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Abstract

This paper deals with a boundary-value problem for a coupled chemotaxis-Navier-Stokes system involv-
ing tensor-valued sensitivity with saturation

ng+u-Va=An" —V.mS(x,n,c)Ve), x e, t>0,
ct+u-Ve=Ac—c+n, xeQ,t>0,
ur+xkWw-VYu+VP=Au+nVe, xe,t>0,
V-u=0, xe,t>0,

(KSNS)

which describes chemotaxis-fluid interaction in cases when the evolution of the chemoattractant is essen-
tially dominated by production through cells, where k € R, ¢ € W2(Q) and S is a given function with
values in R2*2 which fulfills

IS(x,n, )| < Cs

with some Cs > 0. If m > 1 and © C R? is a bounded domain with smooth boundary, then for all reason-
ably regular initial data, a corresponding initial-boundary value problem for (K SN S) possesses a global
(weak) solution which is bounded. Our main tool is consideration of the energy functional

/nm+[|vC|2.
Q Q
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1. Introduction

Chemotaxis, the biased movement of cells in response to chemical gradients, plays an impor-
tant role in coordinating cell migration in many biological phenomena (see Hillen and Painter
[7]). For example, the fruit fly Drosophila melanogaster navigates up gradients of attractive
odours during food location, and male moths follow pheromone gradients released by the female
during mate location. In 1970 Keller and Segel [11] proposed a mathematical model describing
chemotactic aggregation of cellular slime molds

ng=An—V-nVe), xe€,t>0,
(1.1)

cc=Ac—c+n xe, t>0,

where @ C RV, n and ¢ denote the density of the cell population and the concentration of the
attracting chemical substance, respectively. One of the most characteristic mathematical features
of system (1.1) is the possibility of blow-up of solutions in a finite or infinite time. It is well
known that solutions of system (1.1) blow up when N = 2 with large total mass of cells and
N > 3 with arbitrarily small prescribed total mass of cells (see [1,8,14,24]). In order to describe
the nonlinear dependence on the cell density in cell movement, the following variant has also
been widely studied

ng=An" —V.-(nVce), xe€Q, t>0,
(1.2)

¢t =Ac—c+n, xe, t>0,

where m > 0. The main problem is whether the solutions of (1.2) are bounded or blow-up. In

fact, all solutions are global and uniformly bounded if m > 2 — % (see [18,23]); whereas if

m<2— %, (1.2) has some solutions which blow up in a finite time (see [2,23]). Therefore,

2
m=2—- —
N

is the critical blow-up exponent, which is related to the presence of a so-called volume-filling
effect. But in the models (1.1) and (1.2), the authors did not take into account the relationship
between cells and their environment. So the above models can be used to describe that the bac-
terial chemotaxis was occurred in the quiescent fluid. Yet suspensions of aerobic bacteria often
develop flows from the interplay of chemotaxis and buoyancy. Tuval and his collaborators [20]
described the above biological phenomena and proposed the mathematical model consisting of
oxygen diffusion and consumption, chemotaxis, and fluid dynamics
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n+u-Va=An—V.-mSmn)Ve), xe,t>0,

¢t +u-Ve=Ac—nf(c), xe,t>0, (13)
ur+kw-Vu+VP =Au+nVe, xeQ,t>0, ’
V'MZO, er,t>O,

where n, ¢, u and P denote, respectively, the density of cells, chemical concentration, veloc-
ity field and pressure of the fluid. The coefficient « is related to the strength of nonlinear fluid
convection, ¢ stands for the potential of the gravitational field within which the cells are driven
through buoyant forces, the function S(n) measures the chemotactic sensitivity, and f(c) repre-
sents the oxygen consumption rate. It is worth noticing that the results obtained so far indicate
that in contrast to the standard Keller-Segel model, phenomena of finite-time blow-up, which
represents maybe the most extreme facet of bacterial aggregation, cannot be determined whether
they will occur or not for the above system (1.3) involving chemical signal consumption. Even for
the Stokes-fluid (x = 0) system, the simplified system of (1.3), there was no result in this respect.
For the signal production case, when x =0, S(n) = (n+ 1), Wang and Xiang [22] and Winkler
[27] considered the system in 2D and 3D space respectively. They concluded that if o > NT_Z, the
global bounded classical solutions for all sufficiently regular initial data would be existed. Some
modeling approaches suggested that an adequate description of bacterial motion near surfaces
of their surrounding fluid should involve rotational components in the cross-diffusive flux (see
[28,29]), so the natural generalizations of chemotaxis-fluid systems should model the evolution
of the cell density, as the following form

n+u-Vo=An—-V-mSx,n,c)Vc), xe,t>0,

ci+u-Ve=Ac—c+n, xeQ,t>0,
ur+xkw-VIu+VP =Au+nVe, xe,t>0,
V.-u=0, xeQ,t>0,

where the chemotactic sensitivity S(x, n, ¢) is tensor-valued and
IS(x,n,0)| <Cs(n+ 1)~

with some constants o > 0 and Cgs > 0. Wang, Winkler and Xiang ([21]) and Ke and Zheng

([10]) considered the global existence of the solution for the case N =2 and N = 3, respectively.
They concluded that when o« > NT*Z, the global solutions would be existed. When we consider

the porous medium type nonlinear diffusion, the system can be rewritten as

ny,+u-Va=An" —V.mSx,n,c)Vc), xeQ,t>0,

¢;+u-Ve=Ac—rc+n, xeQ,t>0, (1.4)
U +xkWw-Vyu+ VP =Au+nVe, xeQ,t>0, )
V-u=0, xeQ,t>0,

and the Frobenius norm of § would satisty
[S(x,n, )| <Cs
for some positive constant Cg. When « = 0, Li et al. [12] and Zheng [31] considered the

chemotaxis-Stokes system (1.4) for N =2 and N = 3, respectively. They concluded that when
m>2— %, the weak solutions of the simplified system (1.4) (k = 0) are global existent and
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bounded. But till now, as far as we know, it is still not clearly that in the case that « # 0, whether
the solution of the chemotaxis-Navier-Stokes system (1.4) is bounded or not.

The emergence of degenerate diffusion, full Navier-Stokes fluid (« 7 0) and rotational flux
(tensor-valued sensitivity S) makes the system (1.4) contain more complex cross-diffusion mech-
anism, which brings more mathematical difficulties to the problem. In fact, if « = 0, by utilizing
the L! estimate on n, one can invoke Lemma 2.4 in [22] and the Sobolev embedding theo-
rem (Theorem 5.6.6 in [3]) to obtain the regularity of u in arbitrary L? spaces (see Lemma 2.4
in [12]). Then one can also obtain L” estimate on ¢, by using the variation-of-constants rep-
resentation for ¢ (see the proof of Lemma 2.6 in [22] and Lemma 2.6 in [12]). By using the
estimates on ¢ and u, one can finally derive the entropy-like estimate involving the functional
fQ n? + fQ |Ve|?4 (see Lemma 2.9 in [12] or Lemma 2.10 in [22]). Once the crucial step has
been accomplished, the main results could be easily obtained by using the standard Alikakos-
Moser iteration. However, when « # 0, we can not acquire the regularity of u in arbitrary L?
spaces directly. It makes us to find a new method. We develop some LP-estimate techniques
to raise the a priori estimates of solutions from L'(Q) — L™ 1(Q) - L™(Q) — LP(Q) (for
Vp > 1), which seems a new method in the case of fluid-free system.

In this paper, we shall subsequently consider the chemotaxis-Navier-Stokes system (1.4) along
with the initial data

n(x,0)=no(x), cx,0 =co(x), ux,0)=uo(x), x€e€, (1.5)
and under the boundary conditions
(Vnm—nS(x,n,c)Vc)-v:Vc~v=0, u=0, xe€ed,t>0 (1.6)

in a bounded domain  C R? with smooth boundary, where we assume that the chemotactic
sensitivity tensor S(x, n, ¢) be satisfied

S e C*(Q x [0, 00)%; R?*?) (1.7)
and
|S(x,n,c)| <Cs forall (x,n,c) e x[0, oo)2 (1.8)
with some Cs > 0. Throughout this paper, we assume that
¢ € WHX(Q) (1.9)
and the initial data (ng, cg, ug) fulfills
ng € C*() for certain « >0 with no >0 in €,
co € WH®(Q) with ¢9 >0 in £, (1.10)

ug € D(A),

where A denotes the Stokes operator with domain D(A) := w22(Q)nN W(}’z(Q) N Lg(SZ), and
L2(Q) :={p € L*(Q)|V - ¢ = 0} (see [17]).
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Within the above frameworks, our main result concerning global existence and boundedness
of solutions to (1.4)-(1.6) is as follows.

Theorem 1.1. Let m > 1, Q C R? be a bounded domain with smooth boundary, and assume
(1.7)-(1.10) hold. Then the problem (1.4)-(1.6) admits a global-in-time weak solution (n, c, u, P),
which is uniformly bounded in the sense that

InC, D)l + e D llproggy + 11 Dl < C forall t>0 (L1
with some positive constant C.

Remark 1.1. (i) If u = 0, Theorem 1.1 coincides with Theorem 5.1 in [23], which is optimal
according to the 2D fluid-free system.

(ii) Theorem 1.1 extends the results of Li, Wang and Xiang [12], in which the authors dis-
cussed the chemotaxis-Stokes system (k = 0) in a 2D convex domain. As mentioned earlier, we
not only extend the results to the chemotaxis-Navier-Stokes system (x # 0), but also remove the
convexity assumption of the domain. In [12], in order to get the regularity of V¢, the authors
added the assumption that the domain should be convex. In this paper, we apply the bound-
edness of ||Vcl[12(q) (see Lemma 3.4) and the fractional Gagliardo-Nirenberg inequality (see
Lemma 2.5 in [9]) to gain the regularity of V¢ in arbitrary L? spaces and drop the hypothesis of
convexity for .

This paper is organized as follows. In Section 2, we do some preliminary works and propose
a approximate problem. In Section 3, we use some iteration technique to establish the necessary
a priori estimates. Finally, in Section 4, we obtain the global existence and boundedness of the
solutions for the system (1.4)-(1.6) in a bounded domain.

2. Preliminaries

In order to construct the weak solutions by an approximation procedure, we construct the
approximate problems as follows

et +ug - Vg =Ang + )" —V - (n:Se(x, ng, ce)Veye), xe, t>0,

Cet +Ug - Veg = Acg — ¢ + ng, xe, t>0,

U + VP = Aug — k (Yeug - Vg +n.Vo, xeR, t>0, .1
V-u,=0, xe, t>0, ’
Vng-v=Vc,-v=0,u, =0, x €022, t >0,
ne(x,0) =no(x), ce(x, 0) = co(x), ug(x,0) =up(x), X €Q,

where

Sé‘(-xﬂnac) :ZIOS(X)X&‘(M)S(-X:?”’C)’ xes_za nzov CZO,
pe € C3°(R2) suchthat 0 <p, <1 in  and p; /1 in Q as €\ 0,
Xe ngo([O, 00)) suchthat 0 < x. <1 in [0,00) and x. /1 in [0,00) as &\ O,

and
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Yew:=(1+gA) 'wforallw e L2 (Q)

is a standard Yosida approximation.
By the well-established fixed-point arguments (see Lemma 2.1 in [26], [25] and Lemma 2.1
in [15]), we could show the local solvability of system (2.1).

Lemma 2.1. Let Q C R? be a bounded domain with smooth boundary, and assume (1.7)-(1.10)
hold. For any ¢ € (0, 1), there exist T,,4x € (0, 00] and a classical solution (ng, ce, ue, Pe) of
system (2.1) in Q X [0, Typax ¢ ). Here

ne € COQ % [0, Tnax,e)) N C*HQ % (0, Tnax e))

¢ € CUQ X [0, Tnax,e) N C>1 (2 x (0, Tnax,e) NNt LU0, Tynax,); WHP(Q)),
Ug € CO(Q x [0, Tmax,s)) N Cz’l(Q x (0, Tmax,s)) N mye((),l) CO([O’ Tmax,5)§ D(AY)),
P € CI'O(Q x (0, Tnax,e))-

2.2)

Moreover, ne and c¢ are nonnegative in Q X (0, Tyax.e), and if Tipax s < +00, then

limsup[[lne (-, )l Lo(@) + e, Dllwroo@y + 1A e (- Dl 2y ] = 00

t/'Tnmx,s
1
forallp>2andy € (5,1).

Lemma 2.2. ([19]) Let T € (0,00], 0 € (0,T), A > 0and B > 0, and suppose that y : [0, T) —
[0, c0) is absolutely continuous such that

Y (t) + Ay(t) < h(t) forae. te(0,T)

with some nonnegative function h € Lllo ([0, 1)) satisfying

t4+o
/ h(s)ds < B forall t€ (0, T —o0).

t
Then

B

y(t) < max{yo + B,
AT

+ 2B} forall t €(0,T).

3. Some basic a priori estimates

In order to establish the global solvability of system (2.1), in this section, we plan to derive
some estimates for the approximate system (2.1), which plays a significant role in obtaining the
main result. Let us first state two basic estimates on n, and c.
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Lemma 3.1. ([10]) The solution of (2.1) satisfies

/ns :/}’lo f()}" all t € (0, Tmax,a) (31)

as well as

/c‘8 §max{/ no,/co} forall t € (0, Tyax.e)-

Q Q Q

According to Lemma 3.1, we can obtain the following energy-type equality.

Lemma 3.2. Let m > 1. Then there exists C > 0 independent of € such that the solution of (2.1)
satisfies

/n8+/(n8+a)m*‘ +/c§+/|u8|25c forall t € (0, Thpax.e)- (3.2)
Q Q Q Q

Moreover, for all t € (0, Tyax.e — T), it holds that one can find a constant C > 0 independent of
& such that

t+7

[ [ +e2m49m + 9ef + 9] <. (33)
Q

where T =min{l, § Tyuax.e}.
In order to obtain the boundedness of n,, we need to give higher norm estimates on c;.

Lemma 3.3. Let (ng,ce,u.) be the solution of (2.2) and t = min{1, %Tmax,g}. Then for any
q > 2, there exists C := C(q, K) independent of ¢ such that

llce (. OllLa@) = C forall t € (0, Tnax,e)- (3.4)

Proof. Let p > 3 +4(m — 1). Multiplying the second equation in (2.1) by ¢/ _l, using the fact
V - u, =0, and applying the Holder inequality, we have

cf’+<p—1)/cf’ 2ve, 2 +/c"

Q

dt

:/cg’_]ng
S/Cg_l(na‘l‘g)

Q
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m—1
=bip=2m-] | 7"
<llng +ell p-20-1 /Cg m=l forall ¢ € (0, Tnax.e)- (3.5)
L p—4m=1) (Q)

Now, due to the Gagliardo-Nirenberg inequality and (3.1), for some positive constants o and 7,

we derive
m—1
(-Dip=26m-11 | 7"
/Cg m—1
Q
2<p )
= ||Ce || p D[p—2(m—1)]
L p(m=T) (Q)
e ey 20T Aol
p—z(m— m— e
<K0(||VC£2 IILZ(Q)’ led 175" + IICs2 || ) P
LP (Q) P (Q)
2[p—2(m—1)—1]
2(m—1)
<K1(||VC ”LZ?Q)M +1)

So that, in light of (3.5) and the Young inequality, we derive that for all ¢ € (0, Tinax ¢),

1d
cP+(p—1)/cP 2\Vee|? + /cg’
dt
Q
2[p—2(m—1)—1]
p—2(m—1)

=«illne + el p—20n— b (IIVC I +1)
Q)

L3 () L2 @

(=D 2m—1 20m—1
f" 21Vee 2+ Crpe 2" ing + 2172070 ficrlne + el p2mn
L p=3m=D) () L p—4m=D (Q)

Q

where we have used the fact that Z= 2(2”(lm1)1)1 + p_2(1m_1) =1.In view of p >3 +4(m — 1),

again, from the Young inequality, there exist positive constants C3 and C4 such that

[ 5D famar [
pdt

Q
< Callne + P20 70 4 Cyforall 1 € (0, Truaxe)- (3.6)
L p—4m=1) (Q)

In the following, we will estimate the integrals on the right-hand side of (3.6). In view of the
Gagliardo-Nirenberg inequality, for some Cy4, C5 and Cg > 0 which are independent of ¢, we
may derive from (3.3) that

t+t1
p—2(m—1)

/ Ine + el ,2om-y  +C3)ds
L p—4(m—1) (Q)

t
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t+t
| P*Z(mlfl)
= / ”(”s + 8)m ” m_p72(m,1) + C3 ds
J L Tp=4m=DTm=T) ()
t+t
112 1 Ll 1 p72(mlfl)
_ m— = — =
< ¢y / IV + )" 2o e+ 1L e+ o)™ )+
/ Lm=T () Ln=T1(Q)
t+t

<Cs [ (190 +0" g ) + €3

t
< Cs,

where T = min{l1, %Tm,m ¢}. Therefore, (3.4) holds by applying Lemma 2.2 and the Holder in-
equality. O

Based on Lemma 3.2 and Lemma 3.3, we can get a series of important estimates on n, and c;.

Lemma 3.4. Let m > 1. Then the solution of (2.1) satisfies

/(ng + &)™ +/ |Vc8|2 <C forall t € (0, Tiyax,) and any ¢ >0 (3.7
Q Q
and
t+t
/ /(ng +£)2m <C forall t € (0,Ty4x,c —7) and any & >0, (3.8)
r Q

where T = min{l, %Tmax,e}‘

Proof. Multiplying the first equation of (2.1) by (1, + &) !, integrating the product in €, and
noticing V - u, = 0, one obtains

1d _
e+l + on = 1) [0V,
Q
= /(”8 + g)milv < (ngSe(x,ng, ce)Vee)
Q
=(m— 1)/(”6 +8)m_2n558(x, ng,ce)Vng - Veg
Q

< Csm —1) / (ne + &) |Vne||Vey| forall 1 € (0, Tnar.e)
Q

by using (1.8). Then, by using the Young inequality, we have
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1 d m 2m—3 2
ZE””& +5||Lm(g2)+(m_1) (ne +¢) [Vng|
Q
m—1 2m—3 2
= T (ne +¢) |Vne|
Q

(m —1)C3 )
+T (ne +¢)|Vee|” forall t € (0, Tiax.e)- 3.9)
Q

On the other hand, in view of Lemma 3.2 and the Gagliardo—Nirenberg inequality, we infer that
for some yp > 0 and y; > 0,

/ (ne +e)™"
Q
ol A
=|(ne+e) 2 |4
L2m—1(Q)

2m—1

<9IV + )" F 1T (e + )57 F e+ )77 | )i
=Y & 2o 1 \te L2mz—l @ 3 LGgﬁ(g)

2m—
2

1
<7V +)77 72+ 11-

We then achieve, with the help of the above inequality, that

m(m — 1)/(ng + )23V,
Q

_4m(m—1) v ol o
= m” (ne +¢) 720
1 4m(m — 1) m
Q

Here, the Young inequality allows to be written as
(m — DC% 2 2m Sam_
— (ng +8)|Vee|” <1 | (ne +)™" + Ci(er) | [Veg| 2T,
Q Q Q

where

1 m-—1

= 1R (3.11)

&1

and
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2m — 1 (m—1HCE\ !
Ci(e1) = (e12m)~ mor 8
2m 2
In light of (3.4), there exist positive constants /o > .~ and C, such that
llee -, 1) oy < C2 forall 1 € (0, Tax.e). (3.12)

Next, with the help of the Gagliardo—Nirenberg inequality and (3.12), we derive that
_4m__
Cier) [ [Veg| T

m ) m— m
= CsllAcellLi(Q)1 llcell 10(9)2 T4 C3||Cs||210(19)

_4m

< C4||ACs||L§'fQ; +Cy

with some positive constants C3 and Cy4, where

1 1 2m—1
_+__
2 ! 4,
a=—F—"—¢€(©1
27 h

This, together with the Young inequality and a 2 <2 (duetolp > =), yields
4m 1
C](S]) |ch|2m—l Z”AC£”L2(Q) +C5 (313)

Taking — Ac; as the test function for the second equation of (2.1), and using the Young inequality,
it yields that for all # € (0, Tj,4x.¢)

d 2 2 2
S IVeliag + [ 18cl + [ Vel

Q Q

e Acg + /(ug Veg)Ac,

[
/ngA /chV(ug V)
Q
-~/

ngAcg /chV(Vug V), (3.14)

where we have used the fact that
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1
/We (D%cp - up) = §/u5~V|VC5|2=O forall 1 € (0, Thnax.c)-
Q Q

Meanwhile, we can further use the Gagliardo-Nirenberg inequality and the elliptic regularity

([5]) to conclude that for some C¢ > 0,

Vsl s o) < CollAcell 2y IVeell 2y forall 7€ (0, Tax.e).

()

This, together with the Cauchy-Schwarz inequality and the Young inequality, yields

—/VCSV(VMS-VCS)

Q 2
”VMS ”LZ(Q) ”Vcé‘ ” L4(Q)
CollVuell 2 llAce 2@ I Veell L2

CollVitel o g I Ve o) + 7 1ACE 172 gy forall € (0, Tnax.e)-

IAIA

IA

Applying the Cauchy-Schwarz inequality, one obtains

1
—/ngAcg < Z/|Acg|2+fng for all 7 € (0, Thax.c)-
Q Q Q

From (3.14) and (3.15), we thus infer that

d
lIVeelzag) + / |Ace|* +2 / Ve < 2 / nz +2CE I Vite 720, IVee 72
Q Q

Q

Collecting (3.9), (3.13)—(3.17), we derive that for all ¢ € (0, Tinax.e),

d _
Tl +2lfn gy + 1V eel72q)) +mGm —1) / (ns + &)™ 7| Vi |?
Q

1
+§/|Acs|2+2[|Vc£|2
Q Q

mey / (1 + 2" +2 / 02 4 2C2 Vel ) Ve 22y + Cr

IA

IA

Q Q
me / (ne +)>" +2 / (ns + ) + 2C3 [ Vue | 2 I Vee 172y + C-
Q Q

Moreover, it follows from the Young inequality and m > 1, that

(3.15)

(3.16)

(3.17)
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d _
G5 el gy 19 o) +mm = 1) [ 001V,

Q
45 [ 18ep+2 [ 1vep
2 (3.18)
Q Q
< 2me / (ns + &)™ +2C3 | Vite |72 g IVee 7 g, + Cs forall # € (0, Tnax.e)-
Q

By substituting (3.10) into (3.18) and using (3.11), we find that

1 4m(m —1)

d
E(”ns'f“?”’zm(g)‘i‘||VC£||L2(Q))+( Qm — 1)

1
+5/|Ac8|2+2/|w8|2
Q
1 2m(m

d 2.
= S+ el + IV s ) + - / (e + )"

/|Ac5| +2/|Vcs|

< 2CG||W€||L2(Q)||WS

—2meq) /(n‘s + 8)2’"
Q

”LZ(Q) + C9 forall ¢ e (O’ Tmax,s)-

Therefore, we derive from the Young inequality that

. ) 1 m(m — 2
E(“ne +8||21IW(Q) + ||ch||L2(Q))+2/nZl +2/ Ve e| + _(Zm 1)2 /(”ls +e)™
Q Q
< 2C§||Vus||%2(g) ”VCS”iZ(Q) +Cwo
< ZCé”VMS||iz(§2)(||vcs'|iz(9) + lIne + &l 7n(q)) + Cio forall 7 € (0, Tnax.e), (3.19)

where we have used the fact that 2 [, n' < —- 7 gf;" 11)% Jo (e +&)*™ +Cio, m > 1 and the Young

inequality. Now, again, from the Gagliardo—Nirenberg inequality, (3.3), and Lemma 3.2, there
exist constants y3 > 0 and y4 > 0, such that

t+t
//(”8 + &)™
rQ
t+t
=/||<ng+e>’”*‘||'"_1
Lin-T1(Q)
t
t+t t+t
m—1 m—1m m—1 =
<J/3(/ V(e +¢) ”Lz(Q)”(”a“l‘e) [ 11(9)+/||(na+8) l _I(Q)) T
t
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t+t
= / IV (e + )" M2 + 74 forall 7 € (0, Tax,e = 0),
t

where T = min{1, %Tmax, ¢}. Therefore, by (3.20), we conclude that

1+t
/ /(ng +&)" <ys forall t € (0, Tnaxe — 7).
rQ

Thus, for f € (0, Thnax,e), if we write

V(@) = lne (1) + el gy + I1Vee (D2 g

and

p(r>=2C§/|wg(~,r>|2,
Q

(3.19) implies that

Y (@) +h(t) < p)y(t) + Cyy forall 1 € (0, Thax.e),
where

h(r) = i m(m — 1)

—— = [ (ne +&)*" (-, 1) > 0.
2 —12f
y1 2m —1) J

Next, by using estimates (3.21) and (3.3), one obtains

t+7

f ps)ds <Cr2

t
and

t+t

/ y(s)ds < Cy3,

t

YJDEQ:10148

(3.20)

(3.21)

(3.22)

for all ¢ € (0, Tryax,e — 7). For given t € (0, Tjyqx,¢), by using estimates (3.21) and (3.3) again,

one can choose o > 0 such that 79 € [t — 7, t) and

v(-, t0) < Cia.

This, together with (3.22) and the Gronwall lemma, yields
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t
y() < y(to)effop(‘”d‘v + / el POAT s

fo
t

< C146C12 +/€C12C11ds
fo

< C14eC12 +eC12¢yy forall t € (0, Tpax.e). (3.23)
Finally, combining (3.22) with (3.23), it yields (3.7) and (3.8). O
Lemma 3.5. Let m > 1. There exists a positive constant C independent of ¢, such that

/ |Vue(-,1))> <C forall t € (0, Tiax.e)- (3.24)
Q

Proof. Firstly, applying the Helmholtz projection to both sides of the first equation in (2.1), then
multiplying the result identified by Au,, integrating by parts, and using the Young inequality, we
find that

1d 1
mqugniz(Qﬁ/MugF
Q

= / AuP(—k (Yeug - V)ug) + / Pn.Vo)Au, (3.25)
Q Q
1 2, .2 2 2 2
= 2 [Aug|” +« |(Yeue - Vue|™ + ||v¢||LOO(Q) ng forall t € (0, Tuax,e)-
Q Q Q

Noticing that || Yeuell12(q) < lluellz2(q), it follows from the Gagliardo-Nirenberg inequality and
the Cauchy-Schwarz inequality that with some C; > 0 and C» > 0

e f |(Ftte - Ve
Q

2 2 2
S K ” YE“S ||L4(S2) ” V”é‘ ||L4(S2)

< K2 ClIIVYeuell L2 | Yerte Il 20 U Auell 120y | Vit | 2]
<Kk2C1Cao||VYeuell 2yl Auell 20 I Vtell 2¢)] forall £ € (0, Taxe).  (3.26)

Now, from the fact that D(A?) := WS’Z(Q; R?) N L2 () and (3.2), it follows that

1 1 1
IVYeuell 2@y = 1A2Yeuell 120y = 1Ye A2uell 12y < 1A2uellp2(0) < IVuell 2y (3.27)

Due to Theorem 2.1.1 in [17], [[A() |l 2(q) defines a norm equivalent to || - [ly22(q) on D(A).
This, together with the Young inequality and estimates (3.27) and (3.26), yields
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K2 f |(Yeue - Vue|?
Q

IA

CallAuell 2| Vite |72 g

< ZlAuclag) + K CPCI NI Vuell}s g, forall 1 € (0, Thax,e),

! |
4

which combining with (3.26) implies that

1d 1
5 142l o g) < KU CRC3IVHe N2 ) + I VBl o) f ng forall t € (0, Tnax.e)-

2d
Q
By the fact that || A3 u, |2, @ = IVuel2, g we conclude that
Z(t) < p(t)z(t) + h(t) forall t € (0, Thax.e), (3.28)
where
z(t) :=/|Vug(-,t)|2,
Q
as well as
p(t) =26*CIC3 / Vue (-, 0
Q
and

hO) =215 e [ 720

Q

However, (3.3) along with (3.8) warrants that for some positive constant g,

+t
f [|wg|2 <ap forall 1€ (0, Tax.e —T) (3.29)
t Q
and
+t
/ /n§ <ag forall e (0, Tnaxe —T) (3.30)
r Q

with T = min{1, éTmaxyg}. Now, (3.29) and (3.30) ensure that for all ¢ € (0, Tjyqx,c — T)
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t+7
/ p(s)ds < 2C32a0

t
and

t+1
/ h(s)ds < 4|V7 o gy0-

t

For given ¢t € (0, Tyyax.¢), applying (3.29) again, we can choose 7y > 0 such that #p € [t — 7, )
and

/IVMS(-,to)IZ <Cy,
Q

which combining with (3.28) implies that

t

2 < 2o’ 4 / ek PO () ds
fo
t
(3.31)

< C4e26§°‘° +/e2€§°‘°h(s)ds

fo

2 2

< eG4 PG4 V|| o yt0 forall £ € (0, Tyuau.e)-

One can easily obtain the inequality (3.24) from (3.31). O

Lemma 3.6. Let m > 1. Then there exists a positive constant C independent of € such that the
solution of (2.1) satisfies

IVee (D)l jniy < C forall t € (0, Tax,e)- (3.32)

Proof. Considering the fact that V¢, - VAc, = %A|V08|2 — |D2c5|2, using the second equation
in (2.1) and several integrations by parts, we find that

d

— v 2m
o 2 Vel

L2m (®)

= / [Vee |7 2Ve, - V(Ace — o 4+ ne — g - V)
Q

1
=5/|Vce|2"’*2A|Vcs|2—/|ch|2'”*2|02c8|2—/|Vcs|2’”
Q Q Q

- / neV - (IVee " "2Ve,) + / (e - Vee)V - (|Vee P2V ee)
Q Q
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m—1 21 3| Vee|?
=2 [ et ove] 5 [ ivepr2 2Rl - five
2 2 av

_/|VCS|2m_2|D2C8|2—/n8|V65|2m_2A65 _/nsvcs -V(|Vcs|2’”_2)

Q

/ (s - Veo) [Vee P2 Ace + f (s - Ve ) Veo - V(| Ves P72

-1 ad
)/’V|V €|m /|V s|2m -2 | C5| /|V 2m 2|D2C|

- / nelVes P2 Ac, — f neVes - V(IVes P2 — / Ve

Q Q Q

+ / (e - Vo) |Vee "2 Ace + / (e - Vee)Vee - V([ Vee " 72) (3.33)

for all ¢ € (0, Thnax,e). Since |Ace| < \/5|D2cg|, by utilizing the Young inequality, we can esti-
mate

/”s|vce|2m_2AC8

Q
NG / ne|Ves P2 D |

=<
B (3.34)
< Z;/|Vcs|2""2|DZCe|2”/”g'm'm_2
Q Q
< % / Ve " 72D +2 / (ne +)*| Ve |72
Q Q
and
/ (1 Veo)|Vee "2 Ac
Q
< ﬁ/m-ch||Vc8|2’"*2|D2cs|
Q
< % / Ve " 2D | + 2 / Jug - Vee P Ve 72 (3.35)
Q Q
< 1 [ver vt 2 [uiver
Q Q
< %/|ch|2’”‘2|D2c5|2+2/|ug|2|Vce|2'”
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for all ¢ € (0, Tiuax,¢)- Again, from the Young inequality, we have

- f neVes - V(IVee2"2)
Q

= —(m — 1)/ng|ch|2<'"*2>Vc8 -V|Vee|?
Q

m — 1 2
<" [ver 9ve ] 20 =) [ Pive
Q Q

(m—1) 2 _
s o [ IVIVEl 4 20m = 1) [ neP Ve (3.36)
Q Q
and
2m—2
/(us -Veg)Vee - V(| Ve )
Q
—(m—1) / (e - Vo) |Vee =DV e, - V| Ve, 2
Q
—1 2
=T [ Ve vV, |
Q
+2(m — 1) / lug - Ve |* Vs |2
Q
(m _ 1) m|2 2 2m
=5 [ [VIVel"["+2m =1 [ lueFIVee ™" (3.37)
Q Q
Observe that
/8|vc5|2|wg|2m_2
Jdv
Q2
< Cq / Ve[ (3.38)
Q2 5
= CQ“VCS'm”LZ(aQ)‘

Let us take r € (0, %). Due to Proposition 4.22 (ii) in [6], we have that W”%’Z(Q) — L2()
is compact, so that,

2 my 2
Ve ™ = CilllVee ™l .
el 20 i) (3.39)
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Now, let us pick a = % Byr e (0, %) and m > 1, it implies that r + % < a < 1. Therefore,
from the fractional Gagliardo—Nirenberg inequality and Lemma 3.4, for some positive constants
80, 81 and C1, we conclude

2
VeI .

(€2)
mya myl—a m
= SolVIVee "2 g I1Veel ”L%(Q)+61”|V08| IIL%(Q) (3.40)
=< Cl ”Vlvcé"m”?}(Q) + C1~

Combining (3.38)—(3.40), using the Young inequality and the fact that a € (0, 1), it yields

IA

ClIVIVe ™|
(m—1)
2m?

2 O (3.41)
/|V|w8|m|2+c3.
Q

Now, together with (3.33)—(3.37) and (3.41), we can derive that, for some positive constant Cy4,
1 d 2m m—1 m2 1 2m=21 2. |2 2m
7 Vel gy + zm—zf [VIVeel"|"+ 3 / |Vee "2 D% +/ Vee|
Q Q Q

gzm/n§|v(:g|2m—2+2m/|ug|2|vCe|2m+c4 forall £ € (0, Tpax.e)- (3.42)
Q Q

We proceed to estimate the first term on the right-hand side of (3.42). By using the Young in-
equality, we conclude that

2m / ng|ch|2m_2
Q

<om f (e + £)%| Vs P72
Q

1
< E/|V05|2m+C5/(n5+8)2m for all 7 € (0, Thax.c) (3.43)
Q Q
and
2m/|u8|2|V05|2m 5/|vc,;|2’"+l +Cﬁfu;""+2 forall ¢ € (0, Tyax.e), (3.44)
Q Q Q

I
where Cs = - (3m) " (2m)™ and C¢ = (2m)*"*1. On the other hand, due to (3.7), we

m—1
derive from the Gagliardo—Nirenberg inequality that for some positive constants C7 and Cg
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/ |Vcs|2m+1
Q

2m+1
= |||VCs|m||L§"m+1
m

m—1 2

m | 2m+1 m | Zm+1 m mt]
= GIVIVe Tl g IV eel IILm( Vel ™ll 2 o) "
2m=1
< GUIVIVe"l 2, + D,
which together with the Young inequality provides a constant Cg such that
f|vC [P+l < f|V|ng|m| + Co. (3.45)

Q

Inserting (3.45) into (3.44), we derive that

2m/ g |*[Vee |
§2 (3.46)

m |2 1 Ce / w2 4 Co for all t € (0, Trax.e)-
Q

Substituting (3.43) and (3.46) into (3.42), we have

1 1
e ||ch||L2m(m 3 / Ve "

IA

Q
Cs [+ 4 Co [t 4-Co forall 1 € 0. T
Q

Next, since W'2(Q) < LP(Q) for any p > 1, the boundedness of [|Vu,(-,1)ll2q) (see
Lemma 3.5) implies that there exists a positive constant Cy; such that

lite (- ) pams2gy < Cri forall 1 € (0, Trnax.e)s

which together with (3.8) yields to (3.32) by using Lemma 2.2. This completes the proof of
Lemma3.6. O

Lemma 3.7. Let m > 1. Then for all p > 1, there exists a positive constant C independent of ¢,
such that the solution of (2.1) from Lemma 2.1 satisfies

lneC,)llLr) < C forall t € (0, Tiax.e)- (3.47)

Proof. Let p > max{l,m — 1}. Taking (n, + €)P~! as the test function for the first equation of
(2.1), combining with the second equation, and using (1.8), the Young inequality and the fact
V - u, =0, we obtain, for all € (0, Thnax.e),
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d _
et el gy +mip = 1) [ 40" O

=< (P— l)/(né‘+8)p72n8|vn8||ss(-xvn£1C&‘)ché"
< (- 1>cs/<ne 6P Vne Ve
@ 2
m(p—1 ) (p—1)C B
< %/(nﬁe)m” 3|Vng|2+%/(ng+e)1’+1 Ve,

Q

which implies that

d 1
=l el gy + /(n T ey T,

3.48)
(p—1C3 - (
— f (ne +£)P 17" Ve |

for all € (0, T;4x,¢). In the following, we will estimate the right-hand side of (3.48). In fact,
due to m > 1, we conclude from (3.32) that

/ (ne + £)" 7|V, 2

m

m(p l —m)
< f(ng+e> = /Wc fom
m(p+1-—m)
< C /(ng g) m-1 forall t € (0, Tinax.e)
Q

by using the Holder inequality. Combining the above inequality with (3.2), considering the fact
m > 1 and % < 2, and using the Gagliardo—Nirenberg inequality and the Young in-
equality, we obtain
m(p-H—m)
/ (n e T m—1

+17) 2(p+]—zln)
m+p—
=Cill(ng + 5) - 2;17)1(Q+1—m)
L (m=D(m+p=T) (Q)

m—1
m

mp—m=+1 m2+l

m(p+T—m) L
||ZZIZQ) " ”(nE +£

m—1
m(p+I1—m)
2

<CO(IV(ne )77

L ptm=1 ()
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p+m—1 2(p+1-—m)
Hlme+e) 2| 2 ) mEod
L ptm—1 (Q)
ptm—1 72(,,?,,"24?)1)
— m(p+m—
m(p —1
< % / (ne + )" P73 |Vng|? + Cy forall 1 € (0, Thax.e)- (3.49)
Q

Inserting (3.49) into (3.48), we have

1d m(p—1) _
arine +elline +—F5— f(ng +6)" P3| Vne|? < Cs.

4
Q

Therefore, (3.47) holds by using Lemma 2.2 and some basic calculation. This completes the
proof of Lemma 3.7. O

Lemma 3.8. Letm > 1 and y € (%, 1). Then one can find a positive constant C independent of
&, such that

ll7g (-, t)”LOO(Q) <C for all t € (0, Tmax,e)’
llce (-, t)“Wl-OO(Q) <C forall t € (0, Tmax,e)

as well as

llzee (-, t)”LOO(Q) <C forall t € (0, Tnax,e)

and
|AY ug (-, D2 <C for all t € (0, Tnax.e)-

Proof. Firstly, applying the variation-of-constants formula to the projected version of the third
equation in (2.1), we derive that

t
U (-, 1) =e_tAuo—i—/e_(t_r)AP[ng(',t)qu—K(Ysug~V)u8]dt for all 7 € (0, Thax.c)-
0

Now, picking he = Plng(-, 1)V — k(Ysue - V)ue], then, in view of the standard smoothing
properties of the Stokes semigroup, we derive that for all ¢ € (0, Tinax,e) and y € (%, 1), there
exist C1 > 0 and C, > 0 such that

A  ue (-, D)l 120

t
<IAYe " ugll 12 +/ IAY e D4 ho (-, )dTll 2y dT
0
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t
21y
s||AVuo||Lz(Q)+a/<t—r> 77250 e D () | o oy e
0

t
211
<+ f t—1) 7290 e MO () | Lo T (3.50)
0

by using (1.10), where pg € (1, 2) satisfies that

2
3-2y°

Po > (3.51)

In light of (3.47), for some positive constant C3, it has

IneC, )llLroy < C3 forall t € (0, Tinax,e)-

Employing the Holder inequality and the continuity of P in L?($2; R?) (see [4]), there exist
positive constants C4, Cs, Cg and C7 such that

1726 (-, Ol Lro ()
< Cyl|(Yeue - VIug (-, )| Lro(@) + Callne (-, 1)l Lro (@)

< Csl|Yeuell 2py ||Vus(',f)||L2(Q)+C5
L2P0 ()

= CelVY¥euell 2 IVue . )l 12y + Cs
<C7 forall t € (0, Thaxe), (3.52)

2P0
where we have used the fact that W'2(Q) — L2 70 (Q) and the boundedness of
IVue(-, 1) ||L2(Q). Collecting (3.50), (3.51) and (3.52), we conclude that

A ue (-, 1)l 2(q)
t

A

211
Cs / t—1) 7250 e MO () | Lo dT
0

IA

Cy forall ¢ € (0, Tinax.e),
which together with the fact that D(A?Y) is continuously embedded into L°°(2) by y > % yields

llue (-, )l < Cro forall £ € (0, Tinax,e). (3.53)

In view of (3.53) and (3.32), we may use (1.10), the fact that m > 1, and the smoothing properties
of the Neumann heat semigroup (e A),Zo to see that there exists Cy; > 0 such that

IVee (-, )l < Cin forall 1€ (0, Tnax,e)- (3.54)
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Then, the boundedness of n, can be obtained by the well-known Moser-Alikakos iteration proce-
dure (see e.g. Lemma A.1 in [18]). Indeed, by using (3.53) and (3.54), we see that the hypotheses
of Lemma A.1 in [18] are valid provided that we take the parameter p in Lemma 3.7 appropri-
ately large. Thus, we obtain

lne(-, DllLe@) < Ciz forall e (0, Tnax,e).
The proof of Lemma 3.8 is completed. O

With all above regularization properties of each component n,, ¢, and u, at hand, we can
show the existence of global bounded solutions to the regularized system (2.1).

Lemma 3.9. Letm > 1 and y € (%, 1). Let (ng, cg, ug, Pe)sc(o,1) be classical solutions of (2.1)

constructed in Lemma 2.1 on [0, Tyyax ¢). Then the solution is global on [0, 00). Moreover, one
can find C > 0 independent of ¢ € (0, 1) such that

e (-, 1)l Loy < C forall t € (0,00)
and
llce (-, D llwreo(qy < C forall t € (0, 00)
as well as
e (-, Dl ooy < C forall t €(0,00).
In addition, we also have
IAY e (-, )l 2y < C forall 1 € (0,00).

Then, with the help of Lemma 3.9, we can straightforwardly deduce the uniform Holder
properties of c;, V¢, and u, by the standard parabolic regularity theory as the proof of Lem-
mas 3.18-3.19 in [25] (see also [30]).

Lemma 3.10. Let m > 1. Then one can find u € (0, 1) such that for some C > 0

llee (-, D] <C forall te(0,00)

3 £ —
C 2 (Qx|[rr+1])

as well as

e (-, D) <C forall t €(0,00),

M I3
CcH T (Qx[t,t+1])

and for any t > 0, there exists C(t) > 0 fulfilling

Ve (-, 1)l < C(1) forall t e (t,00).

C“'%(Qx[t +1) —
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4. Proof the main result

In this section, we will give the proof of the main result. Based on the above lemmas, we will
construct the weak solution as the limitation of classical solutions to the approximating systems
(2.1). Applying the idea of [30] (see also [13] and [25]), we first state the definition of the solution
as follows.

Definition 4.1. Let 7 > 0 and (ng, co, ug) fulfills (1.10). Then a triple of functions (n, c, u) is
called a weak solution of (1.4)-(1.6) if the following conditions are satisfied

nel)l (Qx][0,T)),

celLl (10,T); Wh(Q)),
ue L}, ([0,T); Wh(Q)),

where n > 0and ¢ > 0in Q x (0, T') as well as V - u = 0 in the distributional sense in 2 x (0, T),
MOTeOVer,

n™ belong to LIOC(Q x [0, 00)),
cu, nu and nVebelongto L} (Q x [0, 00); R?)

and

T T T T
—//n(p,—/n0¢(~,0)=/fn”’Ag0+f/nVc-V<p+//nu~V(p
0 Q Q 0 Q 0 Q 0 Q

for any ¢ € COO(Q x [0, T)) satisfying 37 % —0ondQ x (0, T), as well as

for any ¢ € CgO(S_Z x [0, T)) and

T

/ / ug — / w0 (-, 0)

0

T T T

K//u@uV(p [/Vquo [anqﬁgo
0 Q 0 Q 0 Q

for any ¢ € C3°(2 x [0, T); R?) fulfilling Vg = 0in Q x (0, T).

Please cite this article in press as: J. Zheng, Y. Ke, Blow-up prevention by nonlinear diffusion in a 2D
Keller-Segel-Navier-Stokes system with rotational flux, J. Differential Equations (2019),
https://doi.org/10.1016/j.jde.2019.11.071




YJDEQ:10148

J. Zheng, Y. Ke / J. Differential Equations eee (eeee) eee—see 27

If foreach T > 0, (n, ¢, u): 2 x (0, 00) —> R* is a weak solution of (1.4)-(1.6)in  x (0, T),
then we call (n, ¢, u) a global weak solution of (1.4)-(1.6).

In order to use the Aubin-Lions Lemma (see [16]), we will need the regularity of the time
derivative of bounded solutions. Employing almost exactly the same arguments as that in the
proof of Lemmas 3.22-3.23 in [25] (the minor necessary changes are left as an easy exercise to

the reader), and taking advantage of Lemma 3.9, we conclude the following Lemma.

Lemmad4.1. Let m > 1 and ¢ > max{m, 2(m — 1)}. Then for all ¢ € (0, 1), there exists a positive
constant C independent of € such that

|0sme (-, t)||(WOz.z(Q))* <C forall t € (0, 00).
Moreover, let ¢ > max{m,2(m — 1)}. Then for all T > 0 and ¢ € (0, 1), one can find C(T)

independent of € such that

T
f 190 (16 + €)% (. Dll 22yt < C(T) forall 1 € (0,T)
0

and
T
//|V(n8+8)5|2§C(T) forall t€(0,T).
0 Q

Finally, we can prove the main result.

Proof of Theorem 1.1. In conjunction with Lemma 3.9 and the Aubin-Lions compactness
lemma (see Simon [16]), we thus infer the existence of a sequence of numbers ¢ = &; \( 0
along which

ne — n weakly starin L>=(Q2 x (0, 00)), 4.1
ne = n in C ([0, 00); (W (2))"), (4.2)
ce — ¢ in Cp) (2 x [0,00)), (4.3)
Vee — Ve in CP.(Q % (0, 00)), 4.4)
Ve — Ve weakly starin L% (2 x (0, 00)) 4.5)

as well as
ue — u in CP (2 x [0, 00)) (4.6)

and

Du, — Du weakly starin L>(2 x (0, 00)) 4.7
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holds for some limit (n, c,u) € (L (2 x (0, oo)))4 with nonnegative n and c. On the other
hand, Lemma 4.1 implies that for each 7" > 0, (ng)ge(o,l) is bounded in L2((0, T); WI’Z(SZ)).
By using Aubin-Lions lemma again, one can obtain ng — z¢ for some nonnegative measurable
7: Q2 x (0, 2) — R. Thus, by utilizing (4.1) and the Egorov theorem, we get z = n. Thereby

n, —n ae. in Q x (0, 00) 4.8)

holds.

Due to these convergence properties (see (4.1)—-(4.8)), by applying the standard arguments,
we may take ¢ = ¢; \( 0 in each term of the natural weak formulation of (2.1) separately. Then
we can verify that (n, ¢, u) can be complemented by some pressure function P in such a way
that (n, c, u, P) is a weak solution of (1.4)-(1.6). Finally, we can infer from the boundedness of
(ng, cg, ug) and the Banach-Alaoglu theorem that (#, ¢, u) is bounded. O
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