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Abstract

This work was intended as an attempt at studying stationary Stokes and Navier—Stokes problem with
Navier boundary conditions (1.3). We wish to investigate some results of existence, uniqueness and regu-
larity of solutions in Hilbert case and in L?-theory.
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1. Introduction

Throughout this work, if we do not say otherwise, we assume that 2 be a bounded domain
in R3 with boundary I" of class C*!. We consider the stationary Stokes equations:

—Au+Vr=f and divu=0 in£2 (1.1)

and the stationary Navier—Stokes equations:

* Corresponding author.
E-mail addresses: cherif.amrouche @univ-pau.fr (C. Amrouche), ahmed.rejaiba@univ-pau.fr (A. Rejaiba).

0022-0396/$ — see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jde.2013.11.005


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2013.11.005
http://www.elsevier.com/locate/jde
mailto:cherif.amrouche@univ-pau.fr
mailto:ahmed.rejaiba@univ-pau.fr
http://dx.doi.org/10.1016/j.jde.2013.11.005

1516 C. Amrouche, A. Rejaiba / J. Differential Equations 256 (2014) 1515-1547

—Au+u-Vu+Vao=f and divu=0 in£2, (1.2)

where u denotes a velocity, 7 a pressure and f are the external forces.

To study these problems, it is necessary to add some boundary conditions. Note that these
systems are often studied with Dirichlet boundary condition, also called no-slip boundary condi-
tion, which is applicable in the case where the boundary of the flow is solid. Yet, in the physical
applications, we are often encounter situations where this condition does not quite feasible. In
this case, it is really important to introduce another boundary conditions to describe the behavior
of fluid on the wall. For example, when a part of flow boundary is the air, it is convenient to use
a slip boundary condition.

In the literature, in 1827, Navier [10] was the first to propose a Navier with friction boundary
condition, in which there is the stagnant layer of fluid close to the wall allowing a fluid to slip, and
the tangential component of the strain tensor should be proportional to the tangential component
of the fluid velocity on the boundary:

u-n=0 and Z[D(u)n]r +au, =0, (1.3)

where D(u) = %(Vu +Vu ) denotes the deformation tensor associated with the velocity field u,
« the scalar friction function, r the exterior unit normal and T the corresponding tangent vector.
Systems (1.1) and (1.2) with (1.3) have been studied by many authors. Note that, the first paper
is due to V.A. Solonnikov and V.E. S¢adilov [12] in 1973 without friction function (. =0)
in the Hilbert case and only for external force f € L?(§2). We also refer to the paper of
H.B. da Veiga [5]. We can cite the work of Clopeau, Mikelic and Robert in two dimension [8] or
the paper of Verfiirth [ 13], who has studied the mathematical formulation of Newtonian fluid flow
with slip boundary condition. In the case of special boundary, such that periodic rough boundary
we can mention the works of D. Bucur et al. [6] and the paper of J. Casado-Diaz et al. [7].

The purpose of this work is to study some results of existence, uniqueness and regularity of
solution for the stationary Stokes problem (1.1) and also Navier—Stokes problem (1.2) with the
boundary condition (1.3) with o = 0.

To study the Stokes problem in the Hilbert case we use the Lax—Milgram theorem. For the case
of L? theory, 1 < p < 0o, we prove the existence and uniqueness of weak solution by duality
arguments. The regularity results are obtained by exploiting the relationship between slip-Navier
boundary condition and the following condition:

u-n=0 and curlu xn=0, (1.4)

to prove the regularity. To study Navier—Stokes equation, we use Galerkin method and some
compactness results.

The outline of this paper is as follows: In Section 2, we will recall some preliminaries results,
introduce an important frameworks and announce a crucial result which gives the relationship
between (1.3) and (1.4) in the weak sense on the conventional spaces.

In Section 3, we investigate the existence and uniqueness of weak solution for system
(1.1), (1.3). The main idea is to begin by proving the existence and uniqueness in the Hilbert
(p =2) case for £2 only of class C!'! then generalizing this result in LP-theory for 1 < p < oo
for £2 of class C>!.

In Section 4, we establish the existence and uniqueness of strong solution when we impose
more regularity to data.
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The purpose of Section 5 is to proof the existence of another class of solutions called very
weak solution for less regular data. The idea is based on using the regularity of solution and a
duality argument.

In Section 6, we prove the existence of a similar basis of eigenfunctions of Stokes operator to
that given by T. Clopeau et al. in [8].

The purpose of Section 7 is to study the Navier—Stokes problem with Navier boundary condi-
tion in the Hilbert case. The idea here is to use the Galerkin method and the Brouwer theorem.
2. Preliminaries and functionals spaces

In this section we review such basic notations and functional frameworks. Let us first recall
some elementary properties. We note that the vector-valued Laplace operator of a vector field
v = (v1, V2, v3) is equivalently defined by

Av =2divD(v) — grad(divv) 2.1)
or by

Av = grad(divv) — curlcurl v. (2.2)
Second, we define the following spaces: For all 1 < p < oo,

Li(2)= {v e L7 (2); /vdx:O},

2
is equipped with the norm of L?(£2),
H?(div, 2) = {v e L?(22); divv € L?(22)},

which is equipped with the norm:

1
||v||Hp(div,Q) = (||v||2p(g) + ||divv||21)(g))[7
and
H? (curl, 2) = {v e L?(2); curlv € L?(£2)},

which is equipped with the norm:

1
10l 7 curt,2) = (10175 o) + lleurl ]|, o)) 7

According to [3], the space D(£2) is dense both in H?(div, £2) and H? (curl, £2). The clo-
sure of D(£2) in HP(div, £2) and in H? (curl, £2) is denoted respectively by H g (div, £2) and
H (’)’ (curl, £2) and can be characterized respectively by
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Hg(div,Q)z{veH(diV,Q); v-n:OonF},
Hl(curl, 2)={ve H(curl, 2); vxn=0onT}.

Let now introduce some notation to describe a boundary. Let us consider any point P on I" and
choose an open neighborhood W of P in I" small enough to allow the existence of 2 families of
C? curves on W with these properties: a curve of each family passes through every point of W
and the unit tangent vectors to these curves form an orthonormal system (which we assume to
have the direct orientation) at every point of W. The lengths sy, s> along each family of curves,
respectively, are a possible system of coordinates in W. We denote by 71, 77 the unit tangent
vectors to each family of curves, respectively.

With this notation, we have v = Z/%=1 vk Tk + (v - n)n where r,{ = (Tk1, T2, Tk3) and vy =
V- Tk

In the sequel, for simplicity of notation, we write

2

9
Aw = Z(w, : 8—;>rk. 2.3)

k=1

In this paper we need a relationship between slip-Navier boundary conditions (1.3) and (1.4), for
this reason we state the following result, where the proof is given in Appendix A.

Lemma 2.1. For any v € W>P(2), we have the following equalities:

[2D(v)n] =V, (v-n)+ <§—2> — Av, 2.4)
curlv xn=V;(v-n) — (8_v) — Av. 2.5)
on ),

Remark 2.2. In the particular case v - n = 0, we have the following equality: For all v €
WP (82),

av
[2D(w)n]_ = (5)1 — Av,

ov
curlv xn=——|] — Av,
on /.,

which implies that
1
[2D(v)n]r =—curlv xn —2Av in Wr'¥(I). (2.6)
Note that we can obtain the equality (2.6) in weak sense. To do this, we must give a sense
to curlv x n and to [D(v)r],; when v belongs to an appropriate space. We need the following

space:

VP(2)={ve W' (2); divvu=0in2, v-n=00nTI},
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with the norm of W7 (£2) and
EP(2)={ve W'P(2); Ave[H! (v, )]},
where [H(’)’, (div, £2)]’ is the dual space of H(')’, (div, £2). EP(£2) is equipped with the norm:
Ivller2) = IVllwir o) + ”Av”[Hg'(div,:z)]"

We note that D(£2) is dense in EP(£2) (see [11, Lemma 4.2.1]). We need also the following
two lemmas. To prove the first one we refer to [11, Corollary 4.2.2].

Lemma 2.3. We suppose that §2 is of class C L The linear mapping y : v — curlv x n defined
on D(82) can be extended to a linear and continuous mapping

v EP(2)— W5 P(I).

Moreover, we have the Green formula: For any v € EP (£2) and ¢ € Vp/(.Q),

—(Av,w)g=/curlv~curl<pdx—(curlv Xn,Q)r, 2.7
Q

1 1 ’
where (.,.)r denotes the duality between W~ 7P (I"y and W»'P (I') and (., ) denotes the du-
ality between (Hé7 (div, £2))" and Hg (div, £2).

Lemma 2.4. Suppose that 2 is of class C'\. The linear mapping © : v — [(D(v)nly | defined
on D(82) can be extended by continuity to a linear and continuous mapping

@ :EP(2)—> WP (I).

Moreover, we have the Green formula: For any v € EP(2) and ¢ € Vp/(.Q),

—(Av, @) = Z/D(v) :D(@)dx —2([D(w)n]_. 9),. (2.8)
Q
Proof. Letve D(2) and ¢ € Wl'l’/(.Q) with ¢ - n =0 on I, then, by using (2.1), we have
—(Av, @) = 2/D(v) :Vodx —2[D()n]_. ), — /divvdivgodx.
2 Q
Then, for any v € D(£2) and for any ¢ in Vp/(.Q) we have

—(Av,9)o = Z/D(v) :D(@)dx — 2[D(w)n]_. 0),.. (2.9)
2
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1 / /
Now, let u be any element of W?»'” (I"), then there exists an element ¢ in WP (£2) such
that diveg =0 in §2 and ¢ = u, on I" with

1901y < el 1 SCl 2y (2.10)

Consequently,

|2[P@n],. k)|

|2[P@n],. )|
2[P@n],. )|

< IIAvll(Hg'(diV‘Q)), ||<P||Hg’(div,9) +2|D() ||L”(SZ) [D(e) ”LP’(Q)’

=

(RP@n]. e[ < Qavlly o+ 27 PO L)

1

x (IIwIIIL’/,,,(Q) +272|D(g) ||I’i'p/(m):7. 2.11)

It follows that from Korn’s inequality, we have

([D@],. )| < Cplvlzr @) 19l o)

Thus, by using (2.10), we deduce that

I[D@)n]_| S Clvllgr o).

W)
Therefore, the linear mapping © : v — [D(v)n]; | defined on D(£2) is continuous for the norm
of EP(£2). Since D(£2) is dense in EP(£2), ® can be extended by continuity to a mapping

1
still called ® € £(EP(£2), W »°?(I'")) and formula (2.9) holds for all v € EP(£2) and Q<
VP(Q). O

1
Owing the previous result, it is possible to extend (2.6) in W~ »'”(I") and we have the fol-
lowing corollary.

Corollary 2.5. For any v € EP(§2) such that v-n =0 on I, we have
1
[2D()n]_ = —curlv x n —2Av in W 2P (I). (2.12)

Remark 2.6. Note that, if §2 is of class C%1, then the slip-Navier boundary condition (1.3) differs
from (1.4) only by the term —2Awv. This term is equal to zero in the case of the flat boundary,
consequently we have (1.3) and (1.4) are identical, in this context we cite the paper of H.B. da
Veiga et al. [5].

In the sequel, we need the result of existence and uniqueness for the following intermediate
problem:
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—Au+Vr=f inf2,

dive = x in £2,
(S1)

u-n=g on [,

curlu xn=~nh onl.

We introduce the following spaces:
K (2)={veLP(22); divv=0, curlv=0in 2 andv x n=0o0n I'},
K5(2)={ve L?(2); divv=0, curlv=0in 2 andv-n=0o0nI'}.

We now recall a result of existence and uniqueness of weak solution for the problem (S;) (see
[2]and [11]):

Theorem 2.7. Suppose that §2 is of class C!. Let
/ 1 1
fe[Hy @v.@)].  xeLP@. geW' PP, hxneW (D)
and verifying the following compatibility conditions: For any ¢ € K [Tj/(.Q),

(f.@)e+(h,@)r =0, (2.13)

/dezfgda. 2.14)
2

r

Then, Stokes problem (Sy) has a unique solution (u, ) € WlP(2) x L? (£2)/R satisfying the
estimate:
lullwir o)+ I7llLr2)/r

< / .
SN, g i g+ 1 Nr) 8l sy Wl 1)

We need also the following result (we refer to [11]):

Theorem 2.8. Let f € [Hg/ (curl, 2)) with div f = 0 in $2 satisfying the following compatibil-
ity condition:

Vo e KD (92), (2.15)

{f v>[H{)” (curl, )1 x HY (curl,2) — 0,

and h be such that h x n € Wlf%’p(['). Then the following problem

—Au=f in £2,
divu =0 in$2,

uxn=hxn onl,
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has a unique solution in W]’P(.Q)/KZ(.Q) and we have

el o y/xg @) < CUF g ey + X2 ot )

3. Weak solutions of (S7)
In this paper we are interested in the following problem:

—Au+Vr=f in$2,
divu =y in £2,
(St)

u-n=g on [l
2[D(u)n]r =h onl.

The aim of this section is to study the existence and uniqueness of weak solution for prob-
lem (St7). First, we consider the Hilbert case. Then, we will study the case of LP-theory,
1 < p < co. We start by the following proposition:

/ 1
Proposition 3.1. We suppose that x =0 and g =0. Let f € [Hg (div, 2)], h e W™ »'P(I")
such that

h-n=0 onT. 3.1

The problem: Find that (u, ) € WLP(2)x LP(2) satisfying (St), in the distribution sense,
is equivalent to

Findu € VP (82) such that,

Vo e VP (@), 2/D<u) :D(@)dx = (f.)e + (h.9)r. (32)
22

1 1
Proof. First, we note that if # € W~ »'?(I"), then we have k- n € W~ »'?(I"). That means that
1 1 /
the relation (3.1) holds in W~ 7"?(I"). In fact, let a be in W?'? (I"), or §2 is of class C1!, then

1 1
an € Wr'P (I') since n € Wh°(I"). The regularity W~ 77 (I") of h - n is then consequence of
the relation

(h~n,a)p = (h,an)p.

Now, using Green formula (2.8), we deduce that every solution of (S7) also solves (3.2). Con-
versely, let u be a solution of the problem (3.2). Let us take a function ¢ € D(£2) such that
dive = 0 as a test function in (3.2). Then we have

Z/D(u) D(@)dx = (-Au. @)1y o), Do)
2
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Asa consequence,
V(I)ED(T(Q)’ <_Au_fa ¢>D’(Q)XD(Q) =0.

So, by the De Rham theorem, there exists a distribution 7 in D (£2) defined uniquely up to an
additive constant such that

—Au+Vr=f. (3.3)

AsVrm e [Hg/ (div, 2)] — W~LP(£2), we deduce that = € L?(£2) (we refer to [4]). Moreover,
by the fact that u belongs to the space V?(£2), we have divu =0in 2 andu -n=0on I". It
remains to prove the Navier boundary condition 2[D(u)n]; = h on I". We multiply Eq. (3.3) by
Qe Vp/(.Q) and we integrate on £2:

Z/D(u) :D(p)dx — 2<[D(u)n]r, (p)r =(f.9)n. (3.4)
Q

Using (3.2) and (3.4), we deduce that

Vo e VP (2), (2[D@n]_.¢). = h o)r.

L

Let now u be any element of the space Wl_ﬂ’ P (I"). So, there exists ¢ € Wl"",(.Q) such that
divg =01in £2 and ¢ = p, on I". Its clear that ¢ € V7 (£2) and

(2[])(”)"]1 - h’ ”’)F Z[D(u)n]r - h’ ILT)F
(2[DGn], —h.g);

0.

This implies that
Z[D(u)n]r =h onl,
it is that end of the proof. O

First, we denote by a the bilinear form defined on V7 (§2) x V”/(.Q) by

a(u, ) =/D(u) :D(p)dx. 3.5)
Q

We introduce the kernel 7 (£2) for any 1 < p < oo:
TP(2)={ve W'?(2); D(v) =0in 2, divo=0in 2 andv-n=00nI'}.

Observe that, if £2 is obtained by rotation around a constant vector b of R3, then
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T"(£2) = Span{B},
where
Bx)=bxx forxef2.
Else, the kernel 77 (£2) is equal to zero (see [14] for more details). We denote
NP(2)={@,c); ueTP(R), ceR}.

Since T (£2) and NP (£2) do not depend on p, we note T (£2) instead of 77 (£2) and N (£2)
instead NP (£2).

Remark 3.2. By this characterization, we deduce the following compatibility condition:

(f-Bla+(h.B)r=0

(with h - n = 0) that is necessary to solve problem (3.2) and then also to solve (S7) with x =0
and g =0.

3.1. The case p=2
In this section we prove the existence and uniqueness of weak solution for problem (S7) in the

Hilbert case. Our proof is based on the use of Lax—Milgram theorem. Before that, we introduce
the following spaces:

X(2)=H'"Q2)/T(2). (3.6)

To prove the coercivity of the bilinear form a, we are now going to give the proof of the following
lemma which was cited in [13] without proof.

Lemma 3.3 (Poincaré—Morrey inequality). Let §2 be a Lipschitz bounded domain. Then, we have
. 2 2 2 1
vl g < c<||D(u> I3+ [ 1 da), vueH'@) ()
r

where the constant C only depends on S2. In particular, the semi-norm ||D(u) ”LZ(Q) is a norm
which is equivalent to the norm ||”||H1(:2) ifue HY(2),u-n=00nT and f_Q u-Bdx=0.

Proof. Let us P denote the orthogonal projection from L?(§2) onto T(§2) with the product
scalar of L2(£2). Then

: 2 2
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Therefore, it suffices to show that, there exits C > 0 such that

||u—Pu||iz(m gc(HD(u)Hiz(m+/|u-n|2da> for any u € H'(2). (3.8)
r

To establish the existence of such constant, assume the contrary. Then, for any k > 1, there
exists uy, such that

2
lux — Puk||iz(m > k<||D(uk)||Lz(m +/ |uy - n|2d0>.
r

We can suppose that

e — Purlyz ) = 1.

As consequence,

1
0> ||D(uk)||2Lz(Q)+/|uk-n|2da, Vk € N*.
r

Setting wy = uy — Puy and using the Korn inequality, we deduce that wy is bounded in H 1 (£2).
Then, by Rellich theorem, there exists a subsequence still called wy that converges to w in
L*(£2) and weakly in H'(£2). Since ||D(w)||Lz(_Q) =0and w - n =0, we deduce that w belongs
to T(£2). Moreover, we have w € T (£2)+, where 7'(.(2)L is the orthogonal complement of
T(£2) in L*(2). Hence w = 0, in contradiction with the relation ||wk||L2(_Q) =1,Vk > 1. The
proof of lemma is completed. O

Now, we can solve the Stokes problem.

Theorem 3.4. Suppose that x =0 and g =0. Let f € [Hg(div, )] and h € H? (I'), satisfy-
ing (3.1) and

(f lg)[Hg(div,:z)]/ng(div,Q) + (h, ﬂ)H*%(r)xH%(r) =0. (3.9
Then, Stokes problem (St) has a unique solution (u, ) € (H'(2) x L*(£2)) /N (£2). In addi-
tion, we have the following estimate:

||u||H1(Q)/7'(_Q) + ||7T||L2(_Q)/R < C(“f”[H(z)(diV’_Q)]’ + ”h||H7%(F))' (3.10)

Proof. It is clear that the bilinear form a(.,.) given by (3.5) is continuous on H 1 (£2) and using
Poincaré—Morrey inequality (3.7) we deduce that it is also coercive on X (§2). Moreover, we have
the linear form £ : X (£2) — R, which is defined by

Le)=(f, ‘p>[H(2)(div)Q)]’><HS(div’_Q) + (h, q’)H*%(F)xH%(F)
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is continuous over H'(£2)/7T(£2). Thus, we deduce by Lax—Milgram’s theorem that prob-
lem (3.2) given in Proposition 3.1 has a unique solution # € X(£2) and 7w € Lz(.Q)/R.
Using the variational problem and Poincaré—Motrey inequality, we have

llell x (2) < (”f”[HZ(dW _Q)/+ k] ) (3.11)

H™ Z(F)

On the other hand,

IVl 10y S U F 102y + ARl g1 ()

‘We know that

”f”H—l(_Q) <C ”f”[H%(div,_Q)]’

and

| Aw|l - @) S C”u”Hl(_Q)

Therefore,

I:IelﬂfR Iz + k||L2(Q) (||f||[H2(d1V ) + [lA]l ) (3.12)

H™ 2(r)

The estimation (3.10) follows easily from (3.11) and (3.12). O

We can also solve the Stokes problem when the divergence does not vanish and we have the
following corollary the proof of which is given later in Corollary 3.8.

Corollary 3.5. Let f, x, g and h be such that

fe[Hidiv, )], xeLR), geH?(2) and he H (I,
satisfying the compatibility conditions (3.1), (3.9) and

/dezfgda. (3.13)

2 r

Then, problem (St) has a unique solution (u, ) € (Hl(.Q) X L2(.Q))/N(.Q). Moreover we
have the following estimate:

lellat )y + 17l m

C(“f”[H(z)(diV’_Q)]/ + ||X||L2(Q) + ”g“H% + || k|| (3.14)

H™ 2(r))
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Remark 3.6. In the case g = 0, we can write problem (St) as follows:

SO

—Au+Vr=f and divu=y in £2,

u-n=0 and curlu xn=-2Au—h onlI.

3.2. The general case 1 < p < 00

We now investigate the case 1 < p < co. We start by showing the existence and uniqueness
of weak solution for (S7). We start by studying the case p > 2.

Theorem 3.7. Assume that p > 2. Suppose that x =0 and g = 0. Then, for any f €

/ 1
(Hg (div, £2)) and h e W™ P (I) satisfying (3.1) the following compatibility conditions are
satisfied

(f.B)2+(h,B)r=0, (3.15)

Wb oy 2 = ) oy a2y
Then, problem (St) has a unique solution (u, ) € (WP (02) x L?(2))/N(2). In addition,
we have the following estimate:

where {.,.)r = {.,.)

)-

”u”lel’(_Q)/T(_Q) + ”””LP(Q)/]R < C(”f”[Hg,(div,.Q)]/ + ”h”W_%'p(F)

Proof. We know that for all p > 2 we have
’ 1
(HE (div, 2)) < (H3(div, 2)) and W 7P(I') = H2(I").

Then according to the Hilbert case the problem (S7) has a unique solution (u, 7) € (H'(£2) x
L?(£2))/N(£2). Applying Corollary 2.5, we have

curlu x n+2[D@n], = —2Au on H™3(I),

because u € E%(£2) and £2 is of class C>!. As consequence, (u, 7r) is solution of (S7). There-
fore, (u, 7r) verifying the following problem: For all ¢ € V2(£2),

/curlu -eurlodx = (f, ¢>(H§(div,(z))’xﬂg(div,9) + 2Au + h, @)
Q

H 2 (r)xH% %)
In particular, we have

(2 0) 2.2y x m2aw.2) + AU+ h. @) =0 forallp e K7(£2).

H_%(F)XH%(F)
Or more generally, forall p >2 and ¢ € K ; (£2)

0 ar’ vyl vy T 24+, @)1 =0. (3.16)
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In the other hand, we have u,; € H% (r)y— W_%’6(F). Therefore, by (3.16) and Theorem 2.7,
we have (u, ) € W"p(.Q) x LP(£2), for 2 < p < 6. Now, suppose that p > 6, then repeated

1
application of Theorem 2.7 enables us to assume that u, € Wl_%’ﬁ(l“) — W~ »P(I") for all

1
p > 6. Clearly, —2Au — h belongs to W™ 7'”(I"). Consequently, by the same reasoning, we
deduce that the solution (u, 7) € W'"P(2) x L?(2). O

We can also solve the Stokes problem when the divergence does not vanish.

Corollary 3.8. Let p > 2. Let f, x, g and h such that

/ 1 1
fe[H] (div, 9)]/, x € LP(£2), geW' PPy and he W rP(I),

satisfying (3.1), (3.13) and (3.15). Then, Stokes problem (St) has a unique solution (u,w) €
(Wl’p(Q) x LP(£2)) /N (£2). Moreover we have the following estimate:

”u“WLI”(_Q)/T(Q) + ||7T||L/’(.(2)/IR
<c(ifi,

)

Flxllzr) +lell - + Al

HY (@iv.2)) A00) WP

Proof. We solve the following Neumann problem:
. a0
AO=yx inf and a—:g onl. (3.17)
n

1
For x € L?(£2) and g € Wlfﬁ‘p(l“), problem (3.17) has a unique solution 8 € W27 (£2)/R
satisfying the following estimate:

)-

16112y < C(Ix L) + 18l ity

Setting z = u — V6, then (S7) becomes: Find (z, 7) € W7 (£2) x L?(§2) solution of problem

—Az+Vr=f+Vy in$2,

divz=0 in £2,

(3.18)
z-n=0 onl,
2[D(z)n]r =H onl’

with H = h — 2[D(V0)n],. Observe that f + Vx belongs to [Hg/(div, £2)] and H belongs

1
to W™ »'?(I") and satisfies H - n = 0. Using Remark 3.2, to prove that problem (3.18) has a
solution, it is necessary to prove the following compatibility condition:

(f+Vx.B)o+(H,B)r=0, (3.19)
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which is equivalent by (3.15) to the condition

(Vx.B)a2 —(2[D(VO)n]_. B), =0.

In fact, it is clear that VO belongs to E?(§2). Then applying Green formula (2.8) with v = V6
and ¢ =  we obtain

(D)l B), = (a6 B),
=—(Vx.Bla-

Thus, due to Theorem 3.7, problem (3.18) has a unique solution (z,7) € WI*P(.Q) X
LP(2)/N(2). O

The following theorem will be proved by duality argument.

/ 1
Theorem 3.9. Assume that 1 < p <2. Let f € (Hg (div, 2)), x e LP(£2), g € Wle’P(F)

1
and h e W P(I), satisfying the compatibility conditions (3.1), (3.13) and (3.15). Then, prob-
lem (St) has a unique solution (u,w) € (WHP(§2) x LP(2)) /N (2). In addition, we have the
following estimate:

||u||W1-P(_Q)/7'(_Q) + ||7T||L1’(.Q)/R

)-

< ’ 3
S P P PR W o L I,

Proof. The proof will be divided into two steps.

First step: We suppose that g = 0. Using Green formula (2.8), we deduce that problem (S7)
has the following equivalent variational formulation: Find (u, ) in (WLP(2)x LP(2)) JIN(2)
satisfying # - n = 0 on I" such that: Vn € L”/(.Q), Yw € Ep/(.Q) satisfying w - n = 0 and
[D(w)n], =00on I

2

= (f, w>(Hg,(div,_Q))/><Hg/(diV,Q) + <h, w>1‘ — / Xndx (320)
9}

According to Corollary 3.8 for any pair (F, ¢) in ((Hé7 (div, 2)) LT (£2)) x Lg/ (£2) there exists
a unique solution (w, n) € (Wl’/’,(.Q) X L/’,(.Q))/./V'(.Q) such that

—Aw+Vn=F and divw=¢ in{2, w-n=0 and [D(w)n]rz0 on [’

and
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(Lu)g{/(m(”w FMlyrr o) +lln+ MIILp’(m)

Let T be a linear form defined from ((Hg(div, 2)) LT(2)) x Lg/(.Q) onto R by

T:(F,9)~ (f,w)

(HY (div,2)) x HY (div,2) + b w)r _/Xndx'

2

Note that, using (3.21), for any (A, k) € N'(£2) we have

IT(F. )| < |(f.w+1) lhowsn)r = [ x40 ds

2

(HY (div,2)) x H? (div,2)
< C(IIfII(Hg’(diV’Q)), Xl e ) + IIhIIW,%,p(F))(IIFII(Hg(diV,Q))/ el g)-

Thus the linear form T is continuous on ((Hg (div, £2)) LT (£2)) x Lg/(.Q) and we deduce that
there exists a unique (u, ) in Hg (div, 2) /72y x L?(£2) /R such that

T(F,(p):(u, F>H(’)’(div,9)><(H(')’(div,S2))/+/”¢dx'
2

To finish, we shall prove that u belongs to WP (£2). We recall that u € L?(2) and Au =
Vr—fe (Hg (div, £2)) — W~LP(£2). Now, we introduce the following spaces:

X,(2)=[ve Wy (©); divee W, (2)}

and
T,(2)={veLP(2); Ave (X, ()}

It is clear that W17 (2) — (X ,/(£2))" and thus we have u € T ,(£2). Therefore, according to

1 1
Lemma 12 of [1], we have u, € W~ »'?(I") and also —2Au — h belongs to W™ 7*”(I"). Finally,
using Remark 3.6 and Theorem 2.7, we deduce that (u, 7) € Wl*p(.Q) x LP(£2).

1
Second step: We solve Neumann problem (3.17) with x € LP(£2), g € Wl_F’p(F) satisfy-
ing (3.13). There exists a unique 6 € W2”’(.Q)/R solution of (3.17). Setting z = u — V6 the rest
of the proof runs as in proof of Corollary 3.8. O

Remark 3.10. We are so far interested in the boundary conditions on the stress tensor. However,
it is also interesting to consider the boundary conditions on the tangential components of the
normal derivative:
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—Au+Vr=f and divu=yx in£2,

0 3.22
u-n=g and (_v) =h onl. ( )
on/,
As in Corollary 2.5, using the relation (2.5), we can write
ou . _1,
o =Vi(u-n)—curlu xn—Au in W »7(I). (3.23)
n T

As consequence, in the same way as for problem (S7) we can solve the problem (3.22) and
we have the following theorem:

/ 1 1
Theorem 3.11. Let f € (Hg (div, 2)), x e L’ (£2), g € Wl_F’p(F) and h e W~ r'P(I), sat-
isfying the compatibility conditions (3.1) and (3.13). Then, problem (3.22) has a unique solution
(w,7)e WhP(2) x L?(82)/R. In addition, we have the following estimate:

lullwrr o)+ ITllLr2)/r

).

< /
OO,y iy 1) 8l oy I 1,

4. Strong solutions of (St)

We prove the existence of strong solutions (u, ) € WP (£2) x L?(82) for the Stokes prob-
lem.

1 1
Theorem 4.1. Let f € LP(2), x € W'P(2), g € W> 7'P(I") and h € W'~ »'P(I'), satisfying
the compatibility conditions (3.1), (3.13) and (3.15). Then, problem (St) has a unique solution
(u, ) which belongs to (W>P(§2) x WLP(§2)) /N (£2) and satisfies the estimate:

||u||w21p(g)/7'(g) + ||7T||W1-P(.Q)/]R

<C(IfllLr) + llell, + Ikl ). (4.1)

=50 W)

Proof. Before, we note that under the hypothesis of Theorem 4.1, the problem (S7) has a unique
solution (u, 7) € WhP(2) x L?(2) /N (£2).

To prove the regularity of the velocity, we set z = curlu. Observe that —Az = curlcurlz
and curlz = —Au+ Vx = f + V(x — 7). Using Remark 2.2, we deduce that z satisfies the
following problem:

—Az=curl f in$2,

divz=0 in £2,
ixn=H on I,

1
where H = —2Au — h. Since, §2 is of class C>! and u € W7 (£2), we have Au € Wl_F’p(l’).
1
Consequently, H € w'sp (I") and satisfies the compatibility condition (3.1). Since, curl f
belongs to [H g (curl, £2)] and satisfies the following compatibility condition
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(curl £, o) =0 forallg e K% (£2),

4 , 14
[H|, (curl,2)]'xH (curl,£2)

we deduce from Theorem 2.8 that z € W7 (£2). Then u € X>?(£2), where

11
X2P(2)={ve LP(2); divoe WP (), curlve WHP(Q2)andv-ne W77 ().

As a consequence, thanks to the imbedding of X 2.P(R2) in WP (£2) (see [3]), the solution u of
the problem (S7) belongs to W2P($2). Finally, since

Vr=Au+ feL?(2),
we deduce that 7 € WHP(2). O
5. Very weak solutions of (St)
In this section we want to prove the existence of a very weak solution for the Stokes prob-
lem (St). To prove this, we shall apply a technique used in [1] for the Dirichlet boundary
conditions and in [2] for the Navier boundary conditions. First, we start by introducing the fol-

lowing space:

T?(2)={p € Hy(div, 2); divp € W(}*P(Q)}.

We recall now some preliminary results which we shall use in the sequel (for instance
see [2]).

Lemma 5.1. The space D(82) is dense in TP ($2) and for all x € WP (2) and ¢ € T”/(.Q),
we have

(Vx, (p>(Tl/(_Q))/><TP’(Q) =—(x, div‘ﬂ)w—l.p(ﬂ)xwolvp(g)' (5.1

Lemma 5.2. A distribution f belongs to (T?(82)) if and only if there exist W € Lp/(Q) and
fo € WLP(82), such that

f=v+V.

Moreover, we have

I fllcre )y =Max{ Il oy 1 follw—10 (2 ).

Giving a meaning to Navier boundary condition of a very weak solution of a Stokes problem
is not easy. For this reason, we need to introduce the space

H,(A;92)={veLP(2); Ave (T7(2))'],
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which is a Banach space for the norm:

10, a:2) = 191Lr@) + 1AV g -
The following lemma (see [2]) is important to prove a trace result.
Lemma 5.3. The space D(82) is dense in H,(A; £2).
Let us introduce the space
SP(2)={p e W*P(2); ¢ -n=0, dive=0, [D)n]_=00on I}

and recall the following formula (see [4]):

5
divv:divrv,+Kv~n+8—v~n onT. (5.2)
n

The following lemma proves that for any v which belongs to H ,(A; §2), we have [D(v)n]; is
1
well defined in W'~ »P(I").

Lemma 5.4. The mapping T : u — [D(u)n]; on the space D(82) can be extended by continuity
1

to a linear mapping still denoted by T, from H ,(A; §2) into W_I_F’p(l“) and we have the

following Green formula: For any u € H ,(A; 2) and ¢ € Sp,(.Q),

(Au, @) v @y xrv' (2)

=[u.A<pdx+(2[D(u)n],,¢) -1

;. 5.3
w ‘%"’(r)xw”%'” () 5-3)
2

Proof. First, let u € D(£2). Then for any @ € S”,(.Q), we have on one hand

(Au, (p)(Tp/(Q)),XW/(Q) = / divudivedx — Zf D) : D(p)dx
2 2

+ppwn],, ‘p)w"’%”’(r)xw”%"”(r)
and on the other hand

/u-Awdx:/divudivwdx—2/D(u):D((p)dx.
2 Q Q

Thus, for any u € D(£2) and ¢ € SP/(.Q)

-1

(Auv ‘p>(Tp,(Q))/XTp/(_Q) - / u - A(P dx + <2[D(u)n]r, (p)
2

1 1 .
WPy w e oy



1534 C. Amrouche, A. Rejaiba / J. Differential Equations 256 (2014) 1515-1547
1 . ’
Now, let u € witep (I"). We know that there exits ¢ € w>p (£2) such that
¢ .
¢=p, and on =Ap—ndivrp, onl.
n
In addition, we have the following estimate

1912y < Clttell iy S CIRIL 1y (5.4)
As Ap-n=0on I (see (2.3)), we have

0
9. -n=—divru, onl.
on

Using identity (5.2), we deduce that
divep=0 onl[.

Also, using (2.4), we have

=0.

To recapitulate, ¢ belongs to S” /(.Q) and satisfies
d¢ ‘
¢=pn, and n =Ap—ndivrp, onl. (5.5)
Therefore, we can bound the boundary term as follows: For functions ¢ belonging to S? ' (£2)
|=l{[p@n]. o) -,

-5 "(r>xw'+p (1) w ‘%”%F)XWH%’”/(FJ

< (Au, ¢)(Tp’(9))/XTp’(Q) _/u . A(de
2

([D@n] . 1),

g ”(p”TP/(_Q)”Au”(T])’(_Q))/ + ”u”LP(Q)”(P”WZp’(Q)

< Cllula a2 90y g
<C

u
lwllf, a2l WY ()

Consequently, we obtain for any u € D(£2):

[[PGon], |

<Cllu .0).
Wb S lulle,a:02)
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It follows that, the linear mapping 7" : u +— [_D(u)n]t defined in D(£2) is continuous for the
norm of H ,(A; £2). Finally, by density of D(£2) in H ,(A; £2), we can extend continuously this

1
mapping from H ,(A; §2) into Wﬁl*ﬁ’p(l") and the Green formula (5.3) holds. O

Now, we are in position to prove the existence and uniqueness of a very weak solution for
Stokes problem (St). The proof of the following theorem is similar to Theorem 4.15 in [2].

Theorem 5.5. Given any f, x, g and h with

1

Fe(T’@),  xeLP(@), geW rP(I),  heWw TrP(D),

and satisfying the compatibility conditions (3.1), (3.15)

/X dx = (g, 1) (5.6)

2

WPy w P ()
Then, problem (St) has a unique solution

uel?(2)/T(2) and 7eW P (2)/R.

Moreover, we have the estimate:

lullLr 2y + 17 llw-102)r

<C S v @y +Ixliriay + gl g, + 11

).

)

Proof. The basic idea of this proof is to use the duality argument and the strong solution of
the adjoint problem with Navier boundary condition. The proof falls into three parts: in the first
part we will write the variational formulation, after that we prove the existence of a very weak
solution when g = 0 and, in the third part, we will finish with the case that g is not vanish.

First step: Observe thatif u € H ,(A; £2) and 7w € WP (£2), then according to (5.1) and (5.3)

we have for any ¢ € S”/(.Q) and for any ¢ € Wl”’,(.Q),

1

(ZAu VI 0) ot (v (@) =~ / u-Apdx =2 Dan],. ‘D)W*‘*%J’(mxw”ﬁ-/"(r)

2

— (m, div (p)W_l,p(g)xW(}"’,(ﬂ)’

/u-qux:—/qdivudx+(u-n,q)p.
2 2

Thus, if (u,7) € LP(2) x WP (§2) is solution of (S7), then u € H ,(A; £2) and for any
Qe S” (£2) and for any g € WhP'(2) we have
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—[u -Apdx — (m,div @)
2

wlr@)xwe? ()

= 0 v @pyxrr @)t 0) (5.7)

1 1 3
“PPyxw Y ()

/u.quxz—fqux+(g,q)r.
0 2

Conversely, let (u, w) € LP(§2) x W—L-P(£2) be a solution of (5.7). Therefore, it follows imme-
diately that,

—Au+Vr=f and divu=yx inf2.
Now, writing
Au=Vmg — f

and using Lemma 5.2 we deduce that u belongs to H,(A; §2). As consequence, applying

1
Lemma 5.4 we have 2[D(u)n]; € W_l_?’p(l“). We repeat application of (5.3) and using
Lemma 5.1 enables us to write: for any ¢ € s?' (£2),

/u Apdx +(2[Dw)n]_. o)
2

1 1
W E Py w! TP

(mr, div @) (5.8)

=0 @y xrri2) ~ w-lr(@)x Wt (@)

Comparing (5.7) with (5.8), we get

1

2[P@)n]_. o) _ I Py W ()

/ == h,
W B (W (o < WW’l

1 /
Let u € witsr (I'"). Analysis similar to that in the proof of Lemma 5.4, there exists a function
Qe S”'(£2) such that O=U,.
Consequently,

(Z[D(u)n]rv IL)W_I_%‘p(F)xWH—%’p/([') = <hs IL)W_I_%’p(F)XWI+%’p/(F)'

Accounting on the above equality, we have
2[D)n]_=h onT.
It still remains to prove that u - n = g on I". For this, we consider the equation dive = x in £2.

We multiply this equation by g € WP (), do the integration by parts and compare with (5.7).
Then we get

(u'n?q>F: (ngI)F
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As consequence,

|
u-n=g inW 7).

This finishes the first step.
Second step: We suppose that

g=0 onlI" and /dezo.
Q

According to Theorem 4.1, for any (F,£) € (L” (2) LT(2)) x (Wy'? () N LY (2)) there
exists a unique solution (¢, q) € (Wz’p/(.Q) X Wl’f’/(.Q))/N(.Q) such that

—Ap+Vg=F and divp=£ in$2, ¢-n=0, and [D(@)n] =0 onrl

and

aoint (et ryar g +lla +klyr @) S CUFIL @) +lelyir ). (59)

Let T be a linear form defined from (LP/(Q)J_’T(.Q)) X (W(;’p,(.Q) N Lg/(.Q)) onto R by

T8 = (S @) v @yysrr @) T 1)yt o ebr ) _/qux'
2

Note that for any (X, k) € N'(£2),

[T(F, O < [(f+0+X) g0 @yysrr @)+ B @ +1) x(q +k)‘

1 1 -
WP (ryxw! P () /
2

< C(”f”(Tp/(_Q))/ + ”X ”LP(.Q) + ”h“W*l*%,P(r))(HF”LP/(.Q) + ”%-”Wl,p’(g))'

Thus, the linear form 7T is continuous on (Lp/(.Q)J_’T(Q)) X (W(;’pl(.Q) N Lg/(Q)) and we
deduce that there exists a unique (#,7) in (L (£2),7 (@) X W~1P(£2)/gr) solution of prob-
lem (5.7).

It remains to prove the existence and uniqueness of very weak solution when g is not van-
ish.

Third step: Now, we suppose that g # 0 satisfying the compatibility condition (5.6). Then,
there exists a unique 8 € W!?(£2)/R solution of Neumann problem (3.17). Now, setting
z=u — V0, (Sr) becomes: Find (z,7) € WhP(£2) x LP($2) satisfying (3.18), with H =
h —2[D(VO)n],. Since VO € H ,(A; £2), it is clear that H belongs to W_l_%’p(l’) and satis-
fies H - n = 0. On the other hand, we have f + V x belongs to (Tp/.Q)/. Thus, due to the second
step, there exists a (g, ) € (LP(£2) x WP (£2))/N(§2) solution of (3.18), and the proof is
complete. O
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6. Eigenfunctions of the Stokes problem

In [8] T. Clopeau et al. showed, in two dimensions, the existence of an orthonormal basis
formed by the eigenfunctions of Stokes operator with Navier boundary condition. It was the
idea to invest in a relationship between curlu and [D(u)n]; on the boundary and reduce to the
resolution of bi-Laplacian problem. By this method they were able to show the existence of the
basis without solving the stationary Stokes problem. Yet, this technique is not valid in the case
of three dimension.

Our objective in this section is to show the existence of the Hilbertian basis of V2(£2) formed
by a sequence of eigenfunctions (v ) € H 1 (£2) of problem (S7). Let us introduce the following
problem:

—Au+Vr=f and divu=0 in 2,
u-n=0 and [D@)n] =0 onrl,

6.1
/ u-Bdx=0.
Q
We start by the following lemma:
Lemma 6.1. Let f € (H(z)(div, £2)) satisfying the following compatibility condition:
{f ﬂ>(H(2)(div,.Q))’><H(2)(div,Q) =0. 6.2)

Then, problem (6.1) has a unique solution u € H'(2) and © € L*(2) /R satisfying the estimate:

”u”Hl(_Q) + = ”LZ(Q)/R < C”f”(H%(div’_Q))"
Proof. Let (u, w) be one of solutions given by Theorem 3.4. We know that u can be written as
u = Pu + cf, where Pu is the orthogonal projection of u onto Lz(.Q)J_’T(.Q) and c e R. Itis

immediate that Pu is the unique solution of (6.1). This finishes the proof. O

We introduce the following spaces:

Z(Q)z{veHl(Q); dive=0in§2, v-n=0onT, /ﬂ-vdx:O}
2

and

H(.Q):{veLz(.Q); divv=0in§£2, v-n=0o0nT, /ﬁ-vdx:O}.
2

We have the following theorem:

Theorem 6.2. There exists a sequence (v;); of V2(2) and (Aj)j C R such that: The se-
quence (vj); is a Hilbert basis of H(§2). Moreover we have
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(1) A;>C(2)>0andlimj_, ;oo Aj = +00;
(i) 2 [, D)) :D(@)dx =1; [v;-@dx, Vo € V2(2);
(i) [oD(;) : D) dx = A ;8.
Proof. We introduce the operator
A:H(2)— Z(2) —> H($2),

fru—u,

where u is the solution given by Lemma 6.1. Note that, H(£2) is a Hilbert separable space and
A is compact. Moreover, A is self-adjoint operator, indeed

/Afl~f2dx=2/D(u1):D(uz)dx=/f1~Af2dx,
Q Q Q

where A f; = u;,i =1, 2. To summarize, A is a compact and self-adjoint operator, consequently
H ($2) possesses a Hilbert basis formed by a sequence of eigenfunctions ug:

Auj=pju;j, wj>0,j>1 and lim p;=0.

Jj—>+o00
Particularly,

/uj~ukdx=8jk and /Auj~vdx=/ujuj~vdx, VveV2(Q).
Q Q Q

So,

Vv e V3(Q), /M./D(uj):D(v)dx:/‘uj -vdx.
2 2

We set Aj = ML/’ Vj = 1. Then we have lim;_, y oo A j = +00 and

Vv e Vi(£2), /D(uj):D(v)dxz,\j/uj-vdx.
ko) 2

As consequence, by applying Lemma 3.3 we have

1
D@ i) =2> Gl = O

This basis will be very useful in the study of problem of existence of weak solution for Navier—
Stokes equation in the Hilbert case.
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7. Navier-Stokes equation
We consider the following Navier—Stokes problem:

—Au+u-Vu+Vr=f inf2,

e divu =0 in £2,
( r) u-n=0 on [,
2[D@)n], =h on I

The aim of this section is to prove the existence of weak solution and strong solution of prob-
lem (M'S7). To prove the existence of weak solution, we need to introduce some spaces. First,
we introduce the following space:

6
Hg’z(div, 2)=|ve L?(Q); divoe L*(2), v-n=0on I},
which is a Banach space for the norm

ol e =loll g+ Vol

6
HJ '™ (div,2)

We define also the space
E32(2)={ve H'(Q); Ave[HS v, 2)]'}.

— 69
We note that D(£2) is dense in H, 8 " (div, £2). As consequence, we have the following lemma,
which has a similar proof as Lemma 2.4.

Lemma 7.1. Suppose that 2 is of class C\. The linear mapping 1 : v — [(D(v)n]y | defined
on D(2) can be extended by continuity to a linear and continuous mapping

T ES2(Q)—> H 3 (I).
Moreover, we have the Green formula: for any v € E%’Z(Q) and @ € V2(£2),
—(Av, (p)[Hg’z(div,ﬂ)]’xHg’z(div,Q) = Z/D(v) :D(p)dx —2([D(v)n]_. 9). 7.1
2

Thanks to this lemma, we can show that the Navier—Stokes problem (N'S7) is equivalent to
the following formulation:

Findu € V2(.Q) such that,

FNS) Yvpevi(e), 2/D(u>:D<<p)dx+f(u-V>u-¢dx= (f.0)a + (h.o)r
2 22

where (.,.)o = (.,.) and (.,.)p = (.

[HS? (div, )V x HS? (div, 2) ,.)H,% ) <H~} xr)
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In the sequel we write b(u, v, w) = f o - V)v - wdx. To facilitate the work, we give some
properties of the operator b.

Lemma 7.2. For any u € V>(£2) and n € T (£2), the following identities hold

b(u,u,n) =b(u,n,n)=>b(n,n,u)=0.

Proof. We know that b(u, n, n) = 0. Since, D(y) =0, we have g% = —%, then, for any u €
J i
V3(R2)
3 3
b(u,u,n) = Z /uia—xiﬂjdx = —.Z /ui ax,-"fdx
l,]Zl Q L]:] 0
3 3
- aﬂl - 811,'
:Z /ulau]dxz—z /\ujaﬂldx
i,j=1 Q i,j=1 Q
=—b(u,u,n).

Consequently, b(u, u, n) = 0. Finally, because D () = 0, we have

1
b(n,n,u)=§/u-V|n|2dx=o. O
2

Using Lemma 7.2, we deduce that the following compatibility condition is necessary to solve

problem (FNS):

(f.B)o+(h,B)r=0. (7.2)

Due to all these results we can now solve the problem (FN'S).

Theorem 7.3. Let f € (HS(div, 22)) and h € H™2(I"), satisfying h -n =0 on I' and the
compatibility condition (7.2). Then problem (FN'S) has solution (w,m) € H'(2) x L*(£2).
Moreover, we have the following estimate:

).

”u”Hl(_Q) + ”n”Lz(Q) < C(”f”(ng(le’Q))/ + ”h”H_%(F)
Proof. To show the existence of u, we start by constructing the approximate solutions of the
problem (FAN'S) by Galerkin method and then thanks to compactness arguments, we prove, by

passing to the limit, some convergence properties. We note that, if u = w 4, with w € Z(£2)
and 5 € T(£2), is a solution of (FN'S), then for any ¥ € Z(£2),

2/D(W) D@ dx +b(w+n.w. ¥) +bw.n.¥)=(f.¥)o+ (h.¥)r. (7.3)

2
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Note that for any 5’ € T (§2), we have

b(w+n,w+n9¥+7)=bw+nw, ¢¥)+bw,n,¥).

It follows that problem (FAN'S) is reduced to finding w € Z(£2) verifying (7.3).
Now, for each fixed integer m > 1, we define an approximate solution w,, of (7.3) by

wy, €V,

2/D(wm) :D(vr) dx + b(wy + 0, Wiy, V) + b(Wyy, 1, Vi) (7.4)
2
=(f,v)e+(hv)r, k=1,...,m

where V,,, = (v, ..., v,) is the space spanned by the vectors v1, ..., v, and {v;}; is the Hilber-
tian basis of H (£2) given by eigenfunctions of Stokes problem. We define a scalar product on
Z(£2) by

Yui,up € Z(52), ((ul, uz)) :fD(ul) :D(uy)dx.
2

With an aim to establish the existence of the solutions of the problem (7.4), we consider the
following operator

P,:Vy—Vu,
w— P, (w)

defined, for each n € T (£2) fixed, by
(Pm(w),2)) =2((w,2)) +b(w+7n,w,2) +b(w,n,2) — (f,2)e — (h, 2)r.
Let us note that
Ywe Z(2), b(w+n,w,w)=>b(w,yw)=0.

Thus, using inequality (3.7), we show that

(Pnw), w)) > [wllv,, 21wlv,, = C(Lf g2y + 1B

H? (r)))’
where the norm on V, is induced by the norm on Z($2).
C
As consequence, ((P,(w),w)) > 0 for |w]|y, > 7(”f”(Hg~2(div,.Q))’ + ”h”H’%(r))' We
know that P,, : V,, — V,, is continuous. Therefore, the hypothesis of Brouwer theorem is sat-
isfied and there exists a solution w,, of (7.4).
Passage to the limit: Since w,, is a solution of problem (7.4), we have

2D [}2 ) = (s W) + (b, wa) .
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Using compatibility condition (7.2) and Lemma 3.3, we obtain the a priori estimate:

).

lwnllv,, < CO sy + W1,y

Since the sequence w,, remains bounded in Z(£2), we can extract a subsequence wy such that
wp —~w weakly in Z(£2).
The injection of Z(£2) into H (§2) is compact, so we have
wr — w in H($).

Therefore, we can pass to the limit in (7.4) and we obtain

2/D<w) D) dx + b(w + 1. w. )+ bw. 0. ¥) = (f. e + (b P)r

2

for any ¥ € Z(£2).
Finally, we conclude that u = w + 5 is a solution of (NS7). O

Remark 7.4. We proved that, in the case of symmetric domain, the Navier—Stokes prob-
lem (AS7) has an infinity of solutions for all data satisfying the compatibility condition (7.2).
Then, we have a situation where we don’t have a uniqueness of solution even if the data is suf-
ficiently small. Unlike the Navier—Stokes problem with Dirichlet boundary condition where we
have a uniqueness of solution for data sufficiently small.

Theorem 7.5. Let f € L*(§2) and h € H? (I"), satisfying h -n =0 on I" and the compatibility
condition (7.2). Then problem (N'St) has solution (u,n) € H2(2) x HY(2). Moreover, we
have the following estimate:

||u||H2(_Q) + ||7T||H1(_Q) < C(”f”LZ(_Q) + ”h”H%(F)).

Proof. According to Theorem 7.3, there exists (u, w) € H! (£2) x L2(.Q) solution of (M'S7). So,
(u - V)u belongs to L% (£2). Thus, f — (u-V)u € L% (£2) and satisfies the following condition:

/fﬁdx—b(u,u,ﬂ)—/h‘ﬂda=O. (7.5)
2 r
Furthermore, u satisfies the following problem:

—Au+Vr=f—u-Vu and divu=0 in$2,
(7.6)

u-n=0 and [2D(v)n]| =h onlr.
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Thanks to Theorem 4.1 we deduce that u belongs to w2 5 (£2). Thus, Vu € Wl’% (£2) — L3 (£2).
Therefore f — (u - V)u € L*($2) satisfying again the condition (7.5). As consequence, we apply
again Theorem 4.1, we deduce that (u, ) € H?*(2) x HY(£2) solves (7.6). O

Appendix A

In this appendix we give the proof of Lemma 2.1. The main idea is to use the local coordinates
(similar to Theorem 3.1.1.1 in [9]) and the density of D(£2) in W2P(2). Let v € D(£2) and let
us start by calculating a gradient of v on the boundary.

0T da(v- n) on\ r

= 2 (vk o5, + )rz —i—Z( a5t an)”
2

vk 0tr\ 1 d(v-n) on\ r

—i—Z(er—i—ka)n + Tn%—v-n% n.

Asa consequence,

2

dvg 0Tk d(v-n) on
v _ ] .l n—. Al
(Vu)n I;(antk—’_vk 8n>+ on n+v nan (A.1)
Therefore,
2 9Tk on
V — n—. A2
[(Vo)n], k;( Th+ v k(an )r>+v o (A.2)

ad(v-n) r on\T

K( ose +v.n<3sz>
vk ari\’ dw-n) an\"
+Z"(Wtk +Uk<%) )~|—n< o n +v-n n .

Since 2 W n =0, we deduce that

A
<
<
p—
S
]+
p{
o~
N
<
=
N
cu‘@
v | N
S =
\—/
~
| @
LS
ol
\—/
+
]
p{

d(v-n)

2
(Vv)Tn_ngvk< ;) +Z Ty 35,

d(v-n)

2 0Ty T
—= . A3
+I;nvk< 8n> ntn— (A.3)
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Then,

2

voral,= 32 () e 122

Adding up equality (A.2) to (A.4) we obtain

But we know that

and

which implies that

v 0Ty
[2D(v)n]r = <%>T +V:(v-n)+ ezk:vka_se “nTy.

In addition, because 1:,{ -n=0o0n I', we have

s 2 2

k

Vk— "RTy = kaZrk —Tg
asy

2 2 o
== Z”k’k‘g e
=1\ k=1 ¢

2
0
= — <v-,_— —n>Tg:_Av.

. dasy

(=1

Therefore, we have

0Ty
Vp— -RTy = —Av.

£,k
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(A4)

(A5)

(A.6)
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Since §2 is of class C%!, we see that gT’Z € W]"X’(F), ¢ =1, 2. Hence, using (A.6), (A.7) and the

density of D(£2) in W>P(£2), we obtain (2.4).
In the other hand, we know that

curlv—iav X T +8v><n
T gy T T

As consequence, we have
2
av av
curlv x n = — — .
Z(ask X rk) X n—+ <8v xn) X n
k=1
Now, in general
uxv)yxw=w@- -wv—(v-wu.

Using this equality, we have

MN

curlv x n

( )8v+ av ov
—~nr—r-n— ‘n|n— —
F e s T \on an

. ov v
—~n T —-n|n——.
35 K7\ on an

k=1

2

k=1

On other hand, we have

Consequently,

curlv x n —i ov
B pr as] an ),

L (
=3 e o (an),' (A7)

In conclusion, since £2 is of class C>!, we can pass to the limit in (A.7) and we obtain equality
(2.5)in W27 ().
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