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1. Introduction

In this paper, we consider the following Cauchy problem for a model equation for shallow water
waves of moderate amplitude [19]

3 3 3
Mo+ s+ N7 — geznznx + E5377377x + (@ Ny + Blxxe)

=&Y NMxxx + SNxNxx), t>0, xeR,
n(0,%) =no(x), xeR.

(11)
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Here «, y, 6 and B < 0 are parameters, w is shallowness parameter and ¢ is amplitude parameter.
In terms of the two fundamental parameters © and &, the shallow water regime of waves of small
amplitude (proper to KdV) is characterized by @ « 1 and ¢ = O(u), while the regime of shallow
water waves of moderate amplitude (proper to CH) corresponds to <« 1 and &€ = O (/iv), see [19,1].
Since quantities of order ¢ = O(,//t) are also of order £ = O () for u <« 1, the regime of moderate
amplitude captures a wider range of wave profiles. In particular, within this regime one expects to
obtain equations that model surface water wave profiles that develop singularities in finite time in
the form of breaking waves. Recently, Constantin and Lannes [19] proposed the model equation for
the evolution of the surface elevation (1.1). The local well-posedness of (1.1) for any initial data ng €

HSt1(R) with s > % was proved in [19]. In [26], author proved the local well-posedness of Eq. (1.1)

for initial data in H*(R) with s > % by using Kato’s semigroup approach for quasi-linear equations.
Note that, unlike KdV or CH, Eq. (1.1) does not have a bi-Hamiltonian integrable structure (see [10]).
Nevertheless, the equation possesses solitary wave profiles that resemble those of CH, analyzed in
[14], and present similarities with the shape of the solitary waves for the governing equations for
water waves discussed in [21,15], as proved in [32].

Fora=+5,8=—3.y=—% and 0 = —, Eq. (1.1) becomes the following equation

3 3 3 M
M+ T+ S €Ml — gsznznx + E8377377x + 15 (oo = o)

7
:_igﬂ(nnxxx"r‘zﬂx’?xx), t>0, xeR,
n(0, x) = no(x), xeR.

(12)

In [19], it is proved that if the maximal existence time of (1.2) is finite blow-up occurs in the form of
wave breaking. Orbital stability and existence of solitary waves for Eq. (1.2) was recently obtained in
[32,27].

One of the closest relatives of Eq. (1.1) is the Camassa-Holm equation

{ut — Upxx + 3UUx = 2Uxlyy + Ullyyy, >0, XER, (13)

u(x,0) =ug(x), xeR,

modelling the unidirectional propagation of shallow water waves over a flat bottom, u(t, x) stands for
the fluid velocity at time ¢t in the spatial direction x. It is a well-known integrable equation describ-
ing the velocity dynamics of shallow water waves. This equation spontaneously exhibits emergence
of singular solutions from smooth initial conditions. It has a bi-Hamilton structure [28] and is com-
pletely integrable [5,8]. In particular, it possesses an infinity of conservation laws and is solvable by
its corresponding inverse scattering transform. After the birth of the Camassa-Holm equation, many
works have been carried out to probe its dynamic properties. Such as, Eq. (1.2) has travelling wave
solutions of the form ce~*=<!l called peakons, which describes an essential feature of the travelling
waves of largest amplitude (see [9,14,22,16]). It is shown in [20,12,17] that the inverse spectral or
scattering approach is a powerful tool to handle the Camassa-Holm equation and analyze its dynam-
ics. It is worthwhile to mention that Eq. (1.2) gives rise to geodesic flow of a certain invariant metric
on the Bott-Virasoro group [18,55], and this geometric illustration leads to a proof that the Least
Action Principle holds. It is shown in [13] that the blow-up occurs in the form of breaking waves,
namely, the solution remains bounded but its slope becomes unbounded in finite time. Moreover,
the Camassa-Holm equation has global conservative solutions [3,47] and dissipative solutions [4,48].
For other methods to handle the problems relating to various dynamic properties of the Camassa-
Holm equation and other shallow water equations, the reader is referred to [2,21,7,39-45,36,37,29-31,
51-54,57,33-35] and the references therein.

Motivated by the references cited above, the goal of the present paper is to establish the local
well-posedness for the strong solutions to the Cauchy problem (1.1) in Besov spaces. The proof of the
local well-posedness is motivated by that in Danchin’s celebrated paper [23-25] in the study of the
local well-posedness to the Camassa-Holm equation. However, one problematics issue is that we here
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deal with the equation with a higher order nonlinearity in the Besov spaces, making the proof of
several required nonlinear estimates somewhat delicate. These difficulties are nevertheless overcome
by carefully estimates for each iterative approximation of solutions to (1.1). Moreover, we also prove
the analyticity of its solutions in both variables, with x in R and t in an interval around zero, provided
that the initial profile ug is an analytic function on the real line. Hence, this analytic result can be
viewed as a Cauchy-Kowalevski theorem for (1.1). Analyticity is inherent to travelling water waves
(see [16]). Finally, persistence properties on strong solutions are also investigated.

Our main results could be stated as follows, where the definition of Besov spaces B}, ,, E}, (T) and
Es, will be given in Sections 2 and 4.

Theorem 1.1. Let p,r € [1,00] and s > max{%, 1+ %}.Assume that ug € B;’r. There existatime T > 0 and a
unique solution u € EZ’,(T) to the Cauchy problem (2.1) such that the map ug +— u : B;r — C([0, TY; Bg’r) N
cl(o, T1; B;’;l) is continuous for every s’ < s whenr = oo and s’ = s whereas r < occ.

3

Theorem 1.2. Let ug be in BJ . There exists a time T > 0 such that Eq. (2.1) has a unique solution u €
3 1

Cc([0, T]; 822 DN cl(o, Ty; Bz2 1)- Moreover, the solution depends continuously on the initial data, i.e., the

3 3 1
mapping @ : ug > u is continuous from a neighborhood of up in Bj ; into C([0, T]; B; ;) N cl(o, Ty; BS .

Remark 1.1. Note that for every s € R, B , = H®. Theorem 1.1 holds true in Sobolev spaces H*® with
s> % which covers the corresponding result in [19,26] proved by using Kato’s semigroup theory.

3

Remark 1.2. In particular, we have obtained the local well-posedness of Eq. (2.1) in the case Bj ;.
3

However, this is not true in the case B2

3

B < H} s B2
2,1 2,00

in view of the proof of Proposition 4 in [25]. Noting that

2,00

one can see that s = % is the critical index.

The study of analytic regularity of solutions of the Camassa-Holm equation by A. Himonas and
G. Misiolek [44] using an abstract Cauchy-Kowalevski theorem led us to investigate the analytic reg-
ularity of the Cauchy problem (2.1) and prove the following theorem.

Theorem 1.3. If the initial data ug is real analytic on the line R and belongs in a space Es,, for some 0 < sg < 1,
then there exist an € > 0 and a unique solution u to the Cauchy problem (2.1) that is analytic on (—¢, €) x R.

Remark 1.3. We would like to note that the analyticity properties of the solutions to Eq. (2.1) and
Camassa-Holm equations are quite different from those of the Korteweg-de Vries equation whose
solutions are analytic in the space variable for all time [56] but are not analytic in the time vari-
able [50].

Theorem 1.4. Assume that ug(x) € H® with s > % satisfies that for some 6 € (0, 1)

)

|uo(®)]. |uox®)| ~ 0 (e™*) asx 1 oc.

Then the corresponding strong solution u(x) € C([0, T]; H®) to (2.1) satisfies that
[u@)|, [ux()| ~ 0(e™?) asx* oo,

uniformly in the time interval [0, T].
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Remark 1.4. In fact, Theorem 1.4 tells us the strong solution u(x, t) corresponding to initial data with
fast decay at infinity will behave asymptotically in the x-variable at infinity in its lifespan.

The rest of this paper is organized as follows. In Section 2, we prove the local well-posedness of
the Cauchy problem (1.1) in the Besov spaces B;r, p,re[l,00], s > max{%, 1+ %}. In Section 3, the

local well-posedness in critical case (with s = % p =2, r=1) is considered. Section 4 is devoted to
the study of the analyticity of the Cauchy problem (1.1) based on a contraction type argument in a
suitably chosen scale of the Banach spaces. Finally, persistence properties on strong solutions are also
investigated.

2. Local well-posedness in BS, ., p, € [1, ccl, s > max{3, 1+ %}

In this section, we shall establish local well-posedness for the Cauchy problem (1.1) in the Besov
spaces.
We prove here the well-posedness of the general class of equations

3
U + Uy + Esuux + nguzux + K83u3ux + p(auxxx + Buxxt)

=g (Y Ullyxx + SUxNxx), t>0, xeR,
u(0,x) =uo(x), xeR,
with ¢,k € R, in particular, above equation coincides with (1.1) if one takes ¢ = —%,K =3

16°
Since 8 <0 and  is so small, we also assume that |uf| < 1. Using the Green function G(x) £
ZMe_lml, we have (1+ uBd2)~'f =G * f for all the f € L?, and G * (u + uBux) = u, where

we denote by * the convolution. Then we can rewrite the above Cauchy problem as follows

o ey B o -2 1 \p
ur + (E — Fu>ux—P(D)|:<1 ﬂ>u+( 4 2/Jf,3>u

2 3
£l e’k 3¢ —&ué —
+ ?UE} + TU4+ 1y 2M Mﬂu)zf

u(x,0) =uo(x), xeR,

(2.1)

}, x>t, xeR,

with the operator P(D) £ —dy(1 4 uB82)1L.
For the convenience of the readers, we recall some facts on the Littlewood-Paley decomposition
and some useful lemmas.

Notation. S stands for the Schwartz space of smooth functions over RY whose derivatives of all order
decay at infinity. The set S’ of temperate distributions is the dual set of S for the usual pairing. We
denote the norm of the Lebesgue space LP(R) by || - ||.» with 1 < p < 00, and the norm in the Sobolev
space H¥(R) with se R by || - ||gs.

Proposition 2.1 (Littlewood-Paley decomposition). (See [6].) Let B = {¢ e RY, |£| < 3} and C = {& e RY,
% NIHES %}. There exist two radial functions x € CZ°(B8) and ¢ € C°(C) such that

XE+) 9(27%) =1, VieR’,

q=0

la—d|>2 = Suppgo(Z‘q-)mSuppq)(Z‘q’.):@,
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g=1 = Suppx()NSuppe(2) =4,
1 5 g2 d
§<x@>+g;¢@q9 <1, VEeR.

Furthermore, let h = F~ ¢ and h=F-1 X. Then for all f € 8’(RY), the dyadic operators Ag and Sq can
be defined as follows

Aqfﬁgo(z_qD)f=2qd/h(2qy)f(x—)’)dy forq=0

Rd

Sef =x(27D)f= > Akzzqd/fz(zqy)f(X—y)dy,

—1<k<q-1 Rd
A_1f=Sof and Aqf=0 forq<-2.
Hence,
f=) Af inS(RY,
q=0

where the right-hand side is called the nonhomogeneous Littlewood-Paley decomposition of f.

Lemma 2.1 (Bernstein’s inequality). (See [24].) Let B be a ball with center 0 in RY and C a ring with center
0 in RY. A constant C exists so that, for any positive real number A, any nonnegative integer k, any smooth
homogeneous function o of degree m and any couple of real numbers (a, b) with b > a > 1, there hold

Suppd CAB = sup [[8%ul 0 < CHIARFAG ) ju o,
|t |=k
Suppd CAC = CTAKuipe < sup [8%u 0 < AR |lul e,
lor|=k

Suppii CAC = o (D)u ;s < ComA™ 4@ u 0,

for any function u € L°.

Definition 2.1 (Besov space). Let s € R, 1 < p,r < oo. The inhomogeneous Besov space B; r(}Rd) (BS
for short) is defined by

br={f €S ®Y; Ifllgy, < oo},

where

1

qsr r 1
gz 2™ 1A flI)7, forr < oo,
supgez 2% Aq fllL,,  forr=o0

Ifllgy, =

If s = 00, B, = Nscp BS -

Please cite this article in press as: Y. Mi, C. Mu, On the solutions of a model equation for shallow water waves of moderate
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Proposition 2.2. (See [24].) Suppose that s € R, 1 < p, 1, p;, i < 0o (i =1, 2). We have

(1) Topological properties: B;_r is a Banach space which is continuously embedded in S’.
(2) Density: CS° is dense in BS L& 1<p,r<oo
1 1

_(_ R

n(5-)
(3) Embedding: B}, . < Bp, .,”" P if pr <paandri <12,

Bp ry < Bp r, locally compact, if s1 < s2.

(4) Algebraic properties: Vs > 0, B;,r N L* is an algebra. Moreover, B;’r is an algebra, provided that s > %
ors> % andr=1.
(5) Complex interpolation:

s s
sy -0 < Cllullys, lully’, Yu € Bjy N BEy. V9 €[0.1].
(6) Fatou lemma: If (un)nen is bounded in B}, . and up — u in &', then u € B}, . and
lullgs, < lbn_légf””" Igs,,

(7) Letm € R and f be an S™-multiplier (i.e., f : R — R is smooth and satisfies that Vo € N, there exists a
constant Cq, s.t. 3% f(£)] < Co (1 + [E]™121) for all € € RY). Then the operator f(D) is continuous from
B}, to By .

1

1
(8) The paraproduct is continuous from B;f X (B oo NL™) to BP o -6,

Ifell 1 <CIfIl s mIIgII

By % B! BJ oL

(9) A logarithmic interpolation inequality

0
TN

).

Now we state some useful results in the transport equation theory, which are crucial to the proofs
of our main theorems later.

1ALy <Cifl m(
Bp.l Bp,oo

1
BP
P

Lemma 2.2. (See [23,24].) Suppose that (p,r) € [1, +00]? and s > —%. Let v be a vector field such that Vv

d
belongs to L1([0, T]; Bspfrl) ifs>1+ % or to L1([0, T1; B,ﬁ N L°°) otherwise. Suppose also that fo € B‘J -

FelLl(0,T]; B;,r) and that f e L>°(L1([0, T1; B;Tr) N C([0, T1; ") solves the d-dimensional linear trans-
port equations

fle=0 = fo.

Then there exists a constant C depending only on s, p and d such that the following statements hold:

Please cite this article in press as: Y. Mi, C. Mu, On the solutions of a model equation for shallow water waves of moderate
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(D Ifr=1ors#1+ %, then
t t
I fllss, < Il follgs, + /||F<f>||3sp_r dr + Cf V@[ f @], dr
0 0
or
t

1fllBs, < ecvmc(nfongg,,, + / e VOF@) |, dr) (22)

0
holds, where V (t) = [3 IVv(T) ¢ drifs<1+ g and V (t) = [, IVV(T)l g1 d else.
BY.nL>® o’
Q) Ifs<1+ % and V fp e L, Vf € L*°([0, T] x RY) and VF € L1([0, T]; L™), then

t

1By, + 1V flle < eV (IIfoIIB;, + IV foll= + / e VOF@) g, + | VF@O) | 1 dr)
0

with V()= [§IVv(D) «  dr.
BY.nL>®
(3) If f = v, then for all s > 0, the estimate (2.2) holds with V (t) = fot ||Vv(r)||3;7r1 dr.
(4) Ifr < +o0, then f € C([0, T]; sz,r)~ Ifr = 400, then f € C([0, T]; Bg,r)for alls’ <s.

Lemma 2.3 (Existence and uniqueness). (See [23,24].) Let (p, p1,7) € [1,+00]? and s > —d min{pl—l, %} with

p=01- %)*1. Assume that fy € B;_r, Fell(o,T]; B;,r). Let v be a time dependent vector field such that
d

v e LP([0, T]; BM,) for some p > 1, M > 0 and Vv € L'([0, T]; Bg,r NL®) ifs <1+ 1% and Vv e

L'([0, T1; B;ﬂr) ifs>1+ % ors=1+ ;—1 and r = 1. Then the transport equations (T) have a unique solution

fel®*®(0,T]; B;,r) NNy CIO, TI; BZ’]) and the inequalities in Lemma 2.2 hold true. Moreover, r < oo,
then we have f € C([0, T]; B;J).

Lemma 2.4 (1-D Morse-type estimates). (See [23,24].) Assume that 1 < p,r < 400, the following estimates
hold:

(i) Fors >0,
Ifglsy, < C(If sy, Iglie + lglsy, I flli):
<S5y (s3> % ifr=1)and s1 + sy > 0, we have
£l gy, < CIFllge gl g
(iii) In Sobolev spaces H® = BY, ,,, we have for s > 0,

I foxglins < C(Il fll s+ liglliee + I0xg sl fllee),

where C is a positive constant independent of f and g.

Please cite this article in press as: Y. Mi, C. Mu, On the solutions of a model equation for shallow water waves of moderate
amplitude, J. Differential Equations (2013), http://dx.doi.org/10.1016/j.jde.2013.06.008




YJDEQ:7206

8 Y. Mi, C. Mu /]. Differential Equations eee (eeee) eee—cee

Definition 2.2. For T >0, s€ R and 1 < p < +o0, we set

Ep.r(T) = C([0,T]; By ;) N c'(fo, T1; B;,_rl) if r < 400,
E} oo (T) 2 1[0, T1; B, o) Nlip' (10, T1; B L)

and Ej 2 () E (T).
T>0

In the following, we denote C > 0 a generic constant only depending on p, r, s. Uniqueness and
continuity with respect to the initial data are an immediate consequence of the following result.

Proposition 2.3. Assume that p,r € [1,00] and s > max{%,] + %}. Let u,v € L*°([0, T); B;Tr) n

C([0, T); S’) be two given solutions to Eq. (2.1) with the initial data ug, vg € Bi,,,. Then for every t € [0, T],
we have

(1) ifs > max{%, 1+ %} buts#2+ %, then

4
i=

t
Ju® = v©) | g1 < llto = voll et exp(c f (lullyy , + ||v||"B;r)dr); (2.3)
0

1
(2) ifs=2+ % and 6 € [0, 1] then

£ 4
Ju® = v(©) g1 < Clluo — vOII%ﬁ e><p<9C/Z(IIUII"B;,r + ||V||issp,,)df)
0

i=1

x ([u®] g, + [vO 5 ) "

Proof. For s #2+ %, let w =v — u. It is obvious that w solves the transport equation

a ey ey
WH—(E_Fu)Wx_ ﬂVXW—i-f, t>0, xeR, (2.4)
w(x,0) = wo(x) =up — Vo, xeR,

where

_ a 3¢—-2 1 &, )
f_P(D)|:<]_E>W+( 2 —m)(u—kv)w-{-?(u +uv+v)w

3 —&ud —
w o SRy Z el up

ek, 3. 5 2 3
+T(u +utv+uvt +v°) 5

(ux + Vx)ij| .

In view of Lemma 2.2, it follows that

Please cite this article in press as: Y. Mi, C. Mu, On the solutions of a model equation for shallow water waves of moderate
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—C o lx[= Ful@)l ys—2 d7’
e pr

[wol B

t
—C Jo Nox[=F ul(@)ll s 2df €
<||wo||854+c/e o 1o ( 4
p.r
0

—vyw

5 ot ||f||3f;r1) dr.  (25)

S—
BD,T

Due to s > max{z, 1+ = } by virtue of Proposition 2.2, BS 1 C L* is an algebra. Thus we obtain

H —vxw| <Ol Wlges < CIVIgs, Wl g,

Byr

G-

Since P(D) is S~!-multipliers, if max{%, 1+ %} <s<2+4 %, applying Proposition 2.2 and Lemma 2.4,
we have

o 3¢ -2 1
”f”Bf,j,l <CH<1_E>W+< ) ZMﬁ)(U+V)W+—(u +uv+v )

&3 ey —eus —
TK(u3+u2v+uv2+v3)w+ 1y z,u wp

< Clla(u™) () B2 (2.6)

s—2
By r

+ (ux + vx) wy

By
<ClIWligsz + @+ g + | (u? +uv + v )w| oo
+ (u3 +ulv+uv?+ vﬁw”sz? + || (ux + v wi| B2

4

i i
<Yl + 1V ) Iwlger-
i=1

Ifs>2 + » we know that B} 2 is an algebra. Thus, we also have

4
i i
1f g < C (s, + Vil JIwllgs.
i=1

Therefore, inserting the above estimates to (2.6) we obtain

—C fo loxu())]l 52 d7’
‘ 2

w(t)|

s—1
By

t
4
—C Jo lsu(t)] gs—2 dt’ i i
<lIwoll et + Cfe P 2l + VI )Wl de
0 i=1

Hence, applying the Gronwall’s inequality, we reach (2.3).

For the critical case s =2 + %, we here use the interpolation method to deal with it. Indeed,

if we choose s; € (max(1 + %, %) —1,s—1),s5e(s—1,s) and 0 = 5252(551]) € (0,1), then s — 1 =
0s1 4+ (1 — 0)s,. According complex interpolation and the consequence of case (1), we have

Please cite this article in press as: Y. Mi, C. Mu, On the solutions of a model equation for shallow water waves of moderate
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6 1-6
[w© s < WOy, [w© g2,
4
|

T
. : 1-6
<lIwollys, exp(ec f > (lullys, + nvn'B;r)dT> ([u@ gz, +1v© [ 5z,)
0

—_

1=
T 4

< liwolly s exp<96/2(||ung;‘r + ||v||g;r)dr)(|!u<t) s, + VOl )"
0 =

Hence, we get the desired result. O

Now let us start the proof of Theorem 1.2, which is motivated by the proof of local existence
theorem about the Camassa-Holm equation in [23]. Firstly, we shall use the classical Friedrichs regu-
larization method to construct the approximate solutions to the Cauchy problem (2.1).

Lemma 2.5. Assume that u® = 0. Let 1 < p,r < +00,§ > max{ 1+ %}, and ug € B;’r. Then there exists
a sequence of smooth functions {u™},en € C(RT; Bp_r) solving the following linear transport equation by

induction:
o &
(at + < v u(”)> 3x>u(”+1)

0 3¢—-2 1 0 &,
- P(D)[( ) u® 4+ (—4 - —2M>(u< N+ 5 ™)’ 27)
3 — —
+84 (u (n)) +38M/ ;/M up (u)((n))Z]’

U™ (x, 0) = up ! (x) = Snt1uo,

where the operator P(D) = —0x(1 — 83)‘1. Moreover, there is a maximal existence time T > 0 such that the
solutions u™ satisfy the following conditions:

(i) {u™}nen is uniformly bounded in E3, (T),

(ii) {u™}en is a Cauchy sequence in C([O TI; B )

Proof. Since all data S;1up € Bg"r, Lemma 2.3 enables us to show by induction that for all n € N,
Eq. (2.1) has a global solution which belongs to C(R*; B%%,). Thanks to s > max{3,1+ %}, we find
B;TJ is an algebra. From this, one obtains

a\ o 3¢—-2 1 . U, m
[rof(1=5 )+ (57 = g )+ 5

+ ﬂ(um))zx N 3epy — ;M —up (u)((n))z]

By r

2 3 4
(L P e P U PR R P

4 .
=3Il
i=
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(-

In view of Lemma 2.1 and the proof of Proposition 2.3, it follows that

< Clou®) (¢ 51 C8)

s—1
Bp.r

—C [3 @™ ()] 51 de’
e Bp.r ||u(”+1)(t) H Bi,r

; 4
—C Jg 1xu® (@)l ps—1 d’ ;
< ISns1tollps, +C/e Bpr Z”“(n)’B;r dr. (2.9)
0 i=1 '
Hence, we get
C Jy Ioau® (x| g5 dt’
Ju™D©, <e 5 1 ol gs
p.r pr
C [ @y (& d 2.10
p.r
wefe S, a- (210)
0 i=

Let us choose a T > 0 such that 6C||u0||f33 T <1, and suppose by induction that for all t € [0, T]
p.r

luolgs,

(1-6Cluoll3 0%
p.r

[u™ 5, < 211)

Indeed, since Bf,fﬂ is an algebra, one obtains from (2.12) that
t

t
¢ [ (@) g de’ <€ [ (@), + [0 ()], ) b7
T

p.r
T

t t 3
lluollg; lluollgs
<C<f Por dt/+/—3’"; -dt’
4 (1=6C|uollg, /)3 1-6Cluollg, ©

T

2 2

e ‘1 — 35 3 _ 1 _ 35 £
aluop, L1~ 6CHuollzy 7)” = (1= 6Cluoly, 1)°]
p.r

1 1
+ g1n(1 - 6C||u0||%§ ) - 5 In(1 - 6C||u0||%§ 0. (212)

And then inserting the above inequality and (2.12) into (2.11) leads to
1
4ugll

0 sz

" lluollps,,

(1—-6Cluol®, 05  (1—6Cllugl3, 6)s
p.r p.r

1
4llugliZs
e pr

” @D (t) H 5, <

¢ 4 3
1 lluollgs lluollps
x /(1 —6C||uo||§srf)6< Bt L8
0 2 a —6C||uo||3zrt)§ 1—6C||uo||B§”r
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lluollZ lluoll ps
+ B4+ P 1>dt
( —6C||Uo||f;;rf)§ (1—=6C|luollps,7)3

oligs

t 3
e " lluollss, lluollgs
< 1+ C/ 2L dt
(1—6C|luol3; t)s (1—6C]uoll3; )%
p.r 0 p.r

1
4llug H

»7 |luollgs,,

a —ficlllloll,gsp_rt)3

(2.13)

Thus {u"}ey is uniformly bounded in C([0, T]; B pr)- Similarly we deduce that 9;u™*! € C([0, T]; B )
uniformly bounded. Thus we get (i).
Next we show (ii). By Eq. (2.8), for all m,n € N, we obtain

o (wm D —y @Dy 4 (E _

; %u(nm))ax(u(mnﬂ) _ u(n+l)) =f (2.14)

where

B

( (u(m+n) + u(n))(u(m+n) _ u(“))
2Mﬁ>

g2 2
4+ 3 (( (m+n)) +u(m+n) (n)+( (n)) )(u(m+n)_u(n))

f/ — zu)((nﬂ)(u(mﬂl) _ u(n)) + P(D)[(l _ %)(u(m+n) _ u(n))

&3k 3 2 2 3
+ T((u(m-b-n)) + (u(m+n)) u(n) + u(m+n) (u(n)) + (u(n)) )(u(m+n) _ u(n))

+ 3epy — !;‘,U,S —uB (u)(<m+n) _ u;n))(u§m+n) _ u}({n))].

Similar to the proof of Proposition 2.3, one can deduce that

4 . .
15 ] < c(z<||u<"+m> I, + 1 )+ ||B§,_,) Jumsm ]

i=1

Note that
| 1
Jug™ —ug” ”Bffrl = [ISn+i41tlo — Snt1tiollps,
I+n
> Awuo <c2™, (2.15)
k=n+1 Byr

In the case of s > max{%, 1+ %} but s #2+ %, in view of Lemmas 2.2 and 2.3, for all t € [0, T], we
obtain
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” (u(n+m+1) _ u"“)(t) H b

¢
CLolu™@)|ps dr —C J§ Ilu@+m dr
<e Jol Hssp_r (”u(()ner)_u(()n) ”33*1 +/e o llu @lgs,
p.r

0

4 . .
x c(Z<||u<”+m> Iy, + 1, )+ JuD ||B;,) Jumn —u®], dr (216)
i=1

t
< C(z—n + / (™™ — u®@) ()| B! dr). (217)
0

By induction, with respect to the index m, one can easily get

TC U\ (TOK
( 1) (n+1) (m) k
” (u ) u " )(t)HL%O(B;Tr]) < (Tl + -l)y (Hu " ”L?.C(Bf”)) + Cl§2< " k! .

As [lu™ ||Loo(Bs—1) and C are bounded independently of m, there exists constant C; independent of m,
T p.r

n such that
(n+m+1) (n+1) —n
||u —u (t) H L%o([O,T];BZTrl) < C12 .

Thus u,(qne)N is a Cauchy sequence in C([0, T]; B;}l).

On the other hand, for the critical points s =2 + %, we can apply the interpolation method which

has been used in the proof of Proposition 2.3 to show that (u),cr is also a Cauchy sequence in
C([0, T]; Bi,,_rl) for this critical case. Therefore, we have completed the proof of Lemma 2.5. O

Proof of Theorem 1.1. Thanks to Lemma 2.5, we obtain that {u™},ey is a Cauchy sequence in
C([0, T]; B;.r), so it converges to some function u € C([0, T]; Bi{r]). We now have to check that u

belongs to EZ’T(T) and solves the Cauchy problem (2.1). Since {u™},cy is uniformly bounded in
L0, T; Bz’r) according to Lemma 2.5, the Fatou property for the Besov spaces (Proposition 2.2)
guarantees that u also belongs to L*°(0, T; B;Yr).

On the other hand, as {u™},en converges to u in C([0, T1; B;‘ﬂ), an interpolation argument en-
sures that the convergence holds in C([0, T]; Bg’r), for any s’ <s. It is then easy to pass to the limit
in Eq. (2.1) and to conclude that u is indeed a solution to the Cauchy problem (2.1). Thanks to the
fact that u belongs to L*°(0, T; B}, ;), the right-hand side of the equation

u +<g—8—yu)u —P(D)[(l—a>u+(38—2—1>u2+€2tu3
T\ )T B 4 up 3

3
e’k 3em EUs
4 u’ : 2 “ uii|

belongs to L*°(0, T; B;‘r). In particular, for the case r < co, Lemma 2.3 enables us to conclude that
ueC(o,Tl; Bg’r) for any s’ < s. Finally, using the equation again, we see that d;u € C([0, T]; B;’_’r)
if r < o0, and in L“(O,T;B;—rl) otherwise. Moreover, a standard use of a sequence of viscos-

ity approximate solutions (ue)’(8 > 0 for the Cauchy problem (2.1) which converges uniformly in
C([0, T]; B3, ) NC1([0, T]; BS,') gives the continuity of the solution u in E3,,. O
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3
3. Local well-posedness in critical Besov spaces B; ,

In this section, we shall establish the local well-posedness of Eq. (2.1) in critical Besov spaces.
The remainder of this section is devoted to the proof of Theorem 1.2. To this end, we first prove the
uniqueness of the solution.

Lemma 3.1. Let u and v be solutions to (2.1) with initial datum ug and vg respectively. Assume that ug and
3 1

3 3 1
vg belong to BZZ’oo N lip, and that u and v belong to L*°([0, T1; BZZ,oo NLip)NC(0, T]; 322,00)' Lletw=v—u
and wg = vy — ug. There exists a constant C such that if for some ty < T

—C [y I3:xu(ll 1 dr

sup (e B3 0o L [w®| ) ) , (3.1)
2

te[0,T]

then, denoting F(z) = zIn(e + z) the following inequality holds true for t € [0, to]

Iw®OIl 1
B3
e
C ol 1 dr IIWollB% expl—C fo FIXi (lult 5 +Ivif 5 )lde]
<e Bzz_wmoo 2 BzchﬁLip BZ%OOmLip - (3.2)
e
In particular, (3.2) holds true to [0, T] provided that
c J§ FEd ity HvIF ) de
B2 nLip  BZ_nlip
lwoll 3 <e'™ A (33)
BZ

Proof. Obviously, w solves the transport equations

o ey B
Wt—i—(E—?u)wx_f, t>0, xekR, (3.4)
w(x,0) = wo(x) =ug —vg, xR,

where

_ £2,
f:%vxw+P(D)|:<l—%>w+<38 2 ! )(u~|— )W+ (u +uv+vH)w

4 2up
3
£k 3e —EUS —
+T(u3+u2v+uv2—|—v3)w+ wy zl/v Mﬂ(ux—l—vx)wx].

Note that P(D) € Op(S~1). Applying Proposition 2.2 and the fact that

||fg|| SIflleelgh 3 < CIFI 3 N8l 1 ;
B NL®

NN\'—‘

p p
BZ BZ 1

one can deduce that
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4
IFI g <Clwll g Y (lulf s +vlls ),
B5 B3 i3 Biwﬂlip B} Nlip
oa gy
a(5-Tu)w) y  <claa)]y
B B B ML BS NL®
By Lemma 2.2 and Proposition 2.2, we obtain
C fo gl 4 de’ L C L1l 100 de/
B2 nL>® B2
[w®] 1 <liwoll 1 200 +C e 200
BZ,oo BZ.oo 0
4 IIWIIB%
. . 2
x [Z(Ilull’; + v )}ln<e+”W” w)dr- (35)
i1 BZ . NLip B . NLip 2
2,00
Denote
—C [y () 1 dr’
W) =e T w
B2
2,00
4
Ho=> (lulls  +lvlts ).
i—1 B NlLip B NLip

Because for x € (0,1] and « > 0,

o
ln(e + ;) <Ine+a)(1 —Inx)

is true, inequality (3.4) can be rewritten as

t

W) < W(O)+C/H(r)1n(e+H(t))W(t)(l —InW(r))dr
0

provided that W < 1 on [0, t]. Because of the hypothesis, using a Gronwall type argument yields

k]

e

we _ (W(o)>exp(_cf°tm” In(e-+H(r) dr)
h e

which yields the desired result. Note that (3.3) implies (3.1) with tg = T. This completes the proof of
the lemma. O

The second step is to prove the existence of the solution.

3
Lemma 3.2. Let the initial data ug be in 322.1. Then there exists a T > 0 such that Eq. (2.1) has a solution

3 1
ueC(0,T]; B )NC'([0, TI; B} ;).
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Proof. Here we assume for the sake of simplicity that 32% o < Lip and use a standard iterative pro-
cess to build a solution. Introduce a nonnegative mollifier p € C§°(R) such that pr =1 and denote
p™ (x) =n?p(nx). We choose u® = 0 and define a sequence of smooth functions (u™),cy solving the
following transport equation

o &
(at + <E - %u“”)&,()u("*l)

_ AW 38—2_L) M2
_P(D)K] ﬂ)” +< i o)) (3.6)
)+ Gy PR e

U™ (x, 0) = upt (x) = p" 1 % uo.

1
Note that P(D) € Op(S~1) and 322‘1 is an algebra, one can easily get

a\ o 3¢—-2 1 . 2L, m
[ro (1= )+ (57 = g )+ S

+8—K(u("))4+ Beuy —epd — up (uin))2:| ,
2 B3,
Clu™] 5 +[u®[s +[u™]’; +[u®]%s)
322.1 Bzz,l 3221 221
—CZHU(")H R
2
a ey <n)) / u™)
(% -V <Clay 37
(5= Fem)e],y <claemel,y 67)

By virtue of Lemma 2.2, we deduce

—C [y 13 @™) (@]

1 dt’
2
e 2

2 o)

[>~]
Noiw

1

L —C g 13xu™ @)l

1 dt’
< lSntauoll +C/e B (ZHu(")H 3 ) . (3.8)
2,1 2

0
Hence, we get

dtr’
v Jluoll

C fé 8™ ()]
“u(n-H)(t) ” B

N

5
B4

.'" Niw
=

L Cfiau® @)

+C/e

0

1 dt
B <Z| u®|’ 3 ) drdr. (3.9)
21
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Let us choose a T > 0 such that 6C|ug|®; T <1, and suppose by induction that for all t € [0, T]
2

Bz.l
luoll 3
m Bpr
Ju™ @ 3 S — (3.10)
Byr (1 —=6C|lugll®5 t)3
B2,
1
Indeed, B ; is an algebra, one obtains from (2.10) that
t t
) ( ) ) 3
c [Jaa® ()], d c/ W (@)] 3 + () )d
T P PJ’ p.r
luoll 3 ¢ luol®,
BPT / Bz /
C 1 dT + —B/d‘f
(1 —6C|lug|®; /)3 1-6C|luol”;
BZ, 32
2 3 2
=———[(1-6Clluol®; 7)* — (1—6C|luol?, t)*]
4luoll” 4 B2, B2,
B3, '
3 1 3
—1n(]—6C||uo|| 3 7) = 5In(1-6Cuol, ¢). (311)
B B34
And then inserting the above inequality and (3.10) into (3.9) leads to
1
4lug)? 5 L
e i juol s o
B e 2.1
”u(n+1)(t)H % < - 2,1l 4 . :
By (1—=6Cluoll”; )8 (1 —6C|lugll”5 t)5
B34 B2y
¢ ||uO||4% ||uO||3%
1 B B
x/ 1-6Cuol®, 7 R al
4 B, (1-6CJlugl?; ©)s 1 —6C]uoll %
15322,1 B3,
luoll® 5 luol 3
B34 B3,
+ ) >+ ‘ T )dt
(1 —=6CJluol“53 ©)3 (1 —6Clluoll o3 7)3
2%1 21
1
4lugl? 5
e "iuol s ‘ luoll®
B, B,
< —(1+C -dt
(1—6C||uOII3% t)s 5 —GCHUO”B% 7)6
2.1 2,1
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o
4Jlugl?

(312)

= 1 .
(1-6C|luol®, 03
Bz%l

Hence, one can see that

luoll 3
B2
< 21

1 (1—6C|lug®
B

’

Ju™ @]
B

Nlw

1
t)3

1

N
Now

3
which implies that (u™),ey is uniformly bounded in C([0; T1; Bzz,l). Using Eq. (3.6), one can easily

3
prove that (3;u™)jey is uniformly bounded in C([0; T]; B ;).
Thanks to Proposition 2.2, the Arzela-Ascoli theorem and a standard diagonal process, we infer
3

that, up to an extraction, (u™)uen tends to a limit u in C([0; T]; (B3 ;)ic)- Besides, by using the
uniform bounds of u™ and Proposition 2.2, we gather that u € L*(0, T; 32%,1)- According to Proposi-
tion 2.2, one can deduce that (u™),cy tends to u in C([0; T1; (33,1)106) for any s < % Taking limit in
(3.6), one can see that u is indeed a solution to Eq. (2.1). Thanks to u € L*°(0, T; 32%,1)- the equations
in Eq. (2.1) and Lemma 2.2, we have u € C([0; T1; 32%,1)' Using Eq. (2.1) itself again, we can easily in-

1 3 1
fer that o;u € C([0; T]; 322’]). Therefore, we obtained solution u € C([0, T]; B] ;) N cl(o, T1; 322,1)- This
completes the proof of the lemma. O

The third step is to prove the continuity with respect to initial data.

3
Corollary 3.1. Let us fix a up € BZZ.] and an r > 0. Then there exist T, M > 0 such that for all uj €

3 3 1
322,1 with |lug — Ll()”B <1, Eq. (2.1) has a solution @ (ug) € C([0, T]; 322,1) nclo,Tl; Bzz,l) satisfying

3
2
2,
'l 1 <M.
L=(0,T;B}))

< Jluol| 3 4+, (3.10) and (3.12), one can choose some suitable constant C,
BZ,]

+ 13 and M = 2(||ug|
B

Proof. Noting that ||u6||B

3
2
2,

such that T = C/6(||zo]| + 1), one can complete the proof of Corol-
B

3 3
2 2
2.1 2.1

lary 3.1. O

Lemma 3.:1%. (See [25].) Denote N = N U {oo}. Let (V(I))IGN be a sequence of functions belonging to
C(10, T1; B3 ;). Assume that v is the solution to

{ atV(l) + u(l)axv(l) = f7 (3 13)

v(l) |[’=0 = Vo,

1 1
with vo € B |, f € L'(0, T; B ;) and that, for some o € L' (0, T),
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sup au® @) |
leN

<al(t).

1
B2
21

1 1
Ifin addition u® tends to u® in L(0, T; B3 ), then v(¥) tends to v(>? in C([0, T]; B ).

3
Lemma 3.4. Let ug € B 21 and u be the corresponding solution to Eq (2.1), which is guaranteed by Lemma 3.2.
Then there exist a time T > 0 and a neighborhood V of ug in le such thatv e V, Wthh is the solutlon of

Eq. (2.1) with the initial datum v, themap @ : vo — v(-,vg): V C B 31— C(0, TL B 1)ﬂC ([0, TT; B 21)
is continuous.

Proof. We divide the proof into several steps as follows.

Step 1. Continuity in C([0, T1; 82 -
Applying Lemma 3.1 and Corollary 3.1, one can get that

Y _ i o
CCORLIOTNES 18 =200l 3 expi-ct ey
T2 <eCMT 2700)

<
e e

provided that

”u6 — g H ;< e17exp(CMTln(e+M)).
B
3
In view of the uniform bounds in C([0, T]; B; ;) and an interpolation argument, we infer the mapping
3 1
@ is continuous from B ; into C([0, T]; Bzzyl).
3
Step 2. Continuity in C([0, T]; BZZ!]).

3 3
Let ugx’) €BJ, and (ug”)neN tends to ugx’) in B ;. Denote by u™ the solution corresponding to

datum ug'). By Corollary 3.1, we can find T, M > 0 such that for all n € N, u®™ is defined on [0, T]
and

sup[[u™]| ;3 <M. (314)
neN L>(0,T;B7,)

3
In order to prove u™ tends to u® in C([0, T1; BZ ), according to Step 1, we only need to show that

1
v® = 3,u® tends to v(® = 3,u® in C([0, T]; B3 }). Note that v® solves the following transport
equation

a gy
atv(”) + (_ — 2™ 3;<V(n) — f(n)’
BB

(n)’[ 0~ Bxu(n)

with
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3
m_ ey, LI e\ @, (38=2 1\ my2 o 4™
o= g (e (P57 - g e G’

3epy —epud —pp 2| 1 AW (3‘9_2_L> (m)2
+ 5 (ux)] MﬂG(x)*[(] ﬂ)u + 2 2B (u™)

) i Y= ]

2

Following Kato [49], we decompose v into v™® = z™ 4+ w® with

9 z™ + (Z _ Qu(m)axz(n) — [ _ flo),
BB
20| _ = — sl

and

1
one can easily check that (f("‘>),16§I is uniformly bounded in C([0, T]; 322’]). Moreover, we can obtain
the following inequalities

3 . .
[F® = 4 < (Z(\IU‘")Ii's +||u‘°°)||’3))
221 i=1 322,1 322.1
x (Ju® —u® 3+ [u™ = o] ).
B3, B3
Applying Lemma 2.2, one can deduce that
CIO 195 (% = u™) @)l 1 dr’
l2@] - o
221 B3,
L —C [7l0x(%—Fu™)(@))] p a7
wefe B (g g e
; B3
C fy ™)) 5 dr/
<e B2, Haxu(n) axu(oo) ”

1
B2
B34

t —Cf Hu(”)(r’)” % dt’ 3 . '
B ]! (CONL
v fe : (Z<uu" Iy + 1 ”é?)

5 i=1
x (Ju™ —u®| 1+ [9u™ —3u| 1 )dr. (3.15)
B}, B}
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1
Lemma 3.3 tells us w™ tends to v(® = 3,u(® in C([0,T]; B ,). Let & > 0, combining the above
estimates (3.14) and (3.15), when n € N is large enough, we can conclude

o - 32

1 (.
2 2
BZ.] BZ,]

<€+ CMetMT (e + [ axu” - 8xué°°)
t
+/(H8xu(n) —ou®| 1 A+ u® —u®| , )dr).
B} B?
0 2,1 2,1

1
As u™ tends to u> in C([0, T]; B ;), when n is very large, the last term is less than &. Hence, using
Gronwall’s inequality, we get
[axu™ — a,u®| 1 <C(e+ ||8Xu(()") - axug”)

o) )

(.
2,1 32.1

3
here the constant C depends only on M and T, which yields the continuity in C([0, T]; Bzz’l).

3
Step 3. Continuity in C1([0, T]; B3 ).
Using (3.14), the equations in Eq. (2.1) and Step 2, we reach Step 3. Consequently, we have com-
pleted the proof of the lemma. O

4. Analyticity of solutions

In this section, we will show the existence and uniqueness of analytic solutions to the system (1.1)
on the line R.
For the proof of Theorem 1.3, we will need a suitable scale of Banach spaces as follows. For any

s> 0, we set

k1 ak
sEl0%ul g2
Es=1{uecC®M): |lulls= sup ———— ,
’ { P ken KU/ (k + 1)

where H2(R) is the Sobolev space of order two on the real line and Ny is the set of nonnegative
integers. One can easily verify that Es equipped with the norm || - ||s is a Banach space and that, for
any 0 <s’' <s, Es is continuously embedded in Ey with

Mullls < il
Another simple consequence of the definition is that any u in Eg is a real analytic function on R.
Crucial for our purposes is the fact that each E; forms an algebra under pointwise multiplication of

functions.

Lemma 4.1. (See [44].) Let 0 < s < 1. There is a constant C > 0, independent of s, such that for any u and v in
Es we have

lluvils < Clifulllsivils-

Lemma 4.2. (See [44].) There is a constant C > 0 such that for any 0 < s’ <'s < 1, we have ||oxu||s <
o llulls, and J1(1 = 82 ully < lulls. (1 — 82~ axully < fulls.
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Theorem 4.1. (See [6].) Let {Xs}o<s<1 be a scale of decreasing Banach spaces, namely for any s’ < s we have
Xs C Xy and || - |ls < |I - |ls- Consider the Cauchy problem

=F(t, u()),
u(O) 0.

Let T, R and C be positive constants and assume that F satisfies the following conditions:

1) Iffor0 < s’ < s < 1 the function t — u(t) is holomorphicin |t| < T and continuous on |t| < T with values
in Xs and

sup [Juco)], < k.
[tI<T

then t + F(t, u(t)) is a holomorphic function on |t| < T with values in X.
2) Forany 0 <s' <s < 1andanyu, v € Xs with |[u|ls < R, [IV|ls <R,

sup IF @ w = Fe vy < =l = vlls.
3) There exists M > 0 such that forany 0 <s < 1,
M
sup [IF & 0], < ST

Then there exist a Tg € (0, T) and a unique function u(t), which for every s € (0, 1) is holomorphic in |t| <
(1 — s)To with values in X, and is a solution to the Cauchy problem (2.1).

We restate the Cauchy problem (2.1) in a more convenient form. Let uy = u, uy = uy. Then the
problem (2.1) can be written as a system for uy and u;

don =~ + X ay@?) — 0,600 # | (1= L )ur + (2222 - L a2
R 7 M ) (T o)
&2, &3k 36y — £LS — -
gt St SRR M'B”% = F1(u1, u2),
3 4 2 ]
duz =9 + &y u) ! [(1 )u +<38_2 1 >u2
th2 = — Uiz — — Juy —
) p P B 4 2up)! 4.2)
3 -
&2 o 3¢ —eud — 1 a
+ 5 "i}+—”‘1‘+ by ok Mﬂu% - —GWx*|(1-= )u
3 4 2 i M,B ﬂ
3¢ 1 e 5 £ 4y SEHY —Eus —pB o
218 3 = Fa(u1, up),
+< 4 2,uﬁ> + 3 4 + 4 1t 2 ”z] 2(u1, uz)
u1(x, 0) = ug(x), uz(x, 0) = ug(x).

Now we are ready to prove Theorem 1.3. We will show that all three conditions of the abstract
version of the Cauchy-Kowalevski theorem (Theorem 4.1) hold for Eq. (2.1) on the scale {Xs}o<s<1-

Proof of Theorem 1.3. Let u = (u1,uy) and F = (Fq, F») in (4.2) and let X be a scale of decreasing
Banach spaces defined as X; = Es x Es. Then we only need to verify the first two conditions of the
abstract Cauchy-Kowalevski theorem since the map F(uq, uy) does not depend on t explicitly.
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Clearly, t — F(t,u(t)) = (F1(u1, u2), F2(uq, up)) is holomorphic if t — uq(t) and t — u,(t) are both
holomorphic. Therefore, to verify the first condition of the abstract theorem, we only need to show
that for s’ <'s, F1(uq,uy) and Fy(uq,uy) are in uq, up € Es. We begin with estimates on F; and F,.
By Lemma 4.1 and Lemma 4.2, we have

—H‘——u +—a( 1) - BG(X)*[(l—g>u +<38_2—L>u2
ST g T g)! 4 2up)!

g% K 4 38,uy—g,u8—uﬂu2]
2

|| F1(ua,

3
—Uu —1u
+ U 5

s

C
2 2 3 4 2
=g lulls + Cllutlls + Mutllg + Murllg + Muallg + Nu2llg).

—‘8<—gu +2uu> ! [(1——)u +<38_2—L>u2
STIPTET T ) T T 2 )

3 3 — &8 —
+8_u?+8_Ku‘11+ ERY EM Mﬂ ]——G(x)*[( >
* 4,

3 4
3¢ 1 g% 3k ey —eus —
" _u%+_?+_? wy M 1B 2
4 21 3 4

c 2
=3 _s/(lllullllS + M llsluzlls) + C (Nually + Nua g + Nl

4 2
+ Mludlly + |||U2|||s/)~

We proceed to establish the second condition of the abstract Cauchy-Kowalevski theorem. First we
show that for some C independent of t the estimates

C
[[F1(u1, u2) = Fr(vi, va) |y < |||u = vlix, (4.3)

and

C
[[F2(u1, uz2) = Fa(vi, va) ||y < mlllu = vlix, (4.4)

hold.

In order obtain the estimate (4.3) we use the triangle inequality and Lemma 4.1 with Lemma 4.2,
we have

[IF1(u1, u2) — Fi(vi, va)||
= ‘ ’_%(uz —va)+ %ax(uf —v3) — G () * [(1 - %)(ul = V1)

36 —2 1 X &3k
+< Y m)(”ﬁ—v%)Jr ?(”3 — i)+ T(“?—V?)

Bepy —epud — up
e L ht]

s

C
< Cllluz = vally + — 9 lluz — vallglliuz + vally + Cllur — villlsy

Please cite this article in press as: Y. Mi, C. Mu, On the solutions of a model equation for shallow water waves of moderate
amplitude, J. Differential Equations (2013), http://dx.doi.org/10.1016/j.jde.2013.06.008




YJDEQ:7206

24 Y. Mi, C. Mu /]. Differential Equations eee (eeee) eee—ecee

+ Cllur + valilyllur — villy + C\th gllur =villy

+ C|ud +utvi +urve +urvd +vi || llur — vally

+ Cllluz — vallls lluz + v2llls

C
< ——Jlu—vlix,.
§—S

In a similar way to what we just did, we can show that the estimate (4.4) holds
The conditions (1) through (3) above are now easily verified once our system (4.3) is transformed
into a new system with zero initial data as in (4.2). The proof of Theorem 1.3 is complete. O

5. Persistence property

In this section, we shall investigate persistence properties on the solution to Eq. (2.1) in L*-space.
For the Camassa-Holm equation a solution u such that u — uyy has compact support preserves this
feature at future times, although u with compact support is not preserved (see [11,38]). This property
is best expressed by means of a decay statement in [46], which motivates the considerations made in
Section 5.

Notation.

Ifx)
% |gx)|

|fx)] ~0(|gw]) asx1tooif Jim

where L is a nonnegative constant. In order to shorten the presentation in the sequel, we introduce

4 2up

o 3 -2 1 g% &3k ey —eud — up
f(u):(l—g)u+< >u2+Tu3+Tu4+ > uz.

Proof of Theorem 1.4. Firstly, we will give out the estimates on ||u(x,t)|~. Multiplying the first
equation of (2.1) by u?*~! with n € Z* and integrating the result with respect to x, one can get

/uzn_lutdx+/u2”_1<% ~ %u)uxdx—i—/uzn_]axc*f(u)dx:O. (5.1)
R R R

The first term of the above inequality is

m-1d

/uzn*lutd 2ndt ”u(t) ”L2” ||u(t) ”L2n Hu(t) HLZ”

R
For the estimates of the other two terms in (5.1), we have

‘/umq(g _&r )uxdx g—y/uznquuxdx
J B B

5 H e O |
R

and

< Ju® |53 |3xG * F W] on-

Vuz'l—laxc * f(u)dx
R
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Putting all the inequalities above into (5.1), we can get

d
a ”u(t) ||L2n g ‘% || ux(t) ||Loc || U(t) ||L2n + H 8)(G * f(u) ||L2n . (52)

Using the Sobolev embedding theorem, there exists a constant M > 0 such that

d
a ”u(t) ”LZn < M”u(t) H L2n + H axp * f(u) ”LZn- (53)

By Gronwall’s inequality, we obtain

t
lu®] 20 < eMt(IIu(O) | 20 +/|| G * f W) 2 dr). (54)
0

For any f € L'(R) N L°(R), we know that
lim || fllee = | fllzee.
p—00

Taking limits in (5.4), we get

t
o <6 {Ju@ e+ [ sl
0

Next, we will establish the estimates on ||uyx(x, t)||;c with the same method as above. Differenti-
ating the first equation in (2.1) with respect to x-variable produces the following equation

uxt—i—(%—?u)uxx—?yuz—i—a Gx f(u)=0. (5.5)

1

Multiplying the above identity by u2” and considering the second term with integration by parts

2n
/uﬁ”_]<g—ﬂu)uxxdx=—& u)z(”_]uu,(xdx=—2 u(ui> dx= u2uy dx,
B B B B 2n /, 2/3
R R
we get
-1y, g &V dx = &V [ 212 u2n=152 _
uy Xt x+ uZuyd 8 uy ydx+ 0;G* f(u)dx=0
R R R
Similarly, one can obtain
t
O =l + [ 156 0] ) (56)
0
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In order to get the desired result, we introduce the following weight function which is independent
of t

1, x<1,
Dn(x) =14 e, xe(1,N),
e?N, x>N,

where N € Z*. Then from the first equation in (2.1) and (5.5), we get

o ey
DOnur + Py = — —-u Jux + PNG * f(u) =

BB

&y

o gy 2 2 _
DNUx + PN E - FU Uxx — ?‘pNUx + PN G f(u)=0

In order to get the estimate on uy®y, we need to remove the second derivatives, by using integra-
tion by parts we obtain

% /-(uXCI)N)Z"’1 DN ULy dX

- ‘%H/(uxqu)Z“*u((chux)x — Bjyuy) dx
R

e UxPN)"
- %H/u<%>xdx—/u(uxq)N)z"_lq),/Vuxdx
R R

ey
< 2‘7‘(”“)(”00 + lulloo) ux®n 175,

where we use the fact 0 < @} (x) < @n(X), x € R. Therefore, with these preparations, it holds that

Jutx. @n|| o + [ux OPN | oo

<e®M(Juo(x) Py | oo + [uox )@ || 1o0)

t
e?Mt / |@n0x(G * FW)) ;o0 + [ PNOF(C % f W) ] o) dT (5.7)
0
On the other hand, computing the integral we see there exists a Cp,, p) > 0, depending only on
0 €(0,1), u, B such that

Ix=yl

dy(x) | e JW

)‘DN(}’)dY§ Co,1n.p)- (5.8)

Therefore, for suitable functions f and g, one obtains,

eyl
| NG * f()EX)| < s—— PN (%) / sgn(x — y)e VA N f(Y)ey)dy
5| DN (Y)
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Xyl

1 _ lx=yl
< —IIbeNIILwIIgIILwCDN(X)/e Nz dy
" 2|ppl J Py ()
<Cop.pll fONILellgllLe- (5.9)
Similarly, we can get
| N2 (G * f(X)8(X))| < Copupyll f PN llLellglloe. (5.10)

Then combining (5.9), (5.10) with (5.7), it follows that there exists a constant C= E(M, T,Co,u.p)
such that

lu®nllroe + lux®@nllzee
t

<E(Ju0@n |+ 102+ [ (a2 + @00 ) ). (511
0

Then for any N € Z*, any t € [0, T] and x > 0 we have by Gronwall’s inequality

[u@®®n || + lux@nllie < Clu@@n | o + |ux (@ Py
< C(Ju©@e™] o + Jux©@e™] ).

Finally, passing limit as N goes to infinity in the above inequality, we obtain

€00 |+ [t 0 <T@+ 1400 (512)
We complete the proof. O
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