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1. INTRODUCTION

For the autonomous partial functional differential equation

’uuðtÞ ¼ AuðtÞ þ Lut; t50;

uðtÞ ¼ fðtÞ; �r4t40;
ð1:1Þ

there is a well-developed semigroup approach; in particular, a powerful
spectral theory is available. Here we assume that A generates a C0-semigroup
V ð�Þ on a Banach space X : Further, r50; f 2 E :¼ Cð½�r; 0	;X Þ; L 2
LðE;X Þ; and we let utðxÞ :¼ uðt þ xÞ for x 2 ½�r; 0	; t50; and u : ½�r;1Þ !
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GÜHRING, RÄBIGER, AND SCHNAUBELT440
X : Then the operator

AL :¼
d
dx

; DðALÞ :¼ ff 2 C1ð½�r; 0	;X Þ : fð0Þ 2 DðAÞ;

f0ð0Þ ¼ Afð0Þ þ Lfg; ð1:2Þ

generates a C0-semigroup ULð�Þ on E and the function

uðtÞ :¼
½ULðtÞf	ð0Þ; t50;

fðtÞ; �r4t40;

(

solves (1.1) for f 2 DðALÞ: We point out that the semigroup ULð�Þ describes
the time evolution of the history function of the solution; i.e., ut ¼ ULðtÞf:
The spectrum of AL is determined by the relation

l 2 sðALÞ , l 2 sðAþ LlÞ; ð1:3Þ

where Ll 2 LðX Þ is given by Llx :¼ Lðel�xÞ for l 2 C: Moreover, if t/V ðtÞ is
continuous in operator norm for t > 0 (e.g., if V ð�Þ is analytic or compact),
then

sðULðtÞÞ\f0g ¼ expðtsðALÞÞ: ð1:4Þ

For these results we refer the reader to [7, Section VI.6] and also to [28,
Chap. 3] and the references therein. Combining (1.3) and (1.4) with standard
spectral theory, one sees that the solution semigroup ULð�Þ is exponentially
stable if and only if

supfRe l: l 2 sðAþ LlÞg50

and that ULð�Þ has exponential dichotomy if and only if

fl 2 C: l 2 sðAþ LlÞg \ iR ¼ |

(provided that V ð�Þ is norm continuous for t > 0). In this way one
obtains exponential stability and dichotomy of the history function ut:
Thus one can consider (1.3) as a generalized characteristic equation which
extends the classical results for the case X ¼ C

n as presented in e.g.
[13, Chap. 7].

In this paper we want to prove analogous characterizations for the non-
autonomous problem

’uuðtÞ ¼ AðtÞuðtÞ þ LðtÞut; t5s;

uðtÞ ¼ fðt � sÞ; s� r4t4s;
ð1:5Þ
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where the linear operators AðtÞ; t 2 R; generate an evolution family
V ðt; sÞ; t5s; on X and Lð�Þ belongs to CbðR;LsðE;X ÞÞ; the space of
uniformly bounded and strongly continuous operator-valued functions. In
the next section we review the existence theory of (1.5); typically this
problem is solved by an evolution family ULðt; sÞ on E which is generated by
operators ALðtÞ given as in (1.2).

However, even in the case of ordinary differential equations (i.e., X ¼
C

n; r ¼ 0; and LðtÞ ¼ 0; thus ALðtÞ ¼ AðtÞ) it is known that the location of
the spectra of ALðtÞ does not influence the asymptotic behavior of solutions.
This can be seen by, e.g., Example VI.9.9 in [7] where time-periodic
equations are considered. But we note that for a certain class of periodic
problems one can prove a characteristic equation involving the spectrum of
the monodromy operator ULðp; 0Þ; see [13, Section 8.3; 11] and Corollary
3.7.

In the present work we derive in Theorem 3.5 a generalized characteristic
equation for (1.5) which is formulated on function spaces like C0ðR;X Þ and
determines the exponential dichotomy of (1.5). As a consequence we obtain
the above-mentioned characteristic equations for autonomous and periodic
problems. Theorem 3.5 further allows us to characterize those delay
perturbations such that ULð�; �Þ inherits the exponential dichotomy of V ð�; �Þ;
see Theorem 4.1 and Corollary 4.4 which extend results in [6, 8, 18]. In this
context we also refer the reader to the recent papers [3, 12, 14]. Moreover,
our characteristic equation is closely related to the qualitative behavior of
the solutions to the inhomogeneous problem

’uuðtÞ ¼ AðtÞuðtÞ þ LðtÞut þ gðtÞ; t 2 R: ð1:6Þ

For instance, let LðtÞ be periodic and let AðtÞ generate a periodic evolution
family with exponential dichotomy. Then the solution u is almost periodic if
the inhomogeneity g is almost periodic; see Theorem 4.6. Here we generalize
results from, e.g., [1, 11, 28] to the non-autonomous setting. Finally, the
influence of positivity is explored in Theorem 4.10 for a certain class of
periodic problems. In the last section we discuss a retarded parabolic partial
differential equation with time-periodic coefficients.

Our approach is based on the so-called evolution semigroup associated
with (1.5) which is introduced in the next section. Concerning unexplained
concepts and notation we refer the reader to [7].

2. PREREQUISITES

Let Z be a Banach space. A family fW ðt; sÞ; �15s4t51g � LðZÞ is
called an evolution family if W ðt; sÞ ¼ W ðt; rÞW ðr; sÞ; W ðs; sÞ ¼ I ; and ðt; sÞ
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/W ðt; sÞ is strongly continuous for �15s4r4t51: Its exponential

growth bound is given by

oðW Þ :¼ inffw 2 R: jjW ðt; sÞjj4Mwewðt�sÞ for t5sg:

The evolution family is said to be exponentially bounded if oðW Þ51 and
exponentially stable if oðW Þ50: We denote by Q ¼ I � P the complemen-
tary projection of a projection P : An evolution family W ð�; �Þ has an
exponential dichotomy if there are a projection-valued function P ð�Þ 2
CbðR;LsðX ÞÞ and constants N ; d > 0 such that

(a) P ðtÞW ðt; sÞ ¼ W ðt; sÞP ðsÞ;

(b) the restriction WQðt; sÞ: QðsÞX ! QðtÞX of W ðt; sÞ has the inverse
WQðs; tÞ; and

(c) jjW ðt; sÞP ðsÞjj4Ne�dðt�sÞ and jjWQðs; tÞQðtÞjj4Ne�dðt�sÞ;

for t5s: We note that the projections P ðtÞ; t 2 R; are uniquely determined
by (a)–(c); see [26, Corollary 3.3].

We also deal with p-periodic evolution families W ð�; �Þ which means that
there exists a constant p > 0 such that W ðt þ p; sþ pÞ ¼ W ðt; sÞ for t5s: In
this case it is known that

sðW ðp; 0ÞÞ\f0g ¼ sðW ðt þ p; tÞÞ\f0g;

for t 2 R; that oðW Þ ¼ 1
p ln rðW ðp; 0ÞÞ; and that W ð�; �Þ has an exponential

dichotomy if and only if T\ sðW ðp; 0ÞÞ ¼ |; where T ¼ fl 2 C: jlj ¼ 1g; see
[15, Section 7.2].

Given an exponentially bounded evolution family W ð�; �Þ on Z; we define
the associated evolution semigroup TW ð�Þ on CbðR;ZÞ by setting

ðTW ðtÞf ÞðsÞ :¼ W ðs; s� tÞf ðs� tÞ; t50; s 2 R; f 2 CbðR;ZÞ:

Note that oðTW Þ ¼ oðW Þ: This semigroup is not strongly continuous on
CbðR;X Þ: We are thus looking for closed subspaces of CbðR; ZÞ which are
invariant under TW ð�Þ and the group of translations and on which TW ð�Þ is
strongly continuous. It is easy to see that the space C0ðR; ZÞ satisfies these
requirements for each exponentially bounded evolution family. This
situation is thoroughly studied in the monograph [5]; see also the survey
given in [7, Section VI.9].

If W ð�; �Þ is p-periodic, we can also choose the subspaces PpðR;ZÞ of
p-periodic functions and AP ðR;ZÞ of almost periodic functions; i.e.,

AP ðR;ZÞ ¼ linfeiZ�z: Z 2 R; z 2 Zg;

where the closure is taken in CbðR;ZÞ: In the case PpðR;ZÞ one can verify the
required properties in a straightforward way; for AP ðR;ZÞ we refer to e.g.
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[19, Lemma 2]. We further recall that each f 2 AP ðR;ZÞ has a unique
representation

f ðtÞ ¼
X1
k¼0

eiZk tzk with zk 2 Z; Zk 2 R; and spðf Þ ¼ fZk: k 2 Ng; ð2:1Þ

where the series converges uniformly in t 2 R; see [17, Sec. 2.3] and [2, Prop.
2.3]. Here the spectrum of a function f 2 L1ðR;ZÞ is defined by

spðf Þ :¼ fZ 2 R: 8 e > 09j 2 L1ðRÞ with suppð #jjÞ � ½Z� e; Zþ e	

and j$f=0g;

where #jj denotes the Fourier transform of j and j$f denotes the
convolution of j and f : Note that spðf Þ � 2p

pZ if f is p-periodic; cf. [22,
(0.48)]. We can now introduce the subspaces

APLp ðR; ZÞ :¼ ff 2 AP ðR;ZÞ: spðf Þ � Lpg

for a non-empty closed subset Lp of R with Lp þ 2p
pZ ¼ Lp and

APL1ðR; ZÞ :¼ ff 2 AP ðR;ZÞ: spðf Þ � L1g

for a non-empty closed subset L1 of R: In particular, PpðR;ZÞ ¼ APLp ðR;ZÞ
if Lp ¼ 2p

pZ and AP ðR;ZÞ ¼ APLp ðR; ZÞ if Lp ¼ R: Due to [22, Theorem 0.8],
the space APLp ðR;ZÞ is closed in AP ðR;ZÞ: It is invariant under translations
and TW ðtÞ because of [22, Propositions 0.4 & 0.5] and [4, Lemma 3.6] (or
Lemma 3.3 below) provided that W ð�; �Þ is p-periodic. Similarly, one verifies
these assertions for the space APL1ðR;ZÞ if W ðt; sÞ ¼ W ðt � sÞ for a
C0-semigroup W ð�Þ:

Convention. Throughout this paper F ðR;ZÞ stands for C0ðR;ZÞ if we deal
with an exponentially bounded evolution family W ð�; �Þ on Z; for APLp ðR;ZÞ
if W ð�; �Þ is p-periodic, and for APL1ðR;ZÞ if W ð�; �Þ is a semigroup. In these
cases the restriction of the evolution semigroup to F ðR;ZÞ is also denoted by
TW ð�Þ and its generator by GW :

The spectrum of the generator GW can be used to characterize certain
asymptotic properties of the evolution family W ð�; �Þ as stated in the
following proposition. Part (a) is due to R. Rau, Y. Latushkin, and S.
Montgomery-Smith; see [5, Theorems 3.13 & 3.17] or [7, Theorems VI.9.15
& VI.9.18]. For part (b) we refer the reader to [16, Props. 3.1 & 3.2] or [19,
Prop. 1], for part (c) to [19, Lemmas 2 and 4], and for part (d) to [4,
Corollary 3.9]. Part (e) can be proved following the arguments in the proof
of [4, Theorem 3.8].
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Proposition 2.1. For an exponentially bounded evolution family W ð�; �Þ
on the Banach space Z the following assertions hold.

ðaÞ W ð�; �Þ has an exponential dichotomy if and only if GW is invertible on

C0ðR;ZÞ: Moreover, oðW Þ ¼ sðGW Þ:

ðbÞ Let W ð�; �Þ be p-periodic. Then 1 2 rðW ðp; 0ÞÞ if and only if GW is

invertible on PpðR;ZÞ: Moreover, oðW Þ ¼ sðGW Þ:

ðcÞ Let W ð�; �Þ be p-periodic. Then W ð�; �Þ has an exponential dichotomy if

and only if GW is invertible on AP ðR;X Þ:

ðdÞ Let W ð�; �Þ be p-periodic. If sðW ðp; 0ÞÞ \ feiZp: Z 2 Lpg ¼ |; then GW

is invertible on APLp ðR; ZÞ:

ðeÞ Let W ðt; sÞ ¼ W ðt � sÞ for a C0-semigroup W ð�Þ: If

sðW ðt0ÞÞ \ feiZt0 : Z 2 L1g ¼ | for some t0 > 0; then GW is invertible on

APL1ðR;ZÞ:

Using basic semigroup theory one sees that, given u; f 2 F ðR; ZÞ and l 2
C; one has u 2 DðGW Þ and ðl� GW Þu ¼ f if and only if

e�ltTW ðtÞu� u ¼ �
Z t

0

e�lsTW ðsÞfds; t50: ð2:2Þ

Further, the resolvent of GW is given by

½Rðl;GW Þf 	ðtÞ ¼
Z 1

0

e�lsTW ðsÞf ds
� �

ðtÞ ¼
Z t

�1
e�lðt�tÞW ðt; tÞf ðtÞdt; ð2:3Þ

for Re l > oðW Þ; t 2 R; and f 2 F ðR;ZÞ:
Throughout this paper we use the following assumptions, where E ¼

Cð½�r; 0	;X Þ for a fixed r50:

(A1) V ð�; �Þ is an exponentially bounded evolution family on a Banach
space X and Lð�Þ 2 CbðR;LsðE;X ÞÞ:

(A2) V ð�; �Þ is a p-periodic evolution family on X and Lð�Þ 2 CbðR;Ls

ðE;X ÞÞ is p-periodic.

(A3) V ðt; sÞ ¼ V ðt � sÞ; t5s; for a C0-semigroup V ð�Þ on X and
Lð�Þ � L 2 LðE;X Þ:

Then we can define operators U ðt; sÞ on E by setting

ðU ðt; sÞfÞðxÞ :¼
V ðt þ x; sÞfð0Þ; s� t4x;

fðt þ x� sÞ; x4s� t;

(
ð2:4Þ

for t5s; x 2 ½�r; 0	; and f 2 E: Note that U ð�; �Þ is an evolution family on
E with oðU Þ ¼ oðV Þ and that U ð�; �Þ is p-periodic in the case (A2) and is
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given by a semigroup in the case (A3). We are looking for a function
u 2 Cð½s� r;1Þ;X Þ such that

uðtÞ ¼ V ðt; sÞfð0Þ þ
R t
s V ðt; tÞLðtÞutdt; t5s;

uðtÞ ¼ fðt � sÞ; s� r4t4s;
ð2:5Þ

for f 2 E and s 2 R; where ut ¼ uðt þ �Þ 2 E: Assume for a moment that there
are operators AðtÞ; t 2 R; such that V ðt; sÞDðAðsÞÞ � DðAðtÞÞ and V ð�; sÞx 2
C1ð½s;1Þ;X Þ with derivative AðtÞV ðt; sÞx for x 2 DðAðsÞÞ and t5s: (In this case
we say that Að�Þ generates V ð�; �Þ: Assumptions implying this property can be
found in most monographs on evolution equations; see [7, Sect. VI.9.a] for
references.) Then a solution u of (1.5) belonging to C1ð½s;1Þ;X Þ also satisfies
(2.5) as can be seen by a standard argument. We therefore call u the mild

solution of (1.5) (or (2.5)). Conversely, imposing appropriate conditions on
Að�Þ; Lð�Þ; and f; one can deduce that a solution of (2.5) is differentiable and
fulfills (1.5); cf. [23; 28, Chap. 2] or Section 5.

The problem (2.5) can easily be solved if (A1) holds. In fact, by a
straightforward fixed-point argument one obtains a unique exponentially
bounded evolution family ULð�; �Þ on E such that

ðULðt; sÞfÞðxÞ ¼ ðU ðt; sÞfÞðxÞ þ
Z ðtþxÞ_s

s
V ðt þ x; tÞLðtÞULðt; sÞfdt; ð2:6Þ

for x 2 ½�r; 0	; f 2 E; and t5s; where a_ b :¼ maxfa; bg and a^ b :¼
minfa; bg for a; b 2 R: By uniqueness, ULð�; �Þ is p-periodic in the case (A2)
and is given by a semigroup ULð�Þ in the case (A3). Moreover, ULð�Þ is
generated by the operator AL defined in (1.2); cf. Lemma VI.6.2 and VI.6.5
in [7]. Observe that Gronwall’s inequality yields

jjULðt; sÞjj4M exp½ðwþM jjLð�Þjj1Þðt � sÞ	 ð2:7Þ

for t5s; where w > oðV Þ; M :¼ M0ejwjr; and jjV ðt; sÞjj4M0ewðt�sÞ: Given f 2
E and s 2 R; we now set

uðtÞ :¼
½V ðt; sÞf	 ð0Þ; t5s;

fðt � sÞ; s� r4t4s:

(

Then (2.6) shows that ut ¼ ULðt; sÞf and that u solves (2.5). These facts are
proved in [10, Theorem 3.2] or [27, Proposition 3.2]. Related results are
contained in [6, 8, 21, 23, 24]. We note that in [6, 21, 24] the evolution family
ULð�; �Þ is constructed by using general well-posedness results for the
operators ALðtÞ given as in (1.2) and that in [6, 8, 24] nonlinear problems are
treated. The proof given in [23] is based on the perturbation theory for
Hille–Yosida operators whose basic result is stated below.



GÜHRING, RÄBIGER, AND SCHNAUBELT446
A linear operator A on Z is called a Hille–Yosida operator if there are
constants w 2 R and K50 such that

ðw;1Þ � rðAÞ and jjðl� wÞnRðl;AÞnjj4K for l > w; n 2 N:

It is known that the part A0 of A in Z0 :¼ DðAÞ generates a C0-semigroup S0ð�Þ
on Z0 and that rðA0Þ ¼ rðAÞ; see e.g. [20, Theorem 3.1.10] and [7, Prop.
IV.2.17]. The proof of the following perturbation result can be found in
[20, Sect. 4.1] (see also the references therein for related approaches).

Proposition 2.2. Let A be a Hille–Yosida operator on a Banach space Z
and B 2 LðZ0;ZÞ: Then Aþ B with DðAþ BÞ ¼ DðAÞ is a Hille–Yosida

operator on Z: The C0-semigroup SBð�Þ generated by the part of Aþ B in Z0 is

the unique solution of

SBðtÞz ¼ S0ðtÞzþ lim
l!1

Z t

0

S0ðt � tÞlRðl;AÞBSBðtÞzdt; t50; z 2 Z0: ð2:8Þ

3. THE CHARACTERISTIC EQUATION

Assume that (A1), (A2), or (A3) holds. We want to study the asymptotic
behavior of the evolution family ULð�; �Þ obtained in the previous section.
Proposition 2.1 indicates that it will be useful to employ the evolution
semigroups

ðTLðtÞf Þ ðsÞ ¼ ULðs; s� tÞf ðs� tÞ; f 2 F ðR;EÞ;

and

ðTV ðtÞjÞðsÞ ¼ V ðs; s� tÞjðs� tÞ; j 2 F ðR;X Þ;

and their generators GL on F ðR;EÞ and GV on F ðR;X Þ; respectively. In
Proposition 3.4 below we express GL in terms of GV and Lð�Þ: This relation
leads to a generalized characteristic equation determining sðGLÞ; see
Theorem 3.5.

At first we deduce the desired representation of GL in a heuristic way.
Assume for a moment that the evolution family V ð�; �Þ is generated by
operators Að�Þ on X : Then the evolution family ULð�; �Þ should be generated
by ALðtÞ given as in (1.2). We recall that the evolution semigroup on C0ðR;ZÞ
corresponding to a well-posed Cauchy problem ’uuðtÞ ¼ BðtÞuðtÞ; uðsÞ ¼ x; on
Z is generated by the closure of �d

dt þ Bð�Þ defined on the intersection of the
maximal domains of the derivative �d

dt and the multiplication operator Bð�Þ
on C0ðR;ZÞ; see [5, Theorem 3.12] or [27, Prop. 1.14]. In our case this means
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that

GLf ¼ �
@

@t
f þ

@

@x
f and

@

@x
f

� �
ðt; 0Þ ¼ AðtÞf ðt; 0Þ þ LðtÞf ðtÞ ð3:1Þ

for functions f contained in a core of GL: In view of the first identity we
define

@f :¼ �
@

@t
þ

@

@x

� �
f ;

Dð@Þ :¼ f :R� ½�r; 0	 ! X : f 2 F ðR;EÞ is differentiable inf

direction
�
�1

1

�
and @f 2 F ðR;EÞg:

It is reasonable to expect that DðGLÞ � Dð@Þ: Unfortunately, the boundary
condition in (3.1) does not make sense for all f 2 Dð@Þ: To circumvent this
problem, we subtract @

@tf ðt; 0Þ on both sides of the boundary condition and
use the expression for GV indicated above. Then the second identity in (3.1)
becomes

d0@f ¼ GV d0f þ Lð�Þf ; where d0f :¼ f ð�; 0Þ:

This boundary condition makes sense for

f 2 D :¼ ff 2 Dð@Þ: d0f 2 DðGV Þg

even if we only assume that (A1) holds. In fact, it turns out to be the correct
one, but instead of the above heuristic arguments we have to develop a
completely different method partly inspired by [23].

As a preliminary step we compute the generator G0 of the evolution
semigroup T0ð�Þ on F ðR;EÞ associated with the evolution family U ð�; �Þ given
in (2.4). Observe that oðT0Þ ¼ oðU Þ ¼ oðV Þ:

Lemma 3.1. The generator G0 on F ðR;EÞ is given by G0f ¼ @f with

DðG0Þ ¼ ff 2 D: d0@f ¼ GV d0f g ¼: D0:

Proof. Let l > oðV Þ and f ¼ Rðl;G0Þg for g 2 F ðR;EÞ: Then

f ðt; xÞ ¼
Z t

�1
e�lðt�tÞðU ðt; tÞgðt; �ÞÞðxÞdt

¼
Z tþx

�1
e�lðt�tÞ V ðt þ x; tÞgðt; 0Þdtþ

Z t

tþx
e�lðt�tÞgðt; t þ x� tÞdt

ð3:2Þ
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for t 2 R and x 2 ½�r; 0	 due to (2.3) and (2.4). This equality implies f 2 Dð@Þ
and @f ¼ lf � g ¼ G0f : Moreover, (2.3) and (3.2) yield d0f ¼ Rðl;GV Þd0g
so that f 2 D and

d0@f ¼ ld0f � d0g ¼ lRðl;GV Þd0g� d0g ¼ GV Rðl;GV Þd0g ¼ GV d0f :

Thus, DðG0Þ � D0 and G0 ¼ @ on DðG0Þ: It remains to show that l� @ is
injective on D0: If lf ¼ @f for f 2 D0; then ld0f ¼ d0@f ¼ GV d0f ; and
hence d0f ¼ 0: Now, considering the function hðsÞ :¼ f ðt � s; xþ sÞ for s 2
½0;�x	; t 2 R; and x 2 ½�r; 0Þ; one easily deduces f ¼ 0: ]

On F :¼ F ðR;X � EÞ ¼ F ðR;X Þ � F ðR;EÞ; we define the operator

G :¼
0 GV d0 � d0@

0 @

 !
with DðGÞ :¼ f0g � D: ð3:3Þ

Lemma 3.1 shows that F0 ¼ DðGÞ ¼ f0g � F ðR;EÞ ffi F ðR;EÞ and that the
part G0 of G in F ðR;EÞ coincides with G0: We need some preparations in
order to determine the resolvent of G: Note that Rðl;GV Þ leaves F ðR;X Þ
invariant. Let j 2 F ðR;X Þ and l > oðV Þ: In the cases (A2) and (A3) the
identity (2.1) shows that

½Rðl;GV Þj	ðtÞ ¼
X1
k¼0

eiZk txk for appropriate Zk 2 R; xk 2 X :

This series converges in X uniformly for t 2 R: Set emðxÞ :¼ emx for m 2 C and
x 2 ½�r; 0	: Then

el½Rðl;GV Þj	t ¼
X1
k¼0

eiZk telþiZk xk ;

and the series converges in E uniformly for t 2 R: Thus we can define in all
the cases (A1), (A2), and (A3) the bounded operator

El : F ðR;X Þ ! F ðR;EÞ; ½Elj	ðt; xÞ :¼ elxðRðl;GV ÞjÞðt þ xÞ; ð3:4Þ

for t 2 R and x 2 ½�r; 0	: Observe that

Elj 2 D; @Elj ¼ lElj and d0Elj ¼ Rðl;GV Þj: ð3:5Þ
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Lemma 3.2. The operator G defined in (3.3) is a Hille–Yosida operator on

F ¼ F ðR;X � EÞ with resolvent

Rðl;GÞ ¼
0 0

El Rðl;G0Þ

 !
¼: Rl for l > oðV Þ:

Proof. Let l > oðV Þ: Lemma 3.1 and (3.5) imply RlF � DðGÞ
and ðl� GÞ Rl ¼ I : If ðl� GÞð0f Þ ¼ 0; then f 2 DðG0Þ and ðl� @Þf ¼
ðl� G0Þf ¼ 0: Hence, f ¼ 0: This yields l 2 rðGÞ and Rðl;GÞ ¼ Rl:
Since

Rðl;GÞn ¼
0 0

Rðl;G0Þ
n�1El Rðl;G0Þ

n

 !
for n 2 N:

G is a Hille–Yosida operator. ]

We now perturb G by the bounded multiplication operator

L : F ðR;EÞ ! F; Lf :¼
Lð�Þf

0

 !
:

In the cases (A2) and (A3), the representation (2.1) of almost-periodic
functions and the following lemma actually imply that Lð�Þ maps F ðR;EÞ
into F ðR;X Þ: The lemma is a slight extension of [4, Lemma 3.6] and can be
proved in the same way.

Lemma 3.3. Let q > 0 and let Lq be a closed subset of R such that Lq ¼
Lq þ 2p

qZ: For two Banach spaces Z1 and Z2; let h 2 APLq ðR;Z1Þ and let S :
R ! LðZ1;Z2Þ be strongly continuous and q-periodic. Then the spectrum of

Sð�Þhð�Þ is contained in Lq:

By Proposition 2.2 the sum GL :¼ GþL is again a Hille–Yosida operator
and its part *GGL in F0 ¼ F ðR;EÞ generates a C0-semigroup *TTLð�Þ: In the next
result we see that *GGL ¼ GL:

Proposition 3.4. Assume that ðA1Þ; ðA2Þ; or ðA3Þ holds. Then the

generator GL of the evolution semigroup TLð�Þ on F ðR;EÞ is given by

GLf ¼ @f for f 2 DðGLÞ ¼ ff 2 D: GV d0f � d0@f þ Lð�Þf ¼ 0g:

Proof. We have to show that GL ¼ *GGL or that the corresponding
semigroups TLð�Þ and *TTLð�Þ coincide. Combining (2.8) with Lemma 3.2, we
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see that *TTLð�Þ is uniquely given by

*TTLðtÞf ¼ T0ðtÞf þ lim
l!1

Z t

0

T0ðt � tÞlElLð�Þ *TTLðtÞfdt; ð3:6Þ

for f 2 F ðR;EÞ and t50: On the other hand, (2.6) and the definition of TLðtÞ
yield

ðULðt; sÞfÞðxÞ ¼ ðU ðt; sÞfÞðxÞ þ
Z ðtþxÞ_s

s
V ðt þ x; tÞ½Lð�ÞTLðt� sÞf 	ðtÞdt;

for f ¼ f ðsÞ 2 E; f 2 F ðR;EÞ; t5s; and x 2 ½�r; 0	: Since lRðl;GV Þ con-
verges strongly to I in F ðR;X Þ as l ! 1; we can write

ðULðt; sÞfÞðxÞ ¼ ðU ðt; sÞfÞðxÞ

þ lim
l!1

Z ðtþxÞ_s

s
V ðt þ x; tÞ½lRðl;GV ÞLð�ÞTLðt� sÞf 	ðtÞdt;

where the limit is uniform for x 2 ½�r; 0	 and for t; s with 04t � s4t0: Note
that Z t

ðtþxÞ_s
lelðtþx�tÞ½Rðl;GV ÞLð�ÞTLðt� sÞf 	ðt þ xÞdt

����
����

����
����

4
c

l� w
e *wwðt�sÞjjf jj1

Z t

tþx
lelðtþx�tÞdt4

c
l� w

e *wwðt�sÞjjf jj1;

for l > w > wðV Þ with l50 and for suitable constants c; *ww50: As a result,

ðULðt; sÞfÞðxÞ ¼ ðU ðt; sÞfÞðxÞ

þ lim
l!1

Z ðtþxÞ_s

s
V ðt þ x; tÞ½lRðl;GV ÞLð�ÞTLðt� sÞf 	ðtÞdt

þ lim
l!1

Z t

ðtþxÞ_s
elðtþx�tÞ½lRðl;GV ÞLð�ÞTLðt� sÞf 	ðt þ xÞdt

for t5s and x 2 ½�r; 0	: Using (2.4) and (3.4), this leads to

ULðt; sÞf ¼ U ðt; sÞfþ lim
l!1

Z t

s
U ðt; tÞ½lElLð�ÞTLðt� sÞf 	ðtÞdt;
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or equivalently

ULðs; s� tÞf ðs� tÞ ¼ U ðs; s� tÞf ðs� tÞ

þ lim
l!1

Z s

s�t
U ðs; tÞ½lElLð�ÞTLðt þ t� sÞf 	ðtÞdt

for s 2 R and t50: Here both limits exist in E and the second one is uniform
for s 2 R: Using the definition of the evolution semigroups, we obtain

TLðtÞf ¼ T0ðtÞf þ lim
l!1

Z t

0

T0ðt � tÞlElLð�ÞTLðtÞfdt ð3:7Þ

so that TLðtÞ ¼ *TTLðtÞ by (3.6). ]

We can now compute the resolvent of GL and thereby establish the desired
characteristic equation. We set

Hl : F ðR;EÞ ! F ðR;EÞ; ½Hlf 	ðt; xÞ :¼
Z 0

x
elðx�tÞf ðx� tþ t; tÞdt;

#LLl : F ðR;X Þ ! F ðR;X Þ; ½ #LLlj	ðtÞ :¼ LðtÞðeljtÞ; ð3:8Þ

where l 2 C and ½eljt	ðxÞ ¼ elxjðt þ xÞ for x 2 ½�r; 0	 and t50: (Use (2.1)
and Lemma 3.3 to check that Hl and #LLl are well-defined in the cases (A2)
and (A3).)

Theorem 3.5. Assume that ðA1Þ; ðA2Þ; or ðA3Þ holds. Let GV be the

generator of the evolution semigroup on F ðR;X Þ associated with V ð�; �Þ and let

GL be the generator of the evolution semigroup on F ðR;EÞ induced by the

evolution family ULð�; �Þ on E given by (2.6). Then

l 2 sðGLÞ , l 2 sðGV þ #LLlÞ; ð3:9Þ

for l 2 C: Moreover, for l 2 rðGLÞ the resolvent of GL is given by

½Rðl;GLÞg	ðtÞ ¼ el½Rðl;GV þ #LLlÞðd0gþ Lð�ÞHlgÞ	t þ ½Hlg	ðtÞ; ð3:10Þ

for g 2 F ðR;EÞ:

Proof. In view of Proposition 3.4, l� GL is invertible if and only if for
every g 2 F ðR;EÞ there exists a unique

f 2 D with d0@f ¼ GV d0f þ Lð�Þf and lf � @f ¼ g: ð3:11Þ
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Considering hðsÞ ¼ f ðt � s; xþ sÞ for s 2 ½0;�x	; t 2 R; and x 2 ½�r; 0Þ; we
see that f satisfies (3.11) if and only if there exists a unique j 2 DðGV Þ such
that

f ðt; xÞ ¼ elxjðt þ xÞ þ
Z 0

x
elðx�tÞgðx� tþ t; tÞdt

and

lj� GV j� #LLlj ¼ gð�; 0Þ þ Lð�ÞHlg ¼: Slg: ð3:12Þ

In other words, l 2 rðGLÞ is equivalent to the condition

8g 2 F ðR;EÞ 9!j 2 DðGV Þ such that ðl� GV � #LLlÞj ¼ Slg:

Thus (3.9) follows from the surjectivity of Sl : F ðR;EÞ ! F ðR;X Þ: To verify
that Sl is onto, take functions of the form ½emc	ðt; xÞ ¼ emxcðtÞ for t 2 R and
x 2 ½�r; 0	; where c 2 F ðR;X Þ and m > l: Since SlðemcÞ ¼ cþ Lð�ÞHlðemcÞ
and

jjLð�ÞHlðemcÞjj14
1_ e�lr

m� l
jjLð�Þjj1jjcjj1;

the operator c/SlðemcÞ is invertible on F ðR;X Þ for sufficiently large m:
Finally, (3.10) is an immediate consequence of (3.12). ]

Theorem 3.5 and Proposition 2.1(a) imply the following characterization
of exponential stability and dichotomy, where we take F ¼ C0:

Corollary 3.6. Assume that ðA1Þ holds. Then ULð�; �Þ is exponentially

stable if and only if supfRe l: l 2 sðGV þ #LLlÞg50; and ULð�; �Þ has

exponential dichotomy if and only if 0 2 rðGV þ #LL0Þ:

We point out that the above result allows us to study the exponential
dichotomy of the retarded non-autonomous problem (2.5) on X by means of
a spectral condition on C0ðR;X Þ: As mentioned in the Introduction, a
spectral condition on the space X itself is possible only in certain situations.
We now show that (3.9) implies the known characteristic equations on X :
We first study the following special case of (A2).

ðA20Þ V ð�; �Þ is a p-periodic evolution family on X and LðtÞf ¼ B
ðtÞfð�pÞ; f 2 E; for Bð� þ pÞ ¼ Bð�Þ 2 CðR;LsðX ÞÞ: Let r ¼ p:

Since in this case the evolution family ULð�; �Þ on E solving (2.5) is
p-periodic, its exponential behavior is determined by the spectrum of the
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monodromy operator ULðp; 0Þ: To exploit this fact, we consider the p-
periodic evolution family V l

L ð�; �Þ on X solving

V l
L ðt; sÞx ¼ V ðt; sÞxþ

Z t

s
V ðt; sÞe�lpBðsÞV l

L ðs; sÞxds; ð3:13Þ

for l 2 C; x 2 X ; and t5s: (Observe that (3.13) is of the form (2.6) with
r ¼ 0:) The next corollary (partially) extends [13, Theorem 8.3.1], where
finitely many delay terms BkðtÞuðt � kpÞ; k ¼ 0; 1; . . . ;m; are considered for
X ¼ C

n: Moreover, in [11, Theorem 5.9] the case AðtÞ � A is treated for a
general Banach space X :

Corollary 3.7. Assume that the condition ðA20Þ holds, and let l 2 C:
Then

elp 2 sðULðp; 0ÞÞ if and only if elp 2 sðV l
L ðp; 0ÞÞ: ð3:14Þ

In particular, oðULÞ ¼ supfRe l: elp 2 sðV l
L ðp; 0ÞÞg and ULð�; �Þ has an

exponential dichotomy if and only if fl 2 C: elp 2 sðV l
L ðp; 0ÞÞg \ iR ¼ |:

Proof. Let Lp ¼ 2p
pZ and consider GL on F ðR;EÞ ¼ PpðR;EÞ: Using a

rescaling argument, we derive from Proposition 2.1(b) that elp 2 sðULðp; 0ÞÞ
if and only if l 2 sðGLÞ: Moreover, l 2 sðGLÞ if and only if l 2 sðGV þ #LLlÞ by
Theorem 3.5. Observe that GV þ #LLl generates a strongly continuous
semigroup T l

L ð�Þ on PpðR;X Þ which is uniquely given by

T l
L ðtÞc ¼ TV ðtÞcþ

Z t

s
TV ðt � sÞ #LLlT l

L ðsÞcds ð3:15Þ

for t5s and c 2 PpðR;X Þ: But from (3.13) we deduce that the evolution
semigroup on PpðR;X Þ corresponding to V l

L ð�; �Þ also satisfies (3.15). Hence
T l
L ð�Þ coincides with this evolution semigroup. Proposition 2.1(b) now

implies that l 2 sðGV þ #LLlÞ if and only if elp 2 sðV l
L ðp; 0ÞÞ; so that (3.14) is

established. The final assertions follow from [15, Sect. 7.2]. ]

If we restrict ourself to the autonomous situation in (A3), we recover
[7, Prop. VI.6.7]. Related results can be found in [28, p. 82] if V ðtÞ is compact
for each t > 0 and in [13, Lemma 7.2.1] if X ¼ Cn: Recall that Ll 2 LðX Þ is
given by Llx ¼ Lelx:

Corollary 3.8. Assume that the condition (A3) holds. Let A generate

V ð�Þ and define the operator AL on E as in (1.2). Then l 2 sðALÞ if and only if

l 2 sðAþ LlÞ for l 2 C:
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Proof. Let L1 ¼ f0g: Then APL1ðR;X Þ is simply the space of constant
X -valued functions and hence can be identified with X : Therefore #LLl ¼
Ll; GV ¼ A; and GL ¼ AL: Theorem 3.5 now implies the assertion. ]

Using the standard spectral theory of semigroups, one can deduce
asymptotic properties of ULð�Þ from the above corollary under additional
hypotheses on A or X ; see [7, Sect. VI.6].

4. APPLICATIONS

Theorem 3.5 allows to study robustness of exponential dichotomy under
delay perturbations. Recall from Proposition 2.1(a) that GV is invertible on
C0ðR;X Þ if V ð�; �Þ has exponential dichotomy on X :

Theorem 4.1. Assume that the condition (A1) holds and let ULð�; �Þ be

given by (2.6). If V ð�; �Þ has an exponential dichotomy on X ; then the following

assertions are equivalent:

(a) ULð�; �Þ has an exponential dichotomy on E;

(b) 1 2 rð #LL0Rð0;GV ÞÞ on C0ðR;X Þ;

(c) 1 2 rðRð0;GV Þ #LL0Þ on C0ðR;X Þ:

Proof. Assertion (a) is equivalent to 0 2 rðGV þ #LL0Þ by Theorem 3.5.
Since GV þ #LL0 ¼ ðI � #LL0Rð0;GV ÞÞGV ; the operator GV þ #LL0 is invertible if
and only if (b) holds. The second equivalence follows from the general fact
that 1� TS has the inverse 1þ T ð1� ST Þ�1S if 1 2 rðST Þ for two bounded
operators T and S: ]

Of course, condition (b) or (c) is satisfied if

rð #LL0Rð0;GV ÞÞ51 or rðRðl;GV Þ #LL0Þ51; ð4:1Þ

respectively, or if jj #LL0jj is small; see Corollary 4.4. In these cases we can also
show that the dimension of the unstable subspace of V ð�; �Þ is inherited by
ULð�; �Þ: We first need the following result whose straightforward proof is
omitted; see [10, Lemma 3.11].

Lemma 4.2. Assume that (A1) holds and that V ð�; �Þ has an exponential

dichotomy on X with projections QV ðtÞ on the unstable subspaces. Then U ð�; �Þ
defined in (2.4) has an exponential dichotomy on E with projections

½QU ðtÞf	ðxÞ ¼ VQðt þ x; tÞQV ðtÞfð0Þ for f 2 E; t 2 R; and x 2 ½�r; 0	: In

particular, dimQU ðtÞE ¼ dimQV ðtÞX : Moreover, UQðs; tÞQU ðtÞf ¼ V ðsþ �; tÞ
QV ðtÞfð0Þ:
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Proposition 4.3. Assume that (A1) holds and that V ð�; �Þ has an

exponential dichotomy on X with projections QV ðtÞ on the unstable subspaces.

If one of the conditions in (4.1) holds, then ULð�; �Þ has an exponential

dichotomy on E with projections QLðtÞ on the unstable subspaces and dim
QLðtÞE ¼ dimQV ðsÞX for t; s 2 R:

Proof. Due to Theorem 4.1, Property (b) in the definition of ex-
ponential dichotomy, and Lemma 4.2, it remains to show that
dimQLð0ÞE ¼ dimQU ð0ÞE: Let e 2 ½0; 1	: Clearly, (4.1) still holds if we
replace LðtÞ with eLðtÞ; t 2 R: So due to Theorem 4.1 the evolution family
Ueð�; �Þ given by (2.6) for eLðtÞ has exponential dichotomy with projections
QeðtÞ on the unstable subspaces, where Q0ðtÞ ¼ QU ðtÞ and Q1ðtÞ ¼ QLðtÞ: In
view of [9, Lemma II.4.3], it suffices to prove the continuity of ½0; 1	
e/Qeð0Þ 2 LðEÞ:

Let Teð�Þ be the evolution semigroup on C0ðR;EÞ corresponding to Ueð�; �Þ:
Note that TeðtÞ is uniformly bounded for t; e 2 ½0; 1	 by (2.7). The identity
(3.7) yields

TeðtÞf � TZðtÞf ¼ ðe� ZÞ lim
l!1

Z t

0

T0ðt � tÞlElLð�ÞTeðtÞfdt

þ Z lim
l!1

Z t

0

T0ðt � tÞlElLð�ÞðTeðtÞ � TZðtÞÞfdt

for f 2 C0ðR;EÞ and t; e; Z 2 ½0; 1	: Since jjlEljj4c for a constant c > 0
independent of l5oðV Þ þ 1; Gronwall’s Lemma shows that e/Teð1Þ is
continuous in the operator norm. The assertion now follows from the
formula

Qeð�Þ ¼ I �
1

2pi

Z
T

Rðl; Teð1ÞÞdl;

see e.g. [5, Theorem 6.41] and (the proof of) [7, Theorem VI.9.18]. ]

Proposition 4.3 is applicable to the following situation, cf. [6, Theorem 4;
8, Theorem 2; 18, Lemma 2.1]. It is not difficult to establish refined versions
of the next corollary using the same arguments.

Corollary 4.4. Assume that (A1) holds. Let V ð�; �Þ have an exponential

dichotomy on X with projections PV ðtÞ such that

jjV ðt; sÞPV ðsÞjj4Me�
R t

s
aðtÞdt and jjVQðs; tÞQV ðtÞjj4Me�

R t

s
aðtÞdt
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for t5s and some M51 and a 2 CðRÞ with aðtÞ5d > 0: If jjLðtÞjj4bðtÞ; t 2 R;
and

a :¼ sup
t2R

2MbðtÞ
aðtÞ

51;

then ULð�; �Þ has exponential dichotomy with projections QLðtÞ on the unstable

subspaces satisfying dimQLðtÞE ¼ dimQV ðsÞX for t; s 2 R:

Proof. By Proposition 4.3 it suffices to show that jjRð0;GV Þ #LL0jj51 on
C0ðR;X Þ: The inverse of GV is given by

½Rð0;GV Þj	ðtÞ ¼
Z t

�1
V ðt; sÞPV ðsÞjðsÞds�

Z 1

t
VQðt;sÞQV ðsÞjðsÞds;

for t 2 R and j 2 C0ðR;X Þ; see e.g. [5, Remark 4.26] or [7, Theorem VI.9.18].
Hence,

jj½Rð0;GV Þ #LL0j	ðtÞjj

4M
Z t

�1
e�
R t

s
aðtÞdtbðsÞjjjjj1dsþM

Z 1

t
e�
R s

t
aðtÞdtbðsÞjjjjj1ds

¼ M
Z t

�1
aðsÞe�

R t

s
aðtÞdt bðsÞ

aðsÞ
jjjjj1dsþM

Z 1

t
aðsÞe�

R s

t
aðtÞdt bðsÞ

aðsÞ
jjjjj1ds

4ajjjjj1: ]

We now turn our attention to the inhomogeneous problem (1.6) on R:
Again we study an integrated version of it: Given g 2 CbðR;X Þ; we are
looking for a continuous function u : R ! X such that

uðtÞ ¼ V ðt; sÞuðsÞ þ
Z t

s
V ðt; tÞðLðtÞut þ gðtÞÞdt; t5s: ð4:2Þ

Here we do not fix an initial function f 2 E or an initial time s 2 R; and we
refer the reader to [11] and also to [13, Sect. 6.2; 28, Sect. 4.2] for
further information and references. We want to show that there is a unique
u 2 F ðR;X Þ solving (4.2) if g 2 F ðR;X Þ; i.e., the solution inherits properties
like almost periodicity. It turns out that (3.9) allows us to characterize this
assertion by the exponential dichotomy of ULð�; �Þ: For undelayed problems
such results have a long history going back to a paper by O. Perron from
1930; see Sections 4.3 and 7.3 and the corresponding notes in [5].
Concerning almost periodic solutions to inhomogeneous problems we refer
the reader to [1, 2, 4, 11, 13, 19, 22, 25, 28], and the references therein. In
particular, in [1, Theorem 8] and [28, Theorem 4.3.3] (for the autonomous
case) and [11, Sect. 5] (if AðtÞ � A) it was shown that the exponential
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dichotomy of ULð�; �Þ implies the above-mentioned inheritance of almost
periodicity in the case of slightly differing retarded problems.

Theorem 4.5. Assume that (A1) holds. Then ULð�; �Þ has an exponential

dichotomy on E if and only if for every g 2 C0ðR;X Þ there exists a unique

function u 2 C0ðR;X Þ solving (4.2).

Proof. From Corollary 3.6 we know that ULð�; �Þ has an exponential
dichotomy if and only if GV þ #LL0 is invertible on C0ðR;X Þ: This is the case if
and only if for every g 2 C0ðR;X Þ there exists a unique u 2 DðGV Þ satisfying
ðGV þ #LL0Þu ¼ �g: By (2.2) this is equivalent to

u ¼ TV ðtÞuþ
Z t

0

TV ðsÞð #LL0uþ gÞds; t50:

We now obtain the assertion by evaluating this formula at t 2 R for
t ¼ t � s50: ]

In the same way the following two theorems can be derived from
Proposition 2.1 and Theorem 3.5 by varying the function spaces F ðR;X Þ and
F ðR;EÞ:

Theorem 4.6. Assume that (A2) holds. Then:

ðaÞ ULð�; �Þ has an exponential dichotomy if and only if for every g 2
AP ðR;X Þ there exists a unique u 2 AP ðR;X Þ satisfying (4.2).

ðbÞ 1 2 rðULðp; 0ÞÞ if and only if for every g 2 PpðR;X Þ there exists a

unique u 2 PpðR;X Þ satisfying (4.2).

ðcÞ If sðULðp; 0ÞÞ \ feiZp: Z 2 Lpg ¼ |; then for every g 2 APLp ðR;X Þ
there exists a unique u 2 APLp ðR;X Þ satisfying (4.2), where |=Lp ¼ Lp þ
2p
pZ � R is closed.

Theorem 4.7. Assume that (A3) holds and let |=L1 � R be closed. If

sðULðt0ÞÞ \ feiZt0 : Z 2 L1g ¼ | for some t0 > 0; then for every g 2 APL1ðR;X Þ
there exists a unique u 2 APL1ðR;X Þ satisfying (4.2).

Observe that the spectral conditions in Theorems 4.6(c) and 4.7 allow for
a non-empty intersection of the spectrum of the monodromy operator and
the unit circle provided that a ‘‘non-resonance’’ condition holds.

Finally, we study the influence of positivity on stability properties of
ULð�; �Þ in the case ðA20Þ: To that purpose we assume that X is a Banach
lattice. Thus E ¼ Cð½�r; 0	;X Þ with the canonical order is a Banach lattice as
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well. The same holds for F ðR; ZÞ; where F ¼ C0; Pp and Z ¼ X ;E: We first
establish that ULðt; sÞ is positive.

Proposition 4.8. Assume that ðA1Þ holds and that V ðt; sÞ50 and LðtÞ50
for 1 > t5s > �1: Then the operators ULðt; sÞ given by (2.6) are positive.

Proof. Clearly, the evolution semigroup TV ð�Þ on C0ðR;X Þ corresponding
to V ð�; �Þ is positive. Thus Rðl;GV Þ50 for l > oðV Þ by, e.g., [7, Theorem
VI.1.8]. Since #LLl50 and

Rðl;GV þ #LLlÞ ¼ Rðl;GV Þ
X1
n¼0

½ #LLlRðl;GV Þ	n

for large l > oðV Þ; the operator Rðl;GV þ #LLlÞ is positive. Now (3.10) shows
that Rðl;GLÞ50 for these l and so the evolution semigroup TLð�Þ is positive
by, e.g., [7, Theorem VI.1.8]. Hence, ULðt; sÞ50: ]

The following result can be proved exactly as were Lemma VI.6.12–
Corollary VI.6.16 in [7].

Lemma 4.9. Assume that (A1) or (A2) holds. Let GV and GL be the

generators of the evolution semigroups on F ðR;X Þ and F ðR;EÞ induced by

V ð�; �Þ and ULð�; �Þ; respectively, where F ¼ C0 in Case (A1) and F ¼ Pp in Case

(A2). Suppose that V ðt; sÞ50 and LðtÞ50 for t5s: Then sðGLÞ50 if and only if

sðGV þ #LL0Þ50:

We can now show in the case ðA20Þ that oðULÞ ¼ oðVLÞ for the evolution
family VLð�; �Þ on X given by

VLðt; sÞx ¼ V ðt; sÞxþ
Z t

s
V ðt;sÞBðsÞVLðs; sÞxds: ð4:3Þ

A corresponding result for autonomous problems is due to W. Kerscher and
R. Nagel; see [7, Example VI.6.18].

Theorem 4.10. Assume that ðA20Þ holds and let V ðt; sÞ and BðtÞ be positive

for 1 > t5s > �1: Then the evolution family ULð�; �Þ given by (2.6) is

exponentially stable on E if and only if the evolution family VLð�; �Þ given by

(4.3) is exponentially stable on X :

Proof. We have already seen in the proof of Corollary 3.7 that GV þ #LL0

generates the evolution semigroup on PpðR;X Þ corresponding to VLðt; sÞ:
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Proposition 2.1(b) then yields sðGV þ #LL0Þ ¼ oðVLÞ and sðGLÞ ¼ oðULÞ so that
the assertion follows from Lemma 4.9. ]

In order to illustrate the consequences of Theorem 4.10, consider the non-
autonomous retarded Cauchy problem

d
dt

uðtÞ ¼ AðtÞuðtÞ þ BðtÞuðt � pÞ; t5s;

us ¼ f 2 Cð½�p; 0	;X Þ; ð4:4Þ

where the operators AðtÞ; t 2 R; generate a positive evolution family V ð�; �Þ
on X ; p > 0; and 04Bð� þ pÞ ¼ Bð�Þ 2 CðR;LsðX ÞÞ: Then Theorem 4.10
says that the solution of (4.4) is uniformly exponentially stable if and only if
the solution of the undelayed Cauchy problem

d
dt

vðtÞ ¼ AðtÞvðtÞ þ BðtÞvðtÞ; t5s; vðsÞ ¼ x;

on X is uniformly exponentially stable. In other words, the delay does not
influence the stability if positivity is present.

5. A PERIODIC PARTIAL DIFFERENTIAL EQUATION WITH
DELAY

We investigate the retarded parabolic differential equation

@

@t
uðt; xÞ ¼ kðtÞ

@2

@x2
uðt; xÞ � aðtÞuðt; xÞ � bðtÞuðt � 1; xÞ þ gðt; xÞ; t; x 2 R;

ð5:1Þ

on X ¼ LqðRÞ; 15q51; for 1-periodic coefficients a; b; k 2 CðRÞ with
k5d > 0 and an inhomogeneity g 2 CbðR;X Þ: Clearly, the operators

AðtÞj :¼ kðtÞj00 � aðtÞj with DðAðtÞÞ :¼ W 2;qðRÞ; t 2 R;

generate the evolution family

V ðt; sÞ ¼ e�
R t

s
aðtÞdtS

Z t

s
kðtÞdt

� �
; t5s;

on X ; where Sð�Þ is the analytic semigroup generated by the second derivative
Af ¼ f00 on X : We further define E :¼ Cð½�1; 0	;X Þ and

LðtÞ : E ! X ; LðtÞf :¼ bðtÞfð�1Þ; t 2 R:
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Note that V ð�; �Þ and Lð�Þ satisfy ðA20Þ: Mild solutions of (5.1) are defined as
in (4.2). By the standard regularity theory of analytic semigroups one sees
that a mild solution is continuously differentiable and solves (5.1) if
gðtÞ 2 Dðð1� AÞaÞ and t/ð1� AÞagðtÞ 2 X is continuous for t 2 R and some
a 2 ð0; 1Þ:

We compute the spectrum of the monodromy operator ULð1; 0Þ; where we
set %aa :¼

R 1
0 aðtÞdt; %bb :¼

R 1
0 bðtÞdt; and %kk :¼

R 1
0 kðtÞdt:

Proposition 5.1. el 2 sðULð1; 0ÞÞ if and only if there exist l 2 Z and

r 2 Rþ such that

lþ 2pil ¼ �e�l %bb � %aa � r %kk: ð5:2Þ

Proof. The evolution family ðV l
L ðt; sÞÞt5s defined in (3.13) is given by

V l
L ðt; sÞ ¼ e�

R t

s
e�lbðtÞdtV ðt; sÞ; for t5s:

Corollary 3.7 shows that el 2 sðULð1; 0ÞÞ if and only if el 2 sðe�e�l %bbV ð1; 0ÞÞ:
Since Sð�Þ satisfies the spectral mapping theorem, we deduce from sðAÞ ¼ R�

that sðV ð1; 0ÞÞ ¼ fe� %aa�r %kk: r 2 Rþg: This yields the assertion. ]

Assume that ð %aa þ r %kk; %bbÞ belongs to the interior of the shaded region in
Fig. 1 for some r50; where the upper boundary is given by

a ¼ �b cos z; b sin z ¼ z; 05z5p:

Then Theorem A.5 in [13] shows that all l 2 C satisfying (5.2) have negative
real part; cf. [13, p. 135]. This yields Re l50 for each l satisfying (5.2) for
some r 2 Rþ provided that ð %aa; %bbÞ is contained in the interior of the shaded
region in Fig. 1. Hence ULð�; �Þ is exponentially stable and, in particular, has
an exponential dichotomy. As an example one may take %aa ¼ 0 and %bb ¼ 1:
Note that in this situation V ð�; �Þ does not have an exponential dichotomy.

In view of the above discussion, our next theorem is an immediate
consequence of Theorem 4.5 and Theorem 4.6(a).

Theorem 5.2. Assume that ð %aa; %bbÞ belongs to the interior of the shaded

region shown in Fig. 1: Then the following holds.

ðaÞ If g 2 C0ðR;LqðRÞÞ; then there exists exactly one mild solution

u 2 C0ðR;LqðRÞÞ of (5.1).

(b) If g 2 AP ðR; LqðRÞÞ; then there exists exactly one mild solution

u 2 AP ðR;LqðRÞÞ of (5.1).
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Similarly, Proposition 5.1 and Theorem 4.6(b) lead to a condition for the
existence of a unique periodic solution.

Theorem 5.3. If g 2 P1ðR; LqðRÞÞ and %bb þ %aa > 0; then there exists exactly

one mild solution u 2 P1ðR; LqðRÞÞ of (5.1).
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