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Abstract

We study the non-existence, existence and multiplicity of positive solutions to the following nonlinear
Kirchhoff equation:

-M (fRN |W|ZdX) Au+pV () u= Q) ulP2u+irf )uinRY,
ueH! (RN>,

where N > 3,2 < p < 2% := %, M (t) = at + b (a,b > 0), the potential V is a nonnegative func-
tion in RV and the weight function Q € L™ (RN ) with changes sign in Q := {V =0}. We mainly
prove the existence of at least two positive solutions in the cases that (i) 2 < p < min{4, 2*} and
0<h< [1 2[4 = p) /4]2/1)] M (fQ): (i) p=4,4 > A1 (fq) and near A; (fo) for i > 0 sufficiently

large, where A1 (fq) is the first eigenvalue of —A in HO1 (€2) with weight function fq := f|g, whose
corresponding positive principal eigenfunction is denoted by ¢;. Furthermore, we also investigated the
non-existence and existence of positive solutions if a, A belongs to different intervals.
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1. Introduction

In this paper we are concerned the following nonlinear Kirchhoff equation:
— 2 — i RN
M({RN INVMI dx) Au+pV (x)u=g(x,u)in R, (L.1)
ueH (]R ) ,

where N >3, g € RN x R — R being continuous, M (s) = as + b (a, b > 0) and the parameter
© > 0. We assume that the potential function V satisfies the following conditions:

(V1) V is a nonnegative continuous function on RY:

(V2) there exists ¢ > 0 such that the set {V < ¢} := {x eRN 1V (x) < c} is nonempty and has
finite Lebesgue measure;

(V3) Q =int {x eRN V()= 0} is nonempty bounded domain and has a smooth boundary

with @ ={x e RN : vV (x) =0}.

The hypotheses (V1) — (V3) imply that uV represents a potential well whose depth is con-
trolled by . 'V is called a steep potential well if p is sufficiently large and one expects to find
solutions which localize near its bottom 2. This problem has found much interest after being
first introduced by Bartsch and Wang [9] in the study of the existence of positive solutions for
nonlinear Schrédinger equations and has been attracting much attention, see [3,7,8,33,38] and
the references therein.

Kirchhoff type equations, of the form similar to Equation (1.1), originate from physics. In-
deed, if we set V (x) = 0 and replace RN by a bounded domain Q C R¥ in Equation (1.1), then
it becomes the following Dirichlet problem of Kirchhoff type:

{—(an|Vu|2dx+b) Au=g(x,u) ing, (12)
u=0 on 092,

which is analogous to the stationary case of equations that arise in the study of string or mem-
brane vibrations, namely,

Uy — a/|Vu|2dx+b Au=g(x,u), (1.3)
Q

where u denotes the displacement, g is the external force and b is the initial tension while a is
related to the intrinsic properties of the string (such as Young’s modulus). Equation (1.3) was first
proposed by Kirchhoff [23] in 1883 to describe the transversal oscillations of a stretched string,
particularly, taking into account the subsequent change in string length caused by oscillations. It
is notable that Equation (1.3) is often referred to as being nonlocal because of the presence of the
integral over the domain .
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After the pioneering work by Pohozaev [28] and Lions [24], the qualitative analysis of non-
trivial solutions for the nonlinear Kirchhoff type equations, similar to Equation (1.1), has begun
to receive much attention in recent years. We refer the reader to [2,12,15,16,18-22,26,29-32,34,
37,39] and the references therein.

Let us briefly comment on some of the things that are relevant to our work. In [30], the authors
introduced the steep potential well V to the Kirchhoff type equations. When the potential V
satisfies the hypotheses (V1) — (V3), the following results were obtained.

(i) N > 3:if 0 < a < a™ and p > 0O sufficiently large, then Equation (1.1) has at least one positive
solution, when g(x, u) is asymptotically linear at infinity on « and bkil) <1;

(i) N=3:if0<a < A(13) and u > O sufficiently large, then Equation (1.1) has at least one
positive solution, when g(x, #) is asymptotically 3-linear at infinity on u;

(iii) N =3:for any a > 0 and u > O sufficiently large, Equation (1.1) has at least one positive
solution, when g(x, u) is asymptotically 4-linear at infinity on u,

where

A0 = inf (/|W|2dx)% :ueHol(Q),/q|u|k+ldx=1
Q Q

and ¢ is a bounded function on Q with ¢ % 0. After that, Xie and Ma [39] obtained the existence
and concentration of positive solutions for Equation (1.1) with N = 3 when potential V satisfies
conditions (Vi) — (V3) and nonlinearity g satisfies the following conditions:

(G1) there exists p > 4 such that 0 < pG(x,u) < g(x,u)u for u > 0, where G(x,u) =
Jo 8(x,s)ds:
(Gr) % is increasing for u > 0.

In our recent papers [29,32], we concluded that when N > 3 and g(x, u) is superlinear and
subcritical on u, the geometric structure of the functional J related to Equation (1.1) is known to
have a global minimum and a mountain pass, owing to the fourth power of the nonlocal term. By
using the standard variational methods, two different positive solutions can be found, since some
embedding inequalities are proved with the help of the fact of 2* := % <4.

In simple terms, when g(x, u) = Q(x)|u|?~?u and Q € L™ (RN) is sign-changing, the cur-
rent progress through the above literature is as follows:

(I) N=3and 4 < p < 6: for any a > 0 and pn > O sufficiently large, Equation (1.1) has at
least one positive solution;
(II) N=3and?2 < p <4:fora > 0 small enough and > O sufficiently large, Equation (1.1)
has at least one positive solution;
(I1I) N >4 and 2 < p <2*: for a > 0 small enough and p > O sufficiently large, Equation
(1.1) has at least two positive solution.

Motivated by these findings, we now extend the analysis to the Kirchhoff type equation with
combination of a superlinear term and a linear term, that is g(x, u) = Q(x)|u|?~2u + Af (x)u.
Our intension here is to illustrate the difference in the solution behavior which arises from the
consideration of the nonlocal and eigenvalue problem effects. The problem we consider is thus
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{ M (fgw IVu?dx) Au+pV () u= Q) [ul”2u+Af (x)u in RV,

ueH'(RV), (Ey,2)

where N > 3,2 < p < 2% := %, M (t) =at + b (a,b > 0) and the parameters u, A > 0. We

are interested in the case the weight functions f and Q satisfying {f >0} N Q and {Q >0} NQ
has the positive Lebesgue measures which is why we call indefinite nonlinear Kirchhoff equation
in the title.

To go further, let us give some notations first. For the sake of simplicity, we always assume
that b = 1 in Equation (£, ;). Let D2 (]RN ) be the completing of C° (RN ) with respect to the
norm ||u ||2D,,2 = fRN |Vu |2 dx.Denote by S, §,(€2) and S the best constants for the embeddings
of HY(RN) in L?(RN), HO1 (Q) in L?(Q) and D2(RY) in L¥ (RN), respectively. We denote a
strong convergence by “—” and a weak convergence by “—".

Now, we give the variational setting for Equation (E “, x)- Let

X = ueHl(IRN) :/Vuzdx<oo
RN

be equipped with the inner product and norm
(u,v) = / VuVv+ Vuvdx, ||u|| = {u, u)l/z.
RN

For & > 0, we also need the following inner product and norm

L

(u,v)ﬂ=/Vqu+uVuvdx, lloall, = G ) /2
RN

Itis clear that ||-|| < |||, for w > 1 and set X, = (X, ”'”u)'
Note that u € X, is a solution of Equation (E, ;) if for any v € X, there holds

M /quIzdx /Vqu—i—M/V(x)uvzf(Q(x)Iulpfzuv—i—)»f(x)uv)dx.

RN RN RN RN

And u is called a positive solution if « is a solution and u > 0 in RV
It is well known that Equation (E “, A) is variational, and its solutions correspond to the critical
point of the energy functional J, ; : X, — R

a 1 1 A
Ju (u>=Z||u||‘gl,z+5||u||i—;fQ|u|f’dx—5ffu2dx,
RN RN
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where [lul|,, = [f]RN (|Vu|2 + uVuz) dx]l/2 is the standard norm in X, and X, is a subspace of
H' (RV) (see below). Thus, if u is a critical point of J,, 5 on X, then u is a solution of Equation
(Ew\)-

Assume the following hypotheses (D):

(Dy) feLN?(RN) which fT:=max{f,0} #0in Q;
(D2) Q€ L®(RY) which 0 :=max{Q,0}#0 in Q.

Remark 1.1. Since {f > 0} N Q has a positive Lebesgue measure, we can assume that A1 (fq)
denote the positive principal eigenvalue of the problem

—Au(x) =Afox)u(x) forx € Q; u(x) =0forx € 92, (1.4)

where fq is a restriction of f on Q. Clearly, A1 (fq) has a corresponding positive principal
eigenfunction ¢ with [, fgq‘)%dx =1land [, |V 1>dx = A1 (fo).

‘We now summarize our main results as follows.

Theorem 1.1. Suppose that N = 3,4 < p < 6 and conditions (V1) — (V3) and (D1) — (D) hold.
Then for each a > 0 and 0 < A < A1 (fq), Equation (Eu,k) has a positive solution u,, satisfying
Jua (u;) > 0 for u > 0 sufficiently large.

Theorem 1.2. Suppose that N =3, 4 < p < 6, conditions (V1) — (V3) and (D1) — (D2) hold and
Jo Qq‘){)dx < 0. Then for each a > 0O there exists 8o such that for every A1 (fqQ) <A <A1 (fo) +
8o, Equation (E,M\) has at least two positive solutions u,, and u:[ satisfying Jy » (u;j) <0<

Ju (u;)for u > 0 sufficiently large.

2

To consider the case N =3 and p = 4, we need the following maximum problem

44
_ o Jre Qlultdx

4

Ip:
ueX ||u||D1,2

Then we have the following results.

Theorem 1.3. Suppose that N = 3, p = 4 and conditions (V1) — (V3) and (D) — (D7) hold.
Then we have the following results.

(i) For each 0 <a < Tg and 0 < A < A1 (fq), Equation (Eux) has a positive solution u
satisfying J, (u;) > 0 for u > 0 sufficiently large.

@ii) If To < o0, then for each a > Ty and 0 < A < A (fq), Equation (EMA) does not admit
nontrivial solution for u > 0 sufficiently large.

@iii) If Ty < oo, then for each a > Ty and A > A1 (fq), Equation (E,NL) has a positive solution
w)f satisfying Jy 5 (u}f) < 0 for p > 0 sufficiently large.

(iv) If To < o0 and Ty is not attained, then for a =g and A > A (fq), Equation (EMA) has a
positive solution u;r satisfying J, 5, (uZ) < 0 for u > 0 sufficiently large.

w
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Theorem 1.4. Suppose that N = 3, p = 4 and conditions (V1) — (V3) and (D) — (D2) hold.
Then for each Al_z (fe) fQ Q¢‘fdx < a < g there exists 8o such that for every A1 (fq) <A <
M (fa) + 8o, Equation (E,, ,) has two positive solutions u;; and w satisfying Jy, 5 (u}) <0 <
Jua (u;)for w > 0 sufficiently large.

Remark 1.2. When 4 < p < 6, by the hypothesis of Theorem 1.2, in order to obtain the multi-
plicity of the positive solution for Equation (E “, A), the weight function Q must be sign-changing
in €2, but when p = 4, the weight function Q can be positive in 2 from the hypothesis of Theo-
rem 1.4.

To consider the case 2 < p < min {4, 2*}, we first show that the non-existence of solutions.

Theorem 1.5. Suppose that N > 4, 2 < p < 2* and conditions (V) — (V3) and (D) — (D2)
hold. Then for each 0 < ) < A1 (fq) there exists

2\ 2/(P=2)

1 ((4 ~ P (fm)(”)/(”) 1Qllso ItV <}l =

0 <X}L <
2\pi(fo)—») sP

such that for every a > A, Equation (EMA) does not admit nontrivial solution for u > 0 suffi-
ciently large.

To prove the existence of positive solution, we need the following conditions:

(D3) There exist two numbers c,, R, > 0 such that
IX]P72 0 (x) < cx [V ()7 forall |x| > R,.

(6—p)/6 57 Q0 min o _
(Da) |{V <)l = ool Where Qg min =inf, 5 0 (x) > 0.

Then we have the following results.

Theorem 1.6. Suppose that N =3, 2 < p < 4 and conditions (V1) — (V3) and (D) — (D3) hold.
Then we have the following results.

(i) There exists ag > 0 such that for every 0 < a < ag and 0 < A < 7 (fq), Equation (EM,;L) has
a positive solution u;: satisfying J, 5, (u;) < 0 for u > 0 sufficiently large.

(ii) For each A > A (fq) and a > 0, Equation (EM,;\) has a positive solution u;’[ satisfying
Ju (ul“;) < 0 for u > 0 sufficiently large.

Theorem 1.7. Suppose that N > 4, 2 < p < 2* and conditions (V) — (V3) and (Dy) — (D»)
hold. Then we have the following results.

(i) There exists ag > 0 such that for every 0 < a < ap and 0 < A < 71 (fq), Equation (EMA) has
a positive solution u;r satisfying Jy. (ulf) < 0 for u > 0 sufficiently large.

(ii) For each a > 0 and A > A1 (fq), Equation (EM,;\) has a positive solution ”Z satisfying
Jy (uz) < 0 for u > 0 sufficiently large.
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llull

41(fa)
(a) a>0and [, Qpfds <O0.

Fig. 1. Bifurcation diagram for Theorems 1.1 and 1.2.

Theorem 1.8. Suppose that N > 3, 2 < p < min {4, 2*} and conditions (Vi) — (V3),(Dy) —
(D2) and (D4) hold. Then there exists ay > 0 such that for every 0 <a < ap and 0 < A <

_p\2/P
[1 -2 <4Tp> i| M (fq), Equation (E,L,;L) has a positive solution u,, satisfying Jy ;. (u;) >0

for u > 0 sufficiently large.
Combining the Theorems 1.6, 1.8 results, we have the following multiplicity result.

Corollary 1.9. Suppose that N = 3, 2 < p < 4 and conditions (V1) — (V3) and (D1) — (D4) hold.
2/
Then there exists ag > 0 such that for every 0 <a < ag and 0 < A < |:1 -2 (47717) ”i| M (fo),

Equation (Eu,x) has two positive solutions u,, and u;r satisfying J, 5, (MZ) <0< Jy (u;) for
w > 0 sufficiently large.

Combining the Theorems 1.7, 1.8 results, we have the following multiplicity result.

Corollary 1.10. Suppose that N > 4, 2 < p < 2* and conditions (Vi) — (V3), (D) — (D2)
and (D4) hold. Then there exists agp > 0 such that for every 0 < a < ap and 0 < A <

_p\2/P
[1 -2 <4Tp> :|)L1 (fa), Equation (EM,A) has two positive solutions u,, and u;t satisfying

Jua (ulf) <0< Jy (u;)ﬁ)r u > 0 sufficiently large.

In order to make the above theoretical results more intuitive, the bifurcation diagrams of
positive solutions concerning with the ranges of constant p, a, X is shown.

(I)4d<p<6.

(1) p=4.

(II11)2 < p <min{4, 2*}.

We illustrate the finding of Theorems 1.1-1.8 graphically in Figs. 1-3 with different values
of a, p and A. These figures depict how the number of positive solutions of u changes with the
parameter A under certain conditions. Subgraphs show the bifurcation diagram of the positive
solution of u when a is in different ranges, respectively.

Remark 1.3. In Fig. 3 (a), the part marked with a question mark is not covered in this article, it
is indicated by a dotted line that the exact number of positive solutions is unknown.
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llull llull .
: 2 ' 2
A1(fa) 41(fa)
(d) Are; < a < Ig. (b) a>Ty.

Fig. 2. Bifurcation diagrams for Theorems 1.3 and 1.4, where a;.,; := max {0, Al_z(fg) /Q Q¢4dx}.

llell llull

Aret 21(f0) A1(fo)
(a) 0 <a < ag. (b) Ay < a < +oo.

Fig. 3. Bifurcation diagrams for Theorems 1.7 (i) and 1.8 (also for Theorems 1.6 and 1.8) on (a) and for Theorems 1.5

and 1.7 (ii) on (b), where Ay := [1 2 (“‘Tl’)z/”] M (fo).

To study the main Theorems, we shall establish their result by considering minimization on
two distinct components of the Nehari manifold corresponding to Equation (E u, x)- We are like-
wise interested in the conditions of M and g that subsequently gives rise to the non-existence
and existence of positive solutions. Our focus here, however, is on a given set of M and g so
that it is possible to examine in detail the number of solutions admitted subject to the varia-
tions of parameters imbedded in these functions. A similar analysis has been carried out on other
elliptic equations with interesting results. Amann and Lopez-Gomez [1], Binding et al. [4,5],
and Brown and Zhang [10], for example, studied the following semilinear boundary value prob-
lem:

—Au=rfq@)u+bx)|ulP?uin Q,

1.5
u=00n0%, (1.5)

where Q is a bounded domain with smooth boundary in RV, > 0 is a real parameter,
2<p<?2Fand fq,b:Q — R are smooth functions which change sign in Q. In [4,5] by
using variational methods, in Brown and Zhang [10] by using Nehari manifold and fibrering
maps, and in Amann and Lopez-Gomez [1] by using global bifurcation theory. The existence
and multiplicity results can be summarized as follows. It is known that

(A) there exists a positive solution to Equation (1.5) whenever 0 < A < A1 (fQ);
(B) if fQ b¢>f dx < 0, there exists g > 0 such that Equation (1.5) has at least two positive solu-
tions whenever A1 (fq) <A < A1 (fo) + do.
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Results (A) and (B) can be understood in term of global bifurcation theory as the sign of
Job®7dx determines the direction of bifurcation from the branch of zero solutions at the bi-
furcation point at A = A1 (fq) so that bifurcation is to the left when fQ bq){’ dx > 0 and to the
right when fQ bqbf dx < 0; the corresponding bifurcation diagrams are shown in Fig. 1 of [10].
Furthermore, some who’s been done for this type of problem in RY. We are only aware of the
works Chabrowski and Costa [11] and Costa and Tehrani [13] which also studied the existence
and multiplicity of positive solutions for Schrodinger type equations in RV

—Apu=rf(x)u+ Q) ulP2uinRY, (1.6)

where A is a real parameter and p < ¢ < Np/(N — p) and 1 < p < N. The functions f and
Q denote sign-changing potentials such that f e LN/P(RNy N L®(RY) and Q e L®°[RM). Let
A 1 f) denote the lowest positive eigenvalue of —A,, and let ¢; > 0 be the associated eigen-
function. When p =2, under a slightly more general assumption on the nonlinearity appearing
on the right-hand side of (1.6), some results are obtained in [13] by using the Mountain-Pass
Theorem and variational methods. However, in order to apply their result to Equation (1.6) they
needed a “thickness” condition on the set 2, = { Q (x)= Oi [11] by using Nehari manifold
and fibrering maps which under a limits condition lim|y|— o O (x) = QOO < 0. Their main re-
sult is almost the same as in results (A) and (B) above. However, the principal eigenvalue and
eigenfunction are replaced by the problem —Au(x) =X f (x)u(x) for x e RV,

The approach to Equation (E w“, A) has been inspired by the papers of [10,11] without any
condition on €2, or limjx|0 Q (x) = Qe < 0. Moreover, since Equation (EM,;\) is on RY, its
variational setting is characterized by a lack of compactness. To overcome this difficulty we apply
a simplified version of the steep well method of [9] and concentration compactness principle of
[25]. Furthermore, the first eigenvalue of problem —Au + 1V (x) u = Af (x) u in RY is less than
A1 (fq), which indicates that the original method at [10,11] cannot be directly applied, thus we
provide an approximation estimate of eigenvalue to prove our main results.

The plan of the paper is as follows. In Section 2, we discuss the Nehari manifold and examine
carefully the connection between the Nehari manifold and the fibrering maps. In Section 3, we
establish the non-emptiness of submanifolds and the proofs of the main theorems are given in the
remaining sections. In section 4, we discuss the Nehari manifold when 4 < p < 6. In particular,
we prove that Theorems 1.1, 1.2. In Section 5, we discuss the case when p = 4 and prove that
Theorems 1.3, 1.4. In section 6, we discuss the case when p < 4 and prove that Theorems 1.6,
1.7 and 1.8.

2. Preliminaries

It follows from conditions (V1) and (V3) and similar to the argument in [30], one has

/(|W|2 +ul)dx < (1 + STV < el ) ull
RN

for all u > g := 572 H{V < c}|_%, which implies that the imbedding X, < HY(RY) is contin-
uous. Moreover, for any r € [2, 2*], there holds

Please cite this article in press as: H.-S. Zhang et al., On the solvability of an indefinite nonlinear Kirchhoff equation
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[ dx <57y < il for = o @
RN

Because the energy functional J,  is not bounded below on X, it is useful to consider the
functional on the Nehari manifold (see [27])

mez{ueXﬂ\mL«mJWLuyzq.

Thus, u € N if and only if

ngfﬂwﬁzfgmww+x/ffw.

RN RN

Note that N, ; contains every nonzero solution of Equation (E “, A). It is useful to understand
N, in terms of the stationary points of mappings of the form A, (t) = J, 1 (tu)(t > 0). Such a
map is known as the fibrering map. It was introduced by Drabek and Pohozaev [14], and further
discussed by Brown and Zhang [10]. It is clear that, if u is a local minimizer of J, ;, then h,, has
a local minimum at ¢ = 1. Thus, ru € N, ; if and only if A},(r) = 0 for u € X \ {0}. Thus points
in N, » correspond to stationary points of the maps /, and so it is natural to divide N, into
three subsets N N;’ , and Ng‘ ,, corresponding to local minima, local maxima and points of

7N
inflexion of fibrering maps. We have

%mzww%mﬂ|wﬁw/ﬂ%x—w”/gwwx
RN RN

and

hyy(6) = 3at® [lull 2 + wﬁ—kffﬁw —@—DW*/waw.
RN RN

Hence if we define

N©, = {ueNys (1) >0};

ND, ={ueNus:h1)=0};
N ={ueNyua k(1) <0},

which indicates that for u € N, ,, we have h},(1) =0 and u € N© . N

N if (1) >
oA T T AY T A u
0,h]/(1) =0, k(1) <0, respectively. Note that for all u € N, 5,
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B =—p -2 | ul? - /fuzdx —a(p -l

]RN
=2a ||u||‘gl,2—(p—2>f Q |ul? dx
RN
=2 ||u||i—k/fu2dx —(p—4)/ O |ul? dx. (2.2)
N

Now, we define

+ _ . _ 2 2
A, = ueX.||u||M—l,||u||H—k/fu dx >0

RN
— 0 . . . _ .
and A} and A}, similarly by replacing > by < and = respectively. We also define
Of(p={ueX:|ul,=1,&,u) >0}
and ©, (p) and @g (p) analogously, where

Jrn Qlu|Pdx for2 < p <2*and p #4,

®p )= { Jry QlulPdx —alull®,, for p=4.

Thus, if u € Af N O (p) and p >4, h, (1) > 0 for t small and positive but A, (1) — —oo as 1 —
00; also h, (1) has a unique (maximum) stationary point fmax (#) and fmax ()u € N LA Similarly,
1fueA noe, () and 2 < p <2* h,(t) <0 for ¢ small and positive, h,(t) — oo as t — oo

and h, (t) has a unique minimum #pnin (1) so that i, (W)u € N; . Finally, if u € AJr N @ (p),
h,, is strictly increasing for all # > 0. Thus, we have the following results.

Lemma 2.1. Suppose that N =3 and 4 < p <6. IfA_,I N ®—;[(p) =0 and u € X, \{0}, then
(i) a multiple of u lies in N ; if and only if W lies in Al"; N @I (p);

(ii) a multiple of u lies in N:,/\ if and only if W lies in A;; N O, (p);
(iii) when u € AZ N ©,, (p), no multiple of u lies in N, ;..

Lemma 2.2. Suppose that N =3 and p = 4. If u € X ,,\{0}, then
(i) a multiple of u lies in N, , if and only if W liesin A} N OF (p);

(i) a multiple of u lies in N:’)\ if and only if W liesin A, N O, (p);

(iii) when u € A_,J[ Ne, (p) orA_; N @;: (p), no multiple of u lies in Ny, ;..

Lemma 2.3. Suppose that N >3 and 2 < < p < min {4, 2*}. If u € X, \{0}, then

@) if -4 Tl liesin Ay N O+ (p) or A, N O, (p), then a multiple of u lies in Nu 2
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(ii) when u € A+ N @ . (p), no multiple of u lies in Ny .
The following Lemma shows that minimizers on N, ; are critical points for J, ; in X,,.

Lemma 2.4. Suppose that ug is a local minimizer for Jy, 5 on Ny ; and that ug ¢ Ng’k. Then
I o) =0in X,

Proof. The proof of Lemma 2.4 is essentially same as that in Brown and Zhang [10, Theorem
2.3] (or see Binding et al. [4]), so we omit it here. O

Finally, we investigate the compactness condition for the functional J, ;. Here we call that
a C'-functional Jy.,5. satisfies Palais-Smale condition at level B ((PS)g-condition for short) in
N, 5., if any sequence {u,} C N, , is uniformly bounded which satisfy J,, » (4,) = B +o0 (1) and

J[L’A (u,) = o (1) has a convergent subsequence.

PropOSItlon 2.5. Suppose that conditions (Vi) — (V2) and (Dy) — (D3) hold. Then there exists
Do € R independent of i such that J, ;, satisfies (PS)g—conditionin Ny, ; with f < Dofor uw>0
sufficiently large.

Proof. Let {u,} C Ny ; be a (PS)g—sequence for J, ; with f < 50. Since {u,} C X, is uni-
formly bounded, i.e., there exists dy > 0 such that

lunll,, < do. (2.3)
Then there exist a subsequence {u,} and uo in X, such that

u, — ug weakly in X ;;

u, —> ug strongly in LIVOC(RN) for2 <r < 2%,

Then by condition (D),

n—oo

RN

lim | fuldx= / fuddx. (2.4)
]RN

Now, we prove that u, — ug strongly in X .. Let v, =u, — up. By (2.3) one has
lutoll = timinf e, < o,
leading to
lonll, = llun — uoll, < 2do. (2.5)

It follows from the condition (V1) that

1
/vgdx= / v2dx + / i < ol +o ().
RN {(V>c} {(V<c}
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which implies that

2%

p—2

p
1 %2 _ 9% * bE)
/ |vn|1’dxs(; ||vn||,i) (57 Nali3a) ™7 +o()
RN

(2*—p)(N-2)
s

1 N(p=2)
5(—) ST lwall? +o(1), 2.6)
ne

where we have used the Holder and Sobolev inequalities. Moreover, by Brezis-Lieb Lemma [6]
and condition (D,), we have

[ owarar=[ ouirax~ [ Quolr dx+om. @)
RN RN RN
Since the sequence {u,} is bounded in X, there exists a constant A > 0 such that

/ |Vu,,|2dx—> A asn — o0.
RN

It indicates that for any ¢ € C° (RN,

o) = (/. (). ¢)

—>/VMOng)dx—i-/uVuo(pdx—i—aA/VMOVgodx
RN RN RN

—/fu()(pdx—/QluoW*zuo(pdx asn — 00,
RN RN

which shows that

luol2 + aA llugll? — / fuddx — / Q luol” dx =0. 2.8)
RN RN

Note that

lunll?, + @ llunl}y — / fupdx — / Q un|? dx =0. (2.9)
RN RN

Then by (2.4) and (2.6)—(2.9) one has
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2 4 2
o<1>=||vn||u+a||un||Dl,2—aAnuonDl,z—/Q|vn|de
RN
2 2 2 2
— val2 +a s (lualBs = ol ) = | Qlval? dx
12 D D D
RN

= lloall}, +allunll3yiz 1ol 32 — / Q0 |v,|? dx. (2.10)
]RN

It follows from (2.1), (2.5), (2.6), (2.10) and condition (D) that

2 2 2
o (1) = llvall2 +a llunll%yrs loall o — / O val? dx

RN

p=2 2

P P
= ol = 10l | [ Tunl?ds [

RN RN
» »_, 15 (@*—p)(N-2)
Q) 1(V < e}’ F % s |
> 1= 10l L s 2 +o (1),
N uc

which implies that v, — 0 strongly in X, for © > O sufficiently large. Consequently, this com-
pletes the proof. 0O

3. Non-emptiness of submanifolds

First, we need the following result.
Theorem 3.1. Let (1, — 00 as n — oo and {v,} C X with ||vy|l, < co for some co > 0. Then
for every u > 0 there exist subsequence {v,} and vy € HO1 (2) such that v, — vo in X, and

v, — vo in L" (RN)fora112§r < 2%,

Proof. Since ||v,|| u = llvnll,, < co for n sufficiently large. We may assume that there exists
vo € X such that

v, — v in X,
v, — Vg a.e. in RV,

v, = voin Ly, (RN> for2 <r <2*.

By Fatou’s Lemma, we have

lvall}
/vadxgliminf/ Vvﬁdxfliminf ",

n—oo n—oo l‘l’)’l

RN RN
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this implies that fRN Vv%dx =0orvg=0ae.inRN \5 and vg € HO1 (£2) by condition (V3). We

now show that v,, — vg in L? (RN ) Suppose on the contrary. Then by Lions vanishing lemma
(see [25, Lemma 1.1] or [36, Lemma 1.21]), there exist dy > 0, Ry > 0 and x,, € R" such that

(vn — v0)? dx > dy.

B(xn,Ro)

Moreover, x,, — o0, and hence, |B (x,, Rg) N {x eRVN:v < c}| — 0. By the Holder inequality,

we have

(v, — vo)zdx — 0.

B(xp,Ro)N{V <c}
Consequently,

2 2 2
co = llvally, = mnc / v, dx = [inc / (v — vo)” dx

B(xn,Ro)N{V =c} B(xp, Ro)N{V =c}

= MUnC / (vp — UO)2 dx — / (vy — U0)2 dx
B(xn,Ro) B(xn, Ro)N{V <c}
— 00,

which a contradiction. Thus, v, — vo in L" (R¥) for all 2 < r < 2*. This completes the
proof. O

Next, we consider the following eigenvalue problem
—Aux)+puVx)ux)=rf(x)u(x) forx e RV, 3.1)

We can approach this problem by a direct method and attempt to obtain nontrivial solutions of
problem (3.1) as relative minima of the functional

1
Iﬂ(u)=§/|Vu|2+MVu2dx,
RN

on the unit sphere in B = { uelX: fRN fuldx = 1}. Equivalently, we may seek to minimize a
quotient as follows

- fRN |Vu|2+/LVu2dx

3.2
uel)I(l\{O} fRN fuzdx ( )

R (f) =

Then, by (2.1),
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Vul> + uVurdx s2

Je 1Vl ZM > 5 for all > po,

Jr futdx 1 lloo IV < c}3

this implies that Xl, w(f)= 52 > > 0. Moreover, by condition (V3),
I flloo HV <c}I3
Jrw |Vu|> + uVuldx - - Jrw |Vul> + uVuldx - Jo |Vu|?
= 1 — o,

ueX\{0} Jry fu?dx " ueH (@)\{0) Jrn fuldx ueH @\(0} [q fau?dx

which indicates that L (f) <A (f) forall u > po. Then we have the following results.

Lemma 3.2. For each . > (i there exists a positive function ¢, € X with f]R{N f(pidx =1 such
that

T (f)=/|wﬂlz+uv§o,%dx<m (fa)-
]RN

Furthermore, 3:1,,1 (f) = A] (fo) and ¢, — ¢ as ;L — oo, where ¢ is positive principal
eigenfunction of problem (1.4).

Proof. Let {u,} C X with fRN fu%dx = 1 be a minimizing sequence of (3.2), that is

/ |Vin|? + uVuldx — %1, (f) asn — oo,
RN

Since 3:1)“ (f) =21 (fe) forall u > po, there exists Co > 0 independent of u such that [|u, ||, <
Co. Thus, there exist a subsequence {u,} and ¢, € X such that

Up = @ in X,
Up — @y a.e.in RN,

Uy —> @, in Ly, (RN> for2 <r <2*.

Moreover, by condition (Dy),

/fu,%dx—)/fq)idx:l.
RN RN

Now we show that u, — ¢, in X . Suppose on the contrary. Then

/ IVou|” + uVehdx < liminf/ Vit + uVutdx =%y, (f),
n—oo
RN RN
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which is impossible. Thus, u, — ¢, in X,, which implies that fRN f(pﬁdx =1 and
2 ~ .
Jrv [Voul”+ nVeidx =i, (f). Since g, | € X and

I1,u(f)=fIVWIZ+MV«>}‘1dx=/!VlsoullerWIsoulzdx,
RN RN

by the maximum principle, we may assume that ¢, is positive eigenfunction of problem (3.1).
Moreover, by the Harnack inequality due to Trudinger [35], we must have e w () <A (fa)-
Now, by the definition of kl .u (f), there holds Al i () < M o () for up < /Lz Hence, for
any sequence [, — 00, let ¢, := ¢, be the minimizer of P . (f). Then fRN f(pndx =1 and

T () = / IVoul? 4 1nV@2dx <1 (fa).
RN

that
Mo, (f) = do < A1 (fe) for some dy > 0

and

l@nll < ll@nll,, <+/21(fa), for n sufficiently large.

Thus, by Theorem 3.1, we may assume that for every p > 0 there exists ¢ € HO] (£2) such that
¢n — o in X, and @, — ¢p in L” (]RN) forall 2 <r < 2*. Then

/ |V<p0| dx < 11m1nf/ |Vg0n|2 + ,unV(pndx =dy
RN

and

hm /f(pzdx—/fgtpgdx=l.
Q

Since dp < A1 (fq) and A1 (fq) is positive principal eigenvalue of problem (1.4). Thus, we must
have fQ [Vool?dx = 1 (fq) and go = ¢ a positive principal eigenfunction of problem (1.4),
which completes the proof. O

By Lemma 3.2, for each 0 < A < A1 (fq) there exists fio (1) = po with 2y (A) — oo as A —
A1 (fo) such that for every u > g (1), there holds & < A; ;, (f) < A1 (fq), which indicates that

x —2
2 — & / fuldx z 2D =2 lull?, forall u € X,,. (3.3)
)\],u (f)

RN

Moreover, it is easy to show that
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B = -2 | lul? - /fuzdx (p = lulld, <0

forall 4 < p < 6 and u € N, ;. Furthermore, we have the following results.

Lemma 3.3. Suppose that N =3,4 < p <6and 'y = oo (if p =4). Then for eacha > 0 and 0 <
A < A1 (fQ), there holds N, 5 = N,:,x and N;’A ={tmax(Wu :u € @I (p)} for u > 0O sufficiently
large.

— . . . . 0
Proof. By (3.3), AZ #@and A U A,OL = {, this implies that the submanifolds NI’)\ and Nj,
are empty and

N =N, ; = ltmax (@ : u € O (p))
for u > O sufficiently large. This completes the proof. O

Lemma 3.4. Suppose that N =3, p =4 and 'y < 400 (if p =4). Then we have the following
results.

(i) For each 0 <a <T'gand 0 < A < A1 (fq), there holds N, 5 = N;J and N;:,x = {tmax (@) u :
ue @Z (p)} for u > O sufficiently large.

(ii) Foreacha > T'g and 0 < A < Ay (fq), there holds Ny, ; =0 for u > O sufficiently large.
(iii) For each a > I'g and A > A (fq), there holds N, ) = N;,x and NZ’A = {tmin(®)u : u €
O, ()} for n > 0 sufficiently large.

(iv) If g is not attained and a =Ty, then for each A > A1 (fq), there holds N, ; = N:,x and
NZJ» = {tmin(Wu 1 u € ©, (p)} for u > 0 sufficiently large.

Proof. (i) The proof is almost the same as Lemma 3.3, and we omit it here.
(ii) Since

/ Qlul*dx <Tollul},, forallu e X,

R3

we can obtain

o, (u)=/Q|u|4dx—a||u||‘g.,z <0 (3.4)

for all a > I'p and u € X, this implies that @7[ (p) = 9. Moreover, A, U Ag =@ for u >0
sufficiently large, by Lemma 2.2, N, ; = @ for p > 0O sufficiently large.
(iii) By Lemma 3.2, there exists a positive function ¢, € X such that fR3 f <pﬁdx =1 and

xl,u (= / |V¢M|2 + ,quoidx < A1 (fq) for u > O sufficiently large.
R3
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If x> Xx1 (fq), then
2 ~
[ Vol + wvgiax = [ o=, - <o 6
R3 R3

andso ¢, € A for u > O sufficiently large. Moreover, @, (1) < Oforalla > T'p and u € X\ {0},
this implies that A, NO, (p)# ¢ and @j; (py @2 (p) =0. Then by Lemma 2.2,

Nup =N = {tmin()u 1 € OF (p))

for u > 0 sufficiently large.
(iv) The proof is essentially same as that in part (iii), so we omit it here. O

If A > X1 (fa), thenby (3.5), ¢, € Ay for > 0O sufficiently large. Moreover, if @, (¢1) <0,
then by Lemma 3.2, ¢, ((pﬂ) < Ofor pu > O sufficiently large, this implies that ¢, € A, NO,, (p)
and so N:’ , # ¥ for u > 0 sufficiently large. Thus, as well shall see, N, 5 may consist of two
distinct components in this case which makes it possible to prove the existence of at least two
positive solutions by showing that J,, ; has an appropriate minimizer on each component.

Moreover, if A > A1 (fq), then roughly speaking lull? < AfR3 fu?dx if and only if u is
almost a multiple of ¢ for u sufficiently large. Thus, if ¢ € ©, (p), it should follow that
Ay N ®,J[ (p) = @ for u > 0O sufficiently large. This is made precise in the following lemma

and we show subsequently that A, N ®,}L (p) =¥ is an important condition for establishing the
existence of minimizers.

Theorem 3.5. Suppose that N =3,4 < p < 6 and @, (¢1) < 0. Then for each a > O there exists

8o > 0 such that for every A1 (fQ) <A < A1 (fq) + do, there holds A_;ﬂ®_j(p) =W foru>0
sufficiently large.

Proof. Suppose that the result is false. Then there exist sequences {1}, {A,} and {u,} C X with
A — AT (fo) and w, — oo such that ||lu,ll,, =1 and

a2, — / Fuldx <0, @, () =0, (3.6)
]R}

By Theorem 3.1, we may assume that for every u > 0 there exists ug € H& (€2) such that u, — ug
in X, and u, — ug in L" (R?) for all 2 < r < 6. This implies that

n—o0

lim A, / futdx =1 (fQ) / fuddx > 1 (3.7)
R3 R3

Now, we show that lim,—0 [g3 |Vin|?dx = [ [Vuo|*dx. Suppose on the contrary. Then by
(3.6) and (3.7),
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[ (190 = 21 (12 ) dx = [ (190 =31 ) 1) s

Q R3

< liminf ||un||in—xn/fu,3dx <0,
n—0oo
R3

which is impossible. Hence lim,,— o0 [g3 |Vity [2dx = Jo |Vuo|?dx. And we get
nll)rgo D), (un) = Pp (uo) .
It follows that

(i)/(IVuol2 — 1 (fo) foup)dx <0,  (ii)®, (up) = 0.
Q

But (i) implies that ug = k¢ for some k and then (ii) implies that k =0 \&ich is_impossible as
M (f) fgs fuddx > 1. Thus, there exists 8 > 0 and o > o such that A;; N O} (p) =@ for
all A (fo) <A < A1 (fa) + 8 and u > [o. Moreover, if Ng,x # (), then there exists ug € Ng,x

such that X0 ¢ Ag N @2 (p) C A_,j N ®_,J[(p) = ¢ which is impossible. Therefore, N(;)M =0

luoll

forall A1 (fo) <A < A1 (fq)+ 0 and for u > O sufficiently large. This completes the proof. O

Lemma 3.6. Suppose that N =3,4 < p < 6 and fQ Qd)fdx < 0. Let 50 > 0 be as in Theo-

rem 3.5. Then for each a > 0 and A1 (fo) < A < A1 (fQ) + o, there holds N, ) = N;:,A U N;:)\

for u > 0 sufficiently large. Furthermore, Ni ,, are nonempty sets for u > 0 sufficiently large.

Proof. Since fQ quf dx < 0, by Lemma 3.2, there exists a positive function ¢, € X such that

~ 2
T () = / Voul* + nVeldx < A (fo)
R3
and

@y —> $1as u— 0o.

Hence, for u > 0 large enough,

/ Ol lPdx <0,
R3

2
o ||M < )‘f]R3 f(pidx for
all A > 1 (fa), we have ¢, € A, N O, (p) for u >0 sufficiently large. Next, by conditions
(Dy) and (D7), we have Af N ©F (p) # . Thus, by Lemma 2.1 (i) , (ii), Ni}» = (. Moreover,

this implies that ¢, € ©® (p) for u > 0 sufficiently large. Moreover,
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by Theorem 3.5, A_; N ®_,'f(p) = for u > O sufficiently large. Then by Lemma 2.1 (iii) this

implies that N?L’ ,a=0orNy,= N;’ , U N:’ , for u > 0 sufficiently large. This completes the
proof. O

Lemma 3.7. Suppose that N =3, p =4 and ®, (¢1) < 0. Then there exists 5o > 0 such that for
every A1 (fo) < A < A1 (fo) + 0o, there holds N, 5 = N,:,x U NZ’Afor u > 0 sufficiently large.

Furthermore, Ni ,, are nonempty sets for u > 0 sufficiently large.
Proof. The proof is almost the same as Lemma 3.6, and we omit it here. O

Next, we consider the following nonlinear Schrodinger equation

—Au=Afqu+ QqlulP?u inQ, (E )
u e HL(Q), ra

where N > 3,2 < p <min{4,2*},0 <A < A (fo) and Qg is a restriction of Q on Q.
It is well-known that for each 0 < A < A1 (fq), Equation (E ;MQ) has positive ground state
solution w;_gq such that

inf  J2% () = I (wa.0) = a5op (), (3.8)
ueNq
and
2 2 p 2P
(Vwio| dx =i | fow; gdx = [ Qqw} odx = ﬁaw(sz) >0 (3.9)
Q Q Q

where J )?OQ is the energy functional of Equation (E; ) in HOl (2) in the form

1 1
Jff)Q (u) = 3 f|Vu|2dx —A/ fauldx | — ;/ Oqlu|? dx,
Q Q Q

and

N = (u € H{ @\ 0} | (/%) (). u)=0).

P 2/(p=2)
Sp(€2) ) for all 0 < A < A1 (fq). Then we have the

-2
Clearly a7°, () < a5 (2) < pz_p (QQ,min

following nonemptiness and properties of submanifolds N:, , and N;‘ 2

Theorem 3.8. Suppose that N > 3 and 2 < p < min {4, 2*}. Then we have the following results.
(@) Let 0 < A < M1 (fq) and let w;, q be the ground state positive solution of Equation (E)L’Q). If
conditions (V1), (V3), (D1), (D2) and (D4) hold, then there exists ag > 0 independent of A,
such that for every 0 < a < ay, there exist two positive constants t; and t;}" satisfying
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o) 1/(p—2)
- +
<t < <—) <t
4—p
and

t;—> it —>ocasa— 0"

+ 4 . 4—p 2/p
such that t;w; q € NM’)\. Furthermore, if0 <A < |1 -2 (T) M (fQ), then

Jun (ta_wg) <

p ) <7\l,u (f) _ )L>p/(p—2) ZS,’; Q) 2/(p=2)
4p o () O min (4 —p)

for u > 0 sufficiently large.
(ii) Let A > A1 (fq) and let ¢ be positive principal eigenfunction of — A in HO1 () with weight
function fq = flg. Then for each a > 0 there exists 1 > 0 such that 1} ¢\ € N:ﬁ , and

Jua  61) = inf S (191) < 0.
In particular, NZ,A is nonempty and infueN;A Jup ) < Jy (tjd)l).

Proof. (i) Define

m(t) =12 Hwk,QHi—)\/wiide —tp_4/QQ|wx,Q|pdx fort > 0.
Q Q

Clearly, fw) o € Ny, if and only if m () +a (fg |Vw;L,Q|2dx>2 = 0. Since ”w)‘QHi _

A fQ fa w% odx > 0, similar to the arguments of [32, Lemmas 2.4 and 2.5], there exist two posi-
tive constants ;" and z; satisfying

2 1/(p—2)
- +
l<t; < <—) <t,
4—p

and

t;— Litf > o0asa— 0"

+

such that t}wg € NM e

Jua (ta_wk,g) = sup Jyua (tw;hg)
o<t<t;]

and
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T (tFws.@) = inf J,; (twy@) = inf Jy.» (tws,@) <O. (3.10)
t>1; =z

Furthermore, we get

2

t; 4

Jun (7 wr0) = % ||wA,Q||i_A/fwg,de _%/Qmmv’dx
RN

_ 14 2 @-=p) (tt;)p 00
BRI E) [(’“) Ty @

[, o @-p@)]{st@\""™?
< = (ta ) -
4 p QQ,min

2/(p=2)
—2 (8P«
LP2 (5 ® asa— 0. G.11)
2p QQ,min

2/p
Since 0 < A < [1 -2 (4_7”) A (fq), by Lemma 3.2 and (3.11), we can conclude that there

exists ag > 0 independent of X, i such that for every 0 < a < ao,

Jua (ta_wk) <

p—2 (’Xl,u f) — )\')p/(pZ) 255 @ 2/(p—2)
4p T () O.min (4 — p)

for u > 0 sufficiently large. L
(ii) Since A > A1 (fq), we have ||¢; ||2 — ka fggbzdx < 0, this implies that H¢ H € A, . Then

by Lemma 2.3 (i), for each a > 0 there exists 7,/ > 0 such that 7, ¢ € N;’A. Moreover, h;n (1) <
0 forallz € (0,7;) and hy, (1) >0 forall > ¢, which leads to

Tua (1 01) = nf T (1) < 0.
This completes the proof. O
4. The case when N=3and4<p <6
4.1. The subcase: » <, (fq)
We need the following results.
Lemma 4.1. Suppose that 4 < p < 6. Then for each 0 < A < A1 (fq) there exists {1y (X) > 1o

with 1y (M) — 00 as A — A[ (fq) such that for every u > [ty (1), the energy functional J,, . is
coercive and bounded below on N;’ 5 Furthermore,
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~ - 2/(p=2)
1 /% _ N\ P/ =2 sP
inf J,(u) >~ <U‘L) = >0 (41
ueN, A\ A () 10l IV <c} &

forallu e N;’A.
Proof. By (2.1) and (3.3), for each y > g (A) and u € N;’/\, we obtain

T (f) =2

2 2 2 4
s ull¥ <|ullt —r u-dx +allu
g, <l /f Nl

R3

6—p
=/Q|M|”dXS 1Qllo IV < ¢}l 5 877 llullf; s
R3

which indicates that

llull,, > < SP (Ri (f) = 1) )U(p—z)
R 6—p .
T (D 1Qlae IV < e}l 8"

Thus,

R () =

o =~ | a2 —A/fuzdx L flul|?
=g " J = 4, (f) "
~ _ 2/(p—-2)
1 /% _ 0\ P/ N
> Z <1;f’t(4f)> s >0’
Mo (f) Qoo 1V <} 5

this implies that the energy functional J,  is coercive and bounded below on N ;. This com-
pletes the proof. O

‘We now show that there exists a minimizer on Nl: , Which is a critical point of J,, ; (1) and so
a nontrivial solution of Equation (E u, A). First, we define

04,2.(2) = uEli’IIl;iQ) JM,)»'HQ‘(Q))(”)?
where
M, () = {u € HI(Q) N H'(R3): (J,;,MHOI(Q) W), u> —0).

Note that

2
=4 Vul>d U [ vazax - 2 Py 24
Tl =7 | [ vulax) +5 [ivarar—— [ ourax =7 [ owax,
Q Q Q Q
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a restriction of J, ; on HOl (2), and 6,,,(S2) independent of w. Since max{Q, 0} £ 0 in €,
M, (2) # ¢. Thus, similar to the argument of (4.1), we can conclude that J,, ;|5 L@ is bounded

below on M, (L2). Moreover, HO1 (2) C X, for all u > 0, one can see that

0<n< inf Ju,@) < 64,(R) forall =7 (). 4.2)

MENM,)\
Taking Dy ;. > 6,4.1(S2). Then we have

inf Jy W) <6,,,(R2) < Dy forall u >y (A). 4.3)

ueNM,)‘

We are now ready to prove Theorem 1.1: When 0 < A < A1 (fg). By Lemma 4.1, (4.3) and
the Ekeland variational principle [17], for each p > 7ty (1) there exists a minimizing sequence
{u,} C N;’k such that

D,y > nll)ngo Jua(uy) = inf Jyua(u) > 0and J;/L,A(””) =o(l).

MGNH_)L

Since infueN;A Jua() < Dy, again using Lemma 4.1, there exists ¢, 3 > 0 such that ||lu, ||, <

car- By Propbsition 2.5, there exist a subsequence {u,} and up € X such that J;/w\(”()) =0and
u, — ug strongly in X, for p > O sufficiently large, which implies that J,, ; has minimizer ug
inN, ;= N;,k for p sufficiently large. Since Jy, 5 (uo) = Jy,5.(luol), by Lemma 2.4, we may as-

sume that u( is a positive solution of Equation (E,M) such that J, 5 (uo) = inf,, N . Jua(u) > 0.
o,

4.2. The subcase: . > L1 (fq)

By Theorem 3.5, for each a > 0 there exists 69 > 0 such that for every 1| (fo) < X <

M (fq) + do, there holds A—; N G)—:[(p) = () for u > 0 sufficiently large, it is possible to ob-
tain more information about the nature of the Nehari manifold as follows.

Lemma 4.2. Suppose that 4 < p < 6 and fQ quf’dx < 0. Let 80 > 0 be as in Theorem 3.5. Then
for every L1 (fo) <A < X1 (fa) + 8o, we have the following results.
(i) There exists co > 0 such that ||ul|,, > co for all u € N;’k and u > 0 sufficiently large.

(ii) N;’A and NI,A are separated for p > 0 sufficiently large, i.e., N;’)L N N;:)L =@ foru>0
sufficiently large.
>iii) NZ’A is uniform bounded for pu > 0 sufficiently large.

Proof. (i) Suppose on the contrary. Then there exist {i,} C R* and u,, € N;”, ;. such that , —
oo and |luy, ||Mn — 0. Hence, by (2.1),

0 < llunll?, —x/fu,%dx
R3

< ”“"”in — )»/fu,%dx +a ||un||‘1")l‘2 = / QOluy|Pdx — 0 as n — oo. 4.4)
R3 R3
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Let vy = i
H_} (Q) such that

. Then, by Theorem 3.1, for every u > 0 there exist subsequence {v,} and vy €

Uy = voin X5 v, = voin L (]R3) forall2 <r <6. 4.5)

Thus, by (4.4) and (4.5),

lim f vpdx = f fv% (4.6)
n—od
and
Iunl, =2 [ Fiddx > 0asn > . 47
R3

Moreover, by (4.6), (4.7), vo € HO1 (£2) and Fatou’s Lemma, we can obtain that

0= lim | [loal?, —,\/fv,%dx =1—,\/fv§dx,
n— 00 n
R3 3

and for every u > 0
2 2 B 2 2 _
ool = [ fodax <timint | o, 2, ~ [ rodax | =o.
R3

this implies that vy # 0 and € F for all u > 0. Since fR3 Ol|v,|Pdx > 0 and v, — vg in

IIUOH

L” (R?), it follows that [p3; Qlvg|”dx > 0 and so

€ @u (p) for all u > 0. Hence S

’ ||v0||

A N ®+ (p) for all u > 0, which a contradiction. Thus, 0 ¢ N , for u > 0 sufficiently large
U {0}. Since 0 ¢ N~

Hv H

Moreover, by Lemma 3.6, N, ur CNy it follows that Nu , =N},

s WA I, A’
NM , 1s closed.

(i1) By Theorem 3.5 and part (i),

N L mN:;A SN, N (NljA U NIOM) =N, N (Nj;A U @)
=N, NI HYUWN, , N@) =0

and so N_ . and N+ . are separated for u > 0 sufficiently large.

an) Suppose on the contrary. Then there exist sequences {u,} C R™ and u, € N 5. such that
tn — oo and |lupll,, — 00 asn — oo. Clearly,
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2~ 2d L= Pdx <0 4.8
a2, fuldx +alluallt > = [ QlunlPdx <0. 4.8)
R3 R3
Let v, = # Then by Theorem 3.1, we may assume that for every u > 0 there exists vp €
nllpn

HO1 (2) such that

vy, — voin X5 v, = voin L” (R3> forall2 <r <6.

Thus,
lim [ fvldx = / fuddx (4.9)
n—oo
R3 R3
and
lim /len|pdx=fQ|v0|”dx. (4.10)
n—>oo
R3 R3
Moreover, by Fatou’s Lemma,
/|W0|2dx511minf/|w,,|2dx. (4.11)
n—0o0
R3 R3
Dividing (4.8) by [|u, || gives
lonl2, — 2 / Fodx +allunl, ol s = luenllZ2 / Olun|Pdx <0, (4.12)
R3 R3

Since
. 2 2 _ . 25 2
lim | [[vnll; —k/fvndx =1—A lim /fv”dx—l—)»/fvodx
n— 00 n n— 00
R3 R3 R3

and [lu,|l,, — oo, it obtains that ng Qlvg|Pdx =0 and fR3 fv(z)dx > (0 from the conclusions
(4.10) and (4.12). Moreover, by vg € HO1 (2), (4.9) and (4.11), for every u > 0,

||vo||i—)»/fvgdx§1£1§)ioréf loall?, —k/fv,zldx <0.
R3 R3

‘We now show that v, — vg in X,. Suppose on the contrary. Then
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||v0||/2J — )»/fv%dx = / |Vv0|2dx — A/fv(z)dx
R3 R3 R3

< liminf | [Jval? — )\/ fuidx | <o,
n— oo "
R3
since [p3 Vvidx = 0. Hence ﬁ € A—; N ®—:[(p) which is impossible. Since v, — v in X,
"

then [lvgll, = 1. Hence vg € ®2 (p) and so vg € ®_,"[(p). Moreover,

lvoll}, — A/ frgdx = lim [ floall} - x/fv,%dx <0,
R3 R3

and so vg € A_,I Thus, vg € A—; N ®—,"’[ (p) which is impossible. Therefore, we can conclude that
N;’ ,, 18 uniform bounded for 1 > O sufficiently large. This completes the proof. O

When N:’ ; and N, are separated and Ng, ,, =, any non-zero minimizer for J, ; on N:ﬁ 2
(oron N, ;) is also a local minimizer on N, » and so will be a critical point for Jy, ; on Ny »
and a nontrivial solution of Equation (E , ,\). Since fR3 qu{’ dx < 0, we can obtain that A; N
©,, (p) # ¥ for all u > 0. Furthermore, we have the following result.

Theorem 4.3. Suppose that 4 < p < 6 and fQ quf’dx < 0. Then for each M (fq) <A <
A1 (fQ) + So, there exists a minimizer of J, 5 (u) on N:’A for u > 0 sufficiently large.

Proof. By Lemmas 3.6 and 4.2, N:, , 79 and NI’ ;. 1s uniformly bounded for u > 0 sufficiently
large. Then there exists C, 3 > 0 such that |[u||,, < C,4 5 forall u € N:y/\. Hence, making use of
2.1), foru e N::,x we have

a, 4 (=20
J;L,A(M)Z—Z”MH#—TOO |ul? dx
R‘é
a (p—=2 0l 6-p
z—ZCiA—Tp‘X’l{V<c}| 5 Cl,. (4.13)

Thus, J,» is bounded from below on NZ,X and so infueN;_A Jyu,2 () is finite. Since fQ Q¢fdx <

0 and [, V¢, 12dx — A [q fadidx < 0, which indicates that the function hy, (1) = Jy 1 (t$1)
have to+ > 0 and xo < 0 are independent of y such that t&r P1 € NZ’ , and

: +
0<1tn<f00 hg, (t) = hg, (t5) = ko <O.

This implies that
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in£ Ju,n () < kg <0 for > O sufficiently large. 4.14)
ueN
A

Then by the Ekeland variational principle [17], there exists a minimizing sequence {u,} C NI‘ A
such that

nlgrolo Jua(uy) = infr Jyua(u) < ko and J;L’)L(u,,) =o0(l).

ueNﬂ_k

Since ||u, ||M < Cy.». Thus, by Proposition 2.5, there exist a subsequence {u,} and ug € X such
that J I/L 5 (up) =0 and u, — ug strongly in X, for u > O sufficiently large, which implies that

Jy.,5 has minimizer ug in NZ’ , for w sufficiently large, and so

J,AL,A(“O) = nlggo Ju,k(un) = in£ J,u,)»(u) <«ko <0,
uEN}LA

which implies that u¢ is a minimizer on NZ’A for u > O sufficiently large. 0O

‘We now turn our attention to N; 5. Since

1 11
Tuawy= 7 | lul —A/fuzdx + (Z - ;> / QlulPdx >Oforallu €N, ,, (4.15)
R3 R3

we have inf, - . Jy 5 (w) = 0forall u > 0. Since max {Q, 0} # 0 in €, similar to the arguments
“w,

in (4.3), there exists 50, » > 0 independent of y such that inf, - R Jyupu) < Ba, ;. and the set
I,

{Jup < Dap} = Hu eEN; Juaw) < 5a,k} # ¢ for ;1 > 0 sufficiently large.
Furthermore, we have the following results.

Lemma 4.4. Suppose that 4 < p < 6 and fQ Qd)fdx < 0. Then for each A (fq) < A <
M (fq) + 80, we have the following results.

(i) There exists Cy 5 > 0 such that ||ul|,, < Cq . for all u € {JM,;L < 5a,k} and for u > 0 suffi-
ciently large.

(ii) We have

inf  Jy ;(u) = inf  Jy ) >0

MEN;L,A uE{JM,k<Da,}»
for n > 0 sufficiently large.

Proof. (i) Suppose on the contrary. Then there exist a sequence {i,} C R™ with u, — oo and

a sequence uy € {Jy, 1 < Da,.} such that ||uy, ||, — 0o as n — oo. Let v, = Ilu'l:ﬁ#n . Then by
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Theorem 3.1, we may assume that for every u > 0 there exist subsequence {v,} and vy € Hé ()
such that v, — vo in X, and v, — v in L" (R?) forall 2 <r < 6. Then

lim /Q|vn|pdx=/Q|v0|pdx (4.16)
n—oo
3 3
and
lim fvzdx_ / fvddx. 4.17)
n—o00

Dividing (4.15) by [|u,l|?, gives

Tl 2 /fvzdx +(1——> el /le Pdr.  @18)

lunl2 4

Since ||y ]|, — +00 and ‘77”(2) — 0, by (4.16)~(4.18), we have that [gs Qlv,|Pdx — 0 and

SO fR3 QOlvo|?dx = 0. We now show that for each u > 0, we have v, — vo in X,. Suppose
otherwise, then by (4.17) and (4.18), there exists © > 0 such that

/|Vvo|2dx —A/fvgdxz ool —A/fvédx

R3 R3 R3

<liminf | |, 7 — )\f fvidx | =0.
n—oo n
RS
Thus, vg # 0 and

vo L)
llvoll . ([Q|Vv0|2dx)l/2

€A, NOL (D),
which is impossible. Hence v, — vg in X,. It follows that ||vgl|,, =1, fR3 Vv%dx =0and

huol —Af foddx +alluol?, . = / OluolPdx =0
3 3

Thus, for every u > 0, there holds v € Ag N @2 (p) which is impossible as A_,I N ®_,J[ (p) =

Hence there exists C,5. > 0 such that [[ull, < C,, for all u € {J, 5 < D,} and for u >0
sufficiently large.
(ii) Since inf ueN;, Ju,5 () =0, by Lemma 4.2 and the Ekeland variational principle [17], there

exists a minimizing sequence {u,} C { o < D, A} CcN LA such that
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hrn Ju a(up) = inf J, 3 (u) and J ,\(un) =o(l).

uEN, 2

By part (i), there exists C,3 > 0 such that [u,||,, < Cq,,.. Then by Proposition 2.5, and so there
exist a subsequence {u,} and uo eN A such that u, — ug in X, and J X(Mo) 0foru>0
sufficiently large. If inf,, eNy, Ju, A(u) =0, then

Jua(ug) = hm JM a(up) = inf Jy (u) =

LlGN/L 2

It then follows exactly as in the proof in part (i) that € A0 N @0 (p) which is impossible

Hu ||
as A; N @,J[ (p) = @. This completes the proof. O

Theorem 4.5. Suppose that 4 < p < 6 and [, Q¢f’dx < 0. Then for each A (fo) <A <
A1 (fo) + So, there exists a minimizer of Jy, 3 (u) on N;’A for u > 0 sufficiently large.

Proof. By Lemmas 4.2, 4.4 and the Ekeland variational principle [17], for each u > 7ty (1) there
exists a minimizing sequence {u,} C { < Dy ,\} C Nu ,, such that

hm J,“L(u,,)_ inf Jy () >0and J A(u,,):o(l).

MENM A

Since inf, .- . Jua(u) < 5,4, 1, by Lemma 4.4 (i), there exists a positive constant C, ; indepen-
W,

dent of u such that [lull,, < Ca4 x. Thus, by Proposition 2.5, there exist a subsequence {u,} and

uo € X such that J l/i , (o) =0 and u, — ug strongly in X, for u > 0 sufficiently large, which

implies that J, 5 has minimizer ug in € N;’ ,, for u sufficiently large, and so

Jua(ug) = llm ]M a(up) = inf J,(u) < Da s

uENl 2

which implies that u( is a minimizer on N;’ ,.- This completes the proof. O

We are now ready to prove Theorem 1.2: By Theorems 4.3 and 4.5, there exists §p > 0
such that, when A1 (fo) <A < A1 (fo) + 80, Ju,1 has minimizers in each of N:,)\ and N;,)\ for
sufficiently large. Since J,, ; (1) = Ju 2 (Ju|), we may assume that these minimizers are positive.
Moreover, by Lemma 3.6 we may assume that N:’ , and N 5 are separated and N?L’ =01t

follows that the minimizers are local minimizers in N, ; which do not lie in Ng_ , and so by
Lemma 2.4, they are positive solutions of Equation (E u, A).

5. The case when N =3 and p =4

We are now ready to prove Theorem 1.3: (i) When 0 < X < A1 (fgq). Similar to the argu-
ment of proofs in Lemma 4.1 and Theorem 1.1, J, 3 has minimizer ug in N, ) = N;‘x for p
sufficiently large. Since J,, 3 (1) = Jy,1(|u]), by Lemma 2.4, we may assume that u is a positive
solution of Equation (E,, ;) such that J, 5 (u},) = infMeN; () > 0.
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(ii) Since I'g < oo, by Lemma 3.4 (ii) foreacha > I'p and 0 < A < A1 (fq), we have N, ; =
(@ for p sufficiently large, this implies that for eacha > I'g and 0 < A < A1 (fq), Equation (E s A)
does not admit nontrivial solution.

(iii) Since I'g < oo, by Lemma 3.4 (iii), for each a > I'g and A > A1 (fq), we have N, ; =
N:, , and NI’ 5 = {tmin(Wu :u € 0, ( p)} for u > O sufficiently large. Now, we will show that

NJr . is uniform bounded for x> 0 sufficiently large. Suppose on the contrary. Then there exist

sequences {u,} C R and u, € N A such that u, — oo and |lu, |, — 00 as n — 00. Clearly,
nllZ, — 2 f fuldx = / Olunl*dx — a gl <. 5.1)
3

Let Uy = W
Hj () such that

Then by Theorem 3.1, we may assume that for every u > 0 there exists vy €

Uy = Vo in X5 vy —> voin L” (]R3) forall2 <r <6.

Thus,
hm fvzdx = / fv(%dx 5.2)
and
lim Q|vn|pdx—/Q|vo|pdx. (5.3)
n— o0
R3
Moreover, by Fatou’s Lemma,
/ |Vvg|2dx < liminf/ [Vv,|?dx. (5.4)
n—o0
R3 R3
Dividing (5.1) by |lun ”;2Ln gives
loall%, — A f fopdx = llu, |7, f Olva|*dx —alvall}. | <O. (5.5)
R3 3

Since

n—oo

lim | [lv, 17 —x/fvﬁdx =1—xlim | foldx=1-x /fvgdx (5.6)
n—oo n
3 R3 R3
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and ||uy |4, — 00, by (5.3)—(5.6), it obtains that ng Q|v0|4dx a ||vo||DI , >0and ng fvodx >
0. Moreover, by vy € HO (2), (5.2) and (5.5), for every u > 0,

||u0||i—x/fu§dx=/|VUO|2dx—x/fv§dx
R3 R3 R3

< liminf loall, —A/fvzdx <0.

We now show that v,, — vg in X,. Suppose on the contrary. Then

||u0||i—x/fugdx:/|vm|2dx—x/fugdx
R3

R3 R3

<liminf | [lva | —)\/fvﬁdx <0,
n— 00 n
R3

since fR3 Vvodx = 0. Hence ”U ” IS A_,] N G)_,'f(p) which is impossible. Since v, — v in X,

then [|vgll, = 1. Hence vg € @2 (p) and so vy € ®_;'[(p). Moreover,
ool = [ fodax = tim | ol 5 [ fidax | <o,
3 R3

and so vy € F Thus, vg € F N E( p) which is impossible. Therefore, we can conclude
that NJr PR umform bounded for uw >0 sufﬁ01ently large. Then similar to the argument of

proof in Theorem 4.3, J,, ; has minimizer u}; p Ny = N+t P for u sufficiently large such that
Jua () <0.Since Jy 5 (u)f) = Jy 3 (Ju;b ), by Lemma 2.4, we may assume that ! is a positive

solution of Equation (Ey, ).
(iv) The proof is essentially same as that in part (iii), so we omit it here.

We are now ready to prove Theorem 1.4: Since Al_z (fo) fQ qufdx <a<Ty,

2

q’p(¢1)=/Q|¢1|pdx—a /|V¢1|2dx < 0 for p =4.
Q Q

By Lemma 3.7, there exists §9 > 0 such that for every A1 (fq) < A < A1 (fq) + o, Nu , are
nonempty sets and N, = NM‘A U Nu,)\ for u > 0 sufficiently large. Then similar to the argu-
ment of proof in Theorem 1.2, Equation (E “, A) has two positive solutions u, and u;‘ satisfying
Jua () <0 < Jy i (u;) for u > 0 sufficiently large.
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6. The case when N > 3 and 2 < p < min {4, 2*}

6.1. The proof of Theorem 1.5

We are now ready to prove Theorem 1.5: For 0 < A < A1 (f) and u € X\ {0}, we know that
tu e N?L if and only if 4}, (1) = A}, (1) =0, i.e., the following system of equations is satisfied:

{ ar® |+t (el = & fp fuPdx) —t7~" [ Qlul?dx =0, 61
3at? ||ull 1o + (lully, — & g fu?dx) = (p = DiP~2 [ O lul” dx =0. ‘
By solving the system (6.1) with respect to the variables # and a, we have
1/(p—2
o 2 (Il = 2 fgu futdx)\ "7
(4—p) Jgy O lul? dx
and
2/(p=2)
p—2(4—p —
- (£ A, (u),
au)=7— ( 3 ) 2. (u)
where
2/(p—2)
_ ulPdx
Ay () = Ups Olul?dx) 6.2)

@-p)/(p—2)"
uall s (N2 = 2 fpn fu2de) P

We conclude that a(u) is the unique parameter a > O for which the fibrering map £, has a critical
point with second derivative zero at 7(u). Hence, if a > a(u), then h, is increasing on (0, c0)
and has no critical point. Moreover, for 0 < A < A1 (f), we define

_ p—2(4—p 2/(p=2) .
Ay=——[—— sup A (u). (6.3)
4—-p\ p ueXx\{0}

Note that by (3.3) and the Holder and Sobolev inequalities,

p=2\ 2/(p=2)

2*—p 2% %5
2 2 2% 2 ”””01.2
101l (f{VZC}u dx+ fiy _qu dx) 2

Ax(u) <
@=py/(p—2
lall o (2 = 2 foe fu2d) @772
_ _2)(2*— 2/(p=2)
- . S 2*?, N(p—=2) (N-2)(2*—p)
<< () >< PIP=D 0l UV < el Null 3 Nulle 2
=\ A 2(p—2 4=
i (f) =2 SP ullhls ) Nl
5\ 2/(p—2)
~ 4— 2 2-p
(D) NI 101V <)l F _
<[ —" foral u > g (1),
A (f)—2 sP
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which implies that for each 0 < A < A1 (f),

2/(p=2)

A l((4—p>xl(fg)><“"’>/<"‘” 10l |V <}
* T2 \p 0 (f) -2 sP

for u > 0 sufficiently large. Hence, the energy functional J,, ; has no any nontrivial critical
points for a > A; for > 0 sufficiently large. Consequently, we complete the proof.

6.2. The proofs of Theorems 1.6, 1.7

First, we define

+ _ .
o, = 1nfr Jua ().
MGN,I,,A

Then we have the following results.

Proposition 6.1. Suppose that N = 3,2 < p < 4 and conditions (V1) — (V3) and (D1) — (D3)
hold. Then the following statements are true.

(i) For each » > 0 and a > 0, we have NI’A is uniformly bounded for u > 0 sufficiently large;
(ii) For each A > 0 and a > 0, there exist two numbers dy, Dy > 0 such that

+

inf Jua(u)=0>—dy > o,

> — Dy for u > 0 sufficiently large.
ueN, ;UND

Proof. (i) Letu € N:’ ,.- Then by (2.2) and the Holder and Sobolev inequalities,

2

a@-p) M3
lull?, < TR /|Vu|2dx + TL/IVMzdx. (6.4)
R3 R3

Moreover, using the Sobolev, Holder and Hardy inequalities, condition (D3) and (6.4) gives

I Jrs Qlul?dx + A [ps fu’dx B Jrs QlulPdx + A [ps fu’dx
lull? + a full alull}

D1,2 DI,Z
_ 6—p
& 2 = ) 2 B
1| g, Q5 7i2dx +1QIS" [Br, O]F §72 fgs [Vul?dx Ml
=T 302 2(14—3p) 2
aS p2 ”I/l” 6—Pp aSZ ”u”DI,Z
L DL2
— 2(6‘1)72) 67Tp
2(4-p) -p 4
2 6—p M 6—p 2 —

1 Jx=r, (Vu?) (m dx N 10155 |Br, (0)|3 S72 S RA VR
3(p—2) 2(14=3p) 4(4—p) 2
aSpT 6—pp 6—pp aSZ ”u”DlZ

lull ) lall 57
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— o—p
) 47 2 ) 4
1| = (Jsr, V ) u?dx IIQII " |Br. (O] S~ MLf N
=~ | Co - p) +
0552 el 5 as?|lul?,
| ”u“Dl 2
— 6—p
2(4 s : 2 7
U s faé=p Al LS |Br, (0)]* M fllpae
—5= | €0 - —
as™ 5 w(p=2)  uSul3,, s oo as? ull?,
| M”Dl,z

where Cy is the sharp constant of Caffarelli-Kohn-Nirenberg inequality. This implies that there
exists a constant d; > 0, dependent on a and A such that

/ IVuI2 dx <djforallu e N:[,A and for u > 0 sufficiently large. (6.5)
R3

Thus, by (6.4) and (6.5), we have

a4 P) A ||f||L%/2

lull?, < di + dy forallu e N .

(ii) By Theorem 3.8 (ii), there exists dyp > 0 such that a;)\ < —do == Jy (17 ¢1). Next, we
prove that there exist constants Dy, w > 0 such that

+

o, 5> —Dg forall £ > s anda > 0.

Letu € N\, . Similar to (6.4), we obtain

Py
/fu%’xf%/Wuﬁdx
R3 R3

and

.>|\
s

f
30
S

4—p 6—p
a@d—p)\ 2 1Qlloo | Br, (0)] &
(2“ )) lulhiz + < iz -

/Qlulpdx<
3

Using the above inequalities gives

1 a 1
S =3 ||u||,i—x/fu2dx +Z||u||‘,gl_z—;/Q|u|de
3 R3

_0-p 4-p 6-—p
a C04 a(d—p)\ 2 ||Q||<>o|BR* (0)| 6
> llu ”012
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A fll3e
——g Il

This implies that there exists a constant D, ; > 0 such that a;‘ 5 > — Dy ;. for u > 0 sufficiently

large. Moreover, for u € N U N by (2.2),

1%
1 4 —
=7 IIuIIi—/\ffuzdx —4—”/Q|u|f’dx
3 P R3
4 — _
> M/deho
8p

Therefore,

inf Jua(u)=>0> —a’o>oz;:’)»> —Dy 5,
ueN, ,UND ;

for u > 0 sufficiently large. This completes the proof. O
Proposition 6.2. Suppose that N > 4,2 < p < 2* and conditions (V) — (V3) and (Dy) — (D»)
hold. Then the following statements are true.

(i) For each » > 0 and a > 0, we have N:’ 5, is uniformly bounded for u > O sufficiently large;
(i) For each A > 0 and a > 0, there exist two numbers dy, Do > 0 such that

inf Jua(u)>0>—dy > a:A > — Dy for u > 0 sufficiently large.
ueN, ,UN '

Proof. (i) Letu € N:’ ,.- Then by (2.2) and the Holder and Sobolev inequalities,

4 A N
||u||i<%n [0+ L0 /|v 2 dx. (6.6)

Moreover, using the Sobolev and Holder inequalities and (6.6) gives

_ Jrn Qlul? dx + A [ fuldx fRN O lulPdx + A [pu fu’dx

2
el + a flull, allulld;.
D D
2N 2p—N(p-2)
1 2 H{V <c}l 4
<||Q||oo( Nl + WS o 1Vul? dx) L
B N(p—2)/2 —87N§ p2 6152||M|| 1,2
aSN(p=2)/ ||u||D1,2 D
2p—N(p=2)
a(4—p) M2 |{V<c}|2/N 4
1 Qlloe [ Nl + (Ll + ull2 Mg
- S aS? [l
asN(p—Z)/z ”u”DI.ZZ pl.2
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Since

8-Np-2 _,

> —N(p—2) for N >4,

this implies that there exists a constant d; > 0, dependent on a and A such that
lullprz <d; forallu € NZ,A and for u > 0 sufficiently large. 6.7)
Thus, by (6.6) and (6.7), we have

M fllpve

4
d; 2

4_
lull> < al p) d} forall u e N},

(ii) The proof is essentially same as that in Proposition 6.1 (ii), so we omit it here. O

We are now ready to prove Theorem 1.6: (i) By the Ekeland variational principle [17],
Lemma 6.4 and Proposition 6.1, for each 0 < A < A1 (fq) and 0 < a < ag there exists a bounded
sequence {u,} C NZ’ ,, such that

Jup () =af ; +o(1)and J; ; (un) = o(1) in X

It follows from Propositions 2.5, 6.1 that J,, ; satisfies the (PS), - —cond1t10n in N A for >0

sufficiently large. Thus, there exist a subsequence {u,} and u wa € N A such that u, — u;/\

strongly in X, for u > O sufficiently large. Note that ot wo = Jua (u: k) < 0. Hence, u;: 5 €

+ : + + + 1) — + ) —
N Alsammlmlzerfor Ju/\ onN . Since |ulM|eN Aand J,“\(|ul“\|)_ M?»( M/\)_

a; 5, <0, one can see that ut A isa posmve solution for Equation (E, ;) by Lemma 6.3.

(ii) By the Ekeland variational principle [17], Theorem 3.8 (ii) and Proposition 6.1, for each
a >0 and A > A (fq) there exists a bounded sequence {u,} C NM’A with Jy, 5 (u,) < —dp <
inf GN;JUN% Jyu,2 (1) such that

u

J,“\(un)_aﬂ)\%—o(l) and J A(u,,)_o(l) in X_

By Proposition 2.5, we can establish a compactness conclusion for {u,}, this means that there
exist a subsequence {u,} and u;)\ € NZ,A such that u, — u;’l strongly in X, for u > 0 suffi-

ciently large. In fact that u;' , 1s a positive solution for Equation (£, 3).

We are now ready to prove Theorem 1.7: The proof is essentially same as that in Theo-
rem 1.6, so we omit it here.
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6.3. The proof of Theorem 1.8

Note thatu € N, ; if and only if a ”””212 + ||u||i = fRN Qlu|Pdx —}—AfRN fuzdx. It follows
from Lemma 3.2, (3.3) and the Sobolev inequality that

i (f) =2

T ||u||i§||ulli—A/fudeJralluII‘})l,z:/Qlulpdx
L RN RN

6—p
<1Qllae STPHV <}l 5 lullf; forallu € Ny ; and > 1o (1) -

Thus, it leads to

~ g7 (X 0 A) 2/(p—2)
Mo () 1, -
%/meamniz — “ (6.8)
b RN Mo (D 1Qloe HV < e} 777
forall u € N, 5 and p > 11y (A). Moreover, by (2.2) and (6.8),
1 4 —
Juntw) =5 (1= [ fulax | ==2E [ oupras
RN RN
_ =2 () -4 |2
4p)‘1,u (f) ’
W=D = P/(p=2)
— P —
= p4 & ( > 2*1)) <M> forallueN ;.
P \Qllo HV <} 7 Mo ()

Hence, the following statement is true.

Lemma 6.3. Suppose that 2 < p < min{4,2*} and condition (V1) hold. Then J,, . is coercive
and bounded below on N,:,); Furthermore, for all u € N;A, there holds

2/(p=2)
—_2)KP Y4
x> dyi= i (u)( 2* ) |
p Qoo HV < ¢}l

—p
7%

> A\ /(-2 o\ 1/(p—2)
where K (1) := (%) < (%) forall u > .

ash@)  \ PP
Let € (p) 1= (grtias )

we deduce that

. Then for any u € N, ; with J,, ; (u) < ’2—;2C (p) KP (u),
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-2
”4—pC(p)K" (1) > Ty ()

1 a 1
=5 | = [ x|+ Gty - [ ouirax
RN pRN

=) (R () —2)

a4 —p)
llull? — 4 el )12

2phiu (f)
P=D(u(H=H) o, ald=p
2 Ty Wl = el 6.9)

It implies that if 0 <a < C I p), then there exist two positive numbers 51 (n) and 52 (w)
satisfying

0<Di () <C(p)K (w) < Da(w)

such that
lell,, < D1 (w) or flull,, > D2 (). (6.10)
Thus, we have
p—2 p—2
Ny [FC(M K? (M)i| = {” €Ny | Ty () < ?C (p)K? (IL)}
() 2)
=N, UND,, 6.11)
where
NO = uen [2=2cmrr oo |- D
u = €Ny, ip (p) () |+ llull,e < D1 (w)
and

_2 -
N, = {u eNy [Z—pcwm’ (u)] :ull, > D> w)} .

ForO<a <ap:= f{%}fc—l (p), we further have

lull,, < Dy () < €' (p) K () forallu eN\; (6.12)
and
lull,, > Do () > €' (p) K () forall u N, (6.13)

Using (2.2), (6.10), condition (D4) and the Sobolev inequality gives
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O /fuzdx +@- p)/QIul”dx
RN RN
20 D=1 Qs G p IV <l
Alu(f) . SP .
<Oforallu e N’

By (6.9), one has

1 4— -2
3 |l = [ rucas —ﬁ/Qlulpdx=1u,x(u)<p4—pC(p)Kp(M)

RN RN

—2
<”4—p ||u||i—k/fu2dx

RN

for all u € N7, , which implies that

2| ful? - /fuzdx <@4- p)/Q|u|”dxf0rallueN(2). (6.14)
RN RN

Applying (2.2) and (6.14) leads to

hy (1) =2 [ full? - /fuzdx +@4— p)/Q|u|pdx>0forallu€N(2)
RN RN

Moreover, by Theorem 3.8 (i), there exist t;t > O such that 1, wy o € NS’)A and tj wy.Q € Nfi)A

Namely, Ng?)\ are nonempty. Hence, we obtain the following result.

Lemma 6.4. Suppose that 2 < p < min{4,2*} and conditions (V1) — (V3),(D1) — (D»)

and (D4) hold. Then there exists agp > 0 such that for every 0 < a < ap and 0 < A <
2/p

[l -2 (41—p> i| A (fa) NS’)A CN_, andN(z)L C NM , are C! nonempty sub-manifolds. Fur-

thermore, each local minimizer of the functional J, j in the sub-manifolds NS))L and Nf)x isa

critical point of Jy, 3 in X .

Define

a;’kz 1nf Jﬂx(u)_ mf JM)L(M)

eN
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It follows from Lemma 6.3 and (6.11) that

__p-2 p—2 ri (fo) =2 \P/P7P
0<d —C(p)K? < C . 6.15
T (p) K (n) < ap (p) ( (o) (6.15)
By the Ekeland variational principle [17], there exists a sequence {u,} C Nf}’)A such that
Juo () =c,, +o(1)and J/, ; () =o(1) in X" (6.16)

We are now ready to prove Theorem 1.8: By (6.10), (6.15), (6.16) and Proposition 2.5,
for each 0 < a < ap we can obtain that J, , satisfies the (PS)afx—condition in X, for u >0
My

s
strongly in X, for u > 0 sufficiently large. Hence, u, , is a minimizer for J,, ; on NS))\. Note
that

sufficiently large. Thus, there exist a subsequence {u,} and U, ; €Xpu such that u, — u

r (fo) — k)P/(P—2)

O<a—, =1y, (=) <2=2c
<tn = (1) < P\

which implies that u, , € N\ Since lur ;| € NI, and s ([u ) = s (w7 ) = o

one can see that Uy s is a positive solution for Equation (E,, ;) by Lemma 6.3.
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