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where x, t € R, v is a real-valued function, a € R, a# 0, b,c and d are positive constants, and H is
the Hilbert transform, i.e.

11 fy dy.

Hf(x)=p.v.— (1.2)
wtJ) x—y

R

The equation above corresponds to a second-order approximation of the unidirectional evolution of
weakly nonlinear dispersive internal long waves at the interface of a two-layer system, one being
infinitely deep. It was derived by Craig, Guyenne and Kalisch [4], using Hamiltonian perturbation
theory.

In this work we are interested in establishing a well-posedness theory for the IVP (1.1) in usual
Sobolev spaces. We first observe that the L2-norm as well as the quantity

H(v) = / (a(axv)2 +bVHIV + §v3 - deHaxv> dx (1.3)

is conserved by solutions of the equation in (1.1).

In contrast with the IVP associated to the Benjamin-Ono equation (see [1,3,8,9,11,16,20,22]) there
are no well-posedness results for the IVP (1.1) available in the literature. In [18] it was shown that
the map data-solution of the IVP (1.1) from H*(R) to C([0, T]; H*(R)), for any s € R, is not C2. Thus
one has that local well-posedness in H*(R) cannot be established by a fixed point argument using
the integral equation. The techniques in [18] follow the ideas used in [17] to obtain a similar result
for the Benjamin-Ono equation.

The purpose of this paper is to investigate local well-posedness for the IVP (1.1). In this direction
our main results are next.

Theorem 1.1. Let k € Z be such that k > 3. Then for any
vo € Z¥ = H*(R) N L2 (R; ¥* dx), (14)
there exist T = T (||voll zx) > 0 with T («) /' +o00 as o — 0O, a space Z’} such that
Zk < c([0,T1: %),

and a unique solution v of (1.1) in Z’; satisfying v(-, 0) = voq.
Moreover, for any T' € (0, T), there exists a neighborhood 2% of vo in Z¥ such that the flow map data-
solution is smooth from 2% into Z’},.

Our argument of proof follows the idea of the gauge transformation introduced by Hayashi and
Ozawa [7] in the one-dimensional nonlinear Schrédinger equation, and used in [14,15] in related
context. However due to the nonsmooth character of the symbol modeling the dispersive relation and
other features our problem does not fall in the scope of these works.

After projecting into the positive and negative frequencies and applying the gauge transforms to
a system formally equivalent to the equation in (1.1) one performs a fixed point argument using the
smoothing properties associated to the linear problem however one needs to include the L? norm
with weight x* to control the gauge transform. One also should observe that one key tool in our
analysis to deal with the second-order derivatives in the nonlinear terms was the use of a commutator
estimate (see Lemma 2.5 below) recently proved in [5]. The result in Theorem 1.1 should be the best
possible using a fixed point argument which agrees with the result in [18].
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One should also mention that the solution obtained in Theorem 1.1 solves the IVP (1.1). Actually
one can prove that under suitable data the system (3.46) (below) and the IVP (1.1) are equivalent.

We can still improve the result in Theorem 1.1 noticing that H2 would be sufficient to obtain
solutions via contraction mapping principle except to control ||xv| ;2. Thus we can use an energy
method argument to show the following result.

Theorem 1.2. For any v satisfying
vo € Z% = H*(R) N L*(R; x* dx), (1.5)

there exist T = T (||voll z2) > 0 with T («¢) /' +o00 as o — 0, and a unique solution v of (1.1) satisfying

veC(0,T]: 2%, (1.6)
aPivel®([0,T1: L®®R)), [=0,1,2, (1.7)
dPyv e L*([0,TT; L3 (R)), (1.8)
dqe(xv) e L*([0, T1; LE . (R)), (1.9)
and
+00
Z sup sup ‘8,’<Piv|2 <oo, 1=0,1, (1.10)

j=—o00 0<t<T j/NSX<j/N+1

where N = N(T) € Z,.. Moreover, the flow map data-solution: vo — v is continuous from Z? in the class
(1.6)-(1.10).

The next question is whether one can obtain local well-posedness for the IVP (1.1) without impos-
ing the solution being in a weighted space. As we commented above the restriction comes up when
the gauge transform is implemented. More precisely, the gauge transforms in our argument can be
chosen either as

X

cb(x,t):exp(i/v(y,t)dy) (111)
or
D (x, t):exp(i/v(y,t)dy). (112)
0

In the first case since we only have v € L%(R) we need to use the Ix(-)|l ;2-norm to control @. The
second case looks better since one just requires v(-,t) € leoc(R) to make sense of @. However in this
case the application associated to the integral equation fails to be a contraction.

To overcome that obstruction we use a compactness argument. We still use the gauge transform
and the same kind of estimates established in Theorem 1.1 to obtain a priori estimates for smooth
solutions of the IVP (1.1) provided by the argument used in [21]. Here is essential to select the gauge
transform as in (1.12), this will allow us to take the limit in H% without restriction on the data. The

result is as follows.
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Theorem 1.3. Let s > 2. For any vy € H*(R), there exist a positive time T = T(||vo||gs) and a unique solu-
tion v of (1.1) satisfying

veC([0,T]; H*(R)), (113)
DLaLPLv e L5([0, T L®(R)), [=0,1,2, (114)
PiveL*([0,T]; HiT (R) (1.15)
and
+00
Z sup sup D}oxP1v 2 00, (1.16)

jm—o0 OSIST J/NSX<j/N+1

where0<r<s—2,N=N(T) € Z+.
Moreover, for any T’ < T, there exists a neighborhood V of vg in H5(R) such that the flow map data-
solution: Vo — V from V into the class defined by (1.13)-(1.16) with T’ instead of T is continuous.

In the light of these results, the above comments on those in [18] and the conservation law (1.3)
(which gives an a priori estimate of the H!-norm of the local solutions) the question of the local
well-posedness in H! (which implies global well-posedness) naturally arises.

Our arguments may be further refined to obtain the result for s > 7/4. In fact, it may be possible
that a modification of the original equation with an appropriate gauge transform as in the work of
Tao [22] for the BO equation can be used to lower the regularity required for the existence. However
in this case one still needs to rely on the existence of solutions which as pointed out before is first
established here.

This paper is organized as follows: In Section 2, we introduce some notation and derive several
estimates useful in the proof of our main results. The proof of Theorems 1.1 and 1.2 will be given in
Section 3. Finally in Section 4 we show Theorem 1.3.

2. Notations and preliminary estimates

The following notation will be used throughout this article: (-,-);> denotes the L?-scalar product

for real-valued functions, while [ = (1 — A)% and DS = (—Aﬁ will denote the Bessel and Riesz
potential of order —s. Note that D! = Hd,. We will use k to denote a positive constant; moreover,
for any positive numbers a and b, the notation a < b means that a < kb. And we denote a ~ b, when
a<bandb<a.

Since the linear differential operators aaf + ibaf will appear in our analysis, we shall begin by
considering the associated problems

{(8t+a83iibaf)w=F, (217)

w(x,0) = wo(x),

whose solutions when F =0 are given by the unitary groups {Wi(t)};er in H¥(R), where WL (t) =
e~t@R+b3)  We also define the unitary group associated to the linear part of (1.1), V(t) =
e~t@%R—bH3) We shall reduce the estimates for (2.17) to the known ones for the linearized KdV
equation

{ hz+adjz=F, (218)

z(x,0) = z9(x).
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We will treat for example the case of W_.. Multiply the equation in (2.17) by ei%* and define f&x, )=
e’%"w(x, t), so

o faandfa o i 20 o ik 2.19
tf+axf+3axf 127a2f_eaF. (219)

It is deduced by setting h(x,t) = f(x+ t t) that

3 2 b (x+ t) b2
och +adyh — lf—h—e 3T 3aF x+3—tt (2.20)

Finally define

_j2 b3y
137 2t

b3 b2
z(x,t)=¢e h(x, t)—e z7a2 e' En w(x~|— 3q > (2.21)

Then z is a solution to (2.18) with
b ~ i b ¢ b g
zo(x) =e'3a*wg(x) and F(x,t) =e 2722 e'3a*F| x + %t,t , (2.22)
or equivalently if z(x, t) is a solution to (2.18), then
il b?
w(x,t)=e 127a2te_’%"z<x — %t’ t) (2.23)

solves (2.17) with the appropriate modifications on F and wy.

Lemma 2.1. There exist three positive constants c1, c; and c3 such that

[W(@®)ywo Hm <crllwollgz, (2.24)
T +o0 1/2
1
{Sup//!XJ/NaxWi(t)WO(X)’ dxdt} <1+ T2 lwollj2, (2.25)
0 —o©
and
+00 1/2
{E: wpmmuymmwimwdml} <c3(1+ T wollyr, (2.26)
j 0<t<T xeR

where x € C3°(R),0< x <1, x =10n[0,1], supp x C (=1,3), xj/Nn=x(-— j/N)yand N=N(T) € Zy,
N~1+T).

Remark 2.2. Estimates (2.24)-(2.26) still hold with V instead of W .
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Proof. Fix F =0 in (2.17)-(2.23) for the rest of the proof. It is known from [13] that

Izl 5100 < cllzoll 2,

455

which implies (2.24), since all the transformations used in (2.20)-(2.23) preserve the L?Lfo norm.
Now, for R > 0, let x® € C5°(R) such that 0< x® <1, x® =1 on [0, R], supp x®  (—R,3R) and

X]R = xR(-— j). It was proved in [13] that

o0
2
sup f |0xz(x. )| dt = ||z0]12, = woll.-
xeR
—0o0
Then it follows that

oo o0
2
gup/ /\Xf(x)axz(x,t)| dxdt <3R||woll3.
Jeroofoo

On the other hand, fix R>1+ l’;—aT and N = N(T) € Z such that

b2T
# zez‘oglgRJrﬁ <2R+1<N.

Then, it is deduced from (2.21), (2.27) and the L?-norm conservation for (2.17) that

T oo 5 2
<su // 2R x—E W(x, t)| dxdt
X ]EZp X_] 30 X ]
0 —o©
2R 2 2R, b b2 [
gsup//})(j (x)dxz(x, 1) dxdt+sup/[ X (x)3—w(x+—,t> dxdt
jeZ jez a 3a

bT 5
< (6R+3; ) Iwolly.

which implies (2.25).
The following maximal function estimate was derived in [12]:

o 1/2
(Z sup  sup Iz(x,t>|2> <R+ T)lzollys.

JE oo ST j<x<J+R

for any s > %. Moreover, it follows from (2.21) that

2 b\’ 2 2
lzollyr < {1+ 3 Iwollz + llaxwoll5.

(2.27)

(2.28)

(2.29)
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Therefore, it is concluded from (2.28) and (2.29) that

2

b2
X (x— 3—>w(x t)
b 2 2 2 2
c(l—i-(%) )R 1+ T wol,

Remark 2.3. Note that, contrarily to c; and c3, the constant c; does not depend on the parameters a
and b.

sup sup|x ;& w(x, t) sup sup
Z \t\<Txe]R| iIN Z |t|<TxeR

which yields (2.26). O

A result to commute V with x, which is proved in [19], will be useful.

Lemma 2.4. Let

[(x,t) = x — 3atd? + 2btHoy.

Then,

'x,6)V(t)g =V (t)(xp), (2.30)
forall p € S(R).

The following lemma, proved in [5], will also be needed to estimate commutators involving the
Hilbert transform and derivatives.

Lemma 2.5.

(i) Let L denote one of the following operators: P, P_, or H, where P/i\f(é) = X]Ri/f\(é)- Then for any
pe(1,00)and anyl,m € Z* U {0} with | +m > 1, there exists ¢ = c(p; I; m) > 0 such that

JorL, a1 £, < clod™™a] LI f 1. (2.31)

(ii) Leta €10, 1), B € (0,1) with o + B € [0, 1]. Then for any p, q € (1, +o0) and for any § > é there exists
c=c(a, B, p,q,8) > 0 such that

| D*[DF, a] D HD £l o <cf Jxal ol £l p- (232)

We also recall some identities involving H, P4+ and P_.

Lemma 2.6. It holds that

H=—i(Py —P_) and 1=P,+P_, (2.33)
IHpllus = dllns, Vs eRand Vo € H(R), (2.34)



E Linares et al. / ]. Differential Equations 250 (2011) 450-475 457

and
XH(p) =H((x¢p), Vo € S(R) satisfying / ¢dx=0. (2.35)
R
3. Proof of Theorems 1.1 and 1.2
3.1. The gauge transformation

First we perform a gauge transformation on (1.1) in order to eliminate the higher-order derivative
terms in the nonlinearity. Taking the derivative of (1.1) leads to

(3 + adg — bHOZ)oxv = c(dxvav + vagv) — d(Hdvagv + 20,vHIL V)
— 3dH(9vdZv) — d(vHIZv + H(va3v)). (3.36)

To get rid of the Hilbert transform we shall project the equation in (3.36) into the positive and nega-
tive frequencies, using the identities (2.33), so

(3 +ad; — bHIZ) P v = cPy (dxvdyv + vaZv) — Py (HdxvdEv + 20, vHIZV)
+3idP, (3xvdZv) —dPo (vHIZv) +idP4 (vdgv).  (3.37)

Observe that the nonlinear terms on the right-hand side of (3.37) are of two types (i) and (ii). The
terms in class (i) involve up to “second-order derivatives” in v, and when it does appear (the second-
order derivatives) is multiplied by at worst order one (or order zero). So it suffices to consider the
term —2dP+(8va8§v) as a representative of this class, which can be rewritten using (2.33) as

2idPy (3v(dZPv — 32 P_v)). (3.38)
The terms in the second class (ii) involving “third-order derivatives” in v can be handled as follows
—dP, (VHOZV) +idPy (vav) = —dvP Hdv — d[P,, v]d HO? v

+id{vP 33V + [Py, V18507 v}
=2idvd2 P, v 4 2id[P,, v]d; Pyv. (3.39)

Thus Eq. (3.36) is rewritten as

(3 +ad; +ibdZ)dxP1v = P4 Q4 (v, PV, 3P_v)
+2idvaS Pv +2id[P, V]3] Pyv. (3.40)

Taking the complex conjugate of (3.40) and using the fact that P,v = P_V, since v is real-valued, we
get a similar equation for P_v, ie.,

(3 +ad; —ibdZ)axP_v = P_Q_(v, 3P4V, xP_v)
—2idva; P_v — 2id[P_; v]3; P_v. (3.41)
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Here Q4+ and Q_ are quadratic polynomials, whose “worse” terms are of order 2 in v (or order 1
in dxP1v) multiplied by one of order 1 or 0 in v. Moreover, the last terms on the right-hand side
of (3.40) and (3.41) can be considered as terms in the first class (i) because of the commutator
estimate (2.31).

Next, we perform a gauge transformation on (3.40)-(3.41) in order to eliminate the higher-order
derivative terms in the nonlinearity. Multiply the equation in (3.40) by ¥ = ¥ (x, t) and use the iden-
tities

lI’BtaxP+v=8t(lI/8xP+v)—8tlI/8xP+v, (342&)
Wadoy P v =ad; (WaPv) —3ad W Pyv
—3ad2W 2PV —ad WP v, (3.42b)
and
W32ayPv =ibdZ(WaxPyv) — 2ib3WdZP v — ibdZWd P v. (3.42¢)

We collect the “real” terms of order 3 in v

3ad,W a3 PV + 2idvWaiP v, (3.43)
and want to choose ¥ to vanish this expression, so —3ady¥ + i2dvy¥ =0, i.e.

X

W(x,t):exp(—i% / v(s,t)ds). (3.44)

—00

In the sequel, we will denote ¥ by ¥, and its complex conjugate ¥ by ¥_. The term ;W P, v
appearing in (3.42a) can be rewritten by making use of the equation in (1.1) as

Zd 2 V2
—axp+w1n5 —ad;v + bHov + ¢S - d(VHOv +H(vdv)) H(x, 1), (3.45)

which falls in the class considered in (i).
Therefore, after defining the new variables wi = W, 9xP.v, we get the following dispersive system
(3 +ad7 — bHIZ)v = cvixy + iddy (v(P_wy — Ww_))
— dHO(Vv(P_wy + Wyiw)),
(0 +ad} £ ibd2)we = Wi PL QL (We, v, wi) + W2 QL (Wa, v, wy)
+NL(Wg, v, wy),

(3.46)

where Ql and Qi are polynomials at least quadratic involving the first derivative of vi and w4
multiplied by a term of order zero, for example

Fi=¥ Pi(widwy), (347)

and N are the last terms on the right-hand side of (3.40) and (3.41), which is to say

Fa =[Py, vI93P v =[P4, v]dZ(¥_wy). (3.48)
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We will also choose

F3 = Ho,(v&_w.) (3.49)

as a representative term for the nonlinearity on the right-hand side of the first equation in (3.46).
Finally, the gauge transformed system (3.46) is solved by using a fixed point argument.

Proposition 3.1. Let k € Z ., k > 2. Then for any (vo, wio) such that
k 2(m. v2 k 2 _ vk
(vo, wxo) € (H(R) N L*(R; x* dx)) x H*(R)* = X, (3.50)

there exist T = T(||(vo, W+o)llxx) > 0 with T(a) /' 400 as o — 0, a space X’} such that X’{. —
C([0, T1; X*), and a unique solution (v, w+) of (3.46) in X’; satisfying

(v(-,0), wa(:, 0)) = (vo, Wo). (3.51)

Moreover, for any T’ € (0, T), there exists a neighborhood 2% of (vo, wig) in X such that the flow map
data-solution is smooth from £2¥ into X¥,.

Proof. For sake of simplicity, we will only consider the case k = 2. The integral system associated
to (3.46) can be written as

t
v=F(v,ws)=V()vo+ / V(t—t )N (v, we)(t)dt,

0

t (3.52)

we=0G1(v,wy)=Wi()wao + / Wa(t —t)Mx(v, wa)(t')dt’,
0

where A/ and M denote the nonlinearities on the right-hand side of (3.46). Let T > 0. Define the
following semi-norms

A= sup 1f©] 42

Itx

3
()= 0 g1

=0

T 172
() = {sup/ﬂxmx)aff(x, r)!zdxdt} ,
J
0

1

Ho=3{ T

12
2
up sup|xj/NX)dLf (x. 0 } :
=0\ j lsT %

O sup_xflz.
t

0<t<

T 1/2
Ag(f)z{sqp//|X]~/N(x)ax(xf(x,r))|2dxdr} . (3.53)
J
0
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Since N depends on T, we fix 0 < T < 1, so that the constants appearing on the estimates (2.25)
and (2.26) are fixed. Then, we define the Banach space X% by

Xt ={(v,wx) € C([0,T}; X?) | ||("’Wi)”><% <o},

where

6 4
o walyg = 40+ 34w,

j=1 j=1

and X2 is defined in (3.50). Note that if (v, wy) € X2, it follows that ¥, are well defined so that
the gauge transform system (3.46) makes sense. Moreover, we have that ||‘1’i||L;CT <1, since v is a
real-valued function. »

Using the integral equation, Minkowski’s integral inequality, identity (2.30) and the linear estimates
obtained in Lemma 2.1, it is deduced that

6 4 4
DOME + D AG+ Y G
j=1 j=1 j=1

T

S o weo)ye + / (VO] + [N O] 2 + [Me©] o) d. (3.54)
0

Then it remains to estimate HBEF]'HL]TL%, j=1,2,3, and ||xF3||L1TL§ where F; are defined in (3.47)-

(3.49), since they are the representative terms of the nonlinearities N' and M. We have, using
Holder’s inequality,

8¢ F1 Iz = ||3f‘1’+P+(W+3xW+)||L}L,% o Py @ s dw ) |y 17
s g+ 195 s g
+ | W+P+(W+8)?W+)”L1TL§
T
5/ Iwollgge (14 10V llge + V1200 ) 1wl 2 de

0
T

+/||3xV||L;>°||3xW+||L;>°||3xW+|ILg dt
0

T
+/(||axv||L;c||W+||Lgo + 1wl ) |9 W | at
0

T2 Wi we oz

STA+A W)+ W)l (wa)? + T%)\g(ng}(wg. (3.55)
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Next it is deduced from estimate (2.31) that
2 2 2
l0¢Fall 31z < 35 0P+, VI (P-w) 112

T

< [l2vlp 17 wowo | e
0

STES W1+ 2T W) + 2T @)2)a] (wy). (3.56)

The estimate for ||8§F3||L1TL§ follows similarly to the one for ||8§F1 ”Llrlf' Hence, it remains to bound
||xF3||L}L§. In this direction, observe from (2.35) that

XF3 =H(xdx(v¥_wy))
=H(OxVW_wy) — H(vW_wy) + H(xvax(P_w)).

Thus, Holder’s inequality yields

1
1XF3ll 113 < T2 Xj/nW-w By (xv) “l%

T
+/(||v||Lgo W llz + Ixvl | 0w ) | o) de
0

1
ST22§(Whg (W) + TAT (VAL (W)

+Tag (V) (14247 (M)A (W), (3.57)

Therefore, it is deduced combining estimates (3.54)-(3.57) that there exist positive constants 6
and k and a polynomial p with all terms at least quadratic such that

[(F(v.ws), G+ (v, w)) Hx% <k|(vo, weo) |y + KT p([|(v. wa) | x%)’ (3.58)
which concludes the proof of Proposition 3.1 by a fixed point argument (see [14] for example). O

Theorem 1.1 follows by applying Proposition 3.1 to the gauge transformed system (3.46) with initial
data (vo, Wo,— P4 0xvo, ¥o,+P_0xvo).

3.2. Apriori estimates in H*(R) N L?(R; x* dx)

To prove Theorem 1.2, it would be sufficient to bound |xv|| 112 using energy estimates for the

H3(R) N L%(|x|> dx) solutions given by Theorem 1.1 in terms of “H2-solution”. To do so we will use
the equation in (1.1) directly.
We multiply the equation in (1.1) by xv and integrate with respect to x. We have that

_1d 5
/xatvxv =3 af(xv) . (3.59)
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Using (2.35) and integration by parts
/xBvaxv: —foavav —/xBvaxva
= —Z/XBX'HVV+2/XHV8XV+/X'HVX33V

= —4/x8vav+2/xax(va) —/vH(xzafv)

= —4/x8vav —Z/va —/vsza,%v. (3.60)

Thus
/xa,vaxv = —2/anva <200V lIxvilf2. (3.61)

By integration by parts

/xafvxv =—2/xafvv —/xafvxaxv. (3.62)

Then
—2/xaxzvv <2[82v] 2 lxvii2 (3.63)

and

2 2, (((0x)? 2
— | x05vxoxv =— [ Xx“0x 5 = [ X0xvoxv=— [ OxVV — | XvO,V

<lxviiz ]| 2v 2 (3.64)

Thus combining (3.62)-(3.64) we get

3
’/xax VXV

<3| L lIxvil 2. (3.65)

Using the Sobolev inequality
/ XV vxv < [|0xv [l XV (17, < ¢l vl lIxvIiZ,. (3.66)
Finally, using Leibniz's rule we have that
/xax(vHaxv)xv+fx8x7-{(v8xv)xv

:/-xavaaxvxv—i-/(xv)zHaxzv +/H(x8xv8xv +xv83v)xv. (3.67)
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Using Holder’s inequality it follows that

U(xv)zﬂavar/H(xva,%v)xv < (| HZv] oo + [ 37V oo IxVIIZ (3.68)

On the other hand, integration by parts, Hilbert transform properties and the Cauchy-Schwarz in-
equality yield

2 1
/xavaaxvxv = —/H(xzaxv?>8xv :/H(xv2)8xv -5 /(XV)Z'Ha)%V

1
< IVIG Ixviie + 2 [HOgY | o IV I, (3.69)

and

/H(xaxvaxv)xv:/vava(xv)—i-/xvava(xv)
v2
+/xv8vav+/x28X(7>H3xv
:/vava(xv)+fxv3,?vH(xv)+/xv8vav
2 1 24,02
—/xv Hoxv — Ef(xv) Hogv

1
<IVIelxvize + (IIafvlchc + 5||H83v||m)uxv||i2. (3.70)

Getting together (3.59)-(3.61) and (3.65)-(3.70) we have that

| =

IxviiZ, <c(Iviigz + 1vIZa) Ixviiz +c(|87v] o + [ HOFV] o) XV (3.71)

N =
Q

t

Now our H3(R) N L2(]x|2dx) solution can be extended in HZ(R) N L%(|x|2dx) in a time interval
depending only on

8= lvollyz + llixvoll 2.

Since we are using the fixed point in the norms in (3.53) except |[xv(t)|;2, our solution for
given v as in (1.5) satisfies (1.6)-(1.10) and is unique in this class.

4. Proof of Theorem 1.3
4.1. Proof of the uniqueness
Let v! and v2 be two solutions of (1.1) associated with the same initial data vo, defined on a

time interval [0, T], and satisfying (1.13)-(1.16). We will denote by MZ, j =1, 2, the maximum of the
quantities defined on (1.13)=(1.16) for vi and by My the maximum of M} and M%.
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1 2

Introducing u =v" — v<, one has that u satisfies the equation

deu — bH2u +addu= %ax((w + vz)u) — dax(uHaxv1 + vzHaxu)
— dox(H(udxv') + H(v?dxu)), (4.72)

with initial data u(-,0) = 0. We deduce multiplying (4.72) by u, integrating in the space variable x
and then integrating by parts that

| =

||u||%2 = %(ax(vl +v3)u, u) +d(uHaxv', Oit) 2 +d(v*Haxu, Oit) 2

N =
QU

t
—d(udyv', Hoxu) , — d(voxu, Hou)

(=

= 2(8X(vl +v3)u,u),; - E(uHa,fv],u)Lz

+d(udv', Hu), +d(dud v, Hu) .

Therefore it follows from Holder and Young's inequalities that, for all § > 0, there exists a positive
constant k such that

d
E||u||%2 <k(Jox(v! +v2) | o + [ PLOZV ] oo + 87 )Nl +8/(axv18xu)2dx.

This leads, after integration in time between 0 and T, to

T
|u(|7, <k(Mr + 5*1)/||u(t) |2, de+8£(T), V8>0, (473)
0
where
T
f(T) = / / (8v" o)’ dxdt. (4.74)
0

Following the ideas of Ponce for the fifth-order KdV equation [21], we derive a Kato type smooth-
ing effect for u.

Lemma 4.1. There exists a positive constant k such that for all § > 0
T
//(Bxu + Dlu)zljf’dxdt
0

T
<1+ M) fuCh) |, +k(vr + M2 +571) [[u]f de -+ (475)
0

where f(T) is defined in (4.74) and ¥ € C*°(R) with ¢’ € C§°(R) and ¥, " > 0.
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Assuming Lemma 4.1 (which will be proved below), we shall prove the uniqueness part of Theo-
rem 1.3. We use the splitting argument of Ginibre and Tsutsumi to get that

+oo L
fm< ) //(axvlaxu)zxfmdxdt

j=—o00 0

+o0 , T
E sup (3xv'xj/n) sup//(axu)zxjmdxdt ,
ST RXIOT] IE2

where x/n is defined as in Lemma 2.1. Thus, we deduce applying (4.75) with ' = xj/n and by the
definition of M7 that for all § > 0,

N

FT) <kMr(1+Mp)Ju(m| 2
T
+kMr(Mr + M3 +671) / |u@®|7, dt + Mrs f(T). (4.76)
0

Inserting (4.76) in (4.73) and fixing § > 0 such that

1
M7+ 2kMT1(1 + MT)é < 53
we deduce that

T
|u(T)|?, < k(M7 +5*1)/||u(t) |2, dt.
0

Therefore we conclude from Gronwall’s inequality and the fact that u(-,0) =0 that |u(t)||;2 =0 for
all t € [0, T], which yields the uniqueness result.

It remains to prove Lemma 4.1. For this purpose the following commutator estimate, which can be
found in [6, pp. 249-252], will be useful.

Lemma4.2. Foranys€ Rand o > % there exists ¢ = ¢ > 0 such that
15, @1f )2 < cl@llysszeo I fllgs-. (4.77)
forall p € HSF2H9(R), f € HS~1(R).

Proof of Lemma 4.1. Step 1: gain of 1/2 derivative. Let i be as in Lemma 4.1. We apply ]‘% to
Eq. (4.72), multiply by ]‘%uw and integrate in space to deduce that

1d 1 1 1 1 1 1
ia(]_iu,]_fuw)L2 = —a(j_fafu,j_iuw)l_z —|—b(j_77'183u,]‘7u1//)L2
573+ vP)u), JRuy)

—d(J 2 au(uHdv + H(udevh)), I Uy



466 E Linares et al. / ]. Differential Equations 250 (2011) 450-475

—d(J7 7 0u(vVHow + H(vZ0)), ] Tuy) 5
=T+ T4V V, (4.78)

and

(J73Hu, )73 Huy) o = —a(J 23 Hu, JEHuy) , — b(JHa2u, I i Huy)

N —
==

+ S (v + ). T i)

2
—d( -3 WH (UMY + H(udev')), ]_%HW)LZ

=T+ T+ +IV+V. (4.79)

First, we observe integrating by parts and using the Cauchy-Schwarz inequality that

3a, _1 _1 /
I=—=-(J" 20w, J = 2uy) o + O(lullfz). (4.80)
and
~ 3a, _1 _1 ’ 2
T=—= (J720cHu, ]~ 20Huy") o + O(Jullfz). (4.81)

where O(f) denotes big O of f. We also get integrating by parts that

1= —b(J =2 Haxu, J~2duy), —b(J ™ Ha, ] 2uy’)

and

ﬁ:b(j*%axu, ]*%HaXu]/;)L2 +b(]*%axu, ]’%Hm/ﬂ)Lz.

Then

411 =2b(J =2 deu, ]2 Huy') , +b(J2u, [ 2 Huy")
—2b(J onu, J I HuY) o+ 2b([J '] deu, Hu) o + O(Ilull?),
s that we deduce from (4.77) that
0+11 < Jull,. (4.82)
Using similar arguments, we deduce that
WAV AT+ VS (v + V2 e + [ P202v ] o) Il S Mrjlull?,. (4.83)

Next observe that
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V = —d(J 2 (0ev?Hou), ] Tuy) o +d(J 77 0xH(3v%u), )T Tuy) )
—d(J72 (V¥ HOu), ] uy) o —d(J T2 9RH (V). [ huy) . (4.84)

The first two terms can be handled using a similar argument as for IV. The remaining terms can be
bounded applying the commutator estimates (2.31) and (4.77) by

—d(J 72 (VHBZu). I 2uy)p +d(J7E (vu) 1L )
({72 Y] (). ) = d (S (). )
+d(J7F (v2u), [H, w1 202u) , +d(J 72 (v2u), v ) "2 HOu)
=—d([J7" V2 HOZu, uy) , —d(vZ )T HAZu uy) , + O(Mrlul?;)
+d(v2u, [, w ] ) M0  + d(vEu, v )T HOR) . (4.85)

Then, we get observing that the second and fourth terms on the right-hand side of (4.85) cancel and
repeating a similar argument for V, that

V+V < Mrull?,. (4.86)

Finally, we notice that

/(D%u)zw’dx=/(n1j‘%u+(D% —D'J73)u) g dx
S (U7 o, = Hauy') s+ (D2 =Dy Jull s
< (7 Mo, JIHIy) o + ull%, (4.87)

since the symbol of the operator D7 — D]]*%, m) = |§|% — &1 +§2)*3’1 belongs to L>°(R). There-
fore, we conclude integrating (4.78) and (4.79) between 0 and T and using estimates (4.80)-(4.87)
that

// + (D3Hu)?)y dxdt < u(D) |7, + (1 +Mr)f||u(t)”L2 de. (4.88)
Step 2: gain of 1 derivative. For this, multiply Eq. (4.72) by uy and integrate in space to deduce that

5%(11, uy) 2 = —a(du,uy), +b(HZu, uy), + g(ax((vl +vHu),uy)
— d(Ox(uHRv" +H(udevh)), uy)
—d(x(v¥Hdu + H(v2du)), uy)
=T +IT+IIT+IV+V, (4.89)

and similarly
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N =
Q.'Q_

-, Huy) = — a(33Hu, Huy), — b(87u, Huy)

2 OH((v + vP)u), Huy)

— d(axH(uHaxv + H(udv')), Huy),,
— d(Hax (V2 Hu + H(v?oxu)), Huy)

=T+ TT+TIT+IV+ V.

It is deduced integrating by parts as in (4.80)-(4.81) that

I+I= —32—a /(8xu + D]u)zlﬁ’dx+ O(llull?).
and using the same trick as in (4.82), Plancherel’s identity and estimate (2.32) that
IT+7IZ=—2b(D'u,uy’), + O(llul?)
= —2b /(D%u)zw/dx —2b(u, D3[D?,v']u),,

—Zb/ )2y d+ O(Jul,).

One can also easily see integrating by parts that

TIT + IV +TIT + 1V = O(Mrul%,) + k(3! deu, Huy) .,

and for all § > 0 one can use Young’s inequality to estimate the integral in time between 0 and T of

the last term on the right-hand side of (4.93) by

T T
/(8xvlaxu,Hu1//)L2 dt<l<8’1/||u(t)||fz dt+5f(T).
0 0

Furthermore, it follows integrating by parts and using the commutator estimate (2.31) that

V= d(vzHaxu, dqeu),2 + d(vzHaxu, uy’) 2
— d(vZ o, H(@xuy)) o +d(H(vau), uy’)
=d(vV2Hou, duyyr) 5 + 2d(VHIu, uy’) , — d(vZou, yHu)
— d(vZ o, [H, Y1oxu) o +d([H, vZ ], uy’)
=2d(V2Hdu, uy’) 5 +d(dviu, [, Y1),
+d(v2u, Ox[ M, Yldxu),, + d([H, vz]axu, uy’)2
=2d(v2Hdu, uy’) , + O(Mrjul?,).

(4.90)

(4.91)

(4.92)

(4.93)

(4.94)

(4.95)

Note that V could be treated similarly. To handle the integral in time between 0 and T of the first

term on the right-hand side of (4.93) we can use (2.32) and (4.88)
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T T T
( 2 noo_ 20302,/ lrpl 2.0
VEHO U, uy’) , = vZ(D2u) Y dxdt + uD?[D2, v*y |udxdt
0 0 0

T
S uch) [ + 11+ o) [ Ju e (496)
0

Integrating in time between 0 and T (4.89)-(4.90) and using estimates (4.91)-(4.96) together
with (4.88) to treat the first term appearing on the right-hand side of (4.92) yield (4.75). O

Remark 4.3. Combining the argument used to derive the uniqueness result with parabolic regulariza-
tion method implies the existence of smooth solutions for initial data in H*°(R). Similar results were
derived by Ponce for the fifth-order KdV equation in [21].

4.2. Proof of the existence

Let vo € H5(R), with s > 2. From Remark 4.3, we know that for all € > 0, there exist T > 0, with
Te = 0, and a unique solution v¢ € C([0, T¢]; H*(R)) of
—

(4.97)

v — bHAZV +adv = cviyv — diy(VHIv + H(viyy)),
V(X,0) = Vo,e(X) = pe * Vo (%),

where p € S(R) with p >0, [pdx=1, and [x*p(x)dx =0, k € Zy, 0 <k < [s] + 1. The following
properties of the smoothing operators will be used in this section:

Lemma 4.4. Let s > 0, ¢ € H°(R) and for any € > 0, ¢c = pe * ¢. Then,

Ipellpsta S € N@llus, Yo >0, (4.98)

and

16— ells—s =,0(€”). VBelO.5]. (4.99)

The proof of Lemma 4.4 can be found in [2] or [10].

The first step is to derive an a priori H2-estimate on the solution v¢ in a time interval [0, To],
where Ty is a positive time independent of €. In this direction, fix € > 0 and let us denote, for sake
of simplicity, v = v¢. Then, arguing as in Section 3.1, it is deduced that w. = @, 9,P.v are solutions
to the dispersive equations

(3 +ad? £ ib02) Wi = D2 P4 QL(P1, v, Wy) + D2 QL (P, v, W)
+ L (Ps, v, Wi) + Ni (P, v, Wa), (4.100)

where

X

Dy (x, t):exp(q:i%/v(s,t)ds). (4.101)

0
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Notice that we choose the “primitive” starting at x = 0. This has the advantage that the integral is

defined if v(-,t) € leoc(]R) (which will be a consequence of our estimates below). However we pay a

price on it, because of the term 9;®dxPv appearing in (3.42a), which can be rewritten by making
use of the equation in (1.1) as

Zd 2 V2
—OxPveiz —a8Xv+bH8xv+c7—d(vHaxv+H(v8xv)) (x,1)

2d 2
+ Py i {—aafv +bHoxv + c% —d(vHoxv + H(v8xv))}(0, £). (4.102)

The first term in (4.102) is nonlinear of the class considered in (i), while the second is a linear one.

Here, recall that Ql and Qi are polynomials at least quadratic involving the first derivative of v
and w+ multiplied by a term of order zero, for example

F1 =®1 P (WyoxWy), (4.103)
Ly are the linear terms obtained in the second part of (4.102) and whose a representative term is

Fy =W, (x,0)32v(0,1), (4.104)
and N are the last terms on the right-hand side of (3.40) and (3.41), which is to say

F3 =[Py, v P v =[Py, vIdZ(®_W,). (4.105)

Proposition 4.5. Let s € R and vo € H*(R). There exists To = To(||volly2) > O such that for all € > 0, the
solution v of (4.97) satisfies

2
op [ve®l g + 2 ID30Pvellys o0 < Ma(Ivollse). (4.106)
.To = 0
To

S”P//\XJ/NDla;fWe,i\zdxdt< Mz (lIvolly2). (4.107)

jez 0 R

and

Z sup \Xj/NDZWe,ifz<M3(IIVOIIH2), (4.108)

iz 10.TolxR

forall 0 < <'s — 2, where M1, M and M3 are independent of €, x € CI°(R), 0 < x <1, xj = x(-—J),
and N=N(T) € Z.

Proof. For sake of simplicity, we will only consider the case s = 2. Recall here the notation w¢ 4+ =
P +0xPLve where @¢ (X, t) = e*i% Jo ve(s.yds gor any T > 0, we define the following quantities:
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B = s1p [ve® ]z + b [ 0]y,

It tx

32(T) = [We g 0 + 10 We £l e

172
r3(T) = {SQD//’Xj/N(X)B,%We,i(X, f)|2dxdt} ,
j

1a(T) = {le
-t

1/2
~ 2

up sup| XN () We +(x, )] } .

jolasT X

Since N depends on T, we fix 0 < T < T* with T*=(1+ ||V0HH2)_1, so that the constants appear-
ing on the estimates (2.25) and (2.26) are fixed. Note that ||<1>€_i||L§oT < 1, since v¢ is a real-valued

function. Moreover, due to the LZ-norm conservation of (1.1), we have that

sup “Ve ® ”Lz = [lvoell2 < llvoll2- (4.109)
0<t<T

To estimate the other part of the X;(T), consider the integral system associated to (4.100)

t
Wes = Wi OWoes + f W (£ — )N (Ve We ) (¢ dt, (4110)
0

where AL denote the nonlinearities on the right-hand side of (4.100). Using (4.109), (4.110),
Minkowski’s integral inequality and the linear estimates obtained in Lemma 2.1, it is deduced that

max {21 (T), 22(T), (1 + T)"223(T), (1 + T) " 234(T))
T
Slvoellz + 1Wo,e, £l +/||Ni(f) ||H; d. (4111)
0

Then it remains to estimate ||Fj|\L1TH;, j=1,2,3, where F; are defined in (4.103)-(4.105), since they
are the representative terms of the nonlinearities N.. We have, using Hélder’s inequality,

IF 1l < @4 P (W0 ) |42 + 0@y P (W0 ) |2

@4+ P (@) [ 1112 + | P4 P (W1 W) 112
T
5/||v~v+||L;>o(1+||v||L;>o)||axv~v+||L;dr
0

T
~ ~ 1 ~ ~
b [ N N g e+ T4 Ly 82 g
0

ST(1+ 21D (T + TEAUT)IT) + T2 A3 (Taa(T). (4112)

Next it follows from Hélder’s inequality that
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T
P2l < [ 1220 | |0y e
0

T
< [ U@l + (@40 )[40
0

ST (142 (T))Aa(T)Ap (T). (4113)

Finally, estimate (2.31) yields

IF3l 1 < [P+ vIBZ@- W) | 112 + |OxP+. VI (@ W) 11 2
T
S [182v0 )l @] 4y de
0

ST8a(T)(1 4 21 (1)) A1 (T). (4114)

Therefore, gathering (4.111)-(4.114), it is deduced that there exist two polynomials p1, p2, with all
terms of order at least 1, such that

max{A1(T), A2(T), (1 + 1)~ 223(T), (1 + T)214(T)}
< Ivollye + Tp1 (A (T))A1(T) + T8 p2 (1 (T))A2(T) + T2 A3(T)ra(T). (4115)

Notice that Aj, j=1,...,4 are continuous nondecreasing functions; hence, defining To as the small-
est T such that

5 5
max{Top1(11(To)). T§ p2(21(To)). T¢ p2(*1(T0))A1(To) ™' A2(To),

1 1 1
T (14 T0)*3(To), Tg (1 + To)2ha(To)} = 7 (4116)
where k is the implicit positive constant appearing in (4.115), it follows from (4.115) that
_1 _
max{1(To), 22(To), (1+ To)"223(To), (1 + To) 224(To)} < lIvoll 2 (4.117)

Furthermore, it is deduced from (4.116) and (4.117) that at time Ty one of the following inequalities
must hold:

1 1 5
0 <kTop1(llvolly2). o <KT§ p2(lIvolly2).

or

1 > 3 2
10 <kTg (1+To)2(1+To) [Ivollp2,

which implies that there exists a constant M = M(||vglly2) such that To > M. O
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Proposition 4.5 implies that the sequence (v¢)e~o defined on the time interval [0, Tg], independent
of €, is bounded in the norms defined in (4.106)-(4.108). Moreover, using a similar argument to the
one employed in the proof of the uniqueness and estimate (4.99), one can prove that for € > ¢’ > 0,
the function u = u¢ ¢ = Ve — Ve satisfies

sup [u(®) |2 <kllvoe — voelz = o(€). (4118)
[OyTO] €—0

Then the sequence (v¢)e-o converges in C([0, Tol; L(R)), as € tends to zero, to a solution v of (1.1).
Furthermore, since (v¢)e is bounded in C([0, To]; H5(R)), we deduce by an interpolation argument
that

Ve 2V in C([0, Tol; H'(R)), foranyr <s. (4119)

The next proposition fills the gap between (4.119) and the persistence property.

Proposition 4.6. We have that

v e C([0, Tol; H*(R)). (4.120)

Proof. It suffices to prove that (v¢) tends to v in C([0, To]; H’(R)) as € tends to zero. In this direction,
fix € > 0 and define

~ :2d X
We t =P 10xPive, where ¢ i (x,t) =eFisaJo ve-0dy (4121)

U=Uc=Ve—V, and o4 =0c+=We+— Wq. (4122)

Arguing as before, we deduce that o satisfies

(8 +ad3 £ ib32)ors = Pe 4+ P2 QL (Pe v, Ve, We 1) + Pe £ QL (Pe 1, Ve, We 1)
+ We +02ve (0, 1) + 2idPe £[Ps, veldZWe 1
— @4 PLQL(@L, v, Wi) — @ QL (Py, v, W)
— W1 02v(0,t) — 2idP [P, V]2 W, (4123)

where Ql and Qi are defined as in (3.39). Then we can rewrite (4.123) as

(3 +ad? £ibd)ors = P 1+ P+ {QL(Pe 1. Ve, We 1) — QL(PL. v, W)
F(Pes — D2)PLQL(Dr, v, W)
+ P 1 [ QL (@e s, ve, We x) — QL(Ps, v, Wa))
+(Pet — 20 QL(@r, v, Wy)
4+ 0102V (0,8) + W1 d2u(0, 1)
+2id®e [Py, uldZWe 4 + 2idPe 1 [Py, v]dZay
4 2id(Pe 1+ — P1)[Ps, V]2 W (4.124)
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In the sequel, we will need the following assertion:

|(Pex — ) |2 =0, vfe L*(R). (4.125)

Observe that we do not have that ||(®¢, + — @+)| 1> e_BO' By the dominated convergence theorem, it
—

suffices to prove that |®¢ + (X, t) — PL(X, £)|> — 0, for almost every x € R. But, using the mean value
—
and Cauchy-Schwarz inequalities and (4.118), we get that for every x € R,

2

2 2d
|Pe 1+ (x,1) — Dr(x,0)]” < o

<[ ve =0T v

/(Ve —Vv)(y,t)dy
0

which implies (4.125).
Next we define (still in the case s =2)

A (T) =2 (T, ox) = sup |ax (O 1.
[0.7]
ho(T) =ha(T. x) = llove | o oo + l10x0tec 6 o

2

)

T
5\3(T)=5~3(T,ai)=SUD//|Xj/N3,%Oli
JjeZ
0 R
and

ha(T)=ha(T,as) =Y sup |xjwo=l’.
jez 10-T1x

We deduce arguing as in the proof of Proposition 4.5 with Eq. (4.124), and using (4.113), (4.114),
(4.118) and (4.125) that

~ ~ 1~ ~
max{A1(To), x2(To), (1 + To) "2 x3(To), (1 + To) *Aa(To)} So0M- (4.126)
To conclude the proof of Proposition 4.6, we observe that
Ox(Ve = V) = xPy(Ve = V) + xP_(ve — V)
=P 0y + (Pe,- —PIWy + DPe j 0 + (P — DPIW_, (4.127)
so that we deduce (4.120) gathering (4.118), (4.125)-(4.127). O

Finally, the proof of the continuity of the flow map data-solution follows by using the classical
Bona-Smith argument (see [2,10] or [20]).
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