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Abstract

In this paper, we investigate the density-dependent incompressible nematic liquid crystal flows in
n-dimensional (n = 2 or 3) bounded domain. The local existence and uniqueness of strong solutions are
obtained when the viscosity coefficient of fluid depends on density. Furthermore, one establishes blowup
criterions for the regularity of the strong solutions in dimensions two and three respectively. In particular,
we build a blowup criterion just in terms of the gradient of density if the initial direction field satisfies some
geometric configuration. For these results, the initial density need not be strictly positive.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

Nematic liquid crystals contain a large number of elongated, rod-like molecules and possess
the same orientational order. The continuum theory of liquid crystals due to Ericksen [1] and
Leslie [2] was developed around 1960s, see also [3]. Since then, numerous researchers have
obtained some important developments for liquid crystals not only in theory but also in the
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application. When the fluid containing nematic liquid crystal materials is at rest, we have the
well-known Ossen—Frank theory for static nematic liquid crystals, see the pioneering work by
Hardt et al. [4] on the analysis of energy minimal configurations of nematic liquid crystals. Gen-
erally speaking, the motion of fluid always takes place. The so-called Ericksen—Leslie system is
a macroscopic description of the time evolution of the materials under the influence of both the
flow velocity field and the macroscopic description of the microscopic orientation configuration
of rod-like liquid crystals. In this paper, we investigate the motion of incompressible nematic lig-
uid crystal flows, which are described by the following simplified version of the Ericksen—Leslie
equations:

pr +div(pu) =0,
(pu); +div(pu @ u) — divu(p)D(u)) + VP = —Adiv(Vd O Vd),

divu =0,

(1.1)

di +u-Vd=0(Ad + |Vd|*d),

in 2 x (0, 4+00), where 2 is a bounded domain with smooth boundary in R” (n = 2 or 3). Here
p, u, P and d denote the unknown density, velocity, pressure and macroscopic average of the
nematic liquid crystal orientation respectively. D(u) = V”%VT” is the deformation tensor, where
Vu presents the gradient matrix of u and V7 u is its transpose. i > 0, A > 0, 6 > 0 are viscosity
of fluid, competition between kinetic and potential energy, and microscopic elastic relaxation
time respectively. The viscosity coefficient u = w(p) is a general function of density, which is
assumed to satisfy

,ueCl[O,oo) and pu>p>0 on [0,00), (1.2)

for some positive constant . Without loss of generality, both A and 6 are normalized to 1.
The symbol Vd ® Vd denotes the n x n matrix whose (i, j)-th entry is given by Vd; - Vd i, for
i,j=1,2,...,n.Tocomplete the equations (1.1), we consider an initial boundary value problem
for (1.1) with the following initial and boundary conditions

(o, u,d)|i=0 = (po, uo, do), ldol =1, in ; (1.3)
ad

u=0, —=0 onad; (1.4)
v

where v is the unit outward normal vector to 0£2.
When the fluid is the homogeneous case, the systems (1.1)—(1.4) are the simplified model of
nematic liquid crystals with constant density. If the term |Vd|?d be replaced by the Ginzburg—

Laudan type approximation term 1—8\_251\20,’ Lin [5] first derived a simplified Ericksen—Leslie
equations modeling the liquid crystal flows in 1989. Later, Lin and Liu [6,7] made some im-
portant analytic studies, such as the existence of weak/strong solutions and the partial regularity
of suitable solutions. Recently, Dai et al. [8] studied the large time behavior of solutions and gave
the decay rate with small initial data in the three dimensional whole space R3. On the other hand,
Grasselli and Wu [9] considered the long time behavior of solutions and obtained the estimates
on the convergence rates with external force. They also showed the existence of global strong
solutions provided that either the viscosity is large enough or the initial datum is closed to a
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given equilibrium. For the case of |Vd|?d, Huang and Wang [10] established a blowup criterion
for the short time classical solutions in dimensions two and three respectively. Recently, Li [11]
proved the local well-posedness of mild solutions with L initial data, in particular, that the
initial energy may be infinite.

When the fluid is nonhomogeneous case, we would like to point out that the systems
(1.1) include two important equations, which have attracted large number of analysts’ inter-
ests:

(i) When d is a constant and w is a function depending only on the density p, then system
(1.1)—(1.4) are the well-known Navier—Stokes equations with density-dependent viscosity coeffi-
cient. First, Lions [12] established the global existence of weak solutions. As for the uniqueness,
Lions pointed out the fact that sufficiently smooth solutions are unique and any weak solutions
must be equal to the strong one if the latter exists. Later, Cho and Kim [ 13] proved local existence
of unique strong solutions for all initial data satisfying a natural compatibility condition for the
case of vacuum. They also built following blowup criterion:

sup  (IVo®)llze + IVu(®)|2) = oo, 1.5

0<t<T*

if T* < oo is the maximal existence time of the local strong solutions. For more interesting
blowup criterions about the Navier—Stokes equations, the readers can refer to [14—16] and refer-
ences therein.

(i) When u is a constant, the systems (1.1)—(1.4) are density-dependent incompressible hy-
drodynamic flow of liquid crystals. If the term |Vd|?d be replaced by the Ginzburg—Laudan type
approximation term ]_S‘f 2 d, the global existence of weak solutions was obtained in [17-19] for
each ¢ > 0. Recently, Hu and Wu [20] proved the decay of the velocity field for arbitrary large
regular initial data with the initial density being away from vacuum in two dimensional bounded
domain with smooth boundary. As for the case of |Vd|2d , Wen and Ding [21] obtained local
existence and uniqueness of strong solutions to the Dirichlet problem in bounded domain with
initial density being allowed to have vacuum. Since the strong solutions of a harmonic map can
blow up in finite time [22], one cannot expect to get a global strong solution with general initial
data. Therefore, many researchers attempt to obtain global strong solutions under some addi-
tional assumptions. Wen and Ding [21] also established the global existence and uniqueness of
solutions for two dimensional case if the initial density was away from vacuum and the initial
data is small. Global existence of strong solutions with small initial data to three dimensional
liquid crystal equations was obtained by Li and Wang [23,24]. Recently, Li proved the global
existence and uniqueness of strong solutions with initial data being of small norm for the di-
mensions two and three in bounded domain in [25] and the initial direction field satisfying some
geometric structure for the two dimensional whole space in [26]. For more recent results about
the compressible nematic liquid crystal flows, the readers can refer to [27-33] and references
therein.

In this paper, one investigates the density-dependent incompressible nematic liquid crystal
flows when the viscosity coefficient is a function of the density of fluid. The local unique strong
solutions to the initial boundary value problem (1.1)—(1.4) are established in a bounded domain
with smooth boundary. Then, we consider the possible breakdown of regularity for the strong
solutions. Firstly, one builds up a blowup criterion in three dimensional bounded domain with
smooth boundary. Secondly, by applying a logarithmic inequality, one improves the preceding
blowup criterion by omitting the velocity in a two dimensional bounded domain. Lastly, if the
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initial direction satisfies some geometric configuration, we establish a blowup criterion just in
terms of the gradient of the density in two dimensional space. For all these results, the initial
density is allowed to be vacuum.

Before stating our main result, we first explain the notations and conventions used throughout

this paper. We denote
[ fdx = / fdx.

Q

Let

féf,—l—u~Vf

represents the material derivative of f. For 1 < ¢ < oo and integer k > 0, the standard Sobolev
spaces are denoted by

LI=L19(Q), Wki=wkiQ), HF=wr2
W()Lq —ueW'u=00n9Q), H} = Wé’z'

For two n x n matrices M = (M;;), N = (N;;), one denotes the scalar product between M and
N by

n
M:N= Z M,'jN,'j.
i,j=1

Finally, we recall the definition on the weak L”-space which is defined as follows

1
Lﬁé{feLllOC:HfHLg:supt|{xe§2:|f(x)>t|}|l' <oo}.
. t>0

Now, one states the first result involving local existence of strong solutions for the density-
dependent incompressible nematic liquid crystal flows in this paper.

Theorem 1.1. Let Q2 be a bounded smooth domain in R"(n =2, 3) and q € (n, 00) be a fixed
constant. Suppose that the initial data (pg, ug, do) satisfies the regularity conditions

0<poeW", uye Hl NH?, dye H? and |do| = 1 in Q,
and the compatibility condition
—divQ2u(p9) D(ug)) + V Py + div(Vdy © Vdy) = /pog and divug=0 in (1.6)

for some (Py, g) € H' x L%. Then there exist a positive time Ty > 0 and a unique strong solution
(p,u,d, P) for the initial boundary value problem (1.1)—(1.4) such that
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p € C([0, Tol; Wh9),  p; € C([0, Tol; LY,

u € C([0, Tol; H) N H*) N L0, To; W>"),

ur € L*(0, To; HY), /pus € L0, To; L?),

P e L™®0,Ty; HY) N L0, Ty; W),

d € C([0, Tol; H3) N L*(0, To; HY), |d| =1in O,

d; € C([0, Tol; H') N L%(0, Ty; H?), dy; € L*(0, To; L?),

for some r with n <r < min{q, nZT"Z} and Q1, = x [0, Tp].

After having the local existence of strong solutions in Theorem 1.1 at hand, one will build
the following blowup criterion of possible breakdown of local strong solutions for the initial
boundary value problem (1.1)—(1.4) in three dimensional bounded domain.

Theorem 1.2. Suppose the dimension n = 3 and all the assumptions in Theorem 1.1 are satisfied.
Let (p,u,d, P) be a strong solution of the initial boundary value problem (1.1)—(1.4) and T* be
the maximal time of existence. If 0 < T* < 00, then

Tll)n%* (”V:O ||L°°(0,T;Lq) + ||Ll ”LSl (O,T;LZ}) + ”Vd”Lsz (O,T;L:Uz)) =00, (17)

where r; and s; satisfy

2 3 .
—4+—=<1,3<r<o00,i=1,2. (1.8)

Si ri

As a corollary of Theorem 1.2, it also provides a blowup criterion for the density-dependent
incompressible flows when the viscosity depends on the density in three dimensional domain.
More precisely, if d is a constant vector, then we have following corollary.

Corollary 1.3. Suppose d be a unit constant vector and all the assumptions in Theorem 1.2 are
satisfied. Let (p,u,d, P) be a strong solution of the initial boundary value problem (1.1)—(1.4)
and T* be the maximal time of existence. If 0 < T* < 00, then

Tll)n}* (IIVpllLe.7:L9) + lullLs©.7;L1)) = 00, (1.9)
where r and s satisfy
2 3
“+-<1,3<r<oo. (1.10)
s T

Remark 1.1. The criterion for « in (1.9) is given by a Serrin type and is more general than the
blowup criterion (1.5).

Our next work is to improve the proceeding blowup criterion (1.7) by utilizing a logarithmic
inequality in two dimensional bounded domain.
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Theorem 1.4. Suppose the dimension n =2 and all the assumptions in Theorem 1.1 are satisfied.
Let (p,u,d, P) be a strong solution of the initial boundary value problem (1.1)—(1.4) and T* be
the maximal time of existence. If 0 < T* < oo, then

Tl_i)ﬂ}* (IVpllLo©.7;L9) + IVl Ls0,7:L7,)) = 00, (1.11)

where r and s satisfy

2 2
Sri<1,2<r<o0. (1.12)
S r

As a corollary of Theorem 1.4, it provides a blowup criterion for the density-dependent incom-
pressible flows when the viscosity depends on the density in two dimensional bounded domain.

Corollary 1.5. Suppose d be a unit constant vector and all the assumptions in Theorem 1.4 are
satisfied. Let (p,u,d, P) be a strong solution of the initial boundary value problem (1.1)—(1.4)
and T* be the maximal time of existence. If 0 < T* < 00, then

li VollLe©,1:L4) = 00. 1.13

Aim IVelieo.r:ee) = 00 (1.13)
The final work in this paper concentrates on building blowup criterion the same as (1.13) for
the density-dependent incompressible nematic liquid crystal flows if the initial direction field

satisfies some special geometric configuration.

Corollary 1.6. For any i (i = 1,2), suppose the i-th component of initial direction field do;
satisfies the condition

0<dop <dopi <1 or —1=<dy <—do <0,
where dy; is defined in (6.5), and all the assumptions in Theorem 1.4 are satisfied. Let (p,u, d, P)

be a strong solution of the initial boundary value problem (1.1)—(1.4) and T* be the maximal time
of existence. If 0 < T* < 00, then

lim_[[Vpllz(.7510) = 0. (1.14)
T—T*

The rest of this paper is organized as follows. In Section 2, we present some useful lemmas
that will play an important role in this paper. In Section 3, we prove the Theorem 1.1 by applying
the method in [13]. From Section 4 to Section 6, we discuss and verify some blowup criterions
of strong solutions.

2. Preliminaries

In this section, one collects some useful lemmas which will be used frequently in this paper.
The first lemma is the regularity estimates for the stationary Stokes equations, i.e.,
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Lemma 2.1. (See [13].) Assume € C*[0, 00) and p € W>4,0< p < C. Let (u, P) € H(% x L?
be the unique weak solution to the boundary value problem

—divQu(p)Dw))+VP=F, divu=0 inQ; / Pdx =0,

where D(u) = V”%VT”. Then we have the following regularity results:
(1) If F € L?, then (u, P) € H® x H' and
lull gz + 1Pl = ClIEN 21 + IVpllza) 7. 2.1
(2) IfF € L" for some r € (n, q) then (u, P) € W>" x W' and
lillyzr + 1Pl < CIF L (14 [Vl ) T 2.2)
(3) IfF € H', then (u, P) € H®> x H* and
lell g3 + 1P g2 < CUF g (L ol yza)™ (2.3)
for some N = N (n, q) > 0. The constant C depends also on ||32[,L/8p2||c.
Next, we introduce a Holder inequality in Lorentz space. The Lorentz space and its norm are
denoted, respectively, by L?4 and || - ||zr., Wwhere 1 < p < o0 and 1 < ¢ < 0co. Now, one can

state the following Holder inequality in Lorentz space L9,

Lemma 2.2. (See [14].) Let 1 < p1, p2 < 00 with % = % + é and let 1 < q1, g2 < 0o. Then for
f e Ll and g € LP>92, it holds that

If-gliLra < CllfllLrrarligliLrra with g = min{qy, g2},
where C is a positive constant depending only on p1, p2, q1 and q3.

The following lemma has been proved in [14], we give the proof in detail for the readers’
convenience.

Lemma 2.3. Assume g € H' and f € LY, withr € (n,00], then f - g € L?. Furthermore, for any
e>0andr € (n, 0], we have

2
If - g7 <elglin +C@IfIz" 1817, 2.4)

where C (€) is a positive constant depending only on €, n, r and the domain Q.

Proof. Applying the Lemma 2.2, it is easy to get

If-gliz=1f-8lli22 =Cliflly gl 2 . Wherer € (n, o0]. (2.5)
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Next, one will show that

n

lgll 2 <Cllgl,s lglly.  where r e (n, o], 2.6)

2r
Indeed, if r = oo, then (2.6) holds on obviously. If » € (n, 00), then L 722 is a real interpolation
2r1 Zrz

space of L"1~2 and L"2~2, where r{, rp and r satisfy n <ry <r <rp < oo and 2141 then
P y r r r

1 1
gl 2, <Cligl? 5, lgl’ o,
Lr=2 L2 L1722
1 |

ri—n n 2 rp—n n 2
r r T T
<C\ligl," lgly gl 2 gl

r—n

n
7

<Cligl5 gl

where we have used the Sobolev inequality. Therefore, combining (2.5) with (2.6) gives (2.4)
directly if one exploits the Cauchy inequality. O

The last lemma introduced in this section will be the following logarithmic Sobolev inequality
which plays an important role in the proof of the Lemma 5.2. Omitting the proof for brief, one
can read [34,35].

Lemma 2.4. Let Q be a bounded smooth domain in R?, and f € L*(s,t; H' N W9) for g €
(2, 00). Then there exists a constant C depending only on q such that

1F 117200100y < C [1 11725 0y InCe + ||f||Lz<s,t;Wu,q>)] : @2.7)
where C depends only on q and 2, but independent of s, t.
3. Proof of Theorem 1.1

In this section, we only give the existence proof for the Theorem 1.1 since the uniqueness
of the solutions is easy to obtain by a standard argument (cf. [12]). In order to solve the initial
boundary problem (1.1)—(1.4), one will split the proof into three parts. In part one, one establishes
the global strong solutions for some linearized systems. In part two, we prove the solutions of the
linearized systems converges to the original initial problem (1.1)—(1.4) in a local time for positive
initial density. In part three, one verifies Theorem 1.1 for the case of general initial density with
vacuum.

3.1. Global existence for the linearized equations

We consider the following linearized systems
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prt+v-Vp=0,
puy + pv-Vu —diveu(p) D)) + VP = —div f, 3.1

divu =0,
with initial and boundary conditions
(0, u)i=0 = (po, up), in Q; u=0, ondQ. (3.2)

Here 2D (u) = Vu + V7 u, u = nu(p) satisfies (1.2) and v is a known divergence-free vector field.
Then, we state the main result in this subsection.

Proposition 3.1. Assume that the data (po, ug, f) satisfies the regularity conditions:
0<poeW", uge Hl NH? and f € L0, T; H)YNL*(0, T; H?), f, € L*(0, T; H')
for some g with n < q < 0o, and the compatibility condition
—div(2u(po) D(uo)) + VPo +div fo = /pog and divug=0in Q, 3.3)

for some (Py, g) € H' x L. If in addition, v satisfies the regularity conditions
ve L®(0,T; Hy N HH N L0, T; W>"), v, € L*(0,T; Hy) and divv =0in Q,

for some r with n <r < min{q, HQT”Z}. Then, for any T > 0, there exists a unique strong solution
(p, u, P) to the initial boundary value problem (3.1), (3.2), (1.2) such that

peC(0,T]; W), p, € C([0,T1; LY),
ueC(0,T]; HL NH*) N L*0,T; W*"), u, € L*(0,T; HY),
Jpu; € L¥(0,T; L*), PeL®0,T; HHnL*©0,T; w'"). (3.4)

In order to prove Proposition 3.1, we will take by three steps:
(1) In addition to the assumptions in Proposition 3.1, if suppose

ueC2[O,oo), poewz’q, 0o > 8 for some § > 0, (3.5)

then we give the proof of Proposition 3.1;

(2) To remove the additional condition (3.5), one needs to derive some uniform estimates
independent of 6, || oo ||y2.4 and 18%/00% s

(3) Having the results of the proceeding two steps at hand, it is a standard argument to give
the proof of Proposition 3.1.

Now, let us to begin our first step. Indeed, taking the method in [13], it is easy to get the
following results. For the sake of brief, we only state the results and omit the proof.
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Lemma 3.2. In addition to the hypotheses of Proposition 3.1, we assume that the condition (3.5)
are satisfied. Then, for any T > 0, there exists a unique strong solution (p,u, P) to the initial
boundary value problem (3.1), (3.2), (1.2) such that

p €C(0, T Wh)NL*0,T; W), pr € L¥(0, T; W',
ueC(0,T]; H) N HHNL*0,T; H), u, € L0, T; L) N L*(0, T; HY),
PeL®0,T: H)YNL*0,T; H),
where n < r < min{q, ,12%2}.
Thanks to the previous Lemma 3.2, there exists a unique strong solution (p, u, P) satisfying
the regularity (3.4). To remove the additional hypotheses (3.5), we will derive some uniform

estimates independent of 6, || oo || 2.4 and 182/80°]Ic.

Lemma 3.3. Suppose (p, u, P) be the strong solution to the problem (3.1), (3.2), (1.2), then we
have

sup (Iollwra 4 lloclize + lull g2 + 1Pl g1+ 1/puell 2)

0<t<T
T
+ / (||u||%vz,, + P15 + ||wt||§2) dt <C, (3.6)
0
where C independent of 8, || poll w24 and 18211/8p>|lc and n < r < min{gq, fT"z}.
Proof. Step 1: We deduce from (3.1); by applying the characteristic method that

le@lizs =llpollzs for 0<t<T, 1<s<o0. (3.7

Taking the gradient operator to (3.1)1, multiplying by ¢|Vp|? =2V p and integrating by parts, we
obtain

t
IVe@liLe = IV pollLs exp C/HU(S)HWZ»VdS )
0
which implies
t
190 (llLe = Cllvll 211V pollLa exp C/IIv(S)IIWz,rdS ;
0

due to (3.1)1. It is easy to observe from (1.2) and (3.7) that
C™'<u<C and |Vul<C|Vpl, (38)

which will be used repeatedly.
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Step 2: Multiplying (1.1), by u; and integrating over (0, ) x €2, we have

t
/ w(p) | D)2 (1)dx + / / plusPdxdz
0

t t
5C+/|f||Vu|dx+//|ft||Vu|dxdr+ff,0|v||Vu||u,|dxdr
—_— 0 0

I

Iy 113

t

+//IM’IIUIIVPIID(M)IzdxdT- (3.9)

0

Ly

To estimate the terms /1; (1 <i <4), we will make use of the Young and Sobolev inequalities.
I11 <C(e) / | f12dx + s/ |Vu|?dx,

t
In < 2/(||ﬁ||iz +1Vul2)dr,

0
t t
I3 5C(s)//,o|v|2|Vu|2dxdt+8//p|u,|2dxdt
0 0

t t
<c@lplisvli~ [ [1vubdsar+e [ [ ol
0 0

t
1145c/||v||Ls||Vp||Lq||W||2ﬁdr
L5546
0

12g—n(q+6) n(g+6)

t
sc/||Vv||Lz||Vp||Lq||wn Y|Vl de
0

L2

t t
<Cl|IVpliLe ||Vv||sz IVull?,dz + s/ IVull?, dr.
0 0
On the other hand, we get

/u(p)m(u)ﬂdx >C! / |D(u)|*dx = % / |Vu|*dx, (3.10)
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due to (3.8) and (3.1)3. Substituting 71; (1 <i <4) and (3.10) into (3.9) yields

t
]/|V|2d +]//||2dd
ac ux2 plus|“dxdt
0

t t t
<C 1+||f||iz+/||fz||izdr +C/||W||izdr+e/||Vu||§,ldr. (3.11)
0 0 0

In order to deal with the term fot ||Vu||§_lld 7, we will applying the regularity estimate for the
stationary Stokes equations in Lemma 2.1. More precisely, it is easy to deduce

_4q
lullgz + 1 Pllgn < CNIF2(T+VollLa)s= < CF| 2,
where

IFll 2= l—pu; — pv-Vu —div f| ;2
< Cll/pusll 2 + Cl| Vull 2 + || div £l 2.

Then we have the following regularity estimate

lullg2 + 1Pl g < CANdiv fllz2 + IVouell 2 + 1 Vullg2). (3.12)

Substituting (3.12) into (3.11) and choosing ¢ small enough, we obtain

t t
/qu|2dx+/[p|u,|2dxdr§C+C/||Vu||izdt,
0 0

which, if we exploit the Gronwall inequality, implies

O=i=<

t
sup [[Vul?, + / Iv/pusll?,dr < C. (3.13)
T
0

Step 3: Differentiating (1.1), with respect to ¢, multiplying by u, and integrating over €2, we have

1d

—= | plu |2dx+l/|Vu [*dx
2dt ! c !

5/IUIIVpIIVuIIVuzIdx+fp|vlluz||Vuz|dX+/IvI2|Vp||VM||uz|dx

by I» I3

+/p|vz|IVu||Mz|dX+/IfzIIVutIdX- (3.14)

Iy bs
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Here the notation @ < b means that a < Cb for a universal constant C > 0 independent of
3, llpollw2q and 18%14/8p2| c. To estimate the terms Ip; (1 <i < 5), we will apply (3.12), the
Gagliardo—-Nirenberg and Holder inequalities repeatedly:

Dy =l lVolliLallVull 2 [IVuellz2
La-

<CEIIT<IVolZalIVull?, + el Vull3,

<CEA+[dvFIZ, + Ipul3:) + el Va7 .
In < C@plirelvli~ f plug*dx + sf |V, |*dx

2 2
< C@ Pl + el Vur |12,
2
I3 < IV pllLalIVull e fucllps
L9~

3g+ng—3n 3g+3n—ng

2 6 6
<ClvlzeVolliLallVull,, ™ IIVull, ™ IVl 2

< CE I+ Idive 17, + IIv/pul3 ) + el Vue 13,

Iy < lIpllzoe llvell 3 1 Vaell 2 lluell o

< Clplle= Vol 2Vl 21 Vg | 2
<CENVV32 ++el Vil .

bs <C@) fill72 + &l V|17,

For any fixed t € (0, t), substituting I; (1 <i <5) into (3.14) and integrating over (t,t) C
[0, T'] yield

t
l/||2ar+1//|v Pdxd
— u X T — xas
2,0t 2C U

T

t

t

1 .

s5[p<r>|u,(r)|2dx+6/(||dwf||iz+||f,||iz+||Vvt||iz)ds+//p|ut|2dxds.
T

T

Thanks to the compatibility condition (3.3), letting T — 0% and applying the Grénwall inequal-
ity, it arrives at

0<t<T

T
sup 1A + [ 1Vulade <. (3.15)
0

Step 4: High order estimates. Indeed, combing (3.15) with (3.12)—(3.13) yields

lull gz + 1Pl g1 < C. (3.16)
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Applying the stationary Stokes regularity estimate, i.e. (2.2), we get

qr
lullwzr + 1P llwir < CIF |- (1 + [IVpllLe)?@" < C||F|Lr,
where

IFllzr = ll—pus — pv-Vu —div fizr
< lplizellucllr + llollzellvlize IVl 4 div £z
< C(lollizellVuell2 + llplzeellvllzoe | Vaell i 4 1div £ 1)
= CA+Vurlg2 + 1div fll 1)

Hence we obtain the following regularity estimate
lullwzr + P lwir <CA+[Vuellpz + 11div fll51). (3.17)
Therefore, we complete the proof of lemma. 0O

After having the Lemmas 3.2-3.3 at hand, we turn to prove the Proposition 3.1. We only
sketch the proof here since it is a standard argument (cf. [13]). Let (pg, o) be an initial data
satisfying the hypotheses of Proposition 3.1. For each § € (0, 1), choose pg € W>4 and i’ €

C2[0, 00) such that
0<8<pd<po+1, pd— poin W4 and u® — win C'[0, 00),

as § — 0, and denote (ug, PéS ) € HO1 x L? a solution to the problem

—div(i’ (0)) D)) + VP +div fo=+/pdg and divu§=0 inQ.

Then, applying the Lemma 3.3, the corresponding solution (p°, u®, P%) satisfies the estimate

sup_ (1%l + 19 s + 1l g2 + NPl g1 + 1Pl 2 )
0<t<T

T
+ / (01 + NPy, + 1912, ) d < .
0

where C independent of §, || po |l y2.4 and 1021 /8p2||c and n < r < min{q, ,,ZTnz}- We choose a

subsequence of solutions (p‘s, u%) which converge to a limit (p,u) in a weak sense. Thus, it
is a strong solution to the linearized problem satisfying the regularity estimates in Lemma 3.3.
Therefore, we complete the proof of Proposition 3.1.
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3.2. Local existence for the original problem

In this subsection, we will prove a local existence result on strong solutions with positive
initial density to the original problem (1.1)—(1.4) at first. Furthermore, one derives some uniform
bounds which are independent of the lower bounds of the initial density. Then, these uniform
bounds will be used to prove the existence of strong solutions with nonnegative initial density in
the last part of this subsection.

Proposition 3.4. Assume that the data (po, uo, dy) satisfies the regularity conditions
po € Whi, ug e Hy N H?, dy e H> and |do| =1 in Q,
for some g with n < q < oo and the compatibility condition
—divQ2u(po)D(uo)) + VPy + div(Vdyo © Vdo) = \/pog and divup=0 in 2, (3.18)

for some (Py, g) € H! x L%, Assume further that po > § in Q2 for some constant § > 0. Then

there exist a time Ty € (0, T') and a unique strong solution (p, u, P, d) to the nonlinear problem
(1.1)—(1.4) such that

p€C(0,Tol; Wh9),  pi € C([0, Tol; L),

u e C([0, Tol; HL N H* N L0, To; W),

ur € L*(0, To; HY), /pur € L0, To; L?),

P e L>®0,Ty; HY) N L0, Ty; W),

d € C([0, Tol; H*) N L*(0, To; HY), |d| =1 in O,

d; € C([0, Tol; H') N L?(0, Ty; H?), dy; € L*(0, To; L?), (3.19)

for some r with n <r < min{q, nzT"z}.

To prove the Proposition 3.4, we first construct approximate solutions, as follows:
(1) first define u° = 0 and d° = dy;
(2) assuming that uk=1 and d*~! was defined for k > 1, let (pk, uk, dk, Pk) be the unique
solution to the following initial boundary value problem
Pkt vyt =0,
ofuk + pk @1 vk — divep (o) D)) + Vv PF = —div(vdt o vdb),
(3.20)
divu* =0,

d* — Ad = |Vt gkl - W v)gk

with the initial and boundary conditions

(o, ut,d"| = (po,u0,do) x€Q, (3.21)
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. dd*
W', Z=)=(0,0) ondQ, (3.22)

where v is the unit outward normal vector to 02.

3.2.1. Uniform bounds

Thanks to the Proposition 3.1 to (3.20);—(3.20), and existence and uniqueness of the theory of
parabolic equation to (3.20), (cf. [36]), it is easy to get the existence of a global strong solution
(%, uk, P*, d*) with the regularity (3.19) to the linearized problem (3.20)—(3.22).

From now on, we derive uniform bounds on the approximate solutions and then prove that the
approximate solutions converge to a strong solution of the original nonlinear problem. Let K > 1
be a fixed large integer, and define a function as

Ox(0)= max sup (1+[Vut@llp2 +IVd* )l + 1V )11 ).

SR 0<s<r
Observe that
s<pf=<c, c'=pf<c Vit =Civil. (3.23)
Then we will estimate each term of @k (¢) in terms of some integral of @k (7).

Lemma 3.5. There exists a positive constant N = N (n, q) such that

t

t
IVu* @117, + / I pfu*($)l3.ds <C+C f D (s)ds (3.24)
0

0

forallk, 1 <k<K.

Proof. Multiplying (3.20), by uf , integrating by parts and making use of (3.21);, we have

d
f Pl Pdx + - f (P Db Pdx
:—/pk(uk_l ~V)uk~ufdx—/u’(uk_l-V,ok)lD(uk)|2dx+/deOde:Vu’;dx.

On account of the identity

/ vd* o vd* : vukdx

d
= / vd* o vd* : vukdx — / vdrk o vd* . vuk +vdk o vd* : vukdx,

one integrates over (0, #) and apply (3.10) and (3.20)5 to deduce that
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t
1 1
E/|Vuk|2dx—/|de|2|Vuk|dx+5//pk|ulf|2dxdt
0

t t
51+//pk|uk71|2|Vuk|2dxd‘r+//|uk7]||V,0k||Vuk|dxd‘L'
0 0

I3 I3
t
+f/|de||Vd,k||Vuk|dxdt. (3.25)
0
I33

Here and below the notation a < b means that a < Cb for a universal constant C > 0 independent
of k. Applying the Gagliardo—Nirenberg, Holder and Young inequalities repeatedly, we obtain

t
k=12 k2
I31 SC/HM I76lVurllysde
0

t
6—n n
< [ IV v T i e
0
t t
<e / Ily/ Prugl72de +Ce) / vrdr,
0 0

1
k k—1 k2
132§C/|IVP Lo lIVu™ "2 IVUs |17 1y dT
L3546
0

12g—n(q+6) n(q+6)

t
k k—1 ky = ky 6
SCfIIVP a1V N2 IVutll,, ™ IVus ),y de
0

t t
<e / I okub 122 + C o) / oY dr,
0 0

t
I < / IV 6 IV 2V | d
0

t
6—n n
<C f IVa | g Vg |2 IVt | 3 IVa ] de
0
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t t
58/ ||,/pkuf||%2dr+C(8)/<I>]I\(l4dr
0

0

for some N; = N;(n,q) > 0 (i =2,3,4), where we have used the following regularity estimate

¥ )| g2 4 1 P 1 < C(1+ 11y pkuk 1 2) @R for some Ny = Ny (n, ¢) > 0. (3.26)
Substituting /3; (i = 1,2, 3) into (3.25) and choosing & small enough yield

t

t
1 1
f/|w"|2dx—/|de|2|w’<|dx+Z/fp’wuﬂzdxazz5C+C/c1>25dr (3.27)
0 0

for some N5 = Ns(n, g) > 0. In order to control the term — f |Vdk|?|Vu¥|dx on left hand side
of (3.27), taking V operator to (3.20)4, then one obtains

Vdk — VAdE =V [|Vd’<*‘ Pak=t — k1. V)dk’l] . (3.28)
Multiplying (3.28) by 4|Vd¥|>?VdF, integrating (by parts) over €2 and exploiting the boundary
iy k
condition Baiu ‘asz =0, we get

d
E/|Vd’<|4dx+4/|Vd’<|2|Ad’<|2dx

5[|Vd"|3|Vuk*‘||de*‘|dx+/|Vd’<|3|uk*‘||v2dk*‘|dx+/|Vd’<|3|de*‘|3dx

Iy Iy Iy3
+/|de|3|de*‘||v2dk*1|dx+/|Vd’<|2|v2d’<|2dx, (3.29)
Iyg 145

where we have used the basic fact
— f VAd* - 41Vd**Vd*dxce = /4|de|2|Adk|2dx +8 / 9;0;d*0,0;d* yd* ;" dx.
Applying the Holder and Gagliardo—Nirenberg inequalities, one deduces that
Iy < VA o IVAX (B3 oIV 2 < IVA | g2 [V 13, 11V ) 2 < C DY,
Ly < VAP 1" M s IV 2d s < IVAR I, IVuf = 21V 2a g < C 0%
Iz < |V I3 IVd* 136 < CIVA* |13, 1Vd 213, < ok,

Iy < VA 3 IV s I V2 s < VA 13, IV g 1V2d e < C @Y.
Ls < |Va* |7 1V2d" |12, < CIIVd* |3, 1 V2d¥ |3, < Co%.
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Substituting I4; (i =1, 2,3,4,5) into (3.29) and integrating over (0, ¢), it arrives at

t t
/|de|4dx+4//|de|2|Adk|2dxdt §C+C/¢>?((s)ds. (3.30)
0 0

Choosing a constant C, sufficiently large such that
i|w’<|2 — VK| |Vd*? + Cy Vdk* > i|w’<|2 + §|de|4
2C * ~4c 2 ’

then (3.27) 4+ (3.30) x Cy yields

t t
/|w’<|2dx+//pk|uﬂ‘|2dxdr5C+qu>’,¥6dr,
0 0

for some Ng = Ng(n, q) > 0. Therefore, we complete the proof of lemma. O
Next, we estimate the term ||/ pkuf |l;2 and ||Vuf |I;2 to guarantee the higher regularity.

Lemma 3.6. There exists a positive constant N = N (n, q) such that

t

t
Iy Pruf @117 + / IVug(|72ds < Cexp | € / O (s)ds (3.31)
0

0

foranyk, 1 <k <K.

Proof. Differentiating (3.20), with respect to ¢, multiplying by uf and using (3.20), then we
get

1d ki, k2 1 k2
EE/'O 174 dx+E/|Vu,| dx

—1 —1 -1 —1,2 2
s/p"m" ||ui‘||wi‘|dx+/pk|u" || Vu ||uf|dx+/p"|u’< 21V2u* ||k |dx

Isy Isy Is3

+/pk|uk*1|2|w’<||wf|dx+/p’<|uf*‘||w’<||wf|dx+/|Vd"||Vd{<||w§‘|dx

Isy Iss Is6

+/ 18, p* | Vuk || VK |dx. (3.32)

Is7

To estimate the term Is; (1 <i <7), we make use of the Holder, Gagliardo—Nirenberg and Young
inequalities repeatedly.
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|
k2 k—1 k k
Isy < 11" N zoo ™l sy pRug 3 1 Vaeg | 2
1 1 1
k2 k—1 k2 k2 k
< Clp Lo VU M 2l o ui 112 1y o ui 1 IV U 2

k2 gl k)2
< C(a)lly/ p*uzI7 Py +ellVuyll;,
K k=1 k=1 k k
Isy < lp" oo llu™ N e IVu™ "l 2 IVu- Il o llug Nl 2o

k=1y4 . kp2 k)2
=CENIVu" 2 Mu” Iy + el Vug 72

442N
< C(e) A+ [y pruf 17 )% + el Vufll7,.
—1,2 2
Is3 < 11" 1o IV T 1V 2kl 2 N ]

k=14 1 k)2 k2
=CEIVu™ 2 llu” 5 +ellVug iy,

442N
< C(e) A+ Iy pruf 17 )% + el Vusll7,.
Isa < 110" Lo VU T 2 IV Ub | g 11V ) 2

<CEIVE L1613, + el Vuf |3,
442N
<CE)(1+ Iy pFuf 12 ) @M + el Vulb|2,,

1
kyz oy k=1 k [k k
Iss < 11p" Il foo lluy s VU™ Nl 211y pFug Nl 3

1 1
k—1 k k2 k2
< ClIVuy 2 IVutll 2 Iy pRug 174 N1y pFug Il

< Ce, Ml P*ul 17, 9% + el Vuf |17, + 0l Vuy 13,
Isg < C(e) / \Va* *|Vdf|*dx + || Vul |3,

< C@) |V |3 lIVAE 2, + el Vil |2,

< CEIVA 3. 1Vdf1I 2 + el Vupll3.

where we have used (3.26). In order to control the term ||thk lz2, applying the L?-estimate to
(3.28), we obtain

1Vdfl2 < 1V (Ad* 4+ Va =" 2a — k=t v 1) |
SIVPd 2+ 1IVa* s V2 s + 1Va 13
+ IV oo IV M 2 4+ 10 61 V2a )
SIV a2 + Va1V g + 1V,
+1VA g2 IV 1 g 1V g
<Co}. (3.33)
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Substituting (3.33) into I5¢ to deduce that
k2
Iss < C(e) D% + || Vufll?,.
Since the term /57 is somewhat complicated, we will deal with it as follows: If n = 2, then

157s/|uk—1||Vp"||wk||Wf|dx

< IV liLa

V| vuf

L4-2

< IV Lo IVu =N 2 1Vuk | g VU] 2
442N

< CEU + Il pruf 7)™ + &l Vuf||3,.

If n = 3, then
k k—1 k k
Is7 < IVp"llLallu™ Il pelVu ||L37‘13”V1'tt Il
=
296 416
k k—1 ky 3 k3 k
SV llLa Vel 2 Vsl 5 Vsl oo IVug il
N; k2
< Ce)Px’ +ell Vil
where we have used the regularity estimate

luFllyzr + 1P s < C( 4 V|| 2) @R for some N7 = N7 (n, ¢) > 0. (3.34)

Substituting Is; (1 <i <7) into (3.32) and choosing ¢ small enough, we get
14 Fluk2dx + L Vb 2dx < (1+ ||y okuk(12,) D% + )| Vuk—1)2
2ar ] P M 2C Per= prUtcl) P I 2
Fixing 7 in (0, T') and integrating over (z, ) C (0, T'), we have
t
I otuk 12, + f 1Vik 2 ,ds
T

t t
1
N _
<Clyprui (@3, +C f (U + Iy phuf |72 @’ ds + 5 / IVt |12 1 ds.
T T

From the recursive relation of || Vuf lz2, one deduces
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k

t t
1
/uwmizdssc(z 2i1> I pkui‘<r>||iz+f(1+||\/pku’;||§z>d>§"ds
T T

i=1

t
<2C [ Iy pkuf(Ol7, + / (A + Iy pkub 1) @ ds
T

Hence, we have the following estimate

t t
N¢
I Pruf 17, + / IVugllsds <2C | Iy p*uf (7, + / (14 Iy p*uf 13 )y’ ds
T T

Thanks to the compatibility condition (3.18), making use of the Gronwall inequality, we obtain

1 t
Wotd oI+ [1vi ads <cexp | € [0 ras |
0 0

which completes the proof of the lemma. O
As a corollary of Lemma 3.6, we can obtain the following estimate immediately.

Lemma 3.7. There exists a positive constant N = N (n, q) such that

t
VX (1) e < Cexp Cexp(C/d>ll\(/(s)ds) (3.35)
0

foranyk, 1 <k <K.

Now we turn to the estimate the second term || Vd¥|| g2 in @ k. Indeed, we should obtain the
following estimate first.

Lemma 3.8. There exists a positive constant N = N (n, q) such that

t t
Ivd @)%, + f IVdk|?,ds <C+C / Y ds (3.36)
0 0

foranyk, 1 <k <K.

Proof. Step 1: Multiplying (3.20)4 by Ad* and integrating (by parts) over 2, we get

1d
EE/|Vd"|2dx+/|Ad’<|2dx=/[(uk*1 Vydk! |de’]|2dk’1]-Adkdx.
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Applying the Holder and Gagliardo—Nirenberg inequalities, it arrives at

1d
—— [ |vd*?d /Ad" 2d
= / Va*Pax + [ 1ad*Pdx
s/(|u’<*1||wk”||v2d’<| + Va2 VR dx
< M IV s V2 2 + 1Va* 1751 V2d 1 s < Cdg.
Integrating the proceeding inequality over (0, 7), we have

t

t
/|de|2dx+f/|Adk|2dxdr 5C+cf<1>§(dr. (3.37)
0

Step 2: Multiplying (3.28) by Vd,k and integrating (by parts) over 2 yield

1d
EZ/|Ad"|2dx+/|Vd,"|201x

58/|Vd,’<|2dx+C(e)/(|w"*1|2|wk*1|2+|u"*1|2|v2d"*1|2) dx
+C(8)/(|de_1|6+Ide‘1|2|V2dk‘1|2> dx,

where we have used the Cauchy inequality. Choosing & small enough, integrating over (0, ¢) and
applying the Holder and Sobolev inequality, one arrives at

t
/ |Ad* (1) Pdx + / / \Vd* *dxds

0

t
§C+Cf/(|Vuk_1|2|de_1|2+|uk_1|2|V2dk_1|2)dxds
0

t
+C//<|de_1|6+|de_1|2|V2dk_1|2>dxds
0

t
<Cc+ C/ (VA 121Vt 12 4 1V 2,1 V25 2, ) ds
0

+C/ (IVa =1 + 19 12,1 V2 12, ) ds

t
§C+C/<b?(ds.
0
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Hence, if applying the elliptic regularity, we obtain
t t
/ |V2d* (1)2dx + f f |Vd*|2dxds < C +C / @ ds,
0 0

which, together with (3.37), completes the proof of this lemma. 0O
Now, we can derive the high order estimate for d*.

Lemma 3.9. There exists a positive constant N = N (n, q) such that

t t
Iv3a @3, +/ IV2df |17 2ds < Cexp C/cbf,ids (3.38)
0

forallk, 1 <k <K.
Proof. Taking V operator to (3.20)4, multiplying by VAd,k and integrating over €2, we have
1d k2 k2
—E/WAd | dx+/|Adt |“dx
= % V@ vakt — vak T 2ak ey v adkax
— / % [V(uk_l Va1l — v(vaE! |2d’<—1)] . VAd¥dx. (3.39)
Now we need to estimate the second term of right hand side of (3.39) as follows:

3
— / o [V(uk*‘ vdkhy — V(|de’1|2dk’l)] -VAd*dx

g/|Vuf*‘||Vd’<*‘||VAdk|dx+f|Vuk*]||Vd,k*]||VAdk|dx

Is1 15}
/| Nv2dk— ]||VAdk|dx+/|uk NI1v2ak=1 v adk|dx
Is3 Iea

—i—/|Vd,’"1||V2dk’1||VAd"|dx+/|Vd"’1||V2d,k’1||VAd"|dx

Ies 16

+/|de—1||V2d’<—1||df—1||VAdk|dx+/|Vd’<—1|2|Vd,’<—1||VAd"|dx. (3.40)

le7 Ieg
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To estimate each term Ig; (1 <i < 8), applying Holder, Gagliardo—Nirenberg and Young in-
equalities, we obtain
Is1 < VA" oo [ Vag ™ 21V d 12 < CUVE ™ g2 |V 121V 2
< CO% +CIVuk™"12,,
Isp < |Vu* NI s IVdf s VP a 2 < UV g 1V2dF 21938 2
< CONVEE2 VIR 2, + 81V 3,

< CO+ Iy prul 12003 + 51 V2af 112,

Ies < u= I 61V ) 3 IV3dR ) 2 < CUVUE ) 21V g1 19305 2
< COY +CVu; 7,

Toa < "Moo IV2AE M 21V N 2 < ClUE M g2 IV | 2 1V o
< CONF 2L 1VdR 12, + 811V2d 3,

2 2 _
<CE+ Iy phuf 120 0% 2 + 8V 2,,

Ies < IV s V2 I 3 IV3dR | 2 < CIVEEE 2 1V285 g V3R
<CEPy + 81V 3,

Iss < VA" ' o lIV2df I 21VPd8 | 2 < CIVA | g2 VP 21 V2 2
< CE)PY +8IV2df 17

Isy < VA" o IV2d* N alldf I s V2l 2
< CIVA N g2 IV2d g lldf g 11V | 2 < C DG,

Isg < VA" 1761V I 6l VMl 2 < VA3, V2 2 1V Pa | o
<CEPG + 81V 3.,

where we have used (3.26), (3.33) and (3.34). Substituting I¢; (1 <i < 8) into (3.40), integrating
(3.39) over (0, t) and applying (3.31), then we have

t
1
5/|v3dk|2dx+//|v2d{<|2dxds
0

§f|Vuk_1||de_1||VAdk|dx+/|uk_1||V2dk_1||VAdk|dx

I71 I

+/Ide‘1||V2dk_1||VAdk|dx+/|de‘1|3|VAd"|dx

173 I74
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t t
+ Cexp C/(b%mds +8/||V2d,k*1||izds~
0 0

By Holder, Gagliardo—Nirenberg and Young inequalities, we obtain

Iy < IVA* 1o Vit 1| 21 V3dR 2

4—n
1

k=11 k—1 3k
;2 IVd IIZzIIVu Il 2lIV7d" || 2

< C|vd
< CIVA* N IVu = 211V aR
4-n n
+CIva | g IV L IV T 2 1V dR )

<e|V3dX |2, + Va2,

8
+Cle.) (nwk—lui,] Va7 + Va3, Vet L) :

Iy < 1WF e V21 s V3R 2
< CIVu 21V 21V 3R
6—n n
+ CIVE 2V S VR T 5 IV dE e

<e|V3dX 2, + Va2,
12
+Ce,n) (nv%ﬂ‘—1 12 1Vu* =1, + V2 3, vk L) :
I3 < |\V@* = s I V2 a1V d¥ | 2

6—n n
< CIVa* IV 5 IV VP dr

12—n
6
1

< CIVa* VP a 2 + IV LS IV a8 VR a |

2(12—n)

<el|V2d |17, + nlIV2d* 3, + Cle.n) (uw"‘ I+ IVa* M1

Ly < VA3 1V3aN )
< Va5, 1V dk )

<& V3|7, + Ce)IVa* IS,

(3.41)

Substituting I7; (1 <i <4) into (3.41), applying (3.24) and (3.36) and choosing ¢ small enough,

we obtain

t
1
Z/|V3dk|2dx+//IVzdtklzdxds
0



J. Gao et al. / J. Differential Equations 260 (2016) 3691-3748 3717

t t
5n||v3d"*1||§2+5//|v2d,k*1|2dxds+C(a,n)exp c/cb%”ds
0 0

Choosing § and n suitably small, we have

t
IV3a |12, + / IV2df |13 ,ds
0

t t
||v3dk—1||§2+/||v2d,’<—1||i2ds + Cexp C/cbl,g“ds
0 0

=

1
2

By recursive relation, it arrives at

t k t
1 N
||v3d"||iz+/||v2df||izds5c<z 2l._l>exp C/(DK“ds ,
0 i=1 0

which completes the proof. O

Now, from Lemmas 3.5-3.9, we conclude that

t
Qg () <Cexp| Cexp Cf@%ds ,
0

for some N = N (n, g) > 0. Thanks to this integral inequality, we can easily show that there exists
atime Tp € (0, T) (see Lemma 6 in [37]), depending only on the parameter of C (independent
of k) such that

sup ®g () <C.

0<t<Ty

Therefore, using the previous Lemmas 3.5-3.9 and other three estimates, we can derive the fol-
lowing uniform bounds:

sup (npknwl.q + 1ok za + Iy pFubll 2 + 16F ) g2 + 1IPEN g 4 1d5 ) s + 1 VAF ||Lz>
0<t<Ty

To
+ / (||u"||€vz,, H 1P IS + IV 13, + 1V 17, + ||dn||iz) dt <C,
0

forall k > 1.
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3.2.2. Convergence
We next show that the whole sequences (¥, u¥, d*) of approximate solutions converge to a
strong solution to the original problem (1.1)—(1.4) in a strong sense. To prove this, let us define

SRl bt gk gkt ket ke ang gkt = gkt gk

Step 1: It follows from the linearized momentum equation (3.20), that
,OkHﬁ];H T pk Lk vkt divizp (oF Y D@k 4+ vk — phy
_ _Iék+1u1t< _ G vk gk gk vk 4 div [Q(M(pkﬂ) _ M(pk))D(uk)]
—div(vd"t! @ va*t! + vak o vakth. (3.42)
Hence multiplying (3.42) by ii**! and integrating (by parts) over £2, we get

1d
2dt

1
/pk+1|ﬁk+1|2dx+EfIVﬁk+l|2dx

I3 Iy

+ / div [20u(p*) = (o) D@ |- @+

Ig3

- / div(va*! o vat! + vak o vakthy ikt ax. (3.43)

Ig4

To estimate Ig; (1 <i <4), using Holder, Sobolev and Young inequalities, we obtain

—k+1 k k k —k+1
Isy < 10"l 2 lluy — u® - V| s )] e
—k+1 k k k -k+1
< ClIp" N 2 llul —u* - Vuk| I VEE
—k+12 k k k2 —k+12
<C@IPMNTNuf —u® - Vuk |35 + e Va2,

1
k)2 —k ky ekl
Iso < 10" I foo lly/ P 11 2 IV 3 1 o

1
kg2 oy [ okak k k41
< 1" Nz lly OK a2 VUt | 3 IV 2
k ey 2 k)2 12
< C@NP Iz lly oRa 17 IVt lI7 5 + el VA |

L L2

Iy <C / B VU Vi dx

50(8)/|,5k+‘|2|vuk|2dx+e/|va’<+‘|2dx
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k2 ~k+12 ~k+1,2
SC(S)”VM ”er”lo + ”LZ ~|—8||VM + ||L2’

Igs < / (AVd* |+ |vd* )\ vd T Vit dx
5C(£)/(|de+1|2—|—|de|2)|VJk+l|2dx+s/|Vﬁk+1|2dx
<CEUVAT 2, + Va3 )IVa 3, + e / Vit Pdx.

Substituting I3; (1 <i <4) into (3.43) and choosing & small enough, one arrives at

1d k+1|-k+12 1 / —k+12
—— dx + — | |Va* |2 dx
pr @ x4 o [ VAt
< C(luf —ub Vb1 s+ 1Va 13, 1513 + Cllo o Vb1 5 11 ok 117,

+ (Va2 + IVar 3 Va2, (3.44)

Step 2: Since T + uk - V&t 4 ik . Vpk =0, then multiplying by 5**! and integrating

over €2 yield immediately

1d 1

< c/ IF R VUK |dx + 1V oK e ||ﬁ’f“||Lz||ﬁ"||Lﬂ

q—2
k ~k+12 k ~k+1 ~k
< CIIVu Lol g 72 + 1V NLallg ™l 2 1Vt 2

<COUVEE i + 1V IEONA 2 + 81IVi* |17, (3.45)

where we have used Young and Sobolev inequalities.
Step 3: Since we have

A"t — Ad = vdk . (vdk 4 vdly  df 4 vah T Pak - @b vydh — @ vk

(3.46)
Multiplying (3.46) by —Ad**! and integrating (by parts) over £2, we obtain
1d Jk+1,2 Jk+1,2
—— [ V@ dx + | |Ad¥ T Pax
2dt
=/ [VJ"“:(Vd"+Vd’<*1)d]-(—Adk+1)dx+f|de*1|2c2k-(—m?’<+1)dx
Ioq Ioo
+ / @* - wvyd* . Addx + / w1 wydk . Ad*ax. (3.47)

lo3 Iog
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To estimate Iy; (1 <i <4), using Holder, Young and Sobolev inequalities, we have

Iog s/|v&"|<|wk|+|de—1|>|dk||Ac?k+1|dx

<C(e) / IVa*P(\Va*| +|Vd* ) dx + el ad" )7,
< CE)IVa* |7 + IVA* TIVANIT, + el AT 3,

Iop < C(e) / \Va*~'141d* Pdx + el ad* )2,

<CEIVAelld* 136 +ellAd T3,
<C@IVA VA, + el Ad 3,

Ioz = —/ajﬁ{?aidka,dk“ +itk9;8;d"0;d* dx

< C/(Wﬁknwknvék*H + @ V2 [[vad* ) dx

< CIIVA* | Lo IVEr || 2 IV 2 4 Clli* 1 16 1 V2R 3 11V@* ) 2
< CONVA I IVATE, + COIVEE 2 IV T 12, + 8 Vit |7,

<CONVA I3 Iva 13, + 8| Vit|l3 .
Ios < C(e) / WPV P + ] A2,
<CENu 3 1Vak |13 dx + el| A7,

Substituting lo; (1 <i <4) into (3.47) and choosing & small enough, we get

1d , i
EE/|Vd"+1|2dx+f|Ad’<+1|2dx

< CUIVA |5, + VA2, + 1IVd 3 + 1 5 1vak |12,

+ CONVAIE VAT 7, + 81 Vit |3 .
Denoting

o) =572 + Iy it (17, + 11Va*|13..

v = IVt 017, + lad 017,

FRE@y = luf —u* - Vb1 + 1Vab I3, + IV eR 1T + IVaR 12, + 1Vd 12,

and

G*(1) = 10" 11 I VU 117 5 + V¥ 13,0 + V213, + Va1, + ([ vdr !

(3.48)

112,
H
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Then (3.44) 4 (3.45) + (3.48) yields immediately

t t

t
A0+ [ s < [ [cote) +ovko)]ds+ [ et o sas,
0

0 0

which implies, by virtue of Grénwall inequality, that

t t
(pkH(t)-}-/lpkH(s)ds SCeXp(Cgt)/[C(pk(s)+8wk(s)]ds.
0 0

Choosing § > 0 and T7 so small that 8C (77 + §) < 1 and exp(CsT1) < 2, then

t

o) + / Y (s)ds <

0

1

t
3|0+ [vtos |
0

for all 1 <k < K. By iteration, we have
4k

t t
gok+1(r>+/w"“<s)dssl <o1<z)+f¢1<s>ds . k=0
0 0

Together with the Poincaré inequality and elliptic estimate, we get

—k+1 —k+1 Jk+1
o + ||L°°(0,T;L2) + ||\/ pk+l” + ||Loo(()’T;L2) +|ld + ||L°°(O,T;H1)

—k+1 Fh+1
™ 20,5y F 147 20,75 02) < 5%

Therefore, we get
o
D18 e o,1:12) < 00
k=1
o
> 1@ 20,711 < 00,
k=1

o

Jk+1 Jk+1
> U@ N oo, mty + 18 20,7, 52)) < 00,
k=1

which means
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o0

ph—p'+ 5 in L™0.T:L?),
i=2
o0

ub > ul + Zﬁi in L2(0, T; Hl),
i=2
o

d*—>d'+% d in L™0.T:H)NL*0.T; H?),
i=2

as k — oo.

3.2.3. Conclusion

Now it is a simple matter to check that (p, u, d) is a weak solution to the original problem
(1.1)—(1.4) with positive initial density. Then, by virtue of the lower semi-continuity of norms,
we deduce from the uniform bound that (p, u, P, d) satisfies the following regularity estimate:

sup  (lpllwra +lloellze + I/Pucll 2 + lull g2 + 1Pl gy + Il s + 1 Vel 2)
0<t<Tp

To
+ f (nun%,,z,, F PG, + VAT, + V212, + ||dn||iz)dt <C.
0

3.3. Proof of Theorem 1.1

Let (po, 1o, dp) satisfies the assumptions in Theorem 1.1. For each § > 0, let ,og =po + 3,
satisfying

pg — ppin W9 as § — 07,

and dg =dy. Suppose (u®, P%) e Hé x L? is a solution to the problem

—div2u(pd) D)) + VP +div(Vdy © Vdy) = |/ pig and divuy=0in Q.
Then by the regularity estimate, it is easy to get
uy € H)NH? and ul—> ugin H> as § — 0.

Then, by Proposition 3.4, there exist a time Ty € (0,7) and a unique strong solution
(,05, ud, pé, d‘s) in [0, Tp] x 2 to the problem with the initial data replaced by (pg, ug, dg).
Note that (p?, u®, P®,d?) will satisfies the regularity estimate where C independent of the pa-
rameter 8. Hence, let § — O, it is a simple matter to see (o, u, P, d) is a strong solution and
have the following regularity estimates
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sup (lpllwra +lloellze + I/Pucll 2 + lull g2 + 1Pl gy + Il g3 + 1Vl 2)

0<t<Ty
Ty
+ / (||u||%vz,, PG, + IV, + V25, + ||dn||’§2) dt < C.
0

Therefore, we complete the proof of Theorem 1.1.
4. Proof of Theorem 1.2
In this section, we will give the proof of Theorem 1.2 by contradiction. More precisely, let

0 < T* < oo be the maximum time for the existence of strong solution (o, u, P, d) to (1.1)—(1.4).
Suppose that (1.7) were false, that is

A .
Mo 2 tim (IVplzm0.1e0 + 1l gy + 1Vl oo pppy) <000 D)

Under the condition (4.1), one will extend existence time of the strong solutions to (1.1)—(1.4)
beyond T*, which contradicts with the definition of maximum existence time.

Lemma 4.1. For any 0 < T < T*, it holds that

T
2
sup (||p||Lm+wﬁuuiz+||Vd||iz)+//(|Vd|2+\|Vd|2d+Ad\ )dxdssa
0=<t<T

- 0

4.2)

where 1 <m < 00 and in what follows, C denotes generic constants depending only on 2, My,
T* and the initial data.

Proof. Multiplying (1.1); by mp™ ™! (1 < m < oco) and integrating the resulting equation
over €2, then it is easy to deduce that

le@lizm = llpollLm (1 <m < o00).

Multiplying (1.1), by u and integrating (by parts) over €2, it is easy to deduce

1
o p|u|2dx+E/|Vu|2dx§—/(u-V)d-Ad dx. 4.3)

Multiplying (1.1)4 by Ad + |Vd|?d and integrating (by parts) over £2, we obtain

1d 2
EE/IVdex%—/’IVdpd%—Ad‘ dx:[(u~V)d.Ad dx+f(df+”'Vd)|Vd|2ddx.
4.4)
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By virtue of |d| = 1, we have the fact
(d; +u-Vd)|Vd|*d = 0.
Substituting (4.5) into (4.4), it arrives at
1d 2 2 2
55/ \Vd|2dx +f (|Vd| d+ Ad‘ dx :/(u -V)d - Addx,

which, together with (4.3), gives

1d

1 2
EE/(PMZ‘F|Vd|2)dx+E/|Vu|2dx+/‘|Vd|2d+Ad‘ dx <0.

Integrating (4.6) over (0, t) yields
'
l 2 2 1 2 2 2
> (plul” 4+ |Vd|")dx + C|Vu| + ||Vd|"d + Ad| )dxdt
0

1 2 2
<5 [ (poluol + 19 ax

which completes the proof. O
Now, we give the estimate for ||Vu|| ;2 and ||V2d||Lz.

Lemma 4.2. Under the condition (4.1), it holds that for 0 <T < T¥,

sup (11Vull3, + IVl + V2l )

0<t<T
T
+// (|¢ﬁu|2 +|Vd 2 IV3d)? + V) + |Vd,|2) dxdr <C.
0
Proof. Step 1: Multiplying (1.1); by u, and integrating (by parts) over €2, we have

d d
E/u(pﬂD(u)lzdx—E/Vd@Vd:Vu dx+/plb't|2dx

= —/ (pb't - V) 4+ (u- V,o)|D(u)|2 +Vd, ©Vd:Vu+Vd © Vd; :Vu) dx.

For any 0 <s <t < T, integrating over (s, t) and applying the Cauchy inequality yield

(4.5)

(4.6)

4.7

(4.8)
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t
1
i/|Vu|2dx—/Vd@Vd:Vudx—i—//plulzdxdr
N

t
< c/uvm2 +|Vd*|Vul)(s)dx + C (e, 6)//(p|u|2|Vu|2 + [ul|Vol|Vul*)dxdr
S

t t t
+ C(e, 8)//|Vd|2|Vu|2dxdt+8f/p|ﬁ|2dxdt+5/[|Vd,|2dxdr.
S S S

Choosing ¢ = %, we obtain

t
1 3
%/Ivmzdx—/Vd@Vd:Vu dx+1//p|ﬂ|2dxdr
s

t
< c/qwz + VA (s)dx + C () f /<p|u|2|w|2 ][V ol VuP)dxdr
s

t 13
+C(¥) / / IVd|*|Vu|?dxdT + 8 / / |Vd, |*dxdx. (4.9)
S S
Estimate for the term f : f lu||Vp||Vu|*dxdz. Indeed, by Cauchy, Holder and Sobolev inequal-
ities, we get

t

//|u||Vp||Vu|2dxd‘l:

N

t t
5C(e)//|u|2|Vu|2dxdt+8//|Vp|2|Vu|2dxdt
N

N

t t
5C(8)//|u|2|Vu|2dxdt+8/H|V,o|2‘
N N

t t
5C(8)//|u|2|Vu|2dxdt+8f||Vu||§_11dr.
N N

¢ _drt
La2

VP

q
L2

In order to control the term f; IVu I|§1I dr, by virtue of the Lemma 2.1, we have

lleell g2 + 1Pl g1

9
<ClIFll2(A+IVpllLa)e™
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<C| = pu; — pu - Vu — div(Vd © Vd)|| .2
< (I/pill2 + |Ivanvial ). (4.10)

Hence we get the estimate

t

ff|u||Vp||Vu|2dxdr

N

t t
2
§C(8)f/|u|2|Vu|2dxdr+£/ <||ﬁu||2Lz+ H|Vd||V2d|HL2> d. 4.11)
s

N

Substituting (4.11) into (4.9) and choosing ¢ = %, one arrives at

t
1 1
i/qulzdx—/Vd@Vd:Vudx+§//plb't|2dxdr
N

t
5C/(|Vu|2+|Vd|4)(s)dx+C(8)//(|u|2|Vu|2+|Vd|2|Vu|2)dxdt
S

I3

t
+C(8)//|Vd|2|V2d|2dxdt+8f/|Vd,|2dxdt. (4.12)
S

N

Step 2: Taking V operator to (1.1)4, then we have
Vd, — VAd = —V(u - Vd) + V(|Vd|*d). (4.13)
Multiplying (4.13) by 4|Vd|?Vd and integrating (by parts) over £, it is easy to deduce
d 4 212 412 2412
o / |Vd|*dx +4/ |Vd|“|V-d|“dx +2/ IV(Vd|")|"dx

=2/ IVd|? < V(IVd|*), v >da+4/V(|Vd|2d) :|Vd|>Vd dx
R

1
11

—4/ Vu-Vd):|Vd|*Vd dx, (4.14)

I3

where v is the unite outward normal vector to d2. To estimate 11| = 2fasz |Vd|? < V(IVd|?),
v > do. Indeed, applying the Sobolev embedding inequality W!1(Q) < L!(3R), it is easy to
get
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1 54/ \Vd]?|V2d|do < C H|Vd|3|V2d|HW
Q2

l.I(Q)
< c/<|w|3|v2d| +[VAPRIV2dP + |VdP VPd)dx

<C®) f(|wl|2|v2d|2 +|Vd|* + |Vd|®)dx + rz/ |V3d|?dx. (4.15)

To estimate /11, =4 [ V(|Vd|*d) : [Vd|?Vd dx. Since |d| = 1, we have d - Vd = 0. Then, we
deduce

V(IVd|?d) : |Vd|)*’Vd = (V(|Vd)?)d + |Vd|*Vd) : |Vd|*Vd = |Vd|°.

Hence, one arrives at
1112=4/V(|Vd|2d) 2| Vd|*Vd dx =4/ |Vd|%dx. (4.16)

By the Cauchy inequality, we have

I3 = —4fV(u -Vd): |Vd|*Vd dx
s/(|w||w|4+|u||w|3|v2d|>dx

< C/(|Vd|2|Vu|2+ IVd|® + |u|*|V?d)?)dx. 4.17)

Substituting (4.15)—(4.17) into (4.14), choosing ¢ small enough, and integrating over (s, ¢), one
arrives at

1 t

/|Vd|4dx+4//|Vd|2|V2d|2dxdt+2//|V(|Vd|2)|2dxdr

N s

t
s/|Vd|4(s>dx+C<n)//<|w|4+|Vd|6+|Vd|2|v2d|2+|Vd|2|W|2>dxdr
s

t

t
+C(77)//|M|2|V2d|2dxdr+n//|V3d|2dxdt. (4.18)
N

N

Step 3: Multiplying (4.13) by VAd, integrating (by parts) over 2 and applying Young in-
equality, we obtain



3728 J. Gao et al. / J. Differential Equations 260 (2016) 3691-3748

Ad|? VAd*d
2dt/|d|dx+/| 1%dx
5/(|Vu||Vd|+|u||V2d|+|Vd|3+|Vd||V2d|)|VAd|dx

5C(s)/(|Vu|2|Vd|2+|u|2|V2d|2+|Vd|6+|Vd|2|V2d|2)dx+8/|VAd|2dx.

Choosing ¢ = % and integrating over (s, t), we get

t
/|Ad|2dx+//|VAd|2dxdr

N

<2/|Ad| (s)dx+C//(|Vd| IV2d > 4+ |Vd)*|Vul?> + [u)?|V2d|*> + |Vd|®)dxd.
(4.19)

Step 4: Multiplying (4.13) by Vd;, integrating (by parts) over €2 and applying Young inequal-
ity, we obtain

AdJ? vd,|?
2d;/| d| dx+/| d;|*dx
= /[V(|Vd|2d) —V(u-Vd)]-Vdidx

5C(s)/(|Vu|2|Vd|2+|u|2|V2d|2+|Vd|6+|Vd|2|V2d|2)dx+8/|Vd,|2dx.

Choosing ¢ = % and integrating over (s, t), we get

t
/|Ad|2dx+//|th|2dxdr
N

2/ |Ad|?(s)dx

t
+ C//(|Vd|2|V2d|2 +|Vul?|Vd|? + |u?|V?d|* + |Vd|®)dxdx. (4.20)

N

Then, choosing § small enough and some constant C,., suitably large such that

i|Vu|2 —Vd O Vd: Vu+ Cy|Vd|* > i(wuﬁ + |Vd[*h
2C ' = ~4cC ’

then (4.12) 4+ (4.18) X Cyy + (4.19) + (4.20) and choosing 1 and § small enough yield
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/(|W|2 +|V2d* +|vd Y ()dx

t
+//(,o|it|2+|Vd|2|V2d|2+|V(|Vd|2)|2+|V3d|2+|Vd,|2)dxdr

N

t
5C+Cf(|Vu|2+|V2d|2+|Vd|4)(s)dx+Cff(1+|V2d|2+|Vd|4)dxdr

t
+c//(|u|2|vm2+ |Vd |2 |V2d|? + V)| Vul® + |u?|V2d|)? + |Vd|®)dxdx.

N

Choosing s =0 in (4.21), then we obtain
/(|Vu|2 + V22 + VdI) (1)dx

t
+//(p|it|2 + VAP V> + V|V + V3> + |V P dxdT
0

t t
§C+Cf/(1+|V2d|2~|—|Vd|4)dxdt+C//|Vd|2|V2d|2dxdr
0 0

11>

t t
+Cf/|u|2|W|2dxdr+C//|u|2|v2d|2dxdr
0 0

Iy 113
t t
+C//|Vd|2|Vu|2dxdr+C//|Vd|6dxdr.
0 0
Iy 115

Applying Lemma 2.3 to II7; (1 <i <5) repeatedly, then one arrives at

A

2r
I <e¢ / IV2d|)3,1dT + C(e) / Ivdil 3, *||v2d||L2dr

Al
Ip<e / Vil 3dT +Ce) / luall " 1Vull2d

<s/(||fu||2 )dr+C<e>/||u||" IVl ,dr,

3729

4.21)

(4.22)
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? 2r2 2rq
se/(||ﬁu||iz+||vzd|| l)dr+C<e)/<||Vd|| IV + ) 3||Vu||L2) T,
0

2ry
1123<e/||v2d||,,ldr+c<e>/||u||" Iv3d|3,dr,

2r2

1124<8/||Vu|lHldT+C(€)/||Vd” Va2 dr

2r2

/<||fu||Lz+||v2d||H1>dr+c<e)/nw|| (Ilvzdlliz-l-IIVMIIiz)dT

2ry

st<sf|||w| ||H]dr+c<s>f||w||’2 IVdP3.dr

! 2r2

ssf(||w||‘;4+||V<|Vd|2>||i )dr+C(e>f||Vd|| CIvd|}.dr.

0

Substituting I1; (1 <i <5) into (4.22) and choosing ¢ small enough, it is easy to deduce that
/(|Vu|2 +|V2d? + |Vd|H) (1)dx

+//(p|u|2+|Vd|2|v2d|2+|V(|Vd|2)|2+|v3d|2+|Vd,|2)dxdr

t
§C+C/(1+||u||
0

2r l 2ry

IVl (1 1VulZ + V)2, + 1Vl ) de

which, applying (4.1) and Gronwall inequality, completes the proof of the lemma. O
As a corollary of Lemma 4.2, it is a direct result from (1.1)4.

Corollary 4.3. Under the condition (4.1), it holds that for 0 <T < T*,

sup [yl 2 + / lul,dt < C. 4.23)
0<t<T

Now, we give the second important estimate-norm of ||/ou, ;2> and IV3d| 12
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Lemma 4.4. Under the condition (4.1), it holds that for 0 < T < T*,

t
sup (||ﬁut||iz + ||v3d||iz) + / (IVuell, + 1V3d;|I3)dT < C.
0

0<t<T

Proof. Step 1: Differentiating (1.1), with respect to 7, we get

pui + pu - Vuy —div2u(p)D(uy)) + VP,

= —piit; — prit - Vu — pu; - Vu +divQeu’ p; D(w)) — div(Vd; © Vd +Vd © Vd;).

Multiplying (4.25) by u; and integrating (by parts) over €2, one arrives at

—— | plu |2dx+l/|w [*dx
2dt ! C !

§/p|u||uz||w,|dx+/p|u||W|2|u,|dx+/p|u|2|v2u||u,|dx

113 JIEY) 1133

+/p|u|2|w||wz|dx +/P|Mt|2|vu|dx + / \Vd||Vd,||Vu,|dx

1134 JIEY] JIEYS

+ / lul Vol VullVuldx.
Using (4.7), Holder, interpolation, Sobolev, and Young inequalities repeatedly, we get

31 < || /Pl oo llull o1l /P | 31| Vel 2
<C||Vull2 ||ﬁuz||fz||ﬁu,||fﬁ 1Vl 2
< Cllypurl 2 Va2, < C@I/Purl, + elVur |2,

I3 < llplizoslul o VullZ s lluell o < CIVUlZ IVl L6l Vg | 2
<CEVul3, + el Vuell3,,

33 < llplizeslull o V2ull 2 el o < ClIVull 2 V2ull 2] Vi | 2
< CEIV?ull3; + el Vi |17

T34 < ol llull? 6 IVl Lol Vit | 2 < CIVUI T IVl g1 [ Vi | 2

<CEVull3, + el Vuell?,,
1 1
35 < ||/pll oo llue | s /Pl 131 Vull 12 < CIVag 211/ P | 25 /o |

1 3
2 2 2
< Clly/pur | 2, 1Vur |12, < C@ll/pur 122 + el Va2,

3731

(4.24)

(4.25)

(4.26)
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36 < || V|| 61| Vdy || 31| Vi | .2

< CIIVAl 1 1Vd, 1 51 Vd, 2 IV 2

< C(e. IV |72 + 0 Vdll5, + &l Vurll3 2.
Substituting 173; (1 <i < 6) into (4.26), then we have

1d
2dt

< C@)(IVpurls> + IVull3,) + Cle.mIVd: 17, + 0l Va3, + &l Va3,

plus Pdx + ~ / Vi, Pdx

+C/|u||Vp||Vu||Vul|dx. 4.27)
Using (4.10), (4.7) and interpolation inequality, we deduce

lll g2 + 1P < CAl/Puell 2 + Mul Vulll 2 + 11V V2] 12)
< C(I/Purl 2 + llull LIVl 5 + V| Lo [V 7d | 2)
1 1
< CUvpurllpz + IVull L IIVull 71 + 1Vl g2)
1
< CIVpurllp2 +IVdllg2 + 1) + EIIVMIIHI,
which implies
lull gz + 1P < CUIVpuell2 + IVl g2 + 1. (4.28)
Combining (4.27) with (4.28), one arrives at
1d
2dt
< CEpulz, + IV3dl7, + 1)+ Cle,n)|IVdi |7,

1
plus*dx + E/ |V, |*dx

+ IV |3, + el Vi3, +C/|u||Vp||w||w,|dx. (4.29)

To estimate the term f [u]||Vp||Vu||Vu;|dx. Indeed, by using (4.1), Holder, Gagliardo—
Nirenberg and Young inequalities, we obtain

/|u||Vp||Vu||w|dx

< lullgsIVollLalVull TqIIVuzIIL2

q—6 q+6
< CI\Vull 21Vl allVull 3 [Vull 2% [ Vel 2
q+6

< ClIVull i, Vil 2. (4.30)
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By Lemma 2.1, it is easy to deduce that
lullyzr + 1 Pllwrr < CA+ Vgl 2 + [Vd]17,). (4.31)
By Young inequality, combining (4.30) with (4.31) yields
/ lullVol IVu||Vu|dx

302 G2
< CA+ Vgl 2+ 1V3dI2,) 5 [ Vuyll 2
<CE U+ VIl + el Vull3,. (4.32)

Substituting (4.32) into (4.29) and choosing ¢ small enough, we obtain

1d

2dt
2 352 3 54 2 2

S C+[IVpull;. + IVl +1IV7dl ) + CIIVa ;2 + 0l V-

1
pluPdx + = f Vi Pdx

Thanks to the compatibility condition and (4.7), we get

t
Iv/pu:l7, + f IVull3 dt
0

t t
<C+C / U+ 1wl + 1912, + 1V )d + 1 / IV, 2T, (433)
0 0

Step 2: In order to the control the term fot |V3d ||‘£2d 7, we should derive some estimates for
IV3d||3 . Multiplying (4.13) by VAd; and integrating (by parts) over €2, we obtain
Ld f |VAd|?dx + / |Ad,|>d
—— X X
2 dt !

d 3
=E/V(M-Vd— \Vd|2d) - VAd dx—/g[V(u-Vd—W(ﬂzd)] \VAd dx. (434)

To give the second term of the left hand side of (4.34) first. Indeed, it is easy to deduce that
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By using (4.7), (4.10), Holder, Sobolev and Young inequalities repeatedly, we obtain

a1
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—f 9 [V(u.Vd—|Vd|2d)].VAddx

g/|vu,||Vd||VAd|dx+/|Vu||Vd,||VAd|dx+/|u,||v2d||VAd|dx

114 11y 143

—|—/|u||V2dl||VAd|dx+/|Vd,||V2d||VAd|dx+/|Vd||V2dl||VAd|dx

Lo 1y 46

~|—/|Vd||V2d||d,||VAd|dx+f|Vd|2|Vd,||VAd|dx.

47 Iy

41 = CIVA| L=l Vurll 2 IVAd] 12

< CIVd|l g2 IV3dl 21 Vug |l 2

<CEUV AT, + DIV, + 81 Vurll3,

lap < ClIVull 31IVdr |l 6|V Adl| 2

< CIVull g IV3|l 211V | 1
<CEIVul3 IVdl7, + el VdilI3,

< CEUpully, +1Vdl7, + DIV, + el V|13,

Haz < llull s 1V2d | 131V Ad | 2

<Vl 21Vl g1 1V 2
<COA+IVAIT)IVAlT, +8[IVucll3s.

44 < Cllull L |IV2d; |l 2 IV Al 2

< Cllullg21Vdll 2V ?dy || 2
< @ UVpurllz> + 1IV3d I3, + DIV, + el V2|3,

45 < C|IVd, |l 16lIVZd| 511V A 2

< CIVd | g1 IVl g1 IV 12
< CEU+ VIRV, + &l VI3,

46 < C|VA|l 161 V?dll 6 di | s IV Al 2

< CIVAl 1 V2| i il g [V 2
< CE A+ VDIV, + (VA 7, + D).

(4.35)
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47 < C|Vd|| . ||V2d || 2V Ad | 12
< C|I\Vd| 2V | 2V?dy || 2
<CEU+IV IV, + &l V2|3,
g < C||Vd||7611Vd: || 16 VAd]| 12
< CIVAI3, IVd: | g IV3dl 2
<CEIVdI7, +ellVd 3,

Substituting 114; (1 <i < 8) into (4.35), then we get

0 2
—/E[V(M~Vd—|Vd| d)]-VAddx

<C(e, &)+ I/purll, + IV dIT DIV, + el Vi1l + 81 V3. (4.36)

Substituting (4.36) into (4.34) and integrating the resulting inequality over (0, ¢), one arrives at

1 t

5 / IV3d|%dx + / / |V2d,|2dxdt

0
t t
2 37112 3 7112 2 2
<C+C(d) /(1 + P2 + V312 IV3d |12 dT + e/ 1V2d,|12,d7
0 0

t
+5/||Vu,||§2dz+c/(|wnw|+|u||v2d|+|w||v2d|+|Vd|3)|VAd|dx.
0
Choosing ¢ = % we obtain

t
/|V3d|2dx+//|vzd,|2dxdt
0

t t
<C+C®) /(1 + Ipuil72 + IVl DIV dT + af IVull3 dt
0 0

+ c/ |Vul||Vd||V Ad|dx + C/ u||V2d||V Ad|dx

15, 1l5;

—i—C/|Vd||V2d||VAd|dx+C/|Vd|3|VAd|dx. (4.37)

1Is3 Is4
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By using the Holder, Gagliardo—Nirenberg and Young inequalities repeatedly, we get
IIs) < C||Vd|| .|| Vul| 2|V Ad | 2
< CIVAIL, IVd] L, 1 Vull 21V Ad 2
< CU+ V3l ) IVl < Cle) + el V3d 12,
sy < Cllull 6 V?d| 31V Ad | 2 < cnwuunvzdniz||v2d||,il IVAd|
< C(1+ V3l )2 IV3dl 2 < Cle) + £l V31,
53 < CIIVAll 6] V2d] 2 IV Adll 2 < CIVAl 1 1921 51921, 1V Ad 2

1
<CU+ (V| 2)2IVdl 2 < Ce) + |Vl
Hsq < C|VAIP6[IVAd| 2 < CIVA|3,, IV 2 < C(e) + e[| VI3,

Substituting IIs; (1 <i <4) into (4.37) and choosing & small enough yield directly

t
IV3d|7, + / IV2d; |13 ,d
0

t t
<C+C©) / 1+ | puelly, + V3|2 )V |7 ,dT + 6 / IVu 7 dr. (4.38)
0 0

Adding (4.38) to (4.33) and choosing 6 and 7 suitably small, we obtain

t
I/puell, + 11Vdl3, + f (IVuell3, + 1IV2di1I3 2)d
0

t
<c+ cfa + A2, + IV3dIE (0 + V312 )z,
0

which, together with Gronwall inequality and (4.7), completes the proof. O
Finally, we derive the high-order estimates for the strong solution (p, u, P, d).
Lemma 4.5. Under the condition (4.1), it holds that for 0 <T < T¥,

sup (lleelize + lull gz + 1P g1 + 1Vl 2)

0<t<T

T
+ / (||u||€vz., H PG, + lldi 2 + ||v4d||iz) dt < C. (4.39)
0
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Proof. By (4.28) and (4.31), it is easy to deduce

T
leel g2 + 1 Pl g1 + f (Nl + 11, ) de < C., (4.40)
0
which, together with (1.1);, yields
loelle < llullL=lIVelize < Cllullg2lVellLe < C. (4.41)

By (4.13), (4.25), (4.40) and Sobolev inequality, we obtain

IVd; |2 = IVAd +V(|Vd|*d —u - Vd)||,2

< C(IVdll 2 + 1IVul|Vdlll 2 + ul|VZd]ll 2 + VIl 6 + VA VZd] [ 2)

<CUV3dl 2 + I Vull 21Vl g2 + Null g2 IV3d | 2 + IV, + 1V 2 V2 2)

<C. 4.42)

Differentiating (1.1), with respect to f, one arrives at
dyy — Ady = (\Vd|*d — u - Vd),. (4.43)

Taking L? estimate to (4.43), by virtue of (4.24) and (4.40), we obtain

T T
/ lldse 113 dt < / A |12, + 111V, | |Vd|I12, + 11Vd*di |13 )dt
0 0

T
+/(|||Mt| IVd|l17, + Illul IVd; |7 ,)dt
0

T
< / (||v2d,||iz +IVd, 17, 1Vd|l5,. + ||dt||iz||wn‘}12)dt
0
T
+ / (||wf||iz||Vd||§,l + ||u||i,z||th||iz)dt
0

T
< f (IV2d, |12, + IVuell3, + Ddt < C. (4.44)
0

Taking V operator to (1.1), we get

—V?Ad =V*(|Vd|’d —u -Vd — d,). (4.45)
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ad

Applying H* estimate to d with boundary 55 laq = 0 and (4.45), we have

lhe

IVl 2 < CAVA A 2+ IV2d ] 1)

<C(IV*(IVdI*d —u-Vd —dy)ll;2 + 1)

= C (1922 + 11V2dP 1 2+ IIVAP V2l 2 + 11Vl V] ] 2
+ 11Vul[V2dlll 2 + [l V3d]] .2

<C (||v2dt||Lz + VI + VA3V 2 + VA g2 Va2
+ 1 Vull g 19%dl g+ lunl 21932

< C(IV?dll2 + 1), (4.46)

which means

T
/ IV4d||7,dt < C,
0

which completes the proof. O

After having the Lemmas 4.1-4.5 at hand, it is easy to apply the Theorem 1.1 to extend the
strong solution (p, u, P, d) beyond time 7*. Therefore, we complete the proof of Theorem 1.2.

5. Proof of Theorem 1.4

In this section, we will give the proof of Theorem 1.4 by contradiction. Assume 0 < T* < 00
to be the maximum time for the existence of strong solution (p, u, P, d) to (1.1)—(1.4). Suppose
that (1.10) were false, that is

M = m_ (IVpllLe,7:L9) + IVl Ls0,7:L7)) < 0. (5.1

li
T—T

Lemma 5.1. Under the condition (5.1), it holds that for 0 <T < T¥,

T
f/ |V2d|?dxdt < C, (5.2)
0

where C denotes generic constants depending only on Q, M, T* and the initial data.
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Proof. By virtue of |d| = 1, we have d - Ad = |Vd|?. Then, by (4.2), we obtain
T T T )
f/ |Ad|*dxdt = f / |Vd|*dxdt + // ‘Ad + |Vd|*d| dxdt
0 0 0
T
< f / \Vd|*dxdt + C. (5.3)
0

By virtue of Lemma 2.3 and (4.2) it is easy to deduce

2
/ Vd|*dx < | Vd|l3 + C@)|Vdll ;" VI3

2r

<e|V2dlI7, + Ce) (1 + | Vdll ;).

Applying the elliptic regularity with Neumann boundary, one arrives at

T T
/nvzdnizdr < c/umdniz + 1d113,)dT
0 0

T T
2r
55/ ||V2d||izdr+C(a)/(1+ IVdl*)dr
0 0

T T
se/ ||V2d||izdr+c<s>/(1 +1IVdlly, )de
0 0
T
58/ IV2d||7.dT +C,
0

where, r and s satisfy the condition (1.11). Choosing ¢ = % we get

T
//|v2d|2dxdr <cC,
0

which completes the proof. O
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Lemma 5.2. Under the condition (5.1), it holds that for 0 < T < T*,

sup (||Vu||iz +IVd|l}.+ ||v2d||iz)

0<t<T
T
+f/ (|ﬁa|2+ \Vd|?|V2d|? + |V3d)? + |Vd,|2) dxdt < 0o. (5.4)
0
Proof. By virtue of (4.21), it is easy to deduce, forany 0 <s <t <T,

f(|W|2+ IV2dP + VI (0)dx
t
+//(p|zz|2+|Vd|2|v2d|2+|w|w|2>|2+|V3d|2+|w,|2)dxdr
s
<C+ c/<|w|2 +V2d|* + |Vd|*) (s)dx

t
+ Cf(l + ullfee + IVANF) L+ [Vull?, +IV3dIl7, + VAl ] )dT.  (5.5)
s
Let

A(t) ée+f(|vu|2+ [V2d)? +|Vd|*)(1)dx
t
+/f(p|u|2+|Vd|2|v2d|2+|V<|Vd|2>|2+|v3d|2+|Vd,|2)dxdr,
0

then we deduce from (5.5) that

t
A1) = CA(s) +C / (1 + ) + [V 2o) A(D)d,
0

which, together with the Gronwall inequality, gives directly that

t
A(t) < CA(s) exp C/(l + 3 oo + VA3 )dT
s
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Let

(1) Le+ sup (|Vullj, + [VZdlI7, + IVdl])

O<tr<t

‘
+ff(p|it|2+|Vd|2|V2d|2+|V(|Vd|2)|2+|V3d|2+|th|2)dxdr,
0
then we have
T
®(T) < CP(s)exp Cf<1+||u||iw+||w||ioo)dr : (5.6)
s

Now we control the term fST(l + [[ull?  + IVd||? = )d . Indeed, by the Lemma 2.4, we have

T
Cf<1+ [l + IVA])dT
S

=C[@ =)+ (1B gy 1V 2 gy ) (10 e+ Tl 2 71)
+1In(e+ IVl 125 7.w13))] - (5.7)

Applying the Sobolev inequality and regularity estimate, one arrives at

lullfrs < Cllullyyzs < CUNPEIT, + 11VAIIVZ17,). (5.8)

IVA |35 < ClIVA|F,0 < CA+ V2|3, + V4|3 ,). (5.9)
Substituting (5.8)—(5.9) into (5.7) yields

T

C(ful? d|?
C/(l + lullF o + IV} o0)dT < C +In[CO(T)] (”"”L2<s.T;H1>+W ”L%J;Hl)),
S

which, together with (5.6), gives directly that

2 2
O(T) < Cq)(S)(I)(T)C(HMHLZ(S.T:HI)+”VdHL2(.v.T:H1))'

Thanks to (4.2) and (5.2), we can choose s closes enough to 7* such that

1
. 2 2
tim € (1l gy + 19402 7)) < 3

which, means immediately
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O(T) < CP(s)* < 0.
Thus, we complete the proof. O
Remark 5.1. Unfortunately, we cannot derive the bound, just depending on the initial data,
for (5.4) owing to the technique used here. However, the bound is uniform with respect to time in

(5.4) since s, which closed enough to T*, is fixed in process of the proof for Lemma 5.2. Thus,
we can rewrite (5.4) as

sup f (|Vu|2 + V2P + |Vd|4) dx
t€[0,T]

T
+ / / (ol + IVAPIV2dP + Va2 + |V3dI?) dxdr < C(s),
0
where and in what follows, C(s) denotes generic constants depending not only on 2, M, T*
and the initial data, but also on the data that is fixed on time s.
Similar to Lemma 4.3, as a corollary of Lemma 4.2, we have the following estimate.
Corollary 5.3. Under the condition (5.1), it holds that for 0 <T < T*,

T
sup ;] + / lull?2de < C(s). (5.10)
0<t<T 0

Finally, we derive the high order estimate ||/pu,||;2 and || V3d|| 12

Lemma 5.4. Under the condition (5.1), it holds that for 0 < T < T*,

O=<r=<

T
sup (Iv/pul7. + 1V3d|7,) + / (IVue |1, + 11V3dy 113 )dt < C(s). (5.11)
T
0

Proof. Recall from (4.29), we have the following estimate
1d
2dt
< CEpurl3 2+ 1IV3dl72 + D)+ Cle. p)IVdi 17, + 0l Vd, |15, + el Vuyll3

1
ol + / Vi P

+C/|u||vp||W||w,|dx. (5.12)

By (5.1), Holder, Sobolev and Young inequalities, we obtain
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/|u||Vp||W||w,|dx < Nl 2o IVl Il 2| Vil 2
< CI\Vull 2 IVull g1 I Vol Lo | Vs | 2
<CEIVull3, + Vi3,
<C(lvVpulz, + IV3dl7, + D) + | Vi |17, (5.13)
Substituting (5.13) into (5.12) yields directly
1d
2dt
<CEUVoullz, + 1V, + D+ Cle. IV 7. +0liVdi 3, + el Va7, (5.14)

2 1 2
plug|“dx + C [Vu|“dx

Thanks to the compatibility condition, after choosing ¢ small enough, we get
t
Iv/ouell3, + / IVull3 .dt
0

t t
<Cmp+C / (L+ I/pudl72 + V3|7 )dT + 1 / IV2d, I3 »d. (5.15)
0 0

Recall from (4.38), we have the estimate
t
IV3d|7, + / IV2d, I3 ,d
0
t t
<C+C©) /(1 + o2, + IV ) V3|3, dT + 8/ IVu |7, dr. (5.16)
0 0
Adding (5.15) to (5.16) and choosing ¢ and § small enough, one deduces that
t
(Iv/pus I3, + 1IV3d|13,) + / (IVuell3, + 11V3di I3 )d
0

t
<C+ c/(l + IWpuelly + IV3d[12) (1 + 1 V3d|12,)dx,
0

which, together with the Gronwall inequality, completes the proof of the lemma. O
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As a corollary of Lemma 5.4, it is easy to deduce the following estimate
sup (llpzliza + llull gz + 1Pl + 1Vdil12)
0<t<T
T

+ / (Nl + PR, + i 12 + 19212, ) i < C(o).
0

Therefore, having all the estimates at hand, it is easy to extend the strong solutions beyond
time 7. Thus, we complete the proof of Theorem 1.4.

6. Proof of Corollary 1.6

In this section, we will give the proof Corollary 1.6. Indeed, let (o, u, P, d) be the solution of
(1.1)—(1.4), we will derive some maximal principle for the direction field.

Lemma 6.1. For some given constant do; (i =1, 2), we have the following maximal principle:

() If0<do; <doi <1, then 0 <do; <d; <1 foranyi=1,2;
(i) If =1 <do; < —do;i <0, then —1 <d; < —do; <0 foranyi=1,2.

Proof. Since (i) has been proved in [32], we only give the proof of (ii). Indeed, letting V; =
d; + do; and Vl.Jr = max{V;, 0} > 0, then we obtain

Vi — AV; = |Vd[*(V; —do;) —u - VV;. (6.1)
Multiplying (6.1) by ViJr and using the Neumann boundary condition % a0 = 0, we get that
d 1
IV + IV VFIlg
= [ [Ivarwi— do) —u-vvi] - vtax
1
=/|Vd|2|Vl.+|2dx—/Ilezé_l'()i‘/i+dx+5/divu|Vi+|2dx
sf|w|2|vi+|2dx§ RZINYATS

Hence, if we applying Gronwall inequality to the above inequality, one deduces
t
IV 013, <1V O)7.exp | € / IVd|?wdz | =0,
0

which implies —1 <d; < —dp; <0. O

Before starting our main result in this section, we recall the elliptic estimate
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IV2£13, < CLUAFIZ + 1£113,0- (6.2)
and the Gagliardo—Nirenberg inequality
IV IS4 < CaIVZ £ oo + 1L 17 0)- (6.3)
where the constants C and C independent of the function f.

Lemma 6.2. For any i (i = 1, 2), if the i-th component of initial direction field dy; satisfies the
condition

0<doi <doi <1 or —1<dy <—do <0, (6.4)

where do; is a constant and is defined by

1
doi > .[1— , ifC1Cy > 1;
doi > | G ifC1Cy 65)

doi =0, ifCi1Cy<1;

where the constant C1 and Cy are defined in (6.2) and (6.3) respectively. Then we have the
following estimate

T
/ IVd|},dt <C. (6.6)
0
Proof. We only give the proof for the case i = 2. Indeed, if 0 < dgp> < dp> < 1, then applying the
maximal principle (see Lemma 6.1), we obtain
0<dp<dr<1 for anyt>0and any x € Q. (6.7)
By virtue of |d| = 1, then
ld — el <1 —diy, (6.8)
where ey = (0, 1). Substituting (6.4)—(6.5) into (6.8), we get
C1Clld — a3 < 1. (6.9)
Combining (6.2) with (6.3), we get

IV2d|7, < Ci(1 A3, + 1Id]1%,)
<Ci1(IVd|3, + IAd + [VdIXd|2, + 1d)I,))

<Ci1Galld — 2|7 [IV?d |17, + C (Czlld — et + 1A + VP2, + ||d||§,1) , (6.10)
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which, together with (6.5) and (6.9), gives immediately
IV2d|3, <C (||d — el + 1A + VP2, + ||d||i,l) : (6.11)

In view of the basic energy inequality (4.2), we have
T
f IV2d||7,dt < C,
0
which, together with (6.3), implies
T
/ IVd|},dt <C. (6.12)
0

As for the case —1 < dp; < —do; <0, it is simple fact if we replaced the function d — e> by
d + e in (6.8)—(6.11) respectively. Hence, we complete the proof. O

Choosing r = s =4 in (1.11), if the maximal existence of time T* < 0o, we have

lim <||V10||L°°(0,T;L‘1) + ”Vd||L4(0,T;L4 )) =00,
T—>T* w

which, together with (6.12), gives immediately
li VollLe©.1:L9) = 00.
Tgl}*ll pllLe©,1;19) = 0
Therefore, we complete the proof of Corollary 1.6.
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