 + ε3κ

4
u4

1 + 3εμγ − εμδ − μβ

2
u2

2

]
− 1

μβ
G(x) ∗

[(
1 − α

β

)
u1

+
(

3ε − 2

4
− 1

2μβ

)
u2

1 + ε2ι

3
u3

1 + ε3κ

4
u4

1 + 3εμγ − εμδ − μβ

2
u2

2

]
= F2(u1, u2),

u1(x,0) = u0(x), u2(x,0) = u′
0(x).

(4.2)

Now we are ready to prove Theorem 1.3. We will show that all three conditions of the abstract
version of the Cauchy–Kowalevski theorem (Theorem 4.1) hold for Eq. (2.1) on the scale {Xs}0<s<1.

Proof of Theorem 1.3. Let u = (u1, u2) and F = (F1, F2) in (4.2) and let Xs be a scale of decreasing
Banach spaces defined as Xs = Es × Es . Then we only need to verify the first two conditions of the
abstract Cauchy–Kowalevski theorem since the map F (u1, u2) does not depend on t explicitly.
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Clearly, t �→ F (t, u(t)) = (F1(u1, u2), F2(u1, u2)) is holomorphic if t �→ u1(t) and t �→ u2(t) are both
holomorphic. Therefore, to verify the first condition of the abstract theorem, we only need to show
that for s′ < s, F1(u1, u2) and F2(u1, u2) are in u1, u2 ∈ Es . We begin with estimates on F1 and F2.
By Lemma 4.1 and Lemma 4.2, we have

∣∣∣∣∣∣F1(u1, u2)
∣∣∣∣∣∣

s′ =
∣∣∣∣∣∣∣∣∣∣∣∣−α

β
u2 + εγ

2β
∂x

(
u2

1

) − ∂xG(x) ∗
[(

1 − α

β

)
u1 +

(
3ε − 2

4
− 1

2μβ

)
u2

1

+ ε2ι

3
u3

1 + ε3κ

4
u4

1 + 3εμγ − εμδ − μβ

2
u2

2

]∣∣∣∣∣∣∣∣∣∣∣∣
s′

= C

s − s′ |||u1|||2s + C
(|||u1|||s′ + |||u1|||2s′ + |||u1|||3s′ + |||u1|||4s′ + |||u2|||2s′

)
,

∣∣∣∣∣∣F2(u1, u2)
∣∣∣∣∣∣

s′ =
∣∣∣∣∣∣∣∣∣∣∣∣∂x

(
−α

β
u2 + εγ

β
u1u2

)
+ 1

μβ

[(
1 − α

β

)
u1 +

(
3ε − 2

4
− 1

2μβ

)
u2

1

+ ε2ι

3
u3

1 + ε3κ

4
u4

1 + 3εμγ − εμδ − μβ

2
u2

2

]
− 1

μβ
G(x) ∗

[(
1 − α

β

)
u1

+
(

3ε − 2

4
− 1

2μβ

)
u2

1 + ε2ι

3
u3

1 + ε3κ

4
u4

1 + 3εμγ − εμδ − μβ

2
u2

2

]∣∣∣∣∣∣∣∣∣∣∣∣
s′

= C

s − s′
(|||u1|||2s + |||u1|||s|||u2|||s

) + C
(|||u1|||s′ + |||u1|||2s′ + |||u1|||3s′

+ |||u1|||4s′ + |||u2|||2s′
)
.

We proceed to establish the second condition of the abstract Cauchy–Kowalevski theorem. First we
show that for some C independent of t the estimates

∣∣∣∣∣∣F1(u1, u2) − F1(v1, v2)
∣∣∣∣∣∣

s′ � C

s − s′ |||u − v|||Xs (4.3)

and

∣∣∣∣∣∣F2(u1, u2) − F2(v1, v2)
∣∣∣∣∣∣

s′ � C

s − s′ |||u − v|||Xs (4.4)

hold.
In order obtain the estimate (4.3) we use the triangle inequality and Lemma 4.1 with Lemma 4.2,

we have

∣∣∣∣∣∣F1(u1, u2) − F1(v1, v2)
∣∣∣∣∣∣

s′

=
∣∣∣∣∣∣∣∣∣∣∣∣−α

β
(u2 − v2) + εγ

2β
∂x

(
u2

1 − v2
1

) − ∂xG(x) ∗
[(

1 − α

β

)
(u1 − v1)

+
(

3ε − 2

4
− 1

2μβ

)(
u2

1 − v2
1

) + ε2ι

3

(
u3

1 − v3
1

) + ε3κ

4

(
u4

1 − v4
1

)
+ 3εμγ − εμδ − μβ

2

(
u2

2 − v2
2

)]∣∣∣∣∣∣∣∣∣∣∣∣
s′

� C |||u2 − v2|||s′ + C
′ |||u2 − v2|||s′ |||u2 + v2|||s′ + C |||u1 − v1|||s′
s − s
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+ C |||u1 + v1|||s′ |||u1 − v1|||s′ + C
∣∣∣∣∣∣u2

1 + u1 v1 + v2
1

∣∣∣∣∣∣
s′ |||u1 − v1|||s′

+ C
∣∣∣∣∣∣u3

1 + u2
1 v1 + u1 v1 + u1 v2

1 + v3
1

∣∣∣∣∣∣
s′ |||u1 − v1|||s′

+ C |||u2 − v2|||s′ |||u2 + v2|||s′

� C

s − s′ |||u − v|||Xs .

In a similar way to what we just did, we can show that the estimate (4.4) holds
The conditions (1) through (3) above are now easily verified once our system (4.3) is transformed

into a new system with zero initial data as in (4.2). The proof of Theorem 1.3 is complete. �
5. Persistence property

In this section, we shall investigate persistence properties on the solution to Eq. (2.1) in L∞-space.
For the Camassa–Holm equation a solution u such that u − uxx has compact support preserves this
feature at future times, although u with compact support is not preserved (see [11,38]). This property
is best expressed by means of a decay statement in [46], which motivates the considerations made in
Section 5.

Notation.

∣∣ f (x)
∣∣ ∼ O

(∣∣g(x)
∣∣) as x ↑ ∞ if lim

x→∞
| f (x)|
|g(x)| = L,

where L is a nonnegative constant. In order to shorten the presentation in the sequel, we introduce

f (u) =
(

1 − α

β

)
u +

(
3ε − 2

4
− 1

2μβ

)
u2 + ε2ι

3
u3 + ε3κ

4
u4 + 3εμγ − εμδ − μβ

2
u2

x .

Proof of Theorem 1.4. Firstly, we will give out the estimates on ‖u(x, t)‖L∞ . Multiplying the first
equation of (2.1) by u2n−1 with n ∈ Z

+ and integrating the result with respect to x, one can get∫
R

u2n−1ut dx +
∫
R

u2n−1
(

α

β
− εγ

β
u

)
ux dx +

∫
R

u2n−1∂xG ∗ f (u)dx = 0. (5.1)

The first term of the above inequality is∫
R

u2n−1ut dx = 1

2n

d

dt

∥∥u(t)
∥∥2n

L2n = ∥∥u(t)
∥∥2n−1

L2n

d

dt

∥∥u(t)
∥∥

L2n .

For the estimates of the other two terms in (5.1), we have∣∣∣∣∫
R

u2n−1
(

α

β
− εγ

β
u

)
ux dx

∣∣∣∣ =
∣∣∣∣εγβ

∫
R

u2n−1uux dx

∣∣∣∣ �
∣∣∣∣εγβ

∣∣∣∣∥∥ux(t)
∥∥

L∞
∥∥u(t)

∥∥2n
L2n

and ∣∣∣∣∫ u2n−1∂xG ∗ f (u)dx

∣∣∣∣ �
∥∥u(t)

∥∥2n−1
L2n

∥∥∂xG ∗ f (u)
∥∥

L2n .
R
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Putting all the inequalities above into (5.1), we can get

d

dt

∥∥u(t)
∥∥

L2n �
∣∣∣∣εγβ

∣∣∣∣∥∥ux(t)
∥∥

L∞
∥∥u(t)

∥∥
L2n + ∥∥∂xG ∗ f (u)

∥∥
L2n . (5.2)

Using the Sobolev embedding theorem, there exists a constant M > 0 such that

d

dt

∥∥u(t)
∥∥

L2n � M
∥∥u(t)

∥∥
L2n + ∥∥∂x p ∗ f (u)

∥∥
L2n . (5.3)

By Gronwall’s inequality, we obtain

∥∥u(t)
∥∥

L2n � eMt

(∥∥u(0)
∥∥

L2n +
t∫

0

∥∥∂xG ∗ f (u)
∥∥

L2n dτ

)
. (5.4)

For any f ∈ L1(R) ∩ L∞(R), we know that

lim
p→∞‖ f ‖L p = ‖ f ‖L∞ .

Taking limits in (5.4), we get

∥∥u(t)
∥∥

L∞ � eMt

(∥∥u(0)
∥∥

L∞ +
t∫

0

∥∥∂x p ∗ f (u)
∥∥

L∞ dτ

)
.

Next, we will establish the estimates on ‖ux(x, t)‖L∞ with the same method as above. Differenti-
ating the first equation in (2.1) with respect to x-variable produces the following equation

uxt +
(

α

β
− εγ

β
u

)
uxx − εγ

β
u2

x + ∂2
x G ∗ f (u) = 0. (5.5)

Multiplying the above identity by u2n−1
x and considering the second term with integration by parts

∫
R

u2n−1
x

(
α

β
− εγ

β
u

)
uxx dx = −εγ

β

∫
R

u2n−1
x uuxx dx = −εγ

β

∫
R

u

(
u2n

x

2n

)
x

dx = εγ

2nβ

∫
R

u2n
x ux dx,

we get ∫
R

u2n−1
x uxt dx + εγ

2nβ

∫
R

u2n
x ux dx − εγ

β

∫
R

u2n−1
x u2

x dx +
∫
R

u2n−1
x ∂2

x G ∗ f (u)dx = 0.

Similarly, one can obtain

∥∥ux(t)
∥∥

L∞ � e2Mt

(∥∥ux(0)
∥∥

L∞ +
t∫ ∥∥∂2

x G ∗ f (u)
∥∥

L∞ dτ

)
. (5.6)
0
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In order to get the desired result, we introduce the following weight function which is independent
of t

ΦN(x) =
⎧⎨⎩

1, x � 1,

eθx, x ∈ (1, N),

eθ N , x � N,

where N ∈ Z
+ . Then from the first equation in (2.1) and (5.5), we get

ΦN ut + ΦN

(
α

β
− εγ

β
u

)
ux + ΦN∂xG ∗ f (u) = 0,

ΦN uxt + ΦN

(
α

β
− εγ

β
u

)
uxx − εγ

β
ΦN u2

x + ΦN∂2
x G ∗ f (u) = 0.

In order to get the estimate on uxΦN , we need to remove the second derivatives, by using integra-
tion by parts we obtain

∣∣∣∣εγβ
∫
R

(uxΦN)2n−1ΦN uuxx dx

∣∣∣∣ =
∣∣∣∣εγβ

∣∣∣∣∣∣∣∣∫
R

(uxΦN)2n−1u
(
(ΦN ux)x − Φ ′

N ux
)

dx

∣∣∣∣
=

∣∣∣∣εγβ
∣∣∣∣∣∣∣∣∫
R

u

(
(uxΦN)2n

2n

)
x

dx −
∫
R

u(uxΦN)2n−1Φ ′
N ux dx

∣∣∣∣
� 2

∣∣∣∣εγβ
∣∣∣∣(‖ux‖∞ + ‖u‖∞

)‖uxΦN‖2n
L2n ,

where we use the fact 0 � Φ ′
N (x) � ΦN (x), x ∈ R . Therefore, with these preparations, it holds that

∥∥u(x, t)ΦN
∥∥

L∞ + ∥∥ux(x, t)ΦN
∥∥

L∞

� e2Mt(∥∥u0(x)ΦN
∥∥

L∞ + ∥∥u0x(x)ΦN
∥∥

L∞
)

+ e2Mt

t∫
0

(∥∥ΦN∂x
(
G ∗ f (u)

)∥∥
L∞ + ∥∥ΦN∂2

x

(
G ∗ f (u)

)∥∥
L∞

)
dτ . (5.7)

On the other hand, computing the integral we see there exists a C(θ,μ,β) > 0, depending only on
θ ∈ (0,1),μ,β such that

ΦN(x)

∫
R

e
− |x−y|√|μβ| 1

ΦN(y)
ΦN(y)dy � C(θ,μ,β). (5.8)

Therefore, for suitable functions f and g , one obtains,

∣∣ΦN∂xG ∗ f (x)g(x)
∣∣ � 1

2|μβ|ΦN(x)

∫
R

sgn(x − y)e
− |x−y|√|μβ| 1

ΦN(y)
ΦN(y) f (y)g(y)dy
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� 1

2|μβ| ‖ f ΦN‖L∞‖g‖L∞ΦN(x)

∫
R

e
− |x−y|√|μβ| 1

ΦN(y)
dy

� C(θ,μ,β)‖ f ΦN‖L∞‖g‖L∞ . (5.9)

Similarly, we can get

∣∣ΦN∂2
x

(
G ∗ f (x)g(x)

)∣∣ � C(θ,μ,β)‖ f ΦN‖L∞‖g‖L∞ . (5.10)

Then combining (5.9), (5.10) with (5.7), it follows that there exists a constant C̃ = C̃(M, T , C(θ,μ,β))

such that

‖uΦN‖L∞ + ‖uxΦN‖L∞

� C̃

(∥∥u(0)ΦN
∥∥

L∞ + ∥∥ux(0)ΦN
∥∥

L∞ +
t∫

0

(∥∥u(τ )ΦN
∥∥

L∞ + ∥∥ux(τ )ΦN
∥∥

L∞
)

dτ

)
. (5.11)

Then for any N ∈ Z
+ , any t ∈ [0, T ] and x > 0 we have by Gronwall’s inequality

∥∥u(t)ΦN
∥∥

L∞ + ‖uxΦN‖L∞ � C̃
∥∥u(0)ΦN

∥∥
L∞ + ∥∥ux(0)ΦN

∥∥
L∞

� C̃
(∥∥u(0)eθx

∥∥
L∞ + ∥∥ux(0)eθx

∥∥
L∞

)
.

Finally, passing limit as N goes to infinity in the above inequality, we obtain

∥∥u(t, x)eθx
∥∥

L∞ + ∥∥ux(t, x)eθx
∥∥

L∞ � C̃
∥∥u(0)eθx

∥∥
L∞ + ∥∥ux(0)eθx

∥∥
L∞ . (5.12)

We complete the proof. �
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