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Abstract

The quasilinear differential system

x =ax +b|y|p*_2y +k(t,x,y), y/ =c|x|p_2x +dy+1(t,x,y)

is considered, where a, b, ¢ and d are real constants with 2+ 0, p and p* are positive numbers with
(1/p) + (1/p*) =1, and k and [ are continuous for z > #j and small x2 4+ yz. When p = 2, this system is
reduced to the linear perturbed system. It is shown that the behavior of solutions near the origin (0, 0) is very
similar to the behavior of solutions to the unperturbed system, that is, the system with k = = 0, near (0, 0),
provided k and / are small in some sense. It is emphasized that this system can not be linearized at (0, 0)
when p # 2, because the Jacobian matrix can not be defined at (0, 0). Our result will be applicable to study
radial solutions of the quasilinear elliptic equation with the differential operator r= =D ey |B-ayly
which includes p-Laplacian and k-Hessian.
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1. Introduction
In this paper, we consider the quasilinear differential system

x' =ax +bg,(y)+k(t,x,y),

(1.1
y/ :C¢p(x) +dy+l(tsxv y)1

where a, b, ¢ and d are real constants with b2 + ¢ > 0, k and / are continuous for ¢ > 7y and
small x2 + y2, p and p* are positive numbers satisfying

1+ 1 4
p
and, for g > 1, ¢, is defined by
Is|972s, s#0,
(s) =
% { 0, s =0.

We note here that p > 1, p* > 1 and ¢+ is the inverse function of ¢,. Throughout this paper,
we assume that

kv ) =o ((x1P +1517)7) . L) =0 (<|x|" + |y|"*>f*) (1.2)

as |x|? + |y|p* — 0 uniformly in 7 > ¢, that is, given & > 0, there exists § > 0 such that

€1
*

w1 X
lk(t,x, )| <e(x|? +[y[P )P, |t x, »)| <e(|x|P +[y|P)r
for [x|P + IyIP* <é8andt > ty. Then k(¢,0,0) =1(¢,0,0) = 0 for r > #y and system (1.1) has the
zero solution (x(¢), y(t)) = (0, 0). For the zero solution, we have the following result which will

be proven in Section 2.

Proposition 1.1. The zero solution (x(t), y(t)) = (0,0) of (1.1) is unique, that is, (1.1) has no
solution (x, y) such that (x(t1), y(t1)) = (0, 0) for some t; > ty and (x(t), y(t)) # (0, 0).

Remark 1.1. Condition (1.2) of Proposition 1.1 is optimal in the following sense. Gazzola, Serrin
and Tang [12, Corollary 1 and see also Theorem 1 (i)] prove that

(rN—1¢p(u/))/ +}"N_1(—Mm_l + uq—l) — O

has a solution u such that u(r) > 0 on [0, R) and u(r) =0 on [R, c0) for some R > 0, where
N>pandl<m<p<qg<pN/(N — p). Now we set

__r_ _mp=D) , .
x()y=r rmu(r), y@®)=r 7" ¢pu(r)), r=e.
Then (x(z), y(¢)) is a solution of
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m(p—1)
p—m

¥=—Loxigpm, v =—(

+N—1)y+L(t,x), (1.3)
p—m

where

plg—m,

Lt,x)=x""1—e p=m 'x171

We see that (x(t), y(¢)) # 0 on (—o0, log R) and (x(¢), y(¢)) =0 on [log R, o0). Therefore, (1.3)
neither satisfies (1.2) nor has the unique zero solution.

If b2 + ¢2 = 0, then (1.1) is a linear perturbed system, and such a case is not treated in this
paper. When p =2, system (1.1) is reduced to the linear perturbation system

X /_ X k(t,x,y)
(y) _A<Y)+<l(l‘,x,y)>’ (1.4)
a b
Az(c d)'

The study of the linear perturbation theory on differential systems has a long history. For exam-
ple, the following result is well-known. See [3, Theorem 1.1 in Chapter 13].

where

Theorem A. Assume that

k(t,x,y) =0<,/x2+y2), l(t,x,y):o(,/xz-l-yZ)

as x% + y? — 0 uniformly in t > to and every eigenvalue of A has a negative real part, that is,
a+d < 0. Then the zero solution of (1.4) is exponentially stable. Moreover, if (a —d)? +4bc < 0,
then the origin (0, 0) of (1.4) is a stable focus.

It goes without saying that the linear perturbation theory is bringing us great benefits. On the
other hand, the perturbation theory on (1.1) will be applicable to study radial solutions of the
quasilinear elliptic equation with the differential operator »~ =D (+%|u’|#~%u’)’, which includes
Laplacian, p-Laplacian and k-Hessian. For example, Miyamoto and Takahashi [19] transformed
the quasilinear elliptic equation

e 1PNy 4 P =0
into the system

/

X' =qx —qppr (), ¥ =—by+blx|"x,
where g = (—a + B +y)/(p — B) and b =« — B(q + 1). Here, b|x|”~'x is the perturbation

term. See also, Bidaut-Véron [1], Cirstea [2], Flores and Franca [7], Franca [8], [9], [10], and
Miyamoto [18]. In Section 9, we consider the quasilinear elliptic equation
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c

e P u A el =0 i RY {0}, (L)

div(jx|*|Vu|P~2Vu) +

where N > p, g > p > 1 and «, B, ¢ € R. Radial solutions of (1.5) satisfy

c

—(N=1), N—l+a ny
r (r ¢pw)) + p—a

¢p) +rPo,)=0, r>o0. (1.6)

We assume that p >a — B and N — p+«a > 0. By settinga=(p —a+ B)/(g — p), n=
(a+D(p—1,x@)=rur), y@t) =—r"¢,u'(r)) and r = €', equation (1.6) is transformed
into

X =ax —¢p(y), Y =cpx)+ (= N+1=0a)y+¢x). (1.7

Conversely, if (x(¢), y(z)) is a solution of (1.7), then u(r) := r~“x(logr) is a solution of (1.6)
and u/(r) = —ar‘“_lqbp* (y(logr)). In section 9, we apply our results to (1.7). Especially, we
find a continuum of singular solutions of (1.5) with ¢ = 0. Such a result was obtained by Franca
[8] when & = 0 and Troy and Krisner [30] when « = 8 =0 and p =2.

It is natural to expect that the behavior of solutions of (1.1) near the origin (0, 0) is very similar
to the behavior of solutions to the unperturbed system

x'=ax+bg,(y), ¥ =c,(x)+dy (1.8)

near (0, 0), provided k and / are small in some sense. It is emphasized that this system can not
be linearized at (0, 0) when p # 2, because the Jacobian matrix

a b(p* — D|y|P 2
c(p—Dlx|P~2 d

can not be defined at (0, 0).

There are a lot of studies on quasilinear differential equations. Sometimes, however, it can not
be linearized by the nonlinearity of its differential operator. To overcome such a problem, it is
worthwhile to investigate the perturbed system (1.1).

The system (1.8) is studied in [6], [22] and [27]. The nonautonomous case is treated in [5],
[13], [14], [15], [16], [17], [20], [21], [23], [24], [25], [26], and [29]. These studies succeeded in
generalizing results on linear systems. Especially, in [22], the function

JFA) =dp(t —a)l(p— DA —d] - ¢,(b)c (1.9)
1
= [plk —al? + (pa — p*d)p,(A —a) — p*¢p(b)c}
is introduced and it is found that the equation

fR)=0 (1.10)

plays the role of the characteristic equation for (1.8). Moreover, (1.10) and its root are regarded
as generalizations of the characteristic equation and its eigenvalue, respectively. According to
[22], we define the following constants
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p

Ti=a+d, D:=¢ya)d—¢,b)e, A::‘%—% +¢p(b)e.

In the case where p =2, setting A = (i 2), we find that T =trA, D = det A and

4A = (a — d)? + 4bc = (trA)*> — 4 det A,

which is the discriminant of the characteristic equation

A—a)(A—d)—bc=0.

By the proof of Proposition 1.3 in [22], we find that
min SF)=fT/p)
Since f(0) = D, we note that

D> —A. (1.11)
The following two results are obtained in [22, Proposition 1.3 and Corollary 1.1].
Proposition B. The following (1)—(iii) hold:

(1) if A <O, then (1.10) has no real root and f (L) >0 on R,
(i) if A =0, then (1.10) has a unique real root A =T/p and f(X) >0 on (—oo0,T/p) U
(T/p,o0);
(iii) if A > 0, then (1.10) has two real roots .1 and Ay with A1 < Ay, f(X) <0 on (A1, Ap), and
f() >0o0n (—o0, A1) U (X, 00).

Moreover, in the case A > 0, the following (a)—(c) hold:

(@) if D <0, then .1 <0 < Ag;
®) if D>0and T <0, then L; < Ay <O0;
©) if D>0and T >0, then 0 < A1 < .

Theorem C. The origin (0, 0) of system (1.8) is classified as follows:

(1) if D <O, then (0,0) is a saddle;

@) f D>0, A>0and T <O, then (0,0) is a stable node;
(i) if D >0, A>0and T > 0, then (0, 0) is an unstable node;
(iv) if A <0and T <O, then (0,0) is a stable focus;

V) if A<OQand T =0, then (0, 0) is a center;
vi) if A <Qand T > 0, then (0, 0) is an unstable focus.

The main results of this paper are as follows.
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Theorem 1.1. Assume that T < 0 and D > 0. Then the zero solution of system (1.1) is exponen-
tially stable.

Theorem 1.2. Assume that T < 0 and A < 0. Then the origin (0, 0) of system (1.1) is a stable
focus in the following sense. The zero solution of system (1.1) is exponentially stable and ev-
ery solution (x(t), y(t)) near the origin is rotating infinitely around the origin in a clockwise
[respectively counter-clockwise] direction as t — oo when b > 0 [respectively b < 0].

Theorem 1.3. Assume that T <0, D > 0 and A > 0. Then the origin (0, 0) of system (1.1) is
a stable node in the following sense. The zero solution of system (1.1) is exponentially stable,
(1.10) has two real roots A1 and Ay with A1 < dy < 0, and every solution (x(t), y(t)) of (1.1)
near the origin satisfies

lim $27 O _Xi—a (1.12)
t—oo  x(t) b

for some i € {1,2} when b # 0, and

B - a-d
t—oo  y(t) c

when b = 0. Moreover, for every solution (x(t), y(t)) of (1.1) near the origin and each ¢ > 0,
there exist t| > ty, i € {1,2} and Coy > 0 such that

Coe? M= < [x()]P + [y < Coe?* .t =1, (1.13)

and, in particular, if b # 0, then there exist C1 > 0 and C> > 0 such that
Ci1e% ™" < |x(1)] < Cre™it | 1>, (1.14)
Remark 1.2. In Theorems 1.2 and 1.3, a focus and a node may be not standard ones, respectively.
Namely, the focus in Theorem 1.2 might not have the topological conjugation property to the

unperturbed system, and the stable manifold in Theorem 1.3 might not be 1 dimensional.

Remark 1.3. We can consider the case where t — —oo in the following way. If (x(¢), y(¢)) is a
solution of (1.1) on (—o0, fp], then (x(—t), y(—t)) is a solution of

)C/: —ax _b¢p*(y) _k(_t9x1 y)9 y/ = _C¢p(x) _dy _l(_tvx’ y)
on [—1fg, 00).

The existence of a local solution (x(¢), y(¢)) to (1.1) with an initial condition (x (ty), y(#p)) =
(x0, yo) is guaranteed by the Peano existence theorem. By a standard argument on a general
theory on ordinary differential equations, the solution (x(¢), y(¢)) is continuable whenever it is
bounded.

When the origin (0, 0) is a saddle, we need more assumptions. We consider the autonomous
differential system
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X =ax +bgp () + k(. y). ¥ =cp) +dy +1(x,y), (1.15)

where a, b, ¢ and d are real constants with b2 + ¢ > 0, k and [ are continuous in the neighbor-
hood of (0, 0), p and p* are positive numbers satisfying (1/p) + (1/p*) = 1.

Theorem 1.4. Let D < 0. Assume that k and | are continuous in the neighborhood of (0, 0) and
x_ 2 *
k) =o (Qx1P 4131797 ). 16 y) =o (ll? + 1y17") (1.16)

as |x|? + |y|1’* — 0. Then the origin (0,0) of system (1.15) is a saddle in the following sense.
Equation (1.10) has two real roots L1 and Ay with A1 < 0 < Ay, and there exists 6 > 0 such that
every solution (x(t), y(t)) of (1.15) with 0 < |x(¢1)|? + ly()|P" < 8 for some t| € R satisfies
one of the following (1)—(iii):

(i) there exist to and ty such that to < t; < tr and |x(t;)|P + |y(t)|P" > 8 fori =0, 2;
@) (x(@),y@®)— (0,0) ast — oo and

O O0) _hi—a

A =20 = when b # 0,
1
m M:O when b =0, a >0,
t—00 y(t)
fim 2280 _(p=bDa=d L 0 a<o,
(=00 y() ¢

and for each & > 0, there exist ty > t; and Cy > 0 such that
Coe? M= < x| + [y(DI7" < Coe? P, 1 21y,
and, in particular, if b 3£ 0, then there exist C1 > 0 and C, > 0 such that
Cre™ = <|x()] < C2eM1* 1> 1y
>iii) (x(1), y(@)) — (0,0) ast - —oo0 and

$p- (1) _h2—a

Jim S = when b # 0,
t — Da —
bp(x( ))=(p Ja—d whenb =0, a >0,
t——oo  y(t) ¢
t
m M:O whenb=0, a <0,

t——o00  y(t)
and for each € > 0, there exist to <t} and Cy > 0 such that
Coe? P2 < [x(1)IP + |y()|P” < Coe? P27, 1 <1y,
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and, in particular, if b # 0, then there exist C1 > 0 and C> > 0 such that
C1e™2 N < x(0)] < C2e™7", 1 <10,
Moreover, there exist solutions (x(t), y(t)) of (1.15) satisfying each one of (ii) and (iii).
Remark 1.4.If D <0 and b =0, then a # 0.

In Section 2, the generalized Priifer transformation is introduced and the proof of Propo-
sition 1.1 is given. In Section 3, we give lemmas which play crucial roles in this paper. In
Sections 4, 5 and 6, we consider the cases where A <0, A > 0 and A = 0, respectively. In
Section 7, we prove Theorems 1.1, 1.2 and 1.3. In Section 8, we give a proof of Theorem 1.4. In
Section 9, we consider radial solutions of (1.5) and apply our results to (1.7).

2. Priifer transformation
Let p > 1. A generalization of the classical trigonometric functions, denoted by sin, and

cos,, is well-known. See, for example, [4], [5], [6] and [28]. The function sin,, is defined as the
solution of the initial value problem

(@p(S))' +(p—D¢p(8) =0, S0)=0, §O0)=1.
The function sin,, is defined on R and is periodic with period 27, where 7, = 27t /(p sin(z/ p)).
Further, sin, x is an odd function having zeros at x = jm,,, j € Z; it is positive for 2jm, <x <
(2j + Dmp, j € Z, and negative for (2j + 1w, < x <2(j + Dmp, j € Z. The function cos, is
defined by cos, x = (sinj, x)’. Then

sin,(x +7mp) = —sinp x, COSp(x +7)p) = —COSp X, 2.1
(¢p(cospx)) =—(p — D¢pp(sinp x)
and
(cos, x) = (¢p+(¢p(cosp x))) = —|cos, x|2_p¢p (sinp x) (2.2)
if cospx #0or 1 < p <2.Since
(Isin, x|? + | cos, x|P) = (| sin, x|P + |¢p(cos), x)|p*)’ =0,
the generalized Pythagorean identity holds:
[sin, x|? + |cos, x|V = |sin, x|P + |¢p(cospx)|p* =1, xeR (2.3)
Hence,
[sin, x| <1, [cospx| <1, xeR
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Now we make use of the generalized Priifer transformation, which was first introduced by

Elbert [5]. Let (x, y) be a non-zero solution of (1.1). We define the functions r and 6 by

x(t)=r@)sin, (), y@)=¢,r()cos,o(t)),

where

r(t) = (X017 + [yOIP) 7 > 0.

Then

pr@)’ ' @) = 1)’
= (xOI” + |y
= ppx()X'(1) + p*op (y(1)y' (1)
= palx()|” + (pb + p*)pp(x ()P p+ (y(1)) + p*dly(®)|””
+ pop(x()k(t, x (1), y()) + p*dpr (Y (), x (1), y(1)).
Now we use the notation:
G(0) := palsin, 0| + (pb + p*c)¢,(sin, 0) cos, 0 + p*d|cos, 0|7;
F(0) := pb|cos, 0|7 + (pa — p*d) sin, 6¢,(cos, 0) — p*c|sin, 0|7;
K(t,r,0):=k(t,rsin, 0, ¢,(rcos,0));
L(t,r,0):=1(t,rsiny 0, ¢, (r cos, 0)).

We find that
1 *
= ?Lp[lmlxlp + (pb+ p*c)pp(X)dp (y) + p*d|yl” ]

411G, (k1 x. y) + %rl—f’w(y)l(r, )

1 1
= —GO)r + ¢p(sin, O)K (1,1, 0) + lrz_p cos, OL(t,r,6).
p p-

From (2.4) it follows that
x' =r'sin, 6 4 ro’ cos, 0
and

Y = (P ¢, (cos,0))
=(p— DrP= 2 ¢p(cos, 0) — (p — DrP=10/¢ (sin ), ),

which imply
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r g, (cos, 0)x' — lrl_p sin, 0y =0'.

Hence, by (1.1), we have

0 = r_ld)p(cos,, 0)larsin, 0 + brcos, 0 + K(t,r,0)]

1
— 1r1—P sin, O[ce, (r siny, 0) +dg,(r cos, 0) + L(t,r,0)]
p—

1 1
=—F()+r '¢p(cos, K (t,r,0) — 1r1—1’ sin, OL(t,7,6).
p

Consequently, a solution (x, y) of (1.1) satisfying (x(¢), y(¢)) # (0, 0) is transformed to a solu-
tion of the system

1 1
r'=—G@O)r+Mt,r0), 0 =—F@O)+N{t,r0), (2.5)
p p

where

M(t,r,0) :=¢,(sin, O)K (t,7,0) + (p* — )r*"Pcos, OL(t,r,6),
N(t,r,0) :=r""¢,(cos, O)K (t,r,6) — (p* — r' "Psin, OL(t,r1,6).

Lemma 2.1. Given ¢ > 0, there exists 6 > 0 such that M and N are continuous for t > to,
0<r<25and® €R, and

IM(t,r,0)| < p*er, |N(t,r,0)| < p*e (2.6)
forO<r <§andt >t
Proof. Let ¢ > 0. Then there exists § > 0 such that

IK(t,r,0)| <er, |L(t,r,0)] <erP™!
forO<r <éandr >ty Hence,if 0 <r <§ and t > g, then

[M(t,r,0)| < |¢p(sin, O)||K (t,7,0)| + (p* — 1)727P|C05p9||L(l,V, 0)]
<er+ (p* = Dr2 Perp!
= per

and

IN(t,7,0)| <r Y, (cos, MK (t,r,0)| + (p* — Dr'=P|sin, 8||L(z, 1, 60)]
<rler+ (p* — Drl=Perp~!

*

=pe 0O
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Lemma 2.2. Let (r(t), 0(t)) be a solution of (2.5) and let I be the maximal interval of the exis-
tence for (r(t),0(t)). If r(t;) > 0 for some t; € I, thenr(t) >0on I.

Proof. Assume that there exists #, € I such that r () = 0. Let ¢ := 1/p*. By Lemma 2.1, there
exists § > 0 such that M(t,r,0) <r for 0 <r <§ and t > ty. Since r(t) = 0, there exists an

interval J C I such that 0 <r(t) <6 on J and 0 < r(t3) < § for some t3 € J. Since G(0) is
periodic, we can take constants G| > 0 for which

|G@O)| <G, for6eR.
Set C :=(G1/p) + 1. From (2.5) it follows that
—Cr(t) <r'®)<Cr(@), tel,
that is,
“'r(1) =0, (e “'r@)) <0, tel.
Hence, if t <t and r € J, then
eClr(t) <e“r(n) =0
andift >t and t € J, then
e Clrt) <e 2r(n) =0.
Consequently 7(#) <0 on J. This contradicts the fact that r(13) > 0and 3 € J. O
Proof of Proposition 1.1. Proposition 1.1 follows from Lemma 2.2 immediately. O
3. Crucial lemmas
The following lemma has been obtained in [22, Lemma 4.1].
Lemma 3.1. The functions F(0) and G(0) satisfy F'(0) = —pG(©) + pT.
Since F'(0) and G () are periodic, we can take constants 1 > 0 and G > 0 such that
|[F(O)| <Fi, |G@O)| <Gy foréeR. 3.D
The following two lemmas play crucial roles in this paper.

Lemma 3.2. Let F| and G be constants as in (3.1). Assume that b 20, T < 0 and that there
exist constants Fy > 0, «, B such that o < 8 and

|F(O)| = Fo, 0¢€la, Bl
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Let ¢ > 0 satisfy T + Coe < 0, where

*

pp
Fy

Co:= (Fo+IT|+ G, (3.2

and let § > 0 be as in Lemma 2.1. Then every solution (r(t),0(t)) of (2.5) with 0 <r(t]) <
(Fo/Fl)l/pS and a < 0(t1) < B for some t| > tq satisfies

1/p
0<r(t)<r(n) <?> eT+Coe)t=1)/p _ §,(T+Coe)(t—11)/p (3.3)
0

fort ety tr), where tr =sup{s >t :a <6(t) < Bon[t1,s)}.
Proof. Let (r(¢),0(t)) be a solution of (2.5) with
0<r(n) < (Fo/FD'P8, a<6(t) <§.
Since 0 < Fy < Fi, we note that
(Fo/ F)'/P8 <.
Define ¢, > 1 by
tyi=sup{s >t :0<r(t) <3, a <6(t) <ponlt,s)}.

Then #; < t, <t;. Lemma 3.1 implies that

d p p p—1
7 ((r(t)) F(G(t))> =T@E@) FO@)+ pr@E)’ " FO@)ME,r¢),0())
+pr)P[T — GO@)IN(t,r(),0(1)).

We note that F'(8) >0 or F(f) <0 on [«, B]. We define o by

+1, if F®) > 0on[a, Al,
—1, if F(0) <0on [a, B].

Set

w(t):= @)’ FO®) =)’ |FO@)| >0, telt,t).
Then
w'(t) =Tw(t) + p(r@)P " IFOW)M . r(t).0(1) + opr())’[T — GOIN (L, r (1), 0(1)).
From (2.6) it follows that
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pr@)P " NFOW)IM, (1), 6())
+op(r)PIT — GO)IN(t,r(1),0(1))

< pr@)?"~ M@, r(0), 6@)|IF (6 (0))]
+ pr)’(TI+IGO)DIN (2, r(1),0(1))

ITI+G

< pp e(rM)’IFOM)] + TIPP*S(r(t))”IF(Q(t))I

= Coew(t), telt,ty).
Hence,
w'(t) < (T + Cog)w(t), teln,t),
that is,
(e THCOT=1y, (1)) <0, 1€t 1s). (3.4)
Integrating (3.4) on [#1, t], we have

w(r) < eT Ty (1) = THCOC=I) (G (1)) P| F(0(11))]

< THCO=) (1 )W Fy, 1 e[, ).
Thus

(r (17))P FeT+Coe)t—11) P
p R
(r@)” = FOQ)] < (r(r)) 7

< 8PTHCOOU=1) = 1y 1,).

e(T+C0€)(t7t|)

Consequently, recalling Lemma 2.2, we obtain (3.3) for 7 € [#1, t,). This shows that ¢, =1, and
completes the proof. 0O

Lemma 3.3. Let Fy and G| be constants as in (3.1). Assume thatb #0, T <0 and |F(0)| > Fy
on R for some Fy > 0. Let ¢ > 0 satisfy T + Coe < 0, where Cy is a constant defined by (3.2)
and let 6 > 0 be as in Lemma 2.1. Then every solution (r(t),0(t)) of (2.5) with 0 <r(t]) <
(Fo/F)Y/?8 for some t| > tq satisfies

0< I"([) < (Se(T"‘COs)(l—Tl)/1’7 t>1.

Proof. By Lemma 3.2, we obtain (3.3) whenever 6(¢) is bounded. We assume that there exists
t3 > t1 such that 6(¢) is bounded on [#1, s] for each s € (¢, t3) and

limsup [0(¢)] = oco. (3.5)

t—>ty
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Since (3.3) holds on [t1, s] for each s € (#1, t3), we note that 0 < r(¢) < § for t € [t1,13). By (2.5),
we have

’ F *
0°()] < ) +pie=:C1, teln,n).
Hence,
0() —Ci(t —1) <0(1) <0(r) +Ci1(t —11), €[, n3).
This contradicts (3.5). Therefore, (3.3) holds on [f;, 00). O

4. Case A <0

In this section we consider the case A < 0. We note that b # 0, provided A < 0, by the
definition of A. The following lemma is obtained in [22, Lemma 5.1].

Lemma 4.1. Assume that A < 0. Then bF(0) > 0 for 0 € R.

Theorem 4.1. Assume that T < 0 and A < 0. Then there exist § > 0, p > 0 and u > 0 such that
every solution (r(t), 0(t)) of (2.5) with 0 < r(t1) < pé for some t| > to satisfies

0<r(r) <8e M= >y 4.1)
and bO(t) — o0 as t — Q.

Proof. Since F(6) and G(0) are periodic, Lemma 4.1 implies that there exist constants Fp > 0,
F1 > 0and G > 0 such that

Fo<|F@®)|<Fi, 1G@O)|<G; for6eR. 4.2)
We take ¢ > 0 satisfying T 4+ Cpe < 0 and pp*e < Fy, where Cy is a constant defined by (3.2).
Recall b # 0 by A < 0. By Lemma 2.1 and 3.3, there exists § > 0 such that (2.6) holds for
0 <r <é and t > ty and that every solution (r (), 6(¢)) of (2.5) with 0 < r(#;) < pé for some
11 > 1o satisfies (4.1), where p := (Fo/F1)"/? and . := —(T + Cope)/p > 0.
Let (r(t),6(t)) be a solution of (2.5) with 0 < r(t;) < pd. Lemma 4.1 shows that bF () =
[bF(0)| = |b||F ()] for 6 € R. Hence, from (2.5) and (2.6), it follows that

1 1
o' (t) = ;IbIIF(Q(t))I +bN(1,1,0) = ;IblFo — |blp*e=tco >0

for t > #1. Integrating these inequalities on [¢1, ¢], we obtain

bo(1) = bO(11) + cot —t1), =1,
which shows that b0 (f) - coast —oco. O
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5. Case A>0

In this section we consider the case where A > 0. Assume that b # 0. Since cos, 6/ sin), 0 is
strictly decreasing on (0, 7)), we have

. cos,0 . cosp 6
Iim — =00 and Iim — = —00.
9—0* siny 0 6, Sinp 0

Therefore, for each Ag € R, there exists a unique 6 € (0, 7,) such that

bcosy, Oy
——— ta=ho. G.D
siny, 6o

Lemma 5.1. Assume that b # 0. Let Lg be a real root of (1.10) with Ao # 0 and let 6y € (0, 7))
satisfy (5.1). Then G(6p) = pho.

Proof. Since cos), 0y = b= —a) sin, 6p, we find that
G (6p) = palsin, 6p|” + (pb + p*c)¢,(sin, 00)b" (o — a) sinp, 6o

+ p*d|b~" (ho — a) sin,, 6|7
= |b|™P|sin, 6p|” g (ro),

where
g == p*d|r —a|’ + ¢, (b)(pb+ p*c)(A —a) + palb|?

=p*d(k —a)pp(A —a) + p|b|’ (.. — a) + p*¢p(b)c(r — a) + pa|b|”
=p "k —a)ldp(A —a) + ¢, (b)cl + plb|"A.

Note that f(Ag) = 0 is equivalent to

dop(ho —a) + ¢p(b)c = (p — Drogp(ho — a).
Hence,
g(ho) = p* (Ao —a)(p — Drogp(ro —a) + plb|P 1o
= pho(lro —al? + 1b|7).
Consequently,
G(0o) = |b|™P|siny, 6o|” pro(|ro —al?” + |b|7)
= pk0(|b_1(ko —a)siny 6p|P + |siny, 6o|7)

= pro(|cosp, 6p|” + | sinp, Op|”)

=pip. O
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In this section, hereafter, we assume that T <0, D > 0, A > 0 and b > 0. Proposition B
implies that (1.10) has two real roots A1 and A with A1 <A <0, f(A) <0 on (A1, A2), and
f) >0on (—o0, A1) U (A2, 00). We can take 01, 6, € (0, 7rp,) for which

beos, 6;
T L a=ay, i=1,2. (5.2)
sin, 0;

Then0 <6, <0; <.
In this section we prove the following result.

Theorem 5.1. Assume that T <0, D >0, A > 0 and b > 0. Let A1 and Ay be two real roots of
(1.10) with A1 < A <0, and let 61, 0, € (0, 7rp) satisfy (5.2) and ty > to. Then, for each ¢ > 0,
there exist § > 0 and p > 0 such that every solution (r(t),0(t)) of (2.5) with 0 < r(t;) < pd
satisfies

0 < r(tz)e()hi_a)(l_n) < r(t) < r(tz)e()hi‘i'g)(t_tZ) < 86(}\1‘4‘8)0_&)7 t > tz’
lim 6(t) =6; + jmp
11— 00
for some trp > t1,i €{1,2}and j € Z.

Recalling (2.1), we note that F'(8) and G(0) are periodic with period 7, by (2.1). Thus
F(jrp) = pb>0for j € Z. Since

F ) p*|sin, 6|7 bcos), 0 n iy - 53)
= s Tp, , .
() sin, 0 J7ps ]
it follows that
FO1+ jn,)=F@O,+ jn,) =0, jelZ, (5.4)
F6) <0, 6O+ jmp. 01+ jmp). j €L, (55
F@©)>0, 0€(O+jmp, 6+ (+ Dmp), jeL (5.6)

Lemma 5.1 implies that
G@©6) <0, i=1,2.
Let o > 0 be an arbitrarily sufficiently small number. Then

[0 —0,00+0]N[0) —0,0) +0]=0,
GO)<0, 0€[bp—0,00+0]U[O] —0,0) +0].
There exist o > 0, w1 > 0 and Fy > 0 such that g > @ and
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=GO <—u1, O€lbh—0o,b+o]U[0) —0,01+0],
FO)<—-F, 0€l0+o0,01—0],
F@O)=Fy, 6€l[b1+o—mp,0,—0l
We take constants F; > 0 and G| > 0 satisfying (3.1). Let ¢ > 0 satisfy T + Coe < 0, 2pp*e <
wu1 and 2pp*e < Fy, where Cy is the constant defined by (3.2). Let § > 0 be as in Lemma 2.1.
For j € Z, we define sets Pj, Qj, Rjand §; by

Pi:={(r0):0<r=<é, h+to+(—Dr,<0=<6—0+jmp},
Qj:={(r0):0<r<8, h—0o+jm,<0<6r+o0+jmyl,
Rj:={(r0):0<r <6, b+o+jn,<0=<60i—0+ jmp},
§;:={r0):0<r=<d, -0+ jn,<0=<61+o0+jmp}

Lemma 5.2. Let (r(t), 0(t)) be a solution of (2.5) and let j € Z. Then the following (1)—(iii) hold:
(i) If (r(1),6(1)) € Q; US;, then

P < —Elr) <0
2p

(i) If (r(1),0(t)) € Pj, then 0'(t) = Fo/(2p) > 0;
(i) If (r(),0(1)) € R}, then 0/(t) < —Fy/(2p) < 0.

Proof. From (2.5) and (2.6), it follows that if (r(¢),0(¢)) € Q; U S;, then
1)< =Broy+ preray < By + By = — B ) <o,
p p 2p 2p

and that if (r(¢), 0(¢)) € P;, then

F, F

0'(t) > =2 — p*e > — >0,

p 2p
and that if (#(¢), 8(t)) € R}, then

F F,

() <-4 prfe<—-2<0. O
p 2p

Lemma 5.3. Let (r(t), 6(t)) be a solution of (2.5) and let t| >ty and j € Z. If (r(t1), 6(t1)) € P;
and 0 < r(t)) < (Fo/F1)'/P8, then (r(t2),0(1)) € P; N Q; for some 1, € [t1,00), and hence
0(r) =0 — 0 + jmp.

Proof. Itis enough to consider the case where (v (1), 0(t1)) ¢ P; N Q. Let

tr:=sup{s >t :(r(),0(t)) € P;, t €t1,s)}.
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From (ii) of Lemma 5.2, it follows that 6 (¢) is strictly increasing on [#1, t2) and
Fo
0(t) = 6(t1) + 50 —1), teElt, n). (5.7

Hence f, < oo. Indeed, if #», = oo, then 6(t) — oo as t — oo by (5.7), which means that
(r(13),0(13)) ¢ P;j for some t3 € (t1, 00). This is a contradiction. Then Lemma 3.2 implies that

0 <r(t) <8 THC=/P <5t c (1, 1),
which shows that 0 < r(r2) < 8. Consequently (r(72),0(t2)) € PN Q;. O
By the same argument as in the proof of Lemma 5.3, we obtain the following result.
Lemma 5.4. Let (r (1), 6(t)) be a solution of (2.5) and let t| > tg and j € Z. If (r(t1),0(t1)) € R;
and 0 <r(fh) < (Fo/Fl)l/pS, then (r(t2),0(t2)) € Q; N R for some t; € [t1, 00), and hence

0t)=0+o0+ jmp.

Lemma 5.5. Let (r(t), 0(t)) be a solution of (2.5) and letty > to and j € Z. If (r(11),0(t1)) € Q;,
then (r(t),0(t)) € Qj and 0 < r(t) < 8e M1 U=/CD) for ¢ > 1.

Proof. Let t; :==sup{s > 1, : (r(t),0(t)) € Qj, t € [t1,5)}. We will show that #, = co. Assume
that o < co. From Lemma 5.2 it follows r(¢) is decreasing on [#1, #]. Thus Lemma 2.2 shows that
either (r(2), 0(12)) € Pj or (r(t2),0(t2)) € R;. If (r(2), 0(r2)) € P}, then it must be that 6’ (#) <
0. However, Lemma 5.2 implies that 6'(r2) > 0 when (r(12), 0(r2)) € P;. This is a contradiction.
When (r (1), 0(t2)) € R, we can derive a contradiction in the same way. Therefore, #, = co. We
conclude that (r(¢),6(t)) € Q; fort > t; and

F0 < -2y <0, t>1,
2p

by Lemma 5.2. Hence, (e#1~")/CP)r (1))’ < 0 for t > t1, which shows that
MRy <r(1y) <8, 1=11.
Consequently, 0 < r(t) < §e~*1U=/CP) fort > 1. O

Lemma 5.6. Let (r(t), 0(t)) be a solution of (2.5) and let ty > to and j € Z. If (r(t1),0(t1)) € S;
and 0 < r(t1) < (Fo/ F1)'/P8, then one of the following (i)—(iii) holds:

(i) (r(1),0() € S; and 0 < r(t) < §e=H0U=1/CP) for t > 1y;
(i) (r(t2),0(t2)) € R; and r(t2) < (Fo/F1)'/?$§ for some t, € [t1, 00);
(i) (r(12),0(t2)) € Pj11 and r(t) < (Fo/F1)'/P8 for some t, € [t1, 00).

Proof. Let ) :=sup{s > 1 : (r(t),0(t)) € Sj, t €[t1,5)}. If rp = oo, then we conclude that
0 < r(r) < 8e~*1=1)/CP) for t > 11, by the same argument as in the proof of Lemma 5.5, and

hence (i) holds. Suppose that ; < co. From (i) of Lemma 5.2, it follows that r(f) < r(#;) <
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(Fo/Fl)l/”(S < 4. Recalling Lemma 2.2, we have r(t;) > 0. Therefore, (r(22),0(t2)) € R; or
(r(n),0(12)) € Pit1. O

Now we are ready to prove Theorem 5.1.
Proof of Theorem 5.1. Set p := (Fo/F;)"/? and 1 := u1/(2p). Let (r(z),0(r)) be a solution
of (2.5) with 0 < r(#]) < pé for some t; > ty. Then, by Lemmas 5.3, 5.4, 5.5 and 5.6, there
exist o > t; and j € Z such that, for t > t2, (r(t), 0(¢)) satisfies 0 < r(t) < §e~*(~"2) and either

(r(1),0()) € Qjor(r(t),0(t)) € §;. Since o is an arbitrarily sufficiently small number, we find
that

lim 6() =6, + jp,

where i =1 or 2.
Recalling Lemma 5.1 and the fact that G(6) is periodic with period 7, by (2.1), we see that

lim G(0(t)) = pA;.
11— 00
Let ¢ > 0 be arbitrary. By Lemma 2.1, there exists #3 > t» such that
pe £
0<r() <s, |GEOQ@)— pril < TR [M(t,r(),0())] < Er(t)
for t > t3. Therefore, from (2.5) it follows that
(hi —e)r(@) <r'(t) < (A +e)r(t), =1,
which implies that
r(t?’)e()‘i_e)(t_tS) S r(t) S r(t?’)e()‘i“’e)(t_lii) S 8€(Ai+€)(t_13), t Z t3. O
6. Case A=0
In this section, hereafter, we assume that T < 0, D > 0, A =0 and b > 0. Proposition B
implies that (1.10) has a unique real root Ag := T /p and f(X) > 0 on (—o00, A9) U (X9, 00). We
take 6y € (0, ) satisfying

bcos, Oy T
—— ta=—. (6.1
siny, B D

Lemmas 3.1 and 5.1 imply that F’'(6p) = 0. We note that F(6p) = 0. We set h(9) :=
F(0)/(60 — 6p). By L'Hospital’s rule, we see that

lim 7 (0) = F'(6p) =0.
60— 6y
Hence we regard h(6) as a continuous function on R, and we have
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F@)=h@)@ -6y, 6k (6.2)
Since F(jm,) = pb > 0 for j € Z, recalling (5.3), we conclude that

F(o+ jmp)=0. jeZ,
F()>0, 6+#60+ jm,, jeZ

By Lemma 5.1, we note that G(6p) = pAo =T < 0. There exist o € (0, 7, /2) and Fp > 0 such
that

|h@)| < p, 6€lbo—o,60+0],
F@®)=Fy, 0€lbo+o—mp bh—ol
2T <G@O)<T/2, O€lbp—o,6h+0l

By (6.2), we have
F()<pld —60l, 6€lbp—o0,00+0] (6.3)
In this section we prove the following result.
Theorem 6.1. Assume that T <0, D >0, A=0and b > 0. Let 6 € (0, ) satisfy (6.1) and let
t1 > to. Then there exist § > 0, p > 0 and &t > 0 such that every solution (r(t), 0(t)) of (2.5) with
0 <r(t)) < pd satisfies
0<r(t)<se M2  t>p

for some t, > ty.

Let F1 > 0 and G| > 0 satisfy (3.1). We take ¢ > 0 so small that T + (4/3)Coe < 0, 2pp*e <

—T/2,2pp*e < Fy, and
s\ -T/4D) /g \1/p
()" ()"
(o8 F1

where Cj is the constant defined by (3.2). Let § > 0 be as in Lemma 2.1. For j € Z, we define
sets V; and W; by

Vi={#0):0<r=<8, 0p+o+(—Dn,<0=<6y—0+ jmp},
Wi ={(0):0<r=<6,6g—0+jn,<0=<6+o0+ jmp}

By the same argument as in the proof of Lemmas 5.2 and 5.3, we obtain the following two
lemmas.

Lemma 6.1. Let (r(¢), 0(t)) be a solution of (2.5) and let j € Z. Then the following (i) and (ii)
hold:
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@) If (r(1),0(t)) € Wj, then
") < —r(t 0;
r ( ) — l r( ) <y

(i) If (r(1),6(2)) € V}, then 6/(t) > Fy/(2p) > 0.

Lemma 6.2. Let (r(t), 6(t)) be a solution of (2.5) and let ty > to and j € Z. If (r (11),6(t1)) € V;
and 0 < r(t)) < (Fo/F1)'/P8, then (r(t2),0(12)) € Vi NW; for some t; € [t1, 00).

Lemma 6.3. Let (r(t), 0(t)) be a solution of (2.5) and lett\ > to and j € Z. If (r(t1),0(t1)) € W;,
then the following (i) or (ii) holds:

(i) (r(1),0(t)) € Wj and 0 < r(t) < 8eT (=GP for ¢ > 1y;
(ii) (r(12),0(t2)) € Vi1 and 0 < r(t) < r(t))el C=/@P) on [1, 1] for some t; € [t1, 00).

Proof. Let 1, :=sup{s >11: (r(t),0(t)) € W;, t € [t1, s)}. First we assume that r, = co. Then
(r(t),0(t)) € W for t > t,. From (i) of Lemma 6.1, it follows that

(e =GP @)y <0, =1
Integrating this inequality on [#1, ¢], we have
r(t) < r(tl)eT(t_tl)/(4p) S (SeT(t_tl)/(4[7) (65)

for t > #1. Lemma 2.2 implies that r(¢) > 0 for ¢ > #;. Hence (i) of Lemma 6.3 holds.

Now we suppose that f, < oco. By Lemma 2.2, we have r(¢) > 0 on [¢#1, #2]. Lemma 6.1
implies that r(¢z) is strictly decreasing on [f1,12]. Thus, either (r(z2),6(t2)) € V; N W; or
(r(r2),0(t2)) € Vi1 N W;. Recalling Lemma 6.1, we see that if (r(72), 0(t2)) € V; N W, then
0’ (1) > Fo/(2p) > 0, which shows that 8(r) < 6(r;) on (to — p, 1) for some small p > 0, and
hence (r(z),0(t)) ¢ W; on (2 — p, t). This is a contradiction. Therefore, (7 (2), 0(22)) € V1.
By the same argument as in the case where t, = oo, we conclude that (6.5) holds on [#1, #2].
Consequently, (ii) of Lemma 6.3 holds. O

Lemma 6.4. Let (r(t),6(t)) be a solution of (2.5). Assume that there exists t1, t € [tg, 00) and
J € Z such that (r(t1),0(t1)) € V; N W;, (r(t2),0(2)) € Vi1 N Wiy, and (r(t),60(t)) € W; U
Vg1 fort € [t1,12]. Then 0 < r(t) < r(t)eT "=/BP) for t € [1, 1],

Proof. There exists s1 € (#1, ) such that (r(s1),0(s1)) € W;N V1 and (r(¢),0(¢)) € V41 for

t € [s1,2]. Wenote that 6(t1) =0y — o + jmp,0(s1) =0 +0 + jmp, 0(2) =6p—o +(j+Dmp
and

Oo—0+ jmp <0()<6y+o+ jmp, telt,s]
By (2.5), (2.6) and (6.3), we have
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1
0'(t) = ;F(G(t) — Jjmp) + N, r(1),0(1)

<10(t) = jmp — 6ol + p*e, teltr,s1],

that is,
o' (t
> - © , teln, sl
0(t) — jmp — 6ol + p*e
Integrating this inequality on [#1, s1], we obtain
S1 ,
o' (t
S| —H > - 0 dt (6.6)
: 16(t) — jmp — 6ol + p*e
1
0(s1)
_ du
lu— jmp — 6ol + p*e
0(t1)
boto+jmp
. du
lu — jmp, — 6ol + p*e
Oo—o+jmp

(e
_/ dv
~J I+ e
—o

Lemma 6.1 implies that
(e7TU=1/GPr)y <0, 1elt, s
Integrating this inequality on [#1, ¢], we obtain
r(t) <r()e” TGP e 1y, 8], (6.7)

Since

T+Cee T 3(
p 4p 4p

T+4C T
—Coe )| < —,
3 0 4p
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from Lemma 3.2 and (6.7), it follows that, for t € [s1, 2],

Fy e T+Coe)(t
0 <r(r) <r(sp) F (T +Coe)t—=s1)/p
0

F

T(s1—t1)/(4p)
<r(t)e
<r(n) (Fo

1/p
) oTHCoo)1—s1)/p

Tisi—m)/Gp) (1 v T(t—s1)/(4p)
<r(f)elC1—1)/@p N el t=s1)/(4p
0

1/p
— el e (1
Fo

Fi 1/p
— (el /B T =1/ 5p) (_)
Fo

F I/p
< 1 (1) T/ ED) T G1=1)/8p) (_) .
< i

By (6.4) and (6.6), we conclude that
0<r(t) <r()e’ /@ 15, n]. (6.8)

Since (r(z),0(t)) € W; U V4 for t € [11, 2], we note that (1) > O for ¢ € [t;, £,]. Combining
(6.7) and (6.8), we have

0<r@)<r(t)el /8P tcy,n]. O

Proof of Theorem 6.1. Set p := (Fo/F1)!/? and u:= —T/(8p) > 0. Let (r(¢), 6(1)) be a solu-
tion of (2.5) with 0 < r(#1) < pd for some t; > t9. Then (r (1), 0(t1)) € V; or (r(11),0(t1)) € W;
for some j € Z.

When (r(#1),0(t1)) € V;, Lemma 6.2 shows that (r(t2),0(t2)) € V; N W; for some 1, €
[t1, 00).

Assume that (7 (¢1), 6(¢1)) € W;. Then either (i) or (ii) of Lemma 6.3 holds. If (i) holds, then
Theorem 6.1 follows. If (ii) holds, then (r(#2), 0(#2)) € V1 for some #; > 1 and

0 <r(t2) <r(t)e @=/EP) < (1) < p§ = (Fo/F1)'/78,

and hence Lemma 6.2 implies that (r(#3), 0(t3)) € V41 N W1 for some 13 € [£2, 00).
Therefore we conclude that either the following (a) or (b) holds:

(@) (r(1),0(t)) € W; and 0 < r(¢) < 8l t=1)/(4P) on [1,, 00) for some i € Z and t, > t1;
(b) there exists ig € Z and {tl-}fiio such that (r(1;),0(t;)) € V; N W; and (r(1),0(t)) € W; U
Vig1 on [1;, 1i41] fori > ip.
It is sufficient to consider the case (b). Then Lemma 6.4 implies that

0<r@t)<r(t)e ™~ teln, 1] (6.9)
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for i > ig. Therefore we have
r(t) <r(timpe METED > g 4 1.
From (6.9) it follows that if ¢ € [t;, Tj41] and i > ip, then

0<rt) < r(‘L’,',1)8_“(T1_Ti_1)e_“(t_T’)
— r(-[i_l)e_ﬂ(l—fi—l)

< r(rl._z)e*l/v(fi—l —Ti-2) p—H(I=Ti-1)

=7 (Ti_z)e—lt(t—fi—z)

< r(tjy)e M),
Since (r(t;,), 0(7iy)) € Vi, N W, we note that r(7;,) < 6. Consequently,
0<r(r)<se M%) 1>, O
7. Proofs of main results
In this section we give proof of Theorems 1.1, 1.2 and 1.3.
Proof of Theorem 1.2. Theorem 1.2 follows immediately from Theorem 4.1. O
To prove Theorem 1.3, we need the following two lemmas.

Lemma 7.1. Let (x(t), y(t)) be a solution of (1.1). Then (X(t),y(t)) := (—x(t), y(¢)) is a solu-
tion of

X =% + by (5) + K(1, K, ),

e ~ o~ 7.1)
yl=c¢[7(x)+dy+l(t9x5~)y
where
d=a, b=-b, T=—c, d=d,
f]z(t9;a~,)=_k(t7_f7y)’ N(t’fvy)zl(tv_fvy)'
Moreover,

F) i=¢,. —D(p — DA —dl — ¢,(B)T= f(1),
T:=a+d=T, D:=¢,@d—¢,b)c=D,

~ Y

a d

p*

p ~
+pB)E= A

~
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and
~ ~ ~ ~ kL ~ e~ ~ ~ L*
K% 5 =0 (0317 +1517)7), (r,x,y)=o<<|x|f’+ 517°)7 )

as |X1P + 157" — 0 uniformly int > tq.

Lemma 7.2. Assume that b = 0. Let (x(¢), y(t)) be a solution of (1.1). Then (x(t),y(t)) :=
(y(1), x(2)) is a solution of

X' =ax + by () +k(1,X,7),

= e (7.2)
Yy =cop(x) +dy +1(t,%,7),
where
p=p*, a=d, b=c#0, ¢c=b=0, d=a,
k(t,x,y)=1(t,y,%), 1(t,%,5)=k(t,7,%).
Moreover,
f) =¢5(h —D[(P — DA —d] — ¢5(b)T = ¢p= (A — D [(p* — DA —al,
T:=a+d=T, D:=¢p@d—¢pb)T=apy(d)=q¢, (D),
_ P _ a P* p*
A== — = +¢;(b)c=‘——; =A7,
and

- = —x L1 - _ P 1 %
K@% 5) =0 ((FI7 +1517)7), l(r,x,y)=o<<|x|f’+ 177 )
as [x|? + [¥17" — 0 uniformly in t > 1.

Proof of Theorem 1.3. By Proposition B, we note that (1.10) has two real roots | and X, with
A1 < Ap < 0. First we assume that b > 0. Theorem 5.1 implies that the zero solution of system
(1.1) is exponentially stable. Moreover, if (x(¢), y(¢)) is a solution of (1.1) near the origin, then
there exist i € {1,2} and j € Z such that

lim Gp(y()) . cosp0(r) cosp(0; + jmp)  cospbi  Ai—a

=% x(1) s sing0(r) | sing (6 + ) | sing6 b

since cos ), 0/ sin, 6 is periodic with period 7. By Theorem 5.1 again, for each ¢ > 0, there exist
th >1t1,i €{1,2} and Co > 0 such that

Coeh ™" <r(1) < Coeti T 1 >p,
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which is equivalent to (1.13). By (1.12), there exist ¢; > 0 and #3 such that

e
ly(@®)| <el 1>
[x(@)|P

Hence, from (1.13), it follows that

O < O + [y < CFePtito = CoePite

and

L+ enDlx)IP = XD + [y = CFePHT" = (1 4 ¢1)CrePHiTo!

for t > 13, where C| = Cé’/(l +c1) and Cy = Cé’. Hence we have shown Theorem 1.3 with
b>0.

Next we suppose that b < 0. Applying Theorem 1.3 with b > 0 to (7.1), we conclude that the
zero solution of (7.1) is exponentially stable and that if (X(¢), ¥(¢)) := (—x(¢), y(¢)) is a solution
of (7.1) near the origin, then

lim $pr (1) _ lim ¢p*(j(l)) _ A :5 _hi—a
t—oo  x(t) t—oo  —X(t) —b b

for some i € {1, 2}, and moreover (1.13) holds. This means that Theorem 1.3 with b < O follows.
So we have obtained Theorem 1.3 with b # 0.

Finally, we assume that b = 0. Recalling b% +¢% > 0, we find that ¢ > 0. Let (x(1), y(r)) be
a solution of (1.1). Thus we can apply Theorem 1.3 with b # 0 to (7.2). Then the zero solution
of (7.2) is exponentially stable and if (x(¢), y(¢)) := (y(¢), x(¢)) is a solution of (7.2) near the
origin, then

L) ¢ (GW) E-a_i-d
im ———— = lim — = = ,
im0 y(1)  i—eo x(1) b c

where A = d or (p — 1)a. We note that

FOP + YO =01 +x©].
Consequently Theorem 1.3 for the case b =0 follows. 0O

Proof of Theorem 1.1. Theorem 1.1 with A 5 0 follows from Theorems 1.2 and 1.3. By the
same argument as in the proof of Theorem 1.3, Theorem 6.1 implies Theorem 1.1 with A =
0. O
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8. Saddle points

In this section we will show Theorem 1.4. We assume that D < 0. From (1.11) it follows
that A > 0. Proposition B implies that (1.10) has two real roots A1 and A, such that 1} <0 <
A2, f(X) <0 on (A1, A2), and f(A) > 0 on (—o0, x1) U (A2, 00). By the generalized Priifer
transformation (2.4), system (1.1) is transformed into

r = lG(e)r + M@, 0), 0 = lF(e) + N 0), 8.1)
p p

where

M(r,0) :=¢p(sin, 0)K (r,0) + (p* — 1)r2_p cos, OL(r,0),
N(r,0) :=r"'¢,(cos, 0)K (r,0) — (p* — 1)r' P sin, OL(r,6),
K(r,0) :=k(rsin, 0, ¢,(r cos, 0)),

L(r,0) :=1(rsin, 0, ¢,(r cos, 0)).

First we assume that b > 0. We take 61, 6> € (0, 7rp,) satisfying (5.2). Then 0 < 6> < 6y < 7, and
(5.4)—(5.6) hold. Lemmas 3.1 and 5.1 show that

GO =pri, F'G)=pT—pr), i=1.2. (8.2)
Since F(6;) =0, we note that

lim F(e), = F'(6)) = p(T — ph).

0—6; 0 — 0;

Since f(0) =D <0 and f(T/p) =—A < 0, recalling (iii) of Proposition B, we find that 1| <
T/p <Ay, thatis, T — piy, <0< T — pi;.Leto > 0 be an arbitrarily sufficiently small number.
Then

G(O) <07 0 € [91 — 0, 91 +U]7

G@O)>0, 6elbrh—0,60+0],

F(9) - p(T — pA1)
0—6, ~ 2

, 0¢€l[f—0,00+0]. (8.3)
There exist u; > 0 and Fp > 0 such that

GO)<—p1, 6€lb)—o0,60+0],

GOz, 0€lbh—o0,00+0],

F@O)<—-F, 0¢€lbp+o,0i—0],
FO)=Fy, 0€l0i+o0—mp,0,—0]
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Let & > O satisfy

T — ph

5 — pfe>0. (8.4)

2pp*e <y, 2ppre < Fy,
From (1.16) it follows that
|K(r.0)| <er®, |N(r.0)| <er?

for all sufficiently small » > 0. By the same argument as in the proof of Lemma 2.1, there exists
6 € (0, 1) such that M and N are continuous for 0 <r <2§ and 0 € R, and

|M(r,0)| < p*srz, IN(r,0)| < p*sr for0<r <3$. (8.5)
Since § € (0, 1), we note that (8.5) implies

IM(r,0)| < p*er, |N@ 0)|<p*s forO<r<S$.

For j € Z, we define sets P, Q;, R; and §; as in Section 5.
In the same way as Lemma 5.2, we have the following result.

Lemma 8.1. Let (r(¢), 0(t)) be a solution of (8.1) and let j € Z. Then the following (1)-(iv) hold:

Q) If (r(1),0(1)) € Qj, then r'(t) = u1r(t)/2p) > 0;
(i) If (r(1),6(t)) € S, then r'(t) < —p1r(t)/(2p) < 0;
(iii) If (r (1), (1)) € Pj, then 6/ (t) > Fo/(2p) > 0;
(iv) If (r(1),0(1)) € R, then 0/ (1) < —Fy/(2p) <O.

Lemma 8.2. Let (r(t), 0(t)) be a solution of (8.1) and let j € Z. If (r(t1),0(t1)) € P;U Q; UR;
for some t1 € R, then r(t2) > § for some t, > 1.

Proof. First we assume that (r(t1),6(t1)) € Q. We will prove that r(#2) > & for some #; > t;.
Let

f3i=sup{s >t :(r(t),0(t) € Q;, t €[t1,s)}.

Then 13 < oo. Indeed, if 13 = 0o, then Lemma 8.1 implies that (e~1/@P)y (1)) > 0 for t > 1y,
and hence r(r) > r(r)e™1/@P)U=1) for t > ¢, This is a contradiction. Thus 3 < co. Then
either (r(13), 0(13)) € Pj or (r(t3),0(13)) € R;. If (r(t3), 0(t3)) € P;, then Lemma 8.1 shows that
0'(t3) > Fy/(2p) > 0, which means that 6(t3 — p) < 0(t3) =0, — o + Jjmp for all sufficiently
small p > 0. This is a contradiction. When (r(#3), 0(#3)) € R;, we can derive a contradiction.
Consequently, we find that #3 < co and (r(t3), 0(t3)) ¢ P; U R, that is, (r(#3),0(13)) € Q; and
r(r3) = 8. Using Lemma 8.1 again, we see that r/(#3) > 0, which shows that r(r,) > § for some
> 13.

Now we suppose that (r(t1), 6(¢1)) € Pj. We will show that r(#;) > & for some #; > 11. As-
sume that r(t) < § fort > t. Recalling Lemma 2.2, we have r (t) > 0 for ¢ > ;. From Lemma 8.1
it follows that (v (s1), 6(s1)) € Q; for some s1 > t1, which implies that r (t2) > & for some t; > 1.
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This is a contradiction. Hence we find that r(#;) > § for some #, > #1. In the same way, we con-
clude that if (7 (1), 0(t1)) € R}, then r () > § forsome r, > t;. O

Lemma 8.3. Let (r(1), 0(t)) be a solution of (8.1) and let j € Z. If (r(t1),0(t1)) € S; for some
t1 € R, then one of the following (1)—(iii) holds:

@) @), 0®) €S fort =ty and (r(t),0()) — (0,01 + jmp) ast — o0
(ii) (r(2),0(r2)) € R; for some t; € [t1, 00);
(iii) (r(r2),0(12)) € Pj11 for some t; € [t1, 00).

Proof. Without loss of generality, we may assume that j = 0, since F(f) and G(0) are pe-
riodic with period 7, by (2.1). Lemma 8.1 implies that r(¢) is strictly decreasing whenever
(r(),0(t)) € So. Hence, (ii) or (iii) holds or (r(t), 6(t)) € So for t > t;.

Hereafter, we assume that (r(¢),0(t)) € Sp for ¢t > #;. Then Lemmas 2.2 and 8.1 show that
r(t) is strictly decreasing and r () — 0 as t — oo. Now we consider the sets

Sy ={(r0)eSo:r<0—0},
S_={(r,0)eSo:r<—(© -0}

By (8.3) and (8.5), we see that if (r(¢), 0(¢)) € S+, then

0'(t) = %F(Q) + N(r,0) (8.6)

T — pA
%(90) — ) — p*er(t)

v

T — pi .
> T(Q(f) —01) — pTe(0(t) — 1)

=C@O@)—06)) >0,

where

_T—p)»l
2

C: —pFe>0.

We claim that (r(¢),6(t)) ¢ S+ for t > 1. Suppose that (r(r2), 6(t2)) € S+. Since we have as-

sumed that (r(¢), 0(t)) € So for ¢ > #; and recall that r(¢) is strictly decreasing and () — 0 as
t — 0o, we see that (r(¢),0(t)) € Sy for t > t,. From (8.6) it follows that

(e —6)) =0, 1=n,
which means that
0(1) =01 =T O@w) —0), 1=0.
Thus, 6(t) — oo as t — oo. This contradicts the fact that (r(¢),0(z)) € Sp. Consequently,
(r(t),0(t)) ¢ Sy for t > 11 as claimed. In the same way, we conclude that (r(¢), 0(t)) ¢ S_ for

t > t1. Therefore, 0(¢) must converge to 6 as t — oo, provided (r(¢),0(t)) € So fort >t,. O
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The following result is known. See, for example, [3, Theorem 6.1 in Chapter 15].

Theorem D. Let A1 and Ly satisfy A1 < 0 < Ap. Assume that k and | are continuous in the
neighborhood of (0, 0) and

k(x,y) :o(,/x2+y2), I(x,y) =o<‘/x2+y2> as x> +y>— 0.

Then the linear perturbed system
X =dx k), Y =hy+Ix,y)

has at least one orbit tending to (0, 0) at each of the angle 0 and 7.
Lemma 8.4. For each j € Z, system (8.1) has a solution (r(t),0(t)) such that (r(t),0(t)) —
(0,601 + jmp) as t — oo and r(t) > 0 for all sufficiently large t. Moreover, for each such a
solution and each & > 0, there exists ty such that

r(1)e™ =) < p (1) < r()e™ TR =0, 8.7
Proof. It is sufficient to give a proof for the case where j = 0, because F(6) and G(0) are

periodic with period 7, by (2.1). By Taylor’s theorem, (5.4) and (8.2), there exists a function ¢
such that

F (@) =p(T —pr)O@ —61)+¢©O)O —61), 0€cR,
Jim £©)=0.

We set ¥ (0) := G(0) — G(61). Then, by (8.2), we have

GO)=prm+v(©), 6eR,
Jim 4@ =0

Setting 1(t) = 0(¢) — 61, we conclude that (8.1) is equivalent to

r'=nr+Prn), n'=(T - pin+ Q@r.m), (8.8)

where
1
P(r,n) = ;W(n+91)r + M(r,n+01),
1
Q(r,n) = ;C(n +0pn+ N(r,n+61).

We extend the domain of (r, n) of (8.8) to the case r < 0 as follows:
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r'=aar+Prl,m, n'=(T —pron+Qdrln). (8.9)

Let ¢ > 0. There exists § > 0 satisfying (8.5) and P and Q are continuous for |r| <26 and n € R
and

[E(n+0D)| < pe, |Ym+0)|<pe for|n| <é.
If \/r2 + 5% <§, then
1
IP(IVI,U)IS;IW(U+91)|IFI+|M(|r|,77+91)|
<elr|+ p*elr? (8.10)
2 2 * 2 2
Seyri+nT4pre(r +n7)

=(1+ p*\/rz + n2)e\/r2 +n?

<(1+4p*&e/r2+n?

and
1
[Q(r], M| < ;I((n +0Dlnl + IN(rl,n+01)]
<eln|+ p*elr|
<eJr2+n?+prefr+9?
=(1+ pMey/r +n*
Hence,

P(rl,m =o <\/ r?+ n2> . Orl,m=o (,/r2 + nz)

as r2 + n* — 0. We recall that .| <0 < T — p;. Therefore we can apply Theorem D to (8.9).
Then (8.8) has a solution (r(¢), n(t)) for which (r(¢), n(t)) — (0,0) as t — oo and r(t) > 0 for
all sufficiently large ¢. This means that (8.9) has a solution (r(¢), 8(¢)) such that (r(¢),0(¢)) —
(0,61) as t — oo and r(¢) > O for all sufficiently large ¢.

Let (r (1), n(z)) be a solution of (8.8) such that (r(¢), n(t)) — (0,0) ast — oo and r(¢) > 0 for
all sufficiently large ¢. By (8.9) and (8.10), for each ¢ > 0, there exists #, such that r(¢) satisfies

G —orm =r'® = +or@), t=n,
which shows (8.7). O
Combining Lemmas 8.2, 8.3 and 8.4, we can obtain the following result immediately.
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Theorem 8.1. Assume that D < 0 and A > 0. Let A1 and \y be two real roots of (1.10) with
A1 <0 < Ay, and let 6y € (0, 7p) satisfy (5.2) and t; € R. Then there exists § > 0 such that every
solution (r(t),0(t)) of (8.1) with 0 < r(t1) < § satisfies the following (1) or (ii):

(i) r(t2) > & for some 1y > t1;
(i) (r(1),0(@)) — (0,01 + jmp) as t — oo for some j € L and for each € > 0 there exists
tr > t1 such that (8.7) holds.

Moreover, there exist solutions (r(t), 0(t)) of (8.1) satisfying each (i) and (ii).

Proof of Theorem 1.4. By Theorem 8.1, there exists § > 0 such that every solution (r(¢), 0(¢))
of (8.1) with 0 < r(r;) < 8!/P satisfies either (i) or (ii) of Theorem 8.1. We see that (i) of The-
orem 8.1 implies that |x(#)|? + |y(t2)|p* > § for some t, > #;. Now we assume that (ii) of
Theorem 8.1 holds. Let (x(¢), y(t)) be a solution of (1.15) with 0 < |x(#1)|” + |y(t1)|p* < 4.
Then (x(t), y(¢)) = 0 as t — oo and for each ¢ > 0, there exist t, > #; and Cp > 0 such that
(1.13) with i = 1 holds for t > 1,. If b # 0, then

. (¥ (1) . cosp,f(t) cos,f1 Ai—a
lim ——— = lim — = — = .
t—oo  x(t) t—o0 §in, O(t)  sin, 6 b

By the same argument as in the proof of Theorem 1.3, we obtain (1.14) with i = 1 holds for
t>n.

Next we suppose that b = 0. Then ¢ #£ 0. Set (x(¢), y(¢)) := (y(¢), x(¢)). We use Lemma 7.2.
Then we note that

fO)=¢p L —d(p* —Dr—al=0

has roots A =d, a/(p* — 1) = (p — Da. Since ¢,(a)d = D < 0, we find that either d < 0 <
(p — Da or (p — 1)a < 0 < d. Using the same argument as in the case b # 0, we conclude that

. op(x(®) . ¢pr((@®) r—a r—d
lim ——— = lim —— = =
=00 y(1) =00 X(1) b c

s

where A =d ifa > 0 and A = (p — 1)a if a < 0. Consequently (ii) of Theorem 1.4 holds. More-
over, by Theorem 8.1, there exists a solution (x (), y(¢)) of (1.15) satisfying (ii) of Theorem 1.4.

Now we consider the case t — —oo. If (x(¢), y(¢)) is a solution of (1.15), then (x(—1), y(—1))
is a solution of

x'=—ax —bp(y) —k(x,y), ¥ =—cpp(x) —dy—1(x,y). (8.11)

We note that the characteristic equation

¢p(A+a)[(p—Dr+d]—¢p(b)c=0

for (8.11) has two real roots —A» and —A; and —A; < 0 < —A1. Applying the argument above to
(8.11), we conclude that every solution (x(z), y(¢)) of (1.15) satisfies either |x(fp)|” + |y(t0)|p* >
6 for some g < t or (iii) of Theorem 1.4 and we also find that there exists a solution (x(¢), y(t))
of (1.15) satisfying (iii) of Theorem 1.4. O
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9. Application to elliptic equations

In this section we consider equation (1.6) and assume that

g>p>a—pB, N—-—p+a>0. 9.1)
We set
a;:w>0, ni=@+H(p-1=>0 9.2)
q—p

and define the exponent £ and E» by

_p=-DWN+p Eyim (p—DWN+B)+p—a+p

E: s :
! N—-p+a N—-p+a

)

respectively. If p =2 and ¢ = 8 =0, then E; = N/(N — 2) is the Serrin exponent and E =
(N +2)/(N —2) is the Sobolev exponent. Now we set

N —
b:=-—1, di:U_N‘f‘l—(X:—ﬂ(q—l—El). 9.3)
q—7p
Then
N —
rmava= N PE( gy
q9—p
N-p+a B
Di=¢p(a)d — gpbye =—~—L"2(g — 1~ Eppal' +¢
and

‘a dl?
A= S
P 14

+¢p(b)c = (wy —ec.

Since g > p, we have

1
3

¢q(x)=o<(|x|"+|y|l’*)v> as [x|” + [y[”" — 0.
First we consider the case A < 0.
Proposition 9.1. Assume that (9.1) holds and

(N—p+a)p
c>\——m— .
p

Then every nontrivial solution u of (1.6) on (rg, 00) for some r > 0 changes sign infinitely many
times. In particular, (1.6) has no positive solution on (0, 00).
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Proof. Using the generalized Priifer transformation to (1.7), we have
/ 1 « s
0'(1)=—F@©®) — (p* — DriPlsin, 00!, 1> 1o,
p
where ty = logrg. By Lemma 4.1, since F () is periodic, there exists Fy > 0 such that
F)<—-Fy, 6eR.

Hence we have

’ Fo

0'(t)<——<0, t>ty,
P

which implies that 8(#) — —oo as t — oo. Therefore, every nontrivial solution u of (1.6) on
(ro, o0) changes sign infinitely many times. 0O

Next we assume that D < 0. Then (1.7) has an equilibrium (x,y) = ((—D)!/@=P),
aP~1(—=D)P=D/@=P))  Therefore, (1.6) has an exact positive singular solution u,(r) :=
(—D)Y/@=P)y=¢ 1f ¢ > 0, then (1.6) has another singular solution as follows.

Proposition 9.2. Assume that (9.1) holds and ¢ — 1 > p and

N —
Occe¥—Pt

p—a+ﬁ>”_l

(q—l—E1)<
q—p

Then (1.6) has a singular solution u(r) on (0, ro) for some ro > 0 such that

limu(r) =00, limrfu(r)=0.
r—0 r—0

Proof. We note that D < 0 and I(x, y) := ¢ (x) satisfies

1(x,y) = o(jx|? +|yIP") (9.4)

as |x|P + |y|1’* — 0, because of ¢ — 1 > p. Recalling (1.11), we have A > 0. Proposition B
implies that

M=oyt —a)l(p— DA —d]+c=0

has two real roots A; and Ay with A1 <0 < X2, f(A) <0 on (A1,X2), and f(X) > 0 on
(=00, A1) U (X2, 00). Since f(a) =c > 0, we conclude that A < a.Lete = (a — X2)/2. By The-
orem 1.4, there exist #y, Co > 0 and a solution (x(¢), y(¢)) of (1.7) such that (x(¢), y(¢)) — (0,0)
as t — —oo and (1.14) with i =2 holds for ¢ < fy. Hence (1.6) has a solution u(r) on (0, e®]
such that

C172%e < r%u(r) < Cor™ =%, r € (0, €],
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which shows that lim, .o r?u(r) = 0. Moreover, since
u(r) = Cir'27% = ¢ r*2=9/2 1 € (0, ).
Therefore, lim, ou(r) =co. 0O
Finally we consider the case ¢ = 0, that is,
NNy W) 4Py w) =0, 1> 0. 9.5)

Then (9.5) has an exact positive singular solution Ar~¢, where A = (—da?~")!/4=P) g and d
are defined in (9.2) and (9.3), respectively. Franca [8] considered the equation

Apu+ K (|x )|l ?u =0
and showed the existence of infinitely many positive singular solutions, where A,u =

div(|Vu|”_2Vu), p > 1. Troy and Krisner [30] also found a continuum of singular solutions
to

Au+ ul9u=0.
Franca and Garrione [11] proved the existence of infinitely many positive singular solutions for
u -2
Au+c—s + K(x)|u|9""u =0,
|x]

where ¢ < (n — 2)%/4.

Theorem 9.1. Assume that (9.1) holds and E1 < q — 1 < Ej. Then there exists a continuum U
of singular solutions such that each u € U is a positive singular solution of (9.5) and satisfies

. ou(r) u(r)
lim =1, im =0,
r—0 u*(r) r—00 u*(r)

where u,(r) := Ar~% is the exact positive singular solution of (9.5).

Proof. Since ¢ =0, the characteristic equation

fR)=¢p( —a)[(p—Dr—d]=0

for (1.7) has real roots A1 :=d/(p — 1) <0 and A, :=a > 0. Since D < 0 and (9.4) holds, by
Theorem 1.4, there exists a solution (x(¢), y(¢)) of (1.7) such that (x(¢), y(¢)) — (0,0) ast — oo
and

. (@) A —a d
m —_ [

] - _
T X0 b p—1
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Since (—x(t), —y(¢)) is also a solution of (1.7), we can assume that x(#) > 0 and y(¢) > O for
all sufficiently large ¢. Let I := (o, 00) be the maximal interval of the existence for (x(¢), y(¢)).
Now we define the function Q(x, y) by

1 a d b *
O(x,y)=—|x|? — (—* - —> xy— —|yl”".
q p p p
We set
P(t)y=e"T"QE (1), ¥(1)).

Then

p

P'(t) = qp_—qTe*”mt)w.

From T > 0, it follows that P(r) — 0 as t — oo and P (t) is nondecreasing, which means that
P(t) <0forr e I. Now we set

a d
C=———.
p

*

Since a > 0 and d < 0, we note that C > 0. We consider the sets €2 and 2 defined by

Qo={(x,y):0(x,y)<0, x>0, y>0}
and
2 ={r @0 sy = o xz o),

respectively. Then (x(¢), y(¢)) € Qo for t € I. Now we will show that 29 C €2;. Note that b =
—1.Let (x, y) € Q. Then

1 1 *
;xq + pr = Q(x,y) +Cxy < Cxy.

Hence we have x4 /¢ < Cxy which implies that (¢C)~'x9~! < y. Moreover we obtain y”" / p* <
Cxy, thatis, y < (p*C)f’_lxl’_l. Therefore ¢ C 2. Since €21 is bounded, by a standard argu-
ment on a general theory on ordinary differential equations, we conclude that / = R.

p—1
System (1.7) has equilibriums (0, 0), (A, y«) and (—A, —y.), where y, = (—daq_l)‘li—_ﬁ’.
Since

1 1 g9 (p=Dg
Q(Aa y*):_ - - |d|61*pa a=r <07
P 9
we find that (0, 0), (A, y.) € Q. By
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a d
g(ax —¢p(¥) + a(cqbp(x) +dy+¢y(x)=T >0,

the Bendixson-Dulac theorem shows that (1.7) has no nonconstant periodic solution. Therefore,
Poincaré-Bendixson theorem implies that either

(x(@®),y(®) — (0,0) ast—> —o0 (9.6)

or
x@),y(@)) > (A, y:) ast— —oo. 9.7
If (9.6) holds, then the orbit of (x(¢), y()) is homoclinic. However, by the same argument as in
the proof of Bendixson-Dulac theorem, we conclude that (1.7) has no homoclinic orbit. Hence

(9.7) holds.
Now we have a solution (x(¢), y(¢)) of (1.7) such that x(¢) > 0, y(¢#) > 0 for r € R and

Jim (x(@),y(@) = (A, y),  lim (x(1), 3(1)) = (0, 0).
We define the set
U={u:u@r)=r"%%logr+y), vy €eR}L
Then u € U is a positive solution of (9.5) with
u()=%(y), u'(1)=—ap,G(y))
and satisfies
w) o w0

=1, lim
r—0 u*(r) r—00 u*(r)

O

Remark 9.1. The proof of Theorem 9.1 is based on the method introduced by Miyamoto and
Takahashi [19, Lemma 2.2]. On the other hand, we need Theorem 1.4 to ensure the existence of
a solution (x(¢), y(¢)) to (1.7) going to (0, 0) as t — oo.
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