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Abstract

We study the following boundary value problem

p—1 u?P _ : .
{Au+ku e =0, u>0 in£2; 0.1)

u=~0 on 052,

where £2 is a bounded domain in R? with smooth boundary, A > 0 is a small parameter and 0 < p < 2. We
construct bubbling solutions to problem (0.1) using a Lyapunov—Schmidt reduction procedure.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the following boundary value problem
{Au+ku1’_1e”p=0, u>0 in$2; (1.1
u=0 on 052, ’
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where £2 is a bounded domain in R? with smooth boundary, A > 0 is a small parameter and
0 < p < 2. This problem is the Euler-Lagrange equation for the functional

1 A. 2
Jf(u)=5/|Vu|2—;/e”l, ue Hy(2). (1.2)
2 2

If p =1, problem (1.1) becomes
Au—+re* =0, u>0 1in $2; (1.3)
u=0 on 052,

which can be called the Liouville equation after [24]. This problem is related to Berger’s problem
concerning the existence of metrics in a given Riemannian surface with prescribed Gaussian
curvatures. We refer the reader to the book of T. Aubin [6] for the description of the links between
this equation and possible geometric applications.

There are many results about the behavior and existence of solution to (1.3). Thanks to the
works of H. Brezis and F. Merle [9], Y.Y. Li and I. Shafrir [23], L. Ma and J. Wei [25], K. Na-
gasaki and T. Suzuki [29], the asymptotic behavior of solutions to problem (1.3) has been well
understood. More precisely, it is by now known that if u, is an unbounded family of solutions
to (1.1) for which A f o ¢"* remains uniformly bounded as A — 0, then there is an integer k > 1,
such that necessarily

lim A / e = 8k. (1.4)
r—0
Q
Moreover, there are k distinct points §;, j =1, ---, k, in £2, separated uniformly from each other

and from he boundary 952, such that, as A — 0, u; peaks to infinity in each one of them, and
remains bounded away from them, that is, the solutions u; to problem (1.3) remain uniformly
bounded on §2\ UI;=1 Bs(&;) and

sup u) — +oo, asi—0,
Bs(§))

for any 6 > 0. The location of the blow-up points &1, ---, & is such that, after passing to a
subsequence, it converges to a critical point of the function

k
orEr - E) =Y HELE)+ Y GG L&), (15)

j=1 i#j
where G (x, y) is the Green’s function of the problem

{_AxG(xvY)ZST[S)’(x)’ X €82, (1.6)

G(x,y)=0, x €082,

and H(-,-) is its regular part defined as
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1
H(x,y)=G(x,y) —4log Pl (1.7)

Conversely, many authors constructed blow-up solutions to problem (1.3) with property (1.4).
In [8], S. Baraket and F. Pacard considered problem (1.3) in an open bounded subset £2 of C,
and they showed that given a non-degenerate critical point (&1, ..., &) of the function ¢ de-
fined in (1.5), there is a sequence u, of solutions to (1.3), that converges to a function u* in
Clzog (82\{&1, - -+, &}), where u™ is the solution of

k
—Au* =) "8ns,. in 2
j=1
u*=0 on d82.

P. Esposito, M. Grossi, A. Pistoia [20] generalized this result relaxing the assumption of non-
degenerate critical point for ¢; to that of stable critical point for ¢i. By using the notion of
topologically non-trivial critical value for ¢y, that we will recall later on, M. del Pino, M. Kowal-
czyk, M. Musso [ 14] could establish the following general result: If the domain 2 is not simply
connected, and given any integer k > 1, there exist k points &1, ..., & in §2 and a family of so-
lutions u), to (1.3), satisfying (1.4) and bubbling at exactly those k points. The shape of these
solutions is given by

k
ux(x)=ZG(x,§j)+0(l), as ) —0 (1.8)
j=1
where o(1) — 0 as A — 0 uniformly in compact sets contained in 2 \ {&1, ..., &}. Furthermore
J)f (uyp) = —16km 4 8k log8 — 8kmw logh — 4w (&) + o(1) (1.9)

where @i is defined in (1.5) and o(1) — 0 as A — 0.
If p =2, problem (1.1) becomes

{AM"‘)\.ueuz:O, u=>0 in Q, (1.10)

u=0 on ds2.

This problem is the Euler-Lagrange equation for the functional Jf (see (1.2)) which corresponds
to the free energy associated to the critical Trudinger embedding (in the sense of Orlicz spaces)
[35,27,34]

HI(2)sur— e e LP(2) Vp=1,

which is connected to the critical Trudinger—Moser inequality

C(Q):sup{[e4””2/u € H(}(sz),fwmz: 1} < 400,
2 2
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[28]. Observe that, in general, critical points of the above constrained variational problem sat-
isfy, after a simple scaling, an equation of the form (1.10). The Trudinger—-Moser embedding is
critical, involving loss of compactness in H(} (£2) for the functionals Jf which translates into
the presence of non-convergent Palais—Smale (PS) sequences. Let us consider for instance a
sequence A, — Ao > 0, and a sequence u, with Van (uy) — 0, an (un) — c. For the Trudinger—

Moser functional Jf, a classification of all PS sequences for J, does not seem possible after the
results in [2]. Actually PS holds as long as ¢ < 27, see [1,13]. On the other hand, for solutions
more is known. From the result in [16] (see also [3,4,16,30]), we have the following fact:

Assume that u, solves problem (1.10) for . = A, with an (uy) bounded as A, — 0. Then,
passing to a subsequence, there is an integer k > 0 such that

J3 (up) = 2km + o(1). (1.11)

When k& = 1 a more precise answer is obtained in [3]: the solution u,, has for large n only one
isolated maximum, which blows up around a point xo € §2 which is characterized as a critical
point of Robin’s function x — H (x, x). When k > 1, such a description for the behavior of u,, is
not known and it seems to be still an open problem.

It is natural to ask whether or not solutions satisfying (1.11) exist. From the result in [2], it
follows that there is a A9 > 0 such that a solution to (1.10) exists whenever 0 < A < g (this is
in fact true for a larger class of nonlinearities with critical exponential growth). By construction
this solution falls, as & — 0, into the bubbling category (1.11) with k = 1. In the case of a domain
with a sufficiently small hole, Struwe in [32] built a solution taking advantage of the presence
of topology. M. del Pino, M. Musso and B. Ruf in [15] established a general result concerning
existence and multiplicity of solutions of problem (1.10).

In order to state this result, let us introduce the following function of k distinct points
&1,&, -, & € £2 and k positive numbers m1, mo, - - -, Mg,

k k k
QraE m)y=a) m5+2> milogmi+ Y miH(E; . &)+ Y mim;GE &), (1.12)

j=1 j=1 j=1 i#]

where a > 0 is an absolute constant, and G(x, y) is the Green’s function defined in (1.6) and
H (-,-) its regular part. The authors in [15] established that, if ¢y 7 has a topologically non-trivial
critical value, with corresponding critical point (&1, ..., &, m1,...,my) € 2k x le_, then there
exists a solution u; of (1.10) with the shape

k
ux(x):«/X|:ijG(x,§j)+0(1):|, as A — 0, (1.13)

j=1
where o(1) — 0 as A — 0 uniformly on compact sets of £2 \ {£1, ..., &}. Furthermore,
JE(uy) = 2km + ar + 4w hgg 2(€, m) + ro(1)

where « is an absolute constant, ¢y 2 is defined in (1.12) and 0(1) — 0 as A — 0. In particular, in
the case §2 is not simply connected they constructed the solution u; of (1.10), with two bubbling
points, namely satisfying
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2
u,\(x)=«/X|:ijG(x,§j)+o(l):|, as A — 0,

j=1

where (m1,m2, &1, &) is a critical point of ¢; > defined in (1.12), and o(1) — 0 as A — 0 uni-
formly on compact sets of £2 \ {§1, &}.

The above result shows a difference between the behavior of finite-energy solutions to prob-
lem (1.3) (or problem (1.1) with p = 1) and those to problem (1.10) (or problem (1.1) with
p = 2): far away from the concentration points &1, ..., &, solutions to (1.3) are at main order
sums of Green’s functions centered at &; (see (1.8)), while solutions to (1.10) are at main order
sum of Green’s functions centered at &; but with different positive weights Vam j whose val-
ues depend on the location of the concentration points &, ..., & (see (1.13)). In other words:
To construct solutions to (1.10), one not only needs to choose carefully the concentration points
&1, ..., &k, as for problem (1.3), but one has to carefully choose the correct weights m1, ..., mg.

This paper is motivated to understand the solutions to problem (1.1) when p is between 1
and 2. In fact, we obtain existence results for (1.1) in the whole range 0 < p < 2, and we find
that in this range problem (1.1) behaves as in the case p = 1, in the sense described above. Let
us state our result.

Let us define

M={(E1, . &) € X dist(E;, 02) = 8, [& —&j| = 8 fori # )

for some 6 > 0. Let ¢ be a parameter, which depends on A, defined as

2(p=1)
r 2(p=2)

4
pk(——logs g r =1. (1.14)
p

Observe that, as A — 0, then ¢ — 0, and A = &2 if p = 1. Our result states as follows.

Theorem 1.1. Let 0 < p < 2 and k be an integer with k > 1. If §2 is not simply connected, then
there exists Lo > 0 so that, for any 0 < A < Ao problem (1.1) has a solution u,. Furthermore

. 22-p) p
lime™ » /e“k = 8k, (1.15)
r—0
2
where ¢ satisfies (1.14). Moreover, there exists a k-tuple £* = (Elk, e é,?) € M such that as
A—0
Vor (&, -, &) =0,
and

[
uﬂx):%(—%loga) ! (ZG(x,S;‘)—i—o(l)) (1.16)
j=1

where o(1) — 0, as A — 0, on each compact subset of.(_l\{élk, e é,?}. Furthermore
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2(p=2) 8k 16k
JP ;) = Ae 5 [7”[—24—17105;8] _ o loge
2-pp
4 _
- 2_])</>1<($A)+O(IIng‘sl 1)} (1.17)

where O (1) is uniformly bounded as }. — 0.

In [31], T. Ogawa and T. Suzuki investigated the asymptotic behavior of the blow-up solu-
tions for problem (1.1) when 0 < p <2 and £2 = B(0, 1). Every smooth positive solution of this
problem must be radially symmetric and decreasing in |x| by the result of Gidas, Ni and Niren-
berg [22], then u(0) = ||u|| L. Suppose u, is a solution satisfying ||uy ||z~ — 00 as A — 0, then
u) (x) — 0 locally uniformly on B\{O}, as A — 0. Thus, if we consider problem (1.1) in the unit
disk of R?, suppose u is the solution of (1.1), then u blow up at origin as 4 — 0. We also mention
that problems involving Laplacian in bounded domain in R? with more generality exponential
nonlinearity have been studied in [5,33]. In particular, the author in [33] considered the existence
of solution to

—Au = rue’, u>0 inB, u=0 ondB,

where A > 0 and B C R? is the unit ball and 1 < p<2.

We will prove Theorem 1.1 as a consequence of a more general theorem, in a spirit simi-
lar to the one used in [14]. To do so, we need to recall the notion of topologically non-trivial
critical level for gi. Let us consider an open set D compactly contained in the domain of the
functional ¢y . We recall that ¢y links in D at critical level C relative to B and By if B and By are
closed subsets of D with B connected and By C B such that the following conditions hold: Let
us set I" to be the class of the maps @ € C(B, D) with the property that there exists a function
¥ e C([0, 1] x B, D) such that

w,)=Idg, (1, )=d, W, )|, =1Idp, forViel0,1].

We assume

sup ¢r(§) <C:= inf supgok(¢(§)), (1.18)
£€By Pl gcp

and for all £ € 9D such that ¢ (&) = C, there exists a vector t tangent to 3D at & such that

Vor(§) -t #0. (1.19)

Under these conditions a critical point £ € D with ¢ (&) = C exists, as a standard deformation
argument involving the negative gradient flow of ¢ shows. Condition (1.18) is a general way
of describing a change of topology in the level sets {¢; < ¢} in D taking place at ¢ = C, while
(1.19) prevents intersection of the level set C with the boundary. It is easy to check that the above
conditions hold if

Sg)wk(é‘) <§i€I(})fD(Pk(§)a or sup ¢i(§) > sup g (§),

&eD £e€dD
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namely the case of (possibly degenerate) local minimum or maximum points of ¢,. The level C
may be taken in these cases respectively as that of the minimum and the maximum of g in D.
These hold also if ¢y is C!-close to a function with a non-degenerate critical point in D. We call
C a non-trivial critical level of ¢y in D.

Theorem 1.2. For 0 < p < 2, let k > 1, assume that ¢y defined by (1.5) has a topologically
non-trivial critical level C in D, then the problem (1.1) has a family solutions u;, for A small
enough, such that

. 22-p) p
lime™ » /e“k = 8k, (1.20)
r—0
Q
where ¢ satisfies (1.14). Moreover, there exists a k-tuple £ = (Sf‘, e é,?) € M such that as
L—0
(Pk(‘flk, 35]?) —C,
and
1=p /&
1 4 P )
u (x) = —( ——loge > G(x.£}) +o(1) (1.21)
p\ p = -
where o(1) — 0 on each compact subset of Q\{Sf‘, e 5,?}. Furthermore
» 2p-2) 8k 16km
Jy up)=2xre » | ———[-2+ plog8] — loge
2—-pp
4 _
—2_p<pk($*)+0(|loge| ‘)} (1.22)

where O (1) is uniformly bounded as ) — O.

The proof of our result relies on a Lyapunov—Schmidt reduction procedure, introduced in
[7,21] and used in many different contexts, see for instance [14,15,17-20]. The key step is to
find the ansatz for the solution. Usually, the ansatz is built as a sum of terms, which turns out
to be solutions of the associate limit problem, which are properly scaled and translated. For
our problem, our approximate solution is built by using the following “basic cells”: the radially
symmetric solutions of the following Liouville equation

Aw+e” =0 inR?, /ew<+oo,
R2
which are given by

SMZ 8/L2

—&)=log ———M— 1.23
e T =l Ty (1.23)

wy(z) =1
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where p is any positive number and £ any point in R? (see [12]). If we use a sum of the above
basic cells, properly scaled, and centered at several points of the domain as our approximate
solution, we get a very good approximation of a solution in a region far away from the points,
which unfortunately turns out to be not good enough close to these points. Thus we need to
improve the approximation, at least near the points, and we do this adding two other terms in the
expansion of the solution. This can be done in a very natural way, which has first been used in
[17] for studying the following problem

{Au—{-u”:O, u>0 1in$2; (124)

u=0 on 052,

where £2 is a smooth bounded domain in R2, and p is a large exponent. Later on, this method has
been applied in other contexts, see [10,18,19,26]. Observe that this method allows to improve the
approximation near the points, but it is not useful to improve the approximation far away from
these points. Nevertheless, as already mentioned, the approximation we build for this problem is
sufficiently accurate in a regime far from the points. After the approximate solution is build, we
find an actual solution to (1.1) as a small perturbation of the approximation.

The paper is organized as follows: Section 2 is devoted to describing a first approximation
solution to problem (1.1) and estimating the error. Furthermore, problem (1.1) is written as a fixed
point problem, involving a linear operator. In Section 3, we study the invertibility of the linear
problem. In Section 4, we study the nonlinear problem. In Section 5, we study the variational
reduction, we prove Theorems 1.1 and 1.2 in Section 6.

In this paper, the symbol C denotes a generic positive constant independent of A, it could be
changed from one line to another. The symbols O(¢) (respectively o(¢)) will denote quantities
for which % stays bounded (respectively, % tends to zero) as parameter A goes to zero. In
particular, we will often use the notation o(1) standing for a quantity which tends to zero as
A— 0.

2. Preliminaries and ansatz for the solution

In this first section we describe the approximate solution for problem (1.1) and then we esti-
mate the error of such approximation in appropriate norms.

Let us consider k distinct points &1, &, - - -, & in £2; we choose a sufficiently small but fixed
number § > 0 and assume that for j =1,2,---,k,
dist(£;,082) > 6, |& — &1 =6 fori#j. 2.1

Furthermore, we consider k positive numbers p; such that
§<pj<87', forall j=1,....k. (2.2)
The parameters w; will be chosen properly later on. Define the function

812
g - :
(W5e2 + |x — §1)?

Up,.6,(x) =1o
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Let us denote PU/L_;,S_; (x) the projection of UM_/.,;,. into the space HO1 (£2), in other words,
PUy, ¢ (x) is the unique solution of

APUy; ¢, =AUy, g, 1nS2; 53
PUy, ¢, =0, on 452. (2.3)
Lemma 2.1. Assume (2.1) and (2.2). We have
PU,, ¢ (x) = Uy, g;(x) + H(x, &) — log(8u3) + O (u3e?) (2.4)
inCl(2)ase— 0, and
_ . 2.2
PUMJ,SI.()C)—G()C,%'J)-FO(/LjE ) (2.5)

in CZIOC(S_Z\{“;‘./}) as € — 0, where G(-,-) and H(-,-) are Green’s function and its regular part as

defined in (1.6) and (1.7).
Proof. Let z(x) = PU,, ¢ x) — Up, g x) + log(Suﬁ), then z(x) satisfies

Az(x)=0 in £2;
2(x) =2log(uje” + |x —&;°) ondg.

On the other hand, we note that n(x) = H(x, §;) satisfies

An(x)=0 in £2;
n(x)=2log|x —&;1*> onas.
Then we get
Az(x) —n(x)) =0 in £2;
lx— &

z(x) —n(x) =—2log 5 on 0s2.

e+ Ix — &2

Since |x — &;| > § for x € 942, then by the maximum principle we get
max|z(:) — n(-)| = max |z(-) —n(:)| = O 2-82,
ax|2() = n()] = max |:) = n ()] = 0 (e

as ¢ — 0, uniformly in £2. Then we obtain the C%-estimate in (2.4). Analogous computations
give the C'-closeness and hence the validity of (2.4). By (2.4) we deduce (2.5). O

We shall show later on that PU,,; ¢; (x) is a good approximation for a solution to (1.1) far from
the points &, but unfortunately it is not good enough for our construction close to the points &;.
This is the reason why we need to further adjust PU; ¢, (x). To do this, we need to introduce

the following functions u)? and w}.
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Let w 1 be defined as in (1.23). Define the function wz. to be radial solution of
Aw'; + e =" f1 inR?, fori=0,1, (2.6)
and
0__ 1 2 2.7
f —_— wﬂj+§(wﬂj) ) ( . )
-2 1 2 1
1 2y 0 4
= (w +ﬁ(wu1) 2( 7 +§(wuj)
1

+ 2wy, w) + E(wu D+ Ew?(ww)2>. (2.8)

In fact, as shown in [17] (see also [11]), there exist radially symmetric solutions with the proper-
ties that

[yl 1
w' (y)— ,]logl—l—O(' |> as |y| — oo, 2.9)

for some explicit constants C;;, which can be explicitly computed. In particular, when i = 0, the
constant Co; is given by

2o 81’ \?
f(t2+1)3[ g0+ t2)2+ <Og(l+t2)2> }dt
2 -2
1 8'“/’ 2 2
f(zz 1>3[ (1+z2)2 <°g<1+z2>2> ]d(t)

set r = t2 +1

r—2

[log(Su ) 2logr

Il

|

N
\

1 2 _
E(IOg(SM, )) —210g(8uj 2) logr +2(10gr)2]dr
Since
+00 +00 +00
r—2 -2 1 r—>2 5 3
3 dr =0, 3 logrdrzi, and 3 (logr) dr:i,
1 1 1
we get

Coj =4log8 —8—8logu;. (2.10)
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Let us define

wﬁj,g (x) —wJ< e§]>’ wﬂ é(x) _wj( 5;) for x € 2.

Let Pw and Pw y denote the projections into H (£2) of w? Wik and w! respectively.

By (2. 9) we have that

: (Y&
P(u)i“’sj(x))=P(w;< " ]>>
j

y = %_ Cij
_w1< Py )_TH(X’EJ')"_Cileg(Mjg)‘f‘O(Mjg) 2.11)

i’

in C'(£2) as e — 0, and

P(w, (i (2252)) = —SiGr ) + 00 2.12
(wﬂj,Sj(x))_ w; 1 =7 (x, &) (mje) (2.12)
inCl (2\{£;}) ase — 0.
We define
1< p—11
U)\,(x): W;(PUMj’Sj(x)—i_Tﬁpwﬂj’;/(x)
p—1N 1
7 yszwMj,gj(x). (2.13)

From (2.5) and (2.12), one has, away from the points &;,

k 2
1 p—11 Coj p—1 1 Cyj 5
U“’“>—W§G(""”<l s U ) o))
(2.14)
Consider now the change of variables
_1 . 4
v(y)=pyPuley) — py?, withy? =——loge.
4
By (1.14), then problem (1.1) reduces to
Av+gw)=0, v>0 in §2; 2.15)
v=—py? on 982,

where 2, = e~ 182, and
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=1 v
g) = <1 + Lp) A+ 5 =1 (2.16)
Py

Let us define the first approximation solution to (2.15) as

Vi(y) = py? Ui (ey) — py?, (2.17)

with U, defined by (2.13). We write y =&~ lx, S} = s_léj. For |x — &;| < 6 with § sufficiently
small but fixed, by using (2.4), (2.5), (2.11), (2.12) and the fact that Uy, ¢, (ey) — py? = w;(y —
5}), we have

2
_ p—11 0 p—1 1 1
Vi(y) = PUy,; & (ey) + TﬁPwuj,gj (ey) + (T ﬁpwﬂjfj (ey) — py?

k

2
p—11 1
+ Z(PUM:',& () + ———— Py ¢ (ey) + <p—> —55 P, (8y)>
oy P v p )y

= Uy, 5 (ey) + H(ey, &) — log(8u%) + O(ue*) — py?

p—11 y—£§"\ _ Coj
+ Tﬁ[wi)(li— — T’H(sy,sj) + Cojlog(pje) + O(nje)
J

+<p—1>zi[wl.<y‘5'>_@ms £))+ C1jlog(ue) + O( -s>}
p | W 4 Y5 108 H

k 2
Cojp—11 Cij(p-—1 1
+) jG(&-,s,-)[l S T’(—) Tp} +0(%)
i#j p 14

2
p—11 p—1 1
=wj<y)+——w9<y>+(—> 5w ()
p v p 14

k
x <H<sj,sj)+ZG<§,-,s,»>>

i)
p—11 p—1\? 1

o s (5 o o

+0(ely — &) + 0(?). (2.18)

where

J

y—& y—§;
wi) =wy,; (y—§),  wi):= w?( p ’)’ wj(y) = w}(ﬂ—]j)

We now choose the parameters i j: we assume they are defined by the relation
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k
1
log(845) = (H(fj’ §1) + ZG@“%)) -C

i#]
p—11 Co;
_TWT(H(Sjtsj)+§G(éh§j)+4log(ﬂ/])_(p_1) J)
p—1\2 1 Cy; £
_<T> WTJ<H(&,S]-)+;G(&,§,-)+41og(uj)>. (2.19)

Taking into account the explicit expression (2.10) of the constant C;, we observe that y ; bifur-
cates, as A goes to zero, from the value /i ; defined by

nj= 8 20— p)eg_ll’em w HE), SIHZL/ GGiEp] (2.20)
solution of equation
p—1
log(8143) = <H<s, &)+ ZG@,,é, ) = Coj. 2.21)
i#j

Thus, w; is a perturbation of order —5 y of the value [ ;, namely

2p—1 1 1
log(8u2) = {(Zp%p)( 10g8)+—(H($/ g,)+ZG(&,S, )}<1+0<y_p)>'
i#]
(2.22)

Then, by this choice of the parameters u;, we deduce that, if |y — E]/.| < §/¢ with § sufficiently
small but fixed, we can rewrite

2
vx<y>=wj(y)+”—_liw°<y)+(p—_l) Ll 400, (2.23)
p ybr p y2r

with
0(y)=0(ely — &) + 0(¢?).
We will look for solutions to (2.15) of the form

v=V,+¢,

where V) is defined as in (2.17), and ¢ represents a lower order correction. We aim at finding a
solution for ¢ small provided that the points &; are suitably chosen. For small ¢, we can rewrite
problem (2.15) as a nonlinear perturbation of its linearization, namely,
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{(I;(is)(;—[EAJrN(qﬁ)], iifsszg (2.24)
where
L(¢) := Ap+g'(Vi)e, (2.25)
E, :=AV, +g(V,), (2.26)
N(@p):=g(Vi+¢) —g(Vi) — g (V). (2.27)

oy
We recall that g(1) = (1 + [7,7)1,,]6;/1’[(1+pyp =1
In order to solve the problem (2.24), first we have to study the invertibility properties of the

linear operator L. In order to do this, we introduce a weighted L°°-norm defined as

k —1
k]l == sup (Z(l +ly-&)7 +82> h(y)| (2.28)

Y€ j=1

for any h € L*°(£2,). With respect to this norm, the error term E, given in (2.26) can be estimated
in the following way.

Lemma 2.2. Let § > 0 be a small but fixed number and assume that the points &; satisfy (2.1).
There exists C > 0, such that we have

C
E - = 2.29
” )L”* — y3p |10g8|3 ( )
for all ). small enough.
Proof. Far away from the points &;, namely for [x —&;| > §, i.e. |y—.§}| > g,forallj =1,---,k,
from (2.5) and (2.12) we have that
AV (y) = pyP e’ AU (ey) = O (yP~'e?).
On the other hand, in this region we have
V. 41 o(1 o(l
m A()’):l+ oge+O(l)  0O() (2.30)

pyP pyP ~ |loge|

where O (1) denotes a smooth function, uniformly bounded, as ¢ — 0, in the considered region.
Hence

\V r—1 Vi \p_
gV = (1 + —Ap> e/ 5 =1
py
5
Toge T loggsli’_' if 1<p<2;
= 4 oW
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4
epb

1 < )
Togelr—T ifl<p<2;
- ;t_) o)
ToeepTe e if0<p <.

Thus if we are far away from the points &;, or equivalently for |y — & ;.l > g, the size of the error,

measured with respect to the | - ||4-norm, is relatively small. In other words, if we denote by
Louter the characteristic function of the set {y : |y — éj’.| > g, j =1,...,k}, then in this region we
have
2(2/—2)
g P : .
W if 1 < P < 2,
| Ex Touter ||« < 5 2-p
c ng loge P +—“0g§|p,l if 0 1
Wé‘ 1 <p<lL
20-p)
& 1 .
B S rlogetCllogel'P
lkfg#e P og el [log el 1f0<p<1
2(2;]))
CEt—— ifl<p<2;
log e[P—1 = ’
<{ ! °g; (2.31)
P .
Here we used that —%Tpllogﬂ +C|loge|'™? <0 for0 < p < 1 and & small.
. .. . 8
Let us now fix the index j in {1, ---, k}; for |y — E]’.| < 2, we have
wop=11 p—1\*1 5
AV (y) ==V + —— A + [ —— ) s Awj(») +0(%). (232
p yr p )y

On the other hand, for any R > 0 large but fixed, in the ball |y — SJ’.| < R; := R|logel|*, with
a > 3, we can use Taylor expansion to first get

Vi \?7! —11 —1\? 1 -2
(1+—A) =1+p——w,~+(p—) T[w%pi(w,ﬁ]
py? p vP p yP 2p—1)
3
p—1 1
+(T) W(logb’l),
Vi \* -1\ 1 N2
P l_l__)» 1| =w+ P__wQ+(wJ)
py? p JyrL 2
1
+_

p—1\> 1
+(T> ﬁ(w}jtij?) y3p(log|y|)

and
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vyl (P2 0 (wj)
p V” T

p—1\> 1 1 1
+< ) ver [w +wjwj +2(w?+(wj)z)2]+ﬁ(log|y|)]

p

Thus we obtain

g(Vy) = <1+—VA )p_ Al
py?

p—1 (w;)?
[H( p )V”[w" 2 +w’}

2 3
p—12\ 1 (w;)? 0o, P=2 o, W
+(T>y21’|:w +2ij +2< ]+ ) +wj+mwj+7

I — &
0< 0g|;’3p éjl)i|-
0

Thus, thanks to the fact that we have improved our original approximation with the terms w E

and wjl., and the definition of *-norm, we get that

”E)LIB(S]/,RS)”*S foranyjzl,,k (233)

¥~ [loge?’

Here 1 B(E}.Re) denotes the characteristic function of B(§;, R.). Finally, in the remaining region,
namely where R, < |y — f;‘ | < £, forany j =1,...,k, we have from one hand that [AV, ()| <
Ce®i® | and also |g(VA(y))| < Cew-/(Y) as a consequence of (2.18). This fact, together with
(2.33) and (2.31) gives the estimate (2.29). O

As in the above computation, we find that very close to the point &; in £2, we have

|g' (Vi) —e™ |, -0 asr—0, (2.34)

and there exists some positive constant Dy such that

g'(Va) <Dy e". (2.35)
j=1

Moreover, we can get

lg" v, =C. (2.36)
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Proof of (2.34) and (2.35). We have

gw)__p—&(H_Vx)P
p vP py?
2
+<1+ Vi ) (= P[(1+ VY
py?
=1+ 1p.

Far away from the points &;, namely for [x — &;| > §, i.e. [y — é;l >

forall j=1,---,k,
a consequence of (2.30) is that

8’

4 4
o). and I o
_ an =
|10g€|”l b |log |2(P—1)
Then we have
4
/ er
& (Vi) louter = 7_10(1) (2.37)
[logelP

On the other hand, fix the index j in {1, ---, k}, for |y — EJ’.| < R, with R, = R|loge|, for any
R > 0 large but fixed, we use Taylor expansion to get

_p—11 1 ' p—11 p—1\* 1 p=2
Ia—TF<1+W<wj()’)+TV—pwj()’)+ e ﬁwj(y)-l-Q(y)

oo (w0 )+

2
p—21 <p—1 p—11 (p—l) 1 w0
2 + 2w+ %)
p y?P\p-2  p yr”’ p ) y¥

3
p—1 | p—11
+(557) smeion+ 2 e

i | i
Xewf(y)e Z y]p /(y) (L)Z ey wj () M, 7[]77 wJ(}HpP y"wO(V)HP )’ V2 wj M+

)

F w0+ w0 +6 ()P 1]

and

1 ~11 “1\? 1 2p=D
=<1+—p<wj(y)+p7ﬁw?(y)+<p7> Ww}(ywe(y)))

1 5 (W )+ 5 S )+

2p—1) 1 p—1\* 1
= (142 o e )ﬁ“@(”

S Wj HOORTACONIESY
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p—1\>1 | 2p—1) 1
552 o+ 220 L)

— 1 1 0 1\2 2
Xewj(y)epl—,lﬁw?(y)e(pp ) B j(‘) 9(}) jpT_p[w](y)+_7w (y)+(p ) W ())+9(y)]

By the definition of w? and w jl., we get that

o) _ o)
Llpe py=——  Iplpe p,—e" =—= 2.38
alBE)R) = [1ogg] blpe R —e€ oge] (2.38)
Finally, in the remaining region, namely where forany j =1,...,k, we have R, < |y —§ ;.l < g,
we have
ol < I (2.39)
|loge

Then, from (2.38) and the definition of *-norm, we find that very close to the point &; in £2, we
have

) 0(1
g/ (v) — evi], = 0D

loge]
which implies (2.34). Combining (2.37), (2.38) with (2.39) we obtain estimate (2.35). O

Proof of (2.36). We have

—D(p—-2) 1 vi V',
&(Vy) = (p )(217 )T(1+ ) ) (1+ 2P 1]
p Zal py?

_3p-D 1 <1+ v, )2—
p yP py?

3 1
+<1+ Vi > (= ) PII+ )P =1]
pyP

=1+ Iy + I,

By a similar computation as above: Far away from the points &;, namely for [x — &;| > 4, i.e.
ly — $ |> ,forall j=1,---,k, we have

—ii—01 I -—Ji——01 d I ——i——01
- |10g8|p_1 ( )7 d = |10g5|2(1’_1) ( )? an e — |10g8|3(p_1) ( )
Then
4
g//(VA)louter = o) (2.40)

|loge|r—!
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where again O (1) denotes a function which is uniformly bounded, as ¢ — 0, in the considered
region. Let us now fix the index j in {1, ---, k}; for |y — Ej’.| < R, with any R, := R|loge| for
some R > 0 large but fixed, by Taylor expansion, we have

(p—D(p=-2) 1 < 1 < p—11
I=——FFF——— 1+ —(w()+ ——wi ()
¢ P2 y2p DyP iy IR W

p—1\*1 | p=3
+<—p ) ij(y)JrG(y)))

S5 )+ 25 w0+ (P3040 1]

_(p-2(p-3 1 (p—1 p—11 P=1 1
Bl P’ AVES R L W v

3
p—1 I p—11
+(557) o+ 2 g0

)2

]p

1
i) L w0, (52 35 wj () A0, w0+ B o) +(251)? 5w+

’

3(p—l)1( 1 ( p—11
Ij=———\14+—\w;y) + ———w;(y)
p P py? \ "’ p yr

p—1 2 ] 2p—3
+(—p ) ﬁwj(yH@(y)))

o 5 000+ 25 w0+ (5 Z w0460 =1

32p—3) 1 -1 -1 1 1\ 1
= P _([7 +P ](Y)+<p >Tw(])()’)
p yP\2p—3 p yP p yr

3
p—1 | p—11
+< p )V3ij(y)+ p Y

(l) 1)2

A0 60, 3t o fwy )+ 2 w0+ (5502 o wl () +6 ()1

p=1 1 .0
% Wi e P waJ(y) 2 Y

k]

and

1 p—11 p—1 2 | 3(p=1
=<1+—p<wj()’)+Tﬁwj(Y)+<T> ﬁwj(y)Jr@(y)))

PPL0+ 5y 0 )+ 250 S w0+ (B~ wl (04007~ 1]

X e
(.. 3p-D 1 p—1\ 1 p=1\ 1
= (1 G +3(P0) o +3(P7 ) Sl
3(p—1) 1
+ M_g(y)>
p 14

P 1\2
Xew,(y)e - y]p ,(y) (=)

AV 60, S w0+ 25 o)+ (5 ) JOHOOP
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Therefore, we get

o(1) o)

Lilpe po= — Llpe nr=0(1). (241
BE R = [logel elpe gy =00 (2.41)

Il g gy = 2,
¢ B(Sj,Rg) |10g8|

Finally, for R, < |y — §}| < g, for any j, we have

|| < [I,| = O(1) + Ce™i ™). (2.42)

~ |loge]

b I <—’
a = |loge|?

From (2.40), (2.41) with (2.42), by the definition of *-norm, we obtain (2.36) holds. O

3. The linearized problem

In this section, we prove the bounded invertibility of the operator L. We observe that the
operator L can be approximately regarded as a superposition of the linear operator

Lj(@) = Mg +evig = A B,
. = +eV%igp = 4+ — .
! ‘ (13 +1y —&}1%)?

The key fact to develop a satisfactory solvability theory for the operator L is the nondegeneracy of
w up to the natural invariances of the equation under translations and dilations, which translates
into the fact that

20,0 =3 w0z ) = w0, i =1,2,

satisfy the function AZ + e/ Z = 0, see [8] for a proof. Define fori =0,1,2and j =1,2,---,k,

Zij(y) :=zj(y—§), i=0,1,2. (3.1)

Consider a large but fixed number Ry > 0 and a radial and smooth cut-off function n with n(r) =
lifr < Rgand n(r) =0if r > Rg+ 1. Write

;) =n(ly - &) (3.2)

Given h € L°°(£2,), we consider the problem of finding a function ¢ such that for certain
scalars ¢;j,i=1,2, j=1,2,---,k, it satisfies

2k
L(¢)=h+ZZCijZimj, in §2¢;
i=1 j=1
on 982;; (3.3)

$»=0
/¢Zz‘j'7j=0 fori=1,2, j=1,---,k.
2

Consider the norm
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l¢lloc = sup [¢(»)].

yES2,
The main result of this section is the following:
Proposition 3.1. Let § > 0 be fixed. There exist positive numbers Ao and C, such that for any

points &;, j=1,---,k, in §2, satisfying (2.1), u; given by (2.22), and h € L°°(82;), there is a
unique solution ¢ := T, (h) to problem (3.3) for all A < Ag. Moreover,

Plloo < C(log )Ilhll* (3.4)

The proof will be split into a series of lemmas which we state and prove next.

Lemma 3.1. The operator L satisfies the maximum principle in 2, = $2; \Ul;zl B(Sj’-, R) for R
large. Namely, if L(¢) <0 in 2, and ¢ > 0 on 982, then ¢ > 0 in 2.

Proof. Given a > 0, we consider the function

—&l]). ye., (3.5)

k
Z(y)=Y zfa
j=1

of

where zo(r) = :2;{

Azo+ 0.

8 p—
1+ r2)2Z° -
First, we observe that, if |y — 5 | > R for R > -, then Z(y) > 0. By the definition of zo we have

L@y —giP -1 & a?

j=1 j:l
k

4 8
> -

V2

provided R > Y= On the other hand, in the same region, we have

g' (Vi) Z(x) < Dy Z e"iZ(y) < Do Z 5 o
j=1

for some constant C > 0 and Dy satisfies (2.35). Hence if a is taken small a~nd fixed, and R > 0is
chosen sufficiently large depending on this a, then we have L(Z) < 0 in £2,. The function Z(y)
is what we are looking for. 0O
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Let us fix such a number R > 0 which we may take large whenever it is needed. Define the
“inner norm” of ¢ in the following way

Ipll; = sup o).

velse) BE).R)

Lemma 3.2. There exists a uniform constant C > 0 such that if L(¢) = h in §2,, ¢ =0 on 052,
then

I@lloe < C[Illi + All«]. (3.6)
for any h € L*°(£2,).

Proof. We will establish this estimate with the use of suitable barriers. Let M be large, such that
2. C B¢ ]’ %) for all j. Consider the solution ; of the following problem

#+282 R<’y—g’.’<ﬁo
|y—$}|3 ' / e’

, LM
Yi(y») =0 for|y—¢&j|=R, |y_€j|=?_

—AY; =

We observe that by the direct computation we have that

Therefore, this function is uniform bound independent of ¢ as long as a < R < i
Define now the function

k
$G) =211, Z() + 1Al Y ;).

j=1

where Z is the function defined in (3.5). First, observe that by the definition of Z, choosing R
large if necessary,

¢ =201 Z(y) = lIplli = |p(y)| for [y —&|=R, j=1,---,k,

and, by the positivity of Z(y) and v;(y),

d(y)>0=¢(y) foryed.

Finally, by the definition of | - ||« we have that

k
h()] < <Z 1+ ]y &) )uhn*,
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then

k k
L($) =2[9lli L(Z) + ||h||*L(Zw,-> <Nkl Y (A + ¢ (V)

j=1 j=1
= [l Z(
j=1 ]
u 2kD
< 2_:( 282+Toewf>
k
s—llhll*(z +ly-&i)7 2)

— 2% + 8 (VA)Iﬂ])

<—|h(y»| <

provided R large enough. Hence, from Lemma 3.1, we obtain that

lo()| < d(y) forye 2,

and, since Z(y) <1 we get

Iplloo < CLIBN: + lI2lls]. O

Next we prove uniform a priori estimates for the problem (3.3) when ¢ satisfies additionally
orthogonality under dilations. Specifically, we consider the problem

L(¢)=nh, in £2;
$»=0 on d082;;
3.7
fﬁjzij¢=0 fori=0,1,2, j=1,---,k,
2

and prove the following estimate.

Lemma 3.3. Let § > 0 be fixed. There exist positive numbers Ly and C, such that for any
points &, j=1,---,k, in 2, satisfying (2.1), uj given by (2.22), and h € L*>(£2,), and any
solution ¢ to problem (3.7), one has

[Plloe < Clin ]l (3.8)

Proof. We carry out the proof of lemma by a contradiction. If the result were false, then there
would exist a sequence A,, — 0, points é}? €2, j=1,---,kin £2, satisfying (2.1), function &,
with ||, ||« — 0 and ¢,, with ||¢y|lcc = 1,
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L(¢y) =hn in an;

¢n=0 on 082, ;

3.9
/szijtbnzo foralli =0,1,2, j=1,---,k.
Q¢

Then from Lemma 3.2, we see that || ¢, ||; stays away from zero. Up to a subsequence, for one of
the indices, say j, we can assume that there exists R > 0 such that,

sup  |¢a(¥)| =k >0 foralln.
y—EI<R

Let us set @n (2) = P ((& ]'.')’ + z). Elliptic estimate allows us to assume that an converges uni-

formly over compact subsets of R? to a bounded, nonzero solution b of

A s ¢ =0
+—5—1—¢=0.
(13 + 121%)?

This implies that qAS is a linear combination of the functions z;;,i =0, 1, 2. But orthogonality con-

ditions over <]3n pass to the limit thanks to ||<;A$,, lloo < 1. The dominated convergence theorem then
yields that fRZ n(2)zij¢ =0fori =0, 1,2, thus a contradiction with liminf, . [[@,|l; >0. O

Now we establish a priori estimates for the problem (3.7) with the orthogonality condition
/ @, 1jZ0j¢ = 0 dropped. We consider the problem

L(@)=h in §2;;
$»=0 on d82;;
(3.10)
/szij¢=0 fori=1,2, j=1,---,k.
2

Lemma 3.4. Let § > 0 be fixed. There exist positive numbers Ao and C, such that for any points
e, j=1,--- k, satisfying (2.1), juj given by (2.22), and h € L*(82), and any solution ¢
to problem (3.10), one has

1
||¢>||ooSC(10gg>llhll*, (3.11)

forall ) < .

Proof. The proof is already contained in [14] but we reproduce it here for the sake of complete-
ness. Let R > Ry + 1 be a large and fixed number, and Z( be the solution of the problem
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Spv? R
+———"—55%,; =0,
(15 + 1y — &12)?

20;(y) =20 (R)

AZoj

for |y—.§//-| =R,

. 8
20;(») =0 for|y—.§/’-]=§.
By computation, this function is explicitly given by
r _ds
R R szz.(s)
Z0j(y) = Zoj'(y)|:1 - ﬁ . or=|y-&l
3e s
fR szgj ()

Next we consider the radial smooth cut-off functions x; and x, withe the following properties:

x1=1 in B(0, R),

x1=0 inB(0O,R+1)° and

_—1 .n B 0 -— _—0 il‘l B O - ‘
) 1 ’ ’ b 3

g
and | x,(r)| < Ce, [x5 (r)| < Ce2. Then we set

x50 =xi(|y — &

and define the test function

), xiM=x(y-§

).

Z0j = x1jZoj + (1 = x1) x220;-

Letting ¢ be a solution to (3.10), we will modify ¢ so that the extra orthogonality conditions
with respect to Zy; are satisfied. We set

k
p=¢+ Z djZoj
j=1
with the number d; is defined as

Ja.niZojo
dj=—32" .
fgg nilZojl
Then

k
L@) =h+ Y _d;L(o)), (3.12)
j=1

and the orthogonality condition

2283
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[ano,-qg =0, foralli=0,1,2,
Q¢

holds. Then from the previous lemma we have the following estimate

j=1

k
Ipllo < c[uhn* + Z|dj|||L<zo,»)|}*].

(3.13)
Next, we show that

&

N c 1\’
||L(ZQ,')||*5@, and |dj|<C 1ogg 4]l

(3.14)
Indeed, we have

L(Z0j) =2V x1;V(Zo; — Z0;) + Ax1j(Zoj — Z0j)

+2Vx2;VZoj + Ax2jZ0; + 0(84).
We consider the following four regions

2i={y:|y—&|<R}, @2={y:R<|y—&|<R+1},

, ) 8 , )
23 = y:R—|—1§|y—$j|§E , 24 = y:£<|y—§j|<§ .

First, we note that L(Zg) = 0(84) for y € £21 U §23. For y € £2,, we have

f” ds
R R sz(z)/.(s)
20j — Zoj = —z20;(r) ————,
3¢ _ds
R sz%j(s)
so that

. C
1Z0j — Zoj| < —.

log ;
Similarly, in this region, we have
~/ /

&

On the other hand, for y € 24, we have

A C o Ce
ZOJ‘(")S—I, and Zoj(r)f—].
1 gg log -

&
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Therefore, from the definition of the *-norm, we get

|ILGop], = (3.15)

C
logl’

&

where the number C depends in principle on the chosen large constant R.
Next we show that the other inequality of (3.14) holds. Testing Eq. (3.12) against Zo; we have

(@, LGon)) = (h, Zot) + di{LGop), Zor)s

where (f, g) = [, fg. This relation and (3.13) give us that

k
di(LGo. Zor) < ClAIL[1+ [ LG |, ]+ € > 1ds1| LGo |- (3.16)
j=1

We want to measure the size of (L(Zq;), Zor). We decompose
(LGor). Zor) = / L Gonor + / LGoZor + 0 (). (3.17)
2 2

Since

A ia s 2 2 ¢
<C [ IVxullVzallZal + C | 1AxullZal” + 0(e°) < ———. (3.18)

‘/L(Zoz)foz 1
1 152
o0 (log ;)

Moreover, for y € §2,, we have

/L(ZOI)ZOI =2/VX11V(ZOI —201)20+/AX11(Z()1 — Zo)zor + O(e)
2

= / VxuV(Zo — zZor)zor — / Vxu(Zor — Zo0)VZor + O(e),

from the integration by parts. Now, we observe that in the considered region £27, |Zo; — Zo/| <

é, while || ~ % + %@. Then, for R large but independent of ¢ we have
'/"v (Zor — 200 Vi | < !
X1ULLOoL —200) V30| = 5w — 7
R3 log %

with C being a constant to be chosen independent of R. Moreover
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R+1
/VXUV(ZOZ — Zo)Zor =27 / x1:(zor — Zon) Zour dr
R
R+1 4“1" 201 fR
/ X/|: i|dr
ds. (U] +r2)?
I SZ%; R

Cy 1
=-——7|1+0 WA
log - log <

where C; is a positive constant independent of . Thus, choosing R large enough, we get

S s Cy
/L(ZOI)ZOI ~ el
2 £ &

Combining this and (3.17), (3.18) we get

.y~ C
(LGon. Zor) < ——21[1 +
log -

1
(0] . 3.19
<logl)] ( )
From (3.15), (3.16) and (3.18) we have

1 2
ldj| = C<10g ;) 1720l

We thus have from estimate (3.13) that

1
|I¢||oo§C(10g g)llhll*- O

Proof of Proposition 3.1. We first establish the validity of the a priori estimate (3.4). The pre-
vious lemma yields

1 2k
||¢>||oosc(logg)[||h||*+22|c,-j|]. (3.20)

i=1 j=1
Let us consider the cut-off function x;; defined in the previous lemma. Multiplying the first
equation of (3.3) by Z;; x2;, we find
<L(¢),Ziszj>=(h,Zin2j>+Cij/77j|Zij|2~ (3.21)
£2¢

We have

L(Zijx2j) = Ax2j Zij + 2V ZijV x2j + €O ((1 +1)7),
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with r = |y — &/|. Since Axaj = O(e%), Vxo; = O(e),and Z;j = O(r™"), VZ;j = O(r™?), we
get

L(Zijx2j) = 0(e3)e0((1 +1) 7).

Then we have

(L(®). Zijx2j)| = (@, L(Zij x2)))| < Celldlloo.
Combining this with (3.20) and (3.21) we find
1
|C,'j|§C|:||h||*+810ggZ|Clm|j|. (3.22)
I,m

Then,

lcij| < Cllhlx.

Combining this with (3.20) we obtain the estimate (3.4) holds.
Next prove the solvability of problem (3.3). We consider the Hilbert space

H:{qﬁeHol(.Qg):/¢Zijnj=0f0ri=1,2, j=1,2,-~-,k},
2,

€

endowed with the usual inner product (¢, ¥) = f o V¢ V. Problem (3.3), expressed in a weak
form, is equivalent to find ¢ € H such that ’

(@, V) =/(W¢—h)wdx, for all ¥ € H,

Q¢

where W = g/(V;). With the aid of Riesz’s representation theorem, this equation gets rewritten
in H in the operator form

(Id— K)p =h, (3.23)

for certain & € H, where K is a compact operator in H. The homogeneous equation ¢ = K¢
in H, which is equivalent to (3.3) with # = 0, has only the trivial solution in view of the a priori
estimate (3.4). Now, Fredholm’s alternative guarantees unique solvability of (3.23) for any h e H.
This finishes the proof. O

The result of Proposition 3.1 implies that the unique solution ¢ = T; (h) of (3.3) defines a
continuous linear map form the Banach space C, of all functions 4 in L* for which ||k, < 0o
into L°, with norm bounded uniformly in A.
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Lemma 3.5. The operator T, is differentiable with respect to the variables &1, . .., & in §2 satis-
fying (2.1); one has the estimate

1 2
Ha(g;n)lT,\(h)HoosC(logg) lalls forl=1,2, m=1,2,--- k, (3.24)

for a given positive C, independent of ¢, and for all & small enough.

Proof. Differentiating Eq. (3.3), formally Z := 9/ ),¢ should satisfy

L(Z) = =g, (8 (Vi) + Zc,ma(gm>, (i Zim) + Z Zd,, Zijn,

i=1 j=1

with d;j = 9 y,cij, and the orthogonality conditions now become

/Zimnmzz_/8(§,;l)l(zlm77m)¢'

¢ 2

‘We consider the constants b;,, defined as

bim / 23, = / dey (Zimnm)p, forl=1,2.

Q¢ 2
Define

2
Z=12 + Zbimnmzimv
i=1

and

2 2

f==0 (8" VD)o + Y cimdigy ) (Zimtm) + Y bimL(m Zim)-
i=1 i=1

‘We then have

2k
L(Z)=f+zzbimnmzima in £2;;

i=1 j=1
Z=0 on d82;
/nmzim2=0 fori =0,1,2.
§2¢

Namely, Z = T;,(f). Using the result of Proposition 3.1 we find that
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1
If 1l = C(log g)llhll*,

hence,
1 2
||a(§;n)ln(h)||oogc<1ogg> Al forl=1,2, m=1,2,--- k. O

4. The nonlinear problem

In what follows we keep the notation introduced in the previous sections. We recall that our
goal is to solve problem (3.3). The strategy is to solve first the following problem

2k
L@)=—[Es+N@]+ Y > cijniZij, in Qe
i=1 j=1
$»=0 on 982;; 4.1)

/n,-z,-quzo foralli=1,2, j=1,2,---,k.
2

We have the following result.

Lemma 4.1. Under the assumptions of Proposition 3.1, there exist positive numbers C and L,
such that problem (4.1) has a unique solution ¢ which satisfies

<
I9lo0 = o

for all & < Ag. Moreover, if we consider the map &' +— ¢ into the space C(£2,), the derivative
D¢/ ¢ exists and defines a continuous function of §'. Besides, there is a constant C > 0, such that

| Dedplloo < . 4.2)
[loge|
Proof. In terms of the operator 7) defined in Proposition 3.1, problem (4.1) becomes
¢ =T.(—(N(@) + E1)) := A@). 4.3)

For a given number M > 0, let us consider the region

- M
F = {¢ €C(2): 9l < —2}
loge]

From Proposition 3.1, we get

1
4@, = ¢ (e )[IN @I + 121
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By the definition of N (¢) in (2.27), we can write
IN(@@)| < Clg" (Vi +5¢)|161> < Clg" (Vi + 5| 113,
for some 0 < s < 1. Thus, using the fact that ||¢|cc — 0 as A — 0, and (2.36), we obtain

IN@D|, < CliolZ

Thus

1
||A<¢>>||OOsC|logs|<C||¢||§o+ 3).
|loge|

We then get that A(Fys) C Fy for a sufficiently large but fixed M and all small A. Moreover, for
any ¢1, ¢ € Fy, one has

IN@D) - N@)|, < c(gg 1610 ) 91 = 92lcc.
In fact,

N(¢1) — N(@2) =g(Vi+ 1) — g(Vi + ¢2) — g' (Vi) (d1 — ¢2)
1
d
= / Eg(vk +¢2+1(p1 — $2))di — g’ (Vo) (1 — ¢2)

0

1
/g/(VA + ¢2 + 1 (1 — d2) — &' (V2))dt(p1 — ¢2).
0

Thus, for a certain t* € (0, 1), and s € (0, 1)

|N(@1) — N(@2)| <Clg' (Vi + o+ 191 — $2) — &' (V) |ld1 — P2l
<C|g"(Va+s¢p+ 1 (d1 — 62) (191100 + $2]l00) D1 — P2l 0-

Thanks to (2.36) and the fact that ||¢1||co, l|$2]lcc = 0 as A — 0, we conclude that

IN@) =N |, <Clg" V), (Ilg1lloc + Id2]l00) lld1 — P21l
< C(lIg1lloo + lIg2lloc) 1 — $2lloo-

Then we have
[4@) =A@ = Clloge| [N @1) — N@2)]], = Clloge|( max 1gilloc ) 11 = $2]lcc-

Thus the operator A has a small Lipschitz constant in F, for all small A, and therefore a unique
fixed point of A exists in this region.
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We shall next analyze the differentiability of the map &' = (E{, el 5,2) — ¢. Assume for
instance that the partial derivative 91y ¢ exists for i = 1,2. Since ¢ = T, (—(N(¢) + E)),
J 1

formally it follows that

Aen, ® = Be)), T (= (N (@) + Ex)) + To(— (e, N (@) + de), E2))-

From Lemma 3.5, we have

36, T (= (N @) + E)) | o < Clloge P [N @) + Ex, < €.

On the other hand,
den, N (@) =[g' (Vi +¢) = ¢'(V2) = g"(Vi)$]de)), Vi + depy, [8' (Vo) — e ]
+[' Vit ¢) — &' (Vi) |3, & + [/ (Vi) — " ]de)) 6

Then,

1 1
2 —— ’ S —— ’
[y N @), = C{ 19136 + 1o a1l + 12, BloclBlloo + 11— ||a@_,>,¢||oo}.

Since [0y, Exllx < llog%lp and by Proposition 3.1 we then have

19y, ®lloo < ¢
(S_/)i 00 —= |10g8| ’

foralli=1,2, j =1,---,k. Then, the regularity of the map &' > ¢ can be proved by standard
arguments involving the implicit function theorem and the fixed point representation (4.3). This
concludes the proof of the lemma. O

5. Variational reduction

We have solved the nonlinear problem (4.1). In order to find a solution to the original problem
we need to find &’ such that

cij(')y=0 foralli=1,2, j=1,--- k. 5.1

This problem is variational: indeed it is equivalent to finding critical points of a function of
& = g&’. Associated to (1.1), let us consider the energy functional J, given by

1 A ,
Jy(u) = 5/|W|2dx - ;/e‘“ dx, ueHi(Q), (5.2)
2

and the finite-dimensional restriction
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F (&) = J,.((Us + 9)(x, 6)), (5.3)

where

1
Ur+d)(x,6) =y + <(VA +¢)<— %)) (5.4

with V, defined in (2.17), ¢ is the unique solution to problem (4.1) given by Lemma 4.1. Critical
points of F) correspond to solutions of (5.1) for a small A, as the following result states.

Lemma 5.1. Under the assumptions of Proposition 3.1, the functional F;(£) is of class C.
Moreover, for all A > 0 sufficiently small, if D¢ F3(§) =0, then & satisfies (5.1).

Proof. A direct consequence of the results obtained in Lemma 4.1 and the definition of function
U, is the fact that the map & — F; (§) is of class C ! Define

1 ,
Ik(v)=§/|Vv|2dy—/eyl[

26 2

) gy, (5.5)

Let us differentiate the function F) (§) with respect to £. Since

Jx((Uerq;)(x,é)):;_Ix (Vi+9) fé ; (5.6)
p2y2(=D) e e

we can differentiate directly 7, (Vi (§) + ¢ (£)) under the integral sign. Let m € {1, ..., k} and
[l €1,2. We have

1
O, F.(§) = WS_IDIA(VA@) + ¢($))[3(g;n), Vi(§) + 3(%‘,’,,)1‘75(5)]

1
= 552501 _IZZfCu’?/ Zij[Be;, Va () + 3y, 4 (5)]

i=1 j= 193
G D) Y LUCERACES 3 of PRt
i=1j I_Q i=1j= I_Q

By the expansion of V,, we have

k

p—11 4
Z PUﬂmfm (8y) + p ﬁpwﬂmv%‘m (Sy)

m=1

2
p—1 1
+ (—p ) T W, 6, <€y>> - PV”)

p—11 p—1\*1
=) wm(y)+7y—pwm(y)+ > ﬁwm(y)+9(y)

A Vi = 0 (



S. Deng, M. Musso / J. Differential Equations 257 (2014) 2259-2302 2293
=9 P11, PN Ll ) e 6
= A wm )+ (& W () + o) 52 0@ om () + 9, 00)

Zm+ P L w0 PV L, e ),0
=~ Zim+ = 250 wn )+ T | p e n ) 3 6 ()-
Hence, for j # m, we have
1
njZijoe,), Va§) =\ — NiZijZmm || 1+ O or = 0(g),
2 B(}.R)
while for j =m and i # [, by symmetry we get

p—11
/ ﬂjZi./f’(s,’,l)zVA(f):(— / njZij (sz+7y— &)W (y)>>

12 B[R

| 1 1
14 e yr)
Ifnow j =m andi =1, we get

1
/?7,/25/3@;”), Vi(§) = (- f ﬂmzlmzlm) <l + O<F)>

§2¢ B(§,,,R)
‘We thus conclude that
2k )
ZZ/Q]”]ZUS(E’ )lvk(g)—_clm / anllem'i‘O(ﬁ)-
i=lj=lg, B(§,.R)

On the other hand, given (4.2), we have that

<CY leijllldgylloo < o(1) Y lcijl-

i,J )

2k
ZZ / cijnjZijoe,y, ¢ (&)

i=1j=1g,

Thus, if D Fj(§) =0, fori,/=1,2,j=1,2,---,k, we then have

clm</anZmZ1m)(l+0(l)) =0, m=1,... .k =12 (5.7)
£2¢

This concludes the proof of the lemma. O

Next we give an asymptotic estimate of F) (§) defined in (5.3). We have the following result.
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Lemma 5.2. Let § > 0 be fixed. There exist positive numbers Ay and C, such that u; are given
by (2.17), the following expansion holds

_, 2e-p 8k 4w —1
A P Fu(§)=————[-2+ plog8] - loge — Pi(§) + loge| ™ 04(8)
2—-pp -p
(5.8)
uniformly for any points §;, j =1, .-,k in §2, satisfying (2.1), where
k
&) =& 80 =D HELEN+ Y GELE)). (5.9)
j=1 i#]
Furthermore
A1 T Vi FA) = — Vi 00 (6) + loge| 10, (€) (5.10)
e P - =———V(,), %k oge . .

In (5.8) and (5.10), the function 6, denotes a smooth function of the points &, which is uniformly
bounded, as . — 0, for points & satisfying (2.1).

Proof. We have

Fo(&) = 5. (Un(E) + ¢(6))
-3 / |V(U©) +3®))|*dx - % / OO gy, (5.11)
2 2

Using the change of variables (5.4), namely (U, + ¢~>)(x, =y + #((VA + ¢)(§, %)), to-
gether with (5.5) and (5.6), we have that

- 1
JA(UA(E) + ¢(E)) —J (UA(E)) = W[U(VA +¢)— IA(VA)]
Since by construction Ii(V;\ + ¢)[¢] =0, we have

L (ULE) + ¢&)) — .. (U (®))

1

R / D1 (Vi +19)97(1 — 1) ds

1
o | [ @ n@ne [ [g;(vm—g;(ww«p)]&}(l—r)dt
0

€ €

Slnce ”E)»”* —_ |10g€|3 ’ ”¢”OO —_ ‘10g8|2’ ||N(¢)||* — ‘1 ‘4 and (2 %6> we get that
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- C
LU, - L (U <— 5.12
[ (Ui (&) +6©) — L (Un(®)| < 3D logal? (5.12)
Next we expand
1 2 A
L(U®) =5 / [V(U@®)[ dx =~ f ¢ THE dx, (5.13)
Q 2
First we expand the term fQ |VUA|2. By (2.23) we have
k
2
3 [1706 =775 1){2 [ 1920052+ 3 [ PULaT UL
j:lg l;ﬁj_Q
1k
—PZ/VPUMI g (VP ¢ (x)
J=1_Q
1\ 1
+ <p—> —Z/VPUMJ 5 VPW)
p ) vt
=l
p—1\2 1 [& 2
- 0 0 0
+( ) ) F[Z/|vaﬂja§j| +IZ/.VPwM»§1VPwM_/,Sj:|
j=lp #i 0
p—1\ 1 &
+|— ) — /VPw VPw
< p ) y p; wj.§ wj.§
J=lo
P\ 1 [&
+( p ) F[Z/|Vwﬂjs | +Z/VPU)MI Elva”'] E]:|}
i=lg I#j o
(5.14)
Let us estimate the first two terms. We observe that the remaining terms are 0(%). First,
y2(p=Dyp

we note that PU,,; ¢, satisfies

~APU,, ¢ =%, inQ2,  PU,g =0 ondf.

Then we have

/|VPUM./"$/' (x)|2
2

:82[eU“J"EJ'PU,LJ.,gj(x)
2
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= 82/equ~¥j (UM. g,(x)+ H(x,§j) — 10g(8;¢§) 4 0(/@82))

1
I H(x,&; 0 22)
/ g2uj+|x—§j|2)2(0g (82M3+|X—$j|2)2 +H(x, &)+ (M]&‘ )

Q
4, —4

8e 2172 :
Z/ - fLJ (log i ljj, +H(x,§j)+0(/x§52))

3 AP\ T a2

8 |
- | ar (log TENEER AR A 41"%(5#4/)) +0(45¢%)

! 8
- | et [ armm e e - 16.6)

el e

J

8 8
+ | 55 HEj. &) —4logen; /7+0 262). 5.15
/(1+|Z|2)2 (&, &) g(epmj) TENNEE (MJ ) (5.15)
Enj 'QE/J,j
But
/ 8 =87+ O(¢) (5.16)
(I+1y»)? ’ :
el
and
1 1 167 + O (e) (5.17)
0g = —lobr €). .
(I+1yP? = A+ y»)?
enj
Moreover,

8— 1 o o) _
/ T HE ey 8 — HE &) =9/ TR0 =06,

(5.18)
Therefore from (5.15)—(5.18), we have
2
/|VPU,Lj,gj(x)| dx
2
1
=-—l6r +8rH(;,§;) —32nloge — 167 10g(8,u§) + 167 log(8) + 0(_17) (5.19)
’ Y

Now, we calculate that
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Z/ VPUpu 5V PUy, ¢ dx
I#j o

= Z/EzeUM&PUﬂjfj
I#j

/ 8e% 1] (1 83 HEE
og X, 8j
) @ = a2\ @2+ v - )2 !
2 2.2
—log(847) + O (uje ))
8e’u? ( 1 2.2
= log +Hx, &)+ O(use )
Q/ (U] +1x —&)? (205 + |x — §1»)? ’ (k5¢)
= E / i (log ! +HE +emz E')) + 0(u3e?)
Z (PP @+ ez + 6= P2 " !

Z/ TG+ 06

I#jg

5/‘1

=87 Y G(&.&)) + O(ue%). (5.20)
I#]

Thus, from (5.14), (5.19), (5.20) and (2.22) we have

1 ) 1 2(p—1)
3 /|VU,\(x)| dx = m{—sm — 16km log & + 8km log(8) — Sknﬁ(l —log8)

4pn 1
(ZH(EJ,SJHZG(&,S, ) (|10g8|>}. (5.21)

i#j

Finally, let us evaluate the second term in the energy

1 X
ﬁ/ewmdx _ &/ewmw—p(m(;))P i
p p

2 2
P 4
=_Z / YISy VN
Pi= B(j.5)
p 1 X
W / o VN
p

2\Uj_1 BE;.9)
=141 (5.22)
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First we observe that

I =210, (&) (5.23)

with @, (£¢) a function, uniformly bounded, as A — 0. On the other hand,

y I+ p V)P -1]
2([7 ) Z / " dy
j=

'B&1.5/0)
{w,(>)+P PO+ i ()+0() 1
2(17 I)Z / 4 1+0 W dy
B(E 8/e)
LV)a

2<P 1>Z (1+| arpee\ oG

! B(O 8

8km (1 + [loge| ™' @(8)), (5.24)

= p2y20=1)
with @, (£¢) a function, uniformly bounded, as A — 0. From (5.22)—(5.24) we get
Pfewnrgeo L g (1+ |logel~'0:(8)) (5.25)
p e x = 22,20 b4 oge A . .
Q

Therefore, from (5.11), (5.12), (5.13), (5.21), (5.25) and (1.14) and by the choice of the param-
eters u; in (2.22), and (1.14), we can write the whole asymptotic expansion of F} (§), namely
(5.8) holds.

Let us now prove the validity of (5.10). Fix m € {1,...,k} and [ € {1, 2}. Arguing as in the
proof of Lemma 5.1, we have

Oty F.(8) = Pp2y2-1 2(p ne [ZZCU/UJZUa(Sm)IVK} <1+0< >> (5.26)
2

i=1j=1

On the one hand, if we multiply equation in (4.1) against 9./ ), Vi, we get

/ (Avg +g(ve))de ), Vi = ZZCU / 0, Zijde Va

Q2 ll/lQ

where vs = (Vi +¢)(y, &) = (Vi + @) (3, %). On the other hand, we have that

g1 x
e Un(x) = P Py LGATLZY
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Putting together these informations, we have that

Ay Fr(®) = </[A(Uk + )+ AU+ )P eVt o UA> (1+o(1)).

c
ypr~l

Furthermore, since ||q~5||oo < l|¢llco, by definition of U, we have that

U +§)0x) = Ux(x)<1 + o<i>> in 0.
yP

Hence, by means of integrations by parts, and the boundary conditions satisfied by U,, we get that

— P 1
ey 2. (6) = (/[AUA +2.U7 " U )86, UA) (1 + 0(%))’
2

where O(1) here denotes a smooth function of the points &, which is uniformly bounded as
A — 0. We thus conclude that

p—1_U? 1
8(§n1)1F)\ (S) = [_VUkva(Em)l U)‘ + )"Uk e’ a(ém)l U)L] 1 + o —P
2

14
1
= =0, J)L(U)h)<l + O(W))

Computations analogous to the ones we performed to get expansion (5.8) give us the validity of
(5.10). This concludes the proof of the lemma. O

6. Proof of the main results
In this section, we will prove the main result.

Proof of Theorem 1.2. From Lemma 5.1, the function

1 X
P (pyp + (Vi + cb)(—))
py &

where V) defined by (2.17) and ¢ (£) is the unique solution of problem (4.1), is a solution of prob-
lem (1.1) if we adjust &€ so that it is a critical point of F) () defined by (5.3). This is equivalent
to finding a critical point of

Up(€) + ¢(§) =

2—p)

~ 24
Fu(&):=Ar"'e 7 F.(§)+ B+ Cloge,
for suitable constants A, B and C. On the other hand, from Lemma 5.2, for & € M, we have that,

Fu(&) = o (&) + O(lloge| 1)@, (8),

where ¢y is given by (1.5), and ©; (£¢) is uniformly bounded in the considered region as > — 0.
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Let us observe that if M > C, then assumptions (1.18), (1.19) still hold for the function
min{M, ¢ (£)} as well as for min{M, i (£) + O(|loge|~1) Oy (&)}. It follows that the function
min{M, F (&)} satisfies for all A small assumptions (1.18), (1.19) in D and therefore has a critical
value C) < M which is close to the value C in this region. If &, € D is a critical point at this level
for F; (£) 4 B, then since

FE)<C <M

we have that there exists a § > 0 such that |&, ; — & ;| > 4, dist(§,,;, £2) > 0. This implies
C!-closeness of F; (£) and ¢y (&) at this level, hence Vg (&) — 0. The function u, = U (&) +
$(&,) is therefore a solution as predicted by the theorem.

Expansion (1.20) follows from (1.14) and (5.25), while (1.21) holds as a direct consequence
of the construction of U, . Expansion (1.22) is a consequence of (5.8). O

Proof of Theorem 1.1. According to the result of Theorem 1.2, the proof of Theorem 1.2 re-
duces to show that, for any k > 1 the function ¢, has a non-trivial critical value in some open
set D, compactly contained in 2. This fact has already been established in [14] for the function
(—x) in the context of construction of solutions to the Liouville problem

Au+e%e" =0, in$2, u=0, ondfR

for a not simply connected domain £2 in R?. For completeness, we recall here the principal
ingredients employed in the proof of the existence of a non-trivial critical value for (—¢j) and
we refer the reader to [14] for a complete proof of each step.

Let D be given by

D= {x e k- dist(x, 8[2k) > 8}

for some positive and small § to be chosen. Let §2; be a bounded non-empty component of
R?\ £2 and let y be a closed, smooth Jordan curve contained in §2 which encloses £2;. Let S be
the image of y, Bo =0 and B = Sk Define

€= jnf jlelg(—w)@(z)) (6.1)

where

r={®(@)=¥(,2):¥:[0,1] x B— D continuous and ¥ (0, z) = z}.

Observe that, since ) j H(&;,&;) is bounded in D and > £ G(&;,&;) is bounded below, the
function (—¢y) is bounded above in D.
With an argument based on degree theory, in Lemma 7.1 in [14], it is proven that:

There exists K > 0, independent of § in the definition of D, such that C > —K.

This fact ensures the validity of (1.18).
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A delicate analysis of the behavior of H and G contained in Lemma 7.2 and Lemma 7.3 in
[14] is the key step to show the validity of the following result:

Given K > 0, there exists § > 0 such that, if (&1, ...,&) € 0D, and |pr (&1, ..., &) < K, then
there exists a vector t, tangent to 3D, such that Vg (&1, ..., &) -t #0.

This fact is proved in Lemma 7.4 in [ 14] and it shows the validity of (1.19). Having established
(1.18) and (1.19), we conclude that ¢; has a non-trivial critical value in D, which gives the proof
of Theorem 1.1. O
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