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Abstract

We study the evolution of a compressible fluid surrounded by vacuum and introduce a new symmetriza-
tion in Lagrangian coordinates that allows us to encompass both relativistic and non-relativistic fluid flows.
The problem under consideration is a free boundary problem of central interest in compressible fluid dynam-
ics and, from the mathematical standpoint, the main challenge to be overcome lies in the loss of regularity in
the fluid variables near the free boundary. Based on our Lagrangian formulation, we establish the necessary
a priori estimates in weighted Sobolev spaces which are adapted to this loss of regularity.
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1. Introduction

We study here the Euler equations describing the evolution of a relativistic compressible fluid,
that is, the system (cf. for instance [9])

3 (7 — € p(p)) + div(gu) =0,
d(Pu) +div(su ® u) + grad(p(p)) =0, (1.1)

in which the mass density p = p(¢, x) and the velocity vector of the fluid u = u(t, x) (with # > 0
and x € R3) are the main unknowns and satisfy the physical constraints

p>0,  |ul<1/e. (1.2)

The parameter 1/e represents the light speed and, in (1.1), the pressure p = p(p) is a given
function of the density, while the “modified density” p'is defined by

p+e*p

_— 1.3
1 —e€2|ul? (1.3)

p=p(p,u):=

We also set x = (x;)1<i<3 and use the standard notation for the divergence divu := ), dy,u; =
d;ju; (with implicit summation on i) and for the gradient grad(p) = (8,~ p) L<i<3r

Under the standard physical assumption that p’(p) > 0 (and vanishes if and only if p =0),
the Euler equations (1.1) away from the vacuum state form a strictly hyperbolic system of four
conservation laws [3], which, however, is non-strictly hyperbolic at the vacuum p = 0. We are
interested in the evolution of a compressible fluid region surrounded by vacuum, in particular
when a fluid is continuously in contact with vacuum. This is a classical problem in fluid dynamics
and, from the mathematical standpoint, the main technical challenge to be overcome lies in the
loss of regularity in the fluid variables near the free boundary between the fluid and the vacuum
region. Specifically, we require that the normal acceleration of the fluid near the boundary is
non-vanishing and bounded:

C=<lop'(pl=C (1.4)

for some constants 0 < C < C < +00, where v € R? denotes the normal unit vector to the
free fluid-vacuum boundary. This vacuum boundary condition, the so-called “physical vacuum”
boundary, can be realized by some self-similar solutions and stationary solutions for different
physical systems such as Euler equations with damping and Euler—Poisson systems for gaseous
stars [4,6,11,12,14].

Let us mention several earlier works on the above problem which attracted a lot of atten-
tion in recent years. Coutand and Shkoller [1,2] successfully established an existence result for
non-relativistic compressible fluids (that is, the system (1.1) with € = 0) by degenerate parabolic
regularizations, while, independently, Jang and Masmoudi developed a hyperbolic-type weighted
energy estimates for all spatial derivatives including normal derivatives in order to prove the ex-
istence of solutions in one space dimension [5] as well as in several space dimensions [7]. We
also mention that in a recent work [12], Makino addressed some existence result for the Euler—
Poisson system based on the Nash—-Moser—Hamilton theory. We refer to [6,7] for a historical
background and a bibliography on the subject.
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As far as relativistic fluids are concerned, earlier investigations on compactly supported solu-
tions to the relativistic Euler equations include Makino and Ukai [13] and, for the equations in
several space variables, LeFloch and Ukai [10]. In these works, a stronger regularity property is
implied on the fluid variables near the free boundary between the fluid and the vacuum. A general
existence theory for relativistic compressible fluids encompassing the above vacuum condition
(1.4) is therefore still lacking.

The goal of this article is to present a new Lagrangian formulation of the relativistic Euler
equations and is to derive the necessary a priori bounds satisfied by solutions subject to (1.4)
based on such our formulation.

An outline of the paper is as follows. In Section 2, we present the compressible fluid flow
equations, discuss its reduction to a second-order hyperbolic system in Lagrangian variables,
and also derive the relativistic vorticity equation. In Section 3, we introduce the free boundary
problem of interest and present the a priori estimates. Section 4 includes a discussion on non-
relativistic flows as well as the existence theory for special cases such as radially symmetric
flows.

2. Lagrangian formulation for relativistic fluid flows
2.1. Equations of state

The Euler equations in Minkowski spacetime read

2 2
a( Ll - @) v a (L w) =0,

— u
1= €2 Jul? —eup
p+ep p+ep
3(7 ) 3(7 : 3»):0, 2.1

where (p,u) : [0,T] x R} - R, x R? is the main unknown, defined on some time interval
[0, T'). As pointed out in the introduction, it is convenient to introduce the variable g, so that the
Euler equations read

(7 —e*p)+d(Pux) =0,
d(Puj)+h(Pujux+ pdjr) =0. (22)

Observe that, by letting formally € — 0 in (2.1) we find p — p and we recover the non-
relativistic Euler equations.

As it is required by the physics of the problem, the sound speed c(p) := p’ (p)'/? is assumed
to be real and smaller than the light speed, that is,
0<c(p) < e ! provided p > 0. (2.3)

For concreteness, the pressure p is assumed to be a power-law of the particle number N, that is,

a

N7,
y—1

p:
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where N is related to the energy density

p=N+e2 " N

and y € (1, 2) is a constant referred to as the adiabatic exponent of gases and a > 0 is a normal-
ization constant. Hence, the pressure is determined implicitly by

y—1
P

p=ep+rpl’. k=

It is easily checked that the sound speed does not exceed the light speed, since

2 1

<1
T o rlyloy — 2
e—i—ayN 4

We also define the function

1
h="h(p) by dh:= —d
(p) by NP

and, from now on, adopt the normalization a := y — 1, so that the equation of state of the fluid
finally reads

p(p) =N, h(p):ﬁNy_l, with p = N + €2N, 2.4)

where y € (1, 2).
2.2. The energy equation and the number density equation

We recall the energy pair (V, H) associated with the relativistic Euler equations

0, V+0;H; =0, 2.5)
with
2 2y 2 _&
Vi=e <(1+Ke )(p—€"p) (1_62|u|2)1/2>’
) ~ Q(p)u,
Hji=e 2(<1+K62>puj—m)’
where
fd [ p)
_ _ds — [ P
Q(p) :=exp /s+62p(s) ’ K'_/ 52 ds.
1
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Here the function Q is determined so that, as € — 0, the pair (V, H) tends to the standard energy
pair of the non-relativistic Euler equations. Indeed, as ¢ — 0 we have

P
1 2 p(s)
Vgt [ 22 s
0
Hi~uj(pV+pp)).
It can be checked that the above function is strictly convex [13] in the conservative variable
w = (p, pu), and

Vf)V >C away from the vacuum,

where the constant C1 is uniform on every compact subset of {,o >0, |ul<e€ }, excluding there-
fore the vacuum.

From the mass density equation in (2.1) and the energy equation (2.5), we deduce that any
solution (p,u) : Ry x R? — R, x R3 to the Euler equations (2.1) also satisfies the following
number density equation

08 +0;(guj) =0,
g:=NT, F=T@):=1-eu®""2 (2.6)
In the following we will work with (2.6) together the second equation in (2.2). Note that the

Cauchy problem is posed by prescribing, at the initial time ¢ = 0, the initial density pg and the
initial velocity uq of the fluid

p(0, x) = po(x), u(0, x) = up(x), xeR? (2.7
with, of course,
0o >0, lupl < 1/e. (2.8)

We are interested in the situation where the density is positive in some smooth open set 2 C R3
and vanishes identically outside this set, i.e.

>0, xeQ,
29
po{:o, ¥ eR3\ Q. 29

2.3. Lagrangian coordinates and notation
We are going to now reformulate the fluid equations above in terms of the Lagrangian coordi-
nates nj =n;(t, x) defined by the following ordinary differential equation with prescribed initial

data:

8[’7/ :Mj(f, 77),
n;(0,x) =x;. (2.10)
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We introduce the Jacobian matrix of this transformation, that is, A~! := (Vx ) = (Bl- n j) and
J :=det (Vxn). We use Einstein’s summation convention and the notation Fj to denote the k-th
partial derivative of F': d; F. Both expressions will be used throughout the paper. Differentiating
the inverse of deformation tensor, since A - [Dn] = I, one obtains

WA= —ARo s AS, g AR = —ARg s AS. (2.11)
Differentiating the Jacobian determinant, one obtains
0 J =JAn s; WJ=JAM s . (2.12)
For the cofactor matrix J A, from (2.11) and (2.12), one obtains the following Piola identity:
(JAM  =0. (2.13)

For a given vector field F, we use DF, divF, curl F to denote its full gradient, its divergence,
and its curl:
[DF ]’j =F',;
divF =F",,
[Clll‘lF]i = Giijk,j
where ¢; i is the Levi-Civita symbol: it is 1 if (i, j, k) is an even permutation of (1, 2, 3), —1 if

(i, j, k) is an odd permutation of (1, 2, 3), and 0 if any index is repeated.
We introduce the following Lie derivatives along the flow map 7:

[D,Fl.=ASF'
div,F = ASF"

[curl, FI' = e;j; A% F*

which indeed correspond to Eulerian full gradient, Eulerian divergence, and Eulerian curl writ-
ten in Lagrangian coordinates. In addition, it is convenient to introduce the anti-symmetric curl
matrix Curl, F:

[Curl, F1; = ASF' —ASF/ |

Note that Curl, F is a matrix version of a vector curl, F and that |Curl, F|?> = 2|curl, F|? holds.
We will use both curl, and Curl,. We end this section by recalling the following property of the
Lagrangian curl:

if o* =ALf,,, curl,o=0.
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2.4. Lagrangian formulation
By introducing the modified velocity
x! =0 +e*h)Ton/,
we arrive at the following equivalent formulation of the Euler equations
g+ gAkou; =0, gdx’ + Akap=0. (2.14)

Furthermore, from d,J — JA]; oxuj = 0, we deduce that go(x) := g(0, x)(= N (0, x)I"(0, x))
enjoys go := gJ = ['NJ. Therefore, N can be expressed in terms of the main unknown 7 by

_ % _ 80
T7 T TP

In turn, the second equation in (2.14) reads
200 ((1 +€2h) Fa,nf) +JALNY =0, (2.15)
in which the spatial derivative terms take also the form
JAKONY = o (g ks 7T )
and, using the expression of I,
JARNY = 8k<ggA§J1_V)F_V — gy ALT Yy T T 0 g,

On the other hand, the time derivative in (2.15) takes the form

at<(1 +é2h) ramf)

= (L+ T8y + 8, ((1 + Q2= T3 020" — (v — 1e2hTd, log J)

- ((1 )8 + (14 @ = y)eh) ezrza,n"a,nf) ro2n — (y — 1)e2hTd,n’ 8, log J.
(2.16)

The latter term can be expressed as a second-order term in 7, by writing d9;J = J A{? ' so
that

go(y — DehTd I, logJ = ygl T 'Y AFda,mi o,/ (2.17)

Plugging (2.16)—(2.17) in the equation (2.15) and collecting the terms, we thus find a second-
order equation in 7

0B/ o0 + gh Clokom' + o (gf AT 77) =0,
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in which the coefficients are given by
B/ :=((1 +e2 8 + (1 + 2 —y)eh) ezrzamiam/) v+l
Cikj =—yer2yir (A{?Z),nj + A{;B,ni).
Finally, by letting
go=w", gé’:w“‘“ where a=(y —1)7!
we arrive at the following second-order formulation in Lagrangian coordinates

w® B] 970" + w'Ckaam’ + o (w' Ak sy =0, (2.18)

Importantly, we have the symmetry property Bl.j = B; and C lkj = Ck., while Bij is positive defi-

. i
nite.

In Lagrangian coordinates, we prescribe the reference density function pg > 0 (which de-
termines the initial data go = w®) so that it is positive in some smooth open set & C R? and
vanishes identically outside this set (cf. (2.9) above) and we can then pose the Cauchy problem
of interest by requiring that

n(0, x) = x, 7:(0, x) =n1(x), x e (2.19)

for some data n; (which is precisely the velocity data ug in (2.19) expressed in Lagrangian
coordinates).

2.5. Relativistic vorticity

One additional set of equations will be required in our analysis. Observe that the second
equation in (2.14) can be rewritten as

Lo x! + Akoeh =0. (2.20)

Note that this equation allows us to control the spatial derivatives dih by the time derivative
0; x . By taking the curl of that equation in Lagrangian coordinates, we obtain Curl,(I"d; x) =0,

implying
I"Curl, 9 x + [Curl,, T'10; x =0,
with
[Curly, T18,x = AT 87 — ALT 0,y
Since [y, Curl,lx = & Al x/ s —B,A[jxi .1, this equation can be written as
8,Curl, x = [3,. Curl,]x — I'"'[Curl,. ['1,x. @21)

which we refer to as the Lagrangian relativistic vorticity equation.
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By integrating (2.21) in time, we deduce that

t t
Curl,, x = Curl; x |[:O + /[8,, Curly]x ds — / Ffl[Curl,,, "o x ds. (2.22)
0 0

For the purpose of the energy estimates, we will need to derive the equation for the curl of 1 and
estimate them. From the definition of y, we see that

Curl,x = ['(1 + €>h)Curl, 3, + [Curl,, [ (1 4+ €2h)]13,n.

Hence, (2.22) reads as

Curl,dn +| [T (1 + €2h)]~'[Curl,, T(1 + €2h)19;n

t

t
=[r(1+ezh)r1(cur1,7x|tzo+/[a,,cur1,,]x ds—/F*I[Curln,F]B,X ds). (2.23)
0 0

We observe that the boxed term in (2.23) is not of lower order. By using (2.20), we rewrite it so
that it does not contain two spatial derivatives of n:

[ ]=0a+Em T (1 +€h) + Teh ) (Al — Alan')
_€2F28 ma m Ala j_Ala i _ 2 2 —1 i ]_ ] i
= ™0™ 1 (A0 70m') — T+~ B x' ! — 3 x' 9’
=T @™ o™ 1 (Ao’ — ALom') — ofn' o’ + 97 n/ im’).

By rearranging terms, we write the curl equation (2.23) as

[Dy 3,11 (8 + €T 20,7 8,™) — (8" + €220, 8y1™)[Dy "
+EXT2@2n 8" — 820 9n?)
t t .
J
—[ra +€2h)]_1[Curl,,x|t:O+f[at,Curl,]]X ds —/F_I[Curln, T3, x ds]l_.
0 0

(2.24)

We next define the symmetric matrix
Sin 1= (8 + > T 20,1/ 80"
and the anti-symmetric matrices

R/ := €222/ o' — 820" ,n’)
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t t
x/ ;:[r(l+ezh)]*1[cur1nx|tzo+/[a,,cur1,7]x ds—/l“*l[Curln,F]a,x ds]f
1

0 0

Then, (2.24) can be written as
[Dy 3" S — SI'[Dyd ] + R = X{ (2.25)

Notice that S is symmetric and positive definite, hence, letting U := S~!, we get the following
equivalent expression to the curl equation (2.25):

U [Dyd:nlin — [Dydn1s, U + UMRL U = UM X! U

2.6. Relativistic Euler equations as a second-order hyperbolic system

So far, we have reformulated the relativistic Euler equations as a second-order quasi-linear
hyperbolic system in Lagrangian coordinates, where i = (/ (¢, x)) € R is the main unknown,
and have identified the corresponding curl structure. We summarize such formulations in the
following proposition.
Proposition 2.1. Suppose (p, u) are smooth solutions to relativistic Euler equations (2.1) writ-
ten in Eulerian coordinates. Let w* = Nol'g, where No = No(po) is the initial particle number

density determined by (2.4) and Ty = (1 — 62|u0|2)_1/2. Then the solution n to the ODE (2.10)
satisfies the following second-order quasi-linear hyperbolic system

w® B] 0" + w1 Chacam’ + e (wt Ak sy =0, (2.26)
where
B/ =((1+ 8] + (14 (1 = De) M2, o7 ) 12172,
Ch=— 1+ hHer2y-ie (Afa,nf + A%a), (2.27)
and furthermore, admits the following structure
U [Dydinli — [Dydn)., Up + UMRL U = UM X! U/ (2.28)
where
Ul-j = (S_l)lj where S,{l = (5,J7., + €2 %0,nf 9™,
R = €12 (@07 o' — 920" 9,

t

t
xJ :[F(l+62h)]_1[Curlnx|[:O+/[8,,Curln]x ds—[F_l[Curln,F]BtX ds]:. (2.29)
0

0
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Here we recall that
x/'=(1+nTon!, h=1+a)w@H VY T=01-=e a2 (2.30)

Conversely, if (n, ny) (with J being bounded away from zero and above) are smooth solutions to
the above system, (p, u) is a solution to the Eulerian system.

We observe that this proposition can be justified at least away from vacuum, where smooth
solutions are available in Eulerian coordinates; for instance, see [10,13].

In the next section, based on the above reformulation (2.26)—(2.30) of the relativistic Euler
equations in Lagrangian coordinates, we will establish the a priori estimates for smooth solutions
in the presence of a physical vacuum.

3. The free boundary problem for the relativistic Euler system
3.1. Main result

In this section, we consider a vacuum free boundary problem for relativistic Euler equations
in Lagrangian coordinates. We first prescribe a class of w: w is the prescribed function in 2 with
smooth boundary 92 and it vanishes at the boundary like a distance function:

w=0 onodL,
Cd(x,9Q) <w<Cd(x,dR). (3.1)

The regularity for w will be specified in the next subsection. (See (3.3).)
We can pose the Cauchy problem of interest by requiring that

n(0,x) =x, 17:(0, x) = n1(x), x € (3.2)

for some given data 1. Note that due to degeneracy of w we do not need to impose the boundary
condition on d€2. We are interested in the free boundary value problem associated with the non-
linear hyperbolic system (2.26), that is, we search for solutions that are supported in a domain
€ with smooth boundary 9€2. It is a moving boundary value problem, since n;, the velocity of
the fluid, need not vanish along the boundary, and the moving domain in Eulerian coordinates is
given by Q(¢) = n()(2).

Observe that the condition imposed near the boundary is singular in nature and special care
will be required to handle derivatives of 7, especially in the direction normal to the boundary.

For simplicity of the presentation, we consider the case when the initial domain is taken as

Q=T?x (0, 1),

where T? is a two-dimensional period box in xi, x». The result can be extended to the general
case in the same way as done in [7]. The initial boundary is given as

02 = {x3 =0} U {x3 = 1} as the reference vacuum boundary.
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We use Latin letters i, j, k, ... to denote 1, 2, 3 and that we use Greek letters 8, k, o, T to denote
1,2, only. We use 9!" to denote 3m1 3m2 and |m| to denote |m| = m + m>. To sufficiently regular
functions (1, 77) : @ — R3 x ]R3, we associate the following energy functionals (defined for any
integer N > 0):

EQmili= Y [ warayi/ B/ 97oyi dx,
‘mH‘nSNQ

E,(\{I)[n] = Z w"‘+”+1171/°‘|dlv,, 83r]| dx,
Im|+n<N g,

EQ i ali= Y [ w D0 ot U LDy okl dx,
\m|+n§NQ

EWnil= Y [ wet T amaiCurl, x| dx.
[m|4+n=N g

Here Bl.j, U,i”, x are given in (2.27), (2.29) and (2.30) with 9;n replaced by 7. In particular,
for sufficiently smooth functions 7 : [0, T] x € — R>, we write the corresponding energies as
follows:

1 1 1
EY =EJ ) =EYn@.).om@. )= Y &P,
m|+n<N
11 11 11
EV  =E ) =E e, 1= Y &d,
|m|+n<N
111 111 11
EV" = EY 0 =EY @, ) om0 = Y e,
|m|+n<N

EM =M@y =MW, ), am@, ).

an -

Note that £, is bounded by E 1(\7”. The total energy of interest is the sum

Ex = ED 4 B 4 g,

Furthermore, the regularity of the weight function w is determined by introducing the norms:

Fylw] := Z w L |3m 3% 2 dx,

|m\+n§MQ
Fy'lwl:= Y [ w Dol w| dax. 3.3)
|m\+n§MQ

We now state the result on the a priori estimates for solutions of (2.26) in the above energy
spaces.
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Theorem 3.1 (A priori estimates). Let N > 2a + 9 be fixed for given exponent « > 0 and let w
be given satisfying (3.1) and Fy[Dw] < oco. Suppose n and n; solve (2.26) for t € [0, T] with
Ey =EN(t) = En[n(t,-),n:(t,)] <ooand 1/Cy < J < Cy for some Cy > 1 for the initial
data no = x, n1 in (3.2) satisfying En(0) = En[no, n1] < co. We further assume that n and n;
enjoy the a priori bound: for any s = 1,2, and 3,

[N/2] [N/2]—-1
D wiredn 1+ Y [wi0rain].| < oo. (3.4)
[pl+q=0 [pl+q=0

Then we obtain the following a priori estimates:

d|ea Lo )
E[eﬁn}ﬁ(w&)s;}l <F (E}V , Ey )for Im| < N,

d 1
o [Sﬁv’?o 1+ e+ 9} =Ty (BN EY") for Iml =N, (33)

where for any § > 0

111 111
151 <5el0 +CseW™,

as well as

1l 1 111
EN" <% (Entno, m) B, EN".T).

ENY < B tno 1+ (EY EY".T). (3.6)

where F1, Fy and F3 are smooth functions in their arguments. Moreover, the a priori assumption
(3.4) can be justified.

The proof of Theorem 3.1 is a direct consequence of the following two lemmas.

Lemma 3.2 (Energy estimates). Under the assumptions of Theorem 3.1, one has the energy
inequality (3.5).

Lemma 3.3 (Gradient and curl estimates). Under the assumptions of Theorem 3.1, one obtains
the energy bounds (3.6).

The structure exhibited by the second-order system and the curl system (2.26)—(2.30) is funda-
mental in order to derive the necessary estimates. The first energy inequality is a consequence of
the wave-like structure of the second-order system, while the second energy bounds will follow
from the vorticity equations. We observe that the energy functionals incorporate suitable powers
of the weight function w. Higher powers are required for normal derivatives, while no such loss
is encountered for tangential derivatives. The same algebraic structure of the change in weights
has been identified for the non-relativistic flows in [7].
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While there is some similarity to the proof for the non-relativistic Euler flows as done in [7],
our proof here involves some new ingredients and the estimates are not the same. The paper
[7] derived the estimates for d;n and the full gradient of n from the energy estimates of the
second-order hyperbolic system at the expense of loosing the positivity of the curl part in the
energy and the method therein compensated a lost curl energy by an auxiliary estimate from the
curl equation. The curl equation for the non-relativistic Euler flows is rather simple and elegant
(i.e. almost an ODE) in Lagrangian coordinates, which is one of key ingredients used in [7], but
such a simple structure does not seem to be available for the relativistic Euler equations. To get
around this difficulty present for the relativistic Euler flows even at the formal level, we obtain the
estimates for 9,7 and the divergence of n via the energy estimates at the expense of loosing the
positivity of the full tangential derivative terms and recover the full gradient estimates from the
relativistic vorticity equation. This new scheme is applied to the non-relativistic Euler equations
and it gives an alternative way of deriving the estimates.

We observe that Theorem 3.1 can be extended to a larger class of quasilinear hyperbolic sys-
tems inheriting the same leading-order structure as in (2.26) and (2.28), so long as the coefficient
matrices and tensors satisfy suitable algebraic conditions such as symmetry, anti-symmetry, and
positive definiteness. For instance, taking into account lower-order forcing term such as a gravi-
tational coupling or damping terms would not add any further difficulty at this level.

3.2. Hardy inequality and embedding of weighted Sobolev spaces

Before we derive the energy estimates, we recall the following useful Hardy inequality and
embedding results. First of all, for the Hardy inequality we have the following [8].

Lemma 3.4. (Hardy inequality) Let k be a real number and g a function satisfying fol sk(g? +
g?)ds < oo.

Ifk > 1, then we have fol sk=2¢2ds < Cfol sk(g? + g/ P)ds.

Ifk < 1, then g has a trace at x =0 and fol sk=2(g — g(0))%ds < Cfol sk|g’|?ds.

Note that using Lemma 3.4 with k = o + 1, we get
/ w* |Pdx <C /[w“+1 1030]> + w* v 2 1dx. (3.7)
Q Q

We will also use the following variant of Hardy inequality: for any fixed § > 0,
/ w* o2dx <8 / w**830]%dx + Cs / w2 dx. (3.8)
Q Q Q

The above energy functionals induce a family of weighted Sobolev spaces. It is convenient to
introduce the function spaces X ab yab zab g discuss the embedding results:

X4 =(wiF e L*(Q): [ wt3m 2 F|2dx < 00, 0 < |m| +n < b},
Q
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yob = {w”T"D,,F e LX(Q): / w! et D gm et F2dx < oo, 0 < |m|+n < b},
Q
700 = (' F e L2(Q) : / w! T Imat F12dx < 00, 0 < |m| +n < b}. (3.9)
Q

Then as an application of the Hardy type embedding of weighted Sobolev spaces [8], we
obtain the embedding of X ab yeb zab i the standard Sobolev spaces H* for sufficiently
smooth w.

Lemma 3.5. For b > [«],
— .< o .
HEN, pse SN e
In particular, for b > [a] + 4,
1 Flloo S I1F Il xeb -
We have the similar embeddings for Y& and Z*": for b > [a] + 1,
IDFI oges SUFllyes and IF) oger 3 1F e

We observe that the a priori bound in (3.4) in Theorem 3.1 can be justified in our energy
function spaces by using Lemma 3.4 and Lemma 3.5, in other words |w?/2373Jn" ;| and
|wq/2afa3qnt’,s | for 0 <|p|+ g <[N/2] are bounded by E}.

The remaining part of this section is devoted to the proof of Lemma 3.2 and Lemma 3.3.

3.3. Proof of Lemma 3.2

The energy inequality (3.5) is due to the symmetric structure of the reformulation (2.26).
While there is some similarity to the proof for non-relativistic Euler as done in [7], our proof
here is not the same. Unlike in [7], we will not keep the precise curl structure at the level of the
energy estimates, but aim to control the divergence part only at this point. Then the full energy
will be recovered by exploiting the curl equations. We notice that the obvious difference lies in

that Bi] is a symmetric positive definite matrix and C lk] is a symmetric tensor for the current case,

while Bl.] = 5ij and C lk] = 0 for the non-relativistic Euler case.
The proof consists of three steps: the zeroth order estimate, the derivation of high order equa-
tions, and the high order estimates. Let us start with the zeroth order estimate.

Step 1 — the zeroth order estimate: Multiply (2.26) by n,j and integrate to get

/w“r/ljBi]nﬁtdx—f-/w““n,’C{fﬁmidx—i—[n,’Bk(w“HA’;J_l/"‘)dx:0.
Q Q Q
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The first and second terms can be written as

. 1d S 1 S
/wan‘,/ B! nl,dx = 37 w®n] B! nidx — > / w*n] & B! nidx
Q Q Q

. . 1 , .
/w““ntijjakn;dx = —E/ntjak(w““C{‘j)n;dx
Q Q

by using the symmetry relation Bl.j = B; and C lk] =C ;‘l The third term can be written as

: d
/n!ak(w““A’;J‘”“)dx = E/ozwo‘“J—l/‘%ix
Q Q

by using (2.12). Thus (3.5) is valid for m = 0 and n = 0 in the energy.

Step 2 — the derivation of high order equations: Let m and n for 1 < |m| +n < N be fixed.
Taking 97" 93 of w™* - (2.26) and by multiplying it back by w**" we first obtain

a+n pjaman, i a+nam—pa—q pj q.i
wo B9 03 m;, + Z Cpqw 07 TPy T By 07 95 my,
Ipl+g<|m|+n
1+a+n ~k man_ i a+nam—p qlt—q k pad..i
Fwlteckaara+ Y cpquttorra ™ fwck Jocorodn]
Ipl+q<|m|+n

+we My (wak(AljJ’l/"‘) e +a)akwA’;r‘/“) =0 (3.10)

We first claim that the last double-lined term in (3.10) can be written as follows:

w3t (wd (A5 IV + (1 + )dwaks )
1
=—(1+ )% (w1+"+“J_¢le’;div,,3;”8§’n>
+ 1+ a)w“+"J—éa3w(Aj.A;’ — AJAD N o W T Ry, (3.11)
where R, , consists of lower order terms:
Ronn = R (a;"—@ﬂ)ag"“”)wag’agDznag 8] D, 3~ W02~ g wdPal Dnadal D,
890 war 8l Dnar =P+~ D Dy n 990! Dwar di Dna =P+ =) py;

0§|P|+i§|m|+n—1;15|q|+j§|m|+n;i+j§n;p+q§m).
(3.12)
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‘We observe that the structure encoded in (3.11) is different from the one in [7]. A new aspect is
that instead of looking at the gradient of the full gradient plus divergence minus curl as suggested
by the following identity

W(AFTVy = — gV AR Do) — Ly~ A¥ div,an — 771/ AF [Curl, 3!

we will make use of the structure of the gradient of the divergence. To make it precise, first note
that

u(AFTV = =gV AT A s — 5 T AT AT O s
1
——(+ E)J’]/"‘Afdivnam 4 [A{?Ai - A';Af-] s (3.13)

and moreover,

1
(AR TV = —(1 + )k (J—l/“Aﬁ.‘div,,am)

—1 k -1 k 4
+8k[J /e pkas — /“A,Ag]am’,s G

after the cancelation due to the symmetry in k, s: [A;‘Af — A’,‘A‘iY ] oron”,s = 0. We observe

that the second term in (3.14) is lower order. Based on (3.13) and (3.14), we will establish the
following equivalent expression to (3.11):

amyn (wak(Af;J—l/“) +a +a)akwA’;J—1/“)
1
=—(1+-) [wi (775 Akdiv, 07" 03n) + (14 7+ @) dgw = Akdiv, 07" o4 |
1
+ (1 +a) ]« dw(AT AT — AJAD) 050" .o +Rnn (3.15)

We will present the details for normal derivatives (m = 0) on how the weight structure changes
and move onto tangential and mixed derivatives. Our first claim is that

05 (wik (44071 + (1 + Ak s~/
1 L k. n —L k. n
= (1 + - [wie (477 Abdivgd5n) + (1 + 0+ dhws ~« Abdiv, 921 ]
o
+ (L)~ wd3w(AIAT — ATADE o +Ron, (3.16)
where Ry, consists of lower order terms: for n > 1
Ro.n = Ro,n (3~ T wdl D*na] D, )~ 8, wdl Dnd] Dy,

8§w8§Dn3§_(i+j)Dagn, 8§Dw8§Dn8§_(i+j)Dn;
O<i<n—-1;1<j<n;i+j<n) (3.17)
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We will establish (3.16) inductively.
* Case of n =1 in (3.16). Note that

% (wak(A’;J—l/“) +a +a)akwA’;J—1/“)
= wdsdL (AR %) + 3w (AST %) + (1 + @) wds (AL T )
+(1+ a)dsdwal s (3.18)

The second term in the right hand side of (3.18) is not lower order with respect to the weight. We
rewrite it as

3w (A% T~/
1
=—(1+ )7V *3wAL ATk’
o
1 1
==L+ )T w AT A0 (1 + )T @ wAT ALDs o —d3wAT AL )
Now the second and third terms in (3.18) together become
3wk (AL 1) + (1 + «) dwds (AKT71)
1 —1/a Ak q; —1/a k ps kgs r
=—(1+E)(2+a)3kw1 AGdivyo3n + (1 +a)J Kw(ATAL — AL A3
1
+ (L4 )T e wAT ALD 5 —03wAT Ao )
but then, the second term in the right hand side when k = 3 reduces to 83w(A§!Aﬁ —

AYAS)N s = d3w(ATAT — AYA)031",» since when s =3, A3A} — A7 A3 = 0. Hence by
using (3.14) for the first term in (3.18), we see that (3.18) can be rewritten as

03 (wd (44771 4+ (1 + @) ab s~/
1 D A, —1/a gk 3
——(1+-) [wak (J aAjdw,,agn) FQ+a)wd Ajdlv,,agn]
1
+ (14 a)J "« d3w(ATAY — AJAD) 030" .o +Ro.1, (3.19)
where
Ro.1 := wd[J /¥ AFAS — JV* AR AS 130"
+ (1) e dew(ASAS — ASA%) sy s +(1 + ) 330w Ak J 1/

1
(14 ) (g wAT A3 —d3wAT AL s ).
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Note that
Ro.1 = Ro,1(wD*nd3 Dn, 3w Dnd3 D, 83 Dw Dn, 3w DnDds 1)

which consists of lower order terms. This verifies (3.16) forn = 1.
x Case of n > 1 in (3.16). Suppose we have (3.16). By taking 93 of (3.16), we first obtain

05! (wik (4571 4 (1 + ) gwaky 1)
1
——(1+-) [w838k (réA’;divnagn) + d3wdy (J—éA’;div,,a;n)]
1
— (14 )1 +n+a) [8kw83 (réA’;divnag’n) + a3akwréA’;div,,agn]
+ (1L + )3 (I 03w(ATAT = AZADI o ) + 3R0n
We rewrite the first three terms in the right hand side after rearrangement as
1
— (14 ) [wak (réA’;divnag’“n) FQ4nta)hw (J%A’;div,]ag’“n)]
1 1 1 )
— (14 ) [wak (ag(raA’;Ai)ag’n’,s) + 33w (raAﬁA;) ag’n’,s]
1 _1 . _1 . 1
~(+-) [a3wag (J aA?dw,,Bgln) — 8y wJ ¥ ATdiv, 0t n]
1 Lk o4 n_r
— (14 )1+ 0+ a)iwds (J aAjA,) s
where the first line is the main structural expression. Thus, we see that
951 (we (A1) + (1 + gl g1/
1
=—(1+-) [wak (réA’;div,,ag’“n) FQ24n +a)akwr$A’;divnagl“n]
1
+ (14 a)J "« d3w(AT AT — AAD I o +Ro s,
where
1 1 1
Rops1 == (1+-) wan (9 (17 AAT) 05" ) + o3wds (1= A7) o5 |
1
— (14 =) [a3wily (75 ATdivy8ln) — o wd ~e ATdiv, 5|
» :
1 —L ok asYan. r Lk g n
—(1+ (1 +n+a) [akw33 (J aAjA,) A s 30w s Aldiv, 9 n]
+ (1 +a)d (J—éaw(AjA;’ - AEA;)) M 5 +03R0n

which recovers (3.16) and (3.17) for n + 1.
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We will now move onto the tangential and mixed derivatives in (3.15). We first verify (3.15)
forn =0.
* Case of |m| > 1 and n =0in (3.15). Let us start with |m| =1 and n =0.

e (e (AL 71 + (1 + @) ab s =1/
= o (A5 1) 4 Brwd (AL TV + (1 4+ @) dwd, (AR T 1)
+ (1 + o) dpwAl g~/ (3.20)

Then the second term in the right hand side of (3.20) is indeed lower order since d; w behaves
like w. Hence we can rewrite it as

9, (wak(A(;J—l/“) +(1 +a)3kwA’;J—1/°‘)
1 N R Iy A
=—(1+ ) [wak (J aAidlv,,a,n)+(1+a)aka uA[dlv,,Brn]
1
+(1+ ) "w d3w(ATA] — ATAD) B +R1 0. (3.21)

where

R10 = wie[J "« ASAS — T ARASI 0" s +(1 4+ @) "5 9w (AT AL — AT A)den s
1
—(1+ ;)J‘l/“afwA’;Ajakn’,s +(1+ a)d  wAl e (3.22)
We observe R ¢ can be put into the following form

R1.0=R1.0(wD*nd; Dy, 3y wDnD*y, 3 Dw D)

which consists of essentially lower order terms with respect to the derivatives and weights. One
can take more tangential derivatives of (3.20) to obtain

o1 (wik (A5 (1 + Ak =)
1 L kg m L kg m
=—(1+-) [wak (J « Akdiv, o" '7) + (1 + o) dwJ ~a Akdiv, o" n]
1
+ (1 +a)J = dw(ATAT — AJAD)I ) o +Rom.0- (3.23)

where R, ¢ having the form in (3.12) consists of lower order terms.

* Case of [m| > 1 and n > 1in (3.15). The expression (3.15) can be derived by taking d; con-
secutively of (3.16). The point is that d; w behaves like w, unlike the action of 93, the weight
structure will not change under ;. Since the procedure is similar to the previous cases we omit
the details.
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Step 3 — High order energy estimates: We will now perform the energy estimates for (3. 10) for

1 < |m|+n < N. The energy inequality will be obtained by multiplying (3.10) by 9795 n] and
integrating over the domain. We will derive the estimates line by line.
e The first line in (3.10). The first term in (3.10) yields the energy term corresponding m, n in

E 1(\5) plus a commutator term

1d
/ a+nam83 77; B]ama3 T]”dx_ 25‘/\ Ol+nam83nt B]3m33 U,dx+R1

o Q
58,(”[)” + Ry,
where
1
Ry =_§f w* o7 95 m; B,B’a’"83 ’hdx 4/ w0 9y Bjama% ntdx
o Q

since |9, BB~!| is bounded due to the a priori bound (3.4). The second term in the first line of
(3.10) yields essentially lower order nonlinear terms since |p| + g < |m| + n. By using (3.4),
Lemma 3.4 and Lemma 3.5, one can deduce that those lower order terms are bounded by a
continuous function of E](VI) and E,(\{”).

e The second line in (3.10). The first term can be written

/ Ibakngmannl ck 007 03 dx
Q

1
=3 / oy 9k (w H""Jr"Ck )8’”83 nidx (by integration by parts)
Q

5/ w Moyl B 97 o nidx,
Q

where the last step is due to (3.4). The second term in the second line is lower-order with re-
spect to number of the derivatives and the weight and hence by standard nonlinear estimates
using (3.4), Lemma 3.4 and Lemma 3.5, we see that it is bounded by a continuous function of
E(I) and E(m)

e The third line in (3.10). We will use the expression (3.11). Multiplying (3.11) by 9;" 95 17,
and integrating, we have

/ w9 nd o oy (wak(A".J—l/“) +(1+ a)akwA’;J—l/“) dx

——(+ )fa’”a3 nld 1+"+“J—5A’;div,,afa§n) dx
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+(1+a)[w“+"a$’agn,fréa3w(A§A;’ — AJADT O o dx
Q

+/ w8 ) Ry
Q
=)+ U+ )

For (1), by integration by parts, we obtain
1 .
(H=d +E)/aka;"agn{ (w1+"+“réA’;.divnagn) dx
Q
1
=——1+ &)fw1+"+“r$|divnag"a§n|2dx
Q
1 1
- E(l + 5)/w””*“&,(r%)|div,,a;”a§n|2dx
Q
1 .
— 1+ ;)/aka;"agn/w”"”réa,A’;divna;"agndx
Q

The first term is the energy term 8,(75121 in El(él) and the last two terms are commuta-
tors. Since J, 9;J, 9;A are bounded due to (3.4), those commutators are bounded by
Jow! | div, 9797 0 2dx and [, w! 4| D37 37 n|2dx, which are in turn bounded by E .
For (II), we divide into cases. If n > 1, since

II a-tn i oarn
1(+)a =fw ForalnlJ v dsw(AIAY — AJAD W 9,070 ' s dx

Q

we deduce that it’s bounded by [, w3737 n,|*dx and [, w" |3, 3" ag_an|2dx, which

are in turn bounded by E ;,I) and E](é”). If n = 0, however, it is not immediate to see that it can be
controlled by our energy because it involves full tangential derivatives with only w® weight. For
l<im|<N-1,

0/)]
1+«

= ‘/w%ag’n,j]_alagw(A;Af — AJADWIAM g dx
Q

j/w“|a;"nt|2dx+/w“|a’;’+1n|2dx

Q Q
5/w°‘|a;"n,|2dx+/w“+2|a;”+1Dn|2dx+/w“+1|a;"+‘n|2dx
Q Q Q

SEY +EUY (since m| <N —1),
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where we have used Hardy inequality (3.7). Now let n = 0 and |m| = N, namely full tangential
derivatives. The previous trick via Hardy inequality would not directly work for this case. We
will aim to show the second inequality in (3.5) with the new term G. We will write it as two terms

first

1(+)a =/a;"n,fw“réagwA?A;’a?nr,a dx—/a;"n{w“réagwAfAja;"nr,d dx
Q Q
— (1), — (D) (3.24)

and rewrite the first term (I/I); by performing integration by parts in time and then space:

d ‘ .
() =Efa;"nfw“ang—%AﬁA;’a;"nf,gdx—/a?n/w“agwf—o%A;A;’a;"n{,adx
Q Q

- / 8" ) w3 wdy (J " AZA )OI g dx
Q

S“I*L

/ ol wdswd " ALAT T o dx + /ai”nf,aw“aawf’éAﬁAfai"nfdx
Q Q

+/a 77 8y (w® 3w J ~w A3 JAD) My d 3" w d3wd, (J ~ A3A”)8’" "o dx
Q

{O\

Note that the boxed term is the same as the other term (1) in (3.24), so they cancel out. Hence

n d
1+« dt

/8’”7] w*hBwJ aA3Af8;"nr,gdx

+/a;"nfag(w“amréAﬁAf)a;”n,’dx—/a;"nfw“a3wa,(J*$AjA;’)a;”n’,gdx
Q Q

A

=: E(l) + (ii) — (iii)

We can now employ the Hardy inequality (3.7) and (3.8) for (i), (if) and (iii). We will present
the detail for (i).

|@)] = /w Tz ]33wJ A Alw 8 n .o dx
Q
§C9[w°‘_1|8;”r/|2dx+9/w°‘+1|8§"Dr/|2dx by Cauchy-Swartz
Q Q
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5cg(s/w““w;”z)nﬁdx+C509/w““|a;"n|2dx
Q Q

+6 / w®t9™ Dy|*dx (by (3.8)).
Q

We can choose 6 and § small if necessary. This justifies the existence and estimate of G in the
second inequality in (3.5). Estimation of (if) and (iii) follows similarly by Hardy inequality:

1Gi)| + 1Gid)| 2 EP + EVD.
For (ZIl) containing lower order terms, by using (3.4), Lemma 3.4 and Lemma 3.5, one can
deduce that it bounded by a continuous function of E](\f) and E 1(6”). This concludes the proof of
Lemma 3.2.

3.4. Proof of Lemma 3.3

Let G = 9;"05n be given for fixed m and n. By taking a number of derivatives of (2.28), we
obtain

U/ D, 3G} — [D,8,GIL.U} + €*T2Ul (392G " — 02G" 9 YU/ = T, (3.25)

where

+ ara? | 2r2uruf a,n]a'" Pyt 192y (3.26)

In turn, we integrate in time (3.25) to get
U/ D, Gl — [D,GILU] + €*T2U] (3,G'o,n" — 8,G" i YU = S ., (3.27)
where 8, , consists of lower order terms:

Spon 1= (U{[DnG]Z — [D,GLLU + 2T2U7 (8,G a," — a,Gra,n’)U/) t

t t t
+/‘.Tm,,,dt+/a,(U{Aj)Gf,Sdz—/at(U,fAi)G",s dt
0 0 0
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t t
+/a,(ezrzvl.’U/a,n’)a,Gldr—/a,(ezrzul.’U,/a,n’)a,G’dz (3.28)
0 0
We will derive the estimates for G by taking the matrix scalar product of (3.27) with
wltetn [D,,G]. The first term gives a control of [D, G1:

f w! T D, G U! D, GY dx (3.29)
Q

The second term can be integrated by parts:

fw1+“+"[D,]G]§UJ[D,,G]{dx=/w1+“+"A§G",S U/ A¥GY i dx
Q Q

= / Irotn AS ARG UY GTdx — f(w“‘“") AFASG' U] G dx
Q
/w1+a+n(AsU]Ak) Gl Gldx =: (@) + (b) + (¢). (3.30)
Q

For (a), we integrate by parts again to get

(a):/wl+“+”div,7G U/ ID,Glldx + | (w't+")  ASAYG! , U/ G/ dx

Q

+ [ witetrn A AkUY) G G dx

and hence,

[ w0, 61Ul D, Gl dx = @)+ )+ @
Q
:/wl+“+”diVnG U/D,Glldx
Q
(') AT AKG! U Gl dx —

+ (w' Tty L AKASG U/ GYdx

Q
+ | wret AL AR U, G Gfdx—fw”“*"(AiUr"Af»‘),k G',G'dx
Q

:O\ :O\

It is clear that the last two terms are lower-order. The first term in the right-hand-side is bounded
by
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/ w!'t**diy, G U/ [ D, Gl dx
Q

=

/ w' Y D, G D, Gl dx + C / w | div, G dx.
o Q

1
8

The middle two terms need a special attention because they may not have the right weights, for
instance the second term when s = 3 and the third term when k = 3 would have stronger weight
w*t" than the desired weight w!T**”, This can be overcome through the Hardy inequality. Here
is the estimate of the third term when k = 3.

(1+a+n) fw“+"a3wA§[DnG]iUZGfdx

1
_6/ 1+0t+nUr[D G]r[D G]jdx+C/ Ol+n71|G|2dx
Q Q
(by the Cauchy-Schwarz inequality)

1
_6/ 1+a+nUr[D;7G]r[D G] dx+8/ 1+0[+n|DG|2dx
Q Q

+C5fw1+“+”|G|2dx by (3.8)
Q

OOIH

/w”‘””U [D,G1/[D,GY dx+C5/ Fetm G2 dx,
Q Q

where the last step can be achieved by choosing § > 0 appropriately.
The last term in the left-hand-side of (3.27) can be bounded by

/w‘+“+"62r2U[(a,G’a,n’ —8,G"9,n")U/ D,G1 dx
Q
<

/w‘+°‘+"U{[D,,G]{[D,7G]{dx+c/w1+°‘+"|a,G|2dx
Q Q

oo | —

It now remains to estimate the right-hand-side of (3.27):

1 . .
f w! D, G18, ndx < 3 f w!t* D, Gl U! [D,Gl/dx + C / wlterns, | 12dx
Q Q Q
Note that §,, ,, consists of initial data and the time integral of lower order terms. Standard non-

linear estimates by using (3.4), Lemma 3.4 and Lemma 3.5 and the integration by parts in time
when necessary (for instance, see [7]) yield
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1 11
[ w18 P < S En o, B Y0,
Q

where J is a smooth function. This establishes the first inequality of (3.6).
We further examine the dependence of initial data on Sm.n. It contains some terms depending

on the initial data: [U] [D,G]; — [D,G]. U +e2r2U7 (3,G' oy — 8,G"dyn"H U ];t _o Plus some
functions of 8{’8;1Cur1,7)( lr=0 -t for 0 < |p| <m and 0 < g < n, which come from X in Ty, , —

see (3.28), (3.26), and (2.29). Thus we needed the initial boundedness of not only E;{) and E](é”)

i)
Ey

but also E%V). We observe that E gV) contains one more time derivative than and we cannot

recover it by the estimates that have been presented so far. In order to estimate EJ(JV), we will
directly use (2.22). Then since

t
0795 Curly x = BgnagCurl,l)d[:O + f 07'93[0;, Curl,]x ds — /8'”83 l[Curl,,, F]at)() ds
0 0

by performing integration by parts in time for the second and third terms when necessary [7],
one can deduce that

/w““”‘” ‘8;”8§’Curlnx|2dx
Q

5/w1+“+" |8 9% Curl, x|, _y| dx +§(E§V’>, E}j”),z),
Q

which completes the proof the lemma.
4. Concluding observations
4.1. The Euler equations of non-relativistic fluids

The new a priori estimates in Theorem 3.1 are trivially valid for solutions to the Euler equa-
tions of non-relativistic fluids:

0o+ k(pour) =0
d(puj)+ ok(pujur + pdjr) =0. 4.1

Note that the second-order formulation above is simplified drastically when € = 0: we find
Clile=o=0and

w? Bij|E:()8,2ni + ak(wH“Al;J’]/“) =0,
with

J| o sipy+l s
Blle—o:=8/T7 =4/,
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which leads us to the second-order formulation in Lagrangian coordinates for non-relativistic
fluids

w* opn! + o (w' e AL~y = 0. 4.2)

Similarly, the curl equation (2.22) reduces to the non-relativistic curl equation when € =0
t
Curl;)9;n = Curlug + /[BI, Curl,]9;nds. “4.3)
0

The non-relativistic fluids enjoy much elegant structure as it can be seen from (4.2) and (4.3).
We observe that based on the new estimates obtained in Lemmas 3.2 and 3.3 (of course the proof
for the non-relativistic case is much simpler), one can establish the existence of the solutions to
(4.2) justifying Theorem 3.1 corresponding to € = 0 by a duality argument similar to [7].

4.2. The non-relativistic limit € — 0

Theorem 3.1 is valid for any fixed number € > 0 and it covers both relativistic and non-
relativistic fluids. The non-relativistic Euler equations are recovered by letting formally € — 0
in the relativistic Euler equations and hence, a natural question arises: can one establish the con-
vergence of the solutions of the relativistic Euler equations indexed by € to the solutions of the
non-relativistic Euler equations when € — 0 in the presence of vacuum? The estimates in The-
orem 3.1 have a uniform-in-€ bound for all sufficiently small €, and they allure the validity of
the non-relativistic limit € — 0 at least at the formal level. A rigorous justification, of course,
requires an existence theory for the relativistic Euler equations.

4.3. Final remark

As presented in the previous sections, the relativistic Euler equations exhibit an intriguing
structure and it is highly non-trivial to establish the existence of the solutions satisfying the a
priori estimates given in Theorem 3.1. In the case where the curl becomes trivial, there is no
need to keep track of the evolution of the curl and the control of the divergence energy would
suffice both for getting the estimates and for the existence theory. In that situation, the existence
result follows from our a priori estimates by a similar argument as done in [5,7]. Those cases
cover, for instance, 1 4+ 1 dimensional flows and 1 4+ 3 spherically symmetric flows.

To be more specific, let us briefly discuss here the existence theory for 1 4+ 1 dimensional
fluid flows where 2 is the interval [0, 1]. In that case, the main unknown is a scalar function
n:[0,T] x[0,1] > R, and J = A"l = dx7n. The second-order Lagrangian formulation corre-
sponding to (2.26) reads as

w? Batzn+wa+1C8x8m+Bx(w““J_(H“)/“):O, J =0y,

where B and C depending on 9,1, d,n are scalar functions exhibiting the same structure as
in (2.27) (take i, j, k = 1). Since the energy estimates in Lemma 3.2 yield the necessary bounds
for the total energy of 9,1 and 9,7 in the desired weighted norms, the duality argument and the
approximate schemes developed in [5,7] apply along similar lines. The existence problem for
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general relativistic fluids in a vacuum remains open, and we conjecture that this problem does
admit a solution which has precisely the regularity implied by our a priori bounds. We leave its
rigorous justification for future study.
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