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Abstract

We consider the energy supercritical wave maps from R4 into the d-sphere S? with d > 7. Under an
additional assumption of 1-corotational symmetry, the problem reduces to the one dimensional semilinear
wave equation

d-1) d-1 .
afuzaZqu " Oru — ¥ sin(2u).

We construct for this equation a family of C°° solutions which blow up in finite time via concentration of
the universal profile

)
unn~ 0 (m)

where Q is the stationary solution of the equation and the speed is given by the quantized rates
I
A ~cy(T—1)7, LeN* L>y=ypd) e(l,2].
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The construction relies on two arguments: the reduction of the problem to a finite-dimensional one thanks
to a robust universal energy method and modulation techniques developed by Merle, Rapha¢l and Rodni-
anski [49] for the energy supercritical nonlinear Schrodinger equation, then we proceed by contradiction to
solve the finite-dimensional problem and conclude using the Brouwer fixed point theorem.

Crown Copyright © 2018 Published by Elsevier Inc. All rights reserved.
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1. Introduction

Let (N, k) be a complete smooth Riemannian manifold of dimension d with dN = . We de-
note spacetime coordinates on R+ a5 (t,x)=(xq)withO <o <d. Awavemap O : Rt 5 N
is formally defined as a critical point of the Lagrangian

L(D,3P) = f g (0.0, 81L<I>>hdtdx,

RI+d

where g = diag(—1,1,---,1) is the Minkowski metric on R+ and 9, = % In the local
coordinates on (N, ), the critical points of £ satisfy the equation

D@k + g T ()3, '8, ®/ =0, 1<k =d, (1.1)

where Ffj are Christoffel symbols associated to the metric & of the target manifold N, and [,
stands for the Laplace—Beltrami operator on (R'*?, g) defined by

Dgl/{ = 8” — A.

A special case is when the target manifold N = S? < R!*¢  equation (1.1) becomes

32D — AD = (VD> —19,D]%). (1.2)

Under the assumption of 1-corotational symmetry, namely that the solution takes the form

[ cosu(|x], 1))
D(x,1)= <L Sin(u(|x|,t))>’

x|

equation (1.2) reduces to the semilinear wave equation

(1.3)

02u = 02u + o0 — YD sin(Qu),
(u, du) |1=0 = (uo, u1),
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where u(t) : r € Ry — u(r,t) € Ry. The set of solutions to (1.3) is invariant by the scaling
symmetry

- - 1 t
u(r,t) = (u Btu)(r, t)— u)(r,t) :=\u, —ou i, -1, Vi>0.
A A A
The problem (1.3) exhibits a conserved energy
+00
£ P 2, d=1) . 5 d-1
(u)(t) = |Osu|” 4+ |0, ul” + 5— sin (u) ) r“"dr = const., (1.4)
r
0

which satisfies
EGiy) = 1172E (D).

This means that the wave map problem (1.3) is energy subcritical if d = 1, critical if d =2 and
supercritical if d > 3.

The Cauchy problem for wave maps has been extensively studied, see for examples, Shatah
and Shadi Tahvildar-Zadeh [62], Shatah and Struwe [60,61], Struwe [63], Tataru [66,67]. It is
well understood that the Cauchy problem is locally well posed for initial data in H* x H*~! with
s > % (see Klainerman and Machedon [33] for d > 3, Klainerman and Selberg [34] for d = 2,
Keel and Tao [32] for d = 1) and the solution can be continued as long as the H®-norm remains
bounded. We refer the reader to the paper by Krieger [35] for a survey on these results and a
detailed list of references. It is well known that the solution u(r, #) may develop singularities in
some finite time (see for example, [13] and [59]). In this case, we say that u(r, #) blows up in a
finite time 7' < 400 in the sense that

lim ||Vu(t)|| Lo = +o00.
t—>T
Here we call T the blowup time. In this paper, a blowup solution is called Type I if

limsup(T — 1) |[|Vu ()| L~ < 400, (1.5)

t—T

otherwise, it is called Type II.
In the energy critical case d = 2, Struwe [64,65] proved that blowup cannot be self-similar.
A solution u is said to be self-similar if it is of the form

r
’t = ) = 4 >
urt)y =), y=3—

where T is a positive constant and ¢ is a smooth function solving the ordinary differential equa-
tion

(1 —y?) a1, ) 1.6
Y@y + y y )y 22 sin(2¢) = 0. (1.6)

Note that Struwe’s result does not imply that blowup actually occurs. However, numerical evi-
dences by Bizon, Chmaj and Tabor [6], Isenberg and Liebling [31] strongly suggest singularity
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development for certain positively curved targets. Later, the existence of finite time blowup so-
lutions for equivariant wave maps from (2 + 1) Minkowski space to the S?-sphere has been
constructively proved by Krieger, Schlag and Tataru [36], Carstea [12], Rodnianski and Ster-
benz [57], Raphaél and Rodnianski [53]. It is worth mentioning the work by Cbte et al. [18,19]
where the authors establish a classification of blowup solutions of topological degree one' with
energies less than 3£(Q, 0), where Q(r) = 2arctan(r) is the unique (up to scaling) non trivial
solution to the equation

1 _ sin(2Q)
er + ;Qr - 2r2 .

In particular, they show that a blowup solution of degree one is essentially a decomposition of
the form

i) =h+ (Q (M) ,o) +E@), At)=o(T —1),

where % and € are of topological degree zero, £ (l_i) is less than 2E£(Q, 0) and £(€)(¢) goes to
zero as t — T'. This result reveals the universal character of the known blowup constructions for
degree one of [36] and [53].

In the supercritical energy case d > 3, we have the following explicit solution of (1.6)

@o(y) = 2arctan (J;Tz) . (1.7)

This self-similar solution was found by Turok and Spergel [68] for d = 3 (see also Shatah [59]
for an earlier result) and by Bizon and Biernat [4] for d > 4. For d = 3, the solution (1.7) is
proved to be stable by Donninger [20], Donninger, Schorkhuber and Aichelburg [21], Costin,
Donninger and Xia [16]. This stability is recently proved for all odd dimensions by Chatzikaleas,
Donninger and Glogic [14]. This self-similar solution is expected to be generic through numerical
simulations in [5] and [4]. When 3 < d < 6, we note that there exists an infinite sequence of
globally regular solutions ¢, for (1.6) (see [3]) where the index n denotes the number of zeros
of ¢/, in (0, 1).

When d > 7, Biernat [1] shows the existence of a stationary solution Q for equation (1.3),
namely that Q solves

—1
//+(d )

r

d—1
0 0 — ( >3 )sin(ZQ)zO, 0(0)=0, 0'(0)=1. (1.8)

The solution Q is unique (up to scaling) and admits the behavior for r large,
om="_% (2 (1.9)
rN=——-—+ol|—, .
2 rY rY

for some ag = ap(d) > 0 and y = y(d) is given by

1 Following the definition in [18], a solution i is of degree n if £(if) is finite and u(r =0, 1) =0, u(r = co, t) = nx.
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y(d):%(d—Z—)?)e(lﬂ] for d > 7, (1.10)

where
v =+d*—8d+8.

It happens that the asymptotic behavior of the stationary solution Q given by (1.9) plays an
important role in the construction of Type II blowup solutions for an analogous problem for the
heat flow

d-1 (d-1)

du=0%u + - du — > sin(Qu). (1.11)

In [27], we construct for equation (1.11) a family of C° solutions which blow up in finite time
via concentration of the profile

,
u(r, r) ~ Q<m>,

where X is given by the quantized rates

4
AM)~(T —1t)r ast—T,

for £ € N* satisfying 2¢ > y. Note that the same blowup rate was obtained by Biernat and Seki
[2] through a matched asymptotic method. More precisely, we have successfully adapted the
strategy developed by Merle, Raphaél and Rodnianski [49] for the study of the energy supercriti-
cal nonlinear Schroédinger equation to construct for equation (1.11) type II blowup solutions. The
method relies on a two step procedure:

e Construction of a suitable approximate blowup profile through iterated resolutions of elliptic
equations. The fail computation allows us to formally derive the blowup speed.

e Implementation of a robust universal energy method to control the solution in the blowup
regime through the derivation of suitable Lyapunov functional, which relies on neither spec-
tral estimates nor the maximum principle and may be easily applied to various settings.

The method of [49] has been also proved to be success for the construction of type II blowup
solutions for the energy supercritical semilinear heat and wave equations by Collot [10,11].
In this paper, by considering the case when

d>1,
we ask whether we can carry out the analysis in [27] to construct solutions for equation (1.3)
which blow up in finite time via concentration of the profile Q. The following theorem is our

main result.

Theorem 1.1 (Existence of type Il blowup solutions to (1.3) with prescribed behavior). Let d > 7
and y be defined as in (1.10), we fix an integer

LeN* with £>vy,
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and two numbers o € R, , s € N such that
O<0—%<<l and 1<Ks=5{)—> +00 as £ — +o0.
Then there exists an open set of initial data of the form
(o, 1) = (Q,0) + (g0, £1), (c0,€1) €O C (H® N H®) x (Ha—l N Hﬁ—l) ,

such that the corresponding solution to equation (1.3) satisfies

u(r,t):Q(ﬁ)—i—e(%,t) (1.12)
where
3(0) = cluo, u)(T —1)7 (1 + 0,7 (1)), c(ug.uy) >0, (1.13)
and
}LH; (@), Aorel gux fu-—1 =0, Vu € [o,s]. (1.14)

Remark 1.2. Since y € (1,2) for d > 8 and y =2 for d = 7, the condition £ > y requests that
£>2ford > 8 and £ > 3 for d =7. As for the case £ = y, which only happens in the case d =7
with £ = y = 2, we expect that the blowup rate (1.13) would involve some logarithmic correction
of the form

T—t

~ m for some v > 0.
og —

A1)

This logarithmic gain would be related to the growth of the approximate profile at infinity. Al-
though our analysis would be naturally extended to this case, this seems to require some crucial
modification in the construction of an approximate profile and this would be treated in a separate
work.

Remark 1.3. The proof of Theorem 1.1 involves a detailed description of the set of initial data
leading to the type II blowup with the quantization of the blowup rate (1.13). In particular, given
£ e N* L>1ands~ L, our initial data is of the form

iio = Op0) + o (1.15)

where éb is a deformation of the ground state Q_: (Q.0), and b= (by,---,br) correspond
to possible unstable directions of the flow in the H® x H*! topology in a suitable neighbor-

hood of Q. We show that for all Gy € O C (FI" N Hs) x (H"*1 N I-'Iﬁfl), where the set
O is built on the linearized operator (see Definition 3.1 for its precise description of O) and

for all (bl(O), bey1(0),---,br (O)) small enough, there exists a choice of unstable directions
(bz(O), -, by (O)) such that the solution of (1.3) with initial data (1.15) satisfies the conclusion
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of Theorem 1.1. The control of (¢ — 1) unstable modes is done through a topological argument
based on Brouwer’s fixed point theorem. In some sense, the set of blowup solutions we construct
lies on a (£ — 1) codimension manifold in the radial class whose proof would require some Lip-
schitz regularity of the set of initial data we consider and it would be addressed separately in
detail.

Remark 1.4. It is worth mentioning that our analysis relies only on the study of supercritical
Sobolev norms built on the linearized operator, thus, the finiteness of the H I horm of the initial
data is not requested. Roughly speaking, the initial data (u¢, 1) can be taken smooth and com-
pactly supported, namely that if u = Q + ¢, we take &(r) ~ —Q(r) for r > 1. Since the energy
is conserved, our constructed solution can be taken to be of finite energy or even compactly sup-
ported. As a matter of fact, the finite energy together with the constructed manifold mentioned
in the previous remark ensures that the original solution ® to the wave map equation (1.2) is
smooth up to the blowup time.

Remark 1.5. We note from (1.12) that
4
pu, ) ~A MO ~T -7 >T—-0"" ast—T.
This implies that our constructed solution is of Type II blowup in the sense of (1.5).

Remark 1.6. Following the work by Cote et al. [18,19] where the question of the classification
of the flow near the special class of stationary solution Q are considered in the energy critical
setting, i.e. d =2, we would address the same question for the energy supercritical case d > 7.
In Theorem 1.1, the constructed blowup solutions exhibit the decomposition of the form (1.12).
Here we ask for a converse problem, namely that if blowup does occur for a solution i, in which
energy regime and in what sense does such the decomposition (1.12) always hold?

Remark 1.7. It is worth mentioning the work of Krieger—Schlag—Tataru [36], where the authors
constructed for equation (1.3) in the critical case d = 2 blowup solutions of the form

u(r,t)=Q0@r()) +e@1t), r<t,
where ¢ has local energy going to zero as r — 0 and A(f) ="~ with v > % arbitrary. Analo-
gous results are also established in [37,38] (see also [22]) for the critical semilinear wave equation
and the critical Yang—Mills problem. The existence of the continuum of blowup rates established
in [36-38] is an interesting phenomena and it is different from our result where the blowup rate
(1.13) is discretely quantized. The discrete quantization of blowup rates has been previously de-
rived in [53], [55], [49], [27], [11], [10], ..., where the constructions of blowup solutions are
based on the modulation theoretic approach. A remarkable difference between the two methods
is the smoothness of the constructed solutions. This is to say that the solutions obtained in [36]
is not smooth, which is contrary with the ones obtained by the modulation technique. We sus-
pect that such an existence of a continuum of blowup rates only happens in hyperbolic problems.
A more evidence is due to the work by Collot—-Ghoul-Masmoudi [15] for the Burger’s equa-
tion with a transverse viscosity, where the authors observe that there also exist blowup solutions
with a continuum of blowup rates if one does not impose smoothness on the solution before the
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blowup time. An interesting question after our work is that whether there exist blowup solutions
to equation (1.3) in the case d > 7 with a continuum of blowup rates?

Let us briefly explain the main steps of the proof of Theorem 1.1, which follows the strategy
developed in [49] for the energy supercritical nonlinear Schrodinger equation. We would like to
mention that this kind of method has been successfully applied for various nonlinear evolution
equations. In particular in the dispersive setting for the nonlinear Schrédinger equation both in the
mass critical [43—46] and mass supercritical [49] cases; the mass critical gKdV equation [39-41];
the energy critical [24], [30] and supercritical [11] wave equation; the two dimensional critical
geometric equations: the wave maps [53], the Schrodinger maps [48] and the harmonic heat flow
[54,55] and [27]; the semilinear heat equation in the energy critical [58] and supercritical [10]
cases; and the two dimensional Keller—Segel model [56], [25]. In all those works, the method
relies on two arguments:

e Reduction of an infinite dimensional problem to a finite dimensional one, through the deriva-
tion of suitable Lyapunov functional and the robust energy method as mentioned in the two
step procedure above.

e The control of the finite dimensional problem thanks to a topological argument based on
index theory.

Note that this kind of topological arguments has proved to be successful also for the construction
of type I blowup solutions for the semilinear heat equation in [9], [47], [51] (see also [50], [23]
for the case of logarithmic perturbations, [7], [8] and [26] for the exponential source, [52] for the
complex-valued case), the Ginzburg—Landau equation in [42] (see also [69] for an earlier work),
a non-variational parabolic system in [28,29] and the semilinear wave equation in [17].

For the reader’s convenience and for a better explanation, let’s first introduce notations used
throughout this paper.

Notation. The equation (1.3) can be put in the following first-order form:
&ii = F(@), i(t):R? >R xR, (1.16)

where we denote by

u = . u)— _ _ . .
Uy 02u; + dr—larul — % sin(Qup)

In what follows the notation # always refers to a vector whose coordinates are (Z;) The stationary
solution of (1.16) is denoted by
- (2
5-(9)

where Q is introduced in (1.8) and (1.9).

We denote by
<u, v):/uv and (ﬁ,ﬁ):[ﬁ.ﬁ:/u1v1+/u2vg.
R4

R4 R4 R4
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For each d > 7, we define

h=|%-y]eN¥
§=(4—-y)—n 8e(0,1),

where | x| € Z stands for the integer part of x which is defined by |x| <x < |x| + 1.7

For each k € N, we denote by
kA2:=k mod?2.

Given a large odd integer L > 1, we set
k=L+h+1.

We fix 0 € R such that

o — —

1
< =<K
3= <

L2

d
o> — and
2
Given by > 0 and A > 0, we define

Bo= L. B =gl 0<,,<L<<1
0 bl’ 1 0 s _L2 s

and denote by

() =f(y) with y= %

(1.17)

(1.18)

(1.19)

(1.20)

Let x € C3°([0, +00)) be a positive non increasing cutoff function with supp(x) C [0, 2] and

x = 1on [0, 1]. For all M > 0, we define

xm(y) =X (%)

We introduce the first order differential operators

= (AN
Af=ydyf, Df=f+yof Af:(sz)'

The linearized operator near the stationary solution é is then defined by
0 -1
7=z 9]
so that
FO+§) =-#G+N@),

(1.21)

(1.22)

2 Note that § # 0. Indeed, if § = 0, then there is m € N such that 2y =d — 2m € N. This only happens when y =2 or

y:%becauseye(1,2].Thecasey:2givesd:7andm:%¢N.Thecasey:%givesd:%¢N.
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where

L =0,y — (d; D 3, + é with Z(y) = (d — 1) cos(2Q(y)), (1.23)

and N is the purely nonlinear term

_ 0 0
N(ﬂ)=< 1) . )=( ) (1.24)
P\ [sin0 +291) - 5in20) — 20052 0)n1) ~ \N(gn)
We denote by J#* the adjoint of JZ,

0

=]

%ﬂi| satisfying (i, ¥) = (ii, 770).

‘We let the matrix

0 -1
J= |:1 0 j|, (1.25)
and define the adapted norm for k € N*,
||ﬁ||i=fu1$"u1 +/uz$"‘luz. (1.26)
R4 Rd

Note that the norm defined by (1.26) is actually positive thanks to the factorization of .Z (see
Lemma 2.2 below),

L= .

For k € N, we define the suitable derivative for any smooth function f:

=LY fun=d LY fo=f (1.27)

Strategy of the proof. We now summary the main ideas of the proof of Theorem 1.1, which
follows the road map in [27] and [49].

(i) Renormalized flow. Following the scaling invariance of (1.3), let us make the change of vari-
ables

. _(wi _ (W _ d_s = L
Wy, 5) 1= <wz>(y’s) - (Mtz) OS5I @ T

which leads to the following renormalized flow:

s

. L2 . A
osw + b1 Aw = F(w), with blz_T' (1.28)
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As we will show later that b; — 0 as s — +00, the leading part of the solution w(y, s) is given
by the ground state profile Q(y). That is why, we introduce

G0, s)=w(y,s)— 0,
then g solves
3G + G +biAG=—bAO + NG, (1.29)

where the nonlinear term is given by (3.12).

(ii) Properties of the linearized operators £ and 7. The linear operator . admits the follow-

ing factorization (see Lemma 2.2 below)

1
L=, df:—AQ%(é), ﬁ*f:yd_TQay(yd_lAQf), (1.30)

which simplifies the computation of .Z~! (see Lemma 2.6 below). The factorization (1.30) im-
mediately follows

Z(AQ)=0. (1.31)
Note from (1.9) that
AQ ~ y_V as y— +o0o,
with y defined in (1.10). We can compute the kernel of .Z* through the iterative scheme
Lorr1=—¢r, ¢o=AQ, (1.32)
which displays a non trivial tail at infinity (see Lemma 2.9 in [27])

k() ~ ey for y > 1. (1.33)

The identity (1.31) also yields
A (AQ) =0.

Furthermore, knowing .#~! we can define the inversion of .7 as follows

-1 _ 0 z!
Al -
More generally, the kernel of 7% is computed by
> sz = _ (%o
HTrr1=—Tr with To=AQ = 0) (1.35)

In particular, we have
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. . 0
Ty = (%k) Tojy1 = <¢k>- (1.36)

(iii) Tail dynamics. Following the approach in [27] and [49], we look for a slowly modulated
approximate solution to (1.28) of the form

W(y,s) = Opes) (),

where
R . L R L+2 R
b=(b1,-,br), Qb =00+ Y bTe(+ Y Si(y,b) (1.37)
k=1 k=2

with a priori bounds
b~ by, ISk(y bl S BT

so that S‘k is in some sense homogeneous of degree k in b1, and behaves better than fk at infinity.
The construction of S; with the above a priori bounds is possible for a specific choice of the
universal dynamical system which drives the modes (bx)1<k<z . This is so called the tail compu-
tation. Let us illustrate the procedure of the tail computation. We plug the decomposition (1.37)
into (1.28) and choose the law for (bx)1<k<z Which cancels the leading order terms at infinity.

— At the order O(b1): we cannot adjust the law of b; for the first term’ and obtain from (1.29),
bi(ATi +AQ)=0.
— At the order O(b3*, byp), k=1,---, (L + 1)/2: We obtain
(bak—1)s Tak—1 + b1bo—1 ATog—1 + by Toy + HSoy, = b%kﬁzk—l(é, Ti, -, Dy—1),

where ]\721(_1 corresponds to nonlinear interaction terms. Note from (1.36), (1.33) and (1.35), we
have

ATy~ @2k —1=y)Ty_y for y>1, ATy =—-Ty_1,

and thus,
(bak—1)s Tox—1 + b1bog—1 ATt + boy 7 Tie ~ [(bak—1)s + 2k — 1 — y)biby—1 — bzk]fzk—l-
Hence the leading order growth for y large is canceled by the choice
(bak—1)s + 2k = 1 = y)b1bog—1 — bax = 0.
We then solve for

S Soy = —b%k(Afqu — 2k —1=y)Ty-1) +b%k]_\}2k71(é, Ty, Ty1),

3 §f (by)s = —c1 by, then —As /A ~ by ~ ¢~ €15 hence after an integration in time, | logA| < 1 and there is no blowup.
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and check the improved decay
1S3y, DI STV for y> 1.
— At the order O(b%k"’l, by+1), k=1,---,(L+1)/2: we obtain an elliptic equation of the form

(ba)s Tak + b1bax ATog + boy1 5 Doyt + A Soi1 = b%kHX’zk(é, Ti,-- ., To).
From (1.36), (1.33) and (1.35), we have

(ba)s Tak + b1box A Tog + bjey1 A Togey1 ~ [(b2x)s + 2k — y)b1by — b2k+1]f2k,

which leads to the choice

(bar)s + 2k — y)bi1bog — bopy1 =0,

for the cancellation of the leading order growth at infinity. We then solve for the remaining S2k+1
term and check that |52k+1 < b2k+1 2k=2=v for y large. We refer to Proposmon 2.13 for all

details of the tail computation. Note that for k large enough, the profile Tk and Sk have irrelevant
growth at infinity. For this reason we cut Ty and Sy in the zone y ~ Bj in order to obtain a suitable
approximate profile, namely that the approximation (1.37) is replaced by

L+2
Obo () = OO + x5, (Z beTe(y) + ) Sk(y, b))

k=1 k=2

All the computation is then done in the zone y ~ Bj or in the original variable r ~ AB] ~
(L
0 =01, which is slightly beyond the light cone.”

(iv) The universal system of ODEs. The above procedure leads to the following universal system
of ODEs after L iterations,

(b)s + (k —y)biby — b1 =0, 1<k=<L, bry1=0,
As ds 1 (138)
A dt A’
The set of solutions to (1.38) (see Lemma 2.16 below) is explicitly given by

b (s)

%, 1<k<L,
= LeN, L>y,
ap=—Yle, 1<k=<t-1,022, (1.39)

4 In [36-38], the approximate solutions are constructed inside the light cone.
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In the original time variable 7, this implies that A(¢) goes to zero in finite time 7 with the asymp-
totic

M)~ (T —1)7.

Moreover, the linearized flow of (1.38) near the solution (1.39) is explicit and displays £ — 1
unstable directions (see Lemma 2.17 below).

(iv) Decomposition of the flow and modulation equations. Let the approximate solution Qj be
given by (1.37) which by construction generates an approximate solution to the renormalized
flow (1.28),

Wy = 850p + b1 AQp — F(Qp) = Mod + OBt t?),
where the modulation equation term is roughly of the form

L

Mod = > "[(be)s + (k — ¥)b1bg — b1 | Ti.
k=1

We localize éb in the zone y < Bj to avoid the irrelevant growing tails for y > % We then take
initial data of the form

ii0(y) = Op0)(») + Go(»),

where go is small in some suitable sense and b(0) is chosen to be close to the exact solu-
tion (1.39). By a standard modulation argument, we introduce the decomposition of the flow

Dy, $) = (Obs) + ) (3, 5), (1.40)

where L + 1 modulation parameters (b(¢), A(¢)) are chosen in order to manufacture the orthog-
onality conditions:

<,%ﬂka,c1>M>=o, 0O<k<L, (1.41)

where ® m (see (3.4)) is some fixed direction depending on some large constant M, generating
an approximation of the kernel of the powers of . This orthogonal decomposition (1.40),
which follows from the implicit function theorem, allows us to compute the modulation equations
governing the parameters (b(¢), A(t)) (see Lemmas 4.3 and 4.4 below),

L
+ 3 |Br)s + k= )bibe — b1 | S NG hoe + 07O (1.42)
k=1

AS—}—b
2 1

where ||G||1oc measures a spatially localized norm of the radiation g and v (8, ) > 0.

(v) Control of Sobolev norms. According to (1.42), we need to show that local norms of g are
under control and do not perturb the dynamical system (1.38). This is achieved via high order
mixed energy estimates which provide controls of the Sobolev norms adapted to the linear flow
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and based on the powers of the linear operator 7. In particular, we have the following coercivity
of the high energy under the orthogonality conditions (1.41) (see Lemma A.4),

() = 1GOF 2 NG5 st

where k is given by (1.18) and the norm is defined by (1.26). The energy estimate is of the form

for some v(6,n) >0, (1.43)

2L+1+2u(5 m
d Ex + b M <
ds | aZk—d [~ T ok

where the right hand side is the size of the error ‘l/b in the construction of the approximate

profile Qb above, and M corresponds to an additional Morawetz type term (see (4.44) for a

precise definition of M) which is needed to control &k locally (see Proposition 4.6). Note that

the successful key in deriving such a Morawetz type control is due to the fact that the linear

operator .Z is positive in H'ford >7.An integration of (1.43) in time by using initial smallness
J4

assumptions, by ~ b{ and A(s) ~ bfT” yields the estimate

2L+2v(8,
1G 13, it S Giels) S by T2Y0,

which is good enough to control the local norms of g and close the modulation equations (1.42).
Note that when estabhshlng the formula (1.43), we need to deal with a nonlinear term which

is roughly of the form L. In order to archive the control of this term, we derive the following
monotonicity formula for the low Sobolev norm

1+%(207d)+e

- d &, b
& =191 go y o1, s {)Lzag—d } < 3o for some € > 0.

Integrating in time yields the bound

4
L Qo-ad)
E(s) Shy ;

which is enough to close the estimate for the nonlinear term.

The above scheme designs a bootstrap regime (see Definition 3.2 for a precise definition)
which traps blowup solution with speed (1.13). According to Lemma 2.16 and 2.17, such a
regime displays (£ — 1) unstable modes (b3, - - - , by) which we can control through a topological
argument based on the Brouwer fixed point theorem (see the proof of Proposition 3.6), and the
proof of Theorem 1.1 follows.

The paper is organized as follows. In Section 2, we give the construction of the approximate
solution @, of (1.3) and derive estimates on the generated error term W; (Proposition 2.13) as
well as its localization (Proposition 2.15). We also give in this section some elementary facts
on the study of the system (1.38) (Lemmas 2.16 and 2.17). Section 3 is devoted to the proof
of Theorem 1.1 assuming a main technical result (Proposition 3.7). In particular, we give the
proof of the existence of the solution trapped in some shrinking set to zero (Proposition 3.6) such
that the constructed solution satisfies the conclusion of Theorem [.1. Readers not interested in
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technical details may stop there. In Section 4, we give the proof of Proposition 3.7 which gives
the reduction of the problem to a finite-dimensional one; and this is the heart of our analysis.

Acknowledgments. The authors would like to thank C. Collot for his helpful discussion con-
cerning this work and the anonymous referee for a careful reading and suggestions to improve
the presentation of the paper.

2. Construction of an approximate profile

This section is devoted to the construction of a suitable approximate solution to (1.3) by using
the same approach developed in [49]. Similar approaches can also be found in [54], [30], [56],
[58], [10], [11] and [27]. The key to this construction is the fact that the linearized operator .7
around é is completely explicit in the radial setting thanks to the explicit formulas of the kernel
elements.

Following the scaling invariance of (1.3), we introduce the following change of variables:

R [ wi as o ds_ 1 21
w(yas)— <w2)(yﬂs)—<)\u2)(rat)’ Y—m, E_m’ ( . )

which leads to the following renormalized flow:

s

- R . A
osw+ b Aw = F(w), with b1=—7. 2.2)

_ Let us assume that the leading part of the solution of (2.2) is given by the harmonic map
0= (g), where Q is the unique solution (up to scaling) of the equation

d—1
ny@=D
y

Q 0 sin2Q) =0, Q(0)=0, 0'(0)=1. (2.3)

/ (d_l)
— 22

We aim at constructing an approximate solution of (2.2) close to Q The natural way is to lin-
earize equation (2.2) around Q, which generates the operator defined by (1.22). Let us now recall
the properties of 77 in the following subsection.

2.1. Structure of the linearized operator

In this subsection, we recall the main properties of the linearized operator .7 close to é,
which is the heart of both construction of the approximate profile and the derivation of the
coercivity properties serving for the high Sobolev energy estimates. Let us start by recalling
the following result from Biernat [1], which gives the asymptotic behavior of the harmonic
map Q:

Lemma 2.1 (Development of the harmonic map Q). Let d > 7, there exists a unique solution Q
to equation (2.3), which admits the following asymptotic behavior: For any k € N*,
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(i) (Asymptotic behavior of Q)

k .
y4 3 ¢y 4 O3 as y—0,
i=1

b/ ao 1 1
Toplro(p)rols)] @ v

where y is defined in (1.10), y = ~/d? — 8d + 8 and the constant ag = ap(d) > 0.
(ii) (Degeneracy)

Q(y) =

k .
y+ Z Cl{y21+1 + O(y2k+3) as y— 07
AQ >0, AQ()= =t

1 1
M[1—i—(’)(—2>—i—(9<—~>:| as y— +oo.
Y y yY
Proof. The proof can be found at pages 184—185in [1]. O

A remarkable fact is that the linearized operator . admits the following factorization.

Lemma 2.2 (Factorization of £). Let d > 7 and define the first order operators

o oy + ¥ A0d, (2
w=—-0yw+ —w=— — ),
y y "\ a0
1 \% 1
w= 0, (7 w) + Sw=— -, (¥ A Qw),
ydfl y( ) y ydﬁlAQ y
where
14+0>(?) as y—0,
V(y):=Alog(AQ) = 1 1
-y+0(=)+0| = as y— +o00.
y yr
We have

b=, L=
where . stands for the conjugate Hamiltonian.

Remark 2.3. The adjoint operator .27* is defined with respect to the Lebesgue measure

+00 +00

f(sziu)wyd_ldyz / u(*w)y?dy.
0 0

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Remark 2.4. The factorization (2.9) immediately implies that
Zw=0 ifandonlyif w espan{AQ,T},

where

; dx
= _AQ/ (A Q)
1

which admits the asymptotic behavior

1
W + O(y) as y — 0,
ro) = | | (2.10)
ol —— .
aor@d—2—2y)y27 © (yd—y> 4y e
Remark 2.5. We have
AZ
.Z(Aw):A(fw)—i—ZZw——zw. (2.11)
y

Since .Z (A Q) = 0, one can express the definition of Z through the potential V as follows:

Zy)=VZ+ AV +(d—-2)V. (2.12)
Let Z be defined by
. d—1 Z
L =0y, 8>+ﬁ’ (2.13)

then, a direct computation yields

ZM=(V+D*+@-2)(V+1)—AV. (2.14)

The factorization of . allows us to compute .#~! in an elementary two step processes as
follows:

Lemma 2.6 (Inversion of £). Let f be a C* radially symmetric function and Lw = f, then

y y

2 w(x) . 1 _

w= —AQ/ A0 dx with ow= YV TAQ / FAQ)x? " dx. (2.15)
0 0

Proof. See Lemma 2.5in [27]. O
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Knowing .Z~!, we can easily defined the inversion of .7 as follows:

-1
1= [_01 "Z;) } (2.16)

By a direct check, we have

Z5 0 0 -k
A = (- |: 0 gk:| and % = (—1)* [$k+1 0 :| (2.17)
and
. pk 0 . 0 _pk+1

H 2k=<—1>’“[ 0 gk} and D = (—1)f [_gk 0 } (2.18)

2.2. Admissible functions

We define a class of admissible functions which display a suitable behavior both at the origin
and infinity.

Definition 2.7 (Admissible function). Fix y > 0, we say that a smooth vector function )? €
C*®([R4+,R) x C*®°(R4, R) is admissible of degree (pi, p2,t) € N x R x {0, 1} if

(i) ¢ is the position:
f= (g) ift=0, f= (?) ifi=1.

(i1) f admits a Taylor expansion to all orders around the origin,

P
fo=Y  a+oe");

k=p|—t.k even
(iii) f and its derivatives admit the bounds, for y > 1,
VkeN, [ayfnl Sy Tk
Remark 2.8. Note from (2.5) that AQ = (AOQ) is admissible of degree (0, 0, 0).
One note that .77 naturally acts on the class of admissible function in the following way:

Lemma 2.9 (Action of 7 and ¢~ on admissible functions). Let f be an admissible function
of degree (p1, p2,1) € N x R x {0, 1}, then:

@) Af is admissible of degree (p1, p2, 1).

(ii) A [ is admissible of degree (max{t, py — 1}, p2 — 1, (L +1) A 2)).

(iii) A~ f is admissible of degree (py + 1, pr + 1, (1 + 1) A 2)).

Proof. The proof directly follows from the definitions of A, ¢ and 7 —1 and we refer the
reader to Lemma 2.8 in [27] for a similar proof. O
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The following lemma is a consequence of Lemma 2.9:
Lemma 2.10 (Generators of the kernel of 7). Let the sequence of profiles
%fk+1=—fk, keN, 'I_;()ZAQ, (2.19)

then

(i) Tk lS admissible ofdegree (k,k,k N\2) fork e N.
(ii) ATk —(k— y)Tk is admissible of degree (k,k — 1,k A2) for k € N.

Proof. (i) We note from (2.5) that fo = Aé is admissible of degree (0, 0, 0). By induction and
part (iii) of Lemma 2.9, the conclusion simply follows. For item (ii), we refer to Lemma 2.9 in

[27] for an analogous proof. O

Remark 2.11. From item (i) of Lemma 2.10, we see that the profile T} has only one null coor-
dinate, which depends on the index k. For simplicity we make use the following notation

> TZl - 0
T = Toiv1 = . 2.2
2i < 0 >, 2i+1 <T2i+1) ( 0)

We end this subsection by introducing a simple notion of homogeneous admissible function.
Definition 2.12 (Homogeneous admissible function). Let L > 1 be an integer and b =

(b1, -+ ,br). We say that a vector function f(y, b) is homogeneous of degree (p1, p2,t, p3) €
N x R x {0, 1} x Nifitis a finite combination of monomials

L
g o
k=1
with g(y) admissible of degree (p1, p2,t) in the sense of Definition 2.7 and

L
(my, - ,mp) eNF, Y " kmy = ps.

We set

deg(f) = (p1. p2.1. p3).
2.3. Slowly modulated blow-up profile

In this subsection, we use the explicit structure of the linearized operator .77 to construct an
approximate blow-up profile. In particular, we claim the following:

Proposition 2.13 (Construction of the approximate profile). Let d > T and L > 1 be an odd in-
teger. Let M > 0 be a large enough universal constant, then there exist a small enough universal
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constant b*(M, L) > 0 such that the following holds true. Let a C' map
b= (b1, bp) [0, 511> (=b%, b9,
with a priori bounds in [sg, s1]:
0<by <b* |bg| <bK, 2<k<L.
Then there exist homogeneous profiles

Se=Sc(v,b), 2<k<L+2,

such that
. . L R L+2 . . R
Qb)) =0 + Y bk Tk(¥) + Y Sk (y,5) = () + Op(s) (),
k=1 k=2

generates an approximate solution to the renormalized flow (2.2):
35 0b +b1AQ) — F(Qp) = Wy, + Mod,

with the following property:
(i) (Modulation equation)

; 255,
MOd:Z[(bk)s+(k—)/)b1bk—bk+l] T + Z ﬁ ’
k=l j=k+1

where we use the convention b; =0 for j > L + 1.
(ii) (Estimate on the profiles) The profiles (Sx)2<k<L+2 are homogeneous with

deg(Sy) = (k,k — 1,k A2,k) for 2<k<L+2,
Ky
ﬁ:o for 2<k<m<L.

(iii) (Estimate on the error Vy,) The generated error term is of the form

@_0
b—\yb,

where Wy, satisfies for all0 <m < L,
— (Global weight bound)

/ Vg, 2 4 / Wy < pEH20-D=Con,

y=<2B; y=<2B,

where By, h, § are defined in (1.20) and (1.17).

2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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— (Improved local bound)
VM > 1, / |V, 12 4 / W, 2" | < MCBIETE, (2.26)
y<Mm y<M

Remark 2.14. From item (ii) of Proposition 2.13, we make the abuse of notation

- Shi . 0
S = ( 2’>, Spig1 = ( ) (2.27)
0 S2i+1

Proof. We aim at constructing the profiles (S’k)szs 1+2 such that \ilb(y) defined from (2.23) has
the least possible growth as y — +00. The key to this construction is the fact that the structure
of the linearized operator Z defined in (1.22) is completely explicit in the radial sector thanks
to the explicit formulas of the elements of the kernel of .. This procedure will lead to the
leading-order modulation equation

(bk)s = —(k —y)bibk + bg1 for 1<k<L, (2.28)
which actually cancels the worst growth of S as y — +o0.

o Expansion of \ilb. From (2.23) and (2.3), we write

3 0p+b1AQ)p — F(Op)
=bAQ + 3,0, + #Op + b ABp — N(Op) := A] — N(Op),

where N is deﬁned as in (1.24). Using the expression (2. 22) of @;, and the definition (2.19) of
Tk (recall that 77 Tk = —Tk 1 with the convention Ty = A Q) we write

L L+2
Al=biAG+Y [(bk)jk F AT+ blbkAfk] +y [asﬁk A5, +b]A§k]
k=1 k=2
L+2
Z [(bk)jk — b T + blbkATk] + Z [3s§k + A8 + blAS:k]
k=1 k=2

L
32 [®os + (k= y)bibi = b | i

k=1

+ Z [%§k+1 + 3s§k +b1bk[ATk — (k— y)fk] + b]AS:k]
k=1

+ [%§L+2 + 08141+ blA§L+l] + I:as§L+2 + b1A§L+2]-

‘We now write
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. .
0,k = Z(b >58b =3 [@s+ G = pbib; - b,ﬂ]g‘;‘

Jj=1

= a5
=[G = by = by |

j=1
Hence,
L+1
Ar=Mod+ Y [%S‘W + Ek] 4 Epio,
k=1
where fork=1,---, L,
k—1 2
Ex=bibu[ATi = k=) Ti] + i8Sk = Y[ = pbiby = by gjk (229)
P
andfork=L+1,L+2,
= tor 35k
=b1Ask—j§[(J —y)blbj—bjﬂ]ﬁj. (2.30)

Recall from (3.12) that the nonlinear term is given by
760 = (o) = (1)
b)) = = .
N(Op,1) A

f(x) =sin(2x)

and use a Taylor expansion to write (see pages 1740 in [55] for a similar computation)

Let us denote

L2 L+2
d-1 (Y]
=GN0 S e Yisa) v
i=2 k=2,even

L+2
(dzy b [Z Pi+ Ry + R2:|

where

L+2

f(j).(Q) Z 1—[ bzk Tkzk l—[ Sk N 2.31)

[Jh=j,|Jlp=i  k=2,even
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L2 L L2
FRACY) B

Ri=) 2 H b H Sis (2.32)

j=2 [Jl1=j,|J[2>L+3  k=2,even

QL+3 1
R b2 pt) Op.1)d 233
2= (L+2)'/( —1) A (Q +10p,1)dr, ( )
with J = (i1, -~ ,ir, jo, -, jr42) € N*L+1 and

L+2 L+2

[Tl = ZzﬁZm |J|2—Zkzk+2k]k (2.34)
k=1
In conclusion, we have
L+1

- R . d-
vy, = HCS Ey —
b ;[ e+ B

D5 - -1 - -
Pk+1:|+EL+2_ 5—(R1 + Ra), (2.35)

where we write

B=(%), Ri=(") R=(°
k= Pk’ 1= R17 2= Rz.

e Construction of S. From the expression of \TJ;, given in (2.35), we construct iteratively the
sequences of profiles (Sx)1<k<r+2 through the scheme

S =0
- ’ - 2.36
{Sk=—%—1Fk, 2<k<L+2, (230
where
o o da-1) -
Fr=Er_1 — 3 P, for 2<k<L+2.
2y
We claim by induction on k that ﬁk is homogeneous with
deg(ﬁk) =k-1L,k=-2,(k—1)A2,k) for 2<k<L+2, (2.37)
and
aF, =
— =0 for 2<k<m<L+2. (2.38)
by,

From item (iii) of Lemma 2.9 and (2.37), we deduce that S’k is homogeneous of degree

deg(Sy) = (k,k— 1,k A2,k) for 2<k<L+2,
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and from (2.38), we get
35k
8bm

which is the conclusion of item (i7).
Let us now give the proof of (2.37) and (2.38). We proceed by induction.

=0 for 2<k<m<L+2,

— Case k = 2: We compute explicitly from (2.29) and (2.31),

(d-1)

Fr=FE — 2y2

- . - d-1) =
Pzzb%[ATl—(l—y)TlJr 27 P,

which directly follows (2.38). From Lemma 2.10, we know that Afl —(1- y)i”] are admissible
of degree (1,0, 1). It remains to check that yisz = ( & ) is admissible of degree (1,0, 1). To do
y2

s0, let us write from the definition (2.31),

P, f(Q)
-

y2

T?.

Using (2.4), one can check the bound

m [ FOD)
o (42)

Since f"l is admissible of degree (1, 1, 1), we have that

<y VT2 as y > 400, (2.39)

~

Vm, j € Nz,

Vm e N, |3;"(T12)| <y as y > 4o0.

By the Leibniz rule and the fact that 2y > 2, we get that

w [ FO(Q)
ay< 2 Tf)

< y—2—y—m.

~

Vm, j € N?,

We also have the expansion near the origin,

k
f= Y "' +oo"h, k=1

i=0,even

1"(Q)
2

Hence, # 132 is admissible of degree (1, 0, 1), which concludes the proof of (2.37) for k = 2.

— Case k — k + 1: Estimate (2.38) holds by direct inspection. Let us now assume that S'k is
homogeneous of degree (k, k — 1, k A2, k) and prove that Si is homogeneous of degree (k + 1,
k,(k+1)A2,k+ 12. In particular, the claim immediately follows from part (iii) of Lemma 2.9
once we show that Fj 1 is homogeneous with
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. P
deg(Fiy1) = deg (EHﬂ) —(k,k—1,kA2,k+1). (2.40)
N

From part (ii) of Lemma 2.10 and the a priori assumption (2.21), we see that b1by (AT —
(k — y)Ty) is homogeneous ofgegree (k,k—1,k A2,k +1). From part (i) of Lemma 2.9 and
the induction hypothesis, bj A Sy is also homogeneous of degree (k,k — 1,k A2,k +1). By

definition, b % is homogeneous and has the same degree as Si. Thus,

by BAYA
<(]_V)bl b >(b abl)

is homogeneous of degree (k,k — 1,k A2, k + 1). From definitions (2.29) and (2.30), we derive
deg(Ep) = (k,k— 1,k A2,k+1), k>1.

It remains to check that the term P”‘

is homogeneous of degree (k,k — 1,k A2,k + 1). From
the definition (2.31), we see that if k is even, then P41 = 0 and we are done. If k is odd, then we

see that "“ is a linear combination of monomials of the form

i L—1 L+2
92 i m
M;(y)=—= l_[ by T, 1_[ Sr]n 1
m=2,even m=2,even

with
J=(ll’le9J27’]L+2)’ |J|1=]7 |J|2:k+17 2§]§k+1
Recall from part (i) of Lemma 2.10 that deg(fm) = (m,m,m A 2), we then have

VneN, (35T, Sy" TV as y — oo,
and from the induction hypothesis and the a priori bound (2.21),
VneN, [3}Sual SbI'y" I T as y — oo
Together with the bound (2.39), we obtain the following bound at infinity,
My < Ryl oy =y 2= T v dn < phetl =ty
The control of 8;’ M ; follows by the Leibniz rule and the above estimates. The expansion near
the origin can be checked by the same way. This concludes the proof of (2.40) as well as part (ii)

of Proposition 2.13.

o Estimate on \_ifh. From (2.35) and (2.36), the expression of \_I)h is now reduced to

. 1) . -
Vp=Eri2 — —5— (R +Ro),
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where Ey 1, is defined by (2.30), Ry = () and Ry = () with Ry, R being given by (2.32)
and (2.33). Note that the first coordinate of \1’1, is null, so we can write for simplicity

- (0 0
vy, = . 241
’ (\Ifb) (EL+ y_zl)(R1+R2)) 24D

We start by controlling E L+2 term. Since §L+2 is homogeneous of degree (L +2,L + 1,

1, L 4+ 2) and thus so are AS L+2 and by d“z This follows that E L+2 is homogeneous of degree
(L+2,L+1,1, L+ 3). Using part (ii) of Lemma 2.9 yields

deg(A2"TMHVE, ) = (max{l, L —2m — 2 + 1}, L —2m — 2h,0, L + 3).

From the relation d — 2y — 2h = 2§ (see (1.17)), we estimate forall 0 <m < L,

/ |Ep 42" M Ep o] S BIETE / y2L=2y=20tm) yd=1

y=<2B y<2B

< pAL6 / ALt =1,
y=<2B;

< b§2L+6)—2(L—m+5)(1+77)

< b%m+4+2(1—8)—cm i

where n =n(L),0 < n K 1.
We now turn to the control of the term XL } , which is a linear combination of terms of the form
(see (2.32))

_ ) L+2
Mj f (Q) l_[ bl”Tl" 1_[ Sl{n ,
n=2,even n=2,even

where we used the abuse notations (2.20) and (2.27), and
J=C(@1, i jo, s jev2), Whi=J, J2=L+3,2<j<L+2
Using the admissibility of f",, and the homogeneity of §n, we get the bounds
|M;| gbf“y“'zﬂ'*‘ §b1L+3yL+4 as y—0,
and

|A~41|§b|1”2ym2_”’_2_” as y— +oo,

where we used the fact that j > 2 and 2 — jy < 0, and similarly for higher derivatives by the
Leibniz rule. Thus, we obtain the round estimate forall 0 <m < L,
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R .
_gpmth ( 1)’ Sb%mz / y2|1\272m721y74+2871dy

/y y?

y=<2B; y<2B

,S b%n1+4+2(1—8)—CL n )

The term 1; is estimated exactly as for the term I; using the definition (2.33). This concludes

the proof of (2.25). The local estimate (2.26) directly follows from the homogeneity of Sk and
the admissibility of 7. This concludes the proof of Proposition 2.13. O

We now proceed to a simple localization of the profile éb to avoid the growth of tails in the
region y > 2B > By. More precisely, we claim the following:

Proposition 2.15 (Estimates on the localized profile). Under the assumptions of Proposition 2.13,
we assume in addition the a priori bound

|(b1)s| S b7 (2.42)
Consider the localized profile
R L L2 ~ R
Qus(M) =01 + Zkak + Z St with Ty = xg, Tk, Sk = xB, Sk, (2.43)
k=1 k=2

where By and xp, are defined as in (1.20) and (1.21). Then

0sQp + b1 AQy — F(Qp) =¥, + x5, Mod, (2.44)
where \_I;b satisfies the bounds:
(i) (Large Sobolev bound) Forall0 <m <L — 1,

> 2 2
”‘I’b”%m+2h+2+f)Vm-‘rh-i-l(‘l’b)l‘ +/‘vm+ﬁ(‘l’h)2‘ §b12m+2+2(175)*an’ (245)

and

”\I’b”2L+2h+2 < b2L+2+2(1 a)(1+n) (2.46)

where h and § are defined by (1.17).
(ii) (Local bound) For all M < 5t and 0 <m < L,

195 15,4282, <y S MEBTEHE. (2.47)
(iii) (Refined local bound near By) Forall 0 <m < L,

2m+4+42(1-6)—C
195 13,0 2m 42, gy S b7 TN, (2.48)
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Proof. The proof is the same as Proposition 2.12 in [27] because the linear operator .% is the
same as the one defined in [27]. Although the definition of parameters 7, §, By, B; are slightly
different from the ones defined in [27], the reader will have absolutely no difficulty to adapt that
proof to the new situation. For that reason, we refer the reader to [27] for an analogous proof. We
would like to mention the fact that the bound (2.45) is worse than (2.25) due to the locahzatlon
effect of the approximate proﬁle In particular, replacing the profile T by x5, T; and S by x5, S
would give a worst estimate on \Ilb in the zone By <y <2Bj, where we loose b2 approx1mately
However, this localization will be necessary for our analysis. O

2.4. Study of the dynamical system for b= (b1, --- ,br)

The construction of the éb profile formally leads to the finite dimensional dynamical system
for b = (b1, -- -, by) by setting to zero the inhomogeneous Mod term given in (2.24):

(b)s + (k = y)b1bg — b1 =0, 1<k <L, bry1=0. (2.49)

The system (2.49) admits explicit solutions and the linearized operator near these solutions is
explicit. In particular, we have the following.

Lemma 2.16 (Solution to the system (2.49)). Let £ € N* with y < £ < L, and the sequence

_ ¢
==

ap =-40¢, 1<k<t—1, (2.50)

Ck+1 :0, k 26

C1

Then the explicit choice
e Ck
bi(s)=—, s>0, 1=<k=<L, (2.51)
s
is a solution to (2.49).
The proof of Lemma 2.16 directly follows from an explicit computation which is left to the
reader. We claim that the linearized flow of (2.49) near the solution (2.51) is explicit and displays

(€ — 1) unstable directions. Note that the stability is considered in the sense that
sups¥lbi(s)| < Cr, 1<k<L.
S
In particular, we have the following result which was proved in [49]:

Lemma 2.17 (Linearization of (2.49) around (2.51)). Let

be(s) = b (s )+u"(s) l<k<¢, (2.52)

andnote U = Uy, - -+ ,Uyp). Then, for 1 <k <f—1,
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1
(b)s + (k= V)bibi = b = <7 [s@)s = A+ 0P|, @253
and
1
(bo)s + (€ = Y)bibe = <oy [s@Uo)s = (Add)e +OQUP) | (2.54)
where
ail = yff_yl) -1 =y)er,
aii = ylge:yi)’ 2<i=<d,
Av=ighsijse with g0 =1, 1<i<e—1,
aii =—-(@—-y), 2<i={,
a;j =0, otherwise.

Moreover, Ay is diagonalizable:

(2.55)

2 3 ¢
M:ﬁmm,m=m44 L y}

-y -y -y

Proof. Since we have an analogous system as the one in [49] and the proof is essentially the
same as written there, we kindly refer the reader to see Lemma 3.7 in [49] for all details of the
proof. O

3. Proof of Theorem 1.1 assuming technical results

This section is devoted to the proof of Theorem 1.1. We hope that the explanation of the
strategy we give in this section will be reader friendly. We proceed in 3 subsections:

— In the first subsection, we give an equivalent formulation of the linearization of the problem
in the setting (1.40).

— In the second subsection, we prepare the initial data and define the shrinking set Sk (see
Definition 3.2) such that the solution trapped in this set satisfies the conclusion of Theorem 1.1.

— In the third subsection, we give all arguments of the proof of the existence of solutions
trapped in Sk (Proposition 3.6) assuming an important technical result (Proposition 3.7) whose
proof is left to the next section. Then we conclude the proof of Theorem 1.1.

3.1. Linearization of the problem
Let L > 1 be an odd integer, so > 1 and £ > y. We introduce the following notation
f=fxs.

‘We introduce the renormalized variables:

t

o Ui r drt
w(y,s):(ku2>(r, 1), y:m, s=so+/m, (3.1

0
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and the decomposition

w(y,s) = (éb(s) +4)(y.5),
where Qb is defined by (2.43) and the modulation parameters
A(s) >0, b(s)=(bi(s),---,bL(s))
are determined from the L + 1 orthogonality conditions:

(¢. 4% dy)=0, 0<k=L,

where @ um 1s a fixed direction depending on some large constant M defined by

L

Dy =Y ccuH ™ (xuA0),
k=0

with
YA (79 ud 0). Ti)
(xunad.20)

k+1
com=1, cim= (D"

Here, & is build to ensure the nondegeneracy
<5>M7 Aé> = <XMAé, Aé> Z Md—ZV’

and the cancellation

k—1

(&M, 7_:1<> = ch,M(«%p*j(XMAQ)» 7_;k> + e m (= DF <XMAQ’ Aé) =0.

J=0

In particular, we have
(#7Ti ®u)= (D (xuA 0. AQ)8ix, 0<ik=L.
From (2.2), we see that g satisfies
oAy o - > o2 P >
0sq — NG+ Hq=-V-M+L(q) - NG =7,

where

, 1<k<L.

(3.2)

(3.3)

3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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_ Y . /M

M = xp,Mod — (7 + bl) AQp = (MD (3.10)
ZC)—( 0 )—( 0 ) G.11)

=D eos20) ~ cos@Qsn]a1) ~ \Lign))’ :

o 0
N(@G) = = . (312
@)(%%ﬁﬂmymm—mmmﬂ—wmmmmﬂ (Mm>( :

We also need to write the equation (3.9) in the original variables. To do so, let the rescaled
linearized operator:

d-1,  Z
S=t -0 D i z=2 (%) (3.13)
r r A

and the renormalized vector function

v(r, t) = <F1 >(y,s), r=1y, —=A.
792 ds

We compute

- <>» (33‘11 —~ ATSACH))
t 3

vl
A\ g2 — 2 Dgp

then from (3.9), v satisfies the equation
aﬁw%ﬂ:%f}, (3.14)
where
si=lg o) Beo=(T)ow

Note that

f)\v1(r,t)=%i”m(y78), (3.15)
and by the factorization of ., we can write

b= ok,

where

1 V; V;
S = (T and A f =g+ S with V)=V (3).
r r r A

The reader should keep in mind that J73, %5, </ and %, act on functions depending on vari-
able r, while 57, £, &/* and <7 act on functions depending on variable y.
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3.2. Preparation of the initial data

We describe in this subsection the set of initial data g = (u(x, 0), d;u(x, 0)) of the problem
(1.3) as well as the initial data for (b, 1) leading to the blowup scenario of Theorem 1.1. Our
construction is build on a careful choice of the initial data for the modulation parameter b and
the radiation ¢ at time s = so. In particular, we will choose them in the following way:

Definition 3.1 (Choice of the initial data). Given n, o and § as in (1.20), (1.19) and (1.17).
Consider the change of variable

V=P, (3.16)
where U = (Uy, - - - ,Up) is introduced in the linearization (2.52) and P, refers to the diagonal-
ization (2.55) of Ay.

We assume that

e Smallness of the initial perturbation for the by unstable modes:

ne—
5¢ T Veso) <1 for 2 <k <. (3.17)

e Smallness of the initial perturbation for the by stable modes:

_5tt—y)

ne1—
55 VG0l <1 lbeGso)l <5, 7 for £+ 1<k<L. (3-18)

e Smallness of the data:

_loLe
13601yt + 1360 ot <50 - (3.19)

where

1G 1% i et = f l@Dxl* + f [(g2)k—11°
(g1 |(q2)i]?
Z 2(1 + yzk 2— 2k) Z 2(1 + yzk 4-2k) "
e Normalization: up to a fixed rescaling, we may always assume

X(so) = 1. (3.20)

In particular, the initial data described in Definition 3.1 belongs to the following set which
shrinks to zero as s — +00:

Definition 3.2 (Definition of the shrinking set). Given n, o and § as in (1.20), (1.19) and (1.17).
Forall K > 1 and s > 1, we define Sk (s) as the set of all (b1(s), ---, br(s), g(s)) such that
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V()] <10s7 209 for 1 <k < ¢,

lbe(s)| <s7% for e+ 1<k<L,

()| —QL+2(1-8)(1
1GOOI, s < K™ GEF2A=DATM),

R 2 _ tQo—d)
1GO)20, fos < Ks™ 7

Remark 3.3. Note from (2.52) that the bounds given in Definition 3.2 imply that for » small
enough,

C
bi(s) ~ ;‘ b ()] S b1 (9)IF,

hence, the choice of the initial data (b(sg), ¢ (s9)) belongs in Sk (so) if s¢ is large enough.

Remark 3.4. Note from the coercive property given in Lemma A.4, the ||g(s)]|
controlled by the adapted Sobolev norm & = ||§ ||J12g defined in (1.26).

2 .
Ak k-1 18

Remark 3.5. The introduction of the high Sobolev norm & is reflected on the following relation:

L
+ 3 b + (k= Y)brby — bi1] S C(MV & + Lot (3.21)
k=1

As
— +b
A+1

which is computed thanks to the (L + 1) orthogonality conditions (3.3) (see Lemmas 4.3 and 4.4
below).

3.3. Existence of solutions trapped in Sk (s) and conclusion of Theorem 1.1
We claim the following proposition:
Proposition 3.6 (Existence of solutions trapped in Sk (s)). There exists K| > 1 such that for

K > K, there exists so,1(K) such that for all so > 50,1, there exists initial data for the unstable
modes

{—1
—-21(1-8) —1(1-s)
(V2(S()), ) VZ(SO)) € [_SO 2 ) so 2 ] 9
such that the corresponding solution (b(s), q(s)) € Sk (s) for all s > sg.

Let us briefly give the proof of Proposition 3.6. Let us consider K > 1 and s¢p > 1 and
(b1(s0), -+, br(50), g(s0)) as in Definition 3.1. We introduce the exit time

s = 5x(b1(s0), - -+, br(50), G (50)) = sup{s > 5o such that (b1 (s), -+, br(5), G(5)) € Sk (5)},

and assume that for any choice of

_nq= N -1
WVa(s0), -+, Ve(so)) € [_so (1 a>’s0 21 3)] ’
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the exit time s, < 400 and look for a contradiction. By the definition of Sk (s4), at least one of
the inequalities in that definition is an equality. Owing the following proposition, this can happen
only for the components (V2 (sx), - -+, Ve(s4)). Precisely, we have the following result which is
the heart of our analysis:

Proposition 3.7 (Control of (b1(s), ---,br(s),q(s)) in Sk (s) by Va(s), -+, Ve(s))). There ex-
ists Ko > 1 such that for each K > K>, there exists so 2(K) > 1 such that for all sy > so 2(k), the
following holds: Given the initial data at s = so as in Definition 3.1, if (b1(s), --- ,br(s),q(s)) €
Sk (s) for all s € [so,s1), with (bi(s1),---,br(s1),q(s1)) € 3Sk(s1) for some s; > s,
then:

(i) (Reduction to a finite dimensional problem)

K K

)
st s{

(Va(s1), -+, Vi(s1)) €0
(ii) (Transverse crossing)

(3

i=

2
s%(l"S)Vi(s)’ ) > 0.

|x:s1

Let us assume Proposition 3.7 and continue the proof of Proposition 3.6. From part (i) of
Proposition 3.7, we see that

-1
V: % 0 K —K
Va(s4), -+, Ve(se)) € - Ta-9) ,
* Sx

and the following mapping
Y =1,11"" > ([—1, 1]5*‘)

1(1-6) s%“*a)
sa (Va(s0), -+, Ve(so)) — *K

(Vz(s*), D VIZ(S*))

is well defined. Applying the transverse crossing property given in part (ii) of Proposition 3.7,
we see that (b1(s),---,br(s),q(s)) leaves Sk (s) at s = sg, hence, s, = s9. This is a contra-
diction since Y is the identity map on the boundary sphere and it can not be a continuous
retraction of the unit ball. This concludes the proof of Proposition 3.6, assuming that Propo-
sition 3.7 holds.

Conclusion of Theorem 1.1 assuming Proposition 3.7 From Proposition 3.6, we know that there
exist initial data (b1 (sg), - - - , br(50), g (s0)) with sg > 1 such that

(b1(s), -+ ,br(s5),q(s)) € Sk (s) forall s> sp.
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From (4.62), (4.63), we have
- Ly
—Ae=c(uo)r T [1+o(D)],

which yields

i

2T = cliio) (1 + (1)),

We easily conclude that A vanishes in finite time T = T (iiy) < +oo with the following behavior
near the blowup time:

’
A1) =c@uo)(1 +o(HNT —1)7,
which is the conclusion of item (i) of Theorem 1.1.
For the control of the Sobolev norms, we observe from (B.5) and Definition 3.2 that
1G )3, gt S i(s) >0 as s — +oo,

1G ()30, o1 — O as s = +00,
which concludes the proof of item (ii) of Theorem 1.1.
4. Reduction of the problem to a finite dimensional one

In this section, we aim at proving Proposition 3.7 which is the heart of our analysis. We
proceed in three separate subsections:

— In the first subsection, we derive the laws for the parameters (by, - -, by, 1) thanks to the
orthogonality condition (3.3) and the coercivity of the powers of 7.

— In the second subsection, we prove the main monotonicity tools for the control of the infinite
dimensional part of the solution. In particular, we derive a suitable Lyapunov functional for the
&% energy as well as the monotonicity formula for the fractional Sobolev norm &, .

— In the third subsection, we conclude the proof of Proposition 3.7 thanks to the identities
obtained in the first two parts.

4.1. Modulation equations
We derive here the modulation equations for (b1, --- , by, 1). The derivation is mainly based
on the orthogonality (3.3) and the coercivity of the powers of .72”. Let us start with elementary

estimates relating to the fixed direction @ ;.

Lemma 4.1 (Estimate for &)M). Given &DM as defined in (3.4), we have the followings:

ok L—1
curim =0, lcaml SM™  for OSkET, 4.1)

and

/|5>M|2§Md’27’, /L%ﬂ*kcingMC fork eN. 4.2)
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Moreover, we have the following orthogonality:
(Brr, A T)) = (xuAQ, AQ)S:j, i€N, 1<j<L. 4.3)

Remark 4.2. Since the second coordinate of @, is null, we write
> 0]
q>M=< 0M> with /|¢M|2§Md—2V. (4.4)

Proof Let us start with the proof of (4.1). From definition (3.5), (2.20), and the definition of
A Q we have

<XMAQ, T"l)
M="—"—"—""=S S, ZO
(xmAQ,AQ)

Arguing by induction, we assume that
(Po)  cjrm=0, leojml SM*, 0<j<k,
and prove that (Py1) is true, namely that we prove
Cok3m =0, |copyanm| S M*F2,
Indeed, by (3.5), (2.17) and (2.20) we write

k+1

1
C2k+3,M—< ZCz,M xmAQ, %’T2k+3) 0.

uAQ, AQ)

Similarly, we use (XMAQ, Aé) ~ M?=27  the induction hypothesis and (ii) of Lemma 2.9 to
estimate

leakv2,m| S Z'Czj M ‘ xmAQ. A JT2k+2)‘

Md 2y

k
> M2 / Y=y 2t 1=D=y g < 2041,

j=0 y<M

<
~ Md-2y

Thus, the statement (Pj1) holds true. Note from (2.17) and (2.18) that 7#*% = 7%/ we then
estimate by using (ii) of Lemma 2.9,

/|<I>M|2§

~
=~

—1

N‘

E— / G A Q) A+ (A Q)]

~.
gt
(=]

I
=}

=~
|

‘l\
|

A
gl

~
Il
=}
Il
=}

M2+D / ALy =204 gy, < g2y,

y=M
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The estimate for [ |7 @ um| is obtained by a similar way. The orthogonality (4.3) is a direct
consequence of (3.7). This concludes the proof of Lemma 4.1. O

From the orthogonality conditions (3.3) and equation (3.9), we claim the following:

Lemma 4.3 (Modulation equations). Given h, § and n as defined in (1.17) and (1.20). For K > 1,
we assume that there is so(K) > 1 such that (b1 (s), -+, br(s),q(s)) € Sk (s) for s € [so, s1] for
some s1 > so. Then, the following estimates hold for s € [so, s1]-

L—1

S0+ (k= by — byl + by + 5 S BT, 4.5)
k=1
and
[(bL)s + (L — y)bibr| S C(M)y/ & + br T HI—D0ED, (4.6)
Proof. Let

L
D(t) = + Y 1be)s + (k= y)biby — byl
k=1
where we use the convention by =0 if k > L + 1
We take the scalar product of (3.9) with J#* ®y;,i =0, - - - , L and use the orthogonality (3.3)

to write

b+k‘
Y

(i Mod, 77 8ar) - (5 4 1) (8 Que 1)
- (%q, %*i&)M>5i,L - <\it,,, %*@M> + <%A§ +LG) - NG, %*chM>. 4.7)

From the definition (3.4), we see that ) um is localized in y < 2M. From definition (2.24), we
compute the left hand side of (4.7) by using the identity (3.8),

(xBIMBd, ff“%) _ (% + bl) <A6,,, jf*"cBM>

s o : As
= (=1 (A0, ®u) ([(bm + (i = y)bib; = by ] (1= 80,) (7 +b1) 80,,-)
+OMC b1 D(1)).

We now estimate the terms on the right hand side of (4.7). Recall that L is an odd integer, we
then use (2.17), the Cauchy—Schwartz inequality, (4.4) and (B.1) to estimate

st [ ) )

5 1
§M2h< (g1 L+1] ) (/I‘D )2 < M3ri /g

14 y2h
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The error term is estimated by using (2.26) and (4.2),

1 1

2 2
(i du) < | [ orge| | [ idur| smest
<2M <2M

The remaining linear terms are estimated by using the following bound coming from (B.1) and
Lemma A.3,

/ |q11? +/ g2 1? +/ |9yq11? +/ dyqal?
YA+ S Ay ) Ay p2( 4 y2et)

2 2
5/ (g1 +/ [(g2)1] < &
y2(1 + ka—4) y2(1 + yzk—G)

4.8)

from which and the Cauchy—Schwartz inequality and (4.2), we obtain
As o - L -
'<—T‘Aq +L@§). %*’@MM < MCb, (Jé”fk + D(t)) .
Similarly, the nonlinear term N q) = ( N 81 1)) is estimate by using (4.8) and the L*> bound (B.6),

’(ﬁ@, %*@MM < MCh, (\/E“ D(t)) .

Put all the above estimates into (4.7) and use (3.6) together the bootstrap bound on &k given in
Definition 3.2, we conclude the proof of Lemma 4.3. 0O

From the bound for & given in Definition 3.2 and the modulation equation (4.6), we only
have the pointwise bound

1-8)(1
|(bL)s + (L — y)b1bL| SblL+( (1)
which is not good enough to close the expected one
|(bL)s + (L - ‘)/)blbL| < b{f‘rl.

We claim that the main linear term can be removed up to an oscillation in time leading to the
improved modulation equation for by, as follows:

Lemma 4.4 (Improved modulation equation for by ). Under the assumption of Lemma 4.3, the
following bound holds for all s € [sg, s1]-

d <%Lq’ XB()AQ>
Ot = b= g5 (xpr0. a0+ (DT 25 (2e2))
L

Sb}[conye + bt “9)
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Proof. We commute (3.9) with 7L and take the scalar product with x By A Q and write
d L= 3 L= 3 L= 3
S G xn O) = (# e xm A Q)+ (#1G,br sy, xs AD).  (410)

Recall that L >> 1 is an odd integer, we estimate the last term in (4.10) by using (B.1) as fol-
lows:

> = L1 L1 —
)(%Lq,bl,syayXBOAQﬂ=‘(—1> z f.ﬁf z 42y3yXBoAQ‘§b% f @)e1ly' ™
y~Bo

L
2

1
2\ 2
2 [(q2)L-1] 242k 2-2 2 442h=2y+d _ , —(2h+8)
S by < 1+ y2+2h y YT S bV ékB, =b, Vé.

~By

For the second term on the right hand side of (4.10), we write from (2.17) and (3.9),

0T (#5100 0) = [ 2T rnnn0 (.11)
= / X8 AQLT [qu — Zq1 — (¥5)2 — x5, (Mod)
Ay
+ (7 +b1> D(Qy)2 + L(g) — N(qn] :

‘We now estimate all the terms of (4.11).

— The term Dg;: we use (4.8) to estimate

A —1
‘TstBOAQZLTDfD S by

1 1 i
L1 12\ 2 21> 2 19ygal®> \°
<h ([ 5 O A 0)(1 45 ‘)\) (/# + /—] e

1

2

— —2y+2h+2+d —(2h+48
< b1V 6k / y Zy+2h+2 Sbl\/glkBo 4 = bl @A+ )\/O@]k.
~By

/ L5 (s Q) @2 + yoy)

— The term Z¢;: we use (B.1) to estimate

i 1
s (f |-Z (xB,AQ)(1 —|—yh+1)|2>2 ( MY Sbl_(zﬁa)\/?k.

L+l
‘/XBOAQX g 1+ y2n 2
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— The error term (¥p),: we use (2.48) with m = L — i — 1 to estimate

L1 L1
‘/XBOAQf T (W)2| S IIxBoA QN 2(y<2Bp) 1L 7 (b2l L2(y<28y)

< b;(2h+a)blL+1+(1—5)—an'

— The terms L(g1) and N (q;) are estimated similarly by using (4.8) and the L bound (B.6) for
the nonlinear term, which results in

‘ / LT (x8,AQ)(L(q1) — N(qo)‘ Sbiby @M /6,

— The terms x g, Mod; and D(Qy)2: By (2.24), we write

L Ag
/XBOAQZTI(XB] Mod, — (7 + b1) D(Qp)2)

o L—1 L+2 98
— [ 27 om0 | X lbes+ k= bbb [ Boear+ > 5
k=1 j=k+1,0dd 77K
Lol 0SL+2
+[br.s+ (L —y)bibr] | L7 (x5, A0) (T + oby

A L-1
_ <7~ +b1)f.z ™ (x8,A0) D(Qy)a.

Note that e Ty =0fork < L and e T, =(—1) A Q. We then use the admissibility of
Ty and the homogeneity of Sy and Lemma 4.3 to estimate

. L-1 L2 o¢
ff T (xBAQ) E [bi.s + (k — y)bibr — by ] | Tedknz + E —
. 0by

k=1 j=k+1,0dd

As L-1
N ‘(7 +b1)/.,§fL21(XBOAQ)D(Qb)2

L+1(-0(4m | S N ISWEN Lt
by > s AQL T L )|+ | [ (s AQIL T (D(O))2)
k=1 j=k+1,0dd k
L+1+(1-8)(14n) = = j—k
+1+(1-8)(1+ - —2y4j—-L—1 4 L -2
e o o e
k=1 Jj=k+1,0dd y<2Bjy y<2By
L+2
S s
k=2,0dd

y=<2By
5 bf+1+(178)(1+77) {b1—2h—25 + bf—Zh—Z& + b{—Zh—ZS} 5 bl—(2h+8)bf+(178)(2+77).
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We also write

L1 N
[br.s+ (L — V)blbL]/fT(XBOAQ) <TL + L+2>

obr,

as
=[bL,s+(L—y>b1bL]<XBoAQ DT A+ LT (3222»

Injecting all the above estimates into (4.10) yields

d q - p—
75 (%Lq, XB()AQ> =[br.s + (L — y)b1bL|G(s) + b] @h+9) 1) (\/gk+blL+(1 5)(2+,,)> ’

where we write for short

G(s) = <XBOAQ AQ+ (- T 25 (3§ZZZ>>~b12“5. (4.12)
Thus, we have
a [(#"d xn00)
s Go) —[bL.s+ (L —y)bibL]
O<b4h+48 <% i, XBOAQ> Gs) ) +50 (\/gk+blL+(176>(2+n)>.

From (2.17) and (B.1), we estimate

K%LZI, XB(JAQ)‘ = ’/ XBoAQi”%(C]z)

2 -2 242k —2h—-5—1
<V /y y2en | < p2nmdnt g

y~By
(4.13)
Note that | = XBo| by and has support on By < y < 2By, and that agézz does not de-
pend on by, we can use the bounds on by, ---,byr_1 given in Lemma 4.3 to obtain the esti-

mate

d —2h—268
'%G(s) < bib; :

Hence, we obtain

d <%L67, XBOAQ)

ds G(s) —[brs + (L —y)bibL] =b0 (\/gk n bf“"‘s)(”'l)) ,

which concludes the proof of Lemma 4.4. O
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4.2. Monotonicity for &

We derive in this subsection the main monotonicity formula for &. We claim the following
which is the heart of this paper:

Proposition 4.5 (Lyapunov monotonicity for &). Given ki, § and n as defined in (1.17) and
(1.20). For K > 1, we assume that there is so(K) > 1 such that (b1 (s), --- , b (s), G(s)) € Sk (s)
for s € [sg, s1] for some s1 > so. Then, the following estimate holds for s € [sg, s1]:

s o ()]}
1

b] 1— . l<|>(/) T . _ éak
SJ m[ /éa]kbf-F( 5)(1+77)+£kéa(72 (L) +@pkb’17(l 6)+ e +C(N)g]k,]oc 7

(4.14)

where

Seroc = / @0il? + / @2t . @.15)

ysN y=N
with N >> 1 being a fixed constant.

Proof. By the definition of &, (3.15) and equation (3.14), we write

%[)i—kd] = % [w%fmiﬂkm —i—/fn-i”k_lcn] = % [/ 1L —i—/vzkalvz]
:2/3,1)1.3}(:)1 +2/a,uzz£<—‘v2+fv1[a,,.5fkk]v1 +fv2[a,,$kk—1]v2
:2/%(%)1%%1 +2/%(]:z)kiﬂk_lvz+/v1[8t,$)\k]v1

+/v2[a,,$£<—1]v2, (4.16)
where the commutator is defined by

[, LE1f = 0,(LF ) — LF @ )

k—1 k—1
—1-m m Z —1-m
=Y ([at,ﬁ].zf ! f):Z.,zﬂA ( SO f), 4.17)
m=0 m=0

and we recall from (3.9),
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As
Fi1=—Wp)1 —M;, M; = xp (Mod); — % +b1 ) A(Qp)1, (4.18)
A
Fo=—(¥p)2 —Mz+ L(q1) — N(q1), Mz = xp, (Mod); — (f + bl) D(Qp)2. (4.19)

e The error term \ilb: we use (2.46) to estimate

1 1
‘/x((‘l’b)l)xkam+/ﬁ((‘1’b)1),\a%k1U2

1
= 2k—d+1

/(‘I’b)lfkéh + /(‘I’bhiﬂk*]@

= F i1 /((‘I’b)l)k(m)k-F/((‘I’b)z)k_l(qz)k—l

1 L+1+(1=8)(141)
S sV 6kby : (4.20)

e The nonlinear term N (g;): we write

Vé

! k
= 2k—d+1 S WH(N(‘II))IK—IHLL (4.21)

/N(ql).i”k_lqz

1
‘ / (N @), 7

— Estimate for y < 1: By (3.12), we can write
1
q3 d—1
N(g)=—o with &=——— /(1 — 7)sin ((2Q;,)1 + 2rq1)dr.
y y
0

Using the expansion (B.2) of g near the origin, we write

2

C]2 1 k—1 k—1 '
L= | 3 alitn| = DY &'+, (4.22)
y y i=0,even i=0,even
where
k—1
I6i] S &k and Zyj|8ffl|§yk_%£’k for y<I.
j=0

Let T €[0, 1] and
vr = (Qp)1 + 74q1.

We obtain from Proposition 2.13 and (B.2) the expansion

k1
ve= ) &yt A

i=0,even
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where

k—1
. . d
|61 <1 and v/ odf <y 2 for y<I.
~ y ~
=0

By the Taylor expansion of sin(x) at x =0, we write

k—1
o= ) &y +r, (4.23)
i=0,even
where
k—1 ) J
G <1 and Y yladr| SHTTTN for y <L
j=0

Thus, we can write from (4.22) and (4.23) the expansion of N (g1) near the origin as follows:

k—1
N@)= Y ¢yt 47, (4.24)
i=0,even
where
k—1 .
lcj] S & and Zlyj8§r{|§<5’kykf% for y<1.
j=0

From the definition of « and «/*, one can check that

k—1 i
y'1 _diq
(GBS T SékyT2T fory <1
i=0

Using the fact that o7 (y) = O(y?) for y < 1, we obtain

k—1
> eyttt <y
i=0,even k—1
Hence, we derive the estimate
(N @Dy l2p<1) S k- (4.25)

— Estimate for y > 1: Let us rewrite from the definition (3.12) of N (q1),

1
Ng)=2%, Z= qy_1’ V=—(d- 1)/(1 — 1) sin(2(Qp)1 + 27g1)dz. (4.26)
0
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Note from the definitions of <7 and <7* that

k l
Vk €N, |fk|<Z 57
i=0

from which and the Leibniz rule, we write

k—1 k 2
2 [ay N (q1)]
Yy
/‘(N(Q1))u<—1‘ 52 2k—2k—2
k=0 Y
y=1 y>1
<]k—1 k |8;Z2|2|8§71w|2
S 9oy il
k:()i:OyZl
<]k—l k i |8mZ| |8l le |ak lw|2
~ Z y2]k 2k—2 '

We aim at using (B.3) and (B.6) to prove that for 0 <k <k —1,0<i <kand 0 <m <1,

|3mz|2|8i—mz|2|8k—i¢|2 1+o(L
Apim o= / Y yYZkfzkfz Y A (L), (4.27)

y=1

from which and (4.25), we derive the estimate

=
SN—"

1+0
I(N@D) Iz S by, ( (4.28)

Let us prove (4.27). We distinguish in 3 cases:

— The initial case k =0, then m =i = k = 0. From (4.26), it is obvious to see that || is uni-
formly bounded. We estimate from (B.3) and (B.8),

lg 1?4 a|?
A000= | =y dy <

y2k+2 Y llLeo(y=1) y
y= y>1

bzgkglw(%).

—Case k > 1 and k — i = 0. We first use the Leibniz rule to write

10]q1 12

y2HA=2j” (4.29)

VieN, |9,z 5
j=0

from which and the uniform bound of i, we have
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m k—m C[1| |3 q1|2 m k—m
<
MY 3 [ A=Y B,
J=01=0,%, j=0 =0

where

8l q1719%q1 2 _
/ k3ol for 0<j+I<k-1.

>

‘We consider two cases:

-If0<j< LT'H, we estimate from (B.8) and (B.5),

J 12
B < 9341 [0yq1]
Jl0 S y2k=20-2]
Lo(y=1)y5
140( 1) 2j+2+2UtD o( L) J o g i 1+0(L
&, (L>bl L (L )éaa[kf(réak k=0 gb%g)k . <L>’

where we used the following fact

2 _ Y io
It k—o =7t

2yG+D  jCL+2(0 -0 +n) 2y <1>>0

-Ifj> % +1,thenl<k—-1—-j< % + h. We simply change the role of j and / in the
above estimate resulting in the same estimate.

—Casek >1and k —i > 1. Let us write from (4.27) and (4.29),

m i—m 2y ak—ig 2

|3vq1| |3V611| [0y~ vl
Ak»’"»i§ZZ/ %—2j-2+2 =20=D) | (4.30)
JZO = y>l

At this stage, we need to precise the decay of |a§¢| to archive the bound (4.27). To do so, let

us recall that f, is admissible of degree (i, i,i A 2) (see Lemma 2.10) and S'i is homogeneous of
degree (i,i — 1,i A 2,1i) (see Proposition 2.13). We estimate for j > 1 and y > 1,

L 1 l

18 (Qp)1] = |3 szl Ty + Zszl

i=1

1 = p2iy2i b—Cn

< 1 , <
~ yV+j +Z yV‘H' 1{}5231} ~ yV+j :

i=0

Lett € [0, 1] and v; = (Qp)1 + T¢q1. We use the Faa di Bruno formula to write for 1 <n <k —1,
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1

it [ 3 e 1 in(un) 2 [ 191 (Qu)1 + i1 27

0 m*=n i=1
7C(L)n mi n
<S> 1"[( ey q1I> dmla =) im;. (4.31)
|mla=ni=1 i=1

Hence, we need to estimate terms of the form

B qiP1obq 2 (b7 CE A\
Bi,jn :=/ 2k—2)2112—2n H Y2+ +19,q11 ’ (4.32)

Y i=1
where (j,1,n) e N x N x N* and m; € {0, 1, - - - , n} satisfying

n
I<j+4+l+n=<k-1, |m|2:Zim,~:n.
i=1

We consider two cases:

—Case l: m; =0for L —2 <i <n (if n < L — 2 then we are in this case as well). We now use
(B.7) with p =0 to estimate

n be(L)r; mi 7C(L);7 mi
1 i 2 2i
H ( Y2+ + 19yq1] ) S H( 5 Thi )
i=1

n —C(L)n L\

—Cn+2y+2i 2

S’ 1_[ ( 2y+2i _21> {1<y<Bo} t l_[ ( +0b l) 1{,\’230}

i=1

1
—=Li<y<Bo) + b1 11y 5y) -

2/\
<,

Thus, we have

B < / 18} g1 |aq1|2+b2n/ 18} q11%19%1 2
Jiln S T A2 i1 G T, WY N, Y, P

y2k—2j-21+2 1 y2k=2j=21+2-2n
1<y<Bo y>Bo

By the similar estimate as for B; ; ¢, we derive the bound

jlanlé’kéo O<l>.

— Case 2: there exists i, € {L —2,---,n} (n < L — 3, this case does not occur) such that m;, # 0.
Since L > 1 and the fact that

0< Z imj=n—ium;, <k—1—(L—2)m;,,
i=1,ii,
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we deduce that
mi, =1, m;=0 for A+4+2<i#i,<n.

*

We then write

n —C(L)n mi —C(L)n h+2 /4 —C(L)y i
b, b, o b,
1_[ W‘Ha al’] = W-H%QH 1_[ W—Ha al?

i=1 i=1

b—C(L)n ht2 /=CLy mi
iy 2 1 2i
S <y2y+2z + |8y CI]| ) l—[ ( y2y+2i +b1 >

i=1

bfcn |8§,*q1|2 242y —=Cn | 3 20=2i* aiy |2
S Vv T o, Li<y=<po) + (b o 1oyl )1“’230}'

Thus, we have

) a 2 Cn i 12
BjinS / | 2?'2| 21q+12| 2 + |8y—?|
y J— y Y y Lx

1<y<By

|0y q11219q11?
2n 2y—Cn —2i* qiy 12
+ 03 f y2k=2j=20+2-2n (b +b,7 19y q1l )

y=Bo

Since iy, > L — 3, we can use the interpolation bound (B.5) to control f IE);*ql |2 directly, then the
rest terms are controlled by the L° bound (B.8) resulting in

B siiga )

This concludes the proof of (4.27) as well as (4.28).

e The small linear term L(g1): we write

1 _ _ A/ 6k
‘/ﬁ(uqo)kff“ | = fL(ql)zk 0| S g 1L @D -
‘We claim that
IL(g))1llp2 SbCDP /4. (4.33)

Let us rewrite from (3.11) the definition of L(q1),

L(g1)=®q; with &=

(d-1
2 [cos(2Q) —cos(20 +2(Op)1)],
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where
L L+2
@p1= Y biTixs,+ Y, Sib,y)xs.
i=1,even i=2,even

From the asymptotic behavior of Q given in (2.4), the admissibility of T", and the homogeneity
of S;, we deduce that @ is a regular function both at the origin and at infinity. We then apply the
Leibniz rule (B.13) with ¢ = & to write

k-1
(Pg1)k-1= Z (q1),, Pr—1.k—1-m>

m=0

where ®y_j k1, with 0 <m <k — 1 are defined by the recurrence relation given in
Lemma B.2. In particular, we have the following estimate

b%(l—C(L)n)

[Py 1 k—1-m| S

Hence, from the coercivity bound (B.1) and 2y — 1 > 1, we estimate

k—1 2
2, 2(1=n) [(g1)ml 4(1=C (L))
/|L(111)k—1| Sbl § /\1_’_);4)/*24“2(]](*"1) Sbl éo]k,
m=0

which concludes the proof of (4.33). Hence, we have

p2=C@Lm)

1

1
’ / = (L@), 4 v

e The commutator term: By (4.17), we write

fvl[at,ff‘]vl+/v2[at,$£‘—l]vz

Mk—1

k-2
As (ANZ (ANZ
iy = Z/‘Hiﬂ (75k1 ql>+2/92$ (73“ ‘12>]

Lm=0 m=0

_[M_

as 222]:1/()(1\2())
== gk | —(q1)2
3 2k—d+2 Pt y2 " o

[
AZ
+2 > '/(42)11«71 <—2(112)2m)
=0 y k—3-2m

m
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oo g
b AZ AZ
< ka—ld+l Vé Z "(7(Q1)2m)k_2_2m . + Z "(7(Q2)2m>k_3_2m -

where we used in the last line the fact that | %
Cauchy—Schwartz inequality. We note from (1.23) and (2.8) that

from the modulation equation (4.5) and the

AZ
Zdl y21+1 + O(y2k+3) fOr y N 0
y i=0
and
. N .VA 1
y y
Applying Lemma B.2 with ¢ = A—2 , We write
[ ]-1 (515 a0
Z ) (CI1)2Wt)k_2_2m = Z Z (G 2m+j Pe—2—2m k—2-2m—j»
m=0 m=0 j=0

[5]- [ o

2
Z (p(g2)2m)y 5 5 = Z Z (q2)2m+j Pk—3—2m k—3—2m—j »

m=0 j=0
where we compute from the recurrence formula of Lemma B.2,

1 1
1 + y2y+1+k=2-2m—j" Pu—3-2m k—3-2m~) S 1+ y2r+1+k=3-2m—j"

Ph—2—2m k—2-2m—j S

We then use the coercivity bound of &7 and &/* given in Lemmas A.2 and A.3 to estimate

[%}_1 kT B 2
‘ < (511)2141) Z H ( (‘12)2m>
=0 y? k—2-2m =0 k—3-2mll 12
[ﬂ%l*‘kzzm 2 [2]*ﬂ<32m 2
< Z |(C]1)2m+/ + Z Z |(QZ)2m+j |
~ 1 + y2@r—T+k=2m—j) 1 + y2Q@y—1+k=2m—j-1)
m=0 m=0 j=0
[kzj] k—2—-2m [kT]

3-2
Z Z |(611)lk|2 Z Zm |(612)]1<—1|2
m=0 I+ y2(2y b* m=0  j=0 L+ y2@r=h

Sk H gDk

< (g2)k—1
~ N2Qy-1 1+ y2y71

L2(y<N) ‘ 1+ y2r-1

LY(y<N)
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Thus, we obtain

‘/vl[at,zﬁlvl +fv2[at,$£‘“]vz

b N vV 6k . H (g1)x H (g2)k—1
a2t N2yl 14 y2r-t L2(y<N) 1+ y2r-1 L2(y<N) ’
by S .
S Fdi [W + C(N)é}]k,loc:| ) (4.35)

where & 1oc is defined by (4.15).

e The modulation term: Let us introduce the vector function

obr, + abr

- - 3§ as
T=CT<TL+ Ltl L”) Bis (4.36)

where

%Lé" XBOAé
Cr= < ) L lCr S 6TV (4.37)
<xBOAQ,AQ +(=1'T (%)L_l>

The size of the coefficient Cvy is computed from (4.12) and (4.13). The introduction of y is to
take advantage of the improved modulation equation (4.9). Let us write

1 1 1
/X(Ml);h.,%kv] +/E(M2)x$ik_lvz = [/ M, kg +/M2$k—1qz:|

1 _
= dk—dt1 |:/ 8sTliﬂu{C]l +/3ST2$k 1C]zjl

1
T [/ (M} = 0,71) £ g1 + / (Mz—am).zk—lqz]

d 1 1 As
= |:)L2k—d Eo} + T |:(2]k—d)720 -1+ 22}
where M; and M, are introduced in (4.18) and (4.19),
Yo = / T1.%%q +/T2fk716]2 + %/Tlngl + % / SCEZ o)
T = / (M, — 3,T1) L5q1 + / (M — 3,12) 2% g,
I = f 1125 (85q1 + 051) + f 125 (852 + 0572).

‘We claim that
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1-8 1 1-6 L+1+(1-8)(1
120l S AT B+ 1Zal S Giby T by IO, (4.38)
from which and _);TS ~ b1 we obtain
1 k 1 k—1
X(Ml)xf,\ vl + F(Mz)xiﬁ,\ )

[ 1 _ _ _
:E[M«——do(ﬁ‘b?(l ‘”)]Jro((g’kb}*”“ D VELPTIHITI (439)

Let us start the estimate of . By the Cauchy—Schwartz inequality, we write
130l S V& (1Dl 2 + 1()k—11122) + HCCDKNF2 + (k-1 1172

We use the admissibility of fk, the homogeneity of S’k together with the fact that . 5 T, =0

to estimate
) 2
(o (m+552))
g l\1L ob, -

2S
N2, + 12112, < CT[/‘( “‘)
k

) b? 1 b}
SC% _—— ——+
1 + y2(—L+y+k) 1 + y2(-Lty+k) 1 4 y2(-Lty+k=1
y=<2B B1<y<2B y=<2B
< bza 24 [b2 2200+ +b<2 28)(141n) +b4b 26<1+n>] < b%n(lfé)g]k. (4.40)

This concludes the proof of (4.38) for X.
We now prove the estimate (4.38) for ;. From the Cauchy—Schwartz inequality, we write

i)

We only deal with the second coordinate because the first one is estimated in the same way. Let
us write

51 S VE 1M1= 071), s + | (M2 —2,72), |

L—1 L2 ¢
- J
My — Yo=Y [(b)s+ (k—y)bibe — b ] | Ti+ ‘ > e | X
k=1,0dd j=k+1,0dd

A d 2
_ <7 +b1) D(Qp)2 + [(bL)S +(L=y)bibL - %CT} (T * L+2) 1o

oby,
d 0SL42
—Cy— || T .
TdS |:< L+ 8bL >X31i|

Since f% Ty =0 for 1 <k < L, we use the admissibility of i‘k to estimate

L
2(k—y—k 2(—y—h—1 2(1-8)(1+mn)
Z H(XBITkleZN Z / (k—y— )</y()/ ),Sbl m.

k=1,0dd k=1 odd},vB1

y~Bi



T. Ghoul et al. / J. Differential Equations 265 (2018) 2968-3047 3021

From the homogeneity of .§k, we have

L+2

DS

k=1,0dd j=k+1,0dd

2 L L+2

aS; - b}
bk k12 ~ Z Z 1+ y2(—j+l+y+lk)

k=1.0dd j=k-+1.0ddy 55 .

< pU-D0+

L+2

Similarly, since | 75 Xby | < by and 2 does not depend on by, we have the estimates

2 2(1=8)(1 3SL 2 2
<208 8Sii2y
L? obr k—1ll72

Gathering all these above estimates together with the modulation equations (4.5), (4.9) and the
estimate (4.37) yields

2(1-68)(1
H (D(Qb)Z)]k_l ‘ S b%bl( )( +77).

” (M2 _ 3ST2) < b1+n(1 5)\/—+bL+1+(1 5)(2+n) (4.41)

k—1

which follows the estimate (4.38) for X;.
We now turn to the proof of (4.38) for X,. We only deal with the second coordinate because
the same proof holds for the first one. Let us write from equation (3.9),

/ 15 (35g2 + 3572)

As
=/ipk7]T2 (TDCD —Zq1 — (Wp)2 — Mo+ 0, Yo+ L(gq1) — N(Ql)) .

Using the admissibility of Ty, the homogeneity of §L+2 and the fact that &5 Tr =0, we have

1 2
k—1 1
‘j TZ‘ S ICxl (1 Ty LTy +2k-2 Lig <y=2m) + 1 4 y-L+r+2k=2 1{y<231}>

1+n
b
5—1 1
ST VT T T 1{y<2By)- (4.42)

From (4.42), the coercivity bound (B.3) and —=¢ ~ by, we estimate

A
il f L1y Dgy
A
1
2 3 2 2 ’
2 3| 1
< 1+ |92 19yq2]” S —
S by V 6k (/ 1+ y2=D + 1+ y2k-2) 1+ y2r+h)

<2B;

5 b}+5+7]éakbl_3(1+77) 5 b}—H’(l_a)éa]k.
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Similarly, we have

l—

1
k—1 5—1 |(‘11)2|2 2 1 14+n(1-8)
‘/'3 g ShT VA (/m Ty | Sk
y<2B]
Using (2.46) and (4.40) yields
k—1 1+7(1-8) L+(1=8)(1+n)
’ / LT 5 | ((0)2), | L [ (r2), ], S0 Ve ",

From (4.41) and (4.40), we have

‘ / LI (M — 85 12)

S| M2 -8

(Tz)]k—l ‘ L2

< bi+2n(1_6)glk " bi+"(l_5)\/é7kbf+(l_5)(l+n)~

k=12

Note from the definition (3.11) of L(g) that

2(1 n)
g1l
L 7.
IL(g)] S T4y
Thus, by using (4.42) and the coercivity bound (B.3), we derive

‘/-i”k_szL(éh)' §b}+n(l_5)é@k.

2
For the nonlinear term N(g) defined in (3.12), we note that |N(g1)| < 4 we then use (4.42),

~ V2

the coercivity bound (B.1) and the bootstrap bound given in Definition 3.2 to estimate

' f LN (G| < (14 ytrhy

<BE /
y=<2B
< b?+n\/gk£kb§—L+V)(1+n) < bi+n(1*5)gk_

2(1 + y2k 2)

This finishes the proof of (4.38) for X».
A collection of the estimates (4.20), (4.21), (4.28), (4.34), (4.35) and (4.39) into the identity
(4.16) yields the formula (4.14). This concludes the proof of Proposition 4.5. O

4.3. Local Morawetz control

We establish in this subsection the so-called Morawetz type identity in order to control the
local term & 1oc involved in the formula (4.14). In particular, we have the following:
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Proposition 4.6 (Local Morawetz control). Let 0 < v < 1 and A > 1 be small and large enough
constants, we define

y
$a(y) = f a6 de, 4.43)
0
and
(1—v)
M=- / [Véa.V(gDe—1 + Ada(qD)r—1](G@2)r-1. (4.44)

Then the following bounds hold for all s € [so, s1] for so large enough,

M| < C(A, M)é&k, (4.45)

and

d|[ M 1 v C(M) 7 LH1+(1=8)(14n)
E [}sz—d} Z )\2k—d+1 <2NV g]k,l()(l - AU éaﬂ( - C(Aa M) éo]kbl ) (446)
where the large constants M, N and & 1oc are introduced in (3.4) and (4.15).

Proof. The estimate (4.45) simply follows from the coercivity bound (B.1). We aim at proving
the bound

d Voo C(M) LA14+(1=8)(141)
%M = NV Sk, loc — Tgk — C(A, M)/ &b, ) (4.47)

which immediately implies (4.46). Indeed, from —}:X—S ~ b1 and the bound (4.45), we have

df M1_ 1 4 (2K — d)s
dr | a2k—d | T j2k—d+1 g5t T WM
! v C(M) L+1+(1—8)(14n)
Z drT [Wéi«,loc - G C(A, M)/ écb,
by
— CA M) i

Since b1 (s) < b1(sg) ~ %, we can take so = so(A) large such that by (sg) < %, then the estimate
(4.46) follows.
Let us give the proof of (4.47). We first claim the following:

Lemma 4.7 (Morawetz type identity at the linear level). Let A >> 1 and 0 < v <K 1, there holds
the following:
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I—-v)

/[V¢A~V(q1)k71 + APA(G)k-1]-L(q1)k—1

(I-v)

2

v 1
APA@k-1]@Dk-1 2 —=Ekloc — —Ek.  (448)

- / [Véa.V(g2-1 + 2N Yo

Proof. The proof follows exactly the same lines as Lemma 3.8 in [11] because we have the
same definition ¢4 and a similar structure of the linear operator .Z. Although the potential VZ_z is

different from the one defined in [11], it still satisfies

1 z 1| (d-2)?
V| = )=2—=||—=—) —«d)| forsomex(d)>0andd>7,
2 y2 y2 2

thanks to the asymptotic behavior (2.4) and the fact that @ —d-1)> % for d > 7. For that
reason, we refer the interested reader to [11] for details of the proof. O

We now use the identity (4.48) to derive the formula (4.47). We compute from the definition
of M and the equation (3.9),

d

As
d_M = —/V¢A.V (6]2 — —Aq1 — (¥p), —M1> (@2)k—1
s A k—1

1—v Mg
- / TA% <6I2 - TACH — (¥p)1 —M1> (@2)k—1

k—1

As
+ / Voa.V(q1)k-1 (fth + TDclz + (¥p)2 +Mo — L(q1) + N(ql))
k—1

1—v )hv
+ / TA¢A(Q1)k—1 (fm + Tqu + (¥p)2 +Mp — L(q1) + N(Cll))
k—1
(4.49)

From the definitions of <7 and .«r'*, the coercivity bound (B.1), —’\A—S ~ b1 and the compactness
of the support of V¢4 and A¢y4, we have the estimate

d—-v)

Apa (AgDg—1 [(@2)k—1

As
- / [Voa.V(Aq)y_1 +

d—-v)

As
" ‘Tf [Voa¥ a1+ Apa(@DE 1] (Dg)i_i| S CAbIEL.

Again from the compactness of the support of V4 and A¢4, we use the Cauchy—Schwartz
inequality and the local bound (2.47) for ¥ to obtain the estimate

I—-v)
2

d—-v)

’/ [Voa.V (¥p)D)k—1 + Apa (¥p)Di—1 |(g2)k—1

< C(A)YEbET.

+ ‘f [Voa.V(ge—1 + ApA(qD—1] (¥p)2)k_y
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For the small linear term L(g;) and the nonlinear term N(g;), we use the Cauchy—Schwartz
inequality, the bounds (4.33) and (4.28) to estimate

(1—-v)

’/ [Véa. V(g1 + ApA(@D-1] (L(g1) = N(@D))—1| < C(A)b1ék.

It remains to control the modulation term. We use the fact that xp, 7; = T; for y <2A <« B; and
(T})k—1 =0for 1 <i < L to deduce that

1—-v)

L
> f [Va.V (T + Ada (T—1](g2)k-1
i=1,even

1

; V) Apa(qD-1] (x5, T;),_, =0.

L
+ ) /[V¢A-V(Ql)k—1+(

i=1,o0dd

For the term ab_Si,- for j > i+ 1, we recall that §; is homogeneous of degree (j, j — 1, j A2, j).

Thus, ab_si,— < C(A)b for y <2A. We then use Lemma 4.3 to derive the bound for 1 <i <L,
L+2 39S
Z [(bi)s + (i —y)bib; — bi+l]/ |:V¢A-V ()(Bl ]>
- 0b; k—1
j=i+1,even
n (1— U)A¢ aS; @)
> A\ XB obi ), q2)k—1
L+2
+ Z '[(bi)s + (i —y)b1bi — bit1] / [Véa.V(g)i-1
j=i+1,0dd

(1—-v) Y
+ 5 . Apa(q)—1] (XBla—bj)k_l

SC(A, M) (b]é‘fk + \/gkblLH‘L(l*a)(Hn)) _

Injecting all the above estimates and identity (4.48) to (4.49) yields the formula (4.47). This
concludes the proof of Proposition 4.6. O

4.4. Monotonicity for &
We now in the position to derive the monotonicity formula for &,. We claim the following.
Proposition 4.8 (Lyapunov monotonicity for &5). Given h, § and n as defined in (1.17)

and (1.20). For K > 1, we assume that there is so(K) > 1 such that (b1(s),--- ,br(s),q(s)) €
Sk (s) for s € [so, s1] for some s1 > so. Then, the followings hold for s € [sg, s1]-

d ( bo >< bldﬂx/?obf%y(a_%) [b%@_%)JrO(HU_%Der:TI] (4.50)

dt \a20—d ) = 20—
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Proof. We compute from definition of &, and equation (3.14),

d &, d _
E[ﬂ;—d} 7 [/Ivavll +/|w 1U2|2:|
1 1
=2/V"v1.V" (vz + X(ﬂ)x) +2/ Vo ly, vo! (—of,\vl + ﬁ(}—z),\)
Z) 1
= —ZfV”_lvz.V"_l (r—m) +2/V“v1.V“ (x(]:l))»>
o—1 o—1 1
+2/V 1.V (ﬁ(]:z)x>

=it ([ (Go) 1wl s

where Z, F| and JF, are defined in (1.23) and (3.9).

2}, 4.51)

— Estimate for the potential term: From the expansion (B.2), we have
4 (Z

J 17 ()
y

y=1
For y > 1, we note from the asymptotic behavior (2.4) that ‘8;

2
< k.

‘N —57 for j € N. We then
use the Leibniz rule and interpolation bound (B.5) with |0 — 1] + 2 > o to obtain the estimates

Z k— |_a 1]-2 lo—1|4+2—0 B yA
y? y
y>1

By interpolation and the bootstrap bounds given in Definition (3.2), we have

Z
/‘ y2
d

Since |0 — %| <« 1,wenote that [0 — 1] > %3 =y+h+46— % We then compute the exponent

2

< &

k—|o—1]—2 2 ( _%)4_@(%‘07%Dsz+2(1—a)(|+n>

<Céolk— “To— ug]k - L(r 1] <CK2be Y 1L+I‘1—Lo—1j

2L+2(1—8)(1+n) (1=8A+n+|oc—1]—h 2
L+h—|o—1] _2[1+ L +O<L2)}

1
y—3+n(1-9) 1
zz[u - +0(53) |
1

Since b (s) ~ % < 5;» We can take 5o = so(K) large enough to obtain the bound

Ji )

2 Sbfzfey(g%)blﬂ%who(%‘“‘%‘). (4.52)
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We now turn to the estimate for the last term in (4.51). We only deal with the F, term since
the same estimate holds for 7. Let us recall form (3.9),

Fr=—(¥p)2 — Mz + L(g1) — N(q1)-

— Estimate for the error term (Wp)>: we apply (2.45) with j=|oc — 1] —hand j=|o] —Fh to
find that

19U )12, < bZLU—]J—2h+2+2(1—S)—Cu] < b2y+1—an’
19 (112, < <b2m 2h+4242(1—-8)—Cpn <b2y+3 Cun,
where we used the fact that 2|c — 1] >d —3 and 2|0] >d — 1 for |0 — 4| « 1 and d =

2y + 2k + 26 from (1.17). Note that || — |lc —1]=1land o — 1 —|ocd — 1] >0 — % for
|(r — %| <« 1, we have by interpolation

2y+1—=Cpn, 2o —1—lo—1 2 (0-4), 2!
= by Il a2 (4.53)

s

for n and |c7 — %| small enough.

— Estimate for the modulation term M,: From Lemma 4.3, the admissibility of Tk and homo-
geneity of Sk, we estimate

L L+2 39S
o] sva| X (e nm]e 3 [ (o)
k=1,0dd L i odd Obi )12
i) ./ ’0
+ b{4+1+(1—5)(1+?7) H Va—l
t (5_d —1
[ pL—othts | pL+1+(1=8)(1+n) p2(1-1) ghts = 5
< B —o+h+ +b ( )( Tl)b( U)B+ <bbl ( )bIZ,
(4.54)

for n and |a — %| small enough.

— Estimate for the small linear term L(q1): From the asymptotic behavior (2.4) of Q and the
definition (3.11) of L(g1), we have by Leibniz rule

J i
| | e 1911
vieN [plaa@| s TNy
i=0

From the bounds (B.3) and (B.5), we have the estimate

k—Qy+lo-1) 2y+lo-l]-o

/IV“’ ULgnirsé, = & & /IV“‘ 2Lg)I* < k.
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By interpolation and the same computation of the exponent as for the potential term, we obtain
the estimate

.\)|

HV””L(ql)\ > pt ), (4.55)

12 Sby 1

— Estimate for the nonlinear term N (q1): We claim that
2+% o—4
| b, 7 (-4),

For y < 1, we use the expansion (4.24) to deduce that

a
o (4.56)

volN ‘ <&
H (@) L2(y<1) ™
For y > 1, we shall control HVL"_IJN(ql)Hiz(PI) and HVLGJN(‘N)HiZ(pl)’ then obtain the
result by interpolation. From (4.26), the Leibniz rule and estimate (4.31), we write
lo—1] j i |8k i—k lo—=1]—j , 2
11719, % q11%|9y (4
lo—1] 2
[ oeivaors Y >y [ 2R
yo1 =0 i=0k=0,%
lo—1] j i |8k6]1| |al kq |2 lo—1]—j b—Ci] mj
sTyyy [ ()
=0 i=0k=0meZ y>1 =1

where T = {m e Nlo—U=i - 17Ty — [0 — 1] — j).
From the Hardy inequality (A.3) and (B.5), we have the estimate

a1

d
—k+o—5

oy g1
Sfy—+|a§ql(1)|2§£;, for k=0,---,[0c —1], (4.57)
y

2(—k—1+0)
L(y=1) Y

from which we derive for every m € Z,

y2o=11-) lo—1]—j b—Cn oo ml_La—lJ—j bl_c" |8 e m <
Y2 miCo—d) 1_[ y2y+21+| q1l = 1_[ y2y+25—d+y—21+20 a] ~t

Hence, we have

[ i N

y=1

1 i j—
iy 195a1l*10} g1

SDIDR I = e =

j=0 i=0k=0meT y>1
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lo—1] j i 2 i—k,, 2
DD WIS .
—2k+20—d Y42+ 2k+2[0—~1]-C(2o—d)
j=0 i=0 k=0meZ Lm(yzl)yzl
B k—Q+lo—1]-CQo—d)) 2+|lo—1]-0—CQo—d) 24+0(L 2024 0—1]—0)(14 L
<b Cﬂéaéa ko éok k—o 550 (L)bl( lo—1] U)( 2L)7

where in the last estimate, we used the bootstrap bound on &k given in Definition (3.2), the
smallness |20 —d|+n=0 (#) from (1.19) and (1.20) and the following algebra

24 lo—1]—0—CQo—
el G kal €20 d)(2L—l—2(1—8)(1+n))

=2(2+L6—1J—0)<1+%>+O(%>22(2+L0—1J—0)(1+Z> for L 1.

Similarly, we have the estimate

1

/ v 5 62 O (Eaereai)

y=1

By interpolation and the fact that |6 ] — |o — 1] =1 for |0 —d /2| < 1, we have

240(L) 201+ L) ((2+lo—1]—0)(loJ]—0+1)+(2+|0 ] —0) (o —1—[o—1
f|a;_1N(ql)|z§éaa (1) 2 f)(Erto-1-olos-os s erio-o)e—-lo-1)

24+0( £ 4 20—d
_ 21O k) et 0o 200y,

which concludes the proof of (4.56).

We note that the bounds (4.53) and (4.54) also hold for ||V? (W), ||i2 and ||V°M, ||i2 by
using the same computation. We then inject the estimates (4.52), (4.53), (4.54), (4.55) and (4.56)
into the identity (4.51) to obtain the desired formula (4.50). This concludes the proof of Proposi-
tion4.8. O

4.5. Conclusion of Proposition 3.7

We give the proof of Proposition 3.7 in this subsection in order to complete the proof of
Theorem 1.1. Note that this section corresponds to Section 6.1 of [49]. Here we follow exactly
the same lines as in [49] and no new ideas are needed. We divide the proof into 2 parts:

— Part 1: Reduction to a finite dimensional problem. Assume that for a given K > 0 large
and an initial time so > 1 large, we have (b1(s),---, br(s), g(s)) € Sk (s) for all s € [s¢, s1] for
some s1 > s9. By using (4.5), (4.9), (4.14) and (4.50), we derive new bounds on V (s), by (s) for
£+ 1<k<L and &, and &, which are better than those defining Sk (s) (see Definition 3.2).
It then remains to control (Va(s), ---,Ve(s)). This means that the problem is reduced to the
control of a finite dimensional function (V2(s),---, Ve(s)) and then get the conclusion (i) of
Proposition 3.7.
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— Part 2: Transverse crossing. We aim at proving that if Va(s), - -+, Ve(s)) touches
X © -1
0Sk(s) =0 | —— y
s2(1—=8) s2(1—-196)

at s = 51, it actually leaves 83‘1( (s) at s = 51 for s1 > s, provided that s¢ is large enough. We
then get the conclusion (ii) of Proposition 3.7.

¢ Reduction to a finite dimensional problem. We give the proof of item (i) of Proposition 3.7 in
this part. Given K > 0, so > 1 and the initial data at s = sg as in Definition 3.1, we assume for all

s €[50, 511, (b1(s), -+, br(s),q(s)) € Sk (s) for some 51 > 59. We claim that for all s € [sg, s1],
Vi(s)| <5309, (4.58)
i (s)| S s~ ® A=) for ¢+ 1<k <L, (4.59)
K _2@(a7é)
& < 3S =2 ) (4.60)
K _or201-8)(+m)
& < =5 QL+ +m) (4.61)

Once these estimates are proved, it immediately follows from Definition 3.2 of Sk that if

(b1(s1), -+, bL(),4(51)) € Sk (s1),

then Vs, ---, Vp))(s1) must be in a8 k (s1), which concludes the proof of item (i) of Proposi-
tion 3.7.

Before going to the proof of (4.58)—(4.61), let us compute explicitly the scaling parameter A.
To do so, let us note from (2.52) and the a priori bound on /) given in Definition 3.2 that

bi(s) = % + % = (Kfy)s +0O (gl%m) From the modulation equation (4.5), we have

A ¢ 1
s o , 4.62
A W—ps (s”“?) (362

from which we write

‘% {log (S%X(S)ﬂ‘ S sl%cn

We now integrate by using the initial data value A(sg) = 1 to get

_t
a(s) = (SS_O)H [14+0(s~")] for so> 1. (4.63)
This implies that
50 'S o) Sso e (4.64)
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— Improved control of &: We aim at using (4.14) to derive the improved bound (4.61). From the
Morawetz formula (4.47), we have

b1 loc M } C(M,N) b& C(AaM’N)\/gkbL+2+(l—8)(l+n)
1 )

22k—d

d
C(N)bl [Azk d Av 2k 2 2k—d

from which and the monotonicity formula (4.14), we write

d n(1-8) d [ M
ds {)sz 7|1+ 00 )] =CW, M)bl W2k—d
L+(1-8)(1+1n)
+,\2k {C(A M, N)y/&cb!
5 Qo—dr+n(1-8)+0 (274 1 C(N)

- _CWw, M);l [Az/[?(/l_d] N )Lzui—d [(C(M)(\/E—i-1)s‘<2L+1+2(1_8>(1+n))>],
S S

where we used the bootstrap bounds given in Definition 3.2, by ~ % < S— and the constants

s0, A, N, M, L is fixed large enough. Integrating in time by using A(so) =1 and M| <
C(A, M)& yields for all s € [sg, s1),

¢~ QLA1+2(1-8)(141)

£u(s) = CONAEY | i) + (VE +1) / dr

)\(T)Zlkfd

S0

+ C(N, M)[Ms(s) Msiso))h( )2k d]+C(M N)a(s)2~ d/ Tz|;\(/lr()fzﬂ)€|7d

K

P = QLH1+2(1-8)(141)

< CONAE* | Giutso) + (VE +1) / dr |

A(r)zk—d

S0

for s¢ large enough. Using (4.64), we estimate

s
—QL+142(1=8)(1+7))
T
A(s)H—d / dt

)L(T)Zk_d
S0

S
Ss—%}") /T“?“i—;‘“—(2L+l+2(l—8)(l+n))dT < g~ QLI (14
50

Here we used the fact that the integral is divergent because

L2k —d)

2y L
—RLA+1+2(1 =81 + )] = L= + Op o soo(1) > — 1.
L—vy L—y
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Using again (4.64) and the initial bound (3.19), we estimate
s L2k=d)  10LE
Ms)zk—déak(m) < (_0) =7 S = <S—(2L+2(l 5)(1+n))
T\s

for L large enough. Therefore, we obtain

&.(s)<C <ﬁ+ 1) §—CLT20=8)(1+) < £s7(2L+2(175)(1+n))
=< =5 ;

for K = K (M) large enough. This concludes the proof of (4.61).

— Improved control of &;. We can improve the control of &, by using the monotonicity for-
mula (4.50). Indeed, we see from (4.50) that there exists a small constant 0 < € < 1 such that

d )\2od—k20db

R
from which we obtain

2 (o-4)4e
&y (s) <12 éa(So)-I-«/—/ ——b, =

A20—d

We estimate from the initial bound (B.5) on & (0) and (4.62),

lOLZ

Er(s0)2 27 (s) < Csy (SSO) > (20—d) Ss_%(a_%).

-t

Note that —2b, " <

,\za - sllﬂ , the integral is convergent. Thus, we have the estimate

d

f/ 320— —b l 7)JresCx/Es_%(g_%).

Hence, by choosing K large enough such that 1 + CvK < % we deduce the improve
bound (4.60).

— Control of the stable modes by ’s. We now close the control of the stable modes (b¢1, -+, br),
in particular, we prove (4.59). We first treat the case when k = L. Let

br=br +

<%Lé’ XBOAQ>
L—1 L—

<XBOAQ, AQ+ ()T 25 (ag}szz»

then from (4.12), (4.13) and (4.61),

™~ —(1-48 L 1-6
b — bl S by TV E ST,
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Hence, we have from the improved modulation equation (4.9),

(BL)s + (L= ybibel S bilbe = bul + b} [ CM)VE+ b g o100,

d | b
ds | AL~y

Integrating this identity in time from so and recalling that A(sg) = 1 yields

This follows

blL+1+n(1—5)

<

s

br(s) <Ca(s)E7 BL(s0)+/

S0

by (.C)L+1+77(175)

d
N

Using the fact that by (s) ~ l, the initial bounds (3.18) and (3.19) together with (4.64), we esti-

s
mate

[ S0\ o2 [ —Mon (1-8) — 1%y L—n(1=8
)\.(S) _ybL(SO)S (?) (sO 7 +Sg SO V) ,SS_ _7]( N )7

and
p L+14n(1-8) S
)»(S)L*V bl(r)—dr < Sil(lL:Vy) r%}w*L*I*”(I*‘S)dt
ALy ~
K0 5
< S_L—Tl(l—!s).
Therefore,

br(s) S1br () + 1br(s) — bp(s)] S s~E10=9),

which concludes the proof of (4.59) for k = L. Now we will propagate this improvement that
we found for the bound of by, to all by forall £+ 1 <k <L — 1. To do so we do a descending
induction where the initialization is for k = L. Let assume the bound

b | < b11<+17(1—8)
for k + 1 and let’s prove it for k. Indeed, from (4.5) and the induction bound, we have

)\’ f—
‘(bk)s —(k— V)stk < blL-H T lbes] < bllc+1+n(1 5)’

which follows

ds | Ak—r Ae—v

Integrating this identity in time as for the case k = L, we end-up with

d { bk }‘ < b1f+1+n(178)
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N

b k+14n(1-8)
bi(s) < Cr* 7 [ bitso) + f O™

A(T)k—v
)
< S—k—n(l—&),
where we used the initial bound (3.18), (4.64) and k > £ + 1. This concludes the proof of (4.59).
— Control of the stable mode V1. We recall from (2.52) and (3.16) that

Uy

bkzbi—l——k, 1<k=<t, V=PlU,
N

where P, diagonalize the matrix A, with spectrum (2.55). From (2.53), and (4.5), we estimate
forl<k<it¢-1,

|s@Ue)s — (Al S s 1bi)s + k= Y)bib = b | + U S s~ + U,
From (2.54), (4.5) and the improved bound (4.59), we have
Is@Ue)s = (Ah)el S 571 (1BR)s + (k = Y)bibe — best] + besaD) + U Ss77070 4 .
Using the diagonalization (2.55), we obtain
sVs = DgV + O(s 1079, (4.65)
Using (2.55) again yields the control of the stable mode V:
|5Vl 577070
Thus from the initial bound (3.18),

50\ 1=n(1-9) - -
571V < (%) s " ViGso) + 15577
N

which yields (4.58) for so > so(n) large enough.

e Transverse crossing. We give the proof of item (ii) of Proposition 3.7 in this part. We compute
from (4.65) and (2.55) at the exit time s = s1:

1d (& oo
S (Z 1520 Ve(s) P

k=2

|S:S1

12
_ (sna—a)—l k; [g(l — Vi) + SVk(Vk)s])

‘s:sl

4
5 — ky n 1
— [ q(1-8)-1 T 2
_<s |:kE:2|:k—)/ +2(1 5)i|Vk(S)+O<S%n(16)>:|)

s=51
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12
1 J(1-5) 2 1

—_— 2 T o
= e O lsi VDI +0 T

k=2 i

1
>— | et .
= o |e@o+0 0

>0,

where we used item (i) of Proposition 3.7 in the last step. This completes the proof of Proposi-
tion 3.7.

Appendix A. Coercivity of the adapted norms
In this section we aim at proving the coercivity of the adapted norms & defined by (see (1.26))
& =gl = f aL g + f DL g = / l(@Dkl* + / |(@2)i-11%,
RA R4 RA R4

where we exploit the notation

fo=f fusi=A fu=F LS, furr= fu=Lf for keN.

To do so, we first recall some results in [27] concerning the coercivity estimates for the operator
o/, &/* under some suitable orthogonality condition. As a consequence, we then obtain the
coercivity of &.

We recall from Lemma 4.1 that the direction ® m defined in (3.4) is of the form

L—

- d 2
¢M=((f> with @y =) " (—D*en mL* (xuAQ), (A1)
k=0

where L > 1 is an odd integer. We denote by D,,4 as the set of all radially symmetric functions.

For simplicity, we write
+oo
[ 1= [ sowta.
0

We have the following:

Lemma A.1 (Hardy inequalities). Let d > 7 and f € D,yq, then

(i) (Control near the origin)

13y f12 _ (d —2—2i)? 2 5 .

y=<1 y<1

(ii) (Control away from the origin for the non-critical exponent) Let o > 0, o £ %, then
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2 . 2 2
|9y f1 >_(d (2a—%2)> y2+&¥——CKa,d)f20),

y2a — 2
y>1 y>1
10y FI2  [(d—Qa+2)\>
I (4 I — Cla.d) 2.
Y M VRS

y=1

(iii) (Control away from the origin for the critical exponent) Let o = 5=, then

2 2

2o [ i - C@r0).
y T4 ) y*e(l+logy)

y=1 y=1

(iv) (Weighted Hardy inequality) For any ;. > 0, k > 2 be an integer and 1 < j <k — 1,

L B YA O
1 4 yut20k—=j) ~II gy yu 1+ yrt2k
Proof. See Lemma B.1in [49]. O

We have the following coercivity of .«7* and <7

Lemma A.2 (Weight coercivity of &/*). Let « > 0, and f € D,qq satisfying

| 10y /12 s
i=0,1,2, / y2i(1 +y2a) + y2i+2(1 +y2a) < 400,

then

of* 2 9 2 2
i=0a1129 /!7f|ica / | yfl +/ - f )
y21(1 + yZa) y21(1 + y2a) y21+2(1 + y2a)

for some cy > 0.
Proof. See Lemma A.2in [27]. O

We also have the following coercivity of o7

(A.2)

(A3)

(A4)

(A.5)

Lemma A.3 (Weight coercivity of o7). Let p > 0 and i = 0,1,2 such that 2p + 2i —

(d—2—-2y)|#0, where y € (1, 2] is defined by (1.10). For all f € Dyqq with

19y 12 / f?
- + - < 400
/y2’(1 +y20) )y (L4 )

and

(fPu)=0 if 2i+2p>d—2y -2,

(A.6)
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where ®y is defined in (3.4), we have

| f1? 19y £1? 12
/ V(4 52 ~ / A4y / V(1 42y (A7)

Proof. See Lemma A.3in [27]. O

From the coercivity estimates of </ and .&/* given in Lemmas A.3 and A.2, we can turn to the
core of this part: the coercivity of the adapted norm &. In particular, we have the following.

Lemma A.4 (Coercivity of &k). Let L > 1 be an odd integer and k be defined as in (1.18),
there exists a constant ¢ = ¢(L, M) > 0 such that for all radially symmetric vector function q

satisfying

(q)el? (q2)c|?
Z/ y2(1 + y2k—2-2k) Z/ V2(1 + 2420 < 00, (A.8)
and
(6,%*i&3M)=0 for 0<i<L, (A.9)
there holds:
k-2 )
|(Q1)k| [(g2)k|
Z/ y2(1 4 y2k—2-2k) Z/W < cék. (A.10)
k=0

Proof. By (2.18), we see that the condition (A.9) is equivalent to

(L'q1,®m)=0 and (L 'gqr, Pyu)=0 for0<i<= L

(A.11)

Recall that
& = f (gDl + f 1(g2)x—11>. (A.12)

We will write indifferently ¢ to denote g1 and g7, and try to control the term of the form f |qk|2
with k =k or k =k — 1. Let us rewrite

= qp—1 or qx = g1,

and apply Lemma A.3 or Lemma A.2 with i = p =0 to find that

|gk—11>
/mﬁz/ S
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If k — 1 =0, we are done, if not, we repeat this step again by writing

Gk—1 = ¥ qr—2 OF gr—1 = A qx—2,

and so forth. Note that — > T + o

thanks to (A.11). Then, applylng Lemma A.3 or Lemma A.2 with the appropriate values of i and
p would give

/|qk|2>/|qk1|2>m>/ 11 >/ la?
A A A R O b

This concludes the proof of Lemma A.4. O

and that the orthogonal condition in Lemma A.3 is fulfilled

Appendix B. Interpolation bounds

We derive in this section interpolation bounds on g which are the consequence of the coerciv-
ity property given in Lemma A.4. We have the following:

Lemma B.1 (Interpolation bounds). Suppose that & and &5 satisfy the bootstrap bounds in
Definition 3.2 and that q satisfies the orthogonal condition (3.3), there holds:

(i) Weighted bounds for q:

k—1 2
l(q)il? [(g2)i]
()l +/|(qz)k 12+ / — /—I_C(M)@@k
/ Z 2(1+y2]k 2i 2) ; 2(1+y2lk 2 4)
(B.1)

(ii) Expansion near the origin: for y < 1,

k
§=Y cilii+7. |l SVé. (B.2)
i=1
where i’k is defined as in (2.19) for all k € N, and ¥ satisfies the bounds
k-1 . k—2 .
S oaln SYTIVE, D Yol SyTTVE.
i=0 i=0

(iii) Weighted bounds for a;(j

0511 3l qal?
Z,/ 1—|—y2k 2i Z/ 1+y 2]k 2i—2 < c(M)é, (B.3)

hence,

B—o

G0, s <eDIEe and 131y, g <cODEFT S for o <p<k (BA)
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Moreover; for j € N and p > 0 satisfying o < j + p <k, we have

2 k=(j+p) (j+p)—o
|3 1l J+p jtp
T<enE, T8 T

yzl

U

(iv) Weighted L control: Let a > 0 satisfying o — 5 < p <k — 7, then

k— % -p pfa+%
k-0 k—o
& &

L (y=1)

yP

LetjeN*andeOsuchthatlgjglk—%andngfk—j—%,then

; 2 o d f*?"’( P ) P
J k=j-r-5 1- +
ayql —E 2 k—0o ki % Py %

yp

Lo (y=1)

Moreover, if 1 < j+ p K< L, then

; 2
o q
yP

b?<j+p>+—2”fﬁﬁ) +o(ﬁ)&1+o(%).

Leo(yz1)

Proof. (i) The estimate (B.1) directly follows from Lemma A.4.

3039

(B.5)

(B.6)

B.7)

(B.8)

(ii) Without loss of generality, we assume that 7 is an even integer so that k =L 4+ /4 + 1 is

also an even integer. By (2.20), the expansion (B.2) is equivalent to

Sk

k
2

g1=) c2ilk—i+ri= ZCZiqb%,i +r1,
i=1

(Sl

-1 ko

92 = i1 Tk—2i—1+1r2= Zsz+1¢k _1 12,
i=1

I¥
—

i

(B.9)

where we recall that Tox = Tox+1 = ¢ with ¢ being defined as in (1.32). We only deal with the
expansion of g; because the same proof holds for g». We claim that for 1 <m < k (g1)k—2m

admits the Taylor expansion at the origin

m
(@D)k—2m = Zci,n1¢)n—i + (rDm,

i=1

with the bounds

lcim] S V6,

(B.10)
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2m—1

. e
S DMl Sy VG, for y <1
j=0

The expansion (B.2) for ¢; then follows from (B.10) with m = %.
We proceed by induction in m for the proof of (B.10). For m = 1, we write from the definition
(2.7) of &*,

di
@010) = @)1 () = == IAQ/(quAQx T

2
Note from (B.1) that f qui%” < &% and from (2.5) that AQ ~ y as y — 0, we deduce that
di = 0. Using the Cauchy—Schwartz inequality, we derive the pointwise estimate

2 y 2

y
1 _ _ _d
l<€1>1<y>lfy—d f|<q1>k|2xd ldx fxzxd ldx | Sy 2t/é& fory<l.
0 0

We remark from (B.1) that there exists a € (1/2, 1) such that

l(eN1(@)| = [(gDr—1(@)* < / 1(g1)k—11* .

y<l1
We then define

(61)1

(ro1(y) =—-AQ INZ

a

dx,

and obtain from the pointwise estimate of (eq)1,
_d
rD1O)I Sy~ 272 /& for y < 1.
By construction and the definition (2.6) of o7, we have
L =2 (qDk-1 = @Dk = ZL(q)k-2-

Recall that span(.¥) = {A Q, '} where I' admits the singular behavior (2.10). From (B.1), we
2
have f l(‘“)y# < &k < +o0. This implies that there exists ¢11 € R such that

(qDk—2=c11AQ + (r))1 =c1,1¢0 + (r1.

Moreover, from (B.1) there exists a € (1/2, 1) such that

l(gD)k—2@* < / 1(gD)k-21* < &k,

y<l1
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which follows

d
el SV, 1@k—2l Sy 2726y fory <1
Since o7 (r1)1 = (e1)1, we then write from the definition (2.6) of o7,

,Sy_%+1\/é‘)k fory < 1.

135 (1] < Ien)i] + '%

This concludes the proof of (B.10) for m = 1.
We now assume that (B.10) holds for j =1, ---,m for some m > 1, and prove that (B.10)
holds for j =1,---,m + 1. The term (r1),,+1 is built as follows:

y
(e)m+1

dx,
AQ

r)m+1=—AQ

a

where a € (1/2, 1) and
1 r
=——— AQx"ldx.
(e)m+1 YV TAQ O[(rl)m Ox"" dx

We now use the induction hypothesis to estimate

y
eDmst] = | ImAQx4"d
leD)m+1] = yd_TQO (rDmAQx" "dx

y
1 d d
5 = /éok/XZm-‘rzdx 5 y2m—7+1 éak.
y
0

Then, we have

,
(e1)m+1 _d
st = AQ/T"gdx <842 /g
a

By construction, we have

L) me1 =Tm.

From the induction hypothesis and the definition (2.19) of T}, we write

m m
L(q)k-20m+1) = (@1)k-2m = Zci,m¢m—i +m = Zci,miﬂ¢m+1—i + Lrmat.

i=1 i=l1
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2
qu)k*y%*”' < & implies that

The singularity (2.10) of I" at the origin and the bound fy<1

m
@Dx—20n1) = Y CimPmt1—i + Cmt1mAQ + (F)m1-
i=1

From (B.1), we see that there exists a € (1/2, 1) such that

1(gDk—20m+1) (@1 < / 1(@Dk—2m+1)]* < Gk,

y<l1

from which we derive the bound |¢;41.m| S +/ k. For the estimate on 8}]: (r1)m+1, we note that
by construction
Dm2 =D TDmtr1 = EDmt1, Tm3 =L Dms1 = Dm,
Fmta = A LTDm1 =G TOm = €Dms Dmts = L2 EDmp1 = D1, -+ -
D3m1 =L CDmr1 =01, D3ma2 =G L (D)mr1 = (eD1.

A brute force computation using the definitions of 27 and 27* and the asymptotic behavior (2.8)
ensure that for any function f, we have

ol f = ZP,,f, with |Pij| <

i=0

(B.11)

Hence, we have for0 < j <2m+1land y < 1,

J 2m+2—i— 2

|avrm+1|<2' el <ny

< y2m+27%7j &.

This concludes the proof of (B.10) as well as (B.2).
(iii) We use (B.11), (B.1) and the expansion (B.2) to estimate

|91 g1 qm2
Z 1_|_y2k 2i Z 1+y2]k 2i—
19 <q1>|2 EX (612)|2
<‘§k+2f |8;q1| +Z/ |a;‘12| +Z/ T 2k—2i / k—2i—2

)<1 y<1
<4 ~ [ lqv,I? g2),1*
k+22 y2k=2j ZZ y2&=2j-2 = S ¢k
i=0 j= )>1 i=0 j= 0

which concludes the proof of (B.3). The estimate (B.4) simply follows from an interpolation.
The estimate (B.5) follows from (A.2) and the interpolation (B.4).
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(iv) We apply the Hardy inequality (A.3) to g1 with « = o — 1, the bound (B.5) with j =1

and p = o — 1, and the expansion (B.2) to find that
q1 9yq11*
2 S| Semp FlaOPSE.
o—4 y2(a 1)
Y L¥(yzD) 5y
Similarly, we have
’ 18yq1 2
q1 q1
. S | Saop FlaMP S é.
kd y2(]k D
Y Lozl (5
An interpolation of the two estimates yields the bound (B.6)
For 1 < j <k — %, we have from Sobolev and the bound (B.4)
]k—_j—% j+%—rf
IIV’q1||Loo+|IV2+’q1|| 2 SETT ST (B.12)
We apply (A.3) to 3! yq1 with o =k — j — 1, then use (B.5) and (B.2) to estimate
. o
9741 197" 1l 2
oo / O +13ja1 (VP S .
Y R
We interpolate for 0 < p <k — j —
. . d Jt5-9 p p
81“]1 kjopg k—o (1711(_ _¢)+k—'_i
yp 5 éaa k—o éa]k ) =2
i VR
d
5 1
2
1+0|(—
~o(3)

If1 <j+ p < L,then we have
k—j—p—
) we compute the exponent

L2

Recall from (1.19) and (1.20) that |o —d /2| +n = (9(
)+ b d}QL+%1—&U+nD
k—j—35

(-
T d
k—j—4
1

k—o

v(j+p)
-4+ 0
L + L?

=2(+p+
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This yields
; 2
¥ q1

140(1) 20+p+2 52 10( )
k—j—4 '

~ ©o 1

Y L®(y=1)
This concludes the proof of (B.7) and (B.8) as well as the proof of Lemma B.1. O

For the estimates of the linear and commutator terms in derivation of the monotonicity for-
mula (4.14), we need the following Leibniz rule for % whose proof can be found in [27],
Lemma C.1:

Lemma B.2 (Leibniz rule for £*). Let ¢ be a smooth function and k € N, we have

k+1 k
LGN =D fmbrrrom+ Y rmi1$ui2mi1, (B.13)
m=0 m=0
and
k Kk
A LY@ =" fomt1%s12m01 + Y FamB241.2m5 (B.14)
m=0 m=0
where
—fork =0,
¢I,O:_8}‘¢v ¢1,1:¢7
d—142V
$r0=—07¢ — 06 P=200. d22=9.
—fork>1

$2%+1,0 = —0yP2x,0,

$2k+1,2i = —0yPok2i — P2k 2i—1, 1 =i =<k,
d—1+42V .
G2k+1,2i+1 = P2k,2i + f¢2k,2i+l —dyPok2i+1, 0=<i=<k-—1,

D2k+1,2k+1 = P2k 2k = P,

d—1+4+2V
D2k+2,0 = OyP2r+1,0 + T¢2k+1,0,
d—1+4+2V )
D2u42,2i = Pokt1,2i—1 + Oy@okt1,2i + ————Puy1,2i, 1=<i =<k,
Gok42,2i41 = —P2u+1,2i + Oyoks12i41, 0=<i <k,

D2k42,2k+2 = G2kt 1,2k+1 = P.
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