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Abstract

In this article we develop the local wellposedness theory for quasilinear Maxwell equations in H™ for
all m > 3 on domains with perfectly conducting boundary conditions. The macroscopic Maxwell equations
with instantaneous material laws for the polarization and the magnetization lead to a quasilinear first order
hyperbolic system whose wellposedness in H 3 is not covered by the available results in this case. We prove
the existence and uniqueness of local solutions in H™ with m > 3 of the corresponding initial boundary
value problem if the material laws and the data are accordingly regular and compatible. We further charac-
terize finite time blowup in terms of the Lipschitz norm and we show that the solutions depend continuously
on their data. Finally, we establish the finite propagation speed of the solutions.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction and main result

Describing the theory of electromagnetism, the Maxwell equations are one of the fundamental
partial differential equations in physics. Equipped with instantaneous nonlinear material laws,
they form a quasilinear hyperbolic system. On the full space R?, for such systems Kato has
established a satisfactory local wellposedness theory in H* (Rd) fors > % +1, see [20]. However,
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on a domain G # R3, the Maxwell equations with the boundary conditions of a perfect conductor
do not belong to the classes of hyperbolic systems for which one knows such a wellposedness
theory. The available results need much more regularity and exhibit a loss of derivatives, see [15].

In this work we provide a complete local wellposedness theory for quasilinear Maxwell equa-
tions on domains with a perfectly conducting boundary. We prove the existence and uniqueness
of solutions in H™(G) for all m > 3 if the material laws and the data are accordingly regular
and compatible, provide a blow-up condition in the Lipschitz norm, and show the continuous
dependence of the solutions on the data, see also [34]. These results are based on a detailed reg-
ularity theory for the corresponding nonautonomous linear equation which we developed in the
companion paper [35]. Here and in [35], we crucially use the special structure of the Maxwell
system.

The macroscopic Maxwell equations in a domain G read

0D =curlH — ], forxeG, te(t,T),

0B =—curl E, forxeG, te(,T),

divD=p, divB=0, forxeG, te(tT), 1.1)
Exv=0, B-v=0, forx € 0G, t € (ty, T),

E(tg) =Eo, H(t)=Hy, forx € G,

for an initial time #o € R. Here E(t, x), D(t, x) € R3 denote the electric and H (¢, x), B(t, x) €
RR3 the magnetic fields. The charge density p(z, x) is related with the current density J(z, x) € R?
via

t

p)=p(t) — / div J (s)ds

0]

for all t > #y. In (1.1) we consider the Maxwell system with the boundary conditions of a perfect
conductor, where v denotes the outer normal unit vector of G. System (1.1) has to be comple-
mented by constitutive relations between the electric fields and the magnetic fields, the so called
material laws. We choose E and H as state variables and express D and B in terms of E and H.
The actual form of these material laws is a question of modeling and different kinds have been
considered in the literature. The so called retarded material laws assume that the fields D and B
depend also on the past of E and H, see [2] and [33] for instance. In dynamical material laws the
material response is modeled by additional evolution equations for the polarization or magneti-
zation, see e.g. [1], [11], [16], or [17]. In this work we concentrate on the instantaneous material
laws, see [6] and [14]. Here the fields D and B are given as local functions of £ and H, i.e., we
assume that there are functions 61, 6>: G x R® — R3 such that D(t,x)=61(x, E(t,x), H(t, x))
and B(t,x) = 60x(x, E(t, x), H(t, x)). The most prominent example is the so called Kerr nonlin-
earity, where

D=E+v9|E’E, B=H, (1.2)

with 9 : G — R3*3 and the vacuum permittivity and permeability set equal to 1 for convenience.
We further assume that the current density decomposes as J = Jo+o1(E, H)E, where J is an

Please cite this article in press as: M. Spitz, Local wellposedness of nonlinear Maxwell equations with perfectly
conducting boundary conditions, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.10.019




YJDEQ:9589

M. Spitz / J. Differential Equations eee (eeee) eee—eee 3

external current density and o7 denotes the conductivity. If we insert these material laws into (1.1)
and formally differentiate, we obtain

(0;D,0;B) =0, m0(x, E, H)0,(E, H) = (curl H — J, —curl E)
for the evolutionary part of (1.1). The resulting equation is a first order quasilinear hyperbolic

system. In order to write (1.1) in the standard form of first order systems, we introduce the
matrices

0 0 O 0 0 1 0 -1 0
Ji=10 0 -1}, L=} 0 0 0}, SH=|1 0 O
01 O -1 0 O 0O 0 O
and
o_ (0 —J;
Aj —(,j. 0 (1.3)

for j = 1,2,3. Observe that Z?:l J;j0; = curl. Writing x for 9g .m0, f = (—Jo,0), 0 =

(U()l 8)’ and using u = (E, H) as new variable, we finally obtain

3
X+ ALY ju+ o wu = f. (1.4)
j=1

Under mild regularity conditions, e.g., D, B € C([t, T], HY(G) N Cl([ty, T1, L*(G)) and
divJ € L'((to, T), L*(G)), a solution u = (E, H) of (1.4) satisfies the divergence conditions
in (1.1) if they hold at the initial time #y. Similarly, the second part of the boundary conditions,
ie, B-v=0on(t),T) x G istrueif E x v=0o0n (ty, T) x dG and B(ty) -v=00n dG. We
refer to [34, Lemma 7.25] for details. Defining the matrix

0 v —vp, 0 0 O
B=| —u; 0 vi 0 0 O (1.5)
%) —V] 0 0 0 O

on dG, we can then cast system (1.1) into the equivalent first order quasilinear hyperbolic initial
boundary value problem

3
X(u)atu+ZAj°8ju+a(u)u=f, xeG, teld;

J=! (1.6)
Bu=g, xe€dG, tel;

u(ty) =ug, xe€aqG,

with additional conditions for the initial value. Here J = (#p, T') is an open interval. We allow
for inhomogeneous boundary values which are not only interesting from the mathematical point
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of view, but also have physical relevance, see [10]. We further assume that x is symmetric and at
least locally positive definite, which includes (1.2). Such assumptions are quite standard already
for linear Maxwell equations.

The initial value problem on the full space (without boundary conditions) corresponding
to (1.6) has been solved by Kato in [20] in a more general setting. Kato freezes a function #
in the nonlinearities and employs a priori estimates for the corresponding linear problem previ-
ously obtained in [18] and [19]. Then a fixed point argument yields a solution of the quasilinear
problem. However, Kato works in a general functional analytic setting which does not cover the
Maxwell equations with perfectly conducting boundary conditions. An alternative approach is to
use energy techniques in order to derive the a priori estimates for the linear problem needed to
apply a fixed point argument. This strategy was applied successfully to quasilinear hyperbolic ini-
tial boundary value problems with noncharacteristic boundary (i.e., where the boundary matrix
AW) = Z?:l Ajv; is nonsingular), see [5,24,32]. Systems with characteristic boundary pose
several additional difficulties. In particular, no general theory for the corresponding linear prob-
lems is available and even a loss of regularity there is possible, see [26]. In [29] an additional
structural assumption is proposed in order to prevent this loss of regularity and a quasilinear
result is derived from it in [30]. However, the Maxwell system does not fulfill this structural as-
sumption. A different approach is taken in [15] for quasilinear hyperbolic initial boundary value
problems with characteristic boundary. The results there require high regularity (at least H°(G)),
are given in Sobolev-like spaces incorporating weights in the normal direction, and contain a loss
of regularity. In [31] the authors focus on Maxwell’s equations, but treat different boundary con-
ditions (belonging to the class treated in [26], see also [7]) than the perfectly conducting ones.
Moreover, only the existence of a local solution of the quasilinear system is obtained there.

Somehow surprisingly, the quasilinear Maxwell system (1.1) with perfectly conducting
boundary has not yet been treated in the natural space H>(G) and even the basic questions
on local existence and uniqueness are still open. We will close this gap by providing a complete
local wellposedness theory. We will prove that

(1) the system (1.6) has a unique maximal solution « in the function space ﬂ’};o CI(T_,Ty),

H™J(G)) for all m € N with m > 3 provided the data are sufficiently regular and compati-
ble (in the sense of (2.10) below) with the material law,

(2) finite existence time can be characterized by blowup in the Lipschitz norm,

(3) the solution depends continuously on the data.

We refer to Theorem 5.3 for the precise statement. The derivation of global properties for (1.6) is
a highly nontrivial task. In particular, it is already known that global existence cannot be expected
for all data. Blow-up examples in the Lipschitz norm are given in [25]. For different boundary
conditions than we consider, blow-up examples in the H (curl)-norm are provided in [9].

In order to prove the local wellposedness theorem, we follow the strategy mentioned above.
We freeze a function # in the nonlinearities in (1.6) and employ energy estimates to set up a fixed
point argument. However, energy techniques work in L2-based spaces but require Lipschitz co-
efficients, see [12]. The solutions there are constructed in C(J, L2(G)) but in view of our fixed
point argument, we need that x («) is contained in W!*°(J x G). This gap in integrability is
bridged by Sobolev’s embedding. If a solution u belongs to C(J, H™(G)) N C'(J, H"~1(G))
for a number m € Ny, then x («) is an element of W' (J x G) if m > % + 1 and y is rea-
sonable regular. We thus require m > 3. Reasonable regular here means that y belongs to
C™(G x U, R%*®) and that x and all of its derivatives up to order m are bounded on G x U

Please cite this article in press as: M. Spitz, Local wellposedness of nonlinear Maxwell equations with perfectly
conducting boundary conditions, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.10.019




YJDEQ:9589

M. Spitz / J. Differential Equations eee (eeee) eee—eee 5

for every compact subset ) of U, where U is a domain in R. For later reference we introduce
the spaces

MLPHG,U)={0 € C"(G xU,R"”"™): Forall « € Ng with |¢| <mand Uy €U :

sup  [0960(x, y)| < oo},
(x,y)eG xU,

ME;Q"(G, U)={0 € ML™(G,U): There exists n > 0 with =67 > non G x U}

for n € N. Actually, we only need n = 1 or n = 6. Although C(J, H"(G)) N C'(J, H"~1(G))
embeds into W1 (J x G) for m > 3, the techniques we are going to apply to solve (1.6) require
that its solution has the same amount of regularity in time as in space. We thus construct solutions
of (1.6) in the function spaces

Gn(J xG) = ﬂ C/(J, H" 1 (G))® (1.7)
j=0

for all m € Ny, cf. [5,24,32]. (We do not indicate the dimension of u below.) Defining the function
e_yitr> e V!, we equip the space G, (J x G) with the family of time-weighted norms

J
IvllG,,(1xG) = max lle—y 07 vl Loo (s, Hm—i (G
J=0,e0em

forall y > 0. In the case y =0, we also write [|v|G,, (s xG) instead of ||v]|G,, (s xG)- Analogously,
any time—space norm indexed by  means the usual norm complemented by the time weight e,
in the following. We also need the spaces G,,(J x G), consisting of those functions v with
3% e L®(J, L*(G)) forall a € Ng with 0 < |a| < m. We equip them with the same family of
norms as G, (J x G).

The paper is organized as follows. In Section 2 we first study the regularity properties of
0(u) for 6 € ML™(G,U) and u € G,,(J x G). Based on Fad di Bruno’s formula we find
suitable function spaces and provide corresponding estimates for these compositions. We fur-
ther discuss the compatibility conditions. These are necessary conditions for the existence of
a G, (J x G)-solution, which arise since the differential equation and the boundary condition
in (1.6) both yield information about # and its time derivatives on {fp} x 9G.

In Section 3 we then follow the strategy described above to deduce existence and uniqueness
of a solution of (1.6). We freeze a function # from ém(J x G) and study the arising linear
problem

3
Apdu+Y Ay u+Du=f xeG, tel;

/=1 (1.8)
Bu=g, xe€0dG, tel;

u(tp) =up, x€G;

where Ag = x (&) and D = o (i1). Already the higher order energy estimates for this linear
problem are difficult to obtain since the Maxwell system has a characteristic boundary (i.e.,
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Av) = 321 A;.O v; is singular). Here we rely on [35], where the structure of the Maxwell equa-
tions is heavily exploited in order to derive these estimates. We show how the results from [35]
can be employed to set up a fixed point argument which yields unique local solutions of the
quasilinear problem (1.6). In order to characterize a finite maximal existence time in terms of the
Lipschitz norm of the solution, the a priori estimates from (1.8) are not good enough. We have
to use in Section 4 that the coefficient Ag equals x () with u being the solution of (1.6). Com-
bining Moser-type inequalities and estimates from [35] relying on the structure of (1.8), we can
then control the H” (G)-norm of u by its Lipschitz norm. In Section 5 we study the continuous
dependence of the solutions on the data. Once again the estimates from [35] cannot be applied
directly as they do not prevent the loss of regularity due to the quasilinearity when the differ-
ence of two solutions is considered. We therefore have to combine the techniques from [35] with
certain decompositions of u already used in the full space case, cf. [3]. Finally, we also prove
that solutions of (1.6) have finite propagation speed. Here, we use a simple and flexible method
relying on weighted energy estimates for the linear problem, cf. [3].

Standing notation: Let m be a nonnegative integer. We denote by G a domain in R? with
compact C™M&m.314+2_houndary (the assumption that 3G is compact can be loosened, see [34]
for details) or the half-space R3 = {x € R3: x3 > 0}. The set I is a domain in R®. We further

write L(Ao, ..., A3, D) for the differential operator Agd; + Z§=1 A;d; + D and 9y for 9;. By

J we mean an open time interval and we set Q2 = J X Ri. Finally, the image of a function v is
designated by imv.

2. Calculus and compatibility conditions

In the study of quasilinear problems one often has to control compositions 6(v) in higher
regularity in terms of v. Derivatives of 6(v) can be expressed by the so called Fad di Bruno’s
formula, which is therefore widespread in the literature, see e.g. [3,5]. More important than the
formula itself are the estimates which follow from it. We provide both in the next lemma. Its proof
is an iterative application of the chain and product rule combined with Sobolev’s embedding for
the estimates and it works as the proof of [34, Lemma 7.1]. We work with functions v taking
values in R® in the following.

Lemma 2.1. Let m € N and m = max{m, 3}. Let U be a compact subset of U C RS,

(1) Let € ML™(G,U) and v € G;;(J x G) with imv C U. The function 6(v) belongs to
the function space W' (J x G) and all its derivatives up to order m are contained in
L®(J,L*(G)) + L*®(J x G). For yi,...,y; € Ny with |y;| <m, 1 < j <|al, and o € N§
with 1 < |a| < m there exist constants C(a, y1, ..., ¥j) such that

6

10wy = Y > > > Clyi....yp) @D

B.yeNg,Bo=0 1=J=I¥l yy,....y;eNG\{0} 115-enslj=1
Bty=a > vi=y

J
. (ayz_/ . 3le 3)5/31»ﬂ2>ﬂ3)9)(v) 1_[ 9vi v,
i=1

Moreover, there exists a constant C(0, m,Uy) such that
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||aa9(v)||L00(J,L2(G))+LOC(]X(;) <C@,m,U)1+ ||U||G,;,(J><G))m (2.2)

forall o € Ng with || <m and v € G;,(J x G) withimv C U,.

(2) Let 6 € ML VG, U) and v € H" Y (G) with imv C U. The composition 0 (v) belongs
to L®(G) and all of its derivatives up to order m are contained in L*(G) + L®(G). We
further have

6

Fow= > > > > Col@yi.....v)

ByeNy 1=J=Ivl yi,.y;eNg\(0} Lol j=1
Bt+y=a 2 vi=y

J
By, - 3y, of O [ 87w, 2.3)
i=1

forallve H"Y(G) and a € Ng with 0 < |a| <m — 1, and the constants

Colat, v1,...,¥)) =C(0, a1, a2, 3), (0, 1,1, ¥1,2, ¥1,3)5 - --» (0, ¥j,1, V)2, Vj,3))

from assertion (1). There further exists a constant Co(6, m,Uy) such that

10%0 (W)l L2(Gy+L(G) < Co®, m, U1 + IIUIIHrh—l(G))m_1 (2.4)

forall o € Ng with || <m — 1 and v € H™ 1 (G) with imv CU;.

(3) Assume additionally thatm > 2. Let € ML™YG,U) and tg € T. Then B,J.Q(v) (t9) belongs
to H"7=Y(G) and there is a constant C(0, m,U,) such that

1876 ) (t0) | -1 (G

1 . m—2 1 ~
<CO,m, U+ Orglang ||3tv(to)||H,,17171(G)) Orglang ||3tv(t0)||Hm7171(G)

forall je{l,...,m— 1}andveé,;l(J x G) withimv CU and imv(ty) C U].

For the contraction property of the fixed point operator in Section 3 and the derivation of
the continuous dependence, we need similar estimates for the differences of such compositions.
They are given by the next corollary. Its proof relies on Lemma 2.1 and works in the same way
as the one of [34, Corollary 7.2].

Corollary 2.2. Let m € N, i = max{m, 3}, and y > 0. Take 6 € ML"~V1(G,U), R > 0, and
pick a compact subset Uy of U.

(1) Let vi,vp € G,;,_l(J x G) with the bounds ||vilG,_,x6) V26, ,uxG) < R and
imvy, imvy CUj. Then there exists a constant C = C(0, m, R,U}) such that
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1“0@DI(N) — 0O 26y <C Y. 19010 — 9P 0205 26y (2.5)

4
BeNy
0<|Bl=m—1

for almost all t € J and almost all s € J ifa € Né with 0 < || <m — 2. In the case |o| =
m — 1 and m > 1 we have the estimate

1@“0N)®) — 0O 20y <C Y. 19P010) = P2l 126

BeNg
0=<|Bl=m—1
6
+c Y > Yo @y 8y, B0 1) (1) (2.6)
0<j=<m—1 0<y=<a,0=0 I,....[j=1
lyl=m=1-j

— @y, - Dy, 3)(cyl’y2’y3)9)(vz)(s)IILOO(G)

for almost all t € J and almost all s € J. If 0 additionally belongs to ML™'(G,U), the
estimate (2.5) is true for almost all t € J and almost all s € J in the case || =m — 1.
Finally, if g = 0, it is enough to sum in (2.5) and (2.6) over those multiindices B with

Bo =0.

(2) Let vi,v2 € Gz_1(J x G) with the bounds ||villG;_,xG), lv2llG;_,uxc) < R and
imuvy, imvy CUy, and 0 € ML™Y(G,U). Then there exists a constant C = C(0, m, R,U})
such that

10 (1) —0(2)llG,-1,0x6) = Cllvi —=v2llG;_,,(/x6)
forall y > 0.
Assume that u € G,,,(J x G) is a solution of (1.6) with inhomogeneity f € H™(J x G) and
initial value ug € H™(G). Lemma 2.1 _implies that we can take p — 1 time-derivatives of the
evolution equation in (1.6), insert #y € J, and solve for Btp u(tp). This procedure yields a closed

expression for 8,’7 u(tp) in terms of the material laws and the data for all p € {0, ..., m}, which
will be utterly important in the following.

Definition 2.3.Let / € R be an open interval, m € N, and x € Mﬁggﬁ(G,Z/{) and o €
ML™S(G,U). We inductively define the operators

Sy.0.Gmp: I x HM™M3 (] 5 G) x H™™m2(G Uy — H™P(G)

by Sy 6,G,m,0(t0, f,uo) = up and

3
i ap—1
Sy.0.G.m,p(to, f,u0) = x (uo) 1<3tp f(to)—E A8 Sy 0,G,m, p—1(t0, [, o)
j=1
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p—1
p—1
-3 ( } )M{ (t0. f10)Sy.0.G.m.p—1(t0, f:10) 2.7)
p—1 p—1 1
- Z / M (to, f,u0)Sy.0,G.m,p—1-1(t0, f, uo)),
=0

6
M= Y Y. C{p.0.0,0). 1. ...

1SJ=P iy €NGO) 11endj=1
¥ 7i=(p,0,0,0)

J
By, - 3, 00 0) [ [ S Gom iyt o, £ w0 (2.8)
i=1

for 1 < p <m, k € {l1,2}, where 61 = x, 6 =0, M9 = o (ug), and C is the constant from
Lemma 2.1. By H™"-2}(G 1) we mean those functions ug € H™"-2}(G) with imug C .

Lemma 2.1 then implies that

8 u(to) = Sy 0,G.m,p(to, frup) forall p€{0,...,m} (2.9)

if u € G, (J x G) is a solution of (1.6) with data f € H"(J x G) and ug € H™(G). The next
lemma shows that the operators Sy 4 G m,p indeed map into H"~7(G) and it provides corre-
sponding estimates. The proof relies on Lemma 2.1, Corollary 2.2 and the product estimates
from [35, Lemma 2.1]. We refer to [34, Lemma 7.7] for details.

Lemma 2.4.Let J C R be an open interval, to € J, m € N, and m = max{m, 3}. Take x €
(G U) and o € ML™®(G,U) Choose data f, f € H"(J x G) and ug, iip € H™(G)

such that imug and im i are contained in U. Take r > 0 such that

m—1
> 18] £ @) i@y + ol gy <7
Jj=0
m—1

D18, F o) gi-i-1 gy + litoll gy <
j=0

Then the function Sy o .G.m,p(to, f.uo) belongs to H™ P(G) and for a constant C\ =
Ci(x,o,m,r,Uy) it satisfies

m—1
1S 2.0.G.m.p 005 f- 4l m2Gy = Co( Y2137 F W) i1 Gy + ol mc»)
Jj=0
forall p €{0,...,m}, where Uy is a compact subset of U with imug C U,. Moreover, there is a

constant Co = Cr(x, 0, m, r,Up) such that
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||Sx,n,G,m,p(tO, frug) — Sx,o,G,m,p(IOa f, ’ZO)”H’"—"(G)

m—1
< Cz( D118 £ t0) = 8] F o)l i1y + o — ﬁonﬂm(c))
j=0
forall p €{0,...,m}, where U is a compact subset of U with imug, imiig C Us.

In [35] a solution in G,,(J x G) of the linear problem (1.8) was constructed for boundary
data from the space

m
En(J x 3G) = (| H/ (J. H"™*371 (3G)),
=0

J
lgllg,xoG) = og}ai(m 107 gll 2 mmr1r2-i a6y -

We thus also take boundary data g € E,,(J x dG) for the nonlinear problem (1.6). But then we
can differentiate the boundary condition in (1.6) up to m — 1-times in time and still evaluate in
to if u belongs to G, (J x G). In combination with (2.9) we deduce the identities

BSy.0.G.m,p(10, f,u0) =9 g(ty) ondG (2.10)

for all p € {0,...,m — 1}, which are thus necessary conditions for the existence of a
G, (J x G)-solution of (1.6). We say that the data tuple (x, o, ty, B, f, g, ug) fulfills the compat-
ibility conditions of order m if imug C U and (2.10) holds for all p € {0, ..., m — 1}. In the next
lemma we relate the operators Sy o, G,m, p With their linear counterparts from [35]. Therefore, we
have to recall some notation. In [35] we introduced the function spaces

Fni(J x G)={Ae W' x G)F*: 9% A e L®(J, L*(G)"* for all a € N
with 1 < |a| < m},

A = Allwt.oo , %Al ,
Al £, (s xG) = max{[[Ally1 (IxG) lgn\}ﬁém” Iz (J,LZ(G))}

Fp (G)={A e L™(G)"*: 3“A e L*(G)"** for all « € N} with 1 < |ar| <m},

A =max{||A||Lx~(G), ma %A
l ”F,?,(G) x{AllL>(G) ls\aém l ||L2(G)}
for k € N. Moreover, by F;, r.,(J x G) we mean those functions A from F,, x(J x G) with
A(t,x) = A(t, x)T >y for all (t,x) € J x G and by F;%,k(J x G) those which have a limit as
|(t, x)| = oo. If it is clear from the context which parameter k we consider, we suppress it in the
notation.

Remark 2.5. As noted in Remark 1.2 in [35] the linear theory allows for coefficients in
W12 (J x G) whose derivatives up to order m are contained in L>®(J, L>(G)) + L®(J x G).
In view of Lemma 2.1, we can thus apply the linear theory with coefficients x (i) and o (&) and
i € G;(J x G). However, the part of the derivatives in L*°(J x G) is easier to treat so that
we concentrated on coefficients from F,,(J x G) in [35]. The same is true for the nonlinear
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problem. In the proofs we will therefore assume without loss of generality that y and o from
ML™(G, U) have decaying space derivatives as |x| — oo. More precisely, for all multiindices
aeN)withas=...=ag=0and | <|a| <m, R>0,U; €U, and v € L%(J, L*(G)) with
imv C Uy and [|v]l ooy 12(Gy) < R we have

3“0 ), (3%0) (V) € L¥(J, L(G)),
1B X)Wl e 126y + 104l (s.12(6y) < C @11

where C = C(x, o, m, R,U;). With this assumption we obtain from Lemma 2.1 that x () and
o () belong to F,, (J x G).

Finally, we point out that if G is bounded, the above considerations are unnecessary since
L%(G) + L*°(G) = L%(G) in this case.

If one has a G,,(J x G)-solution u of the linear problem (1.8) with coefficients Ag €
Fy p(J x G) with n > 0 and m = max{m, 3}, A1, A2, A3 € Fjz(J x G) independent of time,
and D € F;(J x G) (note that we allow more general spatial coefficients here), the same rea-
soning as above first gives a closed expression for 8/ u(t) in terms of the coefficients and the
data, which we denote by Sg i, »(f0, Ao, ..., A3, D, f,up), and compatibility conditions on the
boundary. We refer to (2.2) and (2.4) in [35] for the precise notion. We then say that the tu-
ple (%, Ao, ..., A3, D, B, f, g,up) fulfills the linear compatibility conditions of order m if the
equations

BSG.m,p(to, Ao, ..., A3, D, fug) = 3/ g(ty) ondG (2.12)

are satisfied for all p € {0,...,m — 1}. Since we want to apply the linear theory with coeffi-
cients x () and o (1), we have to know in which way the compatibility conditions (2.10) for the
nonlinear problem imply the compatibility conditions (2.12) for the resulting linear problem.

Lemma 2.6. Let J C R be an open interval, ty € J, and m € N with m > 3. Take X €
ME:HG(G,Z/{) and o € ML™O(G,U). Choose data f e H™"(J x G) and ugp € H"(G) such

that imug is contained in U. Let r > 0. Assume that f and uq satisfy

u <r, max Bj 1 —j— <r,
luoll Gy < 0 TAX_ 107 f @)l gm-i-1(Gy <

NG, ixc) =1, Nfllamuxc) <r.

(1) Letii € Gy(J x G) with 8/ ii(ty) = Sy.0.G,m,p(to, fuo) for 0 < p <m — 1. Then i fulfills
the equations

co co co

SG,m,p(to» X(ﬁ)9 1> 2 3 96(ﬁ)s fa MO):SX,O',G,m,p(tOs fa MO) (213)
forall p €{0,...,m}.

(2) Thereis a constant C(x, o, m,r,Ur) > 0 and a function u in G,,(J x G) realizing the initial
conditions

atpu(tO) = SX,O',G,I‘n,p(tOs fiuo)
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forall pe{0,...,m}and it is bounded by

m—1

lullG, xc) < C(x,o,m,r, Ul)( Z 187 f (o)l gm-i-1G) + ||M0||H’"(G))-
j=0

Here Uy denotes a compact subset of U with imug C Uj.

Proof. (1) Assertion (1) follows by induction from the definition of the operators Sg, . p in [35,
(2.2)], Lemma 2.1, and the definition of Sy 5 G m,p in (2.7).

(2) Since Sy o.G6,m,p(t0, f,uo) belongs to H""P(G) for all p € {0,...,m}, an extension
theorem (see e.g. Lemma 2.34 in [34]) yields the existence of a function u with E),p u(ty) =
Sy.,0,.G,m,p(to, f,up) forall p € {0, ..., m} and

m
ltllGpurxG) < C D 1Sy 0.6.m.p (0, fr10) | 1m0 (G-
p=0

Lemma 2.4 then implies the assertion. O
3. Local existence

In this section we prove existence and uniqueness of a solution of (1.6) by a fixed point
argument based on the a priori estimates and the regularity theory from [35] for the corresponding
linear problem. By a solution of the nonlinear problem (1.6) we mean a function # which belongs
to ﬂT:o CJ/(I, H" I (G)) with imu(r) C U for all t € I and which satisfies (1.6). Here [ is an
interval with ¢y € . Since the main result from [35] is omnipresent in the following, we recall
it in Theorem 3.1 below. Prior to this, we want to stress that in [35] the initial boundary value
problem (1.8) on general domains G was reduced to a half-space problem via local charts. The
localization procedure and a subsequent transform lead to the study of

3
Aodu+Y Ajdju+ Du=f, xeR}, reJ;
=1
/ 3.1
Bu=g, x68R3,teJ;
u(to) = ug, X € Ri;

with coefficients Ag € Ff, ; (), D € Fy, ((Q), A3 = A, and A}, A € FP

3
m,coeff (R+ ), where

F;‘jcoeﬁ(]l%i) :={A € F 6(Q): 311, (2, 43 € Fyp.1(R) independent of time,
3
constant outside of a compact set such that A = Z Aﬁou it
j=1

Moreover, in the boundary condition we have B = B, where B is a constant matrix in R2%6
with rank 2. There further exists another constant matrix C® € R?*¢ with rank 2 such that
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1
AS0 — — (Cco TBco BC° TCco>. 3.2
3 =5 + (3.2)

We refer to [35, Section 2] and [34, Chapter 5] for the details.

The main result from [35] shows that the linear initial boundary value problem (1.8) respec-
tively (3.1) has a unique solution in G,,(J x G) if the coefficients and data are accordingly
regular and compatible. Moreover, the G,,(J x G)-norm of the solution can be estimated by the
corresponding norms of the data.

Theorem 3.1. Lgt n > 0, m € Ng, and m = max{m, 3}. Fix radii r > ro > 0. Take a domain G
with compact C”’+2-b0undary orG = Ri. Choose timesty € R, T' > 0 and T € (0, T') and set
J = (to, to+T). Take coefficients Ao € F, n(‘] xG), D€ F;(JxG),and A3 = AP IfG = R3,
pick Ay, Ay € F¥ (Ri). Otherwise, let A| = AS® and Ay = AS°. Assume the bounds

m,coeff

lAillF,uxc) <1 Dl F;xG) <,

max{||A; (¢ , max 37 Aot = j— <ro,
{“ 1(0)”17%71((;) l§j§r71—l|| t O(O)HH J l(G)}_ 0

max{|| Dt ,  max Bth e <ro,
{ll (0)”5371((;) 15]‘5@71”’ (1)l i-i—1 Gy} <o

for all i € {0,1,2}. Set B= B if G = Ri_ and define B as in (1.5) else. Choose data f €
H™(J x G), g € E,;(J x 3G), and uy € H™(G) such that the tuple (to, Ao, ..., A3, D, B, f,
g, ug) fulfills the linear compatibility conditions (2.12) of order m.

Then the linear initial boundary value problem (3.1) respectively (1.8) has a unique solution
uin G (J x G). Moreover; there is a number Yy, = v (n, r, T") > 1 such that

m—1

1l <6y = Cno+TC" T (3107 F U2 pors gy + 1813, i)
j=0

C
2 m 2
+ Nuol3gmc) ) + 1 Mg

forall y >y, where C; = Ci(n,r, T"Y > 1and C; g = Ci o(n,r9) = 1 fori € {1,m}.

We point out that the scope of [35] was to provide the regularity theory for (1.8), building up
on the Lz-theory from [12]. The case m = 0 in Theorem 3.1 is already contained in [12]. We
note that we need a further assumption on our material laws x and o to guarantee that y (iz) and
o (1) have a limit at infinity, which is required in Theorem 3.1. We therefore define

MLTPHG, U) ={0 e ML™™(G,U): FA € R™*" such that for all
Xk, Yok € (G % I/{)N with |xx| — oo and yy — 0:

0(xk, yv) — A as k — oo},

ML (G Uy = ML (G.U) 0 ML™™ (G, U).
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We point out that ML™™(G,U) coincides with ML™"(G,U) if G is bounded. Let x €
ME;"d’G’C(G,L{) and o € ML™%(G,U) satisfy (2.11) and take a function @& € G,;(J x G).
Lemma 2.1 and Sobolev’s embedding then imply that x (i) is an element of Fr%,n(J x G) for a
number 1 > 0 and o (i) is contained in Fr%(J X G). In the next lemma we prove the uniqueness
of solutions of (1.6).

Lemma 3.2. Let to €e R, T >0, and J = (ty,t9 + T). Let m € N with m > 3. Take yx €
ME;"d’ﬁ’C(G,U) and o € ML™%(G,U). Choose data f € H"(J x G), g € En(J x 3G),
and ug € H™(G). Let uy and uy be two solutions in G, (J x G) of (1.6) with inhomogeneity f,
boundary value g, and initial value uq at initial time to. Then ui = u».

Proof. As explained in Remark 2.5, we assume without loss of generality that y and o possess
property (2.11). Set

K ={To € J: uy =uz on [ty, Tol}.

This set is nonempty since u1(fy) = ug = us(tp). Let 71 = sup K. The continuity of u#| and u»
implies that the two functions coincide on [tg, T1].

Since u; and u; are solutions of (1.6), there is a compact subset Uj € U such that
imuy, imuy C U;. We now assume that 77 is not equal to 7. We then take a time T, € (T, T] to
be fixed below and we set J,, = [T1, T,]. We observe that u| and uy are both solutions of (1.6)
in G, (J, x G) with inhomogeneity f, boundary value g, and initial value u(77) = u>(T1).
In particular, both functions solve the linear initial boundary value problem (1.8) with data f,
g, and u(Ty) and differential operator Ly := L(x (u1), A{®, A5®, AS®, o (u)) respectively L; :=
L(x(up), AS®, A;", A§°, o (u2)). Lemma 2.1 and Sobolev’s embedding theorem yield that y (u1),
x (u2), o(u1), and o (uy) are elements of F3°(J x G). Take r > 0 such that ||u1]G,,xG) <7
Lemma 2.1 and Remark 2.5 then provide a radius R = R(yx, o, r,41) such that the bounds

max{||x @) | ;x6), lo@)lpuxe)) <R,
J L <
max{ll x @1 (T g9 ) 11;1}?1;(2 107 x ) (TN gm-1-i Gy} < R,

max{l|o 1 (Tl o) [max, 18/ o (1) (Tl gym-1-7 Gy} < R

hold true. We further note that x (1) is symmetric and uniformly positive definite. Therefore,
Theorem 3.1 for the differential operator L can be applied to u; — uz. We take n =n(x) >0
such that x > n and set y = y3.1,0(n, R), where y3 1 ¢ denotes the corresponding constant from
Theorem 3.1. Theorem 3.1 and Corollary 2.2 (2) then show that
ey = w2113, (gux6)
< Co(n, R, DL = Lz |35 5 6
=C(x.o.r, T.UDN f = x )duz — o (up)ua + x 2)duz + o (u)uz — f117, (JuxG)
14 u

< COt o1 T UD (T = TOlB U2l G0, ) X W1) = X @D, (4,6
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+C(x, 0., T,U)(Ty — Tl)||u2||%oc(JuxG)||U(ul) - 0(”2)”%;04/(11“(;)

< COt o T UDUB2lIG g, x 6y F 18208, (5, x6) T = TOlut = w2llg, (g%

where C3 | is the corresponding constant from Theorem 3.1. Fixing the generic constant in the
last line of the above estimate, we choose T, > T} so small that

1
CO 0,1, T, U2 11Gy 5,169 F+ 14216 5,160 T = T1) < 5.

Hence,

lur —uzllGy, (. x6) =0,

implying u1 = u» on [T1, T,,] and thus on [#g, T, ]. This result contradicts the definition of 77. We
conclude that 7y =T,i.e.,uy =uponJ. 0O

Finally, we can combine all the preparations in order to prove the local existence of solutions
of (1.6) using Banach’s fixed point theorem. For the self-mapping and the contraction property
we heavily rely on Theorem 3.1. Special care in the treatment of the constants is needed to close
the argument. In particular, the structure of the constants in Theorem 3.1 is crucial here.

Theorem 3.3.Let to e R, T >0, J = (to,t0 + T), and m € N with m > 3. Take x €
Mﬁ;n(iac(G,U) and o € ML™%C(G,U). Let

0 vix) —wkx) 0 0 0
B(x)=| —v3(x) 0 vix) 0 0 O
vx)  —vix) 0 0 00

for all x € G, where v denotes the unit outer normal vector of dG. Choose an inhomogeneity
f € H™(J x G), boundary value g € E,;,(J x 8G), and initial value uy € H" (G) with imug <
U such that the tuple (x, 0, t, B, f, g, uo) fulfills the nonlinear compatibility conditions (2.10)
of order m. Choose a radius r > 0 satisfying

m—1
D08 F @ sy + 181, <o) + 10l + 1 1m sy <77 (33)
j=0

Take a number k > 0 with

dist({up(x): x € G}, oU) > k.

Then there exists a time T = 1(x,0,m,T,r,k) > 0 such that the nonlinear initial boundary
value problem (1.6) with data f, g, and ug has a unique solution u on [ty, to + t] which belongs
to G, (J; x G), where J; = (ty, to + 7).
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Proof. Without loss of generality we assume 7y = 0 and that (2.11) holds true for x and o,
cf. Remark 2.5. If f =0, g =0, and ug =0, then u =0 is a G,,,(J x G)-solution of (1.6)
and it is unique by Lemma 3.2. So in the following we assume || f|lz»xc) + gl E,, (Jx0G) +
luoll pm Gy > 0. Recall that the map S, 5 .G,m,p Was defined in (2.7) for 0 < p <m. Let T €
0, T]. Weset J; = (0, ) and

U =y eU: dist(y, dU) >k} N Bacg,,r(0), (3.4)
where Csop denotes the constant for the Sobolev embedding from H 2(G) into L°°(G). Then U,

is compact and im ug is contained in U .
I) Let R > 0. We set

Br(J2) :={v e Gpn(Jr x G): |vllG, 1. xG) < R, v —uollLe(s, xG) < k/2,

30/ v(0) = Sy 5.G.m.j (0, frug) for0 < j <m—1}

and equip it with the metric d(vy, v2) = ||[vi — v2llG,,_(J, xG)- We first show that Br(J;) is a
complete metric space. Recall that Gm (J; x G) is continuously embedded in G,,—1(J; X G) so
that Br(J;) is well defined. Moreover, Lemma 2.6 (2) shows that Bg(J;) is nonempty for all
R > Cre0)(x,0,m,r,Uc) - (m+ Dr.

Let (v,), be a Cauchy sequence in (Bgr(J;),d). The functions v, then tend to v in
G—1(J; x G) as n — oo, and hence v satisfies atjv(O) =S8,.0G6m,j0, fiup)for0<j<m—1
and ||vlG,_;(.xc) < R. Let o € Ng with |a| = m. The sequence (0%v,), is bounded in
L®(J;, L*(G)) = (L' (J;, L*(G)))*. The Banach—Alaoglu Theorem thus gives a subsequence
(again denoted by (8%v,),) with o*-limit vy in L®(J;, L?(G)). It is straightforward to check
that 0%v = v,. In particular, v belongs to Gm(Jr x G) with norm less or equal R. Finally, as
m > 3, we infer

lv —uoll Lo, xG) < v — vnllLoo, x6) + 1vn — uollLe s, xG)

< Csobllv = nllGy(sr xG) +&/2 —> Kk /2

as n — 0o. We conclude that v again belongs to Br(J7).

II) Let u € Br(J;). Take n = n(x) > O such that x > n. Then x (i) is contained in
F,fw(Jr x G) and o (i) is an element of F, (J; x G) by Lemma 2.1, Remark 2.5, and Sobolev’s
embedding. Lemma 2.6 (1) and the compatibility of (x, o, f9, B, f, g, ug) imply that the tu-
ple (t0, x (), Aﬁo, A%", Ago, o (i), B, f, g, uo) fulfills the linear compatibility conditions (2.12).
Theorem 3.1 yields a solution u € G,,(J; x G) of the linear initial boundary value problem (1.8)
with differential operator L(x (1), AS°, AS°, Ago, o (1)), inhomogeneity f, boundary value g,
and initial value ug. One thus defines a mapping ®: & > u from Bg(J;) to G, (J; X G). We
want to prove that & also maps Bg(J;) into Bg(J;) for a suitable radius R and a sufficiently
small time interval J;.

For this purpose take numbers 7 € (0, 7] and R > C262)(x, 0, m, r,U.)(m + 1)r which will
be fixed below. Let u € Bg(J;). We first note that there is a constant C» 4(x, o, m, r,U,) such
that

I1Sx.0.G.m.p 0, fr uo)l m=r(G) < Coa(X, 0, m, 1, Uy) (3.5)
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forall p € {0,..., m} due to Lemma 2.4. Lemma 2.1 (2) further provides a constant C> |(2) such
that

X @O0 =X @0llpo Gy = Coi) O m, . U,
lo @Oz ()= llo@olligo () = Cri)(0,m,r,U).
Note that im 7 is contained in the compact set
U =Uc+ B(0,xk/2) CU (3.6)
as u € Br(J;). From Lemma 2.1 (3) and (3.5) we deduce the bound

18! X @) O grm-1-1G

< Co.13) (X m, Ue) (1 + max 85O gm-s-1 ()"
0<k<l
= Co13) (. Ue) (o max 1Sy,6,6.m k(0. .10 | gn-i-16)" !

S C2.1(3)(X’ m’ Z/{K)(l + C2.4(X’ vav r’ ul())m_lv
IIB,IG(ﬁ)(O)IIHm—l—l(G) < Co1) (0, m, U ) (L + Cou(x, 0, m, r, U ))™ !

foralll € {1,...,m — 1}. We thus find a radius ro = ro(x, o, m, r, k) such that

max{lx @Ol )., max_ 1% x @Ol gn-r-1(6)) = 0

max{flo @Ol g0 (> | nax_ 19} 0 @) O) | grm-1-16)} < o (3.7)
As i belongs to Bg(J;), Lemma 2.1 (1) gives

Ix @) £, 1xG)» 6 @ Ey1x6) < Co10y (X 0, m, U ) (14 R)™.

We thus obtain a radius Ry = R{(x, o, m, R, k) with

lx @) lF,xc) < Ri and lo @ F,xc) < Ri. (3.8)

We next define the constant Cy,, .0 = Cp 0(x, 0, 7, k) by

Cm,O(X» O" V, K) = C3.l,m,0(n(X)1 rO(Xv 05 ms I", K))v (39)

where C3 1,0 denotes the constant Cp, o from Theorem 3.1. We set the radius R = R(x, o, m,
r, k) for Br(J;) to be

ROG oum, 7, 6) = max {6 Con0 (1, 0,7 K 7, Coo) (1 0m, U om + Dr 1} (3.10)

‘We further introduce the constants
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)’m == Vm(X,Ua Tvr’K) = VSl,m(n(X)’ R](X,U,m, R(X9O—7mar5K)aK)7 T)’ (3'11)
Cm == Cm(Xaav T, r) = C&l,m(’l(X)’ Rj(X,G,m, R(X,U,m,r,K),K), T)v (312)

where y3 1, and Cs 1 5, denote the corresponding constants from Theorem 3.1. Let

C220)(0, m, R, Uy)

denote the constant arising from the application of Corollary 2.2 (2) to the components of 6 €
ML™E(G, U).

With these constants at hand we define the parameter y = y(x,o,m, T, r, k) and the time
stept =t(x,0,m,T,r, k) by

y = max Iym, C;,loCm}, (3.13)

T =min {T, Qy +mCs11) ' og?2, Cpy Cimo, 2CsobR) ™ 'c, (3.14)
[32R2Cpn.0C3(C2 o) (s m, R U + C2 oo (0, m, RUNT! }

where Cp and C3 1,1 denote the corresponding constants from [35, Lemma 2.1] and Theorem 3.1

respectively. Observe that y and t actually only depend on x, o, m, T, r, and k as Cp, 0, Cps,

C3.1.1, and R only depend on these quantities (see (3.9) to (3.12)). For later reference we note
that the choice of y and 7 implies

Y = Yms (3.15)
C

—2 < Cm0, (3.16)
Y

T<T, (3.17)
2y +mCs 1)t <log2, (3.18)

CinT < C o, (3.19)

CsopRT <k/2, (3.20)

-~ 1
4Cm,0CpC3 )0, m, 6, R, UNR* T < T 6¢elx o) (3.21)

IIT) We want to bound the function ®(iz) from step II) by means of Theorem 3.1. In view of
the estimates (3.7) and (3.8), the definitions of C,,; 0, ¥, and C,, in (3.9), (3.11), and (3.12),
respectively, fit to the assertion of Theorem 3.1. Using also (3.15) and (3.17), we arrive at the
inequality

AN12 2 AN2
||¢’(“)||Gm(1rxc;) <e yTHq)(u)”Gm,y(erc)

m—1

<(Cpmo+ TCm)e(2y+mC3_1,1)f ( Z ||31jf(0)||il,,,_1_j(G)
=0
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C
2 2 m 2 2
+ ||g||Em’y(Jr><ag) + ||M0||Hm(G)> + 73 yr”f”y)r/n(hxa)-
Observe that (3.3) yields
2 2 2 2
||f||H1Vn(erg) = ”f”H'"(J,xG) < ||f||Hm(/><G) <r

and analogously ”gqum,y(erBG) < ||g||%m(JxaG). Employing (3.19), (3.16), (3.18), (3.3),
and (3.10), we then deduce the inequalities

1@, (. x6) < (Cm0 + Cn.0)€" %1 + Cpn 0" 8?1 = 6Cp 0r* < R?,
@) G, . xG) < R.

Since ®(u) belongs to G, (J; x G), identity (2.1) in [35] (which is the linear counterpart
to (2.9)) shows that

3 @()(0) = S.,m, p(0, x (), AT, A, AS, 0 (@), f, uo)

for all p € {0,...,m}. On the other hand, as an element of Bg(J;), the function u satisfies
a}’ﬁ(O) =38,.0,G,m,p(0, f,up) forall p € {0,...,m — 1}. Lemma 2.6 (1) thus yields

3 D(@)(0) = Sg.m,p(0, x (@), AT°, AL, AL, 0 (@), f.10) = Sy.0.G.m.p 0, f, u0)
for all p € {0, ..., m — 1}. We further estimate

t

19G0) = ol w0 = [ @O + [ 0@ s~ 10

L>®(J;xG)
0
t t
=/ <I>(12)(s)dsH < Csqp SU / 39, D) () 1201 ds
H/ ! L>®(J xG) ° te(ol,)f) o I )
0 0

< CsobT10; (@) 1G5 (J, xG) < CsobTR <K/2

for all # € Bg(J;), where we used that ®(i1)(0) = uq for u € Bgr(J;) and (3.20). We conclude
that ® (i) belongs to Br(J;), i.e., ® maps Br(J;) into itself.

IV) Let ity,15 € BRr(J;). Since x(i1;) and o (&;) belong to F, (J; x G) for i € {1,2},
Lemma 2.1 of [35] implies that x(@;)0; P (1) and o (4;)P(ip) are elements of the space
Gm—_1(Jr x G) = H™ 1(J; x G) for i € {1, 2}. The function ®(ii») thus fulfills

L(x (1), AY®, A5, A5, 0 (i11)) D (ii2)
= x (@1)3, P (i2) + o (t1) P(i2) — x (12)9, P(ih2) — 0 (li2) P(ih2)
+ L(x(12), AT°, AS°, AS®, 0 (i12)) D (ii2)

= (x(@1) — x(12))9 P (it2) + (o (i11) — 0 (i12))P(it2) + f
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and this function belongs to Gm_l (J: x G) — H™1(J; x G). We further stress that ®(i11)(0) =
uo = ®(12)(0).

As in step III), properties (3.7), (3.8), (3.9), (3.11), (3.12), (3.15), and (3.17) allow us to
apply Theorem 3.1 with differential operator L(x (i), AS®, AS°, AS®, o (ii1)) and parameter y
on J; x G. We thus obtain the inequality

@@ — P@DIG, (1 x6)
<X D)) — cp(ﬁz)nsz_w(erG)

m—2

< (Cn,0 + TC)e LT N 0] (f — LO@) O a5 g
j=0
+ C_me(2y+mC3_|,1)r”f — L3 )“2
Y 2N gm=1rx6)
m—2 )
= (Cim,0 + TC)e®TMEIDT N "] (X (A1) — X (22))9; D(2)) (0)
j=0

+0/ (0 (i) — 0(@2) P @) O 1202 6
Cm A A A
+ 7€(2y+mc3_1,1)r 1 () — x (@2))9 D (i2)

n ~ N
+@@) =0 @)L 1, 6

Lemma 2.1 and the equalities

301(0) = Sy.0.G.m.1 0, £, uo) = 8! i12(0)

for all / € {0,...,m — 1} imply that the terms in the sum vanish. Employing (3.18), we then
deduce

1
~ N 2 A ~ ~ 2
19G@) = @G, 7,xa) < 40 N0 = x GDHPED o1 6

PO
HAC 0 @) =0 ENP@N 1,

=1 + . (3.22)

Before going on, we point out that we know from step II) that ® (i) is an element of Bg(J;)
and hence

19: P(2) G, (7. x6) < 1P G, 7. xc) < R. (3.23)

We now treat the first summand. Lemma 2.1 of [35], estimate (3.23), and Corollary 2.2 (2) show
that
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1 ~ N A 2
5L < 4Cm;'f||(X (@1) — x(42))0; P(u2) ||Gmfw(jrx(;)
<4Cu Lt Clxtan) — x @) 13, P (@22) I
- m V P Gmfl,y(JrXG) 1 Gmfl(JIXG)
1 - .
< 4C,,,;C%,C§'2(2)(X, m, R,U)R>t||i) — ”2”%;,”71”(1%6)-

Exploiting (3.16) and (3.21), we finally arrive at

1 . . | A
h= gl =2l 6 = gl = 820G, ¢ xc) (3.24)

Analogously, we obtain

I
b = gl = i2lG, 6y (3.25)

Estimates (3.22), (3.24), and (3.25) imply

. . | B
|P@) — PG, () xG) < 5“’41 — U2|lGpp_ i (Je xG)-

We conclude that & is a strict contraction on B (J;).

V) Banach’s fixed point theorem thus gives a fixed point u € Br(J;), i.e., ®(u) = u. By
definition of ®, this means that u € G,,(J; x G) is a solution of (1.6). Lemma 3.2 shows that u
is the only one on [0, T]. O

Remark 3.4.

(1) Using time reversion and adapting coefficients and data accordingly, we can transfer the
result of Theorem 3.3 to the negative time direction, see [34, Remark 3.3] for details.

(2) Standard techniques show that the restriction and the concatenation of solutions of (1.8) are
again solutions of (1.8). For the precise statements and the proofs we refer to Lemma 7.13
and Lemma 7.14 in [34].

Theorem 3.3 and Remark 3.4 show that the definition of a maximal solution makes sense.

Definition 3.5.Let 1) € R and m € N with m > 3. Take x € Mﬁgﬁé‘c(G,Z/I) and o €
ML™%¢(G,U). Choose data f € H™((—=T,T)x G), g € Ex((—T,T) x3G),and ug € H™(G)
for all T > 0 and define B as in Theorem 3.3. Assume that the tuple (x, o, t9, B, f, g, uo) fulfills

the compatibility conditions (2.10) of order m. We introduce

Ty(m,ty, f, g, up) =sup{t > t9: 3G,,-solution of (1.6) on [7g, T]},

T_(m,ty, f, g, up) =inf{r <t9: 3G,,-solution of (1.6) on [z, fp]}.

The interval (T_(m, to, f, g, uo), T+(m, to, f, g, ug)) =: Inax(m, to, f, g, up) is called the maxi-
mal interval of existence.
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The name maximal interval of existence is justified by the next proposition. It states that there
is a unique solution of (1.6) on the maximal interval of existence which cannot be extended
beyond this interval. This solution is also called the maximal solution in the following. The proof
works with standard techniques, see [34, Proposition 7.16] for details.

Proposition 3.6. Let to € R and m € N with m > 3. Take x € MEZ&G’C(G,Z/[) and o €
ML™OC(G,U). Choose data f € H"((—T,T) x G), g € En((=T,T) x 3G), and ug €
H™(G) forall T > 0 and define B as in Theorem 3.3. Assume that the tuple (x, o, to, B, f, g, uo)
fulfills the compatibility conditions (2.10) of order m. Then there exists a unique maximal solution

ue ﬂ;’-’zo C/ (Inax, H™ 7 (G)) of (1.6) on Lyay which cannot be extended beyond this interval.
4. Blow-up criteria

We next want to characterize finite maximal existence times, i.e., the situation when 7y < oo,
by a blow-up condition. As it is usually the case when the solution is constructed via Banach’s
fixed point theorem, the construction allows to derive such a blow-up condition in the norm
which controls the initial value. In our case this is the H™(G)-norm.

Lemma 4.1.Let 19 € R and m € N with m > 3. Take x € Mﬁg'd’(”C(G,L{) and o €

ML™%(G,U). Choose data f € H"((~T.T) x G), g € En((~T.T) x 3G), and up €
H™(G) forall T > 0 and define B as in Theorem 3.3. Assume that the tuple (x, o, ty, B, f, g, uo)
fulfills the compatibility conditions (2.10) of order m. Let u be the maximal solution of (1.6) on
Lnax provided by Proposition 3.6. If Ty = T (m, ty, f, g, up) < 0o, then one of the following
blow-up properties

(1) liminf, »7, dist({u(t, x): x € G}, ) =0,
(2) lim; o7, lu(@) | gm Gy = 00

occurs. The analogous result is true for T_(m, ty, f, g, ug).

Proof. Let T} < oo and assume that condition (1) does not hold. This means that there exists
k > 0 such that

dist({u(t,x): x € G}, 0U) >«

for all ¢ € (#p, T4). Assume that there exists a sequence (#,), converging from below to the
maximal existence time 7'y such that p := sup, o lu(tn) | am(G) is finite. Fix a time 77 > T and
take a radius r > p with

2 2 2 2 2
M NG, (.1 6) T 18INE,, 0.7y xa6) T 27+ 1 g .7y x 6y <77
Then pick an index N € N such that
tv+t(x,oom, T —ty,r,6) > Ty,

for the time step T = t(x, 0, m, T’ — fo, r, k) from Theorem 3.3. Identity (2.9) shows that the
tuple (x,o,tn, B, f, g, u(ty)) fulfills the compatibility conditions (2.10) of order m. Since the

Please cite this article in press as: M. Spitz, Local wellposedness of nonlinear Maxwell equations with perfectly
conducting boundary conditions, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.10.019




YJDEQ:9589

M. Spitz / J. Differential Equations eee (eeee) eee—eee 23

distance between imu(¢y) and ol is larger than «, Theorem 3.3 thus gives a G,,-solution v
of (1.6) with inhomogeneity f, boundary value g, and initial value u(zy) at ¢ty on [ty, ty + T].
Setting w(r) :=u(t) if € [ty, ty] and w(t) :=v(t) if ¢ € [ty, tn + T], we obtain a G,-solution
of (1.6) with data f, g, and ug on [fy, 5 + 7] by Remark 3.4. This contradicts the definition of
T, since ty + v > T4. The assertion for 7_ is proven analogously. O

The blow-up criterion above can be improved. In fact we will show that if 7 < oo (and the
solution does not come arbitrarily close to dl{), then the spatial Lipschitz norm of the solution
has to blow up when one approaches T, see Theorem 5.3 (2) below. There are several exam-
ples of quasilinear systems, both on the full space and on domains, where the blow-up condition
is given in terms of the Lipschitz norm of the solution, see e.g. [3-5,21,23-25]. This improve-
ment (in comparison with the H" (G)-norm) is possible as one can exploit that a solution u
of the nonlinear problem (1.6) solves the linear problem (1.8) with coefficients x («) and o («).
Deriving estimates for the derivatives of u, one can then use so-called Moser-type estimates,
see the proof of Proposition 4.4 below. These estimates, introduced in [27] and based on the
Gagliardo—Nirenberg estimates from [28], are an efficient tool to estimate products of deriva-
tives of u. However, as our material laws x and o do also depend on the space variable x, we
cannot use them in their standard form (see e.g. [22,25] and also [34] for domains, where we
treated a slightly simpler case). But the proof of the version below still follows the standard ideas
already used in [27].

Lemma 4.2. Let T > 0, J = (0, T), and m € N with m > 3. Let § € ML™(G,U) and v €
G (J x G). Assume that there is a number {y > 0 and a compact subset U of U such that
lvllwico(sxgy < G0 and imv CU,. Then there is a constant C = C (0, {o, U) such that

1880 )3:0% P ol 120s 6y + 18P0 Pl 12016y < Cllvll e (s <)
forall0 < B <aand o eNg with |a| < m.

We will employ this lemma in the proof of the next proposition. There it has to be combined
with a technique developed in [35] to control the derivatives in normal direction of solutions
of (1.6) although this system has a characteristic boundary. For later reference, we recall the key
result in this direction. It is a simplified version of [35, Proposition 3.3 and Remark 4.11] and
relies heavily on the structure of the Maxwell equations.

Lemmad4.3.LetT'>0,7>0,y >1,andr >ry>0. Pick T € (0, T') and set J = (0, T). Take
Ao € F§ (Q), A1, Az € Fo i ®3), A3 = A, and D € F§(Q) with

lAillwroo@) =1 I1Dllwiocg) <7

”Al(O)HLOO(R}r) <ro, ||D(0)||L°°(]R1) <ro

foralli €{0,1,2}. Choose f € HY Q) and ug € Hl(]Ri). Let u € G1(R2) solve the initial value
problem
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3
Aodyu+ Y " Ajdju+ Du= f, xeR}, reJ;
= @1

u(0) = uyg, xeRi.

Then there are constants C9 = C1,0(n,r0) > 1 and C; = Ci(n,r, T') > 1 such that

2
IVullg, @) < em((CI,o + Tcn(z 181G, ) + 17 O 2y + I0ll31 s ))
j=0

+ 1£1310))- 4.2)

We can now prove the main result of this section, showing that we control the H”(G)-norm
of a solution as soon as we control its spatial Lipschitz norm. For the proof we differentiate (1.6)
and employ the basic L2-estimate from Theorem 3.1 to the derivative of u. The Moser-type
estimates from Lemma 4.2 allow us to treat the arising inhomogeneities in such a way that the
Gronwall lemma yields the desired estimate. However, this approach only works in tangential
directions. In order to bound the derivatives of u containing a derivative in normal direction, we
have to combine the above approach with Lemma 4.3.

Proposition 4.4. Let m € N with m > 3 and ty € R. Take functions x € ME;Q&C(G, U) and
o € ML™OC(G,U). Let

0 v3(x) —wmkx) 0 0 O
B(x)=| —v3(x) 0 vix) 0 0 O
vx)  —vix) 0 0 00

for all x € 3G, where v denotes the unit outer normal vector of dG. Choose data ug €
H™(G), g € Ex((—T,T) x 0G), and f € H"((=T,T) x G) for all T > 0 such that the tu-
ple (x,o,to, B, f, g, ug) fulfills the compatibility conditions (2.10) of order m. Let u denote the
maximal solution of (1.6) provided by Proposition 3.6 on (T—, T). We introduce the quantity

o(T)= sup [u(®)lly1.oq)
t€(to,T)

forevery T € (ty, Ty). We further take r > 0 with

m—1

D8 £ ) =16y + 181 Ent0.720x06) + [0l (@) + 1L F I am (0.7 <6y <7
j=0

We set T* = Ty if Ty < 00 and take any T* > ty if T+ = 0o. Let wy > 0 and let U be a compact
subset of U.
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Then there exists a constant C = C(x, o, m,r, wy, Uy, T* — tg) such that

2 J 2 2
Il (o.1yx6) < (Z 18] £ ()31 () + N0l Fim () + 181, 0,7y 06)

2
+ ”f”Hm((zo,ﬂxG))

forall T € (tg, T*) which have the property that w(T) < wy and imu(t) C U forallt € [ty, T).
The analogous result is true on (T—, ty).

Proof. Without loss of generality we assume #9 = 0 and that x and o have property (2.11),
cf. Remark 2.5. Let wp > 0 and U] be a compact subset of U. If w(T) > wp or if the set
{u(t,x): (t,x) € [to, T] x G} is not contained in U for all T € (0, T*), there is nothing to
prove. Otherwise we fix T’ € (0, T*) with w(T") < wo and imu(z) C U for all t € [1y, T'].
Let T € (0, T'] be arbitrary and denote (0, T) x Ri by Q. Note that w(T) < w(T’) < wp and
imu(t) CU; forall t € [1g, T].

To derive the improved estimates, we have to study the problem on the half-space. To that
purpose, we apply the localization procedure and the subsequent transform already used in the
proof of Theorem 3.1, see [35, Section 2] and [34, Chapter 5]. To streamline the argument, we do
not perform the localization here but assume that G = ]R3 and that we have spatial coefficients
A, Are F pcoeﬁ(]R 1) and Az = ACO The full space case is easier and treated similarly. We refer
to [35, page 9] and [34, Proposmon 7.20] for the details.

We pick a number n = n(x) > 0 such that x > n. Consequently, there is a constant C with
|x (&)~ < Cn~! for all £ € R®. Since the function u solves (1.6), we infer

3
19suell ooy < Ix )™ fllzoei) + Y Ix )™ Ajdjullie) + lx @)~ o ull =)
j=1

= .o U (I flame) +30(T) +o (1)),
lullwicoy < N0iullLe(@) + @ (T) < Cas(x, 0,1, wo,Ur). 4.3)

=«

In the following we will frequently apply (4.3) without further reference.
I) We set
o 2
fa=0"f = ) < )8ﬁx(u)8t8a_’3 Z ( >8/3A ;09 Pu
0<f<a p Jj=10<pf=«a

_ Z <;> Bﬂa(u)aa_ﬂu 4.4)

0<B=<a

forall ¢ € Ng with |a| <m. As u is a solution of (1.6), the function 3%u solves the linear initial
value problem
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L(x (), A1, Az, A3, 0 )V = fa, xeR}, 1€(0,7);
4.5)
v(0) = 8(0’“”’“2’“3)SX,0,Ri,m,aO(O’ f,uo), X € Ri;
forall o € Ng with || < m. Moreover, if additionally o3 = 0, it solves
L(x(u), A1, Az, A3, 0 () = fo, xeRL, 1e(0,7);
Bv=09%g, xedR, 1€(0,7T); (4.6)
v(0) = 3(0’“1"12’0)5)(,0,]1%1,%&0 O, f, uop), X € Ri.

Here we used that 3; 1 (0) = S .08, (Os fru0) forall j €{0, ..., m} by (2.9).

In view of (4.6) respectively (4.5), we want to apply Theorem 3.1 respectively Lemma 4.3
to 0%u. We thus need estimates for || fu |l ;2(q) for all @ € Né with || < m, || foll g1 () for all
o € N} with |¢| <m — 1, and I fa (Ol 2y, for all o € Ng with |ar| <m — 1. We start with the
estimate for || fy || 12(q)- Take a € N§ with |a| < m. Let 8 € N§ with 0 < 8 < . Lemma 4.2 then
implies that

I fall2@) < 1 f gy + C(x. o, 1, wo, UD llull gle (- 4.7)

Next, we want to estimate || fo || 51 (q) for o € Né with || <m — 1. So fix such a multi-index.
Let k € {0,...,3} and set a* = « + e. A straightforward computation, see e.g. (3.6) in [34],
shows the formula

2

ok = O fo — O x ()0 0%u — ZakAijB“u — 0o ()d%u. 4.8)
j=l1

Combined with (4.7), Lemma 4.2 now yields the inequality

I el = €O 070, UD (1L @y + el orss @ )- 49)

It remains to estimate || fo(0)[;2 ®) for @ € Né with |a| <m — 1. To that purpose we first
insert t = O in the definition of f in (4.4). The product estimates from Lemma 2.1 in [35], the
fact that Btju(O) = Sx,a,]Ri,m,j(O’ f,ug) forall j € {0,...,m} by (2.9), and Lemma 2.4 then lead
to the bound

||

!
I £ 22, < COt0,m,r, wo,uo(; 19! £ Ol a1y, + ol gaer s ) (410)

see Proposition 7.20 in [34] for the details.
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IT) We will show inductively that there are constants Cy = C(x, o, m, r, wg, Uy, T*) such that

k—1

199Gy < ck(Z 107 £ O o1y 1815, ) amy, + 10 e s
Jj=0

1S e ) @.11)

for all o eNg with |¢| =k and k € {0, ..., m}.
We first apply Lemma 2.1 (1) and (3) to obtain a radius R} = R (x, o, r, wp, U;) with

||X(u)||le°o(Q) + ||G(u)||W1x°C(Q) = Rl (X’ o,r, w09u1)5
”X(”(O))”Lw(R§r) + ”O-(u(o))”[‘oo(Ri) < Ri(x,0,r, w0, U).

Set yo = yo(x, 0,7, w0, U1, T*) = y3.1,0m(x), R1(x, 0,7, w0, U1), T*) > 1, where y3 1 is
the corresponding constant from Theorem 3.1. As u solves (4.6) with « = 0, Theorem 3.1 yields

2 20T —wot 2
lullGo) <€ sup lle™ ™ w5 g
() 1eO.T) L2(R})

2y0T*( 2 2 )
<
= Cs0000 RO (10l )+ 180, s
« 1
207"~ 2
+ C3.|,O(’77 Rls T )e % ”f”L%O(Q)

2 2 2
= Co( ol aqgs ) + 1815 aps, + 1£172(cy )

where Co = Co(x, 0,7, wo, Ui, T*) and Cz 9,0 respectively C3.1 denote the corresponding
constants from Theorem 3.1. This inequality shows the claim (4.11) for k = 0.

Letk €{l1,...,m} and assume that (4.11) has been shown for all 0 < j < k — 1. We first claim
that there are constants Cy.o = Ci.o (X, 0, 7, wo, U1, T*) such that

k—1

2 j 2 2 2
10U Gy = Cra (218 F Oy sy + 1803, s + 1000
j=0

T
I Mg + / PO OV FEY (4.12)
0 BENG.IBI=k

forall o € Né with || = k. We show (4.12) by another induction, this time with respect to «3.
Let o € Ng with |o| = k and a3 = 0. In step I) we have seen that 9%u solves the initial
boundary value problem (4.6). Hence, Theorem 3.1 yields

19%ulGy @)

20T — 2
<7 sup e 9 U, gy
te(0,T) +
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2y0T* 0 0 2
< C3.1,0007, R (ua( A0S, 1 mao O Fr 1072 a1

« 1
2 2y T 2
+ ”aag”Eoym(JxaRi)) + C3.1,0(n, Ry, T*)e %”f“”L%O(Q)
k—1 )
= COt o ker. o0, Un T (Y 10] FOW ) + 181 sy + 100l e )
j=0

1S Pk gy + el g )

where we employed Lemma 2.4 and (4.7). Using the induction hypothesis (4.11) for the deriva-
tives of u of order smaller or equal than k — 1, we arrive at

k—1

109Ul Gy @) < Cra(X. 0.1, 0. Us, T*)(Z 107 £ O 1oy 181, oms)
j=0
T
+ ol s+ 1 Wy + / DB RO )ds),
0 BeNGIBl=k

which is (4.12) for all multiindices « with || =k and a3 = 0.

Now, assume that there is a number [ € {1, ..., k} such that (4.12) is true for all « € Ng with
|| =k and a3 € {0, ..., — 1}.

Take o € Né with |a| = k and a3 = [. The multi-index &’ = o — e3 belongs to Né and satisfies

la'| =k — 1 <m — 1. Due to step I), we know that 3% u solves the initial value problem (4.5)
with right-hand side f;,/ and initial value

O,a1,02,03—1)
d Sx,a,Ri,m,ao(o’ f,up).

As |o’| <m — 1, the function f, belongs to H L) by (4.9), the derivative of the higher order
initial value 31-@2.@3=Dg o (0, f,u) to H'(R3) by Lemma 2.4, and 8% u to G1(S2).
Moreover, x (1) and o (u) are elements of F&n(Q) respectively FS(Q), A1 and A; belong to

FSE o eff(Ri) and A3 = A5°. We can therefore apply Lemma 4.3. We choose y = 1 to infer

18Ul
= [|930“ “||2G0(sz) < |va” ””2Go,1(9)
2
< e(ﬂC»T((c],o + TG)(Z 18;0% w2+ 1for )17 2 ))
j=0

+ (Cro+ TCIF OIS, ot O fu0) 3 g2 + Coll for ||§,1(9))
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k—1
<C(x,0,k r,w0, U, T )(Zna 0 UGy + D17 FOI g
Jj=0 j=0
1003y + 1 Wy + ||u||§,k(9)), (4.13)

where we used (4.10), Lemma 2.4, and (4.9) in the last estimate and where

Cro0=C10(x,0,r w0, U1) = Cs3,1,00(x), R (x,0,r wo,U)),
Ci=Ci(x,0.r,w0, U1, T*) = Cs3,1(n(x), Ri(x,0,r,w0,U1), T™).

Inserting the induction hypothesis for [|d; 3% u ||2G0(s2) and the induction hypothesis (4.11) for the

derivatives of u of order smaller or equal than k — 1, we obtain (4.12) for all « € Ng with |a| =
and a3 = [. By induction, we thus infer that the estimate in (4.12) is valid for all multiindices
a € N§ with || =k

We now sum in (4.12) over all multiindices with || = k, which yields

D CACaT e

aeNg,la|=k
< D0 I0%ulgye
aeNg,la|=k
k—1
J 2 2 2
(X ) (0 FOM i, 181 o ey T 100 e
aeNg,\alzk Jj=0
T
2
1 0.7yt / > 10PuIag, ds).
0 BeN.IBlI=k

Recall that the time T € (0,7’] was arbitrary. Since T — | f]2 and T +—

HK((0,T)xR3)

lgl? E(0.T)x0R2) are monotonically increasing, Gronwall’s inequality leads to

C
> I0u®l gy, = Cre ’(Zna’f(O)nHk i) 181 0.0 a1
aeNg, o=k j=0

0 gy 1 W oynzsy)  419)

forall t € [0, T'], where we defined C; = C; (x, 0,7, wo, U1, T*) by )", 4

4 lal=k Ck o Defining
Cr = Cir(x,0,r, wo, U, T*) by C,’cecl/cT* and taking again a fixed time T € (0, T'], we particu-

larly obtain

Please cite this article in press as: M. Spitz, Local wellposedness of nonlinear Maxwell equations with perfectly
conducting boundary conditions, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.10.019




YJDEQ:9589

30 M. Spitz / J. Differential Equations eee (eeee) eee—see
k—1
2 J 2 2
D 10O sy = O Y10 FOW ey ) + 180 7y
aeNg,\alzk j=0

2 2
+ w0l gs ) + ”f”Hk((o,T)xRi)>

for all t € [0, T].

We conclude that (4.11) is true for all o € Ng with || = k. Again by induction, we infer
that (4.11) is true for all a € Ng with |a| € {0, ..., m}. Summing over all multiindices with
absolute value between 0 and m, the assertion of the proposition finally follows. 0O

This proposition now easily implies the improved blow-up condition. We postpone the state-
ment and its proof to the full local wellposedness theorem below.

5. Continuous dependence and local wellposedness theorem

The investigation of continuous dependence for quasilinear problems is challenging because
of a loss of derivatives. It occurs since the difference of two solutions satisfies an equation with
a less regular right-hand side. For the same reason one can only hope for continuous (and not
Lipschitz-continuous) dependence on the data. We start with an approximation lemma in low
regularity. It is the first step to overcome the loss of derivatives.

Lemma 5.1. Let J C R be an open interval, ty € J, and n > 0. Take coefficients Aoy, Ag €
F§(Q), A1, A € F5h oq(R3), A3 = AS, and Dy, D € F5(Q) for all n € N such that (Ao,n)n
and (Dy), are bounded in W-*°(Q) and converge to Aq respectively D in L*°(2). Set
B = B°. Choose data ug € Lz(Ri), g€ Ey(J x 8Ri), and f € L*(Q). Let u, denote the
weak solution of the linear initial boundary value problem (3.1) with differential operator
L(Ao,n, A1, A2, Az, Dy) and these data for all n € N and u be the weak solution of (3.1) with
differential operator L(Ay, ..., A3, D) and the same data. Then (uy);, converges to u in Go(£2).

Proof. Without loss of generality we assume that J = (0, T') for some 7 > 0 and fy = 0. Set
Ao,0 = Ag and Do = D. Take r > O with [|Ag,nlly1.00() < r and || Dyl y1.00(q) < r forall n € No.

I) We first assume that u( belongs to Hl(Ri), g to E1(J X B]Ri), fto HY(), and that
Bug = g(0) on aRi. Then the tuples (0, Ao.n, A1, A2, A3, B, Dy, f, g, uo) fulfill the linear
compatibility conditions (2.12) of first order for each n € Ny. The solutions u,, and u are thus con-
tained in G1(2) by Theorem 3.1. The difference u, — u further solves the linear initial boundary
value problem

L(Aon, A1, Az, A3, Dp)(un —u) = fr, x€R3, tel;
B(u, —u)=0, xedRl, teJ;
(un —u)(0)=0, xeR3;
where f, = (Ao — Ao.n)oiu + (D — Dy)u for all n € N. As u is an element of G(£2), the

right-hand side of the differential equation above belongs to L?(£2). Theorem 3.1 thus provides
constants y = y3.1,0(n, r) and Cp = max{C3.1,0,0(n, ), C3.1,0(n, r, T)} such that
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it — Gy = € lln =l (@) < Coe™ T I(A0 = Ao )by + (D = Dl

= 2Coe™ " (1400 = Aolloe o191 ) + 11D = Dll ey 141172 )

for all n € N. Since Ay, — Ap and D, — D in L*°(2), we conclude that the functions u, tend
tou in Go(2) as n — oo.

IT) We now come to the general case. Take sequences (f;); in HY(Q), (gj)jin E2(J x BRi)
and (ito, ;) j in C° (R ) converging to f, g and ug in L3(2), Eo(J x OR3 1), and LZ(R ) respec-
tively. As B is constant and has rank 2, there is a sequence (h])J in E5(J X 8R+) with th =gj
for all j € N. Extending h jtoJ x ]Ri via a suitable sequence of smooth cut-off functions in
x3-direction, we obtain functions 4 ; in C (J,H'! (Ri)) such that ug ; = o ; + h;(0) converges
to ug in Lz(Ri) as j — oo and Bug ; = Bh;(0) = szj(O) =g;(0) on BRi for all j € N. We
refer to step I) of the proof of Theorem 4.13 in [34] for the details of this construction. Note that
the tuples (0, Ag ., A1, Az, A3, Dy, B, f}, gj, uo,j) consequently fulfill the linear compatibility
conditions (2.12) of order 1 for all n, j € N.

Let the function u;, denote the weak solution of (3.1) with differential operator L(Aon, A1,
Az, Az, Dy) and data f;, g;, and ugp ; as well as u’ the weak solution of (3.1) with differen-
tial operator L(Ay, ..., A3, D), and the same data for all n, j € N. These solutions belong to
G1(R) by Theorem 3.1. Observe that the difference uj, — u, solves (3.1) with differential oper-
ator L(Ag,, A1, Az, A3, Dy), inhomogeneity f; — f, boundary value g; — g, and initial value
ug,j — uo, and the function u/ — u solves (3.1) with differential operator L(Ao, Ay, A2z, A3, D)
and the same data. The a priori estimate in Theorem 3.1 thus shows

et = unlGyey < €7 Nl = unlls, () (5.1)
29T 2 2 )
< Coe™ (lo,; = uoll 3y + 185 = 8% (o) + 165 = Fl320))-
||” ””G @ =€ T ||u] _M”GO () (5.2)
2yT A o2 L f112
< Coe™" (lnoj = w0l aggs, + 185 = 813 jams) + 105 = £z 0))
for all n, j € N, where y and Cp were introduced in step I).
Let ¢ > 0. Because of the convergence of the data, we find an index jj such that
29T 2 2 2 &2
On the other hand, the tuple (f,, g, 1o, j,) fulfills the assumptions of step I), which therefore
implies ;) — u/ in Go(RQ) as n — oo. Hence, there is an index ng € N such that

” Jo

—uP Gy < (5.4)

3
for all n > ng. Combining (5.1) to (5.4), we arrive at
lun = ullGoe) < lun — i lGoe) + llun’ — u?llGo) + lu? — ull o) <&

foralln >ng. O
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The next lemma contains the core of the proof for the continuous dependence. It states that
given a sequence of data converging in H™ respectively E, and assuming that the sequence of
corresponding solutions of (1.6) converges in G,,—1, then the solutions also converge in G,,.
The proof involves techniques developed for the full space (see e.g. [3]) which prevents to lose
regularity because of the quasilinearity. Using methods from [35], we again exploit the structure
of Maxwell’s equations to avoid the loss of a derivative due to the characteristic boundary.

Lemma 5.2. Let J' C R be an open and bounded interval, fy € J', and m € N with m > 3. Take
functions x € ME;"Cl’ﬁ’C(G, U) and o € ML™OC(G,U). Set

0 vx) —wmkx) 0 0 0
B(x)=| —v3(x) 0 vix) 0 O O],
vx) —vix) 0 0 0 0

for all x € 3G, where v denotes the unit outer normal vector of dG. Choose f,, f € H™(J' x G),
gn, 8 € En(J x 3G), and ug ,,uo € H™(G) for all n € N with

luo.n — uollam@y — 0, lign — glE.s'x0G6) — 0, | fu— fllamuxc)y — 0,

as n — oo. We further assume that (1.6) with data (to, fu, gn,uon) and (to, f, g, uo) have
G (J' x G)-solutions u, and u for all n € N, that there is a compact subset U of U with
imu(t) C Z;{] forallt € J', that (uy), is bounded in G, (J' x G), and that (u,), converges to u
inGp_1(J' x G).

Then the functions u; converge to u in G, (J' x G).

Proof. Without loss of generality we assume that zy = 0, that J' = (0, T”’) for a number 7’ > 0,
and that x and o fulfill (2.11), cf. Remark 2.5. The proof is again reduced to the half-space
case G = Ri_ via local charts. We do not give the details of the localization procedure here but
assume as in the proof of Proposition 4.4 that G = Ri and that we have spatial coefficients
A1, Ay e F,P (RY) A3 = AS, and B = B®. We refer to [35, Section 2] and [34, Chapter 5]
for the details.

Let T €(0,7'], J=(0,T), and Q = J x Ri. Sobolev’s embedding yields a constant Cg
depending on the length of the interval J’ such that

m—1

D17 £ = 0 F Ol i1 g3y <MCs L fo = fllygmgremy, — O (5.5)
j=0

as n — oo. We set N=NuU {00}, oo = U, foo = f, 8o = &, and ugp oo = up. Throughout, let
neNandux € N‘é with |o| < m. By assumption, (5.5), and Sobolev’s embedding there is a radius
r > 0 such that

2

G, ety F Nitnll ooty + D NG, sy <7 (5.6)
j=1
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m—1 )
J
Z 19; fn(0) ||Hmfjfl(]R§r) + lluo,n ”Hm(Ri) + 11gn ”E,,Z(J’xaRi) + 1 fn ”Hm(j/XRﬁr) <r. 57)
j=0

Moreover, (u,), converges to u in L (J’ x G) so that there is a compact and connected set U} C
U and an index ng such that imu, (t) CU; for all r € J' and n > ny. Without loss of generality
we assume 79 = 1. Lemma 2.1 (1) then shows that x (4,,) and o (#,) belong to Fg, (J' x Ri) and
that there is a radius R = R(x, o, m, r, 1) with

”X(u”)”Fm(J’xRﬁr) + ”O(u”)”Fm(J'XRi) <R (5.8)

Furthermore, x (u,) is symmetric and positive definite with x (1) > n. We use the operators and
right-hand sides

Ln = L(X(u}’l)5 Ala A27 A35 0(“”))7

2
B

0<f=<a j=10<B<a

-y <Z> 3P )0 Pu,. (5.9)

0<B<a

As in [35], the function 9%u,, then solves the linear initial value problem

Lyv = fon, XGRi, teJ;
0,a1,02,03) 3 (5.10)
v(0) =3RS, R e (05 fus o), x € Ry
and it is the solution of the linear initial boundary value problem
anzfc{,na XERi_, teJ;
Bv=03%g,, xedR}, reJ; (5.11)
() =000 or 0O faton),  x€R;

if also @3 = 0. Here we exploited that A3 and B are constant.
I) To estimate fy , and fo.n — fu.c0, We introduce the quantity

3 6
HOED DD DI DR DI [ M RS UMG)

i=10<j<m 0<y<a.y=0 I\....L;=I
ly[=m—j

= @y, -+ By, 0T TV0) W) oo
forallt € J/ and n € N, where 61 = x, 0, = o, and 65 is the matrix inverse of yx, cf. Corollary 2.2.

Recall that (u,), tends to u uniformly as n — oo and that these functions map in the compact
set U . It follows
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T/
hp(t) —> 0 forallteJ’  and [hﬁ(t)dt —0 (5.12)
0

as n — 0o. Using Lemma 2.1 of [35] and Corollary 2.2 we derive the bounds

I fanllz2@ < C(x,0,m,r,U, '),

I feen = faoll 72y

Zf ”fot,n(s) - fa,oo(s)lliz(Ri)ds
0

T

<C(x.o.m,r,U, T’)(nfn — Flmy + lun —ullg, @+ 5|a|m/hﬁ(s>ds
0
T

+/ 3 10%uns) — aau(s)||L2(R3 ) (5.13)

0 @eNg.lal=m

Let |a| <m — 1. Using also (4.8), we then obtain

|l fa.nllGo) < C(x,0,m,r,U),
| fa.n — facollGo@ S W fu — fllGu_i + C(x,0,m, r,UD) lup — ullg,_ ), (5.14)
I fanll gty < Cxo 0 m, r, Uy T,
I feen = faoo 1
= COtom U, T (L = Wiy + lun = uly, )

T T

et [ s+ [ 3 1000 = U0 s ds). 515)

0 0 &eNgJ&\:m

(See [34] for further details.)
IT) We now look at the tangential case a3 = 0. To split 0%u,,, we define the functions

0,001,002,0
u}o’n:B( 1,62 )SX,O',Ri,m,OlO(O’ .fihuo,rl)v

which belong to Lz(Ri) by Lemma 2.4. Consider the linear initial boundary value problems

Lnv = fu.00r xeR}, teJ;
Bv=10"g, x€dR}, tel; (5.16)
v(0) = wo, 00, X eRi;
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and
Lyv= fon— fa,cor XER37 tel;
Bv=09%g, —0%ges, x€OR3, reJ; (5.17)
v(0) = wo,n — Wo,00s X € Ri.

Because of the above regularity statements, Theorem 3.1 implies that the problem (5.16) has a
unique solution w, in Go(£2), the problem (5.17) has a unique solution z,, in Go(€2), and that the
sum wy, + z, uniquely solves (5.11). We thus obtain

Wy, + 2 = 0%u,. (5.18)
We point out that in the case n = oo the initial boundary value problems (5.16) and (5.11) coin-

cide. Since the latter is solved by d%u,, and solutions of that problem are unique by Theorem 3.1,
we conclude that

Woo = 0%Uoo = 0%uU. (5.19)

Since (u,), tends to u uniformly and these functions map into the compact set /], we obtain the
limits

lx(un) — x @)Ly + llo(up) —o @) Lo < C(x, o, U lluy —ullg,, @ — 0
as n — o0. In view of (5.8), Lemma 5.1 therefore tells us that
lw, — 0%ullGo) = lwp — woollGo) — 0 (5.20)
as n — 00. Define y =y (x,0,m,r,U;, T") > 1 by

Yy =v3.1,00000), R(x,0,m,r,Up), T'),

where y3 10 is the corresponding constant from Theorem 3.1. The estimate from this theorem
applied to (5.17) then yields

”ZVIHZGO(Q) = ezyT”Zn”éO_y(Q) 5.21)

29T’ 2 2 2
< Cpe rT (”wO,n - wO’OO”Lz(]Ri) + ||8agn - 8ag°O”E0y(J><8]R1) + ”foc,n - fa,OO”L}Z/(Q))

where Co(x, o0, m,r,U;, T’) is the maximum of the constants Cy and Cg o appearing in Theo-
rem 3.1. Because of (5.7), Lemma 2.4 provides a constant C> 4 = C>.4(x, o, m, r,U;) such that

lwo,n — wo,00 ”LZ(]Ri)

0,a1,02,0 0,01,002,0
=100 5 0O fustton) =9C2OS os O fou)l 2,
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m—1 ) )
J J
< C2.4( D187 £ (O =3 f O g1ty + I — w0l gy ey ))
j=0

for all n € N. Inserting this estimate together with (5.13) into (5.21), we derive

m—1
lnli Gy = Cs22 (D2 187 a0 =8 F Oy 1 g + 10,0 = 0l 2 s
j=0
llgn =812, sy + 1 = FWigmcey + N =l @)
T T

O [ s+ Con [ 180005) = 0 (5) g
0 0 &eNé,|&|:m

for all n € N, where we introduce a constant Cs2 = Cs20(x, o, m,r,U;, T'). We write a;, for
the first part of the above right-hand side. It follows

T
ol <5+ o [ D0 1ua0) = o) gy I, (522

0 @eNjlal=m

for all n € N. Observe that a;, converges to 0 as n — oo by our assumptions, (5.5), and (5.12).
Formula (5.18) and inequality (5.22) imply that

10%un — 0¥ull, (g
= llwn + 20 = 8%ul Gy < 2lwn — 8ulGy (@) +2l12n Gy
T
< 2wy — 0%ulyy g + 24} +2C52 f S 1) — 9 (o))

0 @eNg.lal=m

LZ(R3

T
et G [ Y 10 )~ 00 g s (5.23)
0

FeNd |
aeNy,|a|=m

for all n € N. Here we set C53 = Cs523(x, 0, m, r,U;, T') and note that
Aan = 2| wp — 3“ullgy () +2a, —> O
as n — oo by (5.20).

IIT) We claim that for all multiindices « € Ng with || = m there is a sequence (ay, ), and a
constant Cy = Co(x, 0, m, r,Uy, T') such that

T
19%un — 0*ull Gy 0y < dan + Ca/ 19%un (s) — 8°‘u(s)||L2(R3 (5.24)
0

aeNg,lal=m
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for all » € N and

agn — 0 (5.25)

as n — 00. One proves this assertion by induction with respect to «3. Observe that step II)
shows the claim for the case o3 = 0. In the induction step one assumes that there is an index
l e {1, ..., m} such that the assertion is true for all « € Ng with |¢| =m and a3 =1 — 1. Take
o eNgwith || =m and a3 =1. We set &’ = o — e3.

Unfortunately we cannot directly apply Lemma 4.3 here, since it was derived for a fixed differ-
ential operator. If we apply only one such operator to a difference of solutions we experience the
typical loss of derivatives. Therefore, one has to repeat the key step of the proof of Lemma 4.3 for
the operators L, and the difference 8"‘/u,, — 3% u. In this calculation we use results from step 1I)
such as estimate (5.15). Since in this very lengthy reasoning essentially the same arguments are
employed as in [35], we decided to omit these calculations here. The details can be found in
steps III) to V) of the proof of Lemma 7.22 in [34].

We define a, and C,,, = C,, (%, 0, r,U;, T') by

an = Z ag.n» Cn = Z Cs,

aeNg,lal=m aeNg.|lal=m
for all n € N. Summing (5.24) over all multiindices « € Ng with || = m, we then derive

o a 2 13 a2
D 0% = 0" u(Dlay) = D 18%un = 0%ulGyqq)
aeNg,lal=m aeNg,lal=m
T
San+Cu | D0 10%un(s) = 9w )l o s
0 aeNj|al=m

for all n € N. Since T € (0, T'] was arbitrary, Gronwall’s lemma shows that

D 0% () = 0% ) < ane”

aeNg,la|l=m
forall T € [0, T'] and n € N. As (a,), converges to 0 due to (5.25), we finally arrive at

a a 2 CuT’
> ||8“u,,—8au||G0(J,XR1)§anem —0

aeNg,lal=m
asn — oo. Since ||u,; —u ||G”171(J/XR1) tends to zero as n — oo by assumption, we conclude that

(i), converges to u in G, (J' x Ri). O

Finally, we can prove the full local wellposedness theorem. In the following we will write
By (x, r) for the ball of radius r around a point x from a metric space M. For times o < T we
further set
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My om(to. T) ={(f.§.ii0) € H" ((t0. T) x G) x Ep((to, T) x 3G) x H™(G):
(x.,0,t0, B, f,g,1io) is compatible of order m},

d((f1,81,00.1), (f2, &2, 110,2))

=max{[| fi — Follam (0. 1)xG)> 181 — 821l En (0. 7) %8G 0,1 — 02l m (G }-

Theorem 5.3. Let m € N with m > 3 and fix ty € R. Take functions x € Mﬁ;”f’C(G,L{) and
o € ML™(G,U) and set

0 v3(x) —vx) 0 0 O
Bx)=| —v3(x) 0 vix) 0 0 O
vnx)  —vix) 0 0 0O

for all x € G, where v denotes the unit outer normal vector of 0G. Choose data uy € H™ (G),
g€E (=T, T)x0G),and f € H"((=T,T) x G) forall T > 0 such that imug € U and the
tuple (x,0,t, B, f, g, uo) fulfills the compatibility conditions (2.10) of order m. For the maximal
existence times from Definition 3.5 we then have

Ty =Ty (m,to, f, g, u0) =Ty (k, 1o, f, g, uo),
T_=T_(m,ty, f, g, uo) =T_(k, 1, f, g, uo)

forallk € {3, ..., m}. The following assertions are true.

(1) There exists a unique maximal solution u of (1.6) which belongs to the function space
M=o €/ (T-, T+), H" I (G)).

2) If T+ < oo, then
(a) the solution u leaves every compact subset of U, or
(®) limsup, 7. |Vae(t)l| Gy = o0.
The analogous result holds for T_. ~

(3) Let T’ € (ty, Ty). Then there is a number § > 0 such that for all data f € H" ((ty, T1) x G),
g€ En((ty, Ty) x 0G), and g € H™(G) fulfilling

If = Flamo.rox6) <8 18 = &l B x06) <8, o — uollam Gy <
and the compatibility conditions (2.10) of order m, the maximal existence time satisfies

Ty (m,t9, f,8,09) > T'. We denote by u(-; f, g, ilg) the corresponding maximal solution
of (1.6). The flow map

\Ij: BMx,a,l11(lO»T+)((f’ gv MO), 8) - Gm((th T/) X G)a
(f7g9ﬂ0) = M(, f~1 ga 120)7

is continuous. Moreover, there is a constant C = C(x, o, m,r, T+ — to, ko) such that
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IW(f1, 1, d0.1) — ¥(fa, &2, 801G, ((10.77)%G)

m—1
<C Y 8] fito) = 8] folto) | gm-i-1(G) + CllE1 — &2l £, (0.7 x06)
J=0
+Cllito.1 — ito 2l Gy + CllLft = fall g1 (.76 (5.26)

forall (f1,&1,10.1), (f2, &2, fl02) € B, gm(to.74) ([ & U0), 8), where ko = dist(imug, 0U).
The analogous result is true for T_.

Proof. We show the assertion for 7y, the proofs for 7_ are analogous. Let k € {3,...,m — 1}.
We have T4 = T4 (m, to, f, g, uo) < Ty (k, 1y, f, g, up) by definition. Assume now that T <
Ty (k, 1o, f, g, u0). Then T4 < oo and the maximal H™ (G)-solution u of (1.6), which exists on
(to, T+), can be extended to a H*(G)-solution on (19, T4 (k, to, f, g, u0)) by the definition of the
maximal existence time and Lemma 3.2. It follows that

sup  [lu(®) || gr(Gy <oo and lir;linfdist({u(t,x): x € G},oU) > 0. 5.27)
/0

te(to,Ty)

Sobolev’s embedding thus implies

wo:= sup Jlu(®) |l < 00.
te(to, Ty)
Pick a radius p > 0 such that
m—1 )
DN £ @) gm-i-1Gy + 18l Enito. 1) x06) + ol amGy + 1 F | m (0,700 %6y < -
j=0

Due to (5.27) and the boundedness of u there is a compact subset I/ of ¢ such that imu(z) C U
for all ¢ € [tg, T ]. Proposition 4.4 then yields the bound

sup  u()3m gy < Cas(x.0.m, p,wo.Ur, Ts —to) - Cp?.
te(to, T4)

But by Lemma 4.1 and (5.27) we have lim; »1, ||u(t)||gm () = oo and thus a contradiction. We
conclude that T4 (k, ty, f, g, ug) = T4+.

Assertion (1) is just Proposition 3.6. To show (2), assume that Ty < oo and that Properties (2)a
and (2)b do not hold. We then have

wo:= sup Jlu(®)llyieog) <00
te(to, Ty)

and there is a compact subset {/; of U such that imu(t) C U, for all ¢ € [to, T+]. We apply
Proposition 4.4 with T* = T again to deduce

@)1 Fm gy < Caa(x.0.m, 1,00, Ut, Ty —tg) - Cr?
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for all ¢ € (f9, T4+) and thus SUP; (10, 7;4) lu(®)||pm(G) < oo. Lemma 4.1 however shows that
limy 7, [[u(?) |l g3 () = 00. We thus obtain a contradiction.

(3) Let T’ € (tg, Ty.). Without loss of generality we assume that x and o satisfy (2.11),
cf. Remark 2.5. The difficulty in assertion (3) is to make sure that the solutions to the data in
the neighborhood we have to construct exist at least till 7’. To that purpose we use an itera-
tive scheme that allows us to apply Theorem 3.3 with the same minimal time step size in each
iteration.

Recall that by Sobolev’s embedding there is a constant depending only on the length of the
interval [#y, T+ ) such that

1A 1Go 1 (0. 70)xG) < Csll Fllm (o, 7o)xG) (5.28)

for all f € H™((tg, T+) x G). Fix atime T* € (T’, Ty). We pick two radii 0 < rg < r < 0o such
that

luoll tm Gy + I FllGi (o, T)xG) + 1f 1 Hm (19, T4 )% G) < TOs
Csmr() <V, and ”u”Gm((l‘(),T*)XG) <r. (5.29)

Moreover, there is a compact subset U] of U such that imu(t) € U; for all ¢ € [rg, T*].
Lemma 2.1 thus provides a number 7 =7 (x, o, m, r,U) with

lx I Fy (o, T xG) + 16 W Fy (10, T xG) =T

max{llx @)l re_ ), _max_ ||3;"X(u)(to)IIHmfj—l(G)}Sf

max{llo @) )llpo_ (6), _nax ||8]G(u)(to)||Hm i\ G =T (5.30)

I) Let t' € (t9, T*) and (f 8, io) € My 5 m(to, Ty). Assume that the solution i of (1.6) with
data f g, i exists on [#g, '] and thus belongs to G, ((t9, t') x G). Pick aradius R’ and a compact
subset U} of U such that NG, (t.tyxc) < R and imu(z), imi(r) U, for all 7 € [ty, ']. Set
T= T4 — to. We first show the inequality

||M—M||Gm 1((to,t")xG) = C”f f”Hm 1(([0[)XG)+C”g g”Em 1((to,t')x0G) (531)
m—1 ) )
C( D08 Fit0) = 8] £ o) g1 ) + lliio — uon%,m(g)),
j=0

for a constant C = C(x, o0, m,r, R, Z:ll, T). To this aim, we apply the linear differential operator
L= L(x(u),Af°, A5®, AS®, 0 (u)) to it — u. We obtain

L(i —u) = f + (x () — x (@) + (o (u) — o (it))ii — f =: F.

Lemma 2.1 and [35, Lemma 2.1] show that F is an element of H™~!((t9, ') x G). Set

Y =, o,m, U, T) =y 1.000(x), 7, T) > 1,
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where x > n(x) > 0 and y3 1.9 is the corresponding constant from Theorem 3.1. This theorem
then yields

~ 2
e —ullg,, . w.x6)

m—2
< (C3.tim0 + TC3 1ym)e™ e IT(Zna’F(to)nHm 2 iy + o = w0l 1 g,
j=0
. Cs.1;
2 3.1;m 2
+1E = 813, i) v L PR (5.32)

for all y > yo, where C3.1:m,0 = C3.1:m,0(000)- 7)s Ca.i:m = C3.:m (X)), 7, T), and C3 1. =
C3.1:1(n(x), 7, T) are the corresponding constants from Theorem 3.1. We next apply part (2) of
Lemma 2.1 from [35] and then Corollary 2.2 to obtain

Rl (5.33)

HY' ™ (10,1 % G)
= CUF = e o.iyxy T CTIN@D = XG0, 101G, 1.1 x6)
+CT o (@) — o (u) ||Gm,l,y((z0,z')xc) ”ﬁ”émq((to,t’)xG)
= CUF = s g ey + CO6 o mr R D = ullG, .06
Let j €{0,...,m — 2}. To treat B,jF(to), we employ Lemma 2.1 and the definition of the M,i
in (2.8). The same arguments as in the proof of Lemma 2.4 then show that
18/ F(t0) | gm—2-i G (5.34)

= ||at]F(tO)||Hmflfj(G)
m—1

= COtamr RN (Y 19] £ t0) = 8 F @) gnicr 6y + o — ol imca) )
=0

We obtain a constant Cs 35 = Cs35(x, 0, m, 7, R, Z:ll, T) and the bound

~ 2
i —ullG,,_, , w.xG) (5.35)

m—1

=Gs. ”(_”” ulg, 1y ((0.)xG) T Z 197 (t0) = 87 £ (t0) I 3-1- 1(G)

~ 2 ~ 2 r 2
18 = 81, @oracy + 150 = w0l3may +1.F = FIpot 0 1)

for all y > y by inserting (5.33) and (5. 34) mto (5.32). We next fix a number y =
y(x,o,m,r, R, U, T) with y >y and Cs. 25; > to infer that (5.31) is true.

II) Recall that /) is a compact subset of I/ such that imu(z) C U, for all ¢ € [#y, T*]. Pick a
number « such that
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2k < dist(Uy, oU). (5.36)
Take the time step t = t(x, o, m, T, 4r, k) from Theorem 3.3. Choose an index N € N with
to+(N—1Dt<T <ty+ Nr.
Wesetty =ty +kt forke{l,...,N —1}.Ift9p+ Nt < T*, we put ty = to + Nt; else we take
any fy from (T, T*).

Let 0 < 8¢ < ro be so small that Csopdg < &, Where Csqp, is the norm of the embedding from
H2(G) < L*®(G). As in (3.4) and (3.6) we define the compact sets

U ={y eU: dist(y, 0U) >k} N Bacgpar(0) and U, =U, + B(0,x/2).

Take (f, g,10) € Bm, . t.7,)((f, 85 40), 80). Using the choice of r and r¢ in (5.29), we deduce
that

ol am Gy < luollam Gy + llto — uollam Gy < ro + do < 2rg < 2r,

1811 E, (to.7 %3Gy <70+ 80 <27 Il fll m(uo, 7% Gy < 7o + 80 < 2r, (5.37)
m—1 )
D08 F @) gn-1-1Gy <M FlGpr o mx6) < Csmll Fllamo.17)%6)
j=0
<2Csmrg < 2r. (5.38)

Moreover, |lilg — uollzoG) < CsobSo < & so that imiig is contained in U,. So Theorem 3.3
shows that the solution  of (1.6) with data f , &, and 1 at fy exists on [fg, 1] and belongs to
Gn (29, 11) X G). Moreover, the proof of this theorem yields a radius R = R33(x, 0, m, 4r, k) >
4r, see (3.10), such that ||i| G, (t,1)xG) < R. This proof also shows that imi(¢) C U, forallt €
[20, 111, cf. (3.6). We conclude that W maps By, ,, . (1. 7,) ((f, &, 40), 80) into Bg,, ((t9.1)x G) (0, R).
We further deduce from (5.31) that there is a constant

Cs39=Cs39(x,0,m,r, T, k) =Cs31(x,0,m,r, R(x,0,m,r,i), U, T)

such that

IW(f. §.ii0) — W(f. 8. 4G, (orxC)

r 2 ~ 2
=< C5A39”f - f“Hm_l((lo,tl)XG) + CS}Q ”g - g”Em_l((tO,t/)XaG)

m—1

+ Csao( D207 Ftt0) = 0] 016y + 10 = 0lmgy)  (539)
Jj=0

for all (f, &, #0) € Buy ,,(10,74) ((f: & 10), 80)-
Next take a sequence (fn, &n,u0,n)n i Bum, ,,.t0.1:)((f, & 10), 80) which converges to
(f, g, uo) in this space. Since
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m—1 ] )
D187 fulto) = 3 F ) pnejor Gy < MCsl fo = FllEmio,7x6) —> 0 (5:40)
j=0

as n — 0o, estimate (5.39) yields the limit

1V (fr, 8ns to,n) — WS, 8 4Gy (t0,11)xG) —> O

as n — oo. Lemma 5.2 thus shows that (W(f,, gn,u0.n))n converges to W(f, g,up) in
G ((t9, 11) x G). We conclude that the map

Ve Bm, pmito.T) ((f, 8 10), 80) = G ((t0, 11) X G)

is continuous at (f, g, uo). Using also (5.29) and (5.36), we find a num~b6r 81 € (0, 8p] such that
for all data (f, g,u0) € By, . (10.74)((f5 & 10), 81) the function W(f, g, iio) exists on [fo, 7]
and satisfies (5.39) and

IW(F, &, @0)l|G,y((to.1)xG)
<1W(Ff, &, ii0) — W ([, & u0) |Gy (tto.11)xG) + W (F: &5 u0) |Gy ((t9.10)x G) < 27
dist(im W(f, g, iio) (1), 3U) > «,

forall t € [1g, t1].
Now assume that there is an index j € {1,..., N — 1} and a number §; > 0 such that
\IJ(f, g8, ilp) exists on [fg, ¢;] and satisfies

IV (f. 8. i) G (o) xG) <2r and  dist(m W(f, g, di0) (1), 0U) > k

forall t € [to. ;] and (£, §.i0) € Baty (107 (f- & 10). 85).
Fix such a tuple (f, g, iip). Then the tuple (x,0,¢;, B, f, g, W(f, g, iip)(¢;)) fulfills the non-
linear compatibility conditions (2.10) of order m by (2.9) and

19(f, &, i)t am(G) < 1P(F, &, 10) |Gy (0.1 < G) < 27
dist(im W(f, &, i) (t}), dU) > «.

In view of (5.37) and (5.38), Theorem }? shows that the problem (1.6) with inhomogeneity f s
boundary value g, and initial value W(f, g, 1ig)(¢;) at initial time ¢; has a unique solution %/ on
[#j,2j4+1], which is bounded by R in G,,((¢;,t;+1) x G) and whose image is contained in 0,(-
Concatenating W( f , 8., 0g) and it/ , we obtain a solution of (1.6) with data f , &, and i at initial
time 79, cf. Remark 3.4. This means that W(f, g, itp) exists on [#g, #;+1]. Uniqueness of solutions
of (1.6), i.e. Lemma 3.2, further yields W( f, g, i0)|[1;,1,24] =t/ 50 that

41

IW(F. & )16 (0,111 x6) < MX{1P(F, &, 50) Gy (0.1 x G 111G ((17.1741)x )}

< max{2r, R} < R.
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As for the interval [, ¢1], we obtain a number 81 € (0, 6;] such that
I(F. . 0G0ty xGy <2r  and  distGm W(f, &, iio) (1), dU) > k

for all 7 € [10, 141] and (. & 0) € B, ,,t0.71) ((f. & 10). 841).
By induction, the above property holds for j + 1 = N, so that

Ti(m, 10, f, 8, ii0) >ty =T’

for all (f, g.ii0) € B, o0, 74) ((f: 8+ 10), SN).
Next fix two tuples (f1, &1, #0,1) and (f2, &2, 40.2) in By, ,,,1.7,) ((f, &, 10), N ). Replacing
u by ¥(f2, 82, lip,2) in step I), we deduce from (5.31) that

1 (1. 81 dio.) — W(f2. 82: 101G, | (0.7)x6)

3 2 ~ ~ 12
=< C”fl - fz”H’"’l((to,T’)xG) + C”gl - gz”E,,l_]((t(),T/)XG)

m—1

+ C( D18 fitto) = 8 o) 11y + o1 — ao,zném(c)), (5.41)
j=0

where C = C(x,o0,m,r, T, k) =Cs31(x,0,m,2r,2r,U,, T) and the constant Cs 31 from (5.31).
This estimate implies (5.26). ~

Finally, we take a sequence (fy, 8n, 40.n)n in By, ,,,0.14)((f5 & 10), Sn) which converges
to (fl, 81, 0,1) in My 5, (to, T+). Employing (5.28), we deduce from (5.41) that \I—'(fn, 8nsUo.n)
tends to \Il(fl, &1, 10,1) in the space G,,—1((tp, T') x G) as n — oco. Lemma 5.2 therefore implies
that

V(s &n» o) — W (f1, 815 0.DG, (0.7 xG) — O

as n — o0o. Consequently, the flow map

W2 BMy o tio.T) (f2 85 140), 8N) = G ((10, T") x G)
is continuous at (fl, 81, uo,1) and thus on BMX’U’m(,OQTJr)((f, g,up),én). 0O
6. Finite propagation speed

We finally prove that solutions of (1.6) have finite propagation speed, i.e., that initial distur-
bances travel with finite speed. Several techniques to establish this property have been developed
in the literature, see e.g. [3,5,13]. While these references work on the full space, finite speed
of propagation is proven for an initial boundary value problem in [8], making however several
structural assumptions on the problem which are not fulfilled by Maxwell’s equations. We thus
follow a different approach and show that the technique of weighted energy estimates from [3]
is well adaptable to our setting.
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We first prove the finite propagation speed property for the corresponding linear problem (3.1).
This result can be transferred to domains via localization as in the previous sections, see [34,
Chapter 6] for details. We concentrate on the half-space case here since in this case one sees
much better how the maximal propagation speed depends on the coefficients. We however note
that the coefficients on the half-space arising after localization depend on the charts of G so
that the maximal propagation speed of the solution on domains depends on the shape of 0G. We

refer to Theorem 6.1 of [34] for a result on G itself.
In this section we set J = (0, T) for a time T > 0.

Theorem 6.1. Let n > 0, Ag € F5 (), A1, Az € FiP

Seoctt(R), Az = AL, D € F§(Q), and B =
B®°. We set

’g
L
Co=1 D A @)
j=1

Let R > 0 and xg € @ We define the backward cone C by
C={t,x)eRxR: |x —xo| < R— Cot}.
Let f € L2(Q), g € L>(J, H'2(3RY)), and ug € L*(R3.) satisfy

f=0 onCNQ,
g=0 onCN(J xdR3),
uo=0 onCi—N Ri,
where Ci—g = {x € R3: (0,x) € C}. Then the unique solution u € c(J, Lz(Ri)) of the linear

initial boundary value problem (3.1) with inhomogeneity f, boundary value g, and initial value
ug vanishes on the cone C, i.e.,

u(t,x)=0 foralmostall (t,x) € CN Q.
Proof. 1) Let ¢ > 0 and set K = Co_l. We fix a function ¢ € C®(R?) with

—26+K(R—|x—x0l) <¢¥(x) <—e+ K(R—|x—x0]) forallxe R, 6.1)

IVl oo ey < K. 6.2)
see step I) of the proof of Theorem 6.1 in [34]. We first assume that f belongs to H'(Q), g
to E1(J x dR3), and uo to H'(R3) and that (t9, Ao, ..., A3, D, B, f, g, up) fulfills the linear
compatibility conditions of first order. Fix ¢ > 0. We introduce the cone

Co={(t,x) eRxR*: [x —x9| < R — Cot — Coe}.

The cone C;—¢ ¢ is defined analogously. We set
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O, x)=—t+¢Y(x)

for all (¢, x) € R x R?. Note that ® belongs to C*®°(J x Ri). We next want to derive a weighted
energy inequality for u. To that purpose, we define

Uy = ercbu’ fr — erd>f’ ge = e‘L'CD(',O)g’ Uyt = eTCD(O,-)uO

for all T > 0. Observe that there is a constant C = C(z, €) such that

3
e‘L’CD(t,X) + Z |aje‘L’<I>(I,X)| S Cg—‘L’K‘x—X(ﬂ
j=0

for all (¢, x) € [0,00) x R and v > 0. We further observe that u belongs to G1(£2) by Theo-
rem 3.1. Consequently, we infer that u, is contained in G1(£2), f; in HY(Q), grin Eq1(J x aRi),
and ug ; in H ! (Ri) for all T > 0. With this amount of regularity we can compute

3 3
Agdyue + Y Ajdjue + Dur = fr = (Ao = 3004} Yur 6.3)
j=1 j=1

for all T > 0. These functions also satisfy u;(0) = ug ; on Ri and Bu; =g, onJ x BRi for all
7>0.
Moreover, Ap — 23: 1 9% A is uniformly positive semidefinite since

3 3
(A= 0;wa))E6) , = nlel =Y 19,9 e A s = lEl
j=1 j=1

> nlgl> —nKColE* =0

on 2 for & € R%, where we used the definition of Co = K ~!. Identity (6.3) in combination with
this estimate then yields

at <A()I/t-[, uf)Lz(Ri)xLz(Ri)

3
= (0ot ) 2o, + 2 = Zl Ajdytte = Ditti) e o
j=
3
B 21((’40 -2 aﬂw\j)““ uT>L2(R3+)xL2(R3+)

j=1

3
< (atAOMT, MT)LZ(Ri)XLZ(Ri) -2 Z(A]a]urs uf)Lz(Ri)XLz(]Ri)
Jj=1

—2(Du, uT)LZ(Rz_)xLZ(]Ri) +2(f, MT)Lz(Ri)xLz(Ri)
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for almost all € J and for all T > 0. Hence,

2
uc(t
Ml O 2 g3

< {(Aouc, uf)Lz(Ri)xLz(Ri)

t
= (Ap(D)u.(0), MT(0)>L2(R1)XL2(]R1) +/at<A0”r7 MT>L2(R1)XL2(R§_)(S)dS
0
t
< loll@ 10,172 g3 ) + (13 Aol + 2 DllLx(@) f e (172 g3 4
0

3 t
_ 2Zf<Aj(s)ajuf(s), 1 (9)) 2R3 ) x 123 )48
j=1y

t
+2/ ”ff(s)”Lz(]Ri)”uf(s)”Lz(]Ri)ds (6.4)
0

forallz € J and T > 0. Since u; € G1(£2), the symmetry of the matrices A; further implies

1
(Ajajutv uf)Lz(Ri)xLz(Rﬁ_) = _5 <a]Aju'L’7 ur)Lz(Ri)XLz(Ri)’ (65)
1
(A3d3u7, MT)LZ(Ri)XLz(Ri) = _E<83A3u1’7 ur)Lz(Ri)XLz(Ri)
1
~5 / tr(Asu;) (o) tr(uy)(o)do (6.6)
IR

on J for j € {1, 2} by integration by parts. We set
1/< 1
€= (X 14ilwi@ + 20Dl + )

Jj=0

Inserting (6.5) and (6.6) into (6.4), we derive

2
uc(t
Ml O 250

t
<0 Culltoc s, + 11 o By + G [ i (5) 1y
0

+ (tr(A}MT),trMT>L2(Ft)><L2(FI) (67)
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for all t € J and 7 > 0, where we denote (0, 1) x aRi by I';. In order to estimate the last term
in (6.7), we recall that the boundary matrix A3 = Ago decomposes as

Ago — lccoTBco + chocho
2 2 '

see (3.2). Employing Bu, = g, B = B, and u € G{(2), we thus infer

(tr(A}l/lf), tr ”T>L2(F,)><L2(F,) = (CCO trug, BCO tr MT>L2(F1)XL2(Ft) (68)
= (C¥trur, go) p2aryxr2ry) = (C¥00u, g20) 12ry 12y
<IC®trull 2 llgae 2,y < ltrull 2,y lg2e lz2r,)

= llull g1y llg2e ll 22¢r)

forall t € J and t > 0, where I" denotes J X BRz_ as usual. We point out that [lu| ;1 g is finite
as u € G1(R2). Estimate (6.7) and (6.8) finally lead to

1
2 2 2
It O s, < €l s + 11 gy + = ooyl e
t
401 [ e 61, s s
0

for all t € J and t > 0 so that Gronwall’s lemma implies

1
2 2 2 T
sup [t () g5 < (Crlluoc s )+||ff||Lz(m+;uunm(m||ng||Lz<r>)e T (6.9)

forall > 0.
IIT) To exploit the weighted energy estimate (6.9), we take (s, x) from (J X ]Ri_) \C, ie.,
|x — xg| = R — Cps and hence

1
—s+K(R—|x—xo])=—s+ C—(R— |lx — xg]) <O.
0
It follows
erd)(s,x) — ¢ (—s+y(x)) <t

for all T > 0. On the other hand, f (s, x) =0 for almost all (s, x) € C, g(s, x) = 0 for almost all
(s,x) €CN(J x IR}), and ug(x) = 0 for almost all x € C,—o N R3.. We conclude that

| fz(s,x)| <|f(s,x)| forallt >0 and |f;(s,x)]— Oast— o0

for almost all (s, x) € J x Ri so that
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I fellz2@) — 0

as T — 0o. Analogously, we deduce
”gZ‘E”Lz(F) —> 0 and ”u0,r ”Lz(Ri) —0
as T — 00. By (6.9) the functions u thus tend to 0 in Go(£2) as T — oo, so that

Cy:= sup |uc ()| < 0. (6.10)
tel,t>0 i LZ(Ri)

Now take a point (¢, x) from C3.. We then calculate

3¢ <K(R—|x—xp|) —t<—t+vY(x)+2e=>d(t,x)+ 2,

e < d(t,x).

Estimate (6.10) now implies

/ lu(t, x)|?dxdt < e 7 f 2T 1y, x)|Pdxdt
C3.NQ C3:NQ

< e FTTsuplur ()73, < CoTe "
reJ +

for all 7 > 0. Letting T — oo, we obtain |u(z, x)| = 0 for almost all (¢, x) € C3;.
Finally, we take a sequence (&), in (0, 1) with ¢, — 0 as n — oo. Since u(t,x) = 0 for
almost all (¢, x) € Cs,, for all n € N, we conclude that

u(t,x)=0 foralmostall (t,x) € |_J Cs, =C.
neN

IV) Now let f, g, and ug be as in the assertion. We take a family of functions (f¢, g¢, 40.¢)
in HY(Q) x E|(J x aRi) X Hl(]Ri) for 0 < ¢ < 1 such that f; converges to f in
LZ(Q), g to g in Eo(J x aRi), and ug, to up in Lz(Ri) as ¢ — 0 and the tuples
0, Ay, ..., A3, D, B, f¢, 8¢, uo,¢) are compatible of order 1 for all ¢ € (0,1). Such a family
can be constructed as explained at the beginning of step II) of Lemma 5.1. Using a standard mol-
lifier for the regularization as in step I) of the proof of Theorem 4.13 in [34], we can construct
this family in such a way that

supp fe Csupp f + B(0,¢), suppge Csuppg + B(0,¢)
supp ug,e < (suppuo U (supp g(0) x {0})) + B(0, &)
forall e € (0, 1).

Let £ € (0, 1) and (s, y) € R x R3? with (s, y) € C¢ + B(0, €), where C¢ = R*\ C. We then
find (¢, x) € C€ such that |(¢, x) — (s, y)| < €. Assume that (s, y) belongs to C(2+L)€- We then
Co

obtain
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R <|x —xo| + Cot < |x —y|+ Co(t —s) + |y — xo| + Cos

1
58+C()8+R—C0(2+ C—)8=R—C0£,
0

which is a contradiction. This means that C¢ + B(0, ¢) C(C2+ Ly for all & > 0. We thus arrive
To

at

supp fe N2 C (supp f + B(0,e))NQCCE | NQ
(2+C—0)8

for all ¢ > 0. Analogously, we derive that

suppge NT C (suppg + B0, &) N\ <CS | NT,
(2+C—O)e

supp g, NR3. C ((suppuo U (supp g(0) x {0})) + B(0, &) NR3.

C 3
C
- Ct=0,<2+CLO)a nR3,

c _ T3 :
for all £ > 0, where Ct:O,(2+ c% = R \szo,(z n C% e+ Steps II) and III) now show that the unique
solution u, € C(J, Lz(Ri)) of (3.1) with inhomogeneity f, boundary value g,, and initial value
uo.e vanishes on C(2+CLO)8, i.e., ug(t,x) =0 for almost all (7, x) C(2+%0)8 for each ¢ > 0.
Take a monotonically decreasing sequence (e;,), in (0, 1) with ¢, — 0 as n — oco. By Theo-
rem 3.1 there is a constant C3 and a number y > 0 such that

1
2 2 2 2
i, =l @0 = €3 (0.6, = w0 agzs + 185, = 813 v oms, + Slfe, = f1 @)~ 0

as n — 00, in particular (u,), tends to u in L%() as n — oo. Consequently, there is a sub-

sequence, which we again denote by (ug,),, which converges pointwise almost everywhere

to u. Since C C C(2+L)g for all m > n, we infer that u(z, x) = 0 for almost all
C m

(t,x)eC

@+ )en

(2+%0)8n for all n € N. Hence,

u(,x)=0 foralmostall (¢, x) € U C C. O

@+g5)en
neN

We also formulate the finite propagation speed property using the forward light cone, cf. [3].
This version shows that if the data is supported on a forward light cone, then also the solution is
supported on this cone.

Corollary 6.2. Let > 0, Ag € F5,(Q), A1, Az € F5h 4(R}), A3 = A, D € F{(Q), and
B = B°. We set

3
1
Co=y D lAj e @)-
j=1
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Let R > 0 and xg € @ We define the forward cone K by
K={(tx)eR xR |x —xo| <R+ Cot}.
Let f € L2(Q), g € L>(J, H'2(3R3)), and ug € L*(R3.) such that

=0 onQ\K,
g=0 on(J xR \K,
up=0 on Ri\/Ctzo,

where K;—o = {x € R3: (0, x) € K}. Then the unique solution u € C(J, Lz(Ri)) of the linear
initial boundary value problem (3.1) with inhomogeneity f, boundary value g, and initial value
uo is supported in the cone K, i.e.,

u(t,x)=0 foralmostall (t,x) e Q\ K.
The assertion can be reduced to Theorem 6.1, see [34, Corollary 6.2] for details.

Remark 6.3. In the framework of Theorem 5.3 assume that the data vanish on a backward light
cone or outside of a forward light cone, see Theorem 6.1 respectively Corollary 6.2 for the pre-
cise statement. Then also the solution of the nonlinear problem (1.6) vanishes on the backward
respectively forward light cone. This assertion follows from the simple observation that the solu-
tion u of (1.6) also solves the linear problem (1.8) respectively (3.1) with coefficients y (1) and
o (u). Theorem 6.1 respectively Corollary 6.2 then yield the assertion.
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