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Abstract

We prove higher integrability of the spatial gradient of weak solutions to parabolic systems with ¢-
growth, where ¢ = ¢(¢) is a general Orlicz function. The parabolic systems need be neither degenerate nor
singular. Our result is a generalized version of the one of Kinnunen and Lewis (2000) [34] for the parabolic
p-Laplace systems.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Higher integrability results for elliptic problems with Orlicz growth can be easily obtained
from the ones for p-growth problems, hence they are well-known. On the other hand, higher
integrability for parabolic problems with Orlicz growth is not simple and, as far as we know, no
related result has been reported. The main difficulty is that the lower- and the upper-bound of
exponent of the Orlicz function ¢, which are denoted by p and ¢ in this paper, may be too far

* Corresponding author.
E-mail addresses: peter.hasto@oulu.fi (P. Hasto), jihoonok @sogang.ac.kr (J. Ok).

https://doi.org/10.1016/j.jde.2021.08.012
0022-0396/© 2021 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2021.08.012&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2021.08.012
http://www.elsevier.com/locate/jde
mailto:peter.hasto@oulu.fi
mailto:jihoonok@sogang.ac.kr
https://doi.org/10.1016/j.jde.2021.08.012

P. Histé and J. Ok Journal of Differential Equations 300 (2021) 925-948

away from each other to apply techniques used in the standard p-growth case. Specifically, in p-
growth problems, known proofs use different techniques in the degenerate case (p > 2) and the
singular case (p < 2). However, in the general Orlicz setting, neither of these cases apply when
p < 2 < g, since the problem has characteristics of both the singular and degenerate cases. On
the other hand, a unified technique for parabolic problems with p(x, ¢)-growth has been recently
reported in [2].

We study regularity theory for second-order parabolic systems satisfying a general growth
condition of Orlicz type. Precisely, we consider the following parabolic system:

Oiu; —div(A;(z,u,Du)) =0 in Q;=QxICR" xR, i=1,...,N, (L.1)
where @ C R" (n > 2)isanopenset, ] C Risaninterval,z = (x,1) e @ x [, u = (uy,...,un) €

RY and Du is the spatial gradient of u, i.e., Du = Dyu. Here A; : Q x RN x RN 5 R,
i=1,..., N, satisfies

w(l£]) s p(l£])
4i(z O SA=Z= and ZA,-(z,u,s»s»vW (1.2)
i=1

for all z € @7, u € RY and E=(&,....,6n) e R" x --- x R" and for some 0 < v < A, and

¢ :[0,00) — [0, 00) is a weak ®-function which satisfies (alnc), and (aDec), for some
2n < (1.3)

<p<qg. .
n+2 P4

We will introduce the definitions of weak ®-function, (alnc) and (aDec) in the next section. We
note that (alnc), and (aDec), for some 1 < p < g are equivalent to the V; and A; conditions,
respectively, see [29, Proposition 2.2.6]. The lower bound % in (1.3) is generally assumed in
parabolic regularity theory, see [18] and also [34].

The prototype of (1.1) is the so-called parabolic g-Laplace system

D
o —div( 8PV Y=o, i=1.....N
|Du|

More generally, we may also consider coefficients:

g(|Du))
| Du|

a,ui—div<a(z,u) Du,-):O, i=1,...,N, where O<v<a(, ) <A.

Here, we may take ¢(f) = fot g(s)ds. In particular, when g(f) = tP~!, this system becomes the
parabolic p-Laplace system.

The main result of this paper is to prove higher integrability of the gradient of a weak solution
to the system (1.1) together with a reverse Holder type estimate. The weak solution to (1.1) with
structure conditions (1.2)—(1.3) is defined as a function u € L (I, L*>(2, RN)YNL (1, w1 (Q))
with ¢(|Du|) € L' ([0, T], L' (RQ)) satisfying

—/ui8t§idz+/Ai(z,u,Du)~D§,-dz=0, i=1,...,N, (1.4)
Q Q
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for all ¢ = (¢1,...,¢N) € C(‘)’O(Q[, RN). We show that there exists a universal constant & > 0
such that

¢(IDul) € Lyt ().

Regularity theory for the parabolic p-Laplace systems, p # 2, was first systematically studied
by DiBenedetto and Friedman, see [19,20] and also the monographs [18,21]. Later, L9-regularity
theory was established in [1,34]. In particular, in [34], Kinnunen and Lewis first proved higher
integrability for parabolic p-Laplace systems. We further refer to [4,8,10,35,36,41] and related
references for regularity results for parabolic p-Laplace systems.

In the calculus of variations, partial differential equations with p-growth can be obtained as
Euler-Lagrange equations of functionals with a p-growth condition that is related to the power
function #”. Hence we can naturally generalize ¢” to an Orlicz function, and a growth condi-
tion related to an Orlicz function is called the Orlicz-growth condition. Regularity results for
elliptic equations with Orlicz growth, specifically C%- and C!-%-regularity, were first obtained
by Lieberman [37]. Later, he generalized these results to parabolic systems with Orlicz growth
[38]. We also refer to regularity results [5,14,16,17,22,24,49] and [6,15,23,32,33,47,50] for the
elliptic and parabolic case with Orlicz growth, respectively.

As mentioned above, we shall prove a higher integrability result for parabolic systems with
Orlicz growth. The higher integrability is the most basic regularity property of weak solutions for
elliptic/parabolic problems in divergence form, and is a crucial ingredient in studying regularity
theory, see for instance [28]. It has been obtained first by Elcrat and Meyers [39] for elliptic
systems with p-growth (see also [26,46]) and by Giaquinta and Struwe [27] for parabolic systems
with 2-growth (i.e., p = 2). But it was an open problem for about 20 years for parabolic problems
with p-growth (p # 2), and then Kinnunen and Lewis obtained the result [34]. We also refer to
[43—45] for global higher integrability for parabolic problems with p-growth and [13], [7], [3,9],
[11] and [12,25] for higher integrability results for obstacle problems, higher order parabolic
systems, parabolic systems with p(x, #)-growth, doubly nonlinear parabolic systems and porous
medium systems, respectively.

Now let us state our higher integrability result for parabolic systems with Orlicz growth.

Theorem 1.5. Let ¢ : [0, 00) — [0, 00) be a weak ®-function satisfying (alnc), and (aDec),
with constant L > 1 and let u be a local weak solution to (1.1) with structure conditions
(1.2)—(1.3). There exists € = e(n, N, p,q, L,v, A) > 0 such that ¢(|Du|) € Lllo";e(QI) with the
following estimate: for any Q4, € 21,

&

][¢<|Du|>1+5dz <c (¢op—1)< ][ ¢<|Du|>dz) ][cp(lDuI)dz
Qp Q2p Q2p

for some c=c(n,N, p,q,L,v, A) >0, where
.2 nt2
D(t) :=min{t", p(¢) 2 t "} (1.6)
and D~V is the left-inverse of D.
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p(n+2)
We remark that when ¢(¢) = t”, we have D(t) = min{tz, ¢! i ~"} and so

“1y() — 2 rethm
(9o D7) (1) =max{r 2, tre+2-2n}

Therefore, our result exactly implies the known results for the p-growth case, see for instance
[9].

We would like to introduce the novelties of our approach used in this paper. The main step is
to obtain a reverse Holder type inequality. In this step we cannot take advantage of the approach
used in the p-growth case, which is why the higher integrability for parabolic problems with
Orlicz growth has remained unsolved. The first issue is that techniques for p > 2 and p <2 in
the p-growth case are different which is problematic in the Orlicz case. In this paper, we present
a universal approach that is independent of whether the system (1.1) is degenerate, singular or
neither. The second problem is that the classical Gagliardo—Nirenberg interpolation inequality,
which is an important ingredient in the p-growth case, is not applicable to the Orlicz setting. In
order to overcome this problem, we derive an interpolation inequality for the Orlicz case, see
Lemma 2.13. The remaining part follows the approach used in [1,34,40] with modifications for
the Orlicz setting using recent tools from [29].

Our paper is organized as follows. In the next section, Section 2, we introduce notation, Or-
licz functions and derive an interpolation inequality. In Section 3, we obtain a reverse Holder
inequality. Finally in the last section, Section 4, we prove the main result, Theorem 1.5.

2. Preliminaries
2.1. Notation

For w = (y, t) € R” x R we denote the usual parabolic cylinder by

0,(w) =B, (y) x (t —r?, T +17),

where B, (y) is the open ball in R” with center y and radius r, and the intrinsic parabolic cylinder
(with function ¢) by

2 2
Qﬁ(w) = B,(y) x I,)‘(r) where I,A(r) = (t — ﬁ, T+ ﬁ),
and, for the function ¢ : [0, c0) — [0, 00), we define

p1(t) = @ and (1) := %

Let f, g :[0,00) — [0, 00). The function f is said to be almost increasing if there exists
L > 1 suchthat f(t) < Lf(s) forall 0 <t <s <oo.If L =1 we say f is increasing. Almost
decreasing and decreasing are defined analogously. We say that f and g are equivalent, f ~ g if
there exists L > 1 such that L_lf(t) <gt)<Lf(t)forallt > 0.

We define (f)y := f;, fdz:= ﬁfU fdz.
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2.2. Orlicz functions
Let ¢ : [0, 00) — [0, 00) and p, ¢ > 0. We introduce some conditions.

(aInc), The map (0, 00) > ¢+ @(t)/t? is almost increasing with constant L > 1.
(aDec), The map (0, 00) 3¢+ ¢(¢)/t9 is almost decreasing with constant L > 1.

Note that (alnc), implies (alnc) , for all p’ < p and (aDec), implies (aDec), for all q >q.If
¢ satisfies (alnc), and (aDec),, then p < g and forany t € (0,00) and 0 <c <1 < C,

AL p(1) <pler) <cPLp(t) and  CPL™'p(t) < (Cr) < CTLo(1).

We shall use these inequalities numerous times later without explicit mention.
These conditions allow us to work easily with weak ®-functions, without resorting to tricks
to ensure convexity.

Definition 2.1. The function ¢ : [0, c0) — [0, o] is said to be a weak ®-function if it is increas-
ing with ¢(0) =0, lim;_, g+ ¢(¢) =0, lim,_, oc ¢ () = 00 and it satisfies (alnc);.

As an example of the robustness of this definition, we note that /¢ (t2) need not be convex
if ¢ is, but the (alnc); property is conserved. Moreover, the condition (alnc); captures some
essential features of convexity, as it allows us to use the following Jensen-type inequality (cf.
Lemma 4.3.2, [29]).

Lemma 2.2 (Jensen inequality). If ¢ : [0, 00) — [0, 00] is increasing with ¢(0) = 0 and satisfies
(alnc)y with constant L > 1, then

1
o33 f r1dz) < fotrne
U U

Also, we can use the conditions effectively with Young-type inequalities and inverse functions
(see the proof of Lemma 2.9). We recall the definition of the conjugate weak ®-function:

@*(s) == sup(st — @(1)).
t>0

This definition directly implies Young’s inequality:
st<(s) +¢ (1), 5,120 (2.3)

The exact value of ¢* can usually not be determined, but we have the following useful estimate
which can be found in the proof of [29, Theorem 2.4.10]:

0" (£2) ~ o(1). (2.4)

This will be used multiple times in what follows. Moreover, if ¢ is differentiable with ¢’ satisfy-
ing (aDec),, then, by [31, Lemma 3.6(2)],
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20 ~ o' (1). (2.5)

t

Remark 2.6. Suppose that ¢ is a weak ®-function which satisfies (alnc), and (aDec); with
1 < p < g. We can define

t

(1) :=/sp*1 sup @ds.

oe(0,s] O

Then ¢ & ¢ is differentiable and convex (since its derivative is increasing) and also satisfies
(alnc), with L =1 and (aDec), . Since ¢(0') > 0 when o > 0, ¢ is also strictly increasing. Since
the claims that we are proving are invariant under equivalence of weak ®-functions, we may thus
assume when necessary that ¢ is differentiable, strictly increasing and a bijection.

We next introduce the left-inverse of a weak ®-function:

o 1 (s) :=1nf{t > 0: (1) > s).
Clearly, (p_l (p(t)) <t and, if ¢ is continuous, ¢(<p_1 (s)) = 5. Note that in view of Remark 2.6,

we have (p o ™) (1) ~ (97! 0 @)(t) ~ t if ¢ satisfies (aDec), with ¢ > 1. By [29, Propo-
sition 2.3.7], <p’1 satisfies (alnc)1 or (aDec): if and only if ¢ satisfies (aDec), or (alnc),

respectively. From these facts and ‘Lemma 22 \i/e conclude the Jensen-inequality
][<p(lf|)dz<c¢<][|f|d2> 2.7
U U

when ¢ satisfies (aDec);.

Let us quote for later use a version of the standard iteration lemma which is particularly
adapted to the Orlicz case [30, Lemma 4.2]. Recall that doubling means that X (2s) < CX(s),
which is equivalent to (aDec), for some g < oo.

Lemma 2.8. Let Z be a bounded non-negative function in the interval [r, R] C R and let X be a
doubling function in [0, 00). Assume that there exists 6 € [0, 1) such that

ZO < X)) +0Z(s)
forallr <t <s < R. Then

Z(r) S X(z=),

where the implicit constant depends only on the doubling constant and 6.
We end this subsection with the following lemma and notation which will be used often.
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Lemma 2.9. Assume that ¢ : [0,00) — [0,00) is a weak ®-function satisfying (alnc), and
(aDec)y with 1 < p < g and that

][w(lfl)dz < (A,
U
where f U — R4 deN, and ) > 0. Then, for any 6y € [1 — é, 1land § € (0, 1),

SA +csp~1(®)

Ao <
0 {ck

for some cs = c(p,q, L,5) >0, where

1
1 B
A== ][golufndz and g = <][<p(|fl)9° dz) " 2.10)
U U

Proof. Since ¢; ((p_l(t)) ~ —_ satisfies (aDec),_1, we find that t — (¢ o go_l)(t1/0°) satis-

0]
fies (aDec);. Then we obtain by (2.7) and Holder’s irfequality that

][‘P1(|f|)d2 <clpro9™)(O) < clgr Ofp_l)(fw(lfl)dZ) <cor().
U U

We use only the first inequality to estimate é-part of the integral, and the whole inequality for

the remaining (1 — %) of the integral. Thus

1 oo H(® é 1_% A 1
—f¢1(|f|>dz<c[(*‘” i) (][galufndz) <~ [(grop (O],
w2 (M) w2 (M) 7

U U @1(A)

Let us define H by

H@):=G '(t9), where G(r) := —.
@(1)
Observe that, since G satisfies (alnc); and (aDec)yy1—p, H satisfies (alnc) 4 and (aDec),
qTi=p
and
tq-H 1 ¢
H_l(t)%( )": -
@) p1(n)a

1
From H~'(t)(H*)~'(t) ~ t, we see that (H*)"(r) ~ H+1m ~ ¢1(t)7. Then by Young’s in-
equality we have that for any § > 0,
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o 1 ez <sm (o) e (09 OIN ~ 81+ ey ©0)
— =71 ¢ X (7) Cs Y109 0)19) =~ (1% 0)-
2(2) J pr()Va

For the upper bound cA, we simply fix § = 1 and use Holder’s inequality for ® as before. O
2.3. Gagliardo—Nirenberg type interpolation inequality for Orlicz functions

In this subsection, we obtain a Gagliardo—Nirenberg type interpolation inequality involving
Orlicz functions which will be a crucial ingredient in the proof of a reverse Holder type estimate.
Let us recall a usual scaling invariant version of the Gagliardo—Nirenberg interpolation inequality
in balls (see [42]): fory >0, pe[l,n),qg > 1and 0 € [0, 1],

1-6

( |£17d );< ( IDfIP +[£]"] )9< [FId ) q @1
B][ X c B][[ ] x ][ X

r r r

for some ¢ = c(n, p) > 0, provided that

1 0 1-6

-z —+—,

Yy p q
where p* = n"_p . Let us prove that this inequality also holds for g € (0, 1). This may be known,
but we have not found a proof (e.g. it is not mentioned in [48] which deals with extensions of the

parameter ranges).

Lemma 2.12 (Gagliardo—Nirenberg inequality). Let p € [1,n), y,q > 0and 0 € [0, 1]. Then

(Z\%def <c<][[|Df|"+|£yf’] dx>%<3]r[|£’qu>

B,

0

1—
q

for some ¢ = c(n, p) > 0, provided that

Proof. For g > 1, the claim is just the Gagliardo-Nirenberg inequality (2.11) quoted above. For
q € (0, 1), choose 6 € (0, 1) such that

Op*+(1—6)g=1.
Then by Holder’s inequality we have

Flflav<(f14
B,

B,

- dx>é<][ ’%|qu>1—9

By

and by the Sobolev—Poincaré inequality

932



P. Histé and J. Ok Journal of Differential Equations 300 (2021) 925-948

r*

][|§|”*dx<c<][[|1)f|l’+|£|”] dx)T.

We use the Gagliardo—Nirenberg inequality (2.11) for (y, p,q,0) = (v, p, 1, 6p) and the es-
timates from the previous paragraph to conclude that

(][mydx); <c<f[|Df|P+}%|p] dx>9§(][|£|dx>leo

w (1_@)(1_90)
p ~
e fllre i) 7 fira)
B, B,
provided that
1 6o
— 2= —+1-0p.
y p*

Let0:=0g+ (1 —0p)8p*=1— (1 —6p)(1 — é)q. Then the exponent of the first term on the
right-hand side is £ and the exponent of the second term is 1=¢. Thus we have the Gagliardo—
Nirenberg inequality for parameter value 6. It remains to check that the bound for y is correct.
For this we calculate

6 1-6 6 - - %
L= 81— 60)+ (1 -1 —6) = +1—6. O
P g P P

We conclude this subsection by deriving a Gagliardo—Nirenberg type inequality for Orlicz
functions.

Lemma 2.13. Suppose that yr : [0, 00) — [0, 00) is a weak ®-function and satisfies (aDec)y, for
some q1 = 1. For p € [1,n), y,q> > 0and 6 € [0, 1] we have

(][lﬂ(’%‘)ydxy <c<f[¢(|Df|)P+w(|%’)p] dx>[0)‘/’(<][|%|q2dx>%>lg

r r

for some c =c(n, L, q1,q2) > 0, provided that

16, (-0

vy~ p* 0

Proof. In view of Remark 2.6, if suffices to consider i that is strictly increasing and differen-
tiable with v/'(¢) > 0. Then using Young’s inequality (2.3), (2.5) and (2.4) we have that

IDEY (L) =" ALDIDFI <UD + v @' (L)) <w(Df) + v (L)).
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Hence applying Lemma 2.12 with g = 2=

(][1/» dx) <c<][[w<mf|>ﬂ+w(; ) (fw )79

r

(f[wmfww(\ )] ) <f|f|flzd qz)l ",

r

here the last inequality follows from Lemma 2.2 since 7 > v~ (t1/9)92 satisfies (alnc);. O

3. Poincare and reverse Holder type inequalities

In this section, we derive a reverse Holder type inequality for the gradients of weak solutions
to (1.1) on regions satisfying a balancing condition, (3.13). We suppose that ¢ : [0, co) — [0, c0)
is a weak ®-function and satisfies (alnc), and (aDec), with constant L > 1 and that p and ¢
satisfy (1.3). We start with a Caccioppoli type inequality.

Lemma 3.1 (Caccioppoli inequality). Let u be a weak solution to (1.1) with (1.2) and Q)k € Qy

withk,R>O.F0rr€[g,R)anda:(al,...,aN)eRN,wehave
2
u(s) —a
@2 (L) sup]['L dx+][<p(|Du|)dz
sel} r
B, o}
<ef |molg=] +e(l 523 |4
XC e
¢2 R—r ¢ R—r ¢
Ok

for some c=c(n,N, p,q,L,v, A) >0, where u(s) = u(x, s).
Proof. We assume without loss of generality that Q% is centered at the origin. Let n € COI(BR)

withn=1in B, and |Dn| <c/(R—r)and T € CY(R) with T =0 in (—o0, —R2/<p2(k)], =1
in [—r2/@2 (1), 00) and 0 < v/ < ¢2(A) /(R — r)%. Define

£, ) =) T (ulx, 1) — a)

and o := —R?/¢,()). Using ¢ as a test function, we have that for s € I,
S
//[Btu,'ii + Aj(x,t,u, Du) - D¢ldxdt=0, i=1,...,N, (3.2)
o Bg

see Remark 3.3, below. Since 9;a = 0, we note that
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S N
1
//8,ui§i dxdl://ial[nqtz(ui —a)?] =it (u; —a;)?dxdt

o Bg o Bg
1 N
= E/nqr(s)z(u,m —a;)*dx — //n‘fn’(ui —a;)*dxdt,
Br 0 Bg
where u; (s) = u;(x, s). Then, summing (3.2) fori =1, ..., N and using (1.2), we have

1 N
5/nqr(s)2|u(s)—a|2dx+v//nqr2¢(|Du|)dxdt

Br 0 Bg
_q// q—1 22(”’_a’)A (x,u, Du) - D;f/dxd[+//n TT |u—a| dxdt
o Bp o0 Bgr
( [ 2
2 q 1‘»0 —’d dt // A )u’ dx dt
// o xdi+ [ [ ga00| 2= dxdr.
O'BR UBR

Moreover, by Young’s inequality (2.3) and (2.4) and since ¢* satisfies (alnc) e [29, Proposi-
tion 2.4.13], we have that for any ¢ > 0

_19(|Dul)
<5(P*<nq IW +C5‘P(

q u—a
<centy(Dul) + oo (|5 |)

u—a

R—r

u—a

R—r

4-19(Dul)
| Du|

)

We choose ¢ so small that the first term can be absorbed in the left-hand side. Therefore, com-
bining the above inequalities and using the fact that t =1 in Ir’\ and n =1 1in B,, we have

/|u(s)—a| dit / /¢<|Du|>dxdt /[mm\%W(\ZiiD} dz

wz(l)

for all s € I*. Finally, we obtain the claim by dividing both sides by "2, (1) and taking into
consideration that |B,| ~ r" while |Q%| ~ r" 2y (). O

Remark 3.3. When we consider parabolic problems and want to obtain useful estimates such as
Caccioppoli inequalities, we have to use test functions depending on the weak solution u in the
weak formulation (1.4). However, the weak solution u to the parabolic system (1.1) may not be
differentiable in the time variable. In fact, we do not need differentiability with respect to the time
variable when we prove the existence of weak solution to parabolic problems. In order overcome
this difficulty, one way is to consider Steklov averages, see [18] and also [6]. However, since this
argument is now quite standard, we shall abuse the notation d,u without further explanation.
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Let n € C3°(B,) be a cut-off function such that 0 <n <1, n=11in By 2, |Dn| < %. We note
that [|n]l; ~ |B,|. Define

1 1
(u)i; ::—][/undxdt and  (u),(s) :=—/u(x,s)ndx forse]é.
il lmlh
I’ By B,

£

Let us start with a complicated “Sobolev—Poincaré” inequality.
Lemma 3.4. Let u be a weak solution to (1.1) with (1.2) and Qf“p E€Qrwithh>0andp <r <

R < 4p. For a weak ®-function  satisfying (alnc)p, and (aDec)y,, 1 < p1 < q1, we have
u— (uh

][1//( - )dz < ey (Ag) + ey (T(r, R)?) ™% ][w<|Du|>90 dz,
0 0}

for some c=c(n, N, p,q, p1,q1,0, L,v, A) > 0 provided that

bopi €[1,n) and — L <gy<1.
nqi +2pi
Here, Ag is from (2.10) with U = Qﬁ‘ and f = Du, and
u— (u);\)

R—r

) u— @y |® 1 2
T(”R)'ZJ[H R—r +m(x)‘”< >]dZ+A°'

0%

Proof. By the triangle inequality,

][w( u— W >dz:][w(‘u<z>—<u>n<t)j<u>n(t)—<u)2 )dz
0> o} (3.5)
< cfl/f( n® = @, O )dt+c][1ﬁ< 1) — n @) )dz.
122 ’ o} '

We first take care of the first term. By the definition of (u), and using the weak formulation (1.4)
with test-function ¢ (x, 7) := n(x), we find that foreachi =1,..., N and ¢ € Ir)‘,

936



P. Histé and J. Ok Journal of Differential Equations 300 (2021) 925-948
A
[(ui)y (1) = (i) | < sup [{ui)y(2) = (ui)y(o)| = sup

t
/ ) (5) ds
oel} oel} p

/” T /atu (x,s)n(x)dxds
/][A (x,s,u, Du) - Dndxds

Ccr
< — 1(|Dul)dz =rAy.
02 (%) ][‘”
o

ael)‘

(3.6)

2

sup
oel}

This gives the first term on the right-hand side of the claim.
We next use the Gagliardo—Nirenberg inequality (Lemma 2.13) with (¥, y, p, q1, q2) given
by (y!'/71, py, fop1, 1+.2) to conclude that

][lﬁ(‘%‘)dx Sc][ [Kﬁ(IDfD@l +¢(‘£’)00] dx 1//<[][ !%\%uf)l_%

B, B,
provided 6y p1 € [1,n) and

1> 9() 1—49()2 1 90_{_1—902

1~ (Bop1)* 2 pi pi n 2 pi

This can be written as 6y > - qln_ﬁlz TR

The previous inequality for f :=u — (u), on each time slice gives

[P e f o

I} Br
% 1—-6y
c][h/f(wfn"o+w<%>901dw<<sup][|f<jv'> 2dx> ) :
tel}
0} "B,

In the first term we then use the following weighted Poincaré inequality for each time slice:

][¢|f(xt)|90 fw M(x 1) — ()(I)D% i

C][W(IDM()C, nh* dx = C][I/f(lDf(x, Hh® dx,

B, B,
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see [29, Lemma 6.2.5 and Corollary 7.4.1(b)] (here we need 8gp; > 1). Finally, from the Cac-
cioppoli inequality (Lemma 3.1) and (3.6) we conclude that

ux, 1) — () |?
sup][}@}zdxgcsup][ - a’x—l—csup][

teI}B teIr)“B zel;\B

r r r

2 1
<
C][[ +¢2(x)‘p<

2%

2
dx

W) — () (1)
r

)i| dz + cA.

w—
R—r

w—
R—r

Combining (3.5), (3.6) and (3.7), we obtain the claim. O

If we choose 6y = p; =1 in the previous lemma, we obtain the following result, since the
complicated term involving T vanishes as its exponent is zero.

Corollary 3.8 (Poincaré inequality). Let u be a weak solution to (1.1) with (1.2) and Qi‘ E Qg
with A > 0. For a weak ®-function  satisfying (aDec),, we have

ol

v

u— ()}

>dz < c][xp(lDul)dz +cy (Ag),
o

where Aq is from (2.10) with U := Qép and f = Du.

Over the course of the next two results we will show how the extra terms in the previous
lemma can be estimated by suitable quantities when we are in suitable intrinsic cylinders.

Lemma 3.9. We assume the assumptions of Lemma 3.4, and additionally that

][ (| Dul)dz < ¢(2).
0,
Then, for some c =c(n, N, p.q, p1,q1,0, L,v, A) >0,

][ w( )dz<cw<Ao>+cw(A)1—9° ][ ¥ (|Du)® dz,
s A

Q2p QZP

u— ()}

where Ay is from (2.10) with U := Q;‘p and f = Du.

Proof. The claim follows once we show that 7 from Lemma 3.4 satisfies T (2p, 3p) < cA. We
first note from Lemma 2.9 with U = Q* that

1
m ][¢1(|Du|)dz <cer) forall relp,4p]. (3.10)
0}

Using this and Corollary 3.8 with v := ¢, we find that for any p <r < R <4p,
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u— )y, 1
][<p< E— )dZ<C][¢(IDu|)dz+cw<— ][fﬂl(lDul)dZ) < cp(A)
R ~ o2(0)
0% 0% %
and hence
u— (M)A 1 u— (u)h

dz < (R-)7 ][ ( P >d <R3,

m(x) ( ) <@ w1 <)
Ok

With the previous inequalities, we have the following estimate for 7 from Lemma 3.4: for any
p<r<R<4p,

u— @k |?

R

dz + ()22 (3.11)

TR < () f

0%

Let po := n+2, Y(t) = =t and 6y := po . Then by Lemma 2.2 for the map # — <p(t1/”0)
Po
][w<|Du|)9° dz = ][ |Du|P dz < cg™! (][w(lDul)dz> <A
0; 0}

0}

for all r € [p, 4p]. With the last two estimates, (3.10) and Young’s inequality, Lemma 3.4 gives
us in this case that
u— (u)ﬁ 2

][ - dz<c)»2+ckp°<(R1ir)2f

o} 0%
2q_ 4

< el B () f

Ok
<8][

Ok

u— @k |?

1-6y
@z (45)'52)

2

2 n+2
dz

dz -+ o(Z) 72 4 e (7)TA2,

u— (“)2

R

u— (w2
R

for any ¢ € (0, 1). Then, since p <r < R < 4p, we have

w—@hP 1 [ =@k o a4,
][T dzég][ —— 21 dze[(2) 7 + (25)7 22
L,__/ # =X(1/(R-r))
S —
=Z(r) =Z(R)

Therefore, by applying a standard iteration Lemma 2.8, we obtain Z(r) < cX(1/(R —r)), i.e.
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/

o}

u— (u)h

0

2 2 41,
de < el (#5) ™ + ()"

for any p <r < R < 4p. We choose here (r, R) = (3p,4p) and use it in (3.11) with (r, R) =
(2p, 3p) to conclude T (2p,3p) < cA. O

Now, we derive a reverse Holder inequality.

Lemma 3.12. Let u be a weak solution to (1.1) with (1.2) and Qi‘p € Qp with A, p > 0. Suppose
that

p(A) < ][fp(IDul)dZ and ][ o(|Dul)dz < p(A). (3.13)
05 0%,
Then there exist 0 =0(n, p,q) € (0,1) and c =c(n, N, p,q,L,v, A) > 0 such that

][<p(|Du|)dz < c( ][ o(|Dul)? dz)e.

03 i,

Proof. We denote pg := %, and Ag and ®g as in (2.10) with U := Q% o By the Caccioppoli

inequality (Lemma 3.1) with ¢ := (u)”, we find that

U — (L{))\ 2
][¢(|Du|)dz<0</)2()») ][ ‘Tp dz+c ][ <p<
05 03, 05,

u— (u)h

0

)dz. (3.14)

We then estimate the last two integrals.
By Lemma 3.9 for ¥ := ¢, considering also Lemma 2.9 with U = Q% , and Young’s inequal-
ity, we have that for any é € (0, 1)

/4

A
3,

A

u— ()

) dz < cp(Ag) 4 cp() 10 OL < 500 + cdp (). (3.15)

Using the same steps in the case ¥ () := t2 and 6y := %, we conclude that for any § € (0, 1)

u—(u)ﬁ 2 3 ) 3
][ —— | dz) <cAg+c| AP0 ][ |Du|P° dz
Q%p Q%P
1
7o
<63<7[|Du|p0dz> +cAg+Sh.
03,
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In particular, we also have

1

A2 5
w dz)2 <cA.

0

(f

A
05,

Multiplying the previous two inequalities, and using Young’s inequality with (2.4) for the second
step and Lemma 2.9, we obtain that for any § € (0, 1)

)
0200 7[ ‘M
0
0%,

2 1
dz < cor(V) I:c(g( ][ | Du| 0 dz) "1 Ao +ax]
A

0},
1
P
<65<p<< f IDul”Odz> >+ca<p(Ao)+65¢(k)
0%,

<500 + cdp(h),

(3.16)

where the last step follows from Jensen’s inequality (Lemma 2.2) when 6y > % so that ¢ (¢1/P0)f
satisfies (alnc);.
Finally, inserting (3.15) and (3.16) into (3.14), we find that

]lco(lDul)dz < csOp + cdp(L).
QA
o

Choosing § so small that ¢§ = % and absorbing the term in the left-hand side by (3.13) we have
the reverse Holder inequality. O

4. Proof of higher integrability
Now we prove the main result, Theorem 1.5.
Step 1. Let ¢ : [0, 00) — [0, 00) be a weak ®-function and satisfy (alnc), and (aDec), with

(1.3). In view of Remark 2.6, we can assume without loss of generality that ¢ is differentiable,
strictly increasing and satisfies (alnc), with L = 1. We also recall

D(1) := min{r, (1) 21"} = min{1, g2(1r) "5 )1 4.1
from (1.6). Then D is increasing and from (alnc),, of ¢ we have

p(n+2)—2n p(n+2)—2n

Cmin(2, 2043 }D(,):min{C{c 7 }D(;)gD(Cr) (4.2)

forallt >0and C > 1.
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Step 2. Fix 0z, € ;. We define

Ao = D_1< ][ ¢(|Du|)dz) (4.3)

Q2p

and, for0 <s <2and A > 0,

E(s,)):={z€ Qsp : |Du(z)| > A}.

We next fix any 1 <51 < s2 <2 and any A satisfying

40 N\ 2 max{3, o)
) o

A :=( (4.4)

52 — 851
With this A we also define
. 1
i, :=min{l, @2(A)2}(s2 — 51) 0. 4.5)

We notice that Qk(w) C Qy,p for w € E(s1, 1) and r < ry. Then we prove a Vitali type covering
of the super-level set E(s1, A) satisfying a balancing condition on each set.

Lemma 4.6. For each 1 < s1 < sp <2 and ) > Ay, there exist w; € E(s1,A) and r; € (0, ;—6),

i=1,2,3,..., such that Q4r,- (w;) are mutually disjoint,

o
E@si, M\N C | 03, (wi) (4.7)
i=1
for some a Lebesgue measure zero set N,
][ o(|Dul)dz = @A) and ][ o(|Dul)dz < ¢(A) forallr e (ri,r)). 4.8)

AT 0 (w)

Proof. For w € E(s1,A) and r € [20, r3), using (4.3) we have

|Q2p| ][ Q2]
Dul)dz dz MD(Ah).
QA]([) @(|Dul) IQ’\ @(|Dul) |er 0| @2(M)D(ho)

By (4.5), (4.2), (4.4) and (4.1),

40

192, 30D ) <(
sy —

|Or, 120l

n+2
. ) max{1, (pz()»)_% }o2(A)D(Ao)

< DY max{1, g2(1) "7 Jga(3)
= min{1, gpz(,\)%}xz max{l,goz(x)*%}qoz(k) =p).
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Therefore we obtain that

][ @(|Dul)dz < () forall re[3,72).
0% (w)

On the other hand, by the parabolic Lebesgue differentiation theorem we see that for almost
every w € E(s, A)

lim, ][ o(1Dul) dz = p(|Du(w))) > p(b).
0% (w)

Therefore, since the map r +— fQ,\(w) ¢(|Dul) dz is continuous, one can find ry, € (0, ;—6) such
that

f ¢o(|Dul)dz=»x, and f o(|Dul)dz < A forall r € (ry, rl.
0}, (w) 0} (w)

Consequently, applying Vitali’s covering lemma for {Qﬁ‘w (w)}, we have the conclusion. 0O
Step 3. By (4.8), we can apply Lemma 3.12, so that we have that for sufficiently small § €
0, 1),

1
0
o= 1 </)(|Du|)dz<6< f ¢(|Du|)9dz)
r: (wi) 0l (wi)
1
<c¢(sx>+c<|QA A Y dz)

4r;
0, (Wi)NE(s2.83)
1-60
C
<edp) + / ¢<|Du|>9dz< ][ (P(lDuI)dz)
41‘,’

0y, wi)NE (52.53) 0l

1 1-6
< 2p0) +c 22 / ¢(1Dul)’ dz.

0}, (WINE(52,8%)

Then we absorb ¢ () into the left-hand side. Using (4.8) again we have

A 1-6
f <P(|Dul)dz<<p(?»)<c(p|(Q1| [ eupua:
4r,-

Q% (wi) Qf, Wi)NE (52,53)
and so
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/ ¢(IDul)dz < cp(M)' ™ / o(|Du))? dz.

0%, (wi) 0, (Wi)NE(s2,82)

Therefore, since {Q%Or’_(wi)} is a covering of E(s1, A) according to (4.7) and Qﬁri (w;) are mu-
tually disjoint,

o(oupdz <Y [ w(Dubdz <o) [ pupu’ .

EGs1.0) =i ) E(52,60)
1

In addition,
o(|Dul)dz < / o)~ p(1Dul)’ dz
E(s1,6AM)\E(s1,1) E(s1,0AM)\E(s1,1)

< / o)1 o(IDul)’ dz.

E(s52,61)
Combining these and replacing §A by A, we have
/ o(|Du)dz<c / oMW " Po(1Du))? dz forall A > 81;. (4.9)
E(s1,2) E(s2,2)
Step 4. Let us set
|Duly :=min{|Du|, k} fork >0,
Ei(s, 1) :={z € Qsp : [Dulr(z) > A}.

From now on, we assume that k£ > A;. Then we have from (4.9) that for £ > 0, which will be
determined later,

o0
I:= / e ' (W) / o(1Dul)' % o(|Du))? dzd
Ve Ex(s1,4)
k
< / 006 () / o(|Dul)dzdx
Al E(s1,M)
0
<C/ / oMW ' W e(|Du)l dzdr =: 11,
A1 Er(s2,A)

where we have used the facts that Ex(s, A\) =@ if A > k and E(s, X)) = Er(s, 1) if A < k. We then
apply Fubini’s theorem to [ and 11, so that
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|Dulk
I= / ¢(1Dul)' =" p(|Dul)’ / e ¢/ () dArdz
Ej(s1,A1) e
1 - —
= / [</><|Du|k)l " o(1Dul)’ — (1) e(IDulp)’! 9<p(|Du|)9] dz
Ex(s1,M1)
and
|Dulk
II=c / w(lDul)e/<p(/\)5*9<p’(x)dmz
Ex(s2,11) A
—C — —
=1 _oxe / (</>(|Du|k)1 re —p(nn)! 9+£><p(|Du|)9dz

Ex(s2,21)

C _
<t [ etu)' " eaDu dz.
Ex(s2,21)

Therefore we have

@(1Dul) " o (1Du))? dz < p(11)¢ / o(1Dul) " o(|Du))? dz

Ex(s1,21) Ex(s1,21)

+ ce / @(IDul) ' " p(|Du))? dz.
szp

At this stage, we choose ¢ =¢(n, N, p,q, L,v, A) > 0 so small that ce < % On the other hand,

@(1Dul) " (1Du))? dz < p(11)* / @(1Dul) ' (|Du))? dz.

Qslp\Ek(Sly)‘]) Qslp

Combining the last two estimates, we have

. i i

/ o(1Dul) =+ Dul) dz < 5 / (1 Dul) "+ (| Du))’ dz

Qslp szp
cp(ro)®

m/‘pUDWk)l_e(ﬂﬂDungz,

Q2p

where «g = eq(n + 2)max{%,m}; here we used (4.4) which yields ¢(i1) <

Wfﬂ(ko)- Applying the standard iteration Lemma 2.8 to this inequality, we find that
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/ @(IDul) "' o (1Du))? dz < cp(ro)® / ¢(1Dul) " (|Du))? dz
9y 02

<C<p(ko)8/<p(IDu|)dZ-
QZp

Finally, letting kK — oo and recalling (4.3), we have

][cv(lDuI)l“ dz < cp(ho)* ][ﬁo(lDuI)dz
Qp 02

<c[¢(v—1< f ¢<|Du|)dz))]8 F vt

Q2p Q2p
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