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Abstract

The existence and uniqueness in Sobolev spaces of solutions of the Cauchy problem to parabolic integro-
differential equation with variable coefficients of the order α ∈ (0,2) is investigated. The principal part of
the operator has kernel m(t, x, y)/|y|d+α with a bounded nondegenerate m, Hölder in x and measurable
in y. The lower order part has bounded and measurable coefficients. The result is applied to prove the
existence and uniqueness of the corresponding martingale problem.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we consider the Cauchy problem

∂tu(t, x) = Lu(t, x) + f (t, x), (t, x) ∈ E = [0, T ] × Rd, (1.1)

u(0, x) = 0

in fractional Sobolev spaces for a class of integro-differential operators L = A+B with variable
coefficients of the order α ∈ (0,2) whose principal part A is of the form Av(t, x) = At,xv(x) =
At,zv(x)|z=x with
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At,zv(x) =
∫ [

v(x + y) − v(x) − χα(y)
(∇v(x), y

)]
m(t, z, y)

dy

|y|d+α
, (1.2)

(t, z) ∈ E, x ∈ Rd , with χα(y) = 1α>1 +1α=11{|y|�1}. If m = 1, then A = cα(−�)α/2 (fractional
Laplacian) is the generator of a spherically symmetric α-stable process. The part B is a perturb-
ing, lower order operator of the form Bv(t, x) = Bt,xv(x) = Bt,zv(x)|z=x , (t, x) ∈ E, with

Bt,zv(x) =
∫

Rd
0

[
v(x + y) − v(x) − χ̃α(y)

(∇v(x), y
)]

π(t, z, dy)

+ (
b(t, z),∇v(x)

)
11<α<2, (1.3)

where (π(t, z, dy)) is a measurable family of nonnegative measures on Rd
0 , χ̃α(y) = 1|y|�1 ×

11<α<2, and

∫
|y|α ∧ 1π(·, dy), b = (

bi
)

1�i�d

are bounded.
In [11], the problem was considered assuming that m is Hölder continuous in x, homogeneous

of order zero and smooth in y and for some η > 0

∫
Sd−1

∣∣(w, ξ)
∣∣αm(t, x,w)μd−1(dw) � η, (t, x) ∈ E, |ξ | = 1, (1.4)

where μd−1 is the Lebesgue measure on the unit sphere Sd−1 in Rd . In [1], the existence and
uniqueness of a solution to (1.1) in Hölder spaces was proved analytically for m Hölder contin-
uous in x, smooth in y and such that for some constant η > 0

K � m � η > 0 (1.5)

without assumption of homogeneity in y. The elliptic problem (L − λ)u = f with B = 0 and
m independent of x in Rd was considered in [4]. Eq. (1.1) with α = 1 can be regarded as a
linearization of the quasigeostrophic equation (see [2]).

In this note, we consider the problem (1.1), assuming that m is measurable, Hölder continuous
in x and

K � m � m0, (1.6)

where the function m0 = m0(t, x, y) is smooth and homogeneous in y and satisfies (1.4). The
density m can degenerate on a substantial set and is only measurable in y. On the other hand,
with m0 as a positive constant, (1.6) includes the case of a uniformly nondegenerate m.

A certain aspect of the problem is that the symbol of the main part A,

ψ(t, x, ξ) =
∫ [

ei(ξ,y) − 1 − χα(y)i(ξ, y)
]
m(t, x, y)

dy

d+α
|y|
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is not smooth in ξ and the standard Fourier multiplier results (for example, used in [11]) do not
apply in this case. We start with Eq. (1.1) assuming that B = 0, the input function f is smooth
and the function m = m(t, x, y) = m(t, y) does not depend on x. In [13], the existence and
uniqueness of a weak solution in Sobolev spaces was derived. The Hölder norm estimates for
the elliptic problem in [4], show that the main part A : Hα

p → Lp is bounded. We give a direct
proof of the continuity of A based on the classical theory of singular integrals (see Lemmas 14, 4
below). The main result of the paper is the existence and uniqueness for the operators with
variable coefficients. It is based on the a priori estimates using Sobolev embedding theorem and
the method in [9].

As an application, we construct the Markov process associated to L by proving the existence
and uniqueness of the corresponding martingale problem (see [18]). The lower part of L has
only measurable coefficients and we do not assume any smoothness or homogeneity conditions
of m(t, x, y) in y. The kernel m(t, x, y) can be zero on a substantial set. A similar martingale
problem with all Hölder continuous coefficients was considered in [15] and [1] (see references
therein as well). The case of a smooth and homogeneous in y kernel m was studied in e.g. [7]
and [12]. The methods of [1] or [15] do not allow any extension to L with a bounded measur-
able B and m only measurable in y.

The note is organized as follows. In Section 2, the main theorem is stated. In Section 3, the
essential technical results are presented. The main theorem is proved in Section 4. In Section 5
we discuss the embedding of the solution space. In Section 6 the existence and uniqueness of the
associated martingale problem is considered.

2. Notation and main results

Denote E = [0, T ] × Rd , N = {0,1,2, . . .}, Rd
0 = Rd\{0}. If x, y ∈ Rd , we write

(x, y) =
d∑

i=1

xiyi,

|x| = (x, x)1/2.

For a function u = u(t, x) on E, we denote its partial derivatives by ∂tu = ∂u/∂t , ∂iu = ∂u/∂xi ,
∂2
ij u = ∂2u/∂xi∂xj and Dγ u = ∂ |γ |u/∂x

γ1
i . . . ∂x

γd

d , where multiindex γ = (γ1, . . . , γd) ∈ Nd ,
∇u = (∂1u, . . . , ∂du) denotes the gradient of u with respect to x.

Let Lp(T ) = Lp(E) be the space of p-integrable functions with norm

|f |Lp(T ) =
( T∫

0

∫ ∣∣f (t, x)
∣∣p dx dt

)1/p

.

Similar space of functions on Rd is denoted Lp = Lp(Rd).
Let S(Rd) be the Schwartz space of smooth real-valued rapidly decreasing functions. We

introduce the Sobolev space H
β
p = H

β
p (Rd) of f ∈ S ′(Rd) with finite norm

|f | β = ∣∣F−1((1 + |ξ |2)β/2Ff
)∣∣ ,
Hp Lp
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where F denotes the Fourier transform. We also introduce the corresponding spaces of general-
ized functions on E = [0, T ] × Rd : H

β
p (T ) = H

β
p (E) consist of all measurable S′(Rd)-valued

functions f on [0, T ] with finite norm

|f |
H

β
p (T )

=
{ T∫

0

∣∣f (t)
∣∣p
H

β
p

dt

} 1
p

.

For α ∈ (0,2) and u ∈ S(Rd), we define the fractional Laplacian

∂αu(x) =
∫

∇α
y u(x)

dy

|y|d+α
, (2.1)

where

∇α
y u(x) = u(x + y) − u(x) − (∇u(x), y

)
χα(y)

with χ(α)(y) = 1{|y|�1}1{α=1} + 1{α∈(1,2)}.
We denote C∞

b (E) the space of bounded infinitely differentiable in x functions whose deriva-
tives are bounded.

C = C(·, . . . , ·) denotes constants depending only on quantities appearing in parentheses. In
a given context the same letter is (generally) used to denote different constants depending on the
same set of arguments.

Let α ∈ (0,2) be fixed. Let m : E × Rd
0 → [0,∞), b : E → Rd be measurable functions. We

also introduce an auxiliary function m0 : [0, T ] × Rd
0 → [0,∞) and fix positive constants K

and η. Throughout the paper we assume that the function m0 satisfies the following condi-
tions.

Assumption A0. (i) The function m0 = m0(t, y) � 0 is measurable, homogeneous in y with
index zero, differentiable in y up to the order d0 = [ d

2 ] + 1 and

∣∣Dγ
y m

(α)
0 (t, y)

∣∣ � K

for all t ∈ [0, T ], y ∈ Rd
0 and multiindices γ ∈ Nd

0 such that |γ | � d0.
(ii) If α = 1, then for all t ∈ [0, T ]

∫
Sd−1

wm0(t,w)μd−1(dw) = 0,

where Sd−1 is the unit sphere in Rd and μd−1 is the Lebesgue measure on it.
(iii) For all t ∈ [0, T ]

inf|ξ |=1

∫
Sd−1

∣∣(w, ξ)
∣∣αm0(t,w)μd−1(dw) � η > 0.
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Remark 1. Obviously, Assumption A0 is satisfied if m0 is a positive constant. Also, the nonde-
generateness Assumption A0(iii) holds with certain η > 0 if, e.g.

inf
t∈[0,T ], w∈Γ

m0(t,w) > 0

for a measurable subset Γ ⊂ Sd−1 of positive Lebesgue measure. Therefore m0 could be zero on
a substantial set.

Further we will use the following assumptions.

Assumption A. (i) For all (t, x) ∈ E, y ∈ Rd
0 ,

K � m(t, x, y) � m0(t, y),

where the function m0 satisfies Assumption A0.
(ii) There is β ∈ (0,1) and a continuous increasing function w(δ) such that

∣∣m(t, x, y) − m
(
t, x′, y

)∣∣ � w
(∣∣x − x′∣∣), t ∈ [0, T ], x, x′, y ∈ Rd,

and ∫
|y|�1

w
(|y|) dy

|y|d+β
< ∞, lim

δ→0
w(δ)δ−β = 0.

(iii) If α = 1, then for all (t, x) ∈ E and r ∈ (0,1),∫
r<|y|�1/r

ym(t, x, y)
dy

|y|d+α
= 0.

For the lower order operator B we need the following assumptions.

Assumption B. (i) For all (t, x) ∈ E,

∣∣b(t, x)
∣∣ +

∫
|υ|α ∧ 1π(t, x, dυ) � K.

(ii)

lim
ε→0

sup
t,x

∫
|υ|�ε

|υ|α π(t, x, dυ) = 0.

(iii) For each ε > 0,

T∫
0

∫
π

(
t, x,

{|v| > ε
})

dx dt < ∞.
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We write

Lu(t, x) = Ltu(x) = Lt,xu(x), L = A + B.

According to Assumptions A, B, the operator A represents the principal part of L and the opera-
tor B is a lower order operator.

We consider the following Cauchy problem

∂tu(t, x) = (L − λ)u(t, x) + f (t, x), (t, x) ∈ H, (2.2)

u(0, x) = 0, x ∈ Rd,

in Sobolev classes Hα
p (E), where λ � 0 and f ∈ Lp(E). More precisely, let Hα

p =Hα
p(E) be the

space of all functions u ∈ Hα
p (T ) = Hα

p (E) such that u(t, x) = ∫ t

0 F(s, x) ds, 0 � t � T , with
F ∈ Lp(E). It is a Banach space with respect to the norm

|u|Hα
p

= |u|Hα
p (T ) + |F |Lp(T ).

Definition 1. Let f ∈ Lp(E). We say that u ∈ Hα
p(E) is a solution to (2.2) if Lu ∈ Lp(E) and

u(t) =
t∫

0

(
(L − λ)u(s) + f (s)

)
dt, 0 � t � T , (2.3)

in Lp(Rd).

If Assumptions A and B are satisfied, p > d
α

∨ d
β

, then Lu ∈ Lp(E) (see Corollary 2 below
and Lemma 7 in [11]). So, (2.3) is well defined.

The main result of the paper is the following theorem.

Theorem 1. Let β ∈ (0,1), p > d
β

and Assumption A be satisfied.
Then for any f ∈ Lp(E) there exists a unique strong solution u ∈ Hα

p(E) to (2.2) with
B = 0. Moreover, there is a constant N = N(T ,α,β, d,K,w,η) and a positive number λ1 =
λ1(T ,α,β, d,K,w,η) � 1 such that

|∂tu|Lp(T ) + |u|Hα
p (T ) � N |f |Lp(T ),

|u|Lp(T ) � N

λ
|f |Lp(T ) if λ � λ1.

We prove this theorem in Section 3 below.
In order to handle (2.2) with the lower order part Bu, the following estimate is needed.

Lemma 1. (See Lemma 3.5 in [11].) Let p > d/α ∨1. There is a constant N1 = N1(p,α, d) such
that ∣∣∣∣sup

|∇α
y v(·)|
|y|α

∣∣∣∣ � N1
∣∣∂αv

∣∣
Lp

, v ∈ C∞
0

(
Rd

)
.

y �=0 Lp
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Consider (2.2) with Bv(t, x) = Bε0v(t, x) = B
ε0
t,xv(x), (t, x) ∈ E, where

B
ε0
t,zv(x) =

∫
|y|�ε0

∇α
y v(x)π(t, z, dy), (t, z) ∈ E, x ∈ Rd, (2.4)

with some ε0 ∈ (0,1].
First we consider a special case of the lower order term.

Theorem 2. Let β ∈ (0,1), p > d
β

∨ d
α

and Assumption A be satisfied. Let

∫
|y|�ε0

|y|α π(t, x, dy) � δ0, (t, x) ∈ E,

and δ0NN1 � 1/2, where N is a constant of Theorem 1. Then for any f ∈ Lp(E) there exists a
unique solution u ∈ Hα

p(E) to (2.2) with B = Bε0 . Moreover,

|∂tu|Lp(T ) + |u|Hα
p (T ) � 2N |f |Lp(T ),

|u|Lp(T ) � 2N

λ
|f |Lp(T ) if λ � λ1.

For the derivation of Lp-estimates in the associated martingale problem (see Section 6 below),
we need to consider (2.2) with Btv(x) = B̃

ε0
t,xv(x), where

B̃
ε0
t,zv(x) = 1α∈(1,2)

(
b(t, z) −

∫
1�|y|>ε0

y π(t, z, dy),∇v(x)

)

+ B
ε0
t,zv(x), (t, z) ∈ E, x ∈ Rd, (2.5)

with some ε0 ∈ (0,1] from Theorem 2.

Corollary 1. Let β ∈ (0,1), p > d
β

∨ d
α

and Assumptions A and B(i) be satisfied. Let

∫
|y|�ε0

|y|α π(t, x, dy) � δ0, (t, x) ∈ E,

and δ0NN1 � 1/2, where N is a constant of Theorem 1. Then for any f ∈ Lp(E) there exists
a unique solution u ∈ Hα

p(E) to (2.2) with B = B̃ε0 . Moreover, there is a positive number λ2 =
λ2(T ,α,β, d,K,w,η, ε0) � 1 such that

|∂tu|Lp(T ) + |u|Hα
p (T ) � 8N |f |Lp(T ), |u|Lp(T ) � 8N |f |Lp(T ) if λ � λ2.
λ
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Finally, the results can be extended to

Theorem 3. Let β ∈ (0,1), p > d
β

∨ d
α

and Assumptions A, B be satisfied.
Then for any f ∈ Lp(E) there exists a unique solution u ∈ Hα

p(E) to (2.2). Moreover, there
is a constant N3 independent of u such that

|∂tu|Lp(T ) + |u|Hα
p (T ) � N3|f |Lp(T ).

3. Auxiliary results

In this section we present some auxiliary results.

3.1. Continuity of the principal part

First we prove the continuity of the operator A in Lp-norm.
We will use the following equality for Sobolev norm estimates.

Lemma 2. (See Lemma 2.1 in [7].) For α ∈ (0,1) and u ∈ S(Rd),

u(x + y) − u(x) = C

∫
k(α)(y, z)∂αu(x − z) dz, (3.1)

where the constant C = C(α,d) and

k(α)(z, y) = |z + y|−d+α − |z|−d+α.

Moreover, there is a constant C = C(α,d) such that for each y ∈ Rd

∫ ∣∣k(α)(z, y)
∣∣dz � C|y|α.

The following estimate will be used as well.

Lemma 3. Let u,v ∈ S(Rd) and

J (x, l) =
∫ [

v(x + y) − v(x)
][

u(x + y − l) − u(x − l)
]
m(x,y)

dy

|y|d+α
, x, l ∈ Rd ,

=
∫

|y|>1

. . . +
∫

|y|�1

. . . = A(x, l) + B(x, l),

where m(x,y) is a measurable bounded function such that

∣∣m(x,y)
∣∣ � K, x,y ∈ Rd .

Then for some α′ < α and a constant C = C(α,α′,p, d)∫ ∫ ∣∣J (x, l)
∣∣p dx dl � CKp|v|pHα |u|p

H 1 .

p p
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Proof. We split

J (x, l) =
∫

|y|>1

. . . +
∫

|y|�1

. . . = A(x, l) + B(x, l), x, l ∈ Rd .

By Hölder inequality and Fubini theorem,

∫ ∣∣A(x, l)
∣∣p dx dl � CKp

∫
|y|>1

∣∣v(x + y) − v(x)
∣∣p∣∣u(x + y − l) − u(x − l)

∣∣p dy dl dx

|y|d+α

� CKp|v|pLp
|u|pLp

.

If α − 1 < α′ < 1 � α < 2, then by Lemma 2,

∣∣B(x, l)
∣∣p � CKp

1∫
0

∫
|y|�1

∫ ∣∣∂α′
v(x − z)

∣∣p∣∣k(α′)(y, z)
∣∣ dz

|y|α′
∣∣∇ζ(x + sy − l)

∣∣p ds dy

|y|d+α−1−α′

and ∫ ∫ ∣∣B(x, l)
∣∣p dx dl � CKp

∣∣∂α′
v
∣∣p
Lp

|∇ζ |pLp
.

If α ∈ (0,1), then by Hölder inequality and Fubini theorem directly,

∫ ∫ ∣∣B(x, l)
∣∣p dx dl

� CKp

1∫
0

∫
|y|�1

∫ ∫ ∣∣v(x + y) − v(x)
∣∣p∣∣∇ζ(x + sy − l)

∣∣p dl dx
ds dy

|y|d+α−1

� CKp|v|pLp
|∇ζ |pLp

.

The statement follows. �
For a bounded measurable m(y), y ∈ Rd , and α ∈ (0,2), set for v ∈ S(Rd), x ∈ Rd ,

Lv(x) =
∫ [

v(x + y) − v(x) − χα(y)
(∇v(x), y

)]
m(y)

dy

|y|d+α
.

The following estimate shows that L : Hα
p (Rd) → Lp(Rd) is continuous.

Lemma 4. Let |m(y)| � K , y ∈ Rd , p > 1, and α ∈ (0,2). Assume

∫
ym(y)

dy

|y|d+α
= 0
r�|y|�R
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for any 0 < r < R if α = 1. Then there is a constant C such that

|Lv|Lp � CK
∣∣∂αv

∣∣
Lp

, v ∈ Lp = Lp

(
Rd

)
.

In [4], this estimate follows as a consequence of some fine Hölder norm estimates (dependence
on K not specified). In Appendix A below, we give a direct proof based on the classical theory
of singular integrals (see Lemmas 14, 15 below).

Remark 2. If φ ∈ S(Rd), then

Bφ(x) =
∫ ∣∣φ(x + y) − φ(x) − χα(y)

(∇φ(x), y
)∣∣ dy

|y|d+α

�
∫

|y|>1

∇α
y φ(x)

dy

|y|d+α
+ 1α∈(0,1)

∫
|y|�1

1∫
0

∣∣∇φ(x + sy)
∣∣ ds dy

|y|d+α−1

+ 1α∈[1,2)

∫
|y|�1

1∫
0

(1 − s)max
ij

∣∣∂2
ij φ(x + sy)

∣∣ ds dy

|y|d+α−2
,

and we have an obvious estimate

|Bφ |pLp
� C|φ|p

H 2
p

with some C = C(d,α,p).

Now we investigate the continuity of the main part A with m depending on x. For a
bounded measurable m(x,y), x, y ∈ Rd , consider the operator Av(x) = Azv(x)|z=x , x ∈ Rd ,
with v ∈ S(Rd) and

Azv(x) =Am
z v(x)

=
∫ [

v(x + y) − v(x) − χα(y)
(∇v(x), y

)]
m(z, y)

dy

|y|d+α
.

Lemma 5. Assume β ∈ (0,1), p > d/β . Let for each y ∈ Rd , m(·, y) ∈ H
β
p (Rd) and

∣∣m(z, y)
∣∣ + ∣∣∂β

z m(z, y)
∣∣ < ∞, z ∈ Rd .

Then

|Av|pLp
� C

∣∣∂αv
∣∣p
Lp

∫
sup
y

[∣∣m(z, y)
∣∣p + ∣∣∂βm(z, y)

∣∣p]
dz.
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Proof. By Sobolev embedding theorem, there is a constant C such that

∣∣Axv(x)
∣∣p � sup

z

∣∣Azv(x)
∣∣p

� C

∫ [∣∣Azv(x)
∣∣p + ∣∣∂β

z Azv(x)
∣∣p]

dz

= C

∫ [∣∣Am
z v(x)

∣∣p + ∣∣A∂
β
z m

z v(x)
∣∣p]

dz, x ∈ Rd ,

and by Lemma 4

|Av|pLp
� C

∫ [|Azv|pLp
+ ∣∣A∂

β
z m

z v
∣∣p
Lp

]
dz

� C
∣∣∂αv

∣∣p
Lp

∫
sup
y

[∣∣m(z, y)
∣∣p + ∣∣∂βm(z, y)

∣∣p]
dz.

The statement follows. �
The following statement holds.

Lemma 6. Let φ,v ∈ S(Rd). Assume β ∈ (0,1), p > d/β .

(a) If

∣∣m(z, y)
∣∣ + ∣∣∂β

z m(z, y)
∣∣ � K, z, y ∈ Rd,

then there is a constant C = C(α,p,β, d) such that

|φAv|pLp
� CKp|v|pHα

p

[|φ|pLp
+ |∇φ|pLp

]
.

(b) If m(z, y) is bounded and for a continuous increasing function w(δ), δ > 0,

∣∣m(z, y) − m
(
z′, y

)∣∣ � w
(∣∣z − z′∣∣), z, z′, y ∈ Rd,

with

∫
|y|�1

w
(|y|) dy

|y|d+β
< ∞,

then there is a constant C = C(α,p,β, d) such that for each ε ∈ (0,1],

|φAv|pp � CK(ε,φ)|v|α,p,

where
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K(ε,φ) = ε−βp
∣∣∣φ sup

y

∣∣m(·, y)
∣∣∣∣∣p

Lp

+ ε(1−β)p
∣∣∣sup

y

∣∣m(·, y)
∣∣∇φ

∣∣∣p
Lp

+ w(ε)pε(1−β)p|∇φ|pp + κ(ε)p|φ|pLp
+ εpκ(ε)p|∇φ|pLp

,

κ(ε) =
∫

|υ|�ε

w(υ)
dυ

|υ|d+β
.

Proof. Since φ(x)Axv(x) = Aφm
x v(x), we will apply Lemma 5 for φ(z)m(z, y). First, obvi-

ously,

∫
sup
y

∣∣φ(z)m(z, y)
∣∣p dx � sup

z,y

∣∣m(z, y)
∣∣|φ|pLp

.

For each ε ∈ (0,1],

∂β
z (φm) =

∫
|υ|>ε

[
φ(z + υ)m(z + υ,y) − φ(z)m(z, y)

] dυ

|υ|d+β

+
∫

|υ|�ε

[
φ(z + υ)m(z + υ,y) − φ(z)m(z, y)

] dυ

|υ|d+β

= A(z, y) + B(z, y), z, y ∈ Rd .

By Hölder inequality,

∫
sup
y

∣∣A(z, y)
∣∣p dz � ε−βp

∫ ∣∣φ(z)
∣∣p sup

y

∣∣m(z, y)
∣∣p dz

= Cε−βp
∣∣∣φ sup

y

∣∣m(·, y)
∣∣∣∣∣p

Lp

� Cε−βp|φ|pLp
sup
y,z

∣∣m(z, y)
∣∣p.

We split B = B1 + B2 + B3 with

B1(z, y) = m(z, y)

∫
|υ|�ε

[
φ(z + υ) − φ(z)

] dυ

|υ|d+β
,

B2(z, y) = φ(z)

∫
|υ|�ε

[
m(z + υ,y) − m(z, y)

] dυ

|υ|d+β
,

B3(z, y) =
∫ [

m(z + υ,y) − m(z, y)
][

φ(z + υ) − φ(z)
] dυ

|υ|d+β
.

|υ|�ε
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We have

sup
y

∣∣B1(z, y)
∣∣ � sup

y

∣∣m(z, y)
∣∣ ∫
|υ|�ε

1∫
0

∣∣∇φ(z + sυ)
∣∣ds

dυ

|υ|d+β−1

� w(ε)

∫
|υ|�ε

1∫
0

∣∣∇φ(z + sυ)
∣∣ds

dυ

|υ|d+β−1

+
∫

|υ|�ε

1∫
0

sup
y

∣∣m(z + sυ, y)
∣∣∣∣∇φ(z + sυ)

∣∣ds
dυ

|υ|d+β−1

and ∫
sup
y

∣∣B1(z, y)
∣∣p dz � C

[
w(ε)pε(1−β)p|∇φ|pLp

+ ε(1−β)p
∣∣∣sup

y

∣∣m(·, y)
∣∣∇φ

∣∣∣p
Lp

]
� Cε(1−β)p sup

x,y

∣∣m(z, y)
∣∣p|∇φ|pLp

.

Since∫
|υ|�ε

[
m(z + υ,y) − m(z, y)

] dυ

|υ|d+β
= ∂β

z m(z, y) −
∫

|υ|>ε

[
m(z + υ,y) − m(z, y)

] dυ

|υ|d+β
,

it follows that

∣∣B2(z, y)
∣∣ �

∣∣φ(z)
∣∣(sup

z,y

∣∣∂β
z m(z, y)

∣∣ + ε−β sup
z,y

∣∣m(z, y)
∣∣)

and ∫
sup
y

∣∣B2(z, y)
∣∣p dz � C|φ|pLp

(
sup
z,y

∣∣∂β
z m(z, y)

∣∣p + ε−βp sup
z,y

∣∣m(z, y)
∣∣p)

.

On the other hand,

∣∣B2(z, y)
∣∣ �

∣∣φ(z)
∣∣ ∫
|υ|�ε

w(υ)
dυ

|υ|d+β

and ∫
sup
y

∣∣B2(z, y)
∣∣p dz � C

( ∫
|υ|�ε

w(υ)
dυ

|υ|d+β

)p

|φ|pp.

Now,
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∣∣B3(z, y)
∣∣ �

∫
|υ|�ε

w(v)|υ|
1∫

0

∣∣∇φ(z + sυ)
∣∣ ds dυ

|υ|d+β

and

∫
sup
y

∣∣B3(z, y)
∣∣p dz � C|∇φ|pLp

( ∫
|υ|�ε

|υ|w(v)
dυ

|υ|d+β

)p

� C sup
z,y

∣∣m(z, y)
∣∣pε(1−β)p|∇φ|pLp

and the statement follows. �
The following is a consequence of Lemma 6.

Corollary 2. Let v ∈ S(Rd). Assume β ∈ (0,1), p > d/β , and

∣∣m(z, y)
∣∣ + ∣∣∂β

z m(z, y)
∣∣ � K, z, y ∈ Rd .

Then there is a constant C = C(α,p,β, d) independent of v such that

|Av|pLp
� CKp|v|pHα

p
.

Proof. We split

Av(x) =
∫

|y|�1

. . .m(x, y)
dy

|y|d+α
+

∫
|y|>1

. . .m(x, y)
dy

|y|d+α

= D1(x) + D2(x), x ∈ Rd .

Obviously,

|D2|pLp
� C|v|pHα

p
sup
z,y

∣∣m(z, y)
∣∣p.

Assume first that the support of v is in the ball centered at some x0 ∈ Rd with radius 1. Let
ϕ ∈ C∞

0 (Rd), 0 � ϕ � 1, ϕ(x) = 1 if |x| � 1, and ϕ(x) = 0 if |x| > 2. Then

D1(x) = ϕ

(
x − x0

2

)
D1(x) =

∫
|y|�1

. . . ϕ

(
x − x0

2

)
m(x,y)

dy

|y|d+α

and by Lemma 6 there is a constant C = C(α,p,β, d) such that

|D1|p � CKp|v|p α

[|ϕ|p + |∇ϕ|p ]
. (3.2)
Lp Hp Lp Lp
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Let ζ ∈ C∞
0 (Rd) be such that ζ(x) = ζ(−x), x ∈ Rd ,

∫ |ζ |p dx = 1 and has its support in the
unit ball centered at the origin. Then for each x ∈ Rd ,

∣∣Av(x)
∣∣p =

∫ ∣∣ζ(x − l)Av(x)
∣∣p dl.

Obviously,

ζ(x − l)Av(x) =A
(
v(·)ζ(· − l)

) − u(x)Axζ(x − l)

+
∫ (

v(x + y) − v(x)
)(

ζ(x + y − l) − ζ(x − l)
)
m(x,y)

dy

|y|d+α
. (3.3)

According to Remark 2,

∫ ∣∣Axζ(x − l)
∣∣p dl � CKp|ζ |p

H 2
p
.

Denoting

D(x, l) =
∫ (

v(x + y) − v(x)
)(

ζ(x + y − l) − ζ(x − l)
)
m(x,y)

dy

|y|d+α
,

we have by Lemma 3

∫ ∫ ∣∣D(x, l)
∣∣p dx dl � CKp|v|p

Hα′
p

for some α′ < α. Therefore, by (3.2)

|Av|pLp
� CKp

[∫ ∣∣(v(·)ζ(· − l)
)∣∣p

Hα
p

dl + |v|pLp
+ |v|p

Hα′
p

]
.

Since as in (3.3)

∂α
x

(
v(x)ζ(x − l)

) = ∂αv(x)ζ(x − l) + v(x)∂αζ(x − l)

+
∫ (

v(x + y) − v(x)
)(

ζ(x + y − l) − ζ(x − l)
) dy

|y|d+α
,

we derive in a similar way,

∫ ∣∣(v(·)ζ(· − l)
)∣∣p

Hα
p

dl =
∫ ∣∣(v(·)ζ(· − l)

)∣∣p
Lp

dl +
∫ ∣∣∂α

(
v(·)ζ(· − l)

)∣∣p
Lp

dl

� C|v|pHα
p
.

The statement follows. �
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3.2. Solution for m independent of space variable

In this section, we consider the following partial case of Eq. (2.2):

∂tu(t, x) = Amu(t, x) − λu(t, x) + f (t, x), (3.4)

u(0, x) = 0,

where m(t, x, y) = m(t, y) does not depend on the space variable.
First we solve the problem for smooth input functions. We denote by Dp(E), p � 1, the space

of all measurable functions f on E such that f ∈ ⋂
κ>0 Hκ

p (E) and for every multiindex γ ∈ Nd
0

sup
(t,x)∈E

∣∣Dγ
x f (t, x)

∣∣ < ∞.

Obviously, Dp(E) ⊆ C∞
b (E).

Lemma 7. Let p > 1, f ∈Dp(E) and Assumption A be satisfied.
Then there is a unique solution u ∈ Dp(E) ∩ Hα

p(E) of (3.4). Moreover, there are constants

C = C(d,p), N = N(α,p,d,K,η) such that for any multiindex γ ∈ Nd ,∣∣Dγ u
∣∣
Lp(T )

� Cρλ

∣∣Dγ f
∣∣
Lp(T )

, |u|Hα
p (T ) � N |f |Lp(T ), (3.5)

where ρλ = T ∧ 1
λ

.

Proof. Uniqueness. Let u1, u2 ∈ Dp(E) ∩ Hα
p(E) be two solutions to (3.4). Then the function

u = u1 − u2 ∈ Dp(E) ∩Hα
p(E) satisfies (3.4) with f = 0 and is continuous in t .

Let (Ω,F,P) be a complete probability space with a filtration of σ -algebras F = (Ft )t�0
satisfying the usual conditions. We fix t0 ∈ (0, T ) and introduce an F-adapted Poisson point
measure p(dt, dy) on [0, t0] × Rd

0 with a compensator m(t0 − t, y) dt dy/|y|d+α . Let

q(dt, dy) = p(dt, dy) − m(t0 − t, y)
dt dy

|y|d+α

be the corresponding martingale measure and

Xt =
t∫

s0

∫
χα(y)y q(ds, dy) +

t∫
0

∫ (
1 − χα(y)

)
y p(ds, dy)

for 0 � t � t0. By Ito’s formula

u(t0, x) = u(t0, x) − Eu(0, x + Xt0)e
−λt0

= E

t0∫
0

e−λt

[
∂u

∂t
− Au + λu

]
(t − t0, x + Xt)dt = 0.

Since t0 and x are arbitrary, we have u = 0.
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Existence. We introduce an F-adapted Poisson measure p̄(dt, dz) on [0,∞) × R0 with a
compensator dt dz/z2. Let

q̄(dt, dz) = p̄(dt, dz) − dt dz

z2

be the corresponding martingale measure. According to Lemma 14.50 in [5], there is a measur-
able function c̄ : [0, T ] × R0 → Rd such that for every Borel Γ ⊆ Rd

0∫
Γ

(
m(t, y) − m0(t, y)

) dy

|y|d+α
=

∫
1Γ

(
c̄(t, z)

)dz

z2
.

Let

Yt =
t∫

0

∫ (
1 − χα

(
c̄(s, z)

))
c̄(s, z) p̄(ds, dz) +

t∫
0

∫
χα

(
c̄(s, z)

)
c̄(s, z) q̄(ds, dz).

For f ∈Dp(E), we consider the equation

∂tu(t, x) = A0u(t, x) + f (t, x − Yt ), (t, x) ∈ E, (3.6)

u(0, x) = 0, x ∈ Rd,

where A0 = Am0 (m0 is from Assumption A). In terms of Fourier transforms, for v ∈ S(Rd),

F
(
A0v

)
(t, ξ) = ψ0(t, ξ)Fv(ξ)

with

ψ0(t, ξ) = −C

∫
Sd−1

∣∣(w, ξ)
∣∣α[

1 − i

(
tan

απ

2
sgn(w, ξ)1α �=1

− 2

π
sgn(w, ξ) ln

∣∣(w, ξ)
∣∣1α=1

)]
m0(t,w)μd−1(dw)

and the constant C = C(α) > 0. By Lemma 7 in [14], there is a unique u ∈ C∞
b (E) continuous

in t and smooth in x solving (3.6) in classical sense. Moreover,

u(t, x) =
t∫

0

∫
Gλ

s,t (y)f (s, x − y − Ys) dy ds, (t, x) ∈ E,

where

Gλ
s,t (x) = e−λ(t−s)Gs,t (x), Gs,t (x) =F−1Ks,t ,

Ks,t (ξ) = exp

{ t∫
ψ0(r, ξ) dr

}
, s � t.
s
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According to Assumption A0,
∫ |Ks,t (ξ)|dξ < ∞, s < t , and Gs,t is the density function of a

random variable whose characteristic function is Ks,t . Hence,

Gs,t � 0,

∫
Gs,t (y) dy = 1, s < t. (3.7)

By (3.7), we have for any multiindex γ ,

Dγ u(t, x) =
t∫

0

∫
Gλ

s,t (y)D
γ
x f (s, x − y − Ys) dy ds, (t, x) ∈ E. (3.8)

Therefore (3.7) and (3.8) imply that

essup
ω∈Ω

sup
t,x

∣∣Dγ
x u(t, x)

∣∣ < ∞, (3.9)

and

essup
ω∈Ω

∣∣Dγ u
∣∣
Lp(T )

� Cρλ

∣∣Dγ f
∣∣
Lp(T )

(3.10)

with C = C(p,d). By Theorem 2.1 in [11], there is a constant N = N(α,p,d,K,η) such that

essup
ω∈Ω

|u|Hα
p (T ) � N |f |Lp(T ). (3.11)

Let Ā = Am−m0 . According to (3.6) and the Ito–Wentzell formula (see [10]),

u(t, x + Yt ) − u(0, x) =
t∫

0

[
∂su(s, x + Ys) + Āu(s, x + Ys)

]
ds + Mt

=
t∫

0

[
Au(s, x + Ys) − λu(s, x + Ys) + f (s, x)

]
ds + Mt, (3.12)

where

Mt =
t∫

0

∫ [
u
(
s, x + Ys− + c̄(t, z)

) − u(s, x + Ys−)
]
q̄(ds, dz).

Taking expectation on both sides of (3.12) and using (3.9)–(3.11), we conclude that the func-
tion v(t, x) = Eu(t, x + Yt ) belongs to Dp(E) ∩ Hα

p(E) and solves (3.4). Moreover, (3.10),
(3.11) imply that v satisfies (3.5). �
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Passing to the limit we prove the following statement.

Proposition 1. Let p > 1, f ∈ Lp(E) and Assumption A be satisfied.
Then there is a unique solution u ∈ Hα

p(E) of (3.4). Moreover, there are constants C0 =
C0(α,p, d,T ,K,η) and C00 = C00(p, d,K) such that

|u|Hα
p (T ) � C0|f |Lp(T )

and

|u|Lp(T ) � C00ρλ|f |Lp(T )

where ρλ = T ∧ 1
λ

.

Proof. Existence. There is a sequence of input functions fn ∈ Dp(E), n = 1,2, . . . , such that

|f − fn|Lp(T ) → 0 (3.13)

as n → ∞. By Lemma 7, for every n there is a unique solution un ∈ Dp(E) ∩ Hα
p(E) of (3.4)

with the input function fn. Since (3.4) is a linear equation, using the estimate (3.5) of Lemma 7
we derive that (un) is a Cauchy sequence in Hα

p (E). Hence, there is a function u ∈ Hα
p (E) such

that |un − u|Hα
p (T ) → 0 as n → ∞.

Passing to the limit in (3.5) of Lemma 7 with u, f replaced by un, fn, we get the correspond-
ing estimates for u.

Denoting 〈f,g〉 = ∫
fg dx and using Lemma 4, we pass to the limit in the definition equal-

ity (2.3)

〈
un(t, ·), ϕ

〉 =
t∫

0

[〈
(A − λ)un(s, ·) + f (s, ·), ϕ〉]

ds, ϕ ∈ S
(
Rd

)
,

as n → ∞ and see that the function u is a solution of (3.4).
Uniqueness. Let u ∈ Hα

p(E) be a solution of (3.4) with zero input function f . Hence, for every
ϕ ∈ S(Rd) and t ∈ [0, T ]

〈
u(t, ·), ϕ〉 =

t∫
0

〈
u(s, ·),A(α)∗ϕ − λϕ

〉
ds. (3.14)

Let ζε = ζε(x), x ∈ Rd , ε ∈ (0,1), be a standard mollifier. Inserting ϕ(·) = ζε(x − ·)
into (3.14), we get that the function

υε(t, x) = u(t, ·) ∗ ζε(x)

belongs to Dp(E) ∩Hα
p(E) and
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υε(t, x) =
t∫

0

(A − λ)υε(s, x) ds, (t, x) ∈ E.

By Lemma 7, υε = 0 in E for all ε ∈ (0,1). Hence, u(t, ·) = 0 and the statement holds. �
4. Proofs of main theorems

We follow the proof of Theorem 1.6.4 in [9]. In order to use the method of continuity, we
derive the a priori estimates first.

Lemma 8. Suppose Assumption A holds, β ∈ (0,1), p > d/β . There are ε = ε(d,α,β,K,w,

T ,η) ∈ (0,1], C = C(d,α,β,p,K,w,T ,η) and λ0 = λ0(d,α,β,p,K,w,T ,η) � 1 such that
for any u ∈ Dp(E) ∩ Hα

p(E) satisfying (2.2) with B = 0 and with support in a ball of radius ε

(u(t, x) = 0 for all t if x does not belong to a ball of radius ε),

|u|Hα
p (T ) � C|f |Lp(T ),

|u|Lp(T ) � C

λ
|f |Lp(T ) if λ � λ0.

Proof. Let the support of u be a subset of the ball centered at x0 with radius ε ∈ (0,1]. Then

∂tu = At,x0u(t, x) + At,xu(t, x) − At,x0u(t, x) − λu + f,

u(0) = 0.

Let ϕ ∈ C∞
0 (Rd), 0 � ϕ � 1, ϕ(x) = 1 if |x| � 1, and ϕ(x) = 0 if |x| > 2. Denote

ϕε(x) = ϕ

(
x − x0

2ε

)
, x ∈ Rd ,

D̃(t, x) = ϕε(x)
[
At,xu(t, x) − At,x0u(t, x)

]
,

m0(t, x, y) = m(t, x, y) − m(t, x0, y), (t, x) ∈ E, y ∈ Rd .

According to Lemma 6(b) with φ = ϕε , m = m0(t, x, y), there is a constant C = C(α,p,β, d)

such that

∣∣D̃(t, ·)∣∣p
Lp

� CK(ε)
∣∣u(t, ·)∣∣p

Hα
p

with

K(ε) = ε−βp
∣∣∣ϕε sup

y

∣∣m0(·, y)
∣∣∣∣∣p

p
+ ε(1−β)p

∣∣∣sup
y

∣∣m0(·, y)
∣∣∇ϕε

∣∣∣p
p

+ w(ε)pε(1−β)p|∇ϕε|pp + γ (ε)p|ϕε|pp + εpγ (ε)p|∇ϕε|pp,

γ (ε) =
∫

w(υ)
dυ

|υ|d+β
.

|υ|�ε
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Thus

|D̃|pLp(T ) � C|u|pHα
p (T )K(ε). (4.1)

Obviously,

|At,xu − At,x0u − D̃|Hα
p (T ) � C

∫
|y|>ε

∣∣∇α
y u(·)∣∣

Lp(T )

dy

yd+α
� Cε−α

[|u|Lp(T ) + 1α>1|∇u|Lp(T )

]
.

So, by Proposition 1 and (4.1), there are constants C1 = C1(α,p, d,T ,K,η) and C11 =
C11(α,p, d,K) such that

|u|Hα
p (T ) � C1

[|f |Lp(T ) + K(ε)|u|Hα
p (T ) + ε−α

(|u|Lp(T ) + 1α>1|∇u|Lp(T )

)]
with K(ε) → 0 as ε → 0 and

|u|Lp(T ) � C11ρλ

[|f |Lp(T ) + Kε|u|Hα
p (T ) + ε−α

(|u|Lp(T ) + 1α>1|∇u|Lp(T )

)]
,

where ρλ = 1
λ

∧ T . We choose ε so that C1K(ε) � 1/2, K(ε) � 1. In this case,

|u|Hα
p (T ) � 2C1

[|f |Lp(T ) + ε−α
(|u|Lp(T ) + 1α>1|∇u|Lp(T )

)]
,

|u|Lp(T ) � C11(1 + 2C1)ρλ

[|f |Lp(T ) + ε−α
(|u|Lp(T ) + 1α>1|∇u|Lp(T )

)]
.

By interpolation inequality, for α > 1 and each κ ∈ (0,1) there is a constant C = C(α,p,d)

such that

|∇u|Lp(T ) � κ|u|Hα
p (T ) + Cκ− 1

α−1 |u|Lp(T ).

Therefore choosing κ so that 2C1ε
−ακ � 1

2 (if α > 1), one can see that there is C̃1 = C̃1(α,β,

p, d,T ,K,w,η) such that

|u|Hα
p (T ) � C̃1

[|f |Lp(T ) + |u|Lp(T )

]
, |u|Lp(T ) � C̃1ρλ

[|f |Lp(T ) + |u|Lp(T )

]
.

The statement follows by choosing λ so that C̃1λ
−1 � 1

2 (λ0 = (2C̃1)
−1). �

Now we extend the estimates.

Lemma 9. Suppose Assumption A holds and p > d
β

. There is a constant C = C(d,α,β,p,K,w,

T ,η) and a number λ1 = λ1(α,β, d,K,w,η,T ) > 1 such that for any u ∈ Dp(E) ∩ Hα
p(E)

satisfying (2.2) with B = 0 and λ � λ1,

|u|Hα
p (T ) � C|f |Lp(T ),

|u|Lp(T ) � C

λ
|f |Lp(T ) if λ � λ1.
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Proof. Take ζ ∈ C∞
0 (Rd) such that

∫ |ζ |p dx = 1 and whose support is in a ball of radius ε from
Lemma 8 centered at 0. Then

∣∣∂αu(t, x)
∣∣p =

∫ ∣∣∂αu(t, x)ζ(x − υ)
∣∣p dυ (4.2)

and

∂αu(t, x)ζ(x − υ) = ∂α
(
u(t, x)ζ(x − υ)

) − u(t, x)∂α
x ζ(x − υ)

+
∫ [

u(t, x + y) − u(t, x)
][

ζ(x + y − υ) − ζ(x − υ)
] dy

|y|d+α
. (4.3)

Since

∂t

(
u(t, x)ζ(x − υ)

)
= ζ(x − υ)Au(t, x) − λζ(x − υ)u(t, x) + ζ(x − υ)f (t, x)

= A
(
ζ(x − υ)u(t, x)

) − λζ(x − υ)u(t, x) + ζ(x − υ)f (t, x) − u(t, x)Aζ(x − υ)

−
∫ [

u(t, x + y) − u(t, x)
][

ζ(x + y − υ) − ζ(x − υ)
]
m(t, x, y)

dy

|y|d+α
,

it follows by Lemmas 8 and 3 and Remark 2 that there is C = C(d,α,β,p,K,w,T ,η) and
λ0 = λ0(d,α,β,p,K,w,T ,η) such that∫ ∣∣uζ(· − υ)

∣∣p
Hα

p (T )
dυ � C

[|f |pLp(T ) + |u|pLp(T ) + |u|p
Hα′

p (T )

]
,∫ ∣∣uζ(· − υ)

∣∣p
Lp(T )

dυ � C

λp

[|f |pLp(T ) + |u|pLp(T ) + |u|p
Hα′

p (T )

]
if λ � λ0,

for some α′ < α. According to (4.3) and (4.2),

∣∣∂αu
∣∣p
Lp(T )

� C
[|f |pLp(T ) + |u|pLp(T ) + |u|p

Hα′
p (T )

]
, (4.4)

|u|p
Lp(T )

� C

λp

[|f |p
Lp(T )

+ |u|p
Lp(T )

+ |u|p
Hα′

p (T )

]
if λ � λ0.

By interpolation inequality, for each κ ∈ (0,1) there is a constant K1 = K1(κ,α′, α,p, d) such
that

|u|
Hα′

p (T )
� κ|u|α,p + K1|u|Lp(T ).

Therefore, choosing κ so that Cκ � 1/2, we get by (4.4) that there is a constant C1 =
C1(d,α,β,p,K,w,T ,η) such that

|u|pHα
p (T ) � C1

[|f |pLp(T ) + |u|Lp(T )

]
, (4.5)

|u|pp � C1 [|f |pL (T ) + |u|pL (T )

]
.

λp p p
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We finish the proof by choosing λ so that C1
λp � 1

2 or λ � (2C1)
1/p = λ1. Thus by (4.5),

|u|pLp(T ) � 2C1

λp
|f |pLp(T ), λ � λ1; |u|pHα

p (T ) � C1

(
1 + 2C1

λ
p

1

)
|f |pLp(T ).

The statement follows. �
Corollary 3. Suppose Assumption A holds, p > d

β
and u ∈ Dp(E) ∩Hα

p(E) satisfies (2.2) with
B = 0. Then there is C = C(d,α,β,p,K,w,T ,η) such that

|u|Hα
p (T ) � C|f |Lp(T ).

Proof. For λ � λ1 (λ1 is from Lemma 9), the estimate is proved in Lemma 9. If u ∈ Hα
p(E)

solves (2.2) with λ � λ1, then ũ(t, x) = e(λ1−λ)tu(t, x) solves the same equation with λ = λ1
and f replaced by e(λ1−λ)tf . Hence

|u|Hα
p (T ) � |ũ|Hα

p (T ) � Ce(λ1−λ)T |f |Lp(T )

with C = C(d,α,β,p,K,w,T ,η) from Lemma 9. So, the estimate holds for all λ � 0. �
4.1. Proof of Theorem 1

We use the a priori estimate and the continuation by parameter argument. Let

Mτu = τLu + (1 − τ)∂αu, τ ∈ [0,1].
The space Hα

p(E) is a Banach space of all functions u ∈ Hα
p (E) such that u(t) = ∫ t

0 F(s) ds,
0 � t � T , with F ∈ Lp(E) and finite norm

|u|Hα
p

= |u|Hα
p (T ) + |F |Lp(T ).

Consider the mappings Tτ :Hα
p(E) → Lp(E) defined by

u(t, x) =
t∫

0

F(s, x) ds �→ F − Mτu.

Obviously, for some constant C not depending on τ ,

|Tτu|Lp(T ) � C|u|Hα
p
.

On the other hand, there is a constant C not depending on τ such that for all u ∈ Hα
p(E)

|u|Hα
p

� C|Tτu|Lp(T ). (4.6)

Indeed,
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u(t, x) =
t∫

0

F(s, x) ds =
t∫

0

(
Mτu + (F − Mτu)

)
(s, x) ds,

and, according to Corollary 3, there is a constant C not depending on τ such that

|u|Hα
p (T ) � C|Tτu|Lp(T ) = C|F − Mτu|Lp(T ). (4.7)

Thus,

|u|Hα
p

= |u|Hα
p (T ) + |F |Lp(T ) � |u|Hα

p (T ) + |F − Mτu|Lp(T ) + |Mτu|Lp(T )

� C
(|u|Hα

p (T ) + |F − Mτu|Lp(T )

)
� C|F − Mτu|Lp(T ) = C|Tτu|Lp(T ),

and (4.6) follows. Since T0 is an onto map, by Theorem 5.2 in [3] all the Tτ are onto maps and
Theorem 1 follows.

4.2. Proof of Theorem 2

Let u ∈Dp(E) ∩Hα
p(E) satisfy (2.2) with B = Bε0 . By Theorem 1,

|∂tu|Lp(T ) + |u|Hα
p (T ) � N

[|f |Lp(T ) + ∣∣Bε0u
∣∣
Lp(T )

]
,

|u|Lp(T ) � N

λ

[|f |Lp(T ) + ∣∣Bε0u
∣∣
Lp(T )

]
if λ � λ1,

where λ1 = λ1(T ,α,β, d,K,w,η) � 1. According to Lemma 1, for each t ,

∣∣Bε0
t u

∣∣p
Lp

�
∫ ( ∫

|y|�ε0

∣∣∇α
y u(t, x)

∣∣π(t, x, dy)

)p

dx

� δ
p

0

∫ (
sup
y �=0

|∇α
y u(t, x)|
|y|α

)p

dx � δ
p

0 N
p

1

∣∣∂αu(t, ·)∣∣p
Lp

.

Therefore

|∂tu|Lp(T ) + |u|Hα
p (T ) � N |f |Lp(T ) + 1

2

∣∣∂αu
∣∣
Lp(T )

,

|u|Lp(T ) � N

λ
|f |Lp(T ) + 1

2λ

∣∣∂αu
∣∣
Lp(T )

if λ � λ1,

and

|∂tu|Lp(T ) + |u|Hα
p (T ) � 2N |f |Lp(T ), (4.8)

|u|Lp(T ) � 2N |f |Lp(T ) if λ � λ1.

λ
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If u ∈ Dp(E) ∩ Hα
p(E) satisfies (2.2) with B = Bε0 , λ � λ1, then ũ(t, x) = e(λ1−λ)tu(t, x)

satisfies the same equation with λ1 and f replaced by e(λ1−λ)tf . By (4.8),

|u|Hα
p (T ) � |ũ|Hα

p (T ) � 2Ne(λ1−λ)T |f |Lp(T ). (4.9)

The statement follows by the a priori estimates (4.8)–(4.9) and the continuation by parameter
argument, repeating the proof of Theorem 1 for the operators

Mτ = A + τBε0, 0 � τ � 1.

4.2.1. Proof of Corollary 1
Let u ∈ Dp(E) ∩Hα

p(E) satisfy (2.2) with B = B̃ε0 . By Theorem 2,

|∂tu|Lp(T ) + |u|Hα
p (T ) � 2N

[|f |Lp(T ) + ∣∣(B̃ε0 − Bε0
)
u
∣∣
Lp(T )

]
,

|u|Lp(T ) � 2N

λ

[|f |Lp(T ) + ∣∣(B̃ε0 − Bε0
)
u
∣∣
Lp(T )

]
if λ � λ1.

By interpolation inequality, for each κ ∈ (0,1), there is a constant Cκ = Cκ(K, ε0) such that

∣∣(B̃ε0 − Bε0
)
u
∣∣
Lp(T )

� κ|u|Hα
p (T ) + Cκ |u|Lp(T ).

Choose κ so that 2Nκ � 1/2. Then

|∂tu|Lp(T ) + |u|Hα
p (T ) � 4N

[|f |Lp(T ) + Cκ |u|Lp(T )

]
,

|u|Lp(T ) � 4N

λ

[|f |Lp(T ) + Cκ |u|Lp(T )

]
if λ � λ1

and for 4NCκ/λ2 = 1/2 we have

|u|Lp(T ) � 8N

λ
|f |Lp(T ) if λ � λ2, |∂tu|Lp(T ) + |u|Hα

p (T ) � 8N |f |Lp(T ). (4.10)

If u ∈Dp(E) ∩Hα
p(E) satisfies (2.2) with B = B̃ε0 , λ � λ2, then ũ(t, x) = e(λ1−λ)tu(t, x) satis-

fies the same equation with λ2 and f replaced by e(λ1−λ)tf . By (4.10),

|u|Hα
p (T ) � |ũ|Hα

p (T ) � 8Ne(λ1−λ)T |f |Lp(T ). (4.11)

The statement follows by the a priori estimates (4.10)–(4.11) and the continuation by parameter
argument, repeating the proof of Theorem 1 for the operators

Mτ = A + τ B̃ε0, 0 � τ � 1.
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4.3. Proof of Theorem 3

Again we derive the a priori estimates first and use the continuation by parameter argument.
There is ε0 ∈ (0,1) such that

∫
|y|�ε0

|y|α π(t, x, dy) � δ0, (t, x) ∈ E,

where δ0 is a number in Theorem 2. Let u ∈ Dp(E) ∩Hα
p(E) satisfy (2.2). Let

L̃v(t, x) = Av(t, x) + Bε0v(t, x), (t, x) ∈ E,

where Bε0v is defined in (2.4). Applying Theorem 2 to L̃, we have

|∂tu|Lp(T ) + |u|Hα
p (T ) � 2N

[|f |Lp(T ) + ∣∣(L − L̃)u
∣∣
Lp(T )

]
,

|u|Lp(T ) � 2N

λ

[|f |Lp(T ) + ∣∣(L − L̃)u
∣∣
Lp(T )

]
if λ � λ1,

where N and λ1 are the constants in Theorems 1, 2. There is α′ < α such that p > d/α′ and by
Sobolev embedding theorem there is a constant C such that

∣∣(L − L̃)u
∣∣
Lp(T )

� C|u|
Hα′

p (T )

( T∫
0

∫
π

(
t, x,

{|y| > ε0
})p

dx dt

)1/p

+ Cε−α
0 1α∈(1,2)|∇u|Lp(T ).

By interpolation inequality, for each κ > 0 there is a constant Ñ = Ñ(κ, ε0, α,α′,p, d) such
that

∣∣(L − L̃)u
∣∣
Lp(T )

� κ|u|Hα
p (T ) + Ñ |u|Lp(T ).

Choose κ so that 2Nκ � 1/2. Then

|∂tu|Lp(T ) + |u|Hα
p (T ) � 4N

[|f |Lp(T ) + Ñ |u|Lp(T )

]
,

|u|Lp(T ) � 4N

λ

[|f |Lp(T ) + Ñ |u|Lp(T )

]
if λ � λ1.

Choosing λ � λ2 = 8NÑ , we derive

|u|Lp(T ) � 8N

λ
|f |Lp(T ), |∂tu|Lp(T ) + |u|Hα

p (T ) � 8N |f |Lp(T ).

Multiplying u by e(λ−λ2)t , we obtain the a priori estimate for all λ � 0 as in the proof of
Corollary 3 above.
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The statement follows by the a priori estimates and the continuation by parameter argument,
repeating the proof of Theorem 1 for the operators

Mτv = L̃v + τ(L − L̃)v, 0 � τ � 1.

5. Embedding of the solution space

The following Hölder norm estimates of the solutions should be known in one form or another.
Following the main steps of Section 7 in [8], we provide the proofs for the sake of completeness.
Since the solution of (2.2) u ∈ Hα

p(E), we derive an embedding theorem for Hα
p(E).

Remark 3. If u ∈ Hα
p(E), then u ∈ Hα

p (E) and

u(t) =
t∫

0

F(s) ds, 0 � t � T ,

with F ∈ Lp(E). It is the Hα
p-solution to the equation

∂tu = ∂αu + f, (5.1)

u(0) = 0,

where f = F −∂αu ∈ Lp(E) with |f |Lp(T ) � |F |Lp(T ) +|∂αu|Lp(T ) � ‖u‖α,p . In addition (e.g.,
see [13]),

u(t, x) =
t∫

0

Gt−s(x − y)f (s, y) dy ds, 0 � t � T , x ∈ Rd, (5.2)

where

Gt =F−1[e−t |ξ |α ]
, t > 0 (5.3)

(here F−1 is the inverse Fourier transform). The function Gt is the probability density function
of a spherically symmetric α-stable process whose generator is the fractional Laplacian ∂α :

∫
Gt dx = 1, t > 0. (5.4)

Remark 4. Note that for any multiindex γ ∈ Nd
0 there is a constant C = C(α,γ, d) such that

∣∣Dγ
ξ e−|ξ |α ∣∣ � Ce−|ξ |α ∑

1�k�|γ |
|ξ |kα−|γ |. (5.5)
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Lemma 10. Let K(x) = G1(x), x ∈ Rd . Then:

(i) K is smooth and for all multiindices γ ∈ Nd
0 , κ ∈ (0,2),

∫ ∣∣∂κDγ K(x)
∣∣dx < ∞.

(ii) For t > 0, x ∈ Rd ,

Gt(x) = t−d/αK
(
x/t1/α

)
and for any multiindex γ ∈ Nd

0 and κ ∈ (0,2), there is a constant C such that

∣∣∂κDγ Gt ∗ v
∣∣
Lp

� Ct−(|γ |+κ)/α|v|Lp , t > 0, v ∈ Lp

(
Rd

)
.

(iii) Let κ ∈ (0,1). There is a constant C such that for v ∈ S(Rd), t > 0,

|Gt ∗ v − v|Lp � Ctκ
∣∣∂ακv

∣∣
Lp

.

Proof. (i) For any multiindex γ ∈ Nd
0 ,

sup
x

∣∣Dγ K(x)
∣∣ �

∫ ∣∣(iξ)γ e−|ξ |α ∣∣dξ < ∞.

Let ϕ ∈ C∞
0 (Rd), 0 � ϕ � 1, ϕ(x) = 1 if |x| � 1, ϕ(x) = 0 if |x| � 2. Then K(x) = K1(x) +

K2(x) with

K1 =F−1(e−|ξ |αϕ(ξ)
)
, K2 =F−1([1 − ϕ(ξ)

]
e−|ξ |α )

.

Since ψ = F−1ϕ ∈ S(Rd), we have K1(x) = K ∗ ψ(x). Therefore, by (5.4), for any multiindex
γ ∈ Nd

0 , κ ∈ (0,2),

sup
x

∣∣∂κDγ K1(x)
∣∣ � sup

x

∣∣∂κDγ ψ(x)
∣∣ < ∞,

∫ ∣∣∂κDγ K1(x)
∣∣dx �

∫ ∣∣∂κDγ ψ(x)
∣∣dx < ∞.

By Parseval’s equality and (5.5), for any multiindices γ,μ,κ ∈ (0,2),

∫ ∣∣∂κDγ K2(x)
∣∣2

dx =
∫ ∣∣(iξ)γ |ξ |κ[

1 − ϕ(ξ)
]
e−|ξ |α ∣∣2

dξ < ∞,

∫ ∣∣(ix)μ∂κDγ K2(x)
∣∣2

dx =
∫ ∣∣Dμ

(
(iξ)γ |ξ |κe−|ξ |α )∣∣2[1 − ϕ(ξ)

]
dξ < ∞.
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Therefore, by Cauchy–Schwartz inequality with d1 = [ d
4 ] + 1,

∫ ∣∣∂κDγ K2(x)
∣∣dx �

{∫ (
1 + |x|2)2d1

∣∣Dγ K2(x)
∣∣2

dx

}1/2

×
{∫ (

1 + |x|2)−2d1 dx

}1/2

.

(ii) Changing the variable of integration in (5.3) we get Gt(x) = t−d/αK(x/t1/α), x ∈ Rd ,
t > 0. For any v ∈ S(Rd), γ ∈ Nd

0 , κ ∈ (0,2),

∂κDγ Gt ∗ v(x) =
∫

∂κDγ Gt(x − y)v(y) dy

= t−d/α−(|γ |+κ)/α

∫
∂κDγ K

(
(x − y)/t1/α

)
v(y) dy

= t−d/α−(|γ |+κ)/α

∫
∂κDγ K

(
y/t1/α

)
v(x − y)dy

and the statement follows.
(iii) Since for v ∈ S(Rd)

Gt ∗ v − v =
t∫

0

∂αGs ∗ v ds, 0 � t,

it follows by part (ii),

|Gt ∗ v − v|Lp �
t∫

0

∣∣∂αGs ∗ v
∣∣
Lp

ds =
t∫

0

∣∣∂α(1−κ)Gs ∗ ∂ακv
∣∣
Lp

ds

�
t∫

0

sκ−1 ds
∣∣∂ακv

∣∣
Lp

� Ctκ
∣∣∂ακv

∣∣
Lp

. �

We will need the following embedding estimate as well.

Lemma 11. (See Lemma 7.4 in [8].) Let μ ∈ (0,1), μp > 1, p � 1, κ ∈ (0,1]. Let h(t) be a
continuous H

α(1−κ)
p (Rd)-valued function. Then there is a constant C = C(d,μ) such that for

s � t ,

∣∣∂α(1−κ)
[
h(t) − h(s)

]∣∣p
Lp

� C(t − s)μp−1

t−s∫
0

dr

r1+μp

t−r∫
s

∣∣∂α(1−κ)
[
h(υ + r) − h(υ)

]∣∣p
Lp

dυ.

We apply Lemma 11 to u.
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Proposition 2. Let μp > 1, κ ∈ (0,1], κp > 1, κ > μ. Assume f ∈ Dp(E), and

u(t) =
t∫

0

Gt−s ∗ f (s) ds, 0 � t � T .

Then there is a constant C such that for all 0 � s � t � T ,

∣∣∂α(1−κ)
[
u(t) − u(s)

]∣∣p
Lp

� C(t − s)(κ−μ)p
[|f |pLp(T ) + ∣∣∂αu

∣∣p
Lp(T )

]
.

Proof. We apply Lemma 11 to u(t) = ∫ t

0 Gt−s ∗ f (s) ds, 0 � t � T . Since Gt+s = Gt ∗ Gs , it
follows for v, r � 0,

u(υ + r) − u(υ) =
υ+r∫
0

Gυ+r−τ ∗ f (τ) dτ −
υ∫

0

Gυ−τ ∗ f (τ) dτ

=
υ+r∫
υ

Gυ+r−τ ∗ f (τ) dτ +
υ∫

0

Gυ+r−τ ∗ f (τ) dτ −
υ∫

0

Gυ−τ ∗ f (τ) dτ

=
r∫

0

Gr−τ ∗ f (υ + τ) dτ + Gr ∗ u(υ) − u(υ).

By Hölder inequality and Lemma 10 for r > 0, and any 1 − κ < θ < 1 − 1/p,

∣∣∣∣∣∂α(1−κ)

r∫
0

Gr−τ ∗ f (υ + τ) dτ

∣∣∣∣∣
p

Lp

�
( r∫

0

τ θ τ−θ
∣∣∂α(1−κ)Gr−τ ∗ f (υ + τ)

∣∣
Lp

dτ

)p

�
( r∫

0

τ−θq dτ

)p/q r∫
0

τ θp
∣∣∂α(1−κ)Gτ ∗ f (υ + r − τ)

∣∣p
Lp

dτ

� Cr(1−θ)p−1

r∫
0

τ θp−(1−κ)p
∣∣f (υ + r − τ)

∣∣p
Lp

dτ

� r(1−θ)p−1rθp−(1−κ)p

r∫
0

∣∣f (υ + r − τ)
∣∣p
Lp

dτ

= rκp−1

r∫ ∣∣f (υ + r − τ)
∣∣p
Lp

dτ.
0



R. Mikulevičius, H. Pragarauskas / J. Differential Equations 256 (2014) 1581–1626 1611
By Lemma 10, for r, υ > 0,

∣∣∂α(1−κ)
[
Gr ∗ u(υ) − u(υ)

]∣∣p
Lp

� Crpκ
∣∣∂αu(υ)

∣∣p
Lp

.

Therefore for a fixed μp > 1, κ ∈ (0,1], κp > 1, κ > μ,

t−s∫
0

dr

r1+μp

t−r∫
s

∣∣∂α(1−κ)
[
u(υ + r) − u(υ)

]∣∣p
Lp

dυ

� C

[ t−s∫
0

dr

r1+μp

t−r∫
s

rκp−1

r∫
0

∣∣f (υ + r − τ)
∣∣p
Lp

dτ dυ +
t−s∫
0

dr

r1+μp

t−r∫
s

rκp
∣∣∂αu(υ)

∣∣p
Lp

dυ

]

� C

[ t−s∫
0

dr

r2+(μ−κ)p

r∫
0

t−r+τ∫
s+τ

∣∣f (υ)
∣∣p
Lp

dυ dτ +
t−s∫
0

dr

r1+(μ−κ)p

t−r∫
s

∣∣∂αu(υ)
∣∣p
Lp

dυ

]

� C
[|f |pLp(T ) + ∣∣∂αu

∣∣p
Lp(T )

]
(t − s)(κ−μ)p,

and by Lemma 11,

∣∣∂α(1−κ)
[
u(t) − u(s)

]∣∣p
Lp

� C(t − s)(κ−μ)p
[|f |pLp(T ) + ∣∣∂αu

∣∣p
Lp(T )

]
. �

Corollary 4. Let u ∈ Hα
p , 0 < γ < δ = α(1 − 1

p
) − d

p
> 0. Then there is a Hölder continuous

modification of u on E and a constant C independent of u such that

sup
(t,x)∈E

∣∣u(t, x)
∣∣ + sup

s �=t,x

|u(s, x) − u(t, x)|
|s − t |γ /α

+ sup
s,x �=x′

|u(s, x) − u(s, x′)|
|x − x′|γ � C|u|Hα

p
. (5.6)

Proof. By Proposition 2 with κ = 1 and κ = 1 − γ /α − d/(pα) > μ > 1/p, Remark 3 and
Sobolev embedding theorem,

sup
0�s�T

∣∣u(s, x)
∣∣ + sup

s,x �=x′

|u(s, x) − u(s, x′)|
|x − x′|γ � C|u|Hα

p
.

For 0 <
γ
α

< 1 − 1
p

− 1
αp

there are 1/p < μ < κ < 1 − d
αp

such that κ = μ + γ
α

. Since α(1 −
κ) − d

p
> 0, by Sobolev embedding theorem and Proposition 2,

∣∣u(s, x) − u(t, x)
∣∣ � C

∣∣u(s, ·) − u(t, ·)∣∣
H

α(1−κ)
p

� C|t − s|γ /α
[|f |pLp(T ) + ∣∣∂αu

∣∣p
Lp(T )

]
and the statement follows. �
Remark 5. Following the proof of Morrey’s lemma we could show with δ = α(1 − 1

p
) − d

p
> 0

that
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sup
(t,x)∈E

∣∣u(t, x)
∣∣ + sup

s �=t,x

|u(t, y) − u(s, x)|
(|t − s| + |y − x|α)

1− 1
p

− d
αp

� C|u|Wα
p
,

where

|u|pWα
p

=
T∫

0

T∫
0

∫
Rd

∫
Rd

|u(t, y) − u(s, x)|p
(|t − s| + |y − x|α)p+1+ d

α

dt ds dy dx + |u|pLp(T ).

Since the embedding Wα
p ⊇ Hα

p is continuous for p � 2, inequality (5.6) holds for γ = δ if
p � 2.

6. Martingale problem

In this section, we construct the Markov process associated to L = A + B by proving the
existence and uniqueness of the corresponding martingale problem (see [18]). A similar martin-
gale problem with all Hölder continuous coefficients was considered in [15]. Proposition 3 below
shows the existence and uniqueness of the Markov process corresponding to L with Hölder con-
tinuous A and measurable B (m(t, x, y) is only measurable in y).

Let D = D([0, T ],Rd) be the Skorokhod space of càdlàg Rd -valued trajectories and let Xt =
Xt(w) = wt , w ∈ D, be the canonical process on it.

Let

Dt = σ(Xs, s � t), D =
∨
t

Dt , D= (Dt+), t ∈ [0, T ].

We say that a probability measure P on (D,D) is a solution to the (s, x,L)-martingale problem
(see [18,12]) if P(Xr = x, 0 � r � s) = 1 and for all v ∈ C∞

0 (Rd) the process

Mt(v) = v(Xt ) −
t∫

s

Lv(r,Xr) dr (6.1)

is a (D,P)-martingale. We denote S(s, x,L) the set of all solutions to the (s, x,L)-martingale
problem.

A modification of Theorem 5 in [12] is the following statement.

Proposition 3. Let Assumptions A and B(i)–(ii) hold. Then for each (s, x) ∈ E there is a unique
solution Ps,x to the martingale problem (s, x,L), and the process (Xt ,D, (Ps,x)) is strong
Markov.

If, in addition,

lim
l→∞

T∫
0

sup
x

π
(
t, x,

{|υ| > l
})

dt = 0, (6.2)

then the function Ps,x is weakly continuous in (s, x).
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6.1. Auxiliary results

We will need the following Lp-estimate.

Lemma 12. (Cf. Lemma 3.6 in [12].) Let Assumptions A and B(i)–(ii) hold. Let p > d
β

∨ 2d
α

∨ 2,
(s0, x0) ∈ E, P ∈ S(s0, x0,L).

Then there is a constant C = C(R,T ,K,η,β,w,p) such that for any f ∈ C∞
0 (E),

EP

τ∫
s0

f (r,Xr) dr � C|f |Lp(T ).

Proof. Let ζ ∈ C∞
0 (Rd), ζ � 0, ζ(x) = ζ(|x|), ζ(x) = 0 if |x| � 1, and

∫
ζp dx = 1. For δ > 0

denote ζδ(x) = ε−d/pζ(x/δ), x ∈ Rd . Let

uδ(t, x) =
∫

u(t, x − y)ζ
p
δ (y) dy, (t, x) ∈ E.

Let

L̃v = Av + B̃ε0v,

where B̃ε0 is defined by (2.5) with ε0 so that the assumptions of Corollary 1 hold. Then

Lv = L̃v + Rv

with

Rv(t, x) =
∫

|y|>ε0

[
v(x + y) − v(x)

]
π(t, x, dy).

Define L̃δv = Av + Bε0,δv, where

Bε0,δv(t, x) = EP[ζp
δ (Xt − x)B̃

ε0
t,Xt

v(x)]
EPζ

p
δ (Xt − x)

(here we assume 0
0 = 0). Since for L̃δ the assumptions of Corollary 1 hold uniformly in δ, there

is u = uδ ∈ Hα
p(E) solving

∂tu(t, x) + L̃δu(t, x) = f (t, x), (t, x) ∈ E,

u(T , x) = 0, x ∈ Rd .

Moreover, there is a constant C independent of δ such that

∣∣uδ
∣∣

α � C|f |Lp(T ). (6.3)

Hp (T )
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In addition, by Corollary 4 and (6.3), there is a constant independent of δ such that

sup
s,x

∣∣uδ(s, x)
∣∣ � C|f |Lp(T ). (6.4)

Applying Ito formula to uδ
δ(t, x) = ∫

ζ
p
δ (x − z)uδ(t, z) dz = ∫

ζ
p
δ (z)uδ(t, x − z) dz, we have

−uδ
δ(s0, x0) =

T∫
s0

[
∂tu

δ(r, z) + (
A + Bε0,δ

)
uδ(r, z)

]
κδ(t, z) dz

+ EP

T∫
s0

Ruδ
δ(r,Xr) dr +

T∫
s0

R2(r) dr

=
T∫

s0

EPfδ(r,Xr) dr + EP

T∫
s0

Ruδ
δ(r,Xr) dr +

T∫
s0

R2(r) dr, (6.5)

where κδ(t, z) = EPζ
p
δ (Xt − z) and for s0 � r � T ,

R2(r) =
∫

EP[
ζ

p
δ (Xr − z)Ar,Xr u

δ(r, z) − ζ
p
δ (Xr − z)Ar,zu

δ(r, z)
]
dz

= EP
∫ ∫

∇α
y uδ(r, z)

[
m(r,Xr, y) − m(r, z, y)

] dy

|y|d+α
ζ

p
δ (Xr − z) dz.

By Hölder inequality, for any r ∈ [s0, T ],
∣∣R2(r)

∣∣p � EP
∫ ∣∣∣∣

∫
∇α

y uδ(r, z)
[
m(r,Xr, y) − m(r, z, y)

]
ζδ(Xr − z)

dy

|y|d+α

∣∣∣∣
p

dz.

According to Lemma 6(b) with ε = δ and φ = ζδ(Xt − ·), m = m(r,Xr, y) − m(r, z, y),

∣∣R2(r)
∣∣p � C

∣∣∂αuδ(r)
∣∣p
Lp(T )

K(δ),

with

K(δ) � C

[
δ−βpw(δ)p +

( ∫
|υ|�δ

w(υ)
dυ

|υ|d+β

)p]
.

Therefore by (6.3),

T∫
s0

∣∣R2(r)
∣∣p dr → 0 as δ → 0. (6.6)

Since
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T∫
s0

EPfδ(r,Xr) dr = −
(

uδ
δ(s0, x0) + EP

T∫
s0

Ruδ
δ(r,Xr) dr +

T∫
s0

R2(r) dr

)

(see (6.5)), the statement follows by (6.4) and (6.6) passing to the limit as δ → 0. �
Corollary 5. Let Assumptions A and B hold, (s0, x0) ∈ E. Then the set S(s0, x0,L) consists of
at most one probability measure.

Proof. Let f ∈ C∞
0 (E), p > d

β
∨ 2d

α
∨ 2. By Theorem 3, there is u ∈ Hα

p(E) solving

∂tu(t, x) + Lu(t, x) = f (t, x), (t, x) ∈ E,

u(T , x) = 0, x ∈ Rd .

Let ϕ ∈ C∞
0 (Rd), ϕ � 0,

∫
ϕ dx = 1, ϕε(x) = ε−dϕ(x/ε), x ∈ Rd , and

uε(t, x) =
∫

u(t, x − y)ϕε(y) dy, (t, x) ∈ Rd .

Let P ∈ S(s, x,L). Applying Ito formula,

−uε(s, x) = EP

T∫
s

[
∂tuε(r,Xr) + Luε(r,Xr)

]
dr.

Using Lemma 12 and Corollary 4 to pass to the limit we derive that

−u(s, x) = EP

T∫
s

f (r,Xr) dr. (6.7)

Suppose P1,P2 ∈ S(s0, x0,L). We show that

P1(Xt1 ∈ Γ1, . . . ,Xtn ∈ Γn) = P2(Xt1 ∈ Γ1, . . . ,Xtn ∈ Γn)

for any s0 < t1 < · · · < tn � T and Borel Γi ⊆ Rd , 1 � i � d . For n = 1, the equality is an obvi-
ous consequence of (6.7). If it is true for n, then by Theorem 1.2 in [18], the regular conditional
probabilities Pw

1 and Pw
2 of P1 and P2 with respect to Dtn belong to S(tn,Xtn(w),L). Since for

i = 1,2,

Pi (Xt1 ∈ Γ1, . . . ,Xtn ∈ Γn,Xtn+1 ∈ Γn+1)

=
∫

χΓ1

(
Xt1(w)

) · · ·χΓn

(
Xtn(w)

)
EPw

i χΓn+1(Xtn+1)Pi (dw)

the equality follows for n + 1 because of the induction assumption and the proved case with
n = 1. �
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Now we can construct a “local” solution of the martingale problem.

Lemma 13. Let Assumptions A, B(i)–(ii) hold, π(t, x, dυ) = χ{|x|�R} π(t, x, dυ), (t, x) ∈ E, for
some R > 0.

Then for each (s, x) ∈ E there is a unique solution Ps,x ∈ S(s, x,L) and Ps,x is weakly con-
tinuous in (s, x).

Proof. Let ϕ ∈ C∞
0 (Rd), ϕ � 0,

∫
ϕ dx = 1, ϕε(x) = ε−dϕ(x/ε), x ∈ Rd , and

πε(t, x, dυ) =
∫

π(t, x − z, dυ)ϕε(z) dz, (t, x) ∈ E.

Let εn → 0 and let Ln be an operator defined as L with π replaced by πεn . It follows by The-
orem IX.2.31 in [6] that the set S(s, x,Ln) �= ∅. Since by Lemma 12, for Pn

s,x ∈ S(s, x,Ln),
denoting En

s,x the expectation with respect to Pn
s,x ,

En
s,x

T∫
s

πεn

(
r,Xr,

{|υ| > l
})

dr � C

T∫
s

∫
π

(
r, x,

{|υ| > l
})

dx dr → 0 as l → ∞,

the sequence {Pn
s,x} is tight (see Theorem VI.4.18 in [6]). Obviously, for each v ∈ C∞

0 (Rd)

and p > 1, |Lnv − Lv|p → 0 and Lnv is uniformly bounded. Suppose Pn
s,x → P weakly. Let

s < q < t � T ,

Mn
t (v) = v(Xt ) −

t∫
s

Lnv(r,Xr) dr, Mt(v) = v(Xt ) −
t∫

s

Lv(r,Xr) dr

and φ be Dq -measurable P-a.s. continuous. Then for each m > 1

0 = En
s,x

[
φ
(
Mn

t (v) − Mn
q (v)

)]

= En
s,x

[
φ
(
Mm

t (v) − Mm
q (v)

)] + En
s,xφ

t∫
q

(
Lnv − Lmv

)
(r,Xr) dr.

Obviously,

En
s,x

[
φ
(
Mm

t (v) − Mm
q (v)

)] → EP[
φ
(
Mm

t (v) − Mm
q (v)

)]
as n → ∞ and

EP[
φ
(
Mm

t (v) − Mm
q (v)

)] = EP[
φ
(
Mt(v) − Mq(v)

)] + EPφ

t∫ (
Lv − Lmv

)
(r,Xr) dr.
q
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By Lemma 12 for large p,

∣∣∣∣∣EPφ

t∫
q

(
Lv − Lmv

)
(r,Xr) dr

∣∣∣∣∣ � C
∣∣Lv − Lmv

∣∣
Lp(T )

,

∣∣∣∣∣En
s,xφ

t∫
q

(
Lnv − Lmv

)
(r,Xr) dr

∣∣∣∣∣ � C
∣∣Lnv − Lmv

∣∣
Lp(T )

→ C
∣∣Lv − Lmv

∣∣
Lp(T )

as n → ∞. Since m, q , t , v are arbitrary, P ∈ S(s, x,L). By Lemma 12, it is unique. Similarly,
we see that Ps,x ∈ S(s, x,L) is continuous in (s, x). �
Corollary 6. Let Assumptions A, B(i)–(ii) hold. Then for each (s, x) ∈ E, there is at most one
solution Ps,x ∈ S(s, x,L).

Proof. The statement is immediate consequence of Lemma 13 and Theorem 1.6(b) in [12]. �
6.2. Proof of Proposition 3

The uniqueness follows by Corollary 6. In the first part of the proof we assume that (6.2) holds
and use weak convergence arguments. In the second part, we cover the general case by putting
together measurable families of probability measures.

(i) Assume (6.2) holds. Let Ln be an operator defined as L with π replaced by χ{|x|�n}π .
According to Lemma 13, for each (s, x) ∈ E there is a unique Pn

s,x ∈ S(s, x,Ln) and Pn
s,x is

weakly continuous in (s, x). By Theorem VI.4.18 in [6], {Pn
s,x} is tight. Since Lnv → Lv point-

wise and Lnv is uniformly bounded for any v ∈ C∞
0 (Rd), by Lemma 3.7 in [12], the sequence

Pn
s,x → Ps,x ∈ S(s, x,L) weakly (Ps,x is unique by Corollary 6). The same Lemma 3.7, [12],

implies that Ps,x is weakly continuous in (s, x).
(ii) In the general case (without assuming (6.2)), we split the operator Lu = L̃u + B̃u, where

L̃ is defined as L with π(t, x, dυ) replaced by χ{|υ|<1} π(t, x, dυ), and

B̃t,xu(x) =
∫

|υ|�1

[
u(x + υ) − u(x)

]
π(t, x, dυ), (t, x) ∈ E, u ∈ C∞

0

(
Rd

)
.

Let (Ω2,F2,P2) be a probability space with a Poisson point measure p̃(dt, dz) on [0,∞) ×
(R\{0}) with

E p̃(dt, dz) = dzdt

|z|2 .

According to Lemma 14.50 in [5], there is a measurable Rd ∩{|υ| � 1}-valued function c(t, x, z)

such that for any Borel Γ

∫
χ{|υ|�1} π(t, x, dυ) =

∫
χΓ

(
c(t, x, z)

)dz

z2
, (t, x) ∈ E.
Γ
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Consider the probability space

(
Ω,F ,P′

s,x

) = (Ω2 × D,F2 ⊗D,P2 ⊗ Ps,x).

Let

Ht =
t∫

s∧t

∫
c(r,Xr−,z) p̃(dr, dz), s � t � T ,

τ = inf(t > s: �Ht = Ht − Ht− �= 0) ∧ T ,

Kt = χ{τ�t},

Yt = Xt∧τ + Ht∧τ , 0 � t � T .

Note that τ = inf(t > s: �Ht �= 0) ∧ T = τ = inf(t > s: |�Ht | � 1) ∧ T . Let D̂ = D([0, T ],
Rd × [0,∞)) be the Skorokhod space of càdlàg Rd × [0,∞)-valued trajectories and let Zt =
Zt(w) = (yt (w), kt (w)) = wt ∈ Rd × [0,∞), w ∈ D̂ be the canonical process on it. Let

D̂t = σ(Zs, s � t), D̂ =
∨
t

D̂t , D̂ =(D̂t+), t ∈ [0, T ].

Denote P̂1
s,x the measure on D̂ induced by (Yt ,Kt ), 0 � t � T . Let

τ1 = inf(t > s: �kt � 1) ∧ T , . . . ,

τn+1 = inf(t > τn: �kt � 1) ∧ T ,

D̂τn = σ(Zt∧τn , 0 � t � T ), n � 1.

Then (P̂1
s,x) is a measurable family of measures on (D̂, D̂) and for each v ∈ C∞

0 (Rd),

M̂t∧τn(v) = v(yt∧τn) −
t∧τn∫
s

Lv(r, yr ) dr, s � t � T , (6.8)

is (P̂1
s,x, D̂)-martingale with n = 1. Let us introduce the mappings

Jτ1

(
w,w′)

t
=

{
wt if t < τ1(w),

w′
t if t � τ1(w),

and let

Q
(
dw,dw′) = P̂1

τ1(w),Xτ1(w)(w)

(
dw′) P̂1

s,x(dw).

Then P2
s,x = Jτ1(Q), the image of Q under Jτ1 , is a measurable family of measures on D̂,

M̂t∧τ2 is a (P̂2
s,x, D̂)-martingale and P̂2

s,x |D̂τ1
= P̂1

s,x |D̂τ1
. Continuing, we construct a sequence of

measures P̂n such that
s,x



R. Mikulevičius, H. Pragarauskas / J. Differential Equations 256 (2014) 1581–1626 1619
P̂n+1
s,x

∣∣
D̂τn

= P̂n
s,x

∣∣
D̂τn

and M̂t∧τn is (P̂n
s,x, D̂)-martingale. Since

P̂n
s,x(τn < T ) = P̂n

s,x(kT ∧τn � n) � n−1

T ∧τn∫
s

π
(
r, yr ,

{|υ| � 1
})

dr

� n−1KT → 0 as n → ∞,

there is a measurable family (P̂s,x) on D̂ such that

P̂s,x |D̂τn
= P̂n

s,x

∣∣
D̂τn

, n � 1,

and M̂t∧τn is (P̂s,x, D̂)-martingale for every n. Obviously, y· under P̂s,x gives a measurable fam-
ily Ps,x ∈ S(s, x,L). The strong Markov property is a consequence of Theorem 1.2 in [18]. The
statement of Proposition 3 follows.
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Appendix A

For α ∈ (0,1) and a bounded measurable function m(y), set for v ∈ S(Rd), x ∈ Rd ,

Lv(x) =
∫ [

v(x + y) − v(x)
]
m(y)

dy

|y|d+α
.

By Lemma 2,

Lv(x) = lim
ε→0

∫ ∫
k(α)(z, y)∂αv(x − z) dzmε(y)

dy

|y|d+α

= lim
ε→0

∫ ∫
k(α)(z, y)mε(y)

dy

|y|d+α
∂αv(x − z) dz,

where mε(y) = χ{ε�|y|�ε−1}m(y). For ε ∈ (0,1), v ∈ S(Rd), consider

Kεv(x) =
∫

kε(z)v(x − z) dz =
∫

kε(x − z)v(z) dz

with

kε(x) =
∫

k(α)(x, y)mε(y)
dy

d+α
, x ∈ Rd .
|y|
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Obviously,

Lv(x) = lim
ε→0

Kε∂αv(x), x ∈ Rd,

and to prove the continuity L : Hα
p (Rd) → Lp(Rd), we will show that there is a constant C,

independent of ε ∈ (0,1) and v ∈ S(Rd), such that

∣∣Kεv
∣∣
Lp

� C|v|Lp . (A.1)

According to Theorem 3 of Chapter I in [17], (A.1) will follow provided

∣∣Kεv
∣∣
L2

� C|v|L2 , (A.2)

and ∫
|x|>4|s|

∣∣kε(x − s) − kε(x)
∣∣dx � C for all s ∈ Rd . (A.3)

Remark 6. For any t > 0, we have k(α)(tx, ty) = tα−dk(α)(x, y). Therefore

kε(tx) = t−d

∫
k(α)(x, y)mε(ty)

dy

|y|d+α
= t−dkε(t, x)

with

kε(t, x) =
∫

k(α)(x, y)mε(ty)
dy

|y|d+α
.

Note that for x �= 0,

kε(x) = kε

(|x|x̂) = |x|−d

∫
k(α)(x̂, y)mε

(|x|y) dy

|y|d+α
= |x|−dkε

(|x|, x̂)
,

where x̂ = x/|x|.

Lemma 14. Let α ∈ (0,1), |m(y)| � 1, y ∈ Rd . Then for each p > 1 there is a constant C

independent of u and ε such that,

∣∣Kεv
∣∣
Lp

� C|v|Lp , v ∈ Lp

(
Rd

)
.

Proof. By Theorem 3 of Chapter I in [17] it is enough to show that (A.2) and (A.3) hold. By
Lemma 1 of Chapter 5.1 in [16], it follows

k̂ε(ξ) =
∫

e−i(x,ξ)kε(x) dx = C|ξ |−α

∫ [
e−i(ξ,y) − 1

]
mε(y)

dy

|y|d+α

=
∫ [

e−i(ξ̂ ,y) − 1
]
mε

(
y/|ξ |) dy

d+α
,
|y|
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where ξ̂ = ξ/|ξ |. Therefore, by Parseval’s equality, (A.2) holds for v ∈ S(Rd). The key estimate
is (A.3). By Remark 6, denoting ŝ = s/|s|, we have

∫
|x|>4|s|

∣∣kε(x − s) − kε(x)
∣∣dx =

∫
|x|/|s|>4

∣∣∣∣kε

(
|s|

(
x

|s| − ŝ

))
− kε

(
|s| x

|s|
)∣∣∣∣dx

= |s|d
∫

|x|>4

∣∣kε

(|s|(x − ŝ)
) − kε

(|s|x)∣∣dx

=
∫

|x|>4

∣∣kε

(|s|, x − ŝ
) − kε

(|s|, x)∣∣dx

and it is enough to prove that∫
|x|>4

∣∣kε

(|s|, x − ŝ
) − kε

(|s|, x)∣∣dx � M for all s ∈ Rd, ŝ = s/|s|. (A.4)

We will estimate for |x| � 4, s ∈ Rd , ŝ = s/|s|, the difference

∣∣k(|s|, x − ŝ
) − k

(|s|, x)∣∣ =
∫ [

k(α)(x − ŝ, y) − k(α)(x, y)
]
mε

(|s|y) dy

|y|d+α

=
∫

|y|�|x|/2

. . . +
∫

|y|>|x|/2

. . . = A1 + A2.

Let

F(t) = 1

|x − t ŝ + y|d−α
− 1

|x − t ŝ|d−α
, 0 � t � 1.

If a segment connecting x and x − ŝ does not contain zero, then

∣∣k(α)(x − ŝ, y) − k(α)(x, y)
∣∣ = ∣∣F(1) − F(0)

∣∣ �
1∫

0

∣∣F ′(t)
∣∣dt (A.5)

with

F ′(t) = (α − d)

[
− 1

|x − t ŝ + y|d−α+1

(x − t ŝ + y, ŝ)

|x − t ŝ + y| + 1

|x − t ŝ|d−α+1

(x − t ŝ, ŝ)

|x − t ŝ|
]
,

and

∣∣F ′(t)
∣∣ � C

∣∣∣∣ 1

|x − t ŝ + y|d−α+1
− 1

|x − t ŝ|d−α+1

∣∣∣∣
+ 1

d−α+1

(
1 + 1

)(|y| ∧ 1
)
. (A.6)
|x − t ŝ| |x − t ŝ|
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Estimate of A1. Let |x| � 4, z = x − t ŝ, t ∈ [0,1], and |y| � |x|/2. In this case, |x + y| �
|x| − |y| � |x|/2 � 2,

C|x| � |z + y| � |x|/4 � 1,

C|x| � |z| � |x| − 1 � 3|x|/4 � 3

and (A.5) holds. Since

∫
|y|�|x|/2

∣∣∣∣ 1

|z + y|d−α+1
− 1

|z|d−α+1

∣∣∣∣ dy

|y|d+α

� 1

|z|d+1

∫
|y|�2/3

∣∣∣∣ 1

|ẑ + y|d−α+1
− 1

∣∣∣∣ dy

|y|d+α
� C

|x|d+1
,

and ∫
|y|�|x|/2

(|y| ∧ 1
) dy

|y|d+α
� C,

it follows by (A.6), that

|A1| � C

∫
|y|�|x|/2

[∣∣∣∣ 1

|z + y|d−α+1
− 1

|z|d−α+1

∣∣∣∣ + 1

|z|d−α+1

(|y| ∧ 1
)] dy

|y|d+α

� C

[
1

|x|d+1
+ 1

|x|d−α+1

]
.

Estimate of A2. Let |x| � 4, |y| > |x|/2. In this case we split

A2 =
∫

|y|>|x|/2

[
k(α)(x − ŝ, y) − k(α)(x, y)

]
m

(|s|y) dy

|y|d+α

=
∫

{|x|−3/2�|y|>|x|/2}∪{|y|>|x|+3/2}
. . . +

∫
{|x|−3/2�|y|�|x|+3/2}

. . .

= B1 + B2.

If |x|−3/2 � |y| > |x|/2 or |y| > |x|+3/2, then we can apply (A.5) and (A.6). For z = x− t ŝ

we have |z + y| � 1
2 and

∣∣F ′(t)
∣∣ � C

[
1

|z + y|d−α+1
+ 1

|z|d−α+1

]
.

Therefore
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|B1| � C

[ ∫
{ |x|

2 �|y|}

1

|z|d−α+1

dy

|y|d+α
+

∫
{ |x|

2 �|y|�|x|− 3
2 }

1

|z + y|d−α+1

dy

|y|d+α

+
∫

{|x|+ 3
2 �|y|}

1

|z + y|d−α+1

dy

|y|d+α

]

= B11 + B12 + B13.

Now

B11 = C

∫
{ |x|

2 �|y|}

1

|z|d−α+1

dy

|y|d+α
� C

|x|d+1
,

and

B12 � C|z|−d−1
∫

{ |x|
2|z| �|y|�(|x|− 3

2 )/|z|}

1

|ẑ + y|d−α+1

dy

|y|d+α
,

B13 � C|z|−d−1
∫

{ |x|
|z| + 3

2|z| �|y|}

1

|ẑ + y|d−α+1

dy

|y|d+α

with ẑ = z/|z|. If |x|
2|z| � |y| � (|x| − 3

2 )/|z| or |x|
|z| + 3

2|z| � |y|, then |ẑ + y| � 1
2|z| and |y| � 1/3.

Therefore

B12 � C|z|−d−1
∫

{|ẑ+y|� 1
2|z| }

dy

|ẑ + y|d−α+1

� C|z|−d−α � C|x|−d−α

and

B13 � C|z|−d−1
∫

|ẑ+y|� 1
2|z|

1

|ẑ + y|d−α+1
dy

= C|z|−d−α � C|x|−d−α.

Now we estimate B2. If |x| − 3
2 � |y| � |x| + 3

2 , then we estimate directly. First we have

∫
{|x|− 3

2 �|y|�|x|+ 3
2 }

1

|z|d−α

dy

|y|d+α
� C|x|α−d

∣∣∣∣ 1

(|x| − 3
2 )α

− 1

(|x| + 3
2 )α

∣∣∣∣
� C|x|−d−α.
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Then, for z = x − t ŝ with t ∈ [0,1], we have 2
3 � 1 − 1

|z| � |x|
|z| � 1 + 1

|z| � 4
3 and

∫
{|x|− 3

2 �|y|�|x|+ 3
2 }

1

|z + y|d−α

dy

|y|d+α

� |z|−d

∫
{1− 5

2|z| �|y|�1+ 5
2|z| }

1

|ẑ + y|d−α

dy

|y|d+α

� |z|−d

∫
{1− 5

2|z| �|y|�1+ 5
2|z| ,|ẑ+y|>|z|−α/d }

. . . +
∫

{1− 5
2|z| �|y|�1+ 5

2|z| ,|ẑ+y|�|z|−α/d }
. . .

� C

[
|z|−d |z| α

d
(d−α)

∫
{1− 5

2|z| �|y|�1+ 5
2|z| }

dy

|y|d+α
+ |z|−d

∫
|ẑ+y|�|z|−α/d

dy

|ẑ + y|d−α

]

� C|z|−α2/d−d � C|x|−α2/d−d

with ẑ = z/|z|. Therefore,

|B2| � C
[|x|−α2/d−d + |x|−d−1].

The statement follows. �
For a bounded measurable m(y), y ∈ Rd , and α ∈ (0,2), set for v ∈ S(Rd), x ∈ Rd ,

Lv(x) =
∫ [

v(x + y) − v(x) − χα(y)
(∇v(x), y

)]
m(y)

dy

|y|d+α
.

Lemma 15. Let |m(y)| � K , y ∈ Rd , p > 1, and α ∈ (0,2). Assume

∫
r�|y|�R

ym(y)
dy

|y|d+α
= 0

for any 0 < r < R if α = 1. Then there is a constant C such that

|Lv|Lp � CK
∣∣∂αv

∣∣
Lp

, v ∈ Lp

(
Rd

)
.

Proof. If α ∈ (0,1), then for v ∈ S(Rd) we have

Lv(x) = lim
ε→0

Kε∂αv(x), x ∈ Rd,

and by Lemma 14 there is a constant C independent of u such that

∣∣K−1Lv
∣∣ � C

∣∣∂αv
∣∣
Lp Lp
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or

|Lv|Lp � CK
∣∣∂αv

∣∣
Lp

, v ∈ S
(
Rd

)
.

If α ∈ (1,2), then it follows by Lemma 2 that for u ∈ S(Rd),

Lv(x) =
∫ 1∫

0

(∇v(x + sy) − ∇v(x), y
)
m(y)

ds dy

|y|d+α

=
∫ (

∇v(x + y) − ∇v(x),
y

|y|
)

M(y)
dy

|y|d+α−1

with

M(y) =
1∫

0

m(y/s)s−1+α ds, y ∈ Rd .

Therefore, the estimate reduces to the case of α ∈ (0,1): there is a constant C independent of
v ∈ S(Rd) such that

|Lv|Lp � CK
∣∣∂α−1∇v

∣∣
Lp

� CK
∣∣∂αv

∣∣
Lp

.

If α = 1, then for v ∈ S(Rd),

Lv(x) = lim
ε→0

∫ [
v(x + y) − v(x)

]
mε(y)

dy

|y|d+1

with mε(y) = m(y)1ε−1�|y|>ε , y ∈ Rd . Since for v ∈ S(Rd), x ∈ Rd ,

∫ [
v(x + y) − v(x)

]
mε(y)

dy

|y|d+1

=
∫ ∫

k(1/2)(z, y)∂1/2v(x − z) dzmε(y)
dy

|y|d+1

=
∫ ∫

k(1/2)(z, y)
[
∂1/2v(x − z) − ∂1/2v(x)

]
dzmε(y)

dy

|y|d+1

(see Lemma 2), it follows that

Lu(x) = lim
ε→0

∫ ∫
k(1/2)(z, y)mε(y)

dy

|y|d+1

[
∂1/2u(x − z) − ∂1/2u(x)

]
dz.

Obviously,

∫
k(1/2)(z, y)mε(y)

dy

|y|d+1
= 1

d+ 1

∫ (
1

d− 1 − 1

)
mε

(|z|y) dy

|y|d+1
= 1

d+ 1 Mε(z),
|z| 2 |ẑ + y| 2 |z| 2
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where ẑ = z/|z|. For ε ∈ (0,1/2), we have |Mε(z)| � CK and limε→0 Mε(z) = M(z), z ∈ Rd ,
where

M(z) =
∫

{|y|� 1
2 }

(
1

|ẑ + y|d− 1
2

− 1 +
(

d − 1

2

)
(ẑ, y)

)
m

(|z|y) dy

|y|d+1

+
∫

{|y|> 1
2 }

(
1

|ẑ + y|d− 1
2

− 1

)
m

(|z|y) dy

|y|d+1
.

Therefore, for α = 1,

Lv(x) =
∫ [

∂1/2v(x + z) − ∂1/2v(x)
]
M(−z)

dz

|z|d+ 1
2

with |M(z)| � CK , z ∈ Rd and the estimate follows from the case α = 1/2. �
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