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Abstract

The aim of this article is to study a Cahn-Hilliard model for a multicomponent mixture with cross-
diffusion effects, degenerate mobility and where only one of the species does separate from the others.
We define a notion of weak solution adapted to possible degeneracies and our main result is (global in
time) existence. In order to overcome the lack of a-priori estimates, our proof uses the formal gradient flow
structure of the system and an extension of the boundedness by entropy method which involves a careful
analysis of an auxiliary variational problem. This allows to obtain solutions to an approximate, time-discrete
system. Letting the time step size go to zero, we recover the desired weak solution where, due to their low
regularity, the Cahn-Hilliard terms require a special treatment.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

The aim of this work is to study a Cahn-Hilliard model with degenerate mobility for a multi-
component mixture where cross-diffusion effects between the different species of the system are
taken into account, and where only one species does separate from the others. The motivation for
considering such a model stems from the fact that there exist multiphase systems where miscible
entities may coexist in one single phase of the system, [1,2]. In the latter phase, cross-diffusion
effects between the different miscible chemical species may have to be taken into account in
order to correctly model the evolution of the concentrations or of the volumic fractions of each
species.

More precisely, let 2 be a regular, open, bounded subdomain of RY with d = 1,2,3. We
assume that the mixture is composed of n 4 1 species for some positive n € N \ {0}, occupying
the domain 2. Let T > 0 be some final time. For all 0 <i < n, we denote by u; (¢, x) the volumic
fraction of the i’ species at time 7 € [0, 7] and point x € . We are interested in proving the
existence of weak solutions u := (ug, 41, ..., U,) to a system of the form:

ou=div(M)Vu), (1.1)

that satisfy

n
YO<i<n, O0<uj(t,x)<1, and Zu,»(r,x):1fora.e.te[o,T],er.
i1=0

Here, for all u € IR’J’FH, M) € ROFTDx0+D s 3 degenerate mobility matrix whose precise
expression is given in Section 2, while p is the chemical potential, defined as

w = DyE().

In this work, the energy functional E : L% (Q)"+! — R U {00} is given by
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n
I
/Z(u,- Inu; —u; + 1)+ 5|wo|2 + Buo(l — ug)dx, ifuge H(Q),
Q i=0
+o00, otherwise,

E() = (1.2)

for some constants ¢ > 0 and 8 > 0. The logarithmic terms in this energy functional account
for diffusion while the other two terms are responsible for phase separation: the gradient term
penalizes transitions while the last term encourages uq to be either one or zero. Note that in
contrast to most other multi-phase Cahn-Hilliard systems, in our case, the last two terms only act
on u, a situation called degenerate Ginzburg-Landau energy in [3]. The model is equivalent to
the standard classical two-phase Cahn-Hilliard model with degenerate mobility in the case where
n=1and B = é (see [4] for example). In the case when ¢ = 8 = 0, system (1.1) boils down to
a multi-species degenerate cross-diffusion system with size exclusion that was studied in the
following series of publications [5—8]. Let us also mention [9] where the cross-diffusion system
with non-local interactions was studied which can be seen as a non-local precursor of our system.

Let us put our work into perspective with respect to previous results for multi-species Cahn-
Hilliard and cross-diffusion systems.

Cahn-Hilliard systems

The scalar Cahn-Hilliard equation was introduced in [10] as a model for phase separation.
Existence of weak solution was first shown in the case of constant mobility, see e.g. [11,12], and
later extended to degenerate, concentration dependent mobilities [4]. For more details we refer
the reader to the review [13] and the monograph [14]. Multi-species Cahn-Hilliard systems have
been studied in several earlier works and usually consider an energy functional of the form

E(u) ::/ |:\IJ(u) + %Vu . FVui| dx,
Q

for some symmetric positive semidefinite matrix I' € RO+D*@+D and bulk free-energy func-
tional W. In [15], Elliott and Luckhaus proved a global existence result for such a multiphase
Cahn-Hilliard system with constant mobility and I' = yI for some y > 0. In [16], the authors
generalized their result to the case of a degenerate concentration-dependent mobility matrix with
a positive definite matrix I". Recently, in [17], the authors proposed a novel hierarchy of multi-
species Cahn-Hilliard systems which are consistent with the standard two-species Cahn-Hilliard
system, and which read as the model introduced above with I" a positive-definite matrix, a con-
stant mobility, and a particular bulk energy functional V. Numerical methods for such systems
were proposed and analyzed in several contributions, see e.g. [18,19].

In all these works, global existence results are obtained for various mobility matrices M, bulk
energy functionals W, and, at least up to our knowledge, always for a positive definite matrix
I" which implies, from a modeling point of view, that each species composing the mixture has
the tendency to separate from all other species. This also facilitates the analysis compared to our
system since it ensures H>-regularity in space for all species u;, i =0, ..., n, while this can only
be expected for u in our case.

Cross-diffusion systems with size exclusion

Systems of partial differential equations with cross-diffusion have gained a lot of interest in
recent years [20—24] and appear in many applications, for instance the modeling of population
dynamics of multiple species [25] or cell sorting or chemotaxis-like applications [26,27].
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One major difficulty in the analysis of such strongly coupled systems is the lack of a priori
estimates. Maximum principles are not available in general and since such systems are often only
degenerate parabolic, classical energy estimates obtained by (formally) testing with the solution
itself do not work. In particular it is not possible to obtain L bounds (e.g. non-negativity) by
choosing suitable test functions as done in [16] for a multi-species Cahn-Hilliard system. For
some cross-diffusion systems that feature an entropic or formal gradient flow structure, these
issues can be overcome. More precisely, for systems that can be written as

oyu=div(M (u)Voye(u)),

where e : Z — R is the entropy density corresponding to the entropy functional

E) = / e(u) dx,

Q
with
n
Z = [u:: (g, ..., up) GRQ'_H, Zui = ],
i=0
and for all w := (ug, ..., u,) € Z, dye() = (9ye(w), ..., dy,e(w)). If the mobility matrix is

positive semidefinite, a formal calculation immediately shows that the entropy is non-increasing
since

%E(u) =— / Vue(m)' M (u)Vge(u) dx <O0.

Q

Thus all quantities appearing in the entropy remain bounded if the entropy of the initial con-
figuration is finite. The lack of maximum principles can be compensated by introducing en-
tropy variables defined as partial derivatives of the entropy density. More precisely, one defines
h:Z— R as h(u) := dge(u) = (0ype(u), ..., 0y, e(w)) for all u € Z. It turns out that, under
appropriate assumptions, /4 is a one-to-one mapping and thus for arbitrary w its inverse satisfies
h~1(w) € Z. This idea was first applied in [5] and later extended to more general systems in [24]
and coined boundedness by entropy.

In our case, the method is not directly applicable due to the gradient term in the entropy density
and one of our contributions is its extension through the analysis of an auxiliary variational
problem.

Finally, let us remark that the question of regularity and uniqueness for cross-diffusion sys-
tems with entropic structure is mostly open except for a few works that, however, require
additional assumptions, [28,29,7].

Contribution and structure of the paper
In this article we prove the existence of global weak solutions to system (1.1) with energy
(1.2) and supplemented with appropriate initial- and boundary conditions.
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The novelty of our work lies in the following contributions.

(a) This is, to the best of our knowledge, the first attempt to a cross-diffusion Cahn-Hilliard
system.

(b) We are able to treat of an energy that only involves Cahn-Hilliard terms acting on ug but not
separately on the other species which yields to a transport term with low regularity in these
equations. This is done by an appropriate definition of weak solution and a careful analysis
when performing the limit of an approximate time-discrete system. A similar situation has
so far only been studies in the case of a non-degenerate mobility [30].

(c) We generalize the boundedness-by-entropy to some case when one cannot explicitly invert
h but instead has to solve a system of elliptic PDEs with logarithmic non-linearities. The
literature on such systems is rather sparse (see [31,32]) but using variational methods we
obtain existence of positive solutions.

This manuscript is organized as follows. In Section 2, we give a precise definition of our
mobility matrix, introduce our notion of weak solution and state the main existence theorem. The
proof is based on the introduction of a regularized time discrete approximate problem, depending
on a positive time step 7, which is presented in Section 3. We derive a priori estimates and prove
the existence of time-discrete iterates via a Schauder fixed point argument. Finally, in Section 5
we exploit the regularity properties obtained in Section 4 in order to pass to the limit 7 — O
and obtain a solution to (1.1).

We intend to study the sharp-interface limit of this model in a future work.

2. Preliminaries and main result

Let us first introduce some notation used in the manuscript, give a precise definition of (1.1)
and state our notion of weak solution together with the main existence result.

2.1. Notation

We assume in all the sequel that 2 is an open, bounded subdomain of R? with d < 3 so that
the embedding H2(Q) < L®() is compact and fix a final time 7 > 0. By N* := N \ {0} we
denote the set of positive integers, while | - | stands for the Lebesgue measure of R?. For a vector
a e R", diag(a) denotes the n x n matrix that has the components of a on its diagonal.

For any v, ¢ € HZ(Q), we denote by

(@, V) m2 ) 1=/¢W+V¢'V¢+A¢A¢f€bﬁ
Q

and by ||¢||Hz(9) = /{(¢, ¢)H2(9>. Moreover, we denote by (HZ(Q))/ the dual space of H2(Q).
Similarly, forall/ =0, 1,2, and for all ¢ = (¢i)1<i<n, ¥ = (Vi) 1<i<n € (H'(Q))", we denote by

n

(@ V) iy =Y (i Viduio)-

i=1
with
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o1l at @y =/ (D: D) (1t )y

and, for all ¢ = (¢i)1<i<n € (L=(R))", we set

@l (L)) =

n
D il e
i=1

Finally, we define the mapping x : R; x Ry — R by

k(a,b) = { = if1—b#0, (2.1)

0 otherwise.
2.2. Cahn-Hilliard cross-diffusion system
Let us present the system we consider in this article in full detail. Let ¢ > 0 and 8 > 0 and for
allu= (ug,...,un) € (LOO(Q) N Hl(Q)) x (L®°(£2))" consider the energy
. e
E(u) = / Z(u,' Inu; —u; + 1) + §|Vu0|2 + Buo(1 — ug)dx.
& i=0

For all 0 <i < n let us introduce the chemical potentials, defined (on the formal level at this
point) via

wi =Dy, E(u) =Inu; Vi=1,...,n,

as well as
po = Dy E(w) =Inug — eAug + (1 — 2uo),
so that u := (o, U1, ..., Un) = DE(u). Let us also introduce the auxiliary variables
w; = Inu; —Inug Vi=1,...,n, 2.2)
and

wo := —eAug + (1 — 2uy).

To specify the mobility matrix let, for 0 <i # j < n, K;; denote some positive real number
satisfying K;; = K ;. Then for u € R"*! let M(u) := (M (u))0<i j<n € R@+DX@+D pe the
matrix T

M,‘j(ll) :=—K,-ju,~uj Vi;ﬁjZO,...,l’l,
Miw =Y Kjuu; Yi=0,...n. (2.3)
O0<j#i<n
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With these definitions, system (1.1) can be written, formally, in the scalar form:

Oru; = diV( Z Kijuiui V(i —pj) + KiouiuoV(u; — Mo))
l<j#izn

= diV( Z KijuiujV(wi — wj) + KiouijugV(w; — wo)) (2.4)
I<j#i<n

= diV( Z KijuijVu; —u;Vu;) + Kijo(uoVu; —u;Vug) — KiouiMOVw()),
I<j#izn

for1 <i <nand

Oiup = div Z KiouiuoV (o — ui)

1<i<n

= div Z KiouiuoV (wo — w;) (2.5)

1<i<n

=div Z (K;jo(m;Vug —uoVu;) + KiouijugVwg)

1<i<n

From this set of equations it is clear, at least formally, that

) (Zu) =0. (2.6)
=0

Let us introduce an initial condition
0 0 0
w = (ug, ..., u,)

of the system which is assumed to satisfy

n
wx)>0 V0<i<n, Zu?(x):l, and (0, x) =u’(x) 2.7
i=0

for a.e. x € Q. In view of (2.6) we expect that solutions to system (1.1) satisfy
n
wo=1-> u;, ae.in(0.7)xQ, (2.8)
i=1

and it can be easily checked that, if u satisfies (2.4) and (2.8), then necessarily (2.5) has to be
n

satisfied as well. We make a last remark. AsO <u; <1 —up=>_ uj forall 1 <i <n, denoting
j=I
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ki (2, x) == (u;(t, x), uo(t, x)), (2.9
it holds that

Ui

uo(l —ug)Vwy =«; J,

uou; Vg = 1

where J 1= uo(1 — ug) Vwyp.
Then, supplementing this set of equations with no-flux boundary conditions, we obtain that
((#i)o<i<n, J) is a solution to

Orl; =diV< Z Kij(ujVu; —u;Vu;) + Kijo(uoVu; —u; Vug) — K,‘ol(,u/) in(0,T) x Q,

1<j#i<n
n
wo=1->y u in (0, T) x ,
i=1
J =uo(l —ug)V (—eAug+ (1 — 2up)) in (0, T) x 2,

< Z Kij(ujVu; —u;Vu;) + Kijo(uoVu; —u;Vug) — KiOKiJ> -n=0 in (0,T) x 022,
l<j#i<n

i (0,-) =u? inQ,
(2.10)
where n denotes the normal unit vector pointing outwards the domain £2.

2.3. Notion of weak solution and main result
The aim of our work is to prove the existence of a weak solution to system (2.10) in the

following sense. We recall that by (H 1(€2))’ we mean the dual space of H L(©). We also introduce
the sets

n
A= {u:= (Ui 1=izn € (L) u; =0, i=1,....n, ug:=1- u; zo} :
i=1
and

Bi= {¢ = ($i)1=i=n € (LX) : goi=— i € Hl(m} .

i=1

Definition 1. We say that ((¢;)o<i<x, J) is a weak solution to (2.10) if

1. 0<u; <1foreveryi=0,...,n;
n
2. Yu;=1lae.in(0,7T) x Q;
i=0
3. u; € L>((0,T); HY(Q)) forall 1 <i <n;

4. up € L2((0, T); H*(Q)):
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5. du; € L2((0,T); (HY())) forall 0 <i <n;
6. u’ e ANB;
7. u;(0,)=u? forall 0 <i <n;
8. J e (L2((0,T) x Q))4;
9. J= (1 —ug)uoV (—eAug + B(1 — 2ugp)) in the following weak sense
T T
// J-p=— / / (—eAug + B(1 —2up)) div((1 — ug)uon)dxdt
0 Q 0 Q

for all n € L>((0, T); (H'(2)%) N L®((0, T) x Q; RY) which satisfy 7 -n=0 on 92 x
0, 7);
10. forall 1 <i <n, forall ¢; € L2((0, T): H'(Q)),

T
/<3tui7¢i>(H‘(Q))/,H'(Q)dt
0

T

=—// > Kij;Vu; —uiVuj) + Kio (woVu; — u;Vuo — ki J) | - Véidxdtr,
0 Q I<j#i<n

where «; (¢, x) := k (u; (t, x), ug(t, x)), with « defined in (2.1).

Note that due to «, our definition of weak solution is related (but stronger) than the one
introduced in [33] for a scalar, degenerate Cahn-Hilliard equation. Our main result is then the
following.

Theorem 2.1. Ler u® = (u8, ey ug) € AN B be an initial condition satisfying (2.7). Then, there
exists at least one weak solution u to (2.10) in the sense of Definition 1.

The rest of the article is devoted to the proof of Theorem 2.1 which is structured as follows.

We first prove the existence of solutions to a regularized time discrete version of system (2.10).
The proof of the existence of solutions to this auxiliary problem is the object of Section 3 and
is done using Schauder’s fixed point theorem and an extension of the boundedness-by-entropy
method, while Section 4 is dedicated to estimates on various norms of such solutions. Finally,
these estimates enable us to identify the limit of the solution to the auxiliary problem as the time
step goes to 0" as a weak solution to (2.10) in the sense of Definition 1. This last step is detailed
in Section 5.

3. Existence of solutions to a regularized discrete in time system
In the sequel we will use the following observations.

Remark 3.1. The following facts hold true:

(i) The set A is a closed, convex, non-empty subset of (L°°(£2))".
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(ii) If u € A, then every u; satisfies the box constraints 0 <u; <1,i =0, ..., n.

The aim of this section is to prove the existence of a solution to a time-discrete regularized
version of the system introduced in the previous section. More precisely, for every positive time
step T > 0, we want to give a rigorous sense to a regularized semi-discretization of our sys-
tem formally defined as follows. For all p € N, given u? := (uf, ulye An (H2 Q)" we

(uerl p+1
1

look for a set of functions uP*! ;= R ) € A that is weak solution to the following

nonlinear system:

p+l p

U —u p+1 p+l1 p+1 p+1

f@dx:— E Kiju; u; V(w; —wj )
Q Q

I<j#i<n
3.1
+ Kigu! Thul v P - w{)’“/z)) - Veidx
1 1/2
- ‘L'(wlﬁ - wé” / 7¢i>H2(gz),
forall 1 <i <n, where
n
P+1 Z P+1 ul =1—Zuf),

i=l1 i=1

wh ™2 = —eAul ™ 4+ B(1—2ud), (3.2)

and

1 1.
wlp+ :=1nu lnup+, i=1,...,n.

Let us emphasize that we use a semi-implicit discretization as we consider the terms arising from
the concave part of the entropy at the previous time step p. We will see below that this ensures
that the discrete energy is non-increasing.

To give a rigorous sense to this nonlinear system we will make use of a fixed-point argument.
First of all, let us point out that, defining

o/ = P T2 S i e Aul T — A —2ul)

for all 1 <i <n, system (3.1) boils down to

1
ul™t —u?
—¢idx
T

_ _ 3.3
__/( Z K,-juf’ﬂufHV(wipH 1) 4 Kooul*! p+1V p+1)_v¢idx (3.3)
o l1=j#izn

_p+l
—T<w,P ,¢i)1-12(g2)~
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The auxiliary variables w’*! = (w P +1 wk + ) will play a central role in the proof of the

existence of solutions to this semi- d1scretized regularlzed system. We have the following result.

Theorem 3.2. Let T > 0 be a discrete time step, let p € N, and let u? € AN (H*(Q))". Then,
there exists a solution (WP, WPty e (AN (H2(Q))") x (H*())" to the following coupled
system: for all 1 <i <n, for all ¢; € H*(Q),

1
W ul
L udx
T
Q

+1 ptlg, -p+l _ - p+l +1 pt+lg - p+l (3.4
_/< S KM@ = w + Kol v ).V(,,,.dx
o Cl=j#izn

— @ o) )
and for all = (Yi)1<i<n € BN (L*™(RQ))",

n n
/Z(lnuf’“ —Inul T + eVul T Viodx = Z/ (w{’“ +B(1— 2ug)) vidx,
Q i=1 i=1 Q
(3.5)
where ug is given by (2.8). Moreover; the function w’*! satisfies the following property: there
exists 8,, > 0 such that

n

W =6, foralll<i<n, and 1-8,>ubt i=1-Y w25, aein0.T)xQ.
i=1

(3.6)

Remark 3.3. The weak formulation (3.5) implies that, for all 1 <i <n,

/(mu;’“ —nul i — eVl Vidx = / (w;’“ +B(1 — 2ug)) Vidx (3.7)
Q

Q

for all y; € L(R) N H'(R). Besides, since Inu? ™', Inu?*', 57" and (1 — 2u?) belong to

1

LOO(SZ), the first three thanks to (3.6) and the last one by assumption, and since the set L°(2) N

H'(Q) is dense in H'(2), we obtain that (3.7) holds for all ¥; € H'(2). As a consequence,

g T is the unique solution in H'(£2) to the problem

—Ault =P g1 = 2ul) — I It inD'(Q),
VugH n=0 on 3.
From now on and in all the rest of Section 3, we fix T > 0, u? := (uf, ul) e AN(HA(Q))"

n
and denote by ul) :=1—Y u?.
i=1
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The proof of Theorem 3.2 makes use of Schauder’s fixed point theorem as follows. We first
show that for any @ = (i1, ...,u,) € A there exists a unique solution w = (wy, ..., Wwy) €
(H%(2))" to the linearized problem: for all 1 <i <n and all ¢; € H%(Q),

u; —uf . _ _ o
. ¢idx = — Z K,-juiujV(wi —wj)—{—Kiouirowi -Voidx
o o N<j#i<n (3.8)

— 1
- T(w,-p+ ,¢i)H2(Q),

n
with ig ;== 1— Y_ ;. We then prove that the map S : A — (H?%(£2))" which associates to o1 € A
i=1
the unique solution w to (3.8) is continuous. This is the object of Section 3.1.
We then show that for all W € (H2(2))", there exists a unique solutionu € AN (H?(Q))" to

/Z(lnui —lnuo)wi+8Vu0-V1ﬂodx=Z/(lDi+,3(l —2uy)) Yidx, (3.9)

o =1 i=1g

forall y = (¥i)1<i<n € BN(L®(R))", with ug given by (2.8). Problem (3.9) is to be interpreted
as a weak formulation associated to the relation

Inu; — Inug = w; — eAug + B(1 —2ul).

The map S, : (H?(R2))" — A which to each W € (H?(2))" associates the unique solution u € A
to (3.9) is then shown to be continuous. These results are proved in Section 3.2.

We finally conclude by showing that the map S =S, 0 S; : A — A is such that S(A) is a
relatively compact subset of (L°°(£2))", so that Schauder’s fixed point theorem can be used. This
is the object of Section 3.3.

3.1. Definition and continuity of the map Sy

Lemma 3.4. For any & € A, there exists a unique solution W € (H>(2))" to the problem: for all
1 <i<n,forall $; € H (),

i —u?
/ ! Lgpidx = —f( Z K,‘jﬁ,'ﬁjV(li)i —w;) + Kiol;,'ft()VII)i> -Voidx
5 1<j#i<n (3.10)

_T(U_}i,d)i)HZ(Q),

where g satisfies (2.8). Furthermore, there exists a constant My > 0, depending only on n, T,
and 2, such that

Wl (2 < Mo. (3.11)

Proof. We fix @ := (it;)1<i<n € A and introduce the matrices G(@) := (G;;())1<;, j<n and
H(ﬁ) = (Hij (ﬁ))lgi,jfn € R™*" defined by
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Gij() :=—K;ju;i; Vi#j=1,...,n,
G,’l‘(fl)2= Z K,‘jﬂ,‘ﬁj Vi=1,...,}’l,
I<j#i=n

and
H (u) = diag(Kou 1o, ..., Kyotiniig).

Then, system (3.10) can be equivalently written as

Q

Q Q
(3.12)
for all ¢ € (H2(Q2))". Let us point out that
0<G@)<nKI, and0<H(@m@) <KI, (3.13)
almost everywhere in €2, in the sense of symmetric matrices, with K := max K; j and I,

O<i#j=n
being the identity matrix of R”*”". The existence and uniqueness of a solution to (3.12) is then a
consequence of Lax-Milgram’s theorem. In particular, taking ¢ = w in (3.12) gives

1 n
- 2 ~ -
T2y = = D N — ] 2y 1Bl 20
i=1

n 12
~ 2 _
i=1

=<

Q| o=

Since i and u” belongs to A, this implies that

_ 1
Wl (2@ < ﬁz n|S2|,

which yields estimate (3.11).

Let us denote by S; : A C (L*°(Q)" — (H 2(Q))" the application that associates to each
u € A the unique solution w to (3.10). We have the following result.

Lemma 3.5. The map Sy : A C (L®(Q))" — (H())" is continuous.

Proof. Let ii!, 52 € A and set w! = S (') as well as W> = S;(@?). Forall 1 <i # j <n we
have
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Gij@) — Gy (@) = — Ky [l @) — @) + B} - D),

G~ Gu@) = Y Ky[al@h—ad) +@@l -],
1<j#i<n

Hig(8") — Hii (@) = Kio [} @ — i) + i@} — ).
which yield the Lipschitz estimates
~1 ~2 7 ~1 ~2 ~1 ~2
1Gij@") = Gij@)[|po@) < K (”uj —ujlire) + g —u; ||L°°(Q)),
1Gi@") = Gii @) Loy =K | (n = Dt} — ity + Y ity — il | »
l<j#i<n

I Hit @) = Hi @)@y = K 18§ = @) + 1} = @l |-

n
Since ||ii — @3l o) < Y i} — it ]| (g, there exists a constant C > 0, only depending on
i=l1
n and K, such that
n n
—C (Z i} — ﬁ%nmm> L, <G@)-G@)=<C <Z I} — ﬁ%nmm) L (314
i=1 i=1

and

i=1 i=1

n n
—C (Z i} — ﬂ%umm> L, <HG@)-H@)<C (Z I} — ﬁ%nmm)) L. (3.15)
almost everywhere in €2, in the sense of symmetric matrices. Then, for all ¢ € (H Z(Q))",
1
—/(ﬁl — %) - pdx
T
Q

—_ / Ve - (G(ﬁ‘)Vv‘v1 — G(ﬁz)vwz) dx — f V- (H(ﬁ‘)Vv‘v‘ - H(ﬁz)sz) dx
Q Q
— 'L'<¢, V_Vl - V_V2>(H2(Q))n .

Choosing ¢ = w! — w2 in the above equality and using (3.11), (3.14), (3.15), and (3.13) gives
the existence of a constant C’ > 0, depending only on n, K, |2|, and t such that

=1 =22
T”W - W ||(H2(Q))?‘l
1

=—- /(ﬁl —a) - (W —wH)dx
Q
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—/V(v‘vl —v'vz)-(G(ﬁl)V(v'vl —Wz)) dx—/V(v'vl —v'v2)~(G(ﬁ1)—G(ﬁ2)) Vwldx

Q Q

—/V(v‘vl —v_vz)-<H(ﬁ1)V(v_v1 —v_vz)) dx—/V(v‘vl — Wy (H(ﬁl)—H(ﬁ2)> Vwldx
Q

Q
<= / @' — @) - (W — W)dx — / V@ ) (G@') - G@)) VW
Q Q

- / v —w?). (H(ﬁl) _ H(ﬁz)) vwldx
Q
n
<C (Z i} — ﬁ%nmm) W' — W2l g2y
i=1

Thus,

n
W' — W21l g2y < €’ (Z llit} — ﬁ%nmm)> :

i=1
which yields the continuity of Sj.

3.2. Definition and continuity of the map S

The aim of this section to prove the existence and uniqueness of a solution u € A to the
problem

w; =Inu; —Inug 4+ eAug — (1 —2ug), i=1,...,n, (3.16)

when w € (H?(2))" is given.

In the case when ¢ = 8 = 0, there is an algebraic relation which allows to explicitly express u
in terms of w and ensures that u € A (the boundedness-by-entropy method [5,24]). In our case,
the situation is more involved, since, due to gradient term in the entropy, the densities u; are
solutions to the nonlinear coupled elliptic system (3.16).

More precisely, we will identify the solution u to (3.16) as the unique weak solution in 4N B
to the variational problem

/Z(lnui — Inug)e; +£Vuo-V¢odx=Z/(wi + B —2uy)) ¢idx,  (3.17)
Q =1 i=1¢

for all ¢ € BN (L°°(£2))" which will be equivalently characterized as the unique solution to the
minimization problem

in Fy 3.18
ggg (v) (3.13)
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where for all v € A we define

n n
Fy(v) = /Zvi Inv; + §|VUO|2 — Zuiﬁdx otherwise,
o i=0 i=1

with f; :=w; + (1 — 2ug) forall 1 <i <n.

The goal of this section is to rigorously prove all these claims. To this aim, we will proceed
into three steps: first we show that minimizers to (3.18) exist, then that these minimizers are
solutions to (3.17), and finally that the solution to (3.17) is unique.

Lemma 3.6. For all w € (H*(2))", problem (3.18) admits at least one minimizer u € A.

Proof. Let w € (H*(Q))". Forall 1 <i <n, let f; :== w; + B(1 —2ul) € H*(Q) C L*®(Q). Let
us first show that Fy is bounded from below on A. Fix u = (#;)1<j<y € A. Since xInx —x+1 >

0 for all x € [0, 1] and since —/ui > —|Q| foralli =0,...,n, we have

Q
n n
quilnuidxz (uj — )dx = —n|Q|. (3.19)
& i=0 & i=
Moreover,
—/uiﬁdx > Il il 2. (3.20)
Q

for all 1 <i <n. Collecting these estimates gives the existence of a constant C > 0, which only
depends on n and €2, such that

Fy(u) > -C (1 + Z ||fi||L°°(s2)> .
i=1

This shows that Fy is bounded from below on A. Thus, inf 4 Fy > —o0. We now seek for func-
tions v* € A such that Fy(v*) < oo. Following [9, Theorem 2.5] we may take

. e xP? .
vl':in s Vl=1,...,n.
1+ e P
i=1
Then we have
ingw < Fa(v). (3.21)
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Thus, there exists a minimizing sequence (u(’”))m eN C A such that Fy (u(’")) is bounded and

lim Fg (u<m>) = inf Fs.

m— 00

Using the estimate (3.21) we see that if m is sufficiently large we have Fy (u™) < Fy(v*) < oo,

(m)

which in particular implies that (|| Vi, men 18 bounded as well. Therefore, without re-

” LZ(Q))
labeling we can conclude that Vu(()m) — Vug weakly in L*(R2), and thus also u(()m) —> ug strongly

in LP(R2), for every 1 < p < oo (due to the L°°-bound) and also a.e. in Q2. Additionally, as the

ul(m) are bounded in L2(£2), we know that they converge, up to a subsequence, weakly in L2(2),

to some u;". This implies, by convexity,

/u}klnu;k dx < liminf/ ul(m) lnul(m) dx
m— 00
Q Q

as well as
/ IVuy|? dx < liminf/|Vug”) ? dx.
m——+00
Q Q
Furthermore, the weak convergence in LZ(Q) yields that forall 0 <i <n
/(—ul(m) +1)dx — /(_”z* +1) dx,
Q Q
while the strong convergence gives
(m) () _ ,m K (1 ox
ug” (1 —ug”)dx — [ uf (1 —ug) dx.
Q Q

This implies
Fy(u*) < liminf F(u™) = inf Fy,
m——+00 A
and then u* is a minimizer of Fy on A.

Lemma 3.7. For all w € (H*(2))" there exists 8¢ > 0 such that for any minimizer u to (3.18) it
holds

n
u;>8s VY1<i<n, 1—8W2u0::1—2uizéw, a.e. in Q.

i=1

Besides, for all N > 0, there exists § > 0 which only depends on n, 2, t, B, and N, such that for
all w e (H*(Q))" with Wl (m2(@)yr < N and for any minimizer w to (3.18) it holds that
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n
u;>8 VY1<i<n, 1—82u0:=1—2ui28 ae. in Q.
i=1

Proof. Let w € (H%(2))" and for all 1 <i < n let us denote by fi :=w; + B(1 — 2u6’) €
H2(Q) C L*™(). Let u be a minimizer of Fi on A.

Step 1: Let us first show that there exists 1 > § > 0, which only depends on n, 2, 8, 7, and
n
> llwill Lo (), such that § < ug almost everywhere in . The precise value of § will be specified
i=1
later in the proof.
We reason by contradiction and assume that the Lebesgue measure of the set

Ms:={x e Q : up(x) <48}
is positive. Now, let us define

ug := max(ug, §),

b 5 Ui .
u; =u; — (ug — uo) , i=1,...,n, (3.22)
1 —up
and v’ := (¢ u®). In (3.22), since 1 — ug = Xn:u > u; > 0, the function - is well-
= 12> Uy)- J. N ()—' : J W =Y T—ug
j:

= o = =0 as soon as u; = 0. By definition,

it holds that 1 > ”0 >0 and u + Z u = 1. Furthermore, u‘S (x) =0 for all x € Q such that

=1
u;(x) =0. For all x € Q such that ul (x) > 0, it follows that 1 — ug(x) > u; (x) > 0 and

) 8
) =10 (l_uo(x)—uo(x>)Z 0. since M0 —u0() _1-uov) _

1 —up(x) 1—up(x) ~ 1—up(x)

As a consequence, u’ € A and ”0 =1- Z u;. We now prove that for § sufficiently small,
i=1
Fz(u®) < Fg(u). Indeed, using the convexity of the function [0, 1] 5 x + x In(x), the fact that
|Vug| < |Vuyg| a.e. in Q and that uf =u; on M§={x € Q : up(x) > 8} yields

Fg(u®) — Fy(u)

n n
< / Z[u?lnuf —u;jlnu; ]+ [uglnug —uglnug] — Zﬁ(u? —u;j)dx
Ms i=1 i=1

5/Z[lnuf+1](u?—ui)+[lnu8+1](u(5)—uo)—Zfi(uf—u,-)dx
Ms i=1 i=1
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/Z—[lnu +1](u0—u0) +[lnu0+1](u0—uo)dx

M i=1
- / > fiwd —upydx. (3.23)
M i=1

To estimate the first term we note that

) b} uj uj S
u; =Mi—(u0—uo)1_u0= —uo(l_uo)’

for all 1 <i <n. Therefore,

/ Z —[Inud 4 17(uf — o) ———

/ Z[ <l—uo> <1fiuo>‘+

Using the fact that m[f(;)lx1 |xInx| = —, the fact that ug > § and that lf; 5 < 1, we obtain that, if
xe
8§ <1/2,

1n(1—ug)< i >‘+1fiuoi|(ug—uo)dx.

1 —up

/Z—[lnu +1](u0—u0)

Mall

1
<n (— +[In(1 — 8| + 1) (ud — uo)dx
e

§
1 )
<n|-+In2+1 (g —up)dx.
e
M

In addition, it holds that
/ [nuf 4 11(u) — uo)dx = (Ins + 1) f (u — up)dx.
Ms M

Finally, the last terms in (3.23) are estimated as follows:

/Zﬁ(u —u)dx<2||lelmo<sz> /(uo—uo)dx

Mall
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n
- 8
=< Z [lw;l Loo () + 3n,8) / (g — uo)dx,
i=1 Ms

using |u§.s —ui| < ug — up. Combining all these estimates gives

F@@%—Fhmhﬂh8+C)/O%—uwdn
Ms

with

. 1
C=§:W@Mwmy+ﬁﬂ+n<g+m2+l).

i=1

Finally, we observe that ffvla(“g — ug) > 0, because the function ug — ug is assumed to be
positive on the set M which has positive measure. Thus, if the value of § is chosen so that

8 < min (%, e_C), we have that In§ + C < 0 which implies
F(u’) — Fg(u) <0,

the desired contradiction. We have thus proved that, for every minimizer u € A to (3.18), there
n

exists 8y > 0 such that ug > &g, where ug =1— Y u;.
i=1
Moreover, the value of § can be chosen so that it only depends on n, 8, 2, T, and N as soon
as w is assumed to satisty ||W(|(g2(q)» < N, since H%(Q) is compactly embedded in L°°(2).

Step 2: Let us now show that there exists 1 > § > 0, which only depends on n, 2, 8, 7, and
n

n

> llwillzee(g), such that 1 —ug = > u; > § almost everywhere in Q. As before, the precise
i=l n=1
value of § will be specified later in the proof. As in Step 1, we argue by contradiction assuming
that the set

Nsi={xeQ:1-68<upkx)}
has positive measure. Let us now define

ud) :=min(ug, 1 — 8),

n
and uf as in (3.22). We still obtain that u® := (uf, cee uf,) € A and that ug =1- Zl uf Doing
1=
similar calculations as in Step 1 gives

Fa(u’) — Fy(u)

: s 5 5 s - 5 (3.24)
§/Z[mui + 1](u; —ui)—l—[lnuo—i—l](uo—uo)dx—/Zfi(ui —u;)dx.
N; =1 A =1
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On the one hand, it holds that

n n
/Z[lnuéS + 1](u? —u,-)dx:/-Z—[lnu;S + 1](ug —uo)lf—luodx
N i=1 N i=1

n

n . . 2 ui
S/Z[ln< i )( i >‘+1i| (uo—ug)dx+/ {Z] (—ln(l—ug) (ug—uo))dx
./\/-5 =l

- 1—ug 1 —up —ug
L

< <n (é + 1) +1n8) /(uo — ug)dx,
N

8

)

n
as Y uj=1—upand1— ug = § in Ns. Furthermore, if % > §, we can estimate the second term

i=1
on the right-hand side of (3.24) as
/[mug + 17(ud — uo)dx < (In2 4 1) /(uo —ud)dx,
N; N
while the terms involving f; are estimated with similar calculations as in Step 1. Then we have
Fa) — Fo( = (103 +0) [ o — i,
N
with
n
C=m2+1+ ) [lwille@ +3nB +n L
2 il (@) p .
We then reach the desired contradiction as soon as the value of & is chosen such that § <

min(1/2, e’c). Moreover, as in Step 1, we obtain that the value of é can be chosen so that it
only depends on n, 8, 2, T, and N, as soon as W is assumed to satisfy ||W||(H2(Q))n <N.

Step 3: It remains to prove that for all 1 <i < n there exists 1 > § > 0 such that u; > § a.e. in
Q. Without any loss of generality it is sufficient to prove the claim for i = 1. To this end, let us
again reason by contradiction and assume that the set

Os ={xeQ: u(x)<d}

has positive measure. Denoting by 8° the positive lower bound on 1 — u( obtained from Step 2,
. 0
assuming that 0 < § < %, we define
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)
u] =max(ui, 6),

8 8 uj .
uti=u;i — W —u)) ——, =2,...,1,
J J 1 l—uo—u1 J
ud == ug.
n
Denoting by u® := (u‘f, ...,u’), we again have u’ € A and that ug =up=1-> u?. Arguing

i=1
as in Steps 1 and 2 gives again the existence of a constant ¢ > 0, which only depends on 7, n, 8,
and © such that, if § < min (1/2,8°/2), then

Fs(u’) — Fyy(u) < (C +1n4) /(u’i —up)dx,
Os
with
n
C:=Y_ Wil +c.
i=1
Thus, we obtain that Fy(u®) — Fy(u) < O if the value of & is chosen such that § <
min (3, 8%/2,e7C) which yields the desired contradiction. Moreover, if W is assumed to sat-

isfy ||‘7v||(Hz(Q))n < N, the value of § can be chosen such that it only depends on 7, n, 2, 8, and
N. Hence the desired result.

We remark that the technique of constructing competitors to the scalar Cahn-Hilliard energy
was also used in [34], yet in a different context.

Lemma 3.8. Every minimizer u € A of (3.18) belongs to B and is a weak solution to (3.16) in
the sense that

n n
/Z(lnui —Inug)g; + eVug - Voodx = Zf (wi + B(1 —2uf)) ¢idx,  (3.25)
o =1 i=1¢
forall ¢ € BN (L*®(R))". In particular,
Inu; —Inug + eAug=w; + (1 —2145) inD'(Q), (3.26)
forall1 <i <n.

Proof. Fix ¢ € BN (L*°(22))". Due to Lemma 3.7 we know that for every ¢ > 0 sufficiently small
u+ t¢ € AN B. Moreover, since u is a minimizer of (3.18) it holds that
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Fy(u+1¢) — Fs(w)

0 < lim
t—0 t
n 2 2 n
;1) In(u; +t¢;) —u; Inu; Vv t -V
:lir%/z(u,+ ¢i) n(u,t+ ¢i) —uilnu; +§| (uo + ¢0t)| |Vuo| +3 figuds.
= o i=0 i=1
(3.27)

Lemma 3.7 and the Lebesgue dominated convergence theorem then give

n 2 2 n
: (i +1¢i) In(u; +1¢i) —uilnu; €|V +1¢o)|” — [Vuol
hm/Z i i zt i i 1_’_5 ; +Zfi¢idx

t—0 :
Q i=0 i=1

= / Z(lnu,- —Inug)p; +eVug- Voo + Zf,xb,-dx.

o i=l i=1
(3.28)
Combining (3.27) and (3.28) yields
n n
/ Z(lnu,- —Inug)p; +eVug - Voo + Z figidx = 0.
o =1 i=1

Replacing ¢ by —¢ we obtain that u satisfies (3.25). Finally, for all 1 <i < n, we obtain (3.26) by
considering a test function ¢ = (¢;)1<;<n such that ¢; e D(Q2) and ¢; =0forall 1 < j #i <n.

Lemma 3.9. System (3.25) has at most one solutionu € AN B.

Proof. Let us suppose that there exist two weak solutions u and @ in AN B to (3.25). Subtracting
the respective equations yields

n
0= / Z(lnui —Inu; — (Inug — Inug))d; + eV(ug — ug) - Vodx,
o i=l
n
for all ¢ € BN (L*°(2))". Now, choosing ¢; = u; — it; forall 1 <i <nsothat¢yg=— > (u; —
i=1

i;) = ug — iy wWe obtain

n
0= / Z(lnui —1Inu; — (Inug — Iniig)) (u; — ;) + eV(ug — ttg) - V(ug — tig)dx
o i=l

n
=/Z(lnui —Inu;)(wu; — ;) + (Inug — Initg)(ug — i) + €|V (ug —ﬂ())|2dx.
Q i=1

The monotonicity of the logarithm implies (Inx —Iny)(x —y) > 0 for all x, y > 0, which implies
that all terms in the above integral are non-negative, so that a.e. in Q2
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(Inu; —Inu;))(u; —u;) =0 VO<i<n
and
V(1o — dig) = 0.

The strict monotonicity of the logarithm thus implies that u; = i1; for 0 <i < n, which yields the
desired result.

We then define S5 : (HZ(Q))” — A as the application which to any w € (H2(§2))" associates
the unique minimizer u of (3.18), which is also the unique solution in A N B to (3.25). Our next
aim is to prove that S is a continuous map. To this end, we are going to prove that, if (W)

is a sequence in (H?(2))" which strongly converges in (H?(2))" to some w € (H2(2))", then

the sequence of minimizers to the functionals (Fv—v(m) )meN converges to the minimizer of Fy. We

first collect some regularity properties of the minimizers.

Lemma 3.10. For all w € (H*())", it holds that S»(W) € (H*(2))". Moreover, for all N > 0,
there exists a constant My > 0, which only depends on n, Q, €, 8, and N, such that for all
W e (HX(Q)" with |W| 2y < N, we have

1S2(W) 1772 ()yn < M1

Proof. Let w € (H2(2))", u := Sy(W). We first point out that, since u is a minimizer of Fy on
A and therefore Fg(u) < Fg(0) =0, it holds

n
& -
SIVu0l 72y <1l sup |xInx|+ 3B (Z ||w,-||Loo<g>>,
x€[0,1]

i=1

n|Q SN
<— +38|Q| (Z ||wi||H2(Q)> ;
i=1

n|$2|

=== + 3B/nIQUIWIl 2 ()

Moreover, from Lemma 3.8 we have
Inu; —Inug + eAug = w; + (1 —2ul) (3.29)

for all 1 <i < n, in the sense of distributions. Now Lemma 3.7 implies |[Inu; ||~ (q) < |Indw|
and | Inuol| ooy < |Indg|. This yields Aug € L*(2) and

ell Auoll 2y < 1912 (21085 + i | L= (@) + 38)
< |§2|1/2 (2| ln5w| + Ce”‘TVH(HZ(Q))n + 3,3) ,
where C, is the embedding constant for H2(Q) — L®(2). Moreover, if W satisfies [[w] (H2(Q))"
< N, there exists § > 0, whose value only depends on 7, 2, 8, and N, such that || Inu; || L~ (@) <

[Ind| and || Inug|l L) < |Ind|. Hence, in this case,
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el Augll 2y < 12112 2|In8| + N +38).

Let us now prove that Vu; € L?(Q) forall 1 <i <n. Taking into account (3.29) we obtain that

_ _ uj .
wj—wizln—j VI<i,j<n,
Ui

which implies that u j = u;e”i =i, Then, for all 1 <i <n, it holds that
n

—Vug=V Zuj =V u |1+ Z ePi Wi
j=1 I<j#i<n

=1+ > e Vuitup Y €TV — ),

l<j#i<n I<j#i<n
so that
—Vuo+u; Y, eYTUV@wW;—w;) —Vuo+ Y. u;V(w;—w)
I<j#i<n I=j#i=<n
Vul'z — — = — —
I+ > eWitwi I+ > eWitwi
I<j#i<n I<j#izn

Thus, taking into account that 0 <u; <1 for all 1 < j <n, we obtain Vu; € LZ(Q) for all
1<i<nand

IVuill2) < IVuoll 2@y + (n = DIIVW;ll2q) + Z INACHIFERSE
I<j#i=<n

Moreover, using the fact that d < 3 yields the compact embedding H'(Q2) < L*(), there exists
a constant C > 0 which only depends on €2 and »n such that

||Vui||L4(Q) = ||Vu0||L4(Q) + (- 1)||Vﬁ)i||L4(Q) + Z ”Vﬁ)j”L“(Q)s
l<j#i<n

< C (luoll g2y + Wl g2y -
Finally, for all 1 <i <n we have

—Aug =div 14+ Z eu‘)_,v—u?; Vu; +u; Z ew-j_in(lI}j—ll_)i) s
I1<j#i<n I<j#i<n

=2 Y eV —w) | Vu+ [ 1+ Y VT A
1<j#i<n I<j#i<n
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Ffupdiv Y eIV, —wy)
1<j#i<n

=2 Y &MUV — ) Vui+ |14+ Y "] Ay

I<j#i<n I<j#i<n

Fup Y €TV — )| 4 e T A — W)
I<j#i<n

Hence,
1 W —Wi 7 (o -
Auj = —Aug—2 Z ePiTViY (W — ;) - Vi
1+ Z elZ}j—lI)i 1<j#i<n
I<j#i=<n
1

+ Z Mj|V(1I}j—II},‘)|2—MjA(II)j—IIJ,‘) .

<1+ Z ewj—wl) I<j#i<n

l<j#i<n
which implies that Au; € L*($2) and

| Au; ||L2(Q) = ||AM0||L2(Q) +2(Vu,; ||L4(Q)||V(U_)j - wi)”y*(sz)

— - 2 - _
+ Y (V@) = d)llag)” + 1AGW@; — )l 2g)-
l<j#izn

Thus, there exists a constant C’ > 0, which only depends on €2 and n, such that

lAuill 2@ = € (N0l + 10l 30, + Wy + 1912 ) -
Collecting all these estimates gives the desired result.
Lemma 3.11. The map S; : (H*(Q))" — A C (L®(Q))" is continuous.

Proof. The continuity of the map &, is a consequence of the bounds of Lemma 3.10. Indeed, let
(v_v(’”))meN C (H*(2))" be a sequence strongly converging to some W € (H?(2))". Set u™ :=
S (v:v(’”)) for all m € N. Let us prove that (u(’"))mEN strongly converges in (L*°(2))" tou:
Sr(w).

First of all, since the sequence (v"v(’"))meN is bounded in (H2(£2))", then Lemma 3.10 entails
that also the sequence (u(’”))mGN is bounded in (HZ(Q))". Up to the extraction of a subsequence
(still denoted by (u(’"))m n for the sake of simplicity), there exists @t € (H*(2))" such that

u™ — @i weakly in (H2(Q))"  asm — +o0.
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Let us prove that necessarily @ = u, which will imply that the whole sequence (u(’"))m o Weakly
converges in (H2(2))" to u.

Let us observe that the compact embeddings (H?(Q))" < (L*°(R))" and H*(Q))" —
(H' ()" imply

u™ — @ strongly in (L*°(2))" and u(()m) — i strongly in H'(Q)

as m — +00. Thus, we obtain
Fgom (u(’")) — Fg(0) asm— 4oo0.

Besides, since for all v e A, Fgom (u(’”)) < Fgonm (v) and Fgm (V) = Fg(v) as m — +00, we
obtain

Fy (fl) < F§(v) VveA.

Hence, u is the unique minimizer of Fg on A, i.e., 1 = u. As a consequence, the whole sequence
(u(’”))mEN weakly converges to u in (H2(£2))". Finally, the compact embedding (H?(2))" —
(L°°(2))" implies that the sequence (u(’”))m <N strongly converges in (L°°(£2))" to u, which
yields the desired convergence. Hence, the continuity of the map S».

3.3. Proof of Theorem 3.2

Letus define S: A— Aas S =S5 08, with S; : A — (H2(2))" defined in Section 3.1 and
Sy : (H%(2))" — A defined in Section 3.2. Thanks to Lemma 3.5 and Lemma 3.11 we obtain
that S is continuous. Besides, using Lemma 3.4 together with Lemma 3.10 we obtain that S(.A)
is a bounded subset of (H?(£2))" and hence a relatively compact subset of (L>(£2))". Since A
is a closed convex non-empty subset of (L°°(£2))", Schauder’s fixed point theorem ensures the
existence of a fixed point u?*! € A such that u?*! = S(u”*!). Gathering the different results
proved in Section 3.1 and Section 3.2 yield the desired properties on the fixed-point u?*!.

4. Estimates on the solutions of the time discrete regularized system

Let T > 0 be a fixed final time. For all 0 < 7 < 1 Theorem 3.2 implies that, for any initial
condition u’ € A N (H%(2))", there exists a sequence (u”),en C AN (H*(Q))" defined by
recursion such that (u?*!, wPt1) e (AN (H*())") x (H*(2))" is a solution to (3.4)-(3.5) for
all p e N.

Forall p e N*ifu” := (u},...,u})) and WP := (w?{, ..., wy), we set
n
uy =1 —Zuf, ul =@l ul, ... uy), andw!:=Inul —Inul V1<i<n.
i=1
We also denote by wg+l/2 = —eAugH + B(1 —2u}) and finally set w”*!:= (ng/z, wf“,

L wl™ forall peN.
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We then define several piecewise constant in time functions as follows: for all p € N*, for all
l<i<nandallt € (tp_1,1p], we set

(7) p—1/2

— P — P _ p — @) —_,,P
w,” =w; =Inu; —Inuy, wy =w, w =wr.

“.1

At time t = 0 we define u(’)(O) =u. Let P e N* be the lowest integer such that 1p) > T.
Furthermore, we introduce the time-shifted solution afu(’) as

oru® () =u"!forallr e (tp—1,1p], p € N¥,

n
whose components are given by (orugr), ...,a,u,(f)), and set o,u(()r) =1-> arul@. For all

i=1
u=(ug, uy,...,uy) € (L®(Q) N HY(Q)) x (L®(Q))" we define

n
&
Econy(u) = / 2“1’ Inu; + §|Vu()|2dx
o i=

and Ecopc(u) = /,BMO(l —up)dx.
Q

For all T > 0 and ¢ > 0 we define the entropy functional
e
ED (1) = / u DO Inul™ (@) + E|vu(§’>(t)|2 + Bu (1) (1 — ul" (1)) dx

Q
= Econy(0™ (1)) + Econc (@™ (1))

so that, for all p € N,

n
&
E(T)(tp+l)=/2ulg7+llnulp+l +§|VM(I)]+1|2+,3M67+1(1—ug+l)dx
& i=0

= Econv(up+l) + Econc (up+l)~

Remark 4.1. It is easy to check that there exists a constant C >0, independent of z, such that
E (u®(t)) > —C forall t > 0.

The objective of this section is to collect some estimates on the solution u(® which will be
used in the sequel to pass to the limit as 7 — 07 in the time discrete regularized system. We begin
by stating an important property of the mobility matrix M which will be used in the following.
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Lemma 4.2. Ler z € R and let M be defined as in (2.3). Then, for allu € RT‘I,

ZTM(ll)Z > 0.

Proof. Indeed, for all u = (ug, ..., u,) € ]RTLI andall z= (2o, ..., z,) € R*t! we have

n n
z' M(u)z = Z ZiM;j(wz; + Z Mii (w)z}
i,j=0 i=0

J#

n n n
1 1
=D (—Kijuiujzizy) +5 ) MWz + 53 Mjjwz;
i=0

i.j=0 j=0

J#

n n n
1 1
= E (_Kij”iujzizj)_"i E Kiju,-ujziz—f- 5 E Kijl/tiMjZ?
i,j=0 i,j=0 i,j=0

J#i JF# i#]j

n
1, 1,
ZZKijuiuj Ezi—lrizj—zl'z]-
i,j=0
J#
l n
:EZKi/uiuj(Zi —Zj)220,

i,j=0

J#
which gives us the conclusion.
We now state the monotonicity of the energy functional E®.

Lemma 4.3. For all T > 0, the sequence (E(f)(tp))peN* is non-increasing. Moreover, there ex-
ists C > 0 such that for all t > 0 and all t > 0,

/ IVul" (1)2dx < C. 4.2)
Q
Proof. We test each equation in (3.4) with the test function ¢; = ﬁ)f“ = wf“ — ng/z and

then sum over i = 1, ..., n. On the left-hand side, exploiting the convexity and concavity prop-
erties of the functions [0, 1] > x — xInx and [0, 1] 3 x — x(1 — x), respectively, together with
Remark 3.3, we have
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+1
- up —uf p+1 p+1/2
Z f(wi —w Ydx
i=1¢
n p+l
- Z/ lnu Pl peault — Bl - 2ug)] dx
n p+l p+l u? 4.3)

i 1nup+ldx+/u0
Q

(hm”“ —eAul™ 4 p(1 - 2ug)) dx

Q/u

I:ECOHV(UP-H) — Econv(u?) + Econc(up+l) - EconC(up)]

1

Z

°||>—A<~l|>—~

[E(ul’“) _ E(u")]

On the right-hand side, exploiting Lemma 4.2 and the definition of the matrix M, see (2.3), we
have

1 1 r 1
[ X Kt g

i= IQ 1<j#i<n

+ KzOMpH P-‘rl ( P+1 (])7+l/2)> . V(wf“ _ w(])7+l/2)dx (44)

= /(Vw”+1)TM(u/’+1)Vw”+1dx <0.
Q

From (4.3)-(4.4) it follows that
1 +1
- [E(up ) — E(u”)] <0 VpeN,
T

which implies that the sequence (E(u”)) ,cy is non-increasing. In particular, there exists a con-
stant C > 0 such that E (u”) < E®) < C, which in turn entails

£
5[ |Vug|2dx <dC,

for every p € N. Taking into account (4.1) yields the desired result.

We now use the monotonicity of the entropy functional in order to establish some a-priori
estimates that will be used to pass to the limit as T — 07 in the time discrete system.

Lemma 4.4. There exists a constant C > 0, independent of T > 0, such that

Z/[ |V (T)|2
——dxdt <C,

i=00 @
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T
/ f |AulPdxdt < C,
0 Q

T
//(1 ) 1vws? Pdxdr < C, 4.5)
0 Q
(7) ()2
T Zf llw;™ — wy’ ||H2(Q>dt <C. (4.6)
i=1 0
Proof. First of all, let us introduce k := n;ém K;;j. We test each equation of (3.4) with ¢; =
<1 ]<n
L'UI-PH = wlpH O+1/2 and sum for i =1, ..., n. On the right-hand side we have

M= Z_/( Z Kiju lp+1 p-HV( P+l _ f+1)

i= lQ 1<j#i<n

+Kou;

p+1 p+1 p+1 p+1/2 p+1 p+1/2
iouy Vw = wy ))-V(w, T —wy )dx

p+1 p+1/2,.2
_T”w w ||H2(Q)

_Z/( Z (K,]—k) p+1 p+1 ( p+1 p+1)

i=lg ‘l<j#izn
1 1 r 1/2 1 1/2
+(Kio — kyu?Thul T Pt — bt )).V(w{’+ —wl ™ dx @47)
—k2/< p+1 p+1v( p+1 P—H)
] ]
i=lg ‘l<j#i<n

N g+1/2)> V! = w{)’“/z)dx

n
1 1/2
—e Y lw! T = w2,
=A+B+C.

First of all observe that

- / (VwPTHhip@PThvwPTldx <0,
Q

where M is the matrix defined as in (2.3) but with K;; replaced by K;; — k and where we used
again Lemma 4.2. Let us consider the second term in (4.7). We have
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1 1 1 1
_—k2/< o W@l —wl

i=1 Q 1<j#i<n

p+1 p+1 p+1 p+1/2 p+1 p+1/2
+up uy V(w, —wy )) SV(wi T —wy )dx

_ p+1 p+1 p+1 p+1 p+1 p+1 p+1 p+1
k E /( u’ ( w; )+ u; Vw le- dx
i= 1<j#i<n
1o #i

1 p+l 1 1 12
+kz Yo w T @t — w2 ax

1_19 1<j#i<n
+2k2/ PP g 2 kZ/ P g 22
l—IQ l—IQ

=: B + B> + B3 + By.

We estimate the terms of the expression above separately. First of all, taking into account (2.2)
we have

n
1 1 1 1 1 1 1 1
Bi=—kY Yo wl TV @ —wl T ul Ty dx

i=1g \l<j#i<n

—kZ/ > Wl (Vi = Vinu )V (nuf - nuf ™) dx

i=1 Q 0<j#i<n
n p+1 v p+1
_ pHlg, Pl _  ptly, pt! Vu; Vi
=—ky | D0 @TVaT =TV | e - — 2 | dx
i=1g 0<j#i<n u; Uy

Vuerl Vuerl
p+1 p+1 P+1 p+1 0
—k§ f((1 )Vu! u? VA —ul ™). —ule ey dx

i=1 Q i 0
n p+1 v p+1
_ p+1 p+Hle p+l pHle p+l V"‘i Uy
_—kZ/(Vui —u; Vu; Hup Vup ) o T Al dx
i=1g Ui Up
n |Vup+1|2 VuPH v p+1

I
o~
N
= [~
*

QU

]
ul™

|Vu p+1 2 V(l—up+1)-Vup+l

0
_k/Z p+1 up+] dx

i=1 u; 0

|Vup+1| |Vup+1|

_k/Z W Mg+1 dx

i=1 u;
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]
r |Vup +
- Z p+ 1
Exploiting symmetries gives

1 1 I 1 1/2
Bz—kZ > ul V@ —wfth . vut e =0
i= IQ 1<j#i<n

Moreover, taking into account the definition of wp +1/2

VugH -n =0 on J$2, we have

, see (3.2), and using again the fact that

By = ZkZ/ P p+1V p+l/2 YV p+ldx

i= IQ
Vup+1 vup—H
_ZkZ/ P+ p+lV p+1/2 i Vi dx
p+1 p+1
i=1¢ Ui o

—ZkZ/ [7+1Vup+1 lp+1vug+1) Yl

zIQ

_Zk/( P —ulty — (1 —ul v P“).ng“/zdx
2k/w"+1 Vw2 dx,

Q
—4 / Pl Vugdx—Zk/V PV (—eAul ) dx
Q Q

§4k/3||Vu ||L2(Q)||VM0 22 — 2k8_/|Aup+l|2dx
<C- 2k5/|Aup+1 dx,

where in the last two passages we applied the Cauchy-Schwarz’s inequality and then (4.2). Fi-
nally, by using the constraint (2.8) we get

:-ka P Wb T2 2y = kf(l—ug+‘)u{)’“|ng+‘/2|2dx. 4.8)
i= IQ

From (4.7)-(4.8) we then have
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M < kZ/l

i=0¢ u;

p+1
S o 2k£/|Aup+l 12dx

—kf(] ul Tl w2 2

Therefore, reasoning as in the proof of Lemma 4.3 gives

kZ/' i +2ks/|AuP+‘|2dx+k/(1— ul Pl vl T P
i=0 g Q Q

n
p+1 p+1/2,2
+r Z lw; " —wy ||H2(sz)

p+1

<C+ % (E(uP) — E(up“)).

Multiplying this inequality by 7, summing for 0 < p < P(®) — 1, and then using Remark 4.1
yields

n

T V (r)|2 T T
k ff dxdt+2kg//|Au§;)|2dxdt+kf/(1—ug”)ug”|vzug”|2dx
=0p o Ui 0 Q 0 Q

i=

T

n
+r / Yol = g dt

0 i=1
<C(T+1D+Eu”+C,

which gives the desired result. Note that here £ ) <ooasu’ e ANB.

Remark 4.5. From (4.6) we have in particular that (ﬁ (wl.(f) — w(()r))) 0 is uniformly bounded
>
in L2((0, T); H* ().

Using similar arguments as in Lemma 4.4, we can obtain further estimates. More precisely,
we have the following result.

Theorem 4.6. There exists a constant C > 0, independent of T > 0, such that
T
//ugr)uér)|V(wfr) — w(()f))|2dxdt <C foralll <i<n.
0 Q
Proof. We argue as in the proof of Lemma 4.4. First of all, we test each equation in (3.3) with

i = wa - ng/z and sum for i = 1, ..., n. On the right-hand side we have

611



V. Ehrlacher, G. Marino and J.-F. Pietschmann Journal of Differential Equations 286 (2021) 578—623

(X v -

i= lQ 1<j#i<n

+1 ptl +1 . ptl)2 +1 +1/2
+ Kiou? p+ Vw?! wh /)>.V(u)l.p —wf ?dx

n
p+l ptl22
-t Z lw; " —wy ||H2(SZ)

p+1 p+1 p+1 p+1 p+1 p+1/2
=—Z Z Kiju! V! —wl ™ v@! T —wl T )dx

1—19 1<j#i<n
n
1 pt 1 ptl)2 +1 +1/2
—Z/K u ul T V! wf /)Izdx—TZHw,-p —wg /”HZ(Q)

z—IQ i=1

<—f(Vw"“)TM(ul’“)le’“dx Z/K W Tl v @t — Wl Pax
i= lQ

< Z/K up+1 p—Hlv(wp—H p+l/2)|2d

i= IQ

where we applied Lemma 4.2 with the vectors w”*! and u”*! and the matrix M given by (2.3).
Then reasoning again as in Theorem 4.4 gives

n

T
/ / Kiou"ul" |1V — wi™)2dxdr < C,
i=lo @

and hence the conclusion follows.

We finally point out that the a-priori estimates collected in Lemma 4.4 and 4.6 allow us to get
the following

Lemma 4.7. There exists C > 0, independent of T > 0, such that

/

0

2
ul@(t) — arulm (1)

dt<C foralll <i<n.

(H2(Q))

Proof. We fix i € {1,...,n} and ¢; € H*(2). Then, for all p € N, taking into account the fact
that 0 < uf + <1 forall 1 < j <n and using Cauchy-Schwarz inequality, we obtain
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1 +1 1, pHl g gy PH P
* [l g 5/( S K @ - )
Q

Q Msj#isn

1 1 1 1/2
+1Kiou! T ul T Pt —wl Y )|>|V¢l~|dx

+1 +1/2
+rw!" —wf /v¢i)H2(Q)
5]( 3 Ku( PR v p+]|)
Q M=j#izn

1

+ Kiou! T ul T wwpt - "“/2|> Vi |dx

p+1 p+1/2

+ T llw; I 52 19 [l 2 ()

n
+1 +1/2
<C [ D1 gy + 1wl = w2 gy | 101 m @)

p+l p+1/2

+ 7w, I 52 19l 52 () -

Using the previous estimates proved in this section gives the desired result.
5. Passing to the limit as T — 07 and proof of Theorem 2.1

The aim of this section is to identify a weak solution to (2.10) in the sense of Definition 1
as the weak limit of some extracted subsequence of u™);=0 as T — OF. Passing to the limit
can be done for most terms of the system using either standard arguments in the analysis of
cross-diffusion systems by the boundedness-by-entropy method (see [24]), or of the Cahn-Hillard
model with classical degenerate mobility (see [4]). However, some terms appearing in the system
require specific arguments, which are new at least up to our knowledge, and which we detail
below. Where not differently specified, the limit will be always understood as T — 0.

The different estimates collected in Section 4 yield the existence of a function u =
(o, ..., up) € L2((0, T): HX(2)) x (L2((0, T); H'(2)))" such that0 < u; < 1forall0 <i <n,

n

up=1— " u;, and such that up to the extraction of a subsequence,

u'® weakly in L2((0, T); H' (),

1
—du;  weakly in L*((0, T); (H*(2))"),
forall 1 <i <n and

w0y —~ug  weakly in L2((0, T); HX(RQ)),

M(()T) O'-[I/l(()r)

—~duo  weakly in L((0, T); (H*(Q))).
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Using [35, Theorem 1], we also obtain that ul@ — u; strongly in L?((0, T); L*()) and u(()r) —
ug strongly in L2((0, T); H'(2)) and L%((0, T); L°°(2)). This is a consequence of the compact
embeddings H'(Q) — L3(Q), H*(Q) — L>®(Q), and H*(Q) < H' (). The uniform bound
of (ul@) o in L*°((0, T); L°°(£2)) implies that, up to the extraction of a subsequence

>

u'™ = u;, strongly in L”((0, T); LP(R)), V1< p <-+oo, 0<i <n.

1

Moreover, the uniform bound of (Vuér)> 0 in L0, T); (Lz(Q))d) implies that, up to the
>
extraction of a subsequence,

Vil — Vg strongly in LP((0, T); (L2(2))%).

Furthermore, up to the extraction of a subsequence, (o,u(() )) 0 converges to ug weakly in
>

L%((0,T); H*(R)) and strongly in L?((0, T); H'(Q)) and L?((0, T); L>°(2)). Finally, Re-
mark 4.5 gives

T (w}” - wg”) 0 strongly in L2((0, T): HX(R)),

forall 1 <i <n.
Equations (3.4) and (3.5) imply that, forall 1 <i <n,

// ¢dedt //( Z Kuu(r) (r)v(w(r) (r))

1<j#i<n

+ Kiou!"ulPV(w® — wg>>) - Veidxdt 5.1
-1 f(wf” —w”, ¢i) eyt

for all piecewise constant functions ¢; : (0, T) - H 2(Q), with

() (7)

w; = In u; (@)

—Inuy’  and  wi) =—eAul’ + B(1 —20:ul). (5.2)

Since the set of such ¢; is dense in L2((0, T); H%(S2)), the weak formulation (5.1) also holds for
all ¢; € Lz((O, T); H 2(SZ)). Using (5.2) then we can rewrite (5.1) equivalently as follows: for all
¢i € L*((0, T); HA(Q)),
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Ki; (uEI)Vuft) — ul@Vu;T)) -Voidxdt

(5.3)

Q

T T

f / KioulVul™ - Ve + / f KiouluOVul - Verdxd
T Q

(w”

-7 —w(()r),¢1>H2(Q)dt

—

The different convergences identified above enable to easily identify the limit as T — 0T, fol-

lowing standard arguments in the study of cross-diffusion systems (see for instance [24]). More
precisely, for all 1 <i # j <n it holds that

(r) (T)
// ¢,dxdt—>/ Oeti, di) (2 )y, H2 ()41

T
// Kij (u&r)Vulgr)—ugr)Vu;T))-Vq)idxdt
T o lSj#izn
T
—>// Ki; ujVu, uiVuj)-V¢,-dxdt,
0 Q 1<j#i<n
T
Kiou"Vu'” - Vdxdr — uoVu; - Vpdxdt,
0 KiouoVu; - Voidx
T 0 Q
T
T / (W —wi”, ¢1) o (ydt — 0. (5.4)

T

Of course, all these convergences hold up to the extraction of subsequences. Passing to the limit
in the term

ﬁ"\“\!

/ Kiouér)uET)Vwér) -Voidxdt
Q
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requires specific arguments which is the object of the following lemma. We recall that wg :=

—eAug + B(1 — 2up) and point out that the convergences stated above imply that w( RN wo

weakly in L2((0, T); L?(Q)) as T — 0.

Lemma 5.1. There exists J € L>((0, T): (L%(2))4) which satisfies J = (1 — ug)ugVwg in the
weak sense, i.e.,

T T
//J~ndxdt=—/fwodiv(uo(l —up)n)dxdt,
0 Q 0 Q

forallpe L2((0,T); (HY(2)?) NL®((0,T) x Q; R?Y) withn-n=00n 92 x (0, T) and such
that, up to the extraction of a subsequence,

(A —uPyuOVwl” =T weakly in L*((0, T); (L2(R))%) (5.5)
and
uVuP v — M weakly in L2((0, T): (LA(Q)%) (5.6)
"o

forall1 <i <n.

Remark 5.2. The weak limit (5.5) can be obtained using classical arguments for the standard
Cahn-Hilliard system (see [4] for instance). We recall them in the proof below for the sake of
completeness. However, obtaining (5.6) is not standard, at least up to our knowledge, and the

arguments which yield to this convergence are detailed in the proof below. Let us mention here
(r)

that one difficulty in the analysis is that the sequence (%) does not converge a priori in

o />0

any sense to lf—’uo if 1 — up = 0 in some parts of the domain 2.
Proof. From (4.5) we know that

T

T
//m‘” —uP)yVw”Pdxdr < // O (1 —ui)Vw”Pdxdt < C,
0 Q

0

for every 7 > 0. Then, up to the extraction of a subsequence, there exists J € L2((0, T);
(L%(£2))?) such that

ud? (1= u)Vws? —J  weakly in L2((0, T); (L2(Q)%).

Let us now take 5 € L2((0, T); (H'(2))?) N L>®((0, T) x ©;R?) which fulfills y - n =0 on
a2 x (0, T). Integrating by parts gives
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T
// (t) u(or))Vw(r)ﬂdxdt
0
5.7
T T
//(1 2u((f))w(r)Vu(r) ndxdt — / / u((f)(l ))w(f) divpdxdt.
0 Q 0 Q
Since w(()f) — wo weakly in L2((0, T); L%(2)), the strong convergence of Vu(® together with

(¥

the fact that u, ° converges a.e. and is uniformly bounded implies

(1 =2u) wP vl — (1= 2u)w”Vul”,  weakly in L'((0, T); L' (2)9)
and enables us to pass to the limit in the first term on the right hand side of (5.7). For the second
term we argue again using the a.e. convergence of u(()r) and thus obtain (5.5).

Let us now prove the weak convergence (5.6). We know that, up to the extraction of a subse-
quence, u(() 2N up strongly in L2((0, T); L*®(2)). This implies that for almost all t € (0, T)

lud" (1) — uo(@) || L@y = Cx (1)

T
where C; satisfies / C;(t)dt — 0 (using a Cauchy-Schwarz inequality). In particular, for all

0
8 > 0, denoting by

Ti={r [0, T, ul” () — o)) > ),

it holds that the Lebesgue measure of the set E%*F goes to 0 as 7 goes to 0. We also consider the
complementary of E%7, i.e., the set

EP"C = {1 €[0, T, llug” (1) = uo(®) | < ).
Let now € > 0 and let us introduce the set
M) :={xeQ,1—uy,x)>e},
together with its complementary
M) :={xeQ, 1 —ug,x)<e}.
For all r > 0 we can write

ug’)(t)uf)(r)Vw‘”(r)
(7) () () () () (1) 5-8)
= xmety Ou;” (O)Vwy (1) + xmeewuy Ou;” () Vwy” (1).
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Let us consider both terms separately. On the one hand, it holds that ul@ <1- u(()t). Thus, we
have

dt</” 91— u)vuP |
L2@)

T
() () ()
ey (Du: ti t‘
[ [ P v .
0

for some constant C > 0 independent of 7 > O. Hence if we consider the function 7 :
(0,T) x  — R such that ¢ (1, x) = xpecul’ (¢, 0)u” (1, x)Vw (¢, x), it follows that
there exists a function € € L2((0, T); (L*(£2))4) such that

he® ~he weakly in L2((0, T); (L*(Q))%). (5.9)

Besides, since [[7€]| 120, 7y: (2@ < C for all € > 0, there exists 1 € L2((0, T); (L*(Q))9)
such that, up to the extraction of a subsequence,

h€ —~h weaklyin L2((0, T); (L>(2)%) ase — 0F.
Let us now show that necessarily # = 0. Equation (5.9) implies that
he @ ~p€ weakly in L' ((0, T); (L*(Q2)),
and that

he (@

h¢ . <liminf .
1AW L 0,7y £2(g)) = limin LHO.T 1 L2(Q)

To prove a bound on the right hand side we exploit the fact that u Et) <1- (<) and u < 1to
estimate

‘ h

€,(7)

LY(0,T;L2())

() () ()
= ecpyln  ()u; ti t ‘
/HXM nyug  @u; (@) ()L2(sz)
0

T
s/ HXMe,c(t)u(()f)(t)(l—u(()r)(t))Vw
0

f HXM“(” 1—u" (1) \/1 —ug’)(t)\/ug”(t)Vw(”(t) dt
L®(Q) L2(Q)
T 12, 7 172
/ HXMG.C(,),/l —ul )(t) dt / H\/l —ug”(t)\/u(‘)”(z)Vw")(t) dt
L(Q) , L)
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T
<C f H Xmecpy] 1 — M(T)(f)
0

for some constant C > 0 independent of t. We further estimate the integrand of the last term of
the inequality above as

1/2

dt ,
Loo(Q)

”XME-C(:) 1—- u(()f)(t)
L>(2)

xMec(r) ( 1 —ug(t) ++/ luo(r) — uff)(m)

L>°(Q2)
HXMH(;)\/ 1 —uo(t) HLOO(Q) HXM‘*”([)\/ |M0(I) - u(r)(t”
‘men/ luo(1) — ul" (1)

L*o(2)

< Ve + xger (1)

L>®(Q)
+ xpere(t) ’xMe.m)\/ luo (1) — ul" ()]
L>*(Q2)

< Vet 2xger (1) + Ve <2 + 2xper (1).

This gives

T
d[f4T€+/XEer(t)(4+4«/E)dt,

Loo(2)

r 2
f H Kmeen) 1= ug ()
0

<A4Te+ (4+4/e)|EST|.

Thus, since |[E€"| — 0 as T — 07, we obtain that

llmmf/ H XMy 1 — u(r)(t) dt <4Te.
Lo()
This implies that
liminf/ HXM“(,)MO)(I)M(T)(I)VIU g @ = limint [ @ _<2cVTe.
7—0 7—0 L'((0,T);L>(2))

As a consequence,

”he”Ll((O’T);LZ(Q)) < ZCV TE,
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that is, [12€]I11¢0.7):12(0)) — 0 as € — 0F. Moreover, since h¢ — h weakly in L*((0,T);

L2(2)), then the weak convergence holds also in L'((0, T); L%(S2)). This implies that 2 = 0.
Let us now consider the second term in (5.8). Let ge’(’) :(0,T) x 2 — R be defined by

g9 (1, x) = xmeeoul’ (8, 0)u” (2, ) Vw® (¢, x). Since

ge,(r)

() (7) ()
< |u 1 —u, )Vw
L2((0,T),L2(R)) — H 0 ( 0 )V

<
L2((0.T);L3(2) —

then there exists g€ € L2((0, T); L*(2)) such that, up to the extraction of a subsequence,
g©™ — g€ weakly as T — 0F. Let us prove that

. t,
g€ (t, x) = XMe(t)(x)MJ(t,x) for almost all (7, x) € (0, T) X .
1 —uo(t, x)
On the one hand, we have
u ™, x) wi (£, x)
XMe@) (X) o — Xme@r)(x) ————— foralmostall (r,x) € (0,T) x .
1—uy” (2, x) 1 —uo(t, x)

ul(.f) 1)
1-ul" ()
theorem implies that, up to the extraction of a subsequence,

Besides, ypze (x) < 1 for almost all € (0, T') so that Lebesgue’s dominated convergence

(t)
e () 4 O

—Lt——— — ff strongly,
—u’)

in any L?((0, T); L?(R)) for all p > 1, in particular in L2((0, T); L*>(S2)). This, together with
the fact that (1 —u{”)ul” Vw” — J weakly in L2((0, T); (L*(2))?) yields that
PLICNN feJ
in the sense of distribution. Hence, by uniqueness of the limit, we have
g =fJ,
which was the desired result. Thus, in the distributional sense,
u uOVw — fET + he.

Now, since 1 — u(()r) — 1 — ug strongly in L*°(2) and ul@ — u; almost everywhere it holds
that ff — k;(z, x) almost everywhere, as € — 07T, being «; (¢, x) as defined in (2.9). Thus, the
Lebesgue dominated convergence theorem gives ff — k; strongly in L2((0, T); LZ(Q)) as € —

0%. Therefore,
fid—«kil,
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so that finally, using the fact that 7€ — 0 weakly in L?((0, T); (L2(Q))d), we obtain that
uPul OVl ~ ] weakly in L2((0, T); (L*(2))%)
as T — 07, which was the desired result.
We are now in a position to complete the proof of our main theorem.

Proof of Theorem 2.1. We pass to the limit 7 — 07 in (5.3) using (5.4) and Lemma 5.1 which
enables us to identify the limit

T
//Kou(’) Oy v¢,-dxdt—>//1(,-o/<,~1-v¢,-dxdt,
0 Q

forall 1 <i <n. Thus, forall 1 <i <n andall ¢; € L2((0, T); H*(R))

T T
/ 3tu,,¢, H2(Q)Y, H2(Q)dt f/ Z l] l/l]vul u; Vu; ) V(ﬁ,dxdt
0 0

1<j#i<n

T T
—//K,'()M()Vui . V¢idxdt+//[(,'ol(i] -Vidxdt.
0 Q 0 Q

From the obtained weak formulation, it is clear that d,u; € L*((0, T); (H'())’) and that, by
density, we can extend the above formulation to all ¢; € L2((0,T); H()) as follows:

T

T
/ at“lv‘pl H(QY, Hl(Q)dt // Z l] M]Vul u; VM]) V¢ldxdt
0 0 Q I=j#Fi=n

T T
—//K,'()M()Vui . Vd)idxdl‘—i-//KioKiJ -Vidxdt.
0 Q 0 Q

Lastly, we obtain that, necessarily, u; (0, ) = u? using similar arguments as in [24]. Hence

((ui)o<i<n, J) is a weak solution of system (2.10) in the sense of Definition 1, which concludes
the proof of Theorem 2.1.
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