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Abstract

We construct the fundamental solution (the heat kernel) p* to the equation d; = £, where under certain
assumptions the operator £ takes one of the following forms,

LS (x) = /(f(x +2) = f() = 17«1 (2. V() Dk (x, 2) T (2) dz,
R4

LK f(x) = /(f(x +2)— f))k(x,2)J(2)dz,
le

1
LEf(x) = 2 /(f(x +2)+ fx—2) =2f )k (x,2)J () dz.
R4

In particular, J: RY — [0, o] is a Lévy density, i.e., fRd(l A |x|2)J(x)dx < 00. The function « (x, z) is
assumed to be Borel measurable on RY x RY satisfying 0 < kg < k(x,2) < k1, and |k (x,2) —k(y,2)| <
Kolx — y|ﬂ for some B € (0, 1). We prove the uniqueness, estimates, regularity and other qualitative prop-
erties of p“.
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1. Introduction

The goal of this paper is to extend (and improve) the results of [16] and [45] to more general
operators than therein considered. These operators will be non-symmetric and not necessarily
stable-like. On the occasion we mostly cover (excluding one case which study we postpone) a

contemporaneous paper [41] (see also [15] and [49]). Let d € N and v : [0, c0) — [0, 0o] be a
non-increasing function satisfying

/(1 AlxPHv(lxdx < 0o.
Rd

We consider J : R — [0, oo] such that for some o € [1,00) and all x € R,

Yo v(IxD) < J(x) < yov(lx)) . (1)

Further, suppose that « (x, z) is a Borel function on RY x R¥ such that

0 <Ko <k(x,z) <Ky, ()
and for some B8 € (0, 1),
Ik (x.2) =k (y. 2)| < kalx = yl”. 3)
For r > 0 we define
h(r) = 2 2 2
(r):= 1A — v(|x|dx, K(r)y=r lx|“v(|x|)dx .
r
R4 [x|<r

The above functions play a prominent role in the paper. Our main assumption is the weak scaling
condition at the origin: there exist o, € (0,2] and Cj, € [1, 00) such that

h(r) < CpA*" h(dr), A<1,r<l1. (@)
In a similar fashion: there exist 8 € (0, 2] and ¢, € (0, 1] such that

h(r) = ey AP h(ar), A<1r<1. (5)
Definition 1. We define the following three sets of assumptions,

(P1) ()=(4) holdand 1 < o, <2,
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P2) (H)—(B)holdand 0 <oy < By < 1,
(P3)  (1)=(4) hold, J is symmetric and k (x, z) =k (x, —z), x, z € R%.

We say that (P) holds if (P1) or (P2) or (P3) is satisfied.

In each case (P1), (P2), (P3), respectively, we consider an operator

L5f(x) = / (Ot 2) = ) = Lt {2, VFCODK (e 20T (2) dz. ©)
]Rd
LF(x) = / (FGr+2) = FOe(x, T (@) dz, ™
Rd
1
L= /(f(x F D4 fl—2) = 2f (K (x. I () dz. ®)
Rd

We denote by £° f the expressions (6), (7), (8) with J(z) replaced by J;:(2) := J(2) 1}z,
¢ € [0, 1]. We apply the above operators (in a strong or weak sense) only when they are well
defined according to the following definition. Let f: RY — R be a Borel measurable function.

Strong operator: The operator £ f is well defined if the corresponding integral converges ab-
solutely, and in the case (P1) the gradient V f(x) exists for every x € R,
Weak operator: The operator £ 0% f is well defined if the limit exists for every x € RY,

£ (0 = lim £9°F (),

where for ¢ € (0, 1] the (strong) operators £*¢ f are well defined.

The operator £497 is an extension of £¥0 = ¥, meaning that if £ f is well defined, then so
is £07 f and L£* 07 f = LX f. Therefore, it is desired to prove the existence of a solution to the
equation d; = £* and the uniqueness of a solution to 9, = £e0,

We emphasize that in general we do not assume the symmetry of J. We also point out that
whenever J is symmetric and «(x,z) = k(x, —z), X,z € R4, then for any bounded function
f € C2(RY) the three operators (6)—(8) coincide and

EKf(X)=8£r0n+ / (f(x+2) = fO)e(x,2)J(2)dz. €))

|z|>¢

The above equality may hold for other particular choices of f. The assumptions on f may also
be relaxed after replacing the left hand side with £ 07 f(x).
Here are our main results.
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Theorem 1.1. Assume (P) and let T > 0. There is a unique function p“(t,x,y) on (0, T] x RY x
R? such that

() Forallt€(0,T], x,y R4, x#y,

30 pX(t,x,y) =L pF(t,x,y). (10)

(ii) The function p*(t, x, y) is jointly continuous on (0, T] x R? x R? and for any f € cx (RY),

lim sup fp“(t,x,y)f(y)dy—f(x) —0. (an

+
t—0% . cpd

(iii) For every ty € (0, T) there are ¢ > 0 and fy € LY(RY) such that forall t € (t0,T], x,y €
RY,

[P (1, x, VI < cfolx —y), (12)
and
ILEEp @t x, I <c, g€ (0, 1]. (13)
In the case (P1), additionally:
(iv) Foreveryt € (0, T] there is ¢ > 0 such that for all x, y € R?,
[Vap* (. x. y)| <c. (14)

In the next theorem we collect more qualitative properties of p*(¢, x, y). To this end, for > 0
and x € RY we define the bound function,

tK(IXI)) (15)

Ty (x) = ([h‘l(l/rn—" A
x4

Theorem 1.2. Assume (P). The following hold true.

(1) (Non-negativity) The function p*(t,x, y) is non-negative on (0, 00) x R? x R9.
(2) (Conservativeness) For all t > 0, x € R?,

/p"(t,x, y)dy=1.
R4
(3) (Chapman-Kolmogorov equation) For all s,t >0, x,y € RY,

/p“(t,x, 2)p*(s,z,y)dz=p"(t +5,x,).
]Rd
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(4) (Upper estimate) For every T > O there is ¢ > 0 such that forallt € (0,T], x,y € RY,

pK(t1x7 )’) gCTI(y_x)'
(5) (Factional derivative) For every T > 0 there is ¢ > 0 such that for all t € (0, T1, x, y € R,
1L p @, x I <et ' (y—x),  e€l0,1].

(6) (Gradient) If 1 —ay, < B Ay, then for every T > O there is ¢ > 0 such that for all t € (0, T],
X,y € ]Rd,

-1
Vep x| <e[ptam] e -0,

(7) (Continuity) The function L p*(t, x, y) is jointly continuous on (0, 00) x RY x R4,
(8) (Strong operator) Forallt >0, x, y € R4,

P (t,x,y) =L p (e, x,y).

(9) (Holder continuity) For all T > 0, y € [0,1]1 N[0, o), there is ¢ > 0 such that for all
te(0,Tland x,x',y e RY,

[P ) = P ] <ele =2 aD [/ T (0 =0+ Ty =),

(10) (Holder continuity) For all T > 0, y € [0, 8) N [0, ay), there is ¢ > 0 such that for all
te(0,Tland x,y,y €R,

[Pt x,y) = Pt x. Y| <clly—y'1" A D [h”(l/t)]_y (Vi (y —x)+ Y (y —x7)).

The constants in (4)—(6) may be chosen to depend only on d, v, ko, k1, k2, B,an, Cp, h, T (and
Bn, cn, in the case (P2)). The same for (9) and (10) but with additional dependence on y .

For t > 0 we define

Pff(x)=/pK(t,x,y)f(y)dy, xeR?, (16)
Rd

whenever the integral exists in the Lebesgue sense. We also put Py to be the identity operator.
Theorem 1.3. Assume (P). The following hold true.

(1) (Pf)i>0 is an analytic strongly continuous positive contraction semigroup on (Co(RY),

- lloo)-
(2) (Pf)i>0 is an analytic strongly continuous semigroup on every (LP(RY), ||- Ip), p€ll,00).
(3) Let (A, D(A")) be the generator of (P/);>0 on (Co@RN, 1 lloo)-

Then
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(@) C3(RY) C D(A“) and A = L on C}(R?),
(b) (A*, D(AX)) is the closure of (L*, CX([R?)),
(c) the function x — p“(t,x,y) belongs to D(A*) forallt >0, y e R%, and

AL p* @, x,y) =LY p“(t,x, y) =3 p (¢, x,y), xeR?,

(4) Let (A<, D(A")) be the generator of (Pf);>0 on (LP (R, | - ), pell,oc0).
Then
(a) C2(RY) C D(A¥) and A“ = L* on C2(RY),
(b) (A*, D(AY)) is the closure of (L*, C° (RY)),
(¢) the function x — p*(t,x,y) belongs to D(A*) forallt >0, y € R?, and in LP(R?),

ACp (e, y) =L p*@t, -, y)=9,p"(t,-,y).

Finally, (by probabilistic methods) we provide a lower bound for the heat kernel p“(¢, x, y).
The defnition of o can be found at the beginning of Section 2.

Theorem 1.4. Assume (P). The following hold true.

(i) There are To = To(d,v,0,k2,8) > 0 and ¢ = c(d, v, 0,k3, B) > 0 such that for all t €
(0, Tpl, x,y e RY,

pet.x.y) = e (I /01 Arv (x = D). (17)

(ii) If additionally v is positive, then for every T > 0 there is c =c(d, T, v, 0, k2, B) > 0 such
that (17) holds for allt € (0, T] and x,y € R4, )

(iii) If additionally there are B € [0, 2) and ¢ > 0 such that Ekd+ﬂv(kr) <v(@), A<, r>0,
then for every T > O there is c =c(d, T, v, 0, k2, B, ¢, 5) > 0 such that for all t € (0, T]
and x,y € RY,

pk(tvx9y)>CTt(y_x)~ (18)

Remark 1.5. Theorem 1.3 guarantees that (P/);>¢ is a Feller semigroup and therefore there ex-
ists the canonical Feller process X = (X;);>0 corresponding to (P/);>¢ with trajectories that
are cadlag functions (see [43, page 380]). The process X is the unique solution to the martingale
problem for (L, C° (R%)). The latter follows from part (3a) of Theorem 1.3 and [23, Theo-
rem 4.4.1] (see also [23, Theorem 1.2.12 and Proposition 4.1.7]).

Remark 1.6. The upper estimate of the heat kernel leads to a sufficient condition for a Borel
measure to belong to the Kato class with respect to p“(¢, x, y), equivalently, to X = (X;);>0.
Similarly, the lower bound provides a necessary condition (cf. [49, Theorem 2.7]). Moreover,
if (P) and the assumption of Theorem 1.4(iii) are satisfied, then p* is locally in time and globally
in space comparable with the heat kernel p of a pure-jump Lévy process ¥ = (¥;);>0 corre-
sponding to v(|x|) (see Section 5, [30, Remark 5.7 and Corollary 5.14]). Thus the Kato class for
X and Y is the same. The function Kato classes that consist of absolutely continuous measures
are for Lévy processes well studied [31].
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We would like to stress that whenever refering to [30] we mean the first version of the preprint.
It is important since the content of [30] (after certain extensions) was divided into two parts:
[29] containing results for gerneral Lévy processes and (upcoming version of) [30] focusing on
off-diagonal heat kernel estimates.

Remark 1.7. If (2), (3) hold, then |« (x, z) — k (v, 2)| < (2«1 V k2)|x — y|P1 for every B € [0, B].
For the purpose of the introduction we give an example right at this moment.

Example 1. Our results apply if (1) holds with v(r) = r‘d[log(l +r%/2)]172, where « € (0, 2).
Indeed, the conditions (4) and (5) are satisfied with o, = B, = «, see [30, Example 2]. Further,
Theorem 1.4(iii) also applies. We emphasize that such v does not have the logarithmic moment
at infinity,

/m (1 n |z|2> v(lz))dz = oo.

R4

The non-local integro-differential operators under our considerations belong to the class of
operators known as Lévy-type. Due to the Courrege-Waldenfels theorem [35, Theorem 4.5.21],
[10, Theorem 2.21] those operators are generic for Feller semigroups whose infinitesimal gen-
erator has sufficiently rich domain. We refer the reader to [35-37] and [10] for a broad survey
on Lévy-type operators. Nevertheless, it is highly non-trivial to construct the semigroup from a
given Lévy-type operator with non-constant coefficients, and even more difficult to investigate
its heat kernel. The tool used in this paper is the parametrix method, proposed by E. Levi [59]
to solve elliptic Cauchy problems. It was successfully applied in the theory of partial differen-
tial equations [27], [63], [19], [24], with an overview in the monograph [25], as well as in the
theory of pseudo-differential operators [22], [45], [49], [55], [69]. In particular, operators compa-
rable in a sense with the fractional Laplacian were intensively studied [20], [21], [52], [54], [22],
also very recently [16], [41], [15], [56]. More detailed historical comments on the development
of the method can be found in [25, Bibliographical Remarks] and in the introductions of [49]
and [5].

We will now elaborate on our assumptions in view of the literature in terms of two selected
aspects: the admissible Lévy measures and the symmetry condition. This will not fully exhaust
the relations between all various papers, their assumptions and results.

First we focus on the Lévy measure J(z)dz and we point out three papers [16], [45], [49],
two of which are at the opposite poles. In the paper [16] the authors concentrate on a partic-
ular isotropic «-stable case J(z) = |z|_d_"‘, a € (0,2), and, among other things, give explicit
estimates of the fundamental solution. In [49] much more general not necessarily absolutely
continuous Lévy measures are treated, but the estimates are stated in a rather implicit form of
compound kernels. Finally the paper [45] is situated between those extremes. The authors of
[45] follow the road-map of [16] and consider J(z) comparable with a Lévy density j(|z|) of a
subordinate Brownian motion. In this respect our assumption is given by (1) and stands for the
comparability of J(z) with an isotropic unimodal Lévy density v(|z|), which allows for much
larger class of Lévy measures than in [45]. In particular, we can consider compactly supported
Lévy measures. With this in mind it locates us between [45] and [49].

Another assumption on the Lévy measure is the weak scaling (4), which naturally generalizes
the scaling property of the isotropic «-stable case [16], and is also present in [45] and [49].
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More precisely, the condition [45, (1.4)] is equivalent to (4) due to (85) and (86), while under
(1) the condition [49, Al] is equivalent to (4). The latter is a consequence of the equivalence
of conditions (C3) and (C4) in [30, Theorem 3.1], (A1) and (A3) in [30, Lemma 2.3] and (85)
below. In other words, here our assumptions coincide with those of [49] restricted to absolutely
continuous Lévy measures satisfying (1). In fact, in (P2) we also need one more weak scaling (5),
but this case is not in question of any of the papers [16], [45], [49].

Furthermore, in comparison with [45] we avoid two more technical assumptions [45, (1.5)
and (1.9)] on the behavior of the Lévy measure at infinity. This is achieved by the choice of the
form of the bound function Y;(x) supported by outcomes of [30], and the formulation of the
maximum principle in Theorem 4.1. We note for instance that the Lévy measure in Example 1,
which is admissible by our assumptions, does not satisfy [45, (1.5)], see (85) and Lemma 6.2, so
the result of [45] cannot be applied in that case.

The assumptions (2) and (3) on the function « (x, z) are common. In both papers [16] and [45]
also the symmetry condition, i.e., the symmetry of J and «(x, z) =k (x, —z) forall x,z € Rd,
is required. We cover such situation in the case (P3). We note in passing that this is a different
symmetry than the one used in the theory of Dirichlet forms [26]. In the cases (P1) and (P2)
the symmetry condition is absent. As explained before (9) the symmetry enables to represent
the operator £* in various equivalent forms, which facilitates calculations. In the non-symmetric
case the intrinsic drift flzl _1 2k (x, 2)J (z)dz may not be negligible and one has to be more specific
in the choice of the operator. In two recent papers [41] and [15] the authors investigate the
non-symmetric case for J(z) = |z|7¢~% and they consider the operator (a) (6) if @ € (1,2);
(b) (6) if « =1 and fr<\z|<R zk(x,2)J(2)dz =0; (¢) (7) if o € (0, 1). The cases (a) and (b) are
covered in the present paper by cases (P1) and (P2). The case (b) with extensions is a subject of
our forthcoming paper. In [49], apart from the symmetric case, also (a) and (P1) are included in
the discussion (with the presence of a bounded Holder continuous first order term).

Finally we devote a few words to qualitative improvements that we make even in the cases
discussed in [16] and [45]. First of all in Theorem 1.1 we significantly simplify the formula-
tion of the uniqueness of p*. In Theorem 1.2 we extend the range of «; and g for which the
gradient V p“ exists, we prove joint continuity of £* p* and Holder continuity in the second spa-
tial coordinate of p“. In Theorem 1.3 we provide more detailed analysis of the semigroup P/
and its generator on various spaces. As a consequence in part (8) of Theorem 1.2 we have that

pX(t, x,y) solves the equation d; = L (and 9; = L’§’0+) forall t > 0, x, y € R, without the re-
striction x # y (cf. [16, (1.7)], [45, (1.10)]). Up to our knowledge the solvability of the equation
with the strong operator £X is a novelty, and demands many technical reinforcements.

To sum up, we utterly generalize [16] and [45] by restricting very weak assumptions of [49] to
Lévy measures satisfying (1) (the case (P2) is not considered in [49]). Moreover, we strengthen
certain results even for the isotopic «-stable case [16] and we propose new outcomes. We also
extend the core parts of [41] and [15] for the non-symmetric case (excluding non-symmetry with
o = 1, time-dependence and small Kato drift). Other closely related papers treat for instance
(symmetric) singular Lévy measures [5], [56] or (symmetric) exponential Lévy measures [44].
Our contribution is that under relatively weak assumptions, and with a satisfactory generality
that allows for non-symmetric Lévy measures, we obtain explicit results, which are a proper
extension of the «-stable case. To avoid ambiguity we give full proofs of all statements. We also
refer the reader to [17] for partial survey and correction of certain gaps of [16].

In order to start the procedure of constructing the solution to the Lévy-type operator one needs
suitable knowledge about the solution to the operator with frozen coefficients which leads back to
the Lévy case. This initial information usually determines the results accessible by the parametrix
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method. Therefore we observe pairs of papers like [14,16], [42,45], [46,49], [47,48], [7,5]. In
our case we base on the results of [30], which has roots in [42]. Another important ingredient
of the preliminaries are the so-called convolution inequalities used to deal with multiply iterated
integrals that appear in the construction. For the «-stable case they can be found for instance in
[52, Lemma 5]. In Lemma 5.17 we propose a refined version motivated by [45, Lemma 2.6] with
more parameters and for function pg defined by means of the bound function.

There exist other methods to associate semigroup and heat kernel to an operator. Some rely
on the symbolic calculus [67], [33], [58], [32], [34], [36], [8], [9], other on Dirichlet forms [26],
[11], [11, [12], [13] or perturbation series [62], [4], [39], [40], [38], [6]. For probabilistic methods
and applications we refer the reader to [18], [53], [61], [50], [57], [56].

The remainder of the paper is organized as follows. In Section 2 we use the results of [30] as
a starting point to establish further uniform properties of the heat kernel p(z, x, y) of the Lévy
operator £%. In Section 3 we carry out the construction of p*(z, x, y) and we prove its primary
properties. According to the parametrix method we anticipate that

t
K _ Ry Reer
p @, x,y)=p »(t,x,y)+//p (t—s,x,2)q(s,z,y)dzds,
0 R4

where ¢ (¢, x, y) solves the equation

t
q(t,x,y)=qo(t,x,y)+//qo(t—s,x,z)q(s,z,y)dzds,
0 Rd

and qo(t,x,y) = (Ef" — Efy) p™(t,x,y). Here p*v is the heat kernel of the Lévy operator
L% obtained from the operator £ by freezing its coefficients: £, (z) = k (w, z). In Section 3.1
we examine pﬁy (t,x,y). In Section 3.2 we define g (t, x, y) explicitly via the perturbation
series and we study its properties. In Section 3.3 we investigate ¢y (¢, x) = fé fRd pe(t —
s,x,2)q(s, z,y)dzds, which is the most technical part, and several improvements that we make
there affect the eventual results. Finally, in Section 3.4 we collect initial properties of p* that
follow directly from the construction. In Section 4 we establish a nonlocal maximum principle,
analyze the semigroup (P/),>, complement the fundamental properties of p* and prove Theo-
rems 1.1-1.3. In Section 5 and 6 we store auxiliary results such as features of the bound function,
3G-type inequalities, convolution inequalities.

We end this section with comments on the notation. Throughout the article wy=27/%/T'(d /2)
is the surface measure of the unit sphere in R?. By ¢(d,...) we denote a generic positive
constant that depends only on the listed parameters d,.... As usual a A b = min{a, b} and
a vV b =max{a, b}. We use “:=" to denote a definition. In what follows the constants yy, ko,
K1, k2, B, an, Cn, Bn, cp can be regarded as fixed.

Excluding Section 5 and 6 we assume in the whole paper that (P) holds. However, in the-
orems and propositions we explicitly formulate all assumptions. If needed we make a restriction
to (P1) or (P2) or (P3).
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2. Analysis of the heat kernel of L%

In this section we assume that £: RY — [0, c0) is such that

0<ky<R(@) <Ky

In the case (P1), (P2), (P3) we consider an operator LR defined by taking «(x,z) = K(2)
in (6), (7), (8), respectively. The operator uniquely determines a Lévy process and its density
pR(t,x,y) = pf(t, y — x) (see Section 6. In particular, (96) holds by (4), (86), (85) and (1)). To
simplify the notation we introduce

St x,yi2) = pRt x +2,y) — pR(t,x,y) — <1 <z, V. pit, x, y)> , (19)

8t x, v 2) == pRt,x +2,9) — pRt,x, y), (20)
1

81, x,y;2) 1= E(pﬁ(r, x+z,9)+px —z,9) = 2p%, x, ). 1)

Thus we have

Ll Pﬁz(t,x,y)=féﬁz(t,x,y;z)ﬁl(z)J(z)dz, (22)
le

where 8% is one of the above functions appropriate to the case under consideration. We also
introduce the sets of parameters o1 = (Yo, ko, kK1, &¢h, Ch, h), 02 = (Yo, k0, K1, %, Brs Ch, chy h),
03 = (Yo, k0, k1, &, Cp, h), and we write shortly o if the case is clear from the context.

The result below is the initial point of the whole paper.

Proposition 2.1. Assume (P). For every T > 0 and § € Ng there exists a constant ¢ =
c(d, T,[B, o) such that forall t € (0,T], x, y € R,

=Bl
0FpS @x i <e[nam] T ne -n.
Proof. In the case (P1), (P2) and (P3) the result follows from [30, Section 5.2]. O

Lemma 2.2. Assume (P). For every T, 6 > O there exists a constant ¢ =¢(d, T, 0, v, o) such that
forallt € (0,T]and |x —y| <Oh~'(1/1),

pR(tx,y) >E[h_l(1/t)]_d :

Proof. In the case (P3) the estimate follows from [30, Corollary 5.11]. In the cases (P1) and
(P2) we also use [30, Corollary 5.11] but with x — y — lb[h—l(l/t)] in place of x as we have that
0

|tb[h < aha1 (1/t) fora=a(d, T, o), see proof of Proposition 5.9 and 5.10 in [30]. O

Syl
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2.1. Increments and integrals of pR(t, x, y)

We simplify the notation by introducing the following expressions. For t > 0, x, y, z € R?,

VAR 2]
Fi:="i(y—x =) sp-10) + (m) a <m>} Tio=0,

([ Iz
./—"2 = Tt(y — X — Z)l\z|>h71(l/l) + _(7111(1/[)) AN 1:| Tt(y _X)a

Y
F3: ="y —x £ 5p-10/n + (m) /\1] Ty =x).

In the last line we use f(x % z) in place of f(x 4+ z) + f(x — z). Hereinafter we add arguments
(t, x, y; z) when referring to functions defined above.

Lemma 2.3. Assume (P). For every T > 0 there exists a constant c = c¢(d, T, o) such that for all
t€(0,T), x, v,z €R? we have |pﬁ(t, x+z,y) - pi,x, y)| <cFat, x,y;2).

Proof. If |z| > h~'(1/¢), the result follows from Proposition 2.1. If |z| < h~1(1/1), we use
Proposition 2.1 and

1
PRz = pN ) = [ (Ve e oz ),
0

to obtain | pR(r, x +z, y) — pR(t, x, )| < c1(zl/ A~ (1 /1)) jo‘ Y;(y —x — 0z)d6. Since 0|z| <
h~=1(1/t), we get from Corollary 5.10 that

|z]

R R
— t g R —
Pt x+2,9) — p(t,x, y)l C2<h1(1/l)

)T,(y—x). O

Lemma 2.4. Assume (P1). For every T > 0 there exists a constant c = c(d, T, o1) such that for
allt € (0,T], x,y, z € R we have |8fi(t, X, y; 0| < c(]—'l @, x,y; D) <1+F20, %, y; z)l‘z|>1).

Proof. For |z| > 1 we apply Lemma 2.3. Let |z| < 1. If |z| > h~'(1/1), then by Proposition 2.1,
syl <e(To-x -9+ () Lo -n) .
h=1(1/1)
If |z| < h~1(1/t), by Proposition 2.1 and Corollary 5.10 we have

1

1
18R x, vl <z ) / / 08P (1, x +6'02, y)\d6'do
IBI=2¢ o

izl \?
g(m) Tiy=o. 0

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
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Lemma 2.5. Assume (P1). For every T > 0 there exists a constant c = c(d, T, o1) such that for
allt € (0, T), x,x', vy, z € RY satisfying |x' — x| < h='(1/t) we have

x" — x|

m) (Fi(t,x, y; D1zj<1 + Fa(t, x, y; Dj>1) -

1872, %, y:2) = 8 (1, x, y3 2)| < c(
Proof. We denote w = x’ — x and we use Proposition 2.1 and Corollary 5.10 repeatedly. Note
that [w| < A~ (1/¢) and

1
axtwyin) -6 yin = [ (w Vs sowya)de. @3
0

For |z| > 1,if |z| > h~1(1/1), we apply (23) to get

|w]

m) (Tt(y —x =2+ (y —x)).

167t x +w, y;2) — 87, x, y; )| < ¢ <

If |z] < h~'(1/1), we have

1

1
stxw,i2) — o il <ellwl Y [ [ 1889 x 0w+ )l ao'de
IBI=27 {

wl 2l
§c<h_1(l/t)> (h—la/r)) T =)

Let |z| < 1.1If |z| > h~'(1/1), then we use (23) to obtain

1631, x + w, y;2) — 8(t, x, 1 2)
(i) (=20 i o)
ST\n11/e ! 1/ ) ! '
If |z] < h~1(1/1), then

188, x +w, y; 2) — 872, x, y; 2)|

1 1 1
<lwllz? ) /f/|a?pﬁ(t,x+9w+e”9’z,y)|d9”d9’d9
IBI=30 0 0

<c< [wl )( i )ZT(—x) o
R VENIDYAVERIDY A

‘We note that the estimate for |8§(t, x,v;2)| <cFat, x, y; z) is given in Lemma 2.3.
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Lemma 2.6. Assume (P2). For every T > 0 there exists a constant c = c(d, T, 02) such that for
allt € (0,T1, x,x', y, z € R satisfying |x' — x| < h=1(1/t) we have

X" — x|

Rep o/ e £ ;
185 (1, x", y;2) — 83 <t’x’%z)'<0(m

>]:2(t,X,y;Z).

Proof. The proof is the same as for the case |z| > h~!(1/1) in the proof of Lemma 2.5. O

Lemma 2.7. Assume (P3). For every T > 0 there exists a constant ¢ = c(d, T, 03) such that for
allt € (0,T1, x,y,z € R? we have |85 (¢, x, y; )| < ¢ F3(t, x, y; 2).

Proof. If |z| > h~'(1/1) we apply Proposition 2.1. If |z| < h~'(1/1), by Proposition 2.1 and
Corollary 5.10 we get

11
B x. v DI < Iz Y //|a;?pﬁ(t,x+9’9z,y)|d9’d9

BI=2p )
2
<C(L> Y:(y—x). O
S\l '

Lemma 2.8. Assume (P3). For every T > 0 the exists a constant c = c(d, T, 03) such that for all
te€(0,T] x,x",y,z € RY satisfying |x' — x| < h='(1/1) we have

X" — x|

R I, R .
|83 (tv-x 9ysZ)_53 (tsx,y7Z)|<C(m

>]—'3(t,x,y;z).

Proof. Let w =x" — x. We use Proposition 2.1 and Corollary 5.10 repeatedly. We have

1
S5 tx w33 2) = 651 i ) = [ (. Vidfe,x 4 0w, yi2))do.
0

If |z| > h~'(1/1), then

|w]

R . R .
85" (t, x +w, y;2) — 83 (I,X,y,Z)|<C<m

)(Tt()’ —xx2)+Ti(y —x)).

If |z] < h~1(1/1), then

18531, x +w, y; 2) — 85(t, x, y; 2)|
1 1 1

<lwllz? ) ///|a§?pﬁ(z,x+0w+9”9’z,y)|de”d9’de

IBI=30 o 1

<c< vl )( i )27(—@ O
SNetam ) \nayn ) YT
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The next result is the counterpart of [16, Theorem 2.4] and [45, Theorem 3.4].

Theorem 2.9. Assume (P). For every T > 0 there exists a constant ¢ = c(d, T, o) such that for
allt € (0,T], x,x', y eRY,

/ 8%t x, y; D v(lzhdz < et 7' Yy (y —x) . and
R4

/Ir?ﬁ(t,x’,y;z) —8%(t, x, y; ) v(z)dz
Rd

<C<u /\l)t_l(T 3 —x) + Yoy — 1))
ST\ n(1yn) ! ! '

Proof. The first statement follows immediately from Lemma 2.4, 2.3 and 2.7 supported by
Lemma 5.5 and 5.9. We prove the second part. If |x’ — x| > A~ (1/¢), then

[ (57 ys o+ 57 1) vz <! (6 =20 + i =)

R4
If |x’ — x| < h~1(1/1), we rely on Lemma 2.5, 2.6 and 2.8 as well as Lemma 5.5 and 5.9. O
2.2. Continuous dependence of heat kernels with respect to R

We discuss R, f1, R as introduced at the beginning of Section 2. In what follows || - || =

Il Moo

Lemma 2.10. Assume (P). Forallt >0, x,y € RY and s € (0, 1),

d
_/pﬁl(svxﬂz)pﬁz(t_svz’ y)dZ

ds
R4
= f Ef‘pﬁ‘ (5,x,2) p2(t —s,2, y)dz — / pR(s, x,2) Efzpﬁz(t —s,z,y)dz,
R4 R4
and
/ﬁ&ﬁmwxm&a—&aww=fpﬁmnmﬁﬁﬁm—&awm.
R4 R4

Proof. Note that the difference quotient equals

1
/ﬁ [pﬁl (s+h,x,z)— pﬁl (s,x,z)] pﬁz(t —s—h,z,y)dz
R4

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
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1
+/pﬁ‘(s,x,z)ﬁ [p&(t —s—h,z,y)— p™( —s,z,y)]dz.
Rd

If 2|h| < (t —s) A's, by Lemma 6.1(a), (22), Theorem 2.9, Proposition 2.1 and (94) the first
integrand is bounded by s~y /2(z = x)Y(1—s)/2(y — z) up to multiplicative constant. Therefore
we can use the dominated convergence theorem. Similarly, we deal with the second integral.
Next, by (22), Theorem 2.9 and Proposition 2.1 the following integrals converge absolutely and
thus the change of the order of integration is justified,

/ fSRl(s,x,z;w)R(w)J(w)dw pR(t —s,z, v)dz

Rd \R4

=/ faﬁl(s,x,z; w)p2(t — s, z, y)dz | Rw)J (w)dw

R4\ R4

:/ fpﬁ‘ (s,x,z)(Sﬁz(t —s5,z,y; wydz | Rw)J (w)dw

Rd \R4

Z/Pﬁl(S,X,Z) /5ﬁ2(I—S,Z,y;w)ﬁ(w)J(w)dw dz.

R4 R4
In the third equality in the case (P1) we used integration by parts. O
The following result is the counterpart of [16, Theorem 2.5] and [45, Theorem 3.5].

Theorem 2.11. Assume (P). For every T > 0 there exists a constant c = c(d, T, o) such that for
allte (0, T], x,y,z c R4,

IpRit, x,y) — pf2(t, x, )| <cllfi — Kl Ve (y — x),

< -1
Ve 05, 9) = Ve (xS el = Kl [T A/D] iy — 20,

/ 185812, x, y; 2) — 8%2(2, x, y; D) v(Iz))dz < el &y — Kellt ™' V(v — x).

Rd

Proof. (i) The first equality below follows from the strong continuity of the semigroup of a Lévy
process and Lemma 6.1(b). Then by Lemma 2.10,

1—&
- - d -
pit,x,y) — p(t,x,y)= lim /— /pf‘l(s,x,z)p’”(r—s,z,y)dz ds
e1,60—>071 ds
€1 R4
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12
: R R R R
= lim /fp I(s,x,2) (CZ 1= L] 2)p 2(t —s,2,y)dzds
g1—0t
€1 R4
1—&
+ lim / / (Cf‘ - [,52) pR‘ (s, x, z)pﬁz(t —s,z,y)dzds .
g—0F
t/2 R4

By Proposition 2.1, (22), Theorem 2.9, Corollary 5.14 and Lemma 5.6,

12
//pﬁl(s,x,zn(ﬁfl —ﬁfZ) P2t — 5,2, y)| dzds
& Rd
12
<c||ﬁ1—ﬁz||f/wrs(z—x> f|6ﬁ2<t—s,z,y;w>|v<|w|)dw dzds
& Rd Rd
12
<clfy —ﬁzn//n(z—x) (t = )71y (3 — 2) deds
& Rd

12
<cllfy —ﬁ2|m(y—x>/r1ds.
£

Similarly,

&€

t_
[ (8= ) p o sz dzas
t/2 Rd

1—&
SCIIﬁl—ﬁzllff /ISR‘(s,x,z;w)lv(lwl)dw Yi—s(y —2)dzds

t/2 R4 \ R4
r—e

<cllfi — Rl / /s-m(z O Tios (v — 2)dzds < cllf1 — Rall Ty — ).
172 Rd

(i1) Define /ﬁi (z) = Ri(2) —ko/2, i =1, 2. By the construction of the Lévy process we have

pRit, x,y) =/pK°/2(t,x, w)pﬁi (t,w,y)dw. (24)
Rd

By Lemma 2.3 we can differentiate under the integral in (24). Together with Proposition 2.1,
Corollary 5.14, Lemma 5.6 and the monotonicity of h~! we obtain
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Vep™ (2. y) = Vip™ (.2, y)| = /vxp“/z(t,x, w) (PR w, ) = pR(tw, y)) dw
R4

<cllf - ﬁzn/ /0] T -0 Xy~ w)du

. -1

el =Rl [h7' /0] Taty—»)
1 -1

el =l [n7' /0] 2T ).

(iii) By (24) we have

18811, x, y;2) — 8%2(t, x, y; 2)| = /8”"/2(&)6, w; z) (pﬁ‘ (t,w,y) — p2(t,w, y)) dw
R4

Then by Theorem 2.9, Corollary 5.14 and Lemma 5.6,

/ISR‘(t,x,y;z) —8%2(t, x, y; 2| v(|z])dz
Rd

é/ /|3”°/2(t,x,w;z)IV(|z|)dz PRt w,y) — p(t,w, y) | dw
R4 R4

<Ry — R /flmw — Y (v —w)ydw <cllfy — Kol Yo (y —x). O

]Rd
3. Levi’s construction of heat kernels

For a fixed w € R?, define £, (z2) = k(w, z) and let pﬁ"’ (t, x, y) be the heat kernel of the
operator L% as introduced in Section 2. For all ¢ > 0, x, y,w e R,

PR, x,y) =L pfo(r,x, y), (25)

where for every v € R? we have Ef”pﬁw (t,x,y)= fRd 88w, x, v; 2)k (v, 2)J (2)dz (see (22)).
3.1. Properties of p™ (1, x, y)

Lemma 3.1. The functions pﬁw (t,x,y) and prﬁ“’ (t,x,y) are jointly continuous in (t,x,
¥, w) € (0,00) x (RY)?.

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
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Proof. Recall that pfiv (1, x, y) = p®» (¢, y — x). By the triangle inequality,

IpRe(r, x) — pto(tg, x0)| < | pfe (e, x) — p™ro e, x) |+ | peo(t, x) — pFo(tg, x0)] -

The first term is small by Theorem 2.11 and (3), and the second by Lemma 6.1. Similar proof is
valid for V, pRw(r, x,y). O

Lemma 3.2. The function Ef” R (t,x,y) is jointly continuous in (t,x,y,w,v) € (0,00) x
(R,

Proof. By Lemma 3.1 the function 8w (t,x,y; z) is jointly continuous in (z, x, y, w). Recall
that « (v, z) is continuous in v and bounded. We let (¢, X, Yn, Wy, vy) — (¢, X, y, w, v) such
that 0 < & <1, < T. Further, by Lemma 2.7, 2.3, 2.4 we have respectively,

B 2
Rup . |Z|
|83 (tnaxn»Yn, Z)l <CT8(O) <m> /\1:|,

an . i |Z|
185" (tns Xns yn: 2)] < Y (0) _<7h_1(1/8)) A 1] ,

2
Rup |z
187" (ns Xns Y3 2)| < ¢ Ye(0) 1|z|>1/\h*1(]/g) + (m) 1|z|<1:| .

Thus the sequence 8Bun (1, x,,, Yn; 2)k (U, 2)V(|z]) is bounded by an integrable function and we
can use the dominated convergence theorem. 0O

For y, B € R we introduce the following function (see Appendix 5.4)

Pt x) = [h*‘(l/t)]y (1P A1) 717 (). (26)

Lemma 3.3. For every T > 0 there exists a constant ¢ = c(d, T, o) such that for all t € (0, T],
x,x',y,weRand y €[0, 1],

P x, ) = P X < elx =3 A D (P2, (x =) + 02, (1, x = 7).

Proof. We use Lemma 2.3 and (Ix — x/|/h~'(1/0) A1) < (Jx — x'17 A D[ 1(1/0] 77 x
[ta/T)v1]. ©

The following result is the counterpart of [ 16, Lemma 3.2 and 3.3].

Lemma 3.4. Let B1 € [0, B1 N[0, o). For every T > 0 there exists a constant ¢ = c(d, T, o,
k2, B1) such that forallt € (0, T], x,y, w € RY,

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
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/ 8% (2, x, y; D) e (w, 2)J (2)dz < cpJ(t, x — ¥),
Rd

/ /Sﬁy(t,x,y;z)dy k@, 0l @dz < et [h_l(l/t)]ﬁl’

Rd | R4

o —1+8
/vxp“y(r,x,y) ay| <e[n~tam]
R4

Furthermore,
lim sup /pﬁ-"(t,x, y)dy—1|=0

1=0% yeRd
R4

YJDEQ:9879
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27)

(28)

(29)

(30)

Proof. The inequality (27) follows from (2), (1) and Theorem 2.9. Let I be the expres-
sion on the left hand side of (28). Since [pq p™(t,x, y)dy =1 and [pq 0y, p™ (2, x, y)dy =

dx; Jga PR (2, x, y)dy = 0 (see Lemma 2.3) we have

/Sﬁ"’(t,x,y;z)dy=0, x,w,zeRY.

R4

Then by (31), (1), Theorem 2.11 and Remark 1.7,

1 :/ /(Sﬁy(t,x,y;z) —5R"(I,x,y;z)> dy K(x,Z)J(Z)dZ

R4 |Rd

<ff’rSﬁy(t,x,y;z)—8ﬁ‘(t,x,y;z)’K(x,z)J(z)dzdy
R4 R4

< c/ e (. ) — e, e Yo (y = x)dy
Rd

<c/(|y—x|ﬂ1 A (y = x)dy .
Rd

€2y

The result follows now from Lemma 5.17(a). For (29) by Theorem 2.11 and Lemma 5.17(a),

/prﬁy(r,x,wdy = f(vxpﬁw,x,y)—Vp’“‘xa,-,y)(x))dy
R4 R4

J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,




YJDEQ:9879

20 T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) see—see

-1
[y = [wtam] v -0y
d
—1 —
e[tam] [ay—xP anmi = vay <e[nasm]
d

Eventually, by Theorem 2.11 and Lemma 5.17(a),

sup /Pﬁ)(I,X7Y)dy_1 < Sup/‘pﬁy(tv-xvy)_pﬁx(t»xsy) dy

xeR4 xeRd Rd

<e sup/nK(y, ) — k(T = )y

xERd

< sup /(|y—x|ﬁ1 A —ndy<e[ntam]” o,

xERd

as t — 0T, This ends the proof. O
3.2. Construction of q(t,x,y)
For (¢, x, y) € (0, 00) x R? x R? define
R

qo(t, x,y) :=f8ﬁ>'(r,x,y;z) (k(x,2) —k(y,2) J(Ddz = (LI — L) p™(t,x,y) .
]Rd

Directly from Lemma 3.2 we have the following result.
Lemma 3.5. The function qo(t, x, y) is jointly continuous in (t, x, y) € (0, 00) x R? x R,
In the next lemma we collect estimates on gg.

Lemma 3.6. For every T > 0 there exists a constant ¢ = c(d, T, o,k2) > 1 such that for all
B1€l0,B],te(0,Tland x,x',y,y e R?

lgo(t, x, y)| < Cpo Nty —x), (32)
and for every y € [0, B1],

lgo(t, x, y) — qo(t, x', )|

<e(e=2P A (ol +y ) x =+ (o0 400, ) ex' = w0} 33

and
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lgo(t, x,y) —qo(t, x, y")|

<c(|y—y’|ﬂ'_’”/\1){(p,,+py 51)0 x—y)+(py+pf‘,ﬂl)(t,x—y’)}. 34

Proof. (i) (32) follows from (1), Remark 1.7 and Theorem 2.9.
(ii) For |x — x’| > 1 the inequality holds by (32) and (92):

—l Bi—vy B
lqott,x, )| <eofl @y = <e[nr /v Pl oy =,

For 1 > |x — x| > h~'(1/1) the result follows from (32) and

P B1—
lqott,x, I < enfl ey =y =c [ /]l v =)

Sclx =2/l 1y — ).

Now, (1), Remark 1.7 and Theorem 2.9 provide that

|C]0(tvx9)’) _QO(tax/,)’N = /(Sﬁy(tvxs y;Z)(K(x»Z) _K'(y,Z)) J(Z)dZ

R4

_ /33\' (t,x',y; D (x',2) — Kk (¥, 2)) J(2)dz

R4

< )/0/ 8% (1, %, y12) = 8% (1, X', y: 2)| Ik (x, 2) — K (v, 2)| v(|z])dz

Rd
+ yof 8% (2. %", yi )| [k (x, 2) — k (¥, D) | v(Iz]dz
Rd
c(lx =y A 1)/ 8% (2, x, y;2) — 8% (1, ', y; D) v(|z])dz

R4

¢ (k=217 A1) / 5% (1, x', y: )| v(lz)dz
Rd
|

e(lx =y A1) <% A 1) (0t x = )+ pY(t.x" — )

+c(|x LN 1) od(t, X' — ).
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Applying (Jx — y|#' A1) < (Jx —x/|PY A1) + (]x” — y|#' A 1) we obtain

|x — x|
h=1(1/1)
+c(lx —xX'1Pr A 1) od(t, X' — ).

|q0(tax7y) _qo(t7-x/7y)| < C( A 1) (pgl(tax_)’)+pg](t»x/_)’))

Thus in the last case |x — x'| <A~ '(1/t) A1 we have |x — x'|/h~'(1/t) < |x — X' |7 x
[h=11/0] " and |x — x'I1P1 < x — 1By [0 (1/0)]

(iii) We treat the cases |y — y’| > 1 and 1 > |y — y'| > h~'(1/1) like in part (ii). Now note
that by (1), Remark 1.7, (¢, x, y; z) = 8%(t, —y, —x; z) and Theorem 2.9 and 2.11,

lgo(t, x, y) — qo(t, x, ¥l

< / 5% (113, y: 2) (K 2) — k(3. 2)) T (2)dz
]Rd

+ / <5ﬁy (t,x,y:2) — 80 (1, x,y; z)) (k(x,2) = k(¥ 2)) J (2)dz
R4

+ / <8R~" (t,x,y'52) — 5% (1, x, v z)) (K(x, 7) —«k(y, z)) J(z)dz
R4

<c(ly=Y'1P A1) pdtt,x —y)

+c(lx — 1P A 1) (th%l)/)t') A 1> (pg(t,x — )+ 0t x —y’))

+e(ly =y1Pr A1) pdt, x — ).

Applying (Ix = y'|P' A1) < (Ix = y1P A1) + (ly = y'|P' A 1) we obtain

ly =yl
h=1(1/1)

+e(ly =Y1Pr A1) (00, x — ) + pi(t, x — ¥)).

lq0(t. x. y) — qot. x. y)| < c( A 1) (05" (t.x =)+ p§" (1. x = ¥))
This proves (34) in the case |y — y/| <k '(1/H) Al. O

Forn e Nand (¢, x, y) € (0, 00) x R? x R? we inductively define

t
qn(t, x,y) 2=//qo(t—s,x,z)qn71(s,z,y)dzdS- (35)
0 R4

The following result is the counterpart of [16, Theorem 3.1] and [45, Theorem 4.5].
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Theorem 3.7. Assume (P). The series q(,x,y) := Y vooqn(f, x,y) is absolutely and locally
uniformly convergent on (0, 00) x R? x R? and solves the integral equation

t
Q(taxvy):CIO(tvxa)’)+//QO(t_Ssx’Z)CI(SvZay)dst- (36)
0 Rd

Moreover, for every T > 0 and B1 € (0, 8] N (0, ) there is a constant ¢ = c¢(d, T, o, k2, B1)
such that on (0, 7'] x RY x RY,

g (e, x, ) < c(pf + 03 )t x — ), (37)
and for any y € (0, B1] there is c =c(d, T, 0, k2, B1, ¥) such that on (0, T'] x RY x R4,
lg(t,x, ) —q(t,x", )]
<c(lx — X |PY A 1) {(,03 +p51_ﬂ1)(t,x —y)+ (,03 + pfl_ﬂl)(t,x/ - y)} , (38)

and

|q(tv-xs )’) _CI(lax, y/)|

<c(y =y A (o) + o)tk =+ (0 + 0l g ) x =)} (39)
Proof. Let T > 0 be fixed. In what follows r € (0,T], x,y € R4, We also fix M > 0 such that
M < By and B1 + M < ay, A 1. Furthermore, we set 89 = 81 + M when using Lemma 5.17. For
clarity we denote C; = 5¢cp and Cp = Kl (1/T) Vv 1, where ¢ and ¢; are taken from Lemma 3.6

and 5.17(b), respectively.
Step 1. First we justify that

1 (02 % < Y (09, 4t + Py ) X — ), (40)
where

(crcdramy2)’
M ((n+ HM/2)

n
yu = PPN B(My2, jM/2) = CiT(M)2)
j=1

For n =1 by (32) and Lemma 5.17(c) with n; =ny = 1 + M, m; =my = M, we have

t
g1 (t. x, y)| < a//pgl (t —s5,x —2)pt' (s, 2 — y) dzds
0 Rd

<262y BIM /2. M/2) (0, 431+ ) (£ x = ¥).

Further, assuming (40) for n € N we get by (32), Lemma 5.17(c) with ny =n, =m| =M,
my=0and ny =ny = B1 + M, m; =my = M, by the monotonicity of Beta function and (92),

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

24 T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) see—see

t
|gn+1(t, x, ) <cyn//pg‘(t—s,x,z)(p§1+nM+pf}w)(s,z, y)dzds
0 R4

< cync2 BIM/2, (Br+nM)/2) (309 4oty T Pl -4g) (€3 = 3)
+cynea BAM/2, (n+ DM/2) (209 4 wsrym + 2004 1a0) (6 X — ¥)

< ynSceaC8 M B(M /2, (0 + 1M /2) (9 4 ity + Pl 1yar) (6 X = )

< V1 (g, 4o nar + '0511+1)M)(t’ xX=y.

Thus (40) follows by induction. Then by (92) we have
nM
gt x DI <y [I7 /D] (0, +0§1) 05 = ).
Finally,

St < [ caranyss (5 TO2)
gn(t,x,y)| < 1
— ~ T(n+DM/2)

(09, + b ) (1. x = ).

Now, the series defining ¢ is absolutely and uniformly convergent on [, 7] x RY x R and has
the desired bound (37). The equation (36) follows from the definition of g;,.

Step 2. By (33), (37) and Lemma 5.17(c) with the usual parameters and once with n| =n, =
my=my = B,

t

// go(t — 5,x,2) —qo(t — 5, X", Dllg(s, 2. y)|dzds < c (Ix —x'|P 7V A1)

0 R4
ff Py g ) (x =2+ () + oy ) (x = ) (of! + o)t 2 = ) dzds
0 Rd
<c(lx =2 1Py Aty {<p2+ﬂl + 0y + p,’f‘) (t,x =)+ (p2+,31 + oy + pf‘) (t,x' — y)} :
Finally, we use (36), (33) and the above together with (92).

Step 3. In order to prove (39), similarly to Step I, using induction we get by (34),
Lemma 5.17(c) and (92),

|C]n(tsx’ y) _qn(t1x7 y/)l
< (=3P A0 s + 00 ) 6 = )

0 B
+ ('0)/+nM +’0Vl*l31+nM)(t’x - y/)}’

where y, = CH MM, B/ T B (B1/2. (v + ( — DM)/2). O
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3.3. Properties of ¢y(t, x)

Let
oy(t, x,5) :=/pﬁz(t —85,x,2)q9(s,z,y)dz, x¢€ RY, 0<s <1, 41)
R4
and
¢y (t, x) _/¢y(t X, s)ds—//p “(t—s,x,2)q(s,z,y)dzds . (42)
0 R4

Lemma 3.8. Ler 81 € (0, 8] N (0, o). For every T > 0 there exists a constant ¢ = c(d, T,
0, k2, B1) such that forallt € (0,T], x,y € RY,

by (1. 0] < ct (o + pf,) (1,2 — ).

Forany T > 0and y €10, 11N [0, o) there exists a constant c =c(d, T, o, k2, B1, ) such that
forallt € (0,T], x,x',y € RY,

|y (t,x) — Py (r, x|
<c(x —x'|” Ayt {(pgl_y +pP)(tx =)+ (09—, + 07 ) (1, 2" — y)} .

Forany T > 0 and y € (0, B1] there exists a constant ¢ = c(d, T, 0, k2, B1, y) such that for all
te(0,T], x,y,y €Re,

py (1, x) — Py (2, X)|
<cly —y1P77 A {(0,9 + o0 ) (tx =)+ (9 + o0 ) x — y’)} :
Proof. By Proposition 2.1 and (37),

t
|y (2, x)| < c/ /(t —$)pJ(t —s,x — (0 + 0%, ) (5. 2= ).

0 Rd

By Lemma 3.3 and (37),

t
|¢y<r,x>—¢y<r,x/>|<//\pﬁza—s,x,z)—p%—s,x’,z>]q(s,z,y>dzds

0 Rd

t
<c(|x—x/|y/\1)//(t—s) (,ogy(t—s,x—Z)+,00_J,(t—s,x/—z)>

0 R4
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(oh' + pf,) (5,2 — y)dzds
By Proposition 2.1 and (39)

t
|¢y(t,X)—¢y'(t,x)|<//pﬁz(t—s,x,z)lq(s,z,y)—q(s,z,y’)ldzds

0 Rd

t
ey —y'1P77 A 1)//(r —$)pg(t —s,x —2) {(pS +o0 )52 =)
0 R4

+(p) + ofL g ) s,z = ¥ | dzds

Finally, the results follow from Lemma 5.17(c). O
Lemma 3.9. The function ¢y (t, x) is jointly continuous in (t, x, y) € (0, 00) x R? x R,

Proof. First we prove the continuity in ¢ variable for fixed x, y € R4. We have for all ¢ € ©,1)
and |h| < ¢/2,

t—¢&
Gyt +h,x) — ¢y(t,x) = / (py(t +h,x,8) —py(t,x,5))ds
0
t+h t

+/¢y(t+h7xas)ds_f(by(t,X,S)dS.
I—e t—e

By Proposition 2.1, (37) and (94), for s € (0,1 — ¢) we get
PR — s +h,x,Dlg(s, 2, )| < c2t p(e/2,0) (0)" + 5 ) (5.2 = ¥).

The right hand side is by Lemma 5.17(a) and 5.15 integrable over (0, r — &) x R in dzds. Thus by

Lemma 3.1 and the dominated convergence theorem we have limj,_, ¢ fot -t @yt +h,x,5)ds =
fé% ¢y (t,x,s)ds for every ¢ € (0,1). Next, we show that given & > 0 there exists ¢ € (0, ¢/3)
such that for all » € R satisfying |r —t| < /2,

/ |¢y(r,x,s)|ds <é.
t—¢

Indeed, by (37), the monotonicity of #~! and (94) in the first inequality, and Proposition 2.1 and
Lemma 5.6 in the second inequality, we have
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r r
/|¢y(r,x,s)|ds<c //pﬁa(r—s,x,z)dzds pd(t/2,0) < c2e pd(t/2,0).
t—e&

t—e Rd
This ends the proof of the continuity in # > 0. The joint continuity follows from |¢,(z, x) —
Oy (to, x0) | < 1Py (1, x) — ¢y (£, x0)| + |y (2, X0) — @y (£, X0)| + [Py (£, X0) — Py, (t0, X0)| and
Lemma 3.8. O

The following result is the counterpart of [16, Lemma 3.6].

Lemma 3.10. Assume that 1 — a), < B A ap. For every T > 0 there exists a constant ¢ =
c(d,T,o, ka2, B1) such that forallt € (0,T], x,y € R4,

t
Vioy(t, x) ://prﬁz(t —8,x,2)q(s,z,y)dzds, (43)
0 R4
-1
Vagy (0 <c[n' /0] e pf = ). (44)

Proof. Let 8 € (0, 8] such that 1 — oj, < 81 < j, and ¢ € (0, T]. We set Bg = 81 when using
Lemma 5.17. We first note that by Lemma 2.3, (37) and Lemma 5.17(b) for s € (0, 1),

Vx¢y(tvxvs):/prﬁz(t_va»Z)C](saZJ’)dZ' (45)
R4

Now, let |e| < h_1(3/t) and X = x + ¢0e;. We have by [64, Theorem 7.21],

1
0 ~
= //—Pﬁz(f—S,X,Z)q(s,z,y)dzde )
3)6,'
0 R4

1
Io:= E(qby(t,x +¢cej,5) — Py(t,x,5))

For s € (0, /2] we first use Proposition 2.1 and (37), then Lemma 5.17(b) (once with n; =
m1 =0, np =my = f1) and (93), and finally the monotonicity of hl (A2) of Lemma 5.3 and
Proposition 5.8 to get

1

Io <C//(t — )0 (1 — 5,7 = 2) (0} +pg,)(s.2 — y)dzdd
0 Rd

1

<c [h—la/(t - s))]fl /p8(t,)7— y)do

0
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X (1 + [h*l(l/s)]ﬁl (=) [hl(l/s)]ﬁl>
[ram] = (1ees tam)”).

For s € (1/2,1) we fix y > 0 such that 81 — y > (1 — &) Vv 0. Then by Proposition 2.1, (38),
(29) and (37) we have

1
3 -
Ioé//'—pﬁz(t—s,x,z)
3)61‘

0 R4

lg(s,z,y) —q(s, X, y)|dzdb

1
0 - ~
+/ /—Pﬁz(t—s,x,z)dz lg(s, X, y)|do
axi
0 |Rd

1

<o [a=90" 5T 26 + oLy )62~ ydade
0 R4

1
+c/ /(z PP (= 5.5 = 2)dz | (09 + ol 5 ) (5. X — y)do
0 R4
1

e[ntasa—s] / (0§ +0B) 6. F = do =T + L +1s.
0

By Lemma 5.17(b) with (n1, n2) = (81 — ¥, 0) and (n1, np) = (81 — ¥, B1), (93), the monotonic-
ity of 1!, (A2) of Lemma 5.3 and Proposition 5.8 we get

L<e ([h‘u/(r —o] T ] v a—s [t asa—sn] s it am]

1

-] [hlu/s)]y_ﬂl) / P01, — y)do
0

sc([h—l(l/u—s»]”ﬁl Tra-s[ae-s] e
rtae-o) T e agm] ) -

Next, by Lemma 5.17(a), (93), (94), the monotonicity of hl (A2) of Lemma 5.3 and Proposi-
tion 5.8,
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1
_ —1+B1—y . y 1 y—5hi 0 -
L<e[n'a/a—sn] [t ayo] + [n ass)] pY(t/2.% — y)d6
0

<e[nae—s] (1 + [h”(l/r)]y_ﬂl) PY(t.x — ).

Similarly, I3 < ¢ [h_l(l/(t — s))]_H_/31 ,08 (t, x — y). Finally, the expression Iy is bounded by a
function independent of ¢, which by Lemma 5.15 is integrable over (0, ¢) in s, since o}, > 1/2.
Then (43) follows by the dominated convergence theorem and (45). More precisely, Lemma 5.15
assures that uniformly in ¢ we have for ¢ € (0, T'],

t

flods <et[nayn]” (1 #[tam]" [h—la/r)]ﬂ‘) Rt x—y).
0

which proves (44) due to monotonicity of oo

Lemma 3.11. Let 81 € (0, 1N (0, ap). For all T > 0, y € (0, B1] there exist constants c1 =
c1d,T,o,k2,81) and co =c2(d, T, 0, k2, B1,v) such that forall0 <s <t <T, x,y € R4,

f /|5RZ(I—S,x,Z; w)llg (s, z, y)ldz | k(x, w)J (w)dw

RE \RY
0 Bi 0
gclfpo(t—s,x—z)(po +p,31)(s,z—y)dz, (46)
Rd
/ /8§f(t—s,x,z; w)q (s, 2, y) dz| k (x, w)J (w)dw < e2(I + T +13), 47)
RI |RY

where

L+Lh+1s ZZ/,O(/)SI_V(I — 8, X —Z)(,OS +,Ofl_'31)(5,1 —y)dz

R4

/B —

+(—9"" [h_l(l/(t—S))] (04 Pl ) (sax = )
Bi

+ =7 [ asa =] (o + 0f )k — .

Proof. The inequality (46) follows from (27) and (37). Next, let Iy be the left hand side of (47).
By (38), Lemma 3.4, (37), and Lemma 5.17(a),
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Io<//|5ﬁ“(t—s,x,zz W)1g(s. 2, ¥) — q(s. %, Y| dzic(x, )T (w)dw

R4 R4

+[ /(SR (t—s,x,z;w)dzlk(x, w)J (w)dw g (s, x, y)|

R4 | R4

<c/ /I(Sﬁ‘ (t—s,x,z; wk(x, w)J (w)dw (Ix—z|ﬁ1_7/\1)

R4 R4
x (9 + Py ) (5.2 — y)dz

+C/ f |8”6‘Z(t —s5,x,z; w)|k(x, w)J(w)dw (|x —z|’31_y A 1)dz
R4 R4
x (9 + P04 ) (5. x — )

fet—s)! [h—l(l/(z —s))] (o +09)(s.x = <c +L+1y). O

Lemma 3.12. Let 81 € (0, B]1 N (0, ap). For every T > O there exists a constant ¢ = c¢(d, T, o,
k2, B1) such that forallt € (0,T], x,y € R4,

// /Sﬁz(t —8,x,Z;w)q(s,z,y)dz|dsk(x, w)J (w)dw < c,og(t,x -y, (48)

R4 0 |R4

\ R, -1 —1 /31
/// /5 St — s, %, 2 w)q(s, 7, y) dz| ds i (x, w) I (w)dwdy < ct [h (1/r)]

RIRA 0O R4

(49)

Proof. Let Iy be the left hand side of (47). For s € (0, /2] we use (46), Lemma 5.17(b) and the
monotonicity of 2~! to get

¢ ((r —o -7 ! (I/S)]ﬂl 57! 0! (Us)]ﬂl) POt x — )

<e (r‘l 457! [h_l(l/s)]ﬂl> Pt x—y).

For s € (t/2,1) we fix y € (0, 1) and we use (47). Then by Lemma 5.17(b) with (n1,n;) =
(B1 —v,0) and (n1,n2) = (B1 — ¥, B1), (93), the monotonicity of h~!and (A2) of Lemma 5.3,

L <c ((r 5! [h—l(l/(t _ s))]ﬁlfy [h_l(l/s)]y 45! [h_l(l/s)]y
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1T, -1 Bi=vr _4 y—5hi 0
+e—o7 [ are—] " s ] ) s x - w

<ec (r‘ + - i ase - s))]ﬁ'_y [~ (l/t)]y_ﬂ‘) P x— ).
Next, like above
b<e—o " [nta/a -] ([h”(l/s)]y + [h*(l/s)]y_ﬁl) PY(s.x — )
<ca—o " [t ama -] [ ram] T sex -y,

Similarly, I3 < c(t —s)~' [h71 1/ — s))]’31 pQ(t, x — y). Finally, by Lemma 5.15,

t
[wds<c (1 + [h_l(l/t)]ﬁl> P x =),
0

which proves (48). Now, by (47), Lemma 5.17(a) and the monotonicity of hl,
Bi—vy 14
/ (L + 1L+ 1) dy <c(t—s)"! [h—l (/(t — s))] e [h—l(l/s)] .
R4
The result follows by integration in s and application of Lemma 5.15. O

Lemma 3.13. We have forallt >0, x,y € R,

t

ﬁfx%(f’x)=//£f“‘pﬁz(t—s,x,z)q(s,z,y)dzds. (50)
0 R4

Further, Ef’* @y (t, x) is jointly continuous in (t, x,y) € (0, 00) x R? x RY,

Proof. (i) By (41), and (45) in the case (P1),

,CJE-”QS,(t,x,s) = Sjiz(t—s,x,z; w)q(s,z,y)dz | k(x, w)J (w)dw. (&29)]
X Yy
R4 R4

By finiteness of (46) and Fubini’s theorem,

‘Cfx(py(t’x’s) Z/fopﬁz(t _S,va)CI(S’Za )’)dZ (52)
R4

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

32 T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) see—see

Finally, by (42), and (43) in the case (P1), in the first equality, and (48), (46) in the second
(allowing to change the order of integration twice) we prove (50) as follows

t
£f*¢y(t,x)=f //Sﬁz(t—s,x,z; w)q(s,z,y)dzds | k(x, w)J (w)dw

RZ \0 R4

t
=// fSRZ(t—s,x,z;w)x(x,w)](w)dw q(s,z,y)dzds.

0 R \R4

(ii) Fix 79 > 0, xq, yo € R?. For clarity we define f(¢,x,y) := Lf"d)y(t, x). Note that by
(50) and (52) we have f(t,x,y) =1(t,x,y) + foto_so Ef*q)y(t,x,s) ds, where I(t,x,y) :=
ftf)_ f [,f'* ¢y (t, x, s)ds. First we show that given ¢ > 0 there exists g9 € (0, 79/3) such that for
all r € R satisfying |r — 19| < £0/2, and all x, y € R¢,

[I(r,x,y)| <e. (53)

Indeed, by (51), (47), the estimates of 11, I, I3 from the proof of Lemma 3.12, the monotonicity
of h~! and (94),

texpi<e [ (r—1+<r—s>—1 [ are-sn]" [h“(l/r)]y_ﬁ‘>dsp8<r,x—y)

fo—&o

2¢e0

< c/ <2/ro fu! [h_l(l/u)]ﬂl_y [h_1(2/t0)]y_ﬂl)du pQ(t0/2,0) < 5.
0

Using (53), (27), (94), (39) and Lemma 5.17(a) we get for all ¢ > 0 satisfying |t — 79| < €0/2,
and all x,y e R?,

fo—&0

1t x.y) — f(tx, yo)| < 26 + / f

0 Rd

L8t = 5,2,2)| 19,2, ) — 45, 2, 30| dads

fo
14
< 26 + epQ(e0/2.0) (ly — yolP1 7 A 1) f g as.
0

Again by (53) we have for ¢t > 0, |t — 19| < &9/2, x € R,

fo—¢o fo—¢&o
Ry
|f(ta-x7 YO)_f(tO’x07)’O)|<25+ f Efx(py()(tv-x?s)ds_ / Ex 0¢y()(t0’-x05s)ds .
0 0

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) eee—eee 33
By (27), (37) and (94), for s € (0, t9 — €0), x € R? we get
|28 5., 9| lg 5., 2. y0)] < € p320/2, 0) (0! + 08, ) 52 = y0) .

By Lemma 5.17(a) and 5.15 the right hand side is integrable over (0, fo — o) x R¢ in dzds.
Thus by (52), Lemma 3.2 and the dominated convergence theorem foto_eo Ef‘ Oy (t, x,8)ds =

_ Ry . .
féo 0Ly ¢y, (to, X0, 5)ds as (¢, x) = (fo, xo). Finally, if (t, x, y) — (to, X0, yo), then

lim | f(z, x, y) — f(to, X0, yo)| < lim (| f(z, x, y) — f(z, x, yo)| + | f (£, x, yo) — f (20, X0, Yo)|)
<4e. O

The following result is the counterpart of [16, Lemma 3.5] and [45, Lemma 4.6].
Lemma 3.14. Forallt >0, x,y € RY, x #*y, we have

t

¢y(r,x)=f q(r,x,y)+/f£f3p"‘f<r—s,x,z>q(s,z,y>dzds ar. (54

0 0 R4

Proof. Step 1. Note that for every s € (0,7) and all x, y € RY,

8t¢y(l, X, S) = / a[pﬁz(t —S,X,Z)q(s,z,y)dz. (55)
R4

The above follows from (41), the mean value theorem, (25), (27), (94) and integrability of
lg (s, z,¥)| in z (see (37)) which justifies the use the dominated convergence theorem.
Step 2. Let T > 0. We prove that there exists ¢ > 0 such that forall t € (0, T], x,y € R,

t

,
//larﬁby(rv x,8)|dsdr < ct
0

0

K(lx =y

56
lx — y|4 0

By (55), (25) and (52) we get 9,¢y(r,x,5) = ﬁf‘”cby(r,x,S) — Jra qo(r — 5, x,2)q(s, z, y) dz.
Next, applying (51) and (48) we have fot for |£f“*¢y(r,x, $)|dsdr < ctK(|x — y])/|x — y|9. By
(32), (37), Lemma 5.17(c) (once with ny =m| = np = my = B1) and by (92), (93),

t r
/ //mo(r—s,x,z>q(s,z,y>|dzds dr
0 0 R4
t
<c/p8(r,x—y)dr<ct1<<|x—y|>/|x—y|d.
0
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Step 3. We claim that for fixed s > 0, x, y € R,
lim+¢>y(t,x,s) =q(s,x,y). 67
t—s

In view of (41) and (30) it suffices to consider the following expression for § > 0 as t — s,

\/pﬁz(t_svxaz)(q(‘g’Za Y) _Q(vav y))dz
R4

< / Pt —5,x,2)1q(s,2,y) —q(s, x,y)|dz

|x—z|<§
n / PRt — 5.5, (1, 2. DI+ g (5.5, ) dz =211 + 1.
[x—z|=8

By (38) for any ¢ > 0 there is § > 0 such that |¢(s, z, y) —q (s, x, y)| < € if |z — x| < §. Together
with Proposition 2.1 and Lemma 5.6 we get 1 < ce. By (37) there is ¢ > O such that |g (s, z, ¥)| <
c for all z € R?. Then by Proposition 2.1 we have

gt
L <e—s) / K(lx — zD)lx — 2| "9dz < et — $)h(8) — 0.

[x—z|>8

Step 4. Let x # y. By (25) and (55) in the first equality, (56) and Fubini’s theorem in the
second, (56) that allows to put the limit in the third equality, and (42), (57), [64, Theorem 7.21]
in the last,

t r t r
///Cf‘"'pﬁz(r—s,x,z)q(s,z,y)dzdsdr://8,¢y(r,x,s)dsdr
0 0

0 0 Rd
t t

rot t
=//3r¢y(r,x,s)drds=/ liI(I)l /8r¢>y(r,x,s)drds=¢>v(t,x)—/q(s,x,y)ds.
e—>0+ -
0 s 0

0 s+e

This ends the proof. O

Corollary 3.15. For all x,y € RY, x # y, the function ¢y (t, x) is differentiable in t > 0 and
0rpy (1,3) = qo(t, x, ) + L ¢y (1, x). (58)

Proof. By (54), (36) and (50) we have

t

¢y(t,x)=/ C]O(V»xay)-i-//ﬁfxpﬁz(r—s,x,z)q(s,z,y)dzds dr

0 0 R4
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t

:/ (qo(r,x,y) +£f‘<“¢y(r,x)> dr.

0

Lemma 3.5 and 3.13 assure that the integrand is continuous and the result follows. 0O
3.4. Properties of p*(t, x,y)

Now we define and study the function

pE(tx,y) = p(t,x,y) + ¢y (2, x)
t
= pﬁ>'(t,x,y)+//pﬁz(t—s,x,z)q(s,z,y)dzds. (59)
0 Rd

Lemma 3.16. Let 81 € (0, B]1 N (0, ap). For every T > 0 there exists a constant ¢ =c(d, T, o,
k2, B1) such that forallt € (0, T], x,y € RY,

/ 18“(t, x, y; 2)|k(x,2)J(2)dz < c,og(t,x —-y), (60)
]Rz!'
K —1[p-1 A
/ /5 (t,x, y: 2)dy| k(x, 2)J (2)dz < ct [h (1/;)] . 61)

R4 |R4

Proof. By (59), and (43) in the case (P1),

t
aka,x,y;w)==5ﬁya,x,y;w>+1/l/8ﬁza-—sgnz;w)qm,a>0dzds.
0 R4

The inequalities result from Lemma 3.4 and 3.12. O
The following result is the counterpart of [16, Lemma 3.7 and 4.2].

Lemma 3.17.

(a) The function p*(t, x, ) is jointly continuous on (0, 00) x RY x R?.
(b) For every T > 0 there is a constant ¢ = c¢(d, T, o, k2, B) such that for all t € (0, T] and
x,yeRe

1P (1, x, y)| < ctpd(t, x — y).

(c) Forallt>0,x,yeRY, x #y,

P (t,x,y)=LEp (t, x,y).
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(d) For every T > 0 there is a constant c = c(d, T, o, k2, B) such that for all t € (0,T], x,y €
RY and ¢ € [0, 1],

|L5% p*(t, x, p)| < epp(t, x — ¥), (62)

and if 1 —ayp < B A ap, then

—1
Ve @ x| <[t arm]| ol x -y, (63)

() Forall T >0, y €[0,11N[0, ap), there is a constant c = c(d, T, 0, k2, B, y) such that for
allt € (0, T and x,x',y € RY,

[P, x,y) = p X', y)| <clx —x'1" At (p(ly(t,x -0 +p2, . x - y)) -

Forall T >0, y €[0, B) N[0, ap), there is a constant c = c(d, T, o, k3, B, ) such that for
allt € (0, Tl and x,y,y € R,

P2, 9) = pE x50 < elly =17 A D (0%, (65 =) + 00, (6,0 = 1)),
() The function L p“ (¢, x, y) is jointly continuous on (0, 00) X R? x RA.

Proof. The statement of (a) follows from Lemma 3.1 and 3.9. Part (b) is a result of Propo-
sition 2.1 and Lemma 3.8. The equation in (c) is a consequence of (59), (25) and (58):

8 (1, x,y) = L3 pr (6, x, ) + L3y (1,x) = L p* (2, x, y). We get (62) by (60). For the
proof of (63) we use Proposition 2.1 and (44). The first inequality of part (e) follows from
Lemma 3.3 and 3.8, and (92), (93). The same argument suffices for the second inequality when
supported by
P (2, y) = P (2 ) <P =y =) = pY (1, =y )]
+1p™ (e, x, ) = p i, x,y)]

and Theorem 2.11. Part (f) follows from Lemma 3.2 and 3.13. O
4. Main results
4.1. A nonlocal maximum principle

Recall that £"*O+f = lim,_, o+ £% f is an extension of £ f := £ f. Moreover, in the
case (P1), the well-posedness of those operators require the existence of the gradient V f.

Theorem 4.1. Assume (P). Let T > 0 and u € C([0, T] x R?) be such that

t—0t r—o0
lu(t, ) —u, )loo —— 0, sup |[u(t, )1}j>rloc — 0. (64)
tel0,T]
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Assume that u(t, x) satisfies the following equation: for all (t,x) € (0, T] x RY,

du(t, x) =L u(t, x) . (65)

If sup,.cpa u(0, x) = 0O, then for every t € (0, T,

sup u(t,x) < sup u(0,x). (66)

xeRd xeRd

Proof. For arbitrary A > 0 we consider u(¢, x) = e Mu(t, x). Then for all (¢, x) € (0, T'] x RY,

81i(t, x) = (= A+ L) (1, x) .

By letting A — O, it suffices to prove that

sup u(t,x) < sup #(0,x) = sup u(0, x), for everyt € (0, T]. (67)

xeRd xeR4 xeRd

Suppose that (67) does not hold. Then #(#, x") > sup,.cpa #(0, x) > 0 for some (¢, x") € (0, T] x
R4, Thus by continuity and (64) the function & attains a positive maximum at some (fy, xo) €

(0, T1 x R%. Consequently, 8,7 (g, xo) > 0, £§’0+ﬁ(to, x0) <0 and

0 < 37 (t0, x0) = (— A+ L) W(to, x0) < —AiL (10, x0) »
which is a contradiction. O

Corollary 4.2. If u1, us € C([0, T x RY) satisfy (64), (65) and u1(0, x) = u(0, x), then u; = u>
on [0, T] x RY.

4.2. Properties of the semigroup (P/);>0

Define

P,Kf(x)=/p“(t,x,y)f(y)dy~

R4
We first collect some properties of Yy * f.

Remark 4.3. We have Y, * f € Cp(RY) for any f € LP(RY), p € [1, o0]. Moreover, Y; x f €
Co(RY) for any f € LP(R?) U Co(R?), p € [1, 00). Further, there is ¢ = ¢(d) such that || Y, *
fllp <cllfllp forall £ > 0, p €[1,00]]. The above follows from Y, € L'(R?) N L>®°(RY)
L7 (R?) for every ¢ € [1, 00] (see Lemma 5.6), and from properties of the convolution.
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Lemma 4.4.
(a) We have Pff € Cb(]Rd) for any f € L”(Rd), p € [1, 00]. Moreover, Pf f € Co(Rd) for

any f € LP(RY) U Co(Rd), p € [1,00). For every T > 0 there exists a constant ¢ =
cd,T,o, k2, B) such that for all t € (0, T] we get

1P fllp <cllfllp.

(b) Pf: Co(RY) = Co(RY), 1 > 0, and for any bounded uniformly continuous function f,
lim [ Pff — flloo=0.
t—0t
(¢) Pf: LP(RY) — LP(R?), t >0, p €[1,00), and for any f € LP(RY),
lim ||Pff — =0.
Tim P = £l

Proof. Part (a) follows from Remark 4.3 and Lemma 3.17. It remains to prove the continuity as
t— 0t. Wefix T >0andlett € (0, T]. By Lemma 3.8, Young’s inequality and Lemma 5.17(a)
we have

t—07"

B
||/¢y(r, YWyl <e[ntam ] s, =5 0.
R4

Then by (59),

1P f = flp < IprRy(tw,y)[f(y)—f(-)]dyllp+ sup /pﬁy(hx,y)dy—l ANy
R4

xeRd

ve[nam] s,

and by (30) it suffices to consider the first term. By Proposition 2.1, Minkowski’s integral in-
equality and Lemma 5.6, for f;(x) := f(x + z), we have

||/pﬁ>'(t, @) = FO]dyllp < 6/ Y@l fe = flpdz
R4 R4

<c / Y@ fe = fllpdz+2¢| fllp / K (IxD)x|™dz < c (e +th®) f1l).

lz|<s |28

where § > 0 is such that || f; — fl, < & for |z| < . This ends the proof. O

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) eee—eee 39
Lemma 4.5. Assume (P1). For any f € LP(RY), p €[1, 00], we have forall t >0, x € RY,
VP F) = [V f Oy, (6%)
R4

and for any f € L°(R?) and all t > 0, x € R?,

t t

Vi /P;‘f(x)ds =/VXPSKf(x)ds. (69)

0 0

Proof. By (63) and Corollary 5.10 for |¢| < h~1(1/1),

1 -1
’g(pk(,,x +eei.y) = prit.x. y))’ o <e[nam] ne=nirol.

The right hand side is integrable by Remark 4.3. We can use the dominated convergence theorem,
which gives (68). Now, for f € L% (R%),

/‘ (p*(s,x +eei, y) — p (s, x, y))‘lf(y)ldy //|3x,P (s, x +0se;, y)|dO| f(y)ldy
RY O
1

-1 -1
c[rtam] [ (oo osendo <e[ntam] T 1l

0

The right hand side is bounded by ¢ [h_l 1/ s)]_1 [l flloo (Remark 4.3), which is integrable over
(0, 1) by (A2) of Lemma 5.3 and oy, > 1. Finally, (69) follows by dominated convergence theo-
rem. O

Lemma 4.6. For any function f € LP(R?), p € [1,00], and all t > 0, x € RY,
LyPf f(x) =/E§ P, x,y) f(dy. (70)
Rd
Further, for every T > O there exists a constant ¢ > 0 such that for all f € LP(Rd), te(0,T],
IL<PEfllp <ct £l (1)

Proof. By the definition, and (68) in the case (P1),

CEPFF(x) = / / 8 (1, x, v: 2 f Ny | ke, 2)J (2)dz. (72)

Rd R4

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

40 T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) see—see

The equality follows from Fubini’s theorem justified by (60) and Remark 4.3. The inequality
follows then from (70), (62) and again Remark 4.3. O

Lemma4.7. Let f € Co(R?). Fort > 0, x € RY we define u(t, x) = Pf f(x)andu(0,x) = f(x).
Then u € C([0, T] x RY), (64) holds and d,u(t, x) = L<u(t, x) forall t, T > 0, x € R?,

Proof. First we show that (i), (ii), (iii) (and (iv) in the case (P1)) of Theorem 1.1 hold true.
Indeed, it follows from Lemma 3.17, Lemma 4.4(b) and (94). Moreover, part (iii) holds with
fo = Y. Except the last part (and one use of Lemma 4.4(b)) we base the proof solely on
the properties from Theorem 1.1. Note that u(¢, x) = fRd pt,x,x —2)f(x —z)dz and we
have |p“(t,x,x — 2) f(x — 2)| < cfo@) | flleo for all ¢ € [tg, T], x € R?. Thus we can use
the dominated convergence theorem and the joint continuity to get u € C((0, T] x R?). The
first part of the statement follows by combining the latter with |u(z,-) — u(0, )||lcc = O,
t — 0% (see Lemma 4.4(b) and (11)). Let & > 0. By previous line there is 7y > 0 such
that |u(t,x)] < |f(x)| + ¢ for all ¢ € [0,19], x € R, while for ¢ € [, T], x € R we have
lu(t, x)| < c(fox|f|)(x), which is an element of C¢ (Rd). This finishes the proof of (64). Finally,
we prove the last part. By the mean value theorem, Lemma 3.17(c), (62), (94) and the dominated
convergence theorem o,u(t, x) = fRd o p“(t,x,y) f(y)dy. Then we apply Lemma 3.17(c) and
Lemma4.6. O

The following result is the counterpart of [16, Lemma 4.3].

Lemma 4.8. For any bounded (uniformly) Holder continuous function f € C Z (RY), n > 0, and
allt > 0, x € R¢, we have fot |LXPE f(x)|ds < 0o and

t

t
L /Ps"f(x)ds :/EﬁPs"f(x)ds. (73)
0

0

Proof. By the definition, and Lemma 4.5 in the case (P1),

t

t
cx f PE f(x)ds = / f / 8 (5. x, y: 2 f (dyds | k(r. 2T (2)dz.

0 R4 \O0 R4

Note that by (72) the poof will be finished if we can change the order of integration from dsdz to
dzds. To this end we use Fubini’s theorem justified by the following. We have | f(y) — f(x)| <
c(ly — x|" A 1) and we can assume that n < «j,. Then

t
// /Sk(s,x,y;z)f(y)dy dsk(x,z)J(2)dz

Rd 0 |Rd

t
< / / / 55, %,y D[ £ ) — FO]dy|dsk(x, 20T @)z

R 0 |Rd
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t
+// /SK(s,x,y;z)f(x)dy dsk(x,2)J(@dz=11 + 1.

RE 0 R4

By (60) we have Ij < ¢ [ [oa pll(s, y — x)dyds, while by (61) L < c fi s~ [h="(1/)]"" ds.
The integrals are finite by Lemma 5.17(a) and 5.15. O

Proposition 4.9. Assume (P). For any f € C}(R?) and all t > 0, x € R,

t

Pffx)— fx)= / PSLE f(x)ds. (74)

0

Proof. (i) Note that £* f € Co(R?) for any f € C3(RY).
(i) We will show that if f € Cé’s(Rd ), then £ f is (uniformly) Holder continuous. To this
end we use [2, Theorem 5.1]. For x, z € R4 define

E f(x)=fx+2)— f(x), Ff)=fx+2—fx)—(z Vi) .

We only consider the cases (P1) and (P3). The case (P2) is similar (see Lemma 5.5). Then

LY f@) = [y Fof 0Ok (3, 2J @dz + [ 5 E<f (0 (y,2)J (2)dz. Using (2), (3), (1) and
[2, Theorem 5.1(b) and (e)],

ILF f(x) = L fFO) < L% £ (x) = L f )|+ 1£% f(x) = LY £ ()]

Lclx —ylf + / |F, f(x) — F. f ()& (y,2)J (2)dz

lz]<1

+ f |E. f(x) — Ex f (0] ic(y, 2T (2)dz

|z|>1

<clx—ylf +elx -y / lzI*v(|z)dz + clx — y] / v(z)dz.

lz|<1 lz|>1

(iii) We will prove that (74) holds if f € Cé’g(Rd). Let ug and u; be defined as in Lemma 4.7
such that uo(0, x) = £* f(x) and u (0, x) = f(x). Further, let

t

'
uy(t, x) := f(x) +fPsK£Kf(x)ds =f(x) +/u0(s,x)ds.
0

0

By Lemma 4.7 for ug we get that u, € C([0, T] x Rd), (64) holds for up and o,;uy(t, x) =
uo(t, x). Using (ii), Lemma 4.8, Lemma 4.7 for uo and [64, Theorem 7.21] we have
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t

t
£§u2(t,x)=£"f(x)+/£§u0(s,x)ds=£Kf(x)+/8su0(s,x)ds
0 0

t
=L fF(x)+ li%l+ / Osuo(s, x)ds = uo(t, x) = d;us(t, x).
e—>
&

Thus we can apply Corollary 4.2 to u1 and u;, which implies the claim.

(iv) We will extend (74) to f € C,%(Rd) by approximation. Take ¢ € CZ° (R?) such that
px)=11f [x] < 1, ¢(x) =0 if |x] > 2 and set ¢,(x) = ¢(x/n). Let {¢,}nen be standard
mollifier such that supp(¢,) C B(0,1/n). Then f,, = (f x¢,) - ¢ € CSO(R‘I) and f, — f,
Vfn — Vf pointwise. Thus E, f,(x) — E,f(x) and F,f,(x) = F,f(x). Further, since
||8)ﬂ(3(f>l<¢>n) loo < ||8)’?f||<>Q for every multi-index || < 2, there is ¢ > 0 such that for all x, z € RY
andn e N,

[Ezfu) <c(lzl A ), |F fu0)] <clzl.

Therefore, L f,,(x) — L f(x) and || £* f,]lco < ¢ < 00. The result follows from (74) for f;, and
the dominated convergence theorem (see Lemma 3.17(b) and 5.6). O

Lemma 4.10. The function p“(t,x,y) is non-negative, fRd pe(t,x,y)dy =1 and p“(t +
S,X,y) = f]Rd pet,x,2)p“(s,z,y)dz forall s,t >0, x,y € RY,

Proof. By Lemma 4.7 we can apply Theorem 4.1 to u; (¢, x) := P} f(x), u1(0, x) := f(x) for
any f € Co(R%) and T > 0. The choice of f < 0 results in u; (¢, x) < 0 and proves the non-
negativity of p“(¢, x, y). Next, given s > 0, y € R, by Lemma 3.17(a)(b) we can take f(x) =
p“(s,x,y). We also consider us(t,x) = p“(t + s, x, y). It is clear from Lemma 3.17(a)(b)(c)
and (62) that u, satisfies assumptions of Corollary 4.2. Hence P/ p(s, -, y)(x) = p“(s +1¢, x,y).
Finally, putting f =1 in Proposition 4.9 we get P1 —1=0. O

4.3. Proofs of Theorems 1.1-1.3

Proof of Theorem 1.3. By Lemma 4.4 and 4.10 the family (P/);>¢ is a strongly continuous
positive contraction semigroup on (LP (Rd), Il -11p), p €[l,00), and (additionally contraction)
on (Co(RY), || - [loo). We postpone the proof of the analyticity. Note that for there exists ¢ > 0
such that for every g € Cg (RY) (resp. g € C 2(R%) and 8ﬂ3g € LP(R?) for every multi-index
IBI < 2),

Ie<el, < 3 o] -
IBI<2 ’

The inequality follows by recovering increments of function g from its partial derivatives,
Minkowski’s inequality and integrability properties of the measure J(z)dz. We also see that
LEf e Co(RY) for f e CZRY) (resp. L<f € LP(RY) for f € C2(RY)). By Proposition 4.9,
Minkowski’s integral inequality and Lemma 4.4, we have for f € CZ(R?) (resp. f € C2(R?)),
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f 1 \ d
Pff— s
L g < [ s -1, S
t vy t

which tends to zero as t — 0%, and ends the proof of 3(a) and 4(a). In order to prove 3(b) and 4(b)
we investigate (A<, D(A¥)) the closure of (A, D(AX)) := (LX, CX[RY)) in (Co(RY), || - [loo)
(resp. (LP(RY), || - [[)). ] ]

Step 1. We show that g € D(AX) and Afg =LYg if g € C(‘)X’(Rd) (resp. g € Cgo(Rd) and
aBg e LP(RY) for every multi-index (B). Take ¢ € CSO(]Rd) suchthat p(x) = 1if [x| < 1, o(x) =
0if |x] > 2 and set ¢, (x) = @(x/n). Then g, =g - ¢, € Cfo(Rd) and for every |§] < 2,

188 (g, — )l < 10P8)(@n — DIy +¢/n,

where ¢ depends only on d, [|3Pg||,, |B] < 1, and [|8P¢ ||, |B] < 2. Then ||g, — gll , — 0 and

1A gn — L5l =1L 80 — LN, <c Y 10 (ga — @),
IBI<2

<e D @P) @ — Dl +¢/n,
IBI<2

which ends the proof of that part.

Step 2. We show that P¥ f € D(AY) and ASPK f = L“PFf forall t > 0 and f € Co(R?)
(resp. f € LP(Rd)). Let {¢,}nen be a standard mollifier such that supp(¢,) C B(0, 1/n). Then
by Lemma 4.4 h, := (P¥ f) * ¢, € CC(RY) (resp. h, € C°(RY) and 9Ph, € LP(R?) for ev-
ery (8) and ||k, — P/ f|l, — 0 as n — oo. By Step 1., the definition ((68), (63) and Remark 4.3
in the case (P1)),

flﬁhn(X)=E'(hn(X)=// /5K(t,x—w,y;z)f(y)dy $n(w)k (x,2)J (z) dwdz .

RIR4 \R4

Using Fubini’s theorem (see (60), Remark 4.3) and (72) we have

ALy (x) — (L5 P f) % ¢u(x)

=// /8K(t,x—w,y;z)f(y)dy (k(x, 2) =K (x —w,2))J (2)dz pn(w)dw.

RIRI \Rd

Let n be large enough so that the support of ¢, is contained in a ball of radius ¢ > 0. By (3), (2),
(60) and Remark 4.3 we get | A<k, — (L*PF f) * ¢l , < cPt V|| f1I, with ¢ independent of
large n € N. We also have by (70), Lemma 3.17(f) and (d), Corollary 5.10 and Remark 4.3 that
LKPF f € Co(RY) (resp. LK PF f € LP(RY) by (71)). Thus || Ak, — L5 P £, — 0 as n — oo,
which ends the proof.
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Step 3. Obviously, ftﬁ C A°, e, D(.,Zlg) C D(A*) and fl" A€ on D(.,Zlg). It remains to
show the converse inclusion. Let f € D(A*) and define f, = PIK/H f.Wehave || f, — fll, = 0.

By Step 2 also f, € D(AX). Since .A“ commutes with P¥ on D(A), we get
IAS fo — A Fllp = 1A fo = A fllp = I Py, A f — A fll, > 0.

This finally gives AK AL,

Now, by Step 2 P¥ is differentiable in Co(R?) (resp. L?(R%)), t > 0, and 0P =A“Pf =
LXPf on Co(RY) (resp LP(RY)) (see [60, Chapter 1, Theorem 2.4(c)]. Therefore, since for all
s >0, y € R?, the function f(x) = p*(s, x, y) belongs to Co(RY) (resp. LP(RY)), parts 3(c) and
4(c) follow. We prove the analyticity. Take numbers M > 1 and @ € R such that the operator
norm || P || < Me®" (see [60, Chapter 1, Theorem 2.2]). Define T; := e P, A=w + 1. It
suffices to show the analyticity of (7;);>0. Note that (7;);>0 is generated by A = (—1 4+ .4*) and
that 7; is differentiable in Co(R¥) (resp. LP(R?)), t > 0, and AT; = (=1 + L)T; on Co(R?)
(resp. LP(Rd)). Then, by (71) for t € (0, 2],

VAT, fllp < IMIT: fllp + UL PE Fllp < QMM +ce® D £l <t M F Il -

Next, by [60, Chapter 1, Theorem 2.4(c)] for ¢t > 2,

VAT, fllp = 1T ATy f Nl p S W= AT fllp < Me™ S Ver 1 fllp <ot ™I £l

We conclude that |AT;|| < Ct~! for all ¢+ > 0. The analyticity follows from [60, Chapter 2,
Theorem 5.2(d)]. O

Proof of Theorem 1.2. All the properties are collected in Lemma 3.17 and 4.10, except for
part (8), which is given in Theorem 1.3 part 3(c). O

Proof of Theorem 1.1. Suppose there is another function p“(¢, x, y) that is jointly continu-
ous on (0,00) x R? x R? and satisfies (10), (11), (12), (13). In the case (P1) we also as-
sume (14). Let f € C°(R?). For t € (0,T], x € RY define u(t,x) = [pa p*(t,x, ) f(V)dy,
u(t,x) = f]Rd P, x,y)f(¥)dy and u1(0,x) = ur(0,x) = f(x). We will justify that Corol-
lary 4.2 applies to u; and us. For u; it follows directly from Lemma 4.7. For u, the proof
is the same as the proof of Lemma 4.7, except for the last part. Thus it remains to show (65)
for u;. By the mean value theorem, (10), (13) and the dominated convergence theorem we get
oru(t,x) = fRd 0; p“(t, x,y) f(y)dy. Now, it suffices to show

£ U (1, x) = / L0 5%, ) F )y (75
R4

Note that in the case (P1) by (14) we get V,iua(t,x) = fRd Vip“(t, x,y) f(y)dy. By Fu-
bini’s theorem, justified by (12), and (14) in the case (P1), for ¢ > 0 we have L{u(z, x) =
fRd LY pE(t, x, v) f(y)dy. Using (13) and the dominated convergence theorem we get (75).
Finally, by Corollary 4.2 u; = u3 on [0, T] x Rd, hence p“(t,x,y) = p“(t,x,y), since f €
Ccx (RY) was arbitrary. O
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4.4. Lower bound of p“(t, x,y)

Lemma 4.11. Assume that there exist T, R, ¢ > 0 such that

Pt x, y) = c [h—‘(l/r)]_d, 1€, T, |x—yl < RR'(1/1). (76)

Then thereis C =C(d, o0, T, R, c) > 0 such that

P -1 —d d
p(z,x,y)zc<[h (1/:)] /\tv(|x—y|)), te(0,T], x,y R

Proof. Let X = (X;);>0 the Feller process corresponding to (P/);>0. By Remark 1.5 (cf. [10,
Theorem 3.21]) for every f € Cg(Rd),

t
M = f(Xr)—f(X)—/EKf(Xs—)ds, 120, (77)
0

is a martingale with respect to the filtration o (X, : s < ). Let A € R? be compact and
fe CCOO(Rd) such that supp(f) N A = . Define a martingale N,f = fot lA(XS_)dMAf. By [66,
Theorem 3.5] we get that

t

N =3 1aX ) F(X) - f 14(X,2) [ F X+ e (Xs—, )T (y)dyds.

st 0 R

Let B C RY be compact and satisty A N B = . Taking f, € C° (Rd) such that 0 < f;; < 1 and
fa 4 15 we get that

t

S L) = [ 1) [ 1aCXe (X T ()dyds

s<t 0 Rd

is a martingale. Therefore, by the optional stopping theorem for every bounded stopping time t©
and compact sets A, B C R4 such that A N B = ¢ we obtain

T

B S 1400 )1p(X,) =B / 14(Xy) / 15X + Y (Xy. I (dyds.  (T8)

O<s<t 0 Rd
We can and do assume that R < 2. Fix M = h~!'(1/T) and let r, = (R/2)h~'(2/1). By Re-
mark 5.2 we stretch the range of scaling in (4) (and (5) in the case (P2)) to (0, M]. For D € B(R?)
we define tp :=inf{r > 0: X; ¢ D} the first exit time of X from D. We claim that there exists
A=XA(d,o, T, R) € (0, 1/2] such that for every ¢ € (0, T],

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

46 T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) see—see

sup P* (tp(x.r, /4y < At) <
xeRd

(79)

N =

By [10, Theorem 5.1] there is an absolute constant ¢; such that for all 7, s > 0 and x € R4

P* (ta(ey <) <cis sup  sup |g(z,6)I,
[x—z|<r [EI<1/r

where g (z, &) is the symbol of the operator £ (see [10, Corollary 2.23] for definition). In the
case (P1), (P2), (P3) we use, respectively, that for every ¢ € R we have |ei‘p —1- iq)1|w|<1| <
2(l@1* AleDjwi<t +2 - Lwj=1, | — 1| <2(l¢| A1) and |1 —cos(p)| < 2(J¢|* A 1). Therefore,
by (1), (2) and Lemma 5.5 we obtain supj¢ <1/, 19 (z, )| < c2h(r) forall z € RY,0<r <M and
some ¢y = c2(d, 0, T, R). Hence

sup P* (Tp(x,r) < 5) < cash(r), 0<r<M,s>0.
xeR4

By r;/4 < M and ca(At)h(ry /4) < 2c20(8/R)* = c3_lk the inequality (79) holds with A = (1 A
c3)/2.

We consider |y — x| > Rh~'(1/t), which implies that |x — y| > 2r;. By the strong Markov
property and (79) we have for ¢ :=inf{s > 0: X, € B(y,3r:/4)},

P (X5 € Bor) 2P (¢ <t sup IX, — Xl <ri/4)
s€lg,¢+At]

(g At Pxf sup |XS—X0|<r,/4)>

YE[O,M]

é' ) inf P*? (TB(Z rejd) > )\.l)

z€R4

1 . _
> 5P (¢ <u) > 3P (XMMB(M) = B(y,r,/2)> . (80)

Noticing that X;_ € A := B(x,r) fors < TB(x,r;) and X & B := B(y,r;/2) for s < tg(x ) We
have

156773 (Xantager,) = > LaXe)1p(Xy).

Sf}‘[/\TB(X,rt)

Thus, by the Lévy system formula (78) we obtain

AMATB(x.rp)
P* (Xisnep) € BO.7/D) =B / 14(X,) / 15(X, + 2 (X, 20 (2) dzds
0 R4
MATB(x,ry /4)
> Koy, 'EF f / v(|Xs —zl)dzds | . (81)

0 B(y.ri/2)
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Let zo be the point on the line segment [x, y] such that |z9 — y| = 3r;/8. Then B(zo,r:/8) C
B(y, r/2) and | X5 — z| < |x — y| if X5 € B(x,r;/4), z € B(zp, 1:/8). Hence the monotonicity
of v and (79) imply that

)\f/\fB(x,r,/ét)
EX / / v(|Xs — z|)dzds

0 B(y.r/2)

S E* [A At 0] f v(lx — yl)dz
B(z0,7:/8)

> M P (TB(x.r 4y = M) |B (20, 11/8) | v(Ix — y))

d
> e [h7'@/D]" vx =y, (82)

Combining (80), (81) and (82) for ¢4 = c4(d, o, T, R) and all t € (0, T1, |x — y| > Rh=1(1/1),

d
P*(Xoy € B(y,r) > cat [ /0] vl = v (83)

Finally, since A € (0, 1/2] we have r; < Rh~1(1/[(1—=M)t]). Therefore, by (76), (83), Lemma 5.3
and the monotonicity of h! we getforallt € (0,T], [x —y| > Rh~! (1/1),

Pt x,y) > / P, x,2)p" (1 =W)t,z,y)dz
B(y’rz)

2P (X5, € B(y,ry)) _inf  p*((1 =M, z,y)
lz=yl<rt

> et [17' @/ vt =y [ ] s vy, o

Proof of Theorem 1.4. (i) Let r € (0, 1] and |x — y| < h~'(1/1). By Lemma 2.2 there is ¢ =
c1(d, v, o) such that

—d
P x ) e [
By Lemma 3.8 with ¢2 = ¢2(d, 0, k2, B),
B
6,1, )] < car(of + p)t.x =) < ear [ /0] P, x =)
B —d
<e[n'am] [ptam]

Thus |y (£, x)| < (c1/2)[A~1(1/6)]7¢ for all € (0, Tyl, where Ty = 1 A [h((2c2/c1)~V/A)171.
By (59) we conclude that for all 7 € (0, Tp] and |x — y| < h~'(1/¢) we have
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K -1 —d
pex ) = /) [t am ] (84)
This ends the proof of this part due to Lemma 4.11.
(ii) It suffices to show that if (76) holds for 7 > 0 and R = 1, then it holds for 37/2 and

R =1 (which allows to obtain (76) from (84) and then apply Lemma 4.11). Let t € [T, 37 /2]
and |x — y| <h~'(1/1), then for r = h='(1/(t — T/2)),

Pt x,y) > / P(T/2,x,2)p"(t—=T/2,z,y)dz

B(y,r)
1 —d
> inf o pTx9IBOL D[ A - T/2)]
[x—z|<2h=1(1/T)
> c(wg/d) inf P(T,x,2) > =cd,v,0,T,c)>0.

lx—z|<2h~1(1/T)
We have used Lemma 4.11 and the positivity of v in the last inequality. Finally, we use that

[/ = h (1017
(iii) The statement follows from part (ii) and Lemma 5.4. O

5. Appendix — unimodal Lévy processes

Letd e Nand v : [0, co) — [0, oo] be a non-increasing function satisfying

/(1 AlxP)v(lx)dx < 0o.
R4
For any such v there exists a unique pure-jump isotropic unimodal Lévy process X (see [3],

[68]). The characteristic exponent ® of X takes the form

d(x) =Re[P(x)] = / (1 — cos (x, z))v(|z|)dz.

R4

For r > 0 we define A (r) and K () as in the introduction, and we let ®*(r) := SUp|; <, Re[P(2)].
Then (see [3, Proposition 2]),

(1/7*)@*(Jx]) < D(x) < D*(Jx]). (85)

It is also known that (see [28, Lemma 4]),

mh(l/r)<d> (r)<2h(1/r). (86)

Note that #(07) < oo (h is bounded) if and only if V(R < 00, i.e., the corresponding Lévy
process is a compound Poisson process. In the whole section we assume that #(07) = co. We
collect and prove general estimates for functions K, & and Y; (see [30, Section 2 and 6]).
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5.1. Properties of K and h

The following properties are often used without further comment.
Lemma 5.1. We have
(1) K and h are continuous and lim, _, oo h(r) =lim, oo K(r) = 0.
2) r2K(r) and r*h(r) are non-decreasing.
3) r_dK(r) and h(r) are strictly decreasing.
@) AM2KOr)<K@) <A 4KOr) and M2h(r) <h(r), A< 1, r > 0.
B) VA ) <h 'w), A >1,u>0.

6) v(r) < (wq/(d+2) ' r 9K (r),
(7) Forall) <a <b < o0,

b

h(b) — h(a) = —fZK(r)r_l dr.

a

(8) Forallr >0,

/ v(d2) <h(r) and / l22v(d2) < r2h(r) .

lz|Zr lz|<r

We consider the scaling conditions: there are «, € (0,2], C, € [1,00) and 6;, € (0, oo] such
that

h(r) < CpA*"h(rr), AL, r <6y (87)
In like manner, there are 8;, € (0, 2], ¢;, € (0, 1] and 6;, € (0, oo] such that
cn AP hor)y <h(r), A<, r <06 (88)

Remark 5.2. If 6, < oo in (87), we can stretch the range of scaling to r < R < 0o at the expense
of the constant Cj,. Indeed, by continuity of %, for 8, <r < R,

h(r) <h@) < Chr (W) < Ch(r/0n)* A% h(hr) < [Ch(R/61)* 1A h(Ar).
Similarly, if 6, < oo in (88) we extend the scaling to » < R as follows, for 6, <r < R,
h(r) = On/ R)*h(Br) > cn O/ ROV h(16y) > len(On/ R)*1WPrh(Ar) .
Lemma 5.3. Let oy, € (0,2], Cp, € [1, 00) and 6, € (0, o). The following are equivalent.
(Al) Forallx < 1andr < 0y,

h(r) < CpA®"h(rr).
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(A2) Forall » > 1 and u > h(6y),
h= ) < (Cp)r T )
Further, consider
(A3) Thereis c € (0, 1] such that for all . > 1 and r > 1/6y,
D*F(Ar) = cA M d*(r).
(A4) There is ¢ > 0 such that for all r < 6y,
h(r)<cK(r).

Then, (A1) gives (A3) with ¢ = 1/(cqCpr), cqa = 16(1 + 2d), while (A3) gives (Al) with C, =
ca/c. (A1) implies (A4) with ¢ = c(ap, Cp). (A4) implies (A1) withap =2/c and Cp = 1.

Lemma 5.4. The following are equivalent.
(A'1) There are Ty € (0, 00], ¢ > 0 such that for all r < Ty,
clrde(r) <v(r).

(A'2) There are T» € (0, 00], ¢z € (0, 1] and B> € (0, 2) such that for all A < 1 and r < T,

AP K <K@r).
(A'3) There are T € (0, 00], ¢3 € (0, 1] and B3 € [0, 2) such that for all A < 1 and r < T,

A By ) <v(r).
Moreover, (X1) implies (A2) with T, =T, c; =1 and By = Bo(d, c1). From (A1) we get
(A3) with T3 =Ty, ¢3 = c3(d, c1) and B3 = B3(d, c1). The condition (N2) gives (A1) with
Ti = (c2/2)Y @ PITs and ¢ = c1(d, c2, o). From (A3) we have (A1) with Ti = Tz and
cr=ci(d,c3, B3).

Lemma 5.5. Let h satisfy (87) with a, > 1, then

d+2)C
2v(zhdz < EE2C Ly, 0.

oap — 1

r<|z|<0h
Let h satisfy (88) with By, < 1, then
d+2

Izlv(|z])dz K ————rh(r), r<6o,.

/ cp(1 = Bp)
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5.2. Properties of the bound function Y;(x)
We collect properties of the bound function defined in (15).

Lemma 5.6. We have

(wd/2)</Tz(X)dx<(wd/2)(1+2/d), 1>0.
R4

Lemma 5.7. Fix t > 0. There is a unique solution ro > 0 of

tK(yr = = /017 = 1,0),
androe[h=1(3/t), h~1(1/1)].
Proposition 5.8. Let a > 1. There is ¢ = c¢(d, a) such that for all t > 0,

Ti(x +2) <cYy(x), if |ZI<[ah_1(3/t)]V%|.

Lemma 5.9. There exists a constant ¢ = c¢(d, oy, Cp) such that for all t > 0 and x € R4,

/ Y, (x — 2)v(z)dz < ct 7' (x) .
lzI=h="(1/1)

Proof. We split the integral into parts. If |z| < |x|/2, then by Proposition 5.8 we get Y;(x —
2)v(|z]) < Yy (x)v(|z]) and we apply Lemma 5.1. If |x|/2 < |z|, then we first simply use Y (x —

7) < [h_l(l/t)]_d and Lemma 5.1 to find a bound by ™! [h_l(l/t)]_d. At the same time
we have Y (x — 2)v(lz]) < Yr(x — 2)v(|x|/2) < Yy (x — 2)K (|x])|x|~?, which together with
Lemma 5.6 give a bound by 1! (1K (|x DIx]=9). Finally, we take the minimum. O

We collect further properties of the bound function under (87).

Corollary 5.10. Let h satisfy (87). For every a > 1 there is ¢ = c¢(d, a, oy, Cy) such that

Y, (x42) <eYo(x), i |z|<[ah_l(l/t)]v%| and 1 <1/h(6).
Corollary 5.11. Let h satisfy (87). Fort > 0, x € RY define
(n='/n1, x| <A (1/0),
(0[()6) = —d —1
tK([xD]x|4, x| >h™(1/1).

Then Y;(x) < @i (x) <cYi(x) forallt <1/h(), x € R? and a constant ¢ = c(ap, Cp).
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Lemma 5.12. Let h satisfy (87). For all B € [0, ap,) and t < 1/ h(6)) we have

C(1+1/6f)
o

— [h—l(l/z)]’3 .

/ (xP A DY () dx < 204
Rd

Proof. If 8 =0, the result follows from Lemma 5.6. Assume that 8 > 0. We have

/ I |BY, (x) dx < / [h_l(l/t)]ﬂ[h_l(l/t)]_ddx:%[h_l(l/t)]ﬂ.

lx|<h=1(1/1) lx|<h=1(1/1)

The integral over the set |x| > h=1(1/1) is bounded by the sum

/ Y, (x)dx + / Ix|P Y, (x)dx .

x>, B (/0 1x <6
Further, we have
r c 5
t
Y, (x)dx gtwde(r)r—ldr= %h(eh) < - [h_l(l/t)] ,
x| =6 O 20

where the last inequality follows from r1/8n=1(r) > Ch_l/’gul/ﬁh_1 (u) forr > u > h(6y), which
is a consequence of (A2) of Lemma 5.3, the assumption 0 < 8 < o, and continuity of 2~ Now
(87) with A = h=1(1/1)/r gives

On
/ Ix|PY, (x)dx <t / x|P~4K (1x]) dx < twy / BV h(r) dr
h=1(1/D< x| <65 h=1(1/D)< x| <6 h=1(1/1)
6 o)

(/7™
S twgCh / P! [M] (1/t)dr < wqCy [h_l(l/t)]ah / rB=1=en qr
r
htam 1/

< % [h*l(l/t)]ﬁ . O

5.3. 3G-type inequalities
Let ¢: [0, 0c0) — (0, 0c0) be non-increasing and such that
A% P (A1) < cp (1), AL, 1 <6y,
for some oy < 1, ¢y € [1,00) and Oy € (0, o0]. For# > 0 and x € R4 we consider

Y (x) =), (x). (89)

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) eee—eee 53

Proposition 5.13. Let h satisfy (87). There exists a constant ¢ = c(d, ap, Cp, ag, cg) such that
foralls +t <1/h(6p) Nbyp, x,y € RY,

Y5 AT () <Xy (x + ). (90)
Proof. First, note that 7 — ¢ (1)[h = (1/ t)]_d and r — r~¢ K (r) are non-increasing. Thus
dO[' /] AdO [ /D] <P s + /2[R /s + )] 77,

and

Kdxh KdyD  K({x|+1¥D/D a2 K(x 45D
|x]4 T el + 1yb/2]t lx + y|?

Since oy < 1 for A < 1 we have ¢ (A1) (At) < cpp ()t on (0, 60,). For s +1 € (0, 0) we get
[p()s]V[p()t] <cgpls+1)(s+1).
Finally,

T AT ) <@ [h /)] Ap@[n /0]
K (Ix]) K<|y|>}

/\ _
x4 Iy

/\c¢(¢(s +1)(s +t)) |:

_ _ K(x +
<o(s + /D[ @2/ + )] A 292y (qs(s F0)(s + t)) Lﬁ”

|x + vl
The inequality follows by scaling conditions for ¢ and #~! (see Lemma 5.3). O

Since we can take ¢ = 1 with (ag, 0y, cy) = (0, 0, 1) we recover the classical 3G inequality.

Corollary 5.14. Let h satisfy (87). There exists a constant ¢ = c(d, oy, Cp) such that for all
s+t <1/hy), x,y R,

Ts() AT (y) S Y (x + ). oD
5.4. Convolution inequalities
Let B(a, b) be the beta function, i.e., B(a, b) = fol s 11 —s5)P~1ds, a, b > 0.

Lemma 5.15. Let 6, nn € R. The inequality

t
/u—"[h—l(l/uw(t —w) N1/ —u)P du <t P, >0,
0

holds in the following cases:
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(i) forall B,y >Osuchthat B/2+1—6>0,y/2+1—n>0withc=B(B/2+1—6,y/2+

1—n),
(i) under (4), forallt € (0,T], T >0, and all B, y € R such that (8/2) A (B/op) +1—6 >0,
(v /2) A (v Jan) + 1 —n > 0 with

¢ = (Chlh~"(1/T) v 113~ Br0+7A0)/en g

x ((B/2) A (Blaw) +1=6.(v/2) A () +1 = ).

Proof. Let I be the above integral. By the change of variable s = u/¢ we get that
1
1-n—6 —n[p-1,-1-1\1" —0[,—1,,-1 —1,1?
I=1 s [h s )] 1—s) [h 11 —s) )] ds.
0
Sinces ' >1land (1—s)"' > 1wehave i1t 1s™ ) <sV2h ¢ Hand ' ¢ (1—5)"1H) <

(1 —)12h=1¢~1). Hence,

1

y+B
[ <t [h_l(l/t)] /sm—"(l — )P0 g5
0

—B(B/2+1—0,7/241—nyt!—1—0 [h’l(l/t)]yw

This proves (i). The cases (ii) follows from Lemma 5.3 and Remark 5.2 that guarantee

[ @ D] <t tasmy vy sy [l
[h—1<r—1(1—s)—1)] <(Cuth™ (1) T) v 1) Plen(1 — sy [h‘l(l/w]ﬂ,
if y <0or B <0, respectively. 0O
B

For y, B € R we consider the function p), defined in (26).

Remark 5.16. The monotonicity of 2~! assures the following,

8 _1 Yi—¥2 d
hao<[n'a/D]" Tehen,  ameO@TIXRL p<n, 02
Py (e x) < PP (8 ), (t,%) € (0,00 xRY, 0B < pr. (93)
Pt x) < P32, x) (t,x)€(0,00) x RY,  A>1. (94)

Lemma 5.17. Assume (4) and let Bo € [0, 1] N[0, ap).

Please cite this article in press as: T. Grzywny, K. Szczypkowski, Heat kernels of non-symmetric Lévy-type operators,
J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.06.013




YJDEQ:9879

T. Grzywny, K. Szczypkowski / J. Differential Equations eee (eeee) eee—eee 55

(a) For every T > 0 there exists a constant ¢1 = c1(d, o, @n, Ch, h_l(l/T) Vv 1) such that for
allt € (0, T] and B € [0, Bol,

fpga, X)dx < eyt [h_l(l/t)]ﬁ .

R4

(b) For every T > 0 there exists a constant ¢ = c(d, Bo, o, Ch, h_l(l/T) Vv 1) > 1 such that
for all By, Ba,ni,na,my,my € [0, Bol with ny,ny < 1 + P2, my < B1, ma < B and all
0<s<t<T,xcRY,

//0631 (t —s5,x — )P (s, 2)dz
R4

na

<af (=o' [t ase=sn]" w57 17 asm] ) s
F(r—s)! [h—l(l/(t —s))]m] o2t x) +57! [h—l(l/s)]m2 o (t,x)].

(¢c) Let T > 0. For all y1,y2 € R, By, B2, n1,n2,mq,my € [0, Bo]l with ny,ny < B1 + B2, m <
B1, ma < Bo and 0, n € [0, 1], satisfying

i+niAm)/2A (1 +n1Am)/ap+1-60>0,
(2 +n2Am)/2A(y2+n2Ama) oy +1—1n>0,
and all0 <s <t < T, x € RY, we have

t

/f(t =)' Pt — 5,5 —2)s" 77 pf2 (s, 2) dads

0 R4

-n—0( 0 0 B2 B1
Ser! (p}’1+)/2+n1 T Pyityatny T Pyityatmy + p71+72+m2)(l’ x), 95

where c3 = c2 (Cp[h~1(1/T) v 112)~0A0+n2A0/en g (k 41— 6, 1+ 1 —n) and

k= yi+nyAm A yit+nyp Am [ = 2 +nyAmy A y2+nyAmy
- 2 ap T 2 ap '
Proof. Part (a) follows immediately from Lemma 5.12 and Remark 5.2. We prove part (b).
Proposition 5.13 with ¢ (f) = t~! provides with ¢ = ¢(d, o, Cp,, =1 (1/T) v 1) > 0,

pS(t —s5,x —2)pJ(s.2)

0 <p8(1_syx_2)+p8(57Z)'
cpo(t,x)

Combining with (see formulas following [16, (2.5)] or use (a + DY <aP +bP, (a+b)A1<
(a@anl)+bBAl)and (an1l)(bA1)<(ab) Al forany B €[0,1],a,b>0)
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(Ix =zl A1) (1212 A1) < (Ix = 2P A )+ (Ix — 2P A L) (Ix1P2 A 1)
(|x _Z|/31 A 1) (|Z|ﬁ2 A 1) < (|Z|ﬁ|+ﬁ2 A 1) + (|x|ﬂ1 A 1) (|Z|ﬂ2 A 1) ,

we have by (93),

Py (t —s.x — 2)p(5.2)
cpd(t, x)

<((x =22 A1)+ (1 =2l A1) (16172 A1) ) B = 5,5 = 2)
+ (=P A1) + (1P A1) (1217 A1) ) pfs, )

pé"*ﬁz(t —s,x =2+ (IxI”2 A1) ,ogl (t—s,x—72) —l—pg'Jrﬂz(s, 2)+ (IxIPr A 1) ,ng(S,Z)
<ot —s.x —2)+ (Ix12 A1) oy (0 = 5,5 = 2) + py2(s. 2) + (IX1PL A 1) 2 (s, 2) .

Integrating both sides in z and applying (a) we obtain (b). For the proof of (c) we multiply both
sides of (b) by

=o' [ty =] s [t agm

integrate in s and apply Lemma 5.15 to reach (c) with a constant

e (ch [h—l(l/T) v 1]2)

xmaxiB(kl+1—9,£/\£+2—n);3(ﬂ/\ﬂ+2—9, ll+1—n>;
o

—(1A0+y2A0) /e

2 2 ay

Bllo+t1-0, 2240 p)ip (B Al 420 +1-9)},
2 a 2

+ + + + + +
where k| = (Vlznl) A ()’lah"l)’ ky = ()/1 2’”1) A (Vlahml) and /] = ()/22"2) A (Vzal1”2) I =

(%) A (%]mz), which by monotonicity of Beta function is smaller than c¢3. O

Remark 5.18. When using Lemma 5.17 without specifying the parameters we apply the usual
case, i.e.,, ny =ny = f1 + B (< Po), m1 = 1, my = Bo. Similarly, if only n1, ny are specified,
then my = 1, ma = Ba.

6. Appendix — general Lévy process
Letd e Nand Y = (¥;),;>0 be a Lévy process in R4 ([65]). Recall that there is a well known

one-to-one correspondence between Lévy processes in R? and the convolution semigroups of
probability measures (P;);>0 on R4, The characteristic exponent W of Y is defined by
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]Eei(x,Y,) — /ei(x,y) Pi(dy) = eft\ll(x) , xe Rd ,
]Rd
and equals
W(x) = (x, Ax) —i (x,b) — / (e"<“> —1—i{x,2) 1m<1) Ndz).
]Rd

Here A is a symmetric non-negative definite matrix, b € R4 and N (dz) is a Lévy measure, i.e., a
measure satisfying

N({0}) =0, f(1 AzPN(dz) < 0.
Rd

We have P; f(x) =E f(Y, +x) and (P;);>0 is a strongly continuous positive contraction semi-
group on (Co(R?), | - |loo) with the infinitesimal generator (L, D(L)) such that C3(RY) € D(L)
and for f € Cé(Rd) we have

Lf = Lf(x)
L
= D A+ (V@) + / (fO+2) = F) = pze1 (2. VF@))DN (2.
i,j=1 e Rd

Note that the above equality on C° (R?) uniquely determines (L, D(L)) and the generating
triplet (A, N, b) (see [65, Theorem 31.5 an 8.1]). We make the following assumption on the real
part of W,

Re[W(x)]

(96)
lx|>o00 log|x|

In particular, N (]Rd) = 00, thus Y is not a compound Poisson process. It follows from [51,
Theorem 2.1] (we only use implication which does not require A = 0) that ¥; has a density
p(t, x) for every t > 0 and

pt,x)=(@m)™ / et gy, p(t,) € CORY). 97)
R4
We denote p(t,x,y) = p(t,y — x) and observe that P; f (x) = fRd pt,x,y)f(y)dy.

Lemma 6.1.

(a) Forall x,y € RY, the function t — p(t, x, y) is differentiable on (0, o0) and
ap(t, x, _ Cily— _
LD o f O (e Y dr = Lop(t,x. y).

R4
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(b) Let ¢ > 0. There is a constant ¢ > 0 such that for all s,t > ¢, x,x',y € Rd,

lp(t,x,y) — p(s, x' ) <c(jt —s|+1x —x']).
(c) Let ¢ > 0. There is a constant ¢ > 0 such that for all s,t > ¢, x,x', y € R4,
IVp@t,x,y) = Vps,x', ) <c(lt—s|+x—x"]).

Proof. (a) Note that for any # > 0 and any # € R such that /2 + h > 0,

dz.

— —h¥(z) _
pt+h,x,y)—pltx,y) :(zn)—d/e—i<y—x,z)e—t\11(z)e o1
h h
R4

The absolute value of the integrand is bounded by |W(z)|e~@/PRel¥@I which is integrable
since |W(2)| < c(Jz]*> + 1) (see [10, Proposition 2.17]). The claim follows from the domi-
nated convergence theorem. The second equality follows from the semigroup property and
(97). Indeed, P, p(t,-, y)(x) = fRd p(h,x,2)p(t,z,y)dz=p(t+h,x,y).Hence L, p(t,x,y) =
lim,_, o+ (p(t + h, x, y) — p(t, x, y))/ h.

(b) By (a) we have
ap(t, x, B
sup u‘ < / |\IJ(Z)|6 e Re[V(z)] dZZC] < 0.
t>e, x,yeRd t
And
ap(t, x,
sup P( Y)‘< max /|Zk|€ aRe[\IJ(z)]dZ_cz<oo
t>e, x,yeRd | OXk | k=L de

These imply the claim with ¢ = ¢ +dc3.
(c) Like above we have %p(t, x,y)=—Qmn)™ fRd eI (7) ke Y@ dz. Then we

32
USe SUP; > . yerd | g7, P(1: %, y) and sup; > . \cpa |3xj—3xkp(t,x, »l. O
We record a general fact which follows from [28, Lemma 4] and Fubini’s theorem.

Lemma 6.2. Let W*(r) := sup; <, Re[W(2)] for r > 0. Then

1
W*(r) )
dr <oco ln<1+|z|>N(dz)<oo.
.
0 R4
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