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1. Introduction

Let D be a bounded open domain of R3 with regular boundary 8D, consider Newtonian fluid
described by the stochastic 3-dimensional Navier-Stokes equation on D,

au(t, x)

Y VAuU(t, x) + (u(t,x) . V)u(t, X) =—=Vp(t,x) + f(t,x) + G(u, §)(t, x), (1.1)

with the incompressibility condition
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divu(t,x) =0, te[0,00), xeD, (1.2)

the boundary condition
u(t,x)=0, tel0,00), x€dD, (1.3)

and the initial condition
u(0,x) =ug(x), xeD. (1.4)

The fluid is described by the velocity field u = u(t, x) and the pressure field p = p(t, x). The pa-
rameter v > 0 is the kinematic viscosity. Here G is an operator acting on noise and solution. When
the process &(t, x) is a Brownian motion, the stochastic equation (1.1) has been studied by many au-
thors, see [3,5,6,8]. It is known that there exists a global solution of the martingale problem for this
case; and also the Markov selections for the martingale solution, see [5,7,8].

Up to our knowledge, there have no results as the &(t, x) is a Lévy noise. In this paper, we prove
that there exist Martingale solutions of stochastic 3D Navier-Stokes equations with jump, and then
we prove that there exist Markov selections for the martingale solutions.

We consider the usual abstract form of Eqs. (1.1)-(1.4). Let 2 be the space of infinitely differen-
tiable 3-dimensional vector fields u(x) on D with compact support strictly contained in D, satisfying
divu(x) = 0. Denote by V,, the closure of 2 in the Soblev space [H*(D)]?, for & >0, and in partic-
ular

H=Vy, V=V

Denote by |- |y and (-,-)y,u the norm and inner product in H. Identifying H with its dual space H’,
and let V/, the dual space of V,, we have Vo, C H=H’ C V,, with continuous injections. Denote the
dual pairing between V, and V/, by (3 ) Vg v

Let D(A) = [H%(D)1? NV, and define the linear operator A: D(A) C H — H as Au = —PAu, where
P is the projection from [L%(D)]® to H. Since V coincides with D(A'/2), we can endow V with
the norm |jully = |A'/2u|y. The operator A is positive selfadjoint with compact resolvent. Let 0 <
A1 < Ag < --- be the eigenvalues of A, and eq, ez, ... be the corresponding eigenvectors, which form
a complete orthonormal system in H. We remark that ||u||%, > A1|u|%,.

Remark 1.1. Note that D(A) = {u =Y {2, u;j-ej € H: Y ;o A?u? < oo}, we may endow D(A) with the
inner product

o0
(U, V)pay = »_Afuivi,

i=1

uj = (u, ej)y, vi = (v, e;)y for every u,v € D(A). So D(A) is a Hilbert space with the inner product

(-,-)p(a) and {%—}iGN is a complete orthonormal system of D(A). For the dual space of D(A), D(A) =
2

u=Y2ui e Y2, ;’—’2 < oo} and endow D(A) with the inner product (u, v)pay = Y iy %

D(A) is a Hilbert space. For every u € D(A), v € D(A), (U, V)p(a).pAy = D ioq Uivi, and if v € H,

we have (u, v)p(a),pay = (u, v)y. It will be convenient to use fractional powers of the operator A, as

well as their domains D(A%) for o € R.
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Define the bilinear operator B(u,v):V x V — (V N[L*(D)]?) as
(B(u,v),2) =/z(x) (U@ - V)vxdx, zeVnN [LZ(D)]3.
D

From the incompressibility condition, (B(u, v), v) =0, (B(u, v), z) = —(B(u, z), v). By [11], there exists
B >1, B can be extended to a continuous operator

B:H><H—>D(A_ﬁ)

and
|(w, B(u, v))| < Clulu|vial|wl . (15)
Egs. (1.1)-(1.4) have the abstract form as a stochastic evolution equation:

du(t) + vAu(t)dt + B(u(t), u(t)) dt = f(t)dt + / F(u(t—),X)Np(dt, dx),

X[k <1 (16)

u(0) = uyp.
In this article, we assume that
(i) ugp € H and f e L%([0, co); V).
(ii) p=p(t), t € D} is a stationary F;-Poisson point process of the class (QL) on a measurable space

K, with compensator tA(U). A(dx) is the characteristic measure of p satisfying fK |x|f( A1A(dx) <
oo. Np(dt,dx) is the counting measure defined as follows:

Np((0,t] x U) =#{s € Dp; s<t, p(s) €U}

for t > 0, U € 8(K), where D, is the domain of p, Np(dt, dx) = Np(dt, dx) — dtr(dx).
(iii) F(-,-) is measurable function from H x K to H.

2. Preliminaries

Let (E,r) denote a metric space. Denote by £ the Borel o-field of (E,r), Pr(E) the set of all
probability measures on (E, 98). Let Dg[0, oo) be the space of right continuous functions from [0, co)
into (E, r) having left limits, with the Skorokhod metric d(-,-) (see in Chapter 3 of [4] for the details).

Lemma 2.1. Assume {x, ¥, x,} C Dg[0, 00) and 6 € E fr(y) = supsejo, 117 (¥(©), 6). If limp_, oo d(Xy, %) =0,
then forany T € {t: x(t—) = x(t)},

lim fr(x) = fr(x).
n—oo
Proof. By [4], if lim,_ ~ d(x;, x) = 0, then for any sequence t, € [0, 00), t >0, and limy_. ooty =t,

nll”So r(Xn(tn), X(6)) AT(Xn(tn), x(t—)) =0 (2.1)
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and x has at most countably many points of discontinuity. We can select a countable subset
Q Cc {s€[0,T]: x(s) = x(s—)} such that Q is dense in [0,T] and T € Q. For every s € Q,
limp_ 00 r(Xn(5), X(s)) = 0. So for any & > 0,

e+ lim infsupr(xy(s), 0) > supr(x(s),6).
n

XM e seQ

Since fr(y) = supseq r(y(s),6), we have
e+ lim inf fr(x7) > fr(x). (2.2)
n—-oo n

On the other hand, from (2.1), for any fixed t € [0, T], and any & > 0, there exists §; > 0 and N,
such that for any |s —t| < & and n > Ng, r(x,(s), x(t)) A r(%,(s), x(t—)) < €, thus r(x,(s),60) <
r(x(t),0) v r(x(t—),0) + ¢. Therefore there exists {A; = {|t; — s| <&}, 1 <i < N}igp1,2,...,n), for n >
max{N¢ }ie(1,2,..,N}»

sup 1(xq(s),0) < max r(x(t),0) vr(x(ti—),0) +¢& < sup r(x(t),0)+¢. (2.3)
s€[0,T] 1IN s€[0,T]

This implies limy_ oo fT(Xn) = fr(X). O
For & € DR[O, o0) let
DE(s) =E&(s) — &(s—),

U€) = {u>0: |A&(s)| = u for some s},
U (€)= {u > 0: |A&(s)| = u > ug for some s € [0, T]}.

Then U (&), the collection of all jump size of &, is at most countable. Let U (&) be the complement of
U(&). For u >0, let

%G, w =0, P& w =inflt > P71 (E w): |AE@©)] > ul,

tP (&, u) is the p-th jump time of & with the norm of jump size greater than u. Because & € Dg[0, 00),
limp_, o0 tP(€,u) = 0o. Set pr(§) =max{p: tP(£,u) < T}, it is easy to see that pr(§) < oo.

Lemma 2.2. Suppose g is a continuous function from R to R with g(x) =0, x € [—u, u] for some positive
constant u. For any fixed T > 0, set

Gr(€) =) g(L&(), & e Dgl0,00).

s<T
If & is continuous at T, then Gt (-) is continuous at &.

Proof. Suppose lim;_ & =& in Dg[0,00). Let 0 <t; <ty <--- <tm < T be total points with
|AE(t)| > u, t € [0, T]. There exists € > 0, satisfying

u—eg¢UE), [u-—euynUY*E =0
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Because for any d > 0, the set {t € [0, T]: |A&(t)| > d} only has finite elements, so there exists § > 0,
such that [u —§,u) N U;{/Z(E) = . Since U(§) is at most countable, [u — §,u) N U(&) # @. Choose
€ >0, such that u —e € [u — §,u) NU (). ' '

Applying Theorem 15.30 in [16], we know that t'(¢§,u — €) and A&(t' (&, u — €)) is continuous in
Dg[0, o0) at &. Note that t"t1(&,u —€)> T, let § = tm@’g_é)_r A T_t"(g’“_e), there exists N, such
that

, mM>N,i=1,2,...,n+1.

N[ S

|t G u—€) —t'(Eu—€)] <
So
n .
Grlam) =Y &(A&m (t' G u — €))).
i=1
Since ti(s, u—e€)=tj, Gr is continuous at £&. O

Lemma 2.3. Let X be a Polish space, Py, BN P, ¢n, ¢ : X — R be measurable. If there exists X' € FB(X) with
P(X’) =1 such that for x € X', x; — x in X, ¢n(%,) = @(x) and P,[|@n|'T81< C for some e, C > 0, then

(1) Pllgl] < oo and Pulen] — Ple],
(2) PllpI'**1<C.

Proof. The proof of (1) is similar to the argument as in [8]. We only prove (2). By (1) we have
1487 _ 1 146
Pllgl"™] = lim Py[lp|"™], forse(0.é).
From Holder’s inequality

Pn[|(p|1+5] < (Pn[l(p|1+s])(1+5)/(1+s) < cA+d/a+e)

and by Fatou lemma

Pllel'™]<C. O
Remark 2.1. By [4], if (E, ) is separable and complete, then (Dg[0, c0),d) is a Polish space.

To get our main results, we need to prove the tightness in vector valued Skorokhod space. The
Aldous criterion for tightness is a sufficient condition for proving the tightness, refer to [9,10]. In
[13,14], by using this criterion, one can get the tightness in Skorokhod space once the energy in-
equality is proved, thus martingale problem is formulated on vector valued Skorokhod space and
with Gaussian as the limit measure. We use the same Aldous criterion to get the tightness in vector
valued Skorokhod space, see Lemmas 2.4 and 2.5. Also we prove the energy inequality.

Lemma 2.4. (See [1].) Let E be a separable Hilbert space with the inner product (-,-). For an orthonormal basis
{ek}ken in E, define the function 1% : E — R by

r5(x) = Z (x,er)®, NeNl.
k=N+1
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Let D be a total and closed under addition subset of E. Then the sequence {Xy}nen 0f stochastic processes with
trajectories in Dg[0, o) is tight iff it is D-weakly tight and for every € > 0 and t > 0,

lim lim sup P(r4(Xn(s)) > € for some s € [0, t]) = 0. (2.4)

N—o0n—00

Remark 2.2. If there exist positive C and a sequence A, satisfying A, — oo such that

C
EP< sup rﬁ(Xn(s))) < —,
se[0,f] AN

then (2.4) holds.
Let {X,} be a sequence of random elements of Dg[0, T], and {7y, 8,} be such that:

(a) For each n, 1, is a stopping time with respect to the natural o -fields, and takes only finitely many
values.

(b) For each n, the constant 8, € [0, T] satisfy 8, — 0 as n — oo.

We introduce the following condition on {Xy}: for each sequence {1, 8} in (a), (b),

(A) Xn(th +6n) — Xn(Tn) — 0, in probability.
For f € DR[O, T], let J(f) denote the maximum of the jump |f(t) — f(t—)|.

Lemma 2.5. (See [2].) Suppose that {X,}nen satisfies (A), and either {X,(0)} and {J(Xp)} are tight on the
line; or {X;,,(t)} is tight on the line for each t € [0, T], then {Xy} is tight in DR[O, T].

3. Existence of martingale solution of Eq. (1.6)

We divide this section into additive Lévy and multiplicative noise parts. Instead of martingale
representation theorems like wiener processes as in [6] etc., we use the Lévy-Khinchin formula for
additive Lévy noise. For the multiplicative noise, this method fall to use and we use martingale char-
acter.

3.1. Additive Lévy noise
Eq. (1.6) has the following form:
o0
du(t) + [vAu(®) + B(u(®), u(t))]dt =y " oie; dLi(t) (3.1)
i=1

where {L;(t)}ieny are independent Lévy processes defined on a complete probability space (£2,F,
(Ft)e=o0. P),

t+
Li(t) = / / xNj(dt,dx), N;(dt,dx) = N;(dt,dx) — dtr(dx).

0 1x<1

N;(dt,dx)}icn are independent Poisson random measure with x22.(dx) < oo.
Ix<1
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3.2. Finite dimensional models

Let H, = span{e;, 1 <i < n}, m, is the orthogonal projection of H on Hj,, and A, is the restriction
of A to Hy. By(-,-): Hn x Hp, — Hy the continuous bilinear operator defined as

(Ba(u,v), w)=(B(u,v), w)
for every u, v, w € Hy, B,(u,v) =m,B(u, v).
Consider the equation on Hy:
n
X} + [VALX] + Ba(X[L XP)]dt =) " oie; dLi(t). (3.2)
i=1

Let (X!)r>o0 be the RCLL adapted solution of Eq. (3.2). In the following, C(-) means a positive
constant with dependent only on the elements in the bracket.

Theorem 3.1. Assume E|xg|§, < 00, then for every T > 0,

i=1

T n
E( sup |x?|f,+2v/||xg||f,ds> <C<E|xg|i,,T,Zo,.2, / xﬁ(dx)), (33)
te[0,T]
0 IxI<1

t

¢ n
|xp|f,+2v/||xg||‘2,ds: |xg|i,+2/<x"(s—),Za,»e,»dL,-(s)>
0

0 i=1 H

n t
+y° / / o2x* dN;(ds, dx), (3.4)

=19 x<1
}x"yH+2uE/||x”||vds_ }xoyH+tZa f X0 (dx). (3.5)
=
Proof. From Eq. (3.2) and It6 formula (refer to [12]), we have
t t
X8 = X0 2 [Ant X2 ds =2 [ (8o X2), X, s
0 0
+2/<X”(s ), ZoleldL (s)> +Z/ / o2x% dN;(ds, dx).
=19 x<1

Since (B, (x,x),x) =0 for every x € Hy,
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t

Xl 420 / e = ol +2 [ (xto. 3eaco)
H

0 i=1
+Z/ / ox* dN;(ds, dx).
=19 1x<1
Set M = Zfot(X"(s—), Y% oieidLi(s))n, since for T > 0,

T

>e(f [

(X"(5), oeix) 1(dx) ds) < 0, (3.6)
0 [x<1

M} is a square integrable martingale.
Define the stopping time t,;; = inf{t > 0: |X?|%, > m}, then

tATm
X0 |2 < [XPO, + M+ f / o#x® dN;(ds, dx),
i=1 o |x<1

and thus

i=1

n
E[XP 0[5 < E|X"O)7, +t<Za,-2> / X2A(dX).
%<1

From this inequality and the monotone convergence theorem, we get

T n
E/|x{’ﬁ,dt<T<E|xg}i+r<20i2> / xzk(dx)>.
0 ' xI<1

i=1

Thus
n T T
E(/ (X"(5), oieix A(dx)ds) (/ (X™(s). e, 2xz)h(dx)ds)
=1 \g <1 i=1  \p Ix1<1
T n
< E</|X”(s)|2ds) - (Zaﬁ) / X2 (dx)
0 =1 i

< 00,

so M} is now a square integrable martingale. The (3.4) and (3.5) are follows.
For the inequality (3.3), since

n t

X2l < [Xa[5 + M@+ / / 22 Ni(ds, dx),
=10 <1
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we have

T
sup |XI|% < |xo|H+1+ sup |1v1"(t)| +Z/ / o2x*N;(ds, dx)
eloTl =19 g1

and

E sup |X”|H E‘XO} +1+E sup ]M”(t)| +T<Za> f XA (dx)
te[0,T] =
%<1

n n
<E\xg|i,+1+c25/ /(X"(s—),a,-e,-x)zN,-(ds,dx)+T(Zoi2> / X2 1.(dx)
i=1 3 |x<1 i=1 IxI<1

T n

<E|xg|i,+1+CE</|x”(s)|i,ds).<Zai2) /xzx\(dx)
0 URANIS|
T(Zaiz) / xzk(dx)
NS

n
<E|X3% 41+ T(Zaﬁ) / X2 a(dx)
X<

i=1

+CT(E|x"(0)|i,+T<Za,.2) / xzk(dx))<20,~2> / X* 1 (dx)
‘ X< '

i=1 i=1 Ix1<1

< Q.
(3.5) implies the second part of the bound (3.3). O

Corollary 3.1. Let T > 0 be a stopping time and (X}')r>o be a cadlag adapted processes that P-a.s. satisfy (3.2)
fort €10, T(w)]. Assume E|X}|?, < oc. Then for T > 0,

T n
( sup |xM,|H+2v/||xQA,||2vds> <C<E|xg|i,,T,Zai2, / xﬁ(dx)). (3.7)
0

telo, £
=ikt

Lemma 3.1. Suppose (Xt(l)) and (Xt(z)) be two solutions of Eq. (3.2) on interval [0, T]. Set Ay = Xt(l) — Xt(z)
and Cy, g be a constant such that (Bn(x, y), X)n < Cn,g|x|i,|y|H, X,y € Hy. Then

t
2
|Adln < |Ao|Hexp{2cn,3/|x§ >|Hds].
0

The proof is similar to the case of white noise as in [5].
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Theorem 3.2. For every Fo-measurable X[ : 2 — Hy, there exists a unique cadlag adapted solution (X{')r>0
of Eq.(3.2) on (2, F, (Ft)r>0, P). If the initial conditions x™ converge to x in Hp, the corresponding solutions
converge P-a.s. uniformly in time on bounded intervals. And (X[)¢>0 has Feller property.

Proof. Step 1 (Existence for bounded initial value X{). Assume that |X{|y < C for some positive con-
stant C. For any m > C, let BJ'(-) : H, — Hj be a Lipschitz continuous function such that B]}(x) =
Bn(x, x) for every |x|p, <m.

Consider the equation

n
dy(™ = [—vAY™ — BR(v™, v™)]dt + ) oieidLi(t).
i=1

It has globally Lipschitz coefficients, so there exists a unique cadlag adapted solution (Yt(m))t>o, this
is a classical result which can be obtained by contraction principle.

Defined 1, = inf{t > 0: |Yt(m)|H >m} AT. Up to 1, the solution Yt(m) is also a solution of the
original equation (3.2). Since |X{|n < C, we have

n
E( sup v\ 1) <clEXE[.T. Y o2, / KA(dx) ).
tel0,T] =
<1

In particular,

n
2 2
E<1{rm<r} sup |Y0 H)<C E|Xgly- T Y ol f adx) |,
te[0,T] i—1 X<t

which implies

1 ) n
P(rm<T)<WC<E]XS|H,T,ZGIZ, f XZA(dx)>.

=1 <t

If N>m, iy > T, P(Yt(N) = Yfm), t € [0, Tn]) = 1. Let Too = SUPy,;.c Tm, We can define a process Yt(oo)

for t € [0, To) uniquely, which equal to Yt(m) on [0, t] for every m. Hence Y[<°°) is a solution on
[0, Ts). Since for any m,

C
P(Too<T)<P(Tm<T)<—27
m

P(to < T) =0. Thus Yt(oo) is a solution for t € [0, T — €] for any small € > 0, which shows that there
exists a global solution.

Step 2 (Existence for general initial value X7). For general case, let £y, = {|X8|%{ < m}. Define X(()m)

as X{ on £2p. Let (Yt(m))tgo be the unique solution of equation (3.2) with initial condition Xém). If
N > m, then

P(2m 0 (Y = Y™ for every t >0)) = P(2m).
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We may then uniquely define a process Y\° on @' =, 2m as Y\° = Y™ on 2y, it is clear that

Yt(oo) solves Eq. (3.2) on £2’. But P(£2') =1, hence we have proved the existence of a global solution.
Below we will let (Y});>o be the unique solution with initial condition x € Hj.

Step 3. Uniqueness and continuous of the solution are follows from Lemma 3.1, which also implies
his implies Markov property and the Feller property. O

3.3. Solution to the martingale problem

Let £2 = Dpay[0, o0), denote 7T the Skorokhod topology of £2, and 7; the Skorokhod topology of
DD(A)’ [O, f], let F = O'(T), _7‘} = O'(Y?)

Definition 3.1. Given a probability measure (o on H, a probability measure P on (£2, F) is called a
solution of the martingale problem associated to Eq. (3.1) with initial law o, if

(1) for every T > 0,

te[0,T]

T
P( sup |a|i,+/||a||2vds<oo> =1. (3.8)
0

(2) for every ¢ € 2 the process Mf defined P-a.s. on (£2,F) as

t t
ME© =6+ [ vies Aphuds — [[BE0). ) b5 (3.9)
0 0

(Mf’, Ft, P) is a Lévy process. Further more, {M® };cy are independent Lévy processes defined on
the complete probability space (£2, F, (F¢)t>0, P), and the characteristic function is

M{ — My ,
EP exp {zu(u)} = exp{(tz —t1) / (e —1- iux)k(dx)} (3.10)

1
IxI<1

for ty >t1 > 0.
(3) mo=moP.

Theorem 3.3. Assume 02 = prad aiz < oo. Let w be a probability measure on H such that my =

fH |x|f_,u(dx) < 00. Then there exists at least one solution to the martingale problem (3.1) with initial condi-
tion W.

Proof. Let (W, W:)e>0, Q, (Li(£))r>0,ien) be a stochastic basis supporting. ug : W — H is Wp-
measurable random variable with law p. Let X = mm,uo.

For every n, there exists a unique cadldg adapted solution (X):>o of Eq. (3.2) in Hy, with initial
condition Xj. (X{)c>0 is a cadlag adapted process in Hy. Since H, C D(A)'. It defines a probability
measure P, on Dpay[0, 00).

Step 1 (Tightness). Let D = D(A). From Lemma 2.4, we have to prove that X" is D-weakly tight and
for every € >0, t > 0,

lim lim sup P(r,z\, (X™(s)) > € for some s € [0, t]) = 0.

N—oon—00
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First (D-weakly tightness).
For every ¢ € D(A), we prove that {(X"(-), ®)pcay,p(a).t €0, T1} is tight for every T > 0.

For 7, 8, satisfies (a), (b), since
(Xn(fn + 8") - Xn(Tn)’ (p)D(A)/,D(A)

Tn+dn

Z i[Li(Tn + 8n) — Li(t) ], @)y — / [(VARX"(5) + Ba(X"(5), X" (5)). ¢) ;] ds.

Tn

we have

Q(|<Xn(fn + (Sn) - Xn(fn)a ¢>D(A)/,D(A)| 2 6)

Tn+n _—y
<Q[ / (VARX"(5), @) | ds > }JFQ[ / |<B"(X"(S)’X"(S)),¢)H|ds>g}

n Tn

n
€
+ Q|: <ZO’i€i[Li(Tn+8n)_Li(Tﬂ)]’(p> Z §i|
i=1 H
= 11 + 12 + 13‘
Since llmn%oo 8” = O' Z;}il Uiz < o0,
Tn+dn
2¢
I < Q( / X"(s)|% + | Al ds > 5)
Tn
26

sup |X"(5)[ +1A@f )on > 5

<ol
00 ) € 2
< Q(Zo’iz[Li(Tn+5n) —L,-(rn)] |(p|%_, > (5) >—> 0, asn— oo.

i=1

)—>0, asn — oo,

Since for every £ € V, fo [(B(us, &), us)|ds < C(s)fo \us|]/2||us||?/2 ds,

Tn+6n
Q(C«o) sup (X3 17 [ 1 as> §)
Tn
Tntdn 3/4
€
Q(c«m sup XL, 1{2( / ||xn<s>||2vds) o't > 5)
Tn
Tn+0n
n sl €
<Q<C(g0)< sup ‘X(S) b f | x (S)Hvds) §>—>O, asn — oo,
Tn

0 (X"(.), @) p(ay.p(a) satisfies (A).



Z.Dong, J. Zhai / ]. Differential Equations 250 (2011) 2737-2778 2749

Since

Q((Xg’¢>i)(A)/,D<A))<|<P|H (|Xo|) ma ol

and

J((X “), (p>D(A)’ D(A)) max{|a,|} . |‘P|H,

JUX", @)pay.pay) and (XS,(p)ZD(A),YD(A) are tight on line. Thus (X"(-), ®)pay.pa)y is tight in
DR[O, T] by Lemma 2.5.

Second. Let hy = Ajej, which forms a complete orthonormal system of D(A)’. Since

EQ [supsejo ¢ IX"(5)[% 1_ G

2 2
)‘NJrl A’N“r]

N

)

Lo riecon] =2 s ( 5 o))<

se[0,t] k>N+1

(2.4) is proved by Lemma 2.4.
Denote P, =

Q o (XM, since {X"} is tight in Dpay[0, 00), there exist ny such that Pp, Y. Pin
Dpay[0, 00).

Step 2 (P is a martingale solution).

We need to check the properties (1)-(3) in Definition 3.1.
(1) of Definition 3.1. Given R, N > 0,

N

N
fir@®= sup S (s®).en)sy AR= sup sz £ By A R.
tel0,T1,

tel0.T]

By [5], we know that, if X is process with sample paths in Dg[0, co), E is a metric space, then the
complement in [0, oo) of D(X) = {t € [0, 00): P{X(t) = X(t—)} =1} is at most countable. Let Z = {t €
[0, 00): P{&(t) = £(t—)} = 1}. For every T € Z, denote 2% = {£ € Dpay[0,00): &(T) = &(T—)}, then
P(£29) = 1. By Lemmas 2.1, 2.3 and Theorem 3.1,

n
lim Pnkf,ER:Pf,zR<C<m2,T,Zoﬁ, / XZA(dx)>,
k—o00 ’ ’

= <

so we have (1).

(2) of Definition 3.1. We just prove that {M°®};cy are independent Lévy processes.

(i) Obviously, M®%(0) =0, P-a.e.
(ii) We prove (3.10).

Choose tq,tz € Z, let §£2¢, t, ={& € Dpay[0,00): &(t)) =&(t;—), i=1,2}, then P(§2,,) =1. Let

Mel m Mex -
F,ﬁ(g):exp{lu (Tmé&) — My, (7w S)]

Oi
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Suppose lim,_, o0 &y =&, & € Dp(ay [0, 00), & € £, ¢,, it is easy to check that limy_, « F (&) = Fe’ ).
By Lemma 2.3,

lim EPnFii(g) = EPFRi(6).

| |

ty t
< Em |:/|<B(7Tm$s — &, Tmés), ei>d5[| + EMn |:/|(B(‘§57 Tm&s — &s), ei)d5|i|
t1 t

Since

) t

/(B(nm$Ss TTmés), ei>d5 - /(B(Ss» &), ei)ds

t 1

t
< Clleil s E™e [/ [7Tmés — &slHl&sIn dS}

ty 1/2 t 1/2
< Clleill as (Epnk [ / |7Tmés —ssﬁ,dsD (E”"k [ / |ss|%,dsD
tq t1
Clleill 45
<= Ep”k[ / &% ds}

m+1
Clleill as
X 1/2 )
)‘m+1

we have for every ¢ > 0, there exists M, for m > M,

Mg Grm€)-My] (rm ) M @M @
Erafe e )l
{2 Bormes Tmes) €j) ds— 2 (Bes.5) ) ds
Pn _ i —
<E'|1—e i |
<e,
(Mf;' (T ©)-M;! (rm ) |
. w(—-——— i .
then we get lim m)— o0 EPmee % =exp{(t; — t1) leI@ (e™* — 1 — jux)A(dx)}.
Note that
) (Mﬁé(;)—Mf{ ®,
. : wmw(————
lim ETFii(§)=E"e a7,

(2) is proved. By the same argument, it can be proved that {M¢},cy are independent. A
(3) of Definition 3.1. Since limg_ o P (®) = P(®), ¢ € Ch(Dp(ayl0,00)). @(&) = e'sO) ¢
Cp(Dp(ayl0, 00)), for every u € D(A), limy_, o Py, (§) = P@(§), hence IToP = . O
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Remark 3.1. In fact, P, is tight in L2(0, T; H) also. Let K be a separable Hilbert space, W*P(0, T; K)
be the space (cf. [5]) of all measurable functions f : [0, T] — K such that

t
1 s 7ok —/If(t)IKdt+ff|f() |1f+(al"< dtdr < .

Note that for p=2,0 <a < 3,

T
Al o v | [
W®2(0,T; H) H 5
T
=/ ieiLi () dt+2// °lr Z, 1‘?3:1 i e gr
o = r|
<o?T? f xzk(dx)-i-aZ/ Zx(dx)//“ —dtdr
Ix1<1 x<1
< Q.

Let JI = —f(f[vAnXQ + Bn(X?, XM)]ds, we have (cf. [5])

n n n
1" racoroary < fux [yds+c sup |x: |H/ux o s
for y € (3/2, 2), therefore
EP"[”g”W“,Z([O,T];D(A*V))] < C<V, my, T, / X (dx), Uz)
xI<1
for every « € (0, 1/2). From Theorem 4.6 in [5], the family of measures {P,} is tight in L2(0, T; H).

4. General case

For the multiplicative noise, in addition to the hypotheses of Section 1, we assume that there exists
0 < p < 2 such that for every u,uq,uy € H and x € K.

2
/ |F(u1, %) — F(uz, )| Adx) < Cr{lur — ualf A lug — ualh}, (41)
X<

|F(u, 0|3 2.(d0) < Co(1+ [ul). (4.2)
X<

Let £24 = Dy, [0, 00), 7y the Skorokhod topology of £2¢, 7% the Skorokhod topology of Dy, [0,t],
and F the o -algebra generated by 7,*. And we assume v =1.
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Definition 4.1. Given a probability measure po on H, a probability measure P on (£2,, Fy) is called
a solution of the martingale problem associated to Eq. (1.6) with initial law pg, if

(1) for every T > 0,

T
P( sup |st|?,+/||ss||zvds<oo>=1.
tel0,T] 5

(2) for every ¢ € Vo the process (&, ¢)y, v, is a semi-martingale, MY, F¥, P) is a square integrable
cadlag martingale. Here Mf is defined P-a.s. on (24, Fy) as

t t t
M (®) = (& - £o. ) H+/ (&, Ag) Hds—/(B(ss,w,ss),,ds—/@,f(s)>v,v,ds
0 0 0
satisfies
t
ME© =3 A<ss,<p>H—/ / F(&s, 0, @)y (d0) ds.
0<s<t 0 <1
(3) mo=moP.

In the following of the paper, we denote (£2, F, F;) as (Q2y, Fu, F5).

Remark4.1. } o . Als, @)n — fot Jxi<1(F &, %), @)na(dx)ds may have no sensible in path, in Defi-
nition 4.1, but it has meaning in mean. This can be seen from following. Let €, | 0, define a continuous
function g, on R,

[x W
gn(x)—{()’ M

Let

t
GEO= Y gn(bé o f / 2n((F(Es, 0, @), )1 (dx) ds.

Ossst 0 <t

(Gn, F¢, P) is a square integrable cadlag martingale, and there exists G, lim,_.o G, = G in
(82, P) x L?([0, T]; R), so G is a square integrable cadlig martingale, and we denote G(&)(t) =

Yocsct MEss @i = [y Sy (FEs, X), @) () ds.

Theorem 4.1. Assume (4.1)-(4.2). For any probability measure @ on H with my = jH \x@u(dx) < 00, there
exists a martingale solution of Eq. (1.6).

The proof of this theorem is based on a classical Galerkin approximation scheme.
Let uy(t) be the cadlag adapted solution of the following equation (4.3) in Hp,
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dun(t) + Ann (t) dt + By (un(t), un (t)) dt = fa(t)dt + / Fn(un(t—), x) Ny (dt, dx),

H<1 (4.3)
ug € Ha,
where f,(t) = f(t), Gh(u) =1, G(u), Fr(u,x) = F(u, x).
Lemma 4.1. Assume E|un(0)|%{ < 00, then for every T > 0,
T T
2 2 2 2
E sup |un(t)|H+E/Hun(s)||Vds<C(T,/an(s) V,ds,Eyun(0)|H) (4.4)
0<t<T
0 0

for some positive C(-).
Proof. Apply Ito’s formula on (4.3), and note that (x, B;(x, X))y =0,

t t

lun [, = [un @[, — 2/<un(s), Antin(s)),, ds — 2/<un(s>, Bi (un(s), un(s))),, ds

0 0

t

+2 /<Un(s)7 fn(s))V’V’ ds
0
t+

+/ / |un(s—)+Fn(un(s—),x)|i— |un(s—)|ilﬁ(ds,dx)
0 X<1

t
+ / / |ttn(s) + Fu(un(9), %)[% = |n(5)[% = 2(ttn(s), Fa(tn(s), %)), 2 (dx) ds,
0

%<1
t t
w1 +2 [ Jun @)} 5= lan @} +2 [ (un(s) F5) .
0 0
t+
+/ / |un(s—) + Fa(ttn(s—), %) |3 — |un(s—)| 5 N(ds, dx)
0 xI<1

t
+/ / |Fa(ttn(s), X) |5, A(dx) ds.
0

IxI<1

Since Zfé(un(s), fr(®)v v ds < fot ||un(s)||%,ds +f(§ | fa(s)|%, ds, we have

2
v/ ds

t t
|un(t>|f,+f|}un<s>||2vds< }un(0>|f,+/|fn<s>
0 0
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t+
+/ / |Fa(ttn(s=), %) | + 2{un(s—), Fa(tn(s—), X)), N(ds, dx)
0 X<1

t
—|—/ / |Fn(un(s),x)|ik(dx)ds.
0

IxI<1

By Burkholder-Davis-Gundy inequality,

t+
E sup / / }Fn(un(s—),x)\il+2(un(s—),Fn(un(s—),x))HN(ds,dx)
e.n|)
<E sup / / |Fn(un(s—), x |HN(ds dx)
te[0,T]
[x|<1
t+
+E sup / / Z(un(s—),Fn(un(s—),x)>HN(ds,dx)
£€[0,T]
0 X<t

T+ ]/2
gE[/ / 4<un(s—),Fn(un(s—),x))sz(ds,dx)i|
0 <1

T+ 172
E|:/ / |Fn(un(s—),x)|ZNp(ds,dx)i|

0 |x<1
172
<2E{ sup |un(s)|,, |:/ / |Fr(un(s—). x)|HNp(ds dx)i| }
te[0,T]
0 <1
T+
+E|:/ / |Fn(un(s—),x)|iINp(ds,dx)i|
0 <1
i T+
—E sup |un(s)|H+5E|:/ / |Fn(un(s—),x)|sz(ds,dx):|.
4 te[0,T]
0 x<1
So
3 T
ZE sup |un(t)|H |un (@)%, /|f(s)|v,ds+6E/ / | Fa(tn(s), %) 2.(dx) ds

0 Ix<1
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T T
< |un O, + /If(s)lzv, ds + 6CE/(1 + [un()[}) ds
0 0

s’'€[0,s]

T T
< |un(0)’z+/|f(s) f,,ds+6cr+6c/5( sup |un(s)|f,) ds.
0 0

By Gronwall lemma,

2
v ds).

s€[0,T]

T
E sup \un<s>yi,<C(T,\un(0>yi,f!fn<s)
0

Since

T

T T
E/||un(s)||%,ds< |un(0)|il+/||f(s)||€,/ds+E/ / |Fn(un(s),x)|ilk(dx)ds
0 0

0 |x<1

T T
<Jun @+ [0 s+ [ €1+ fun ) s
0 0

T
< |un(0)|2 +/||f(s) ||f,, ds+CT +CTE sup |un(s)|z.
0 s€[0,T]
(4.4) is proved. O

Corollary 4.1. Let T > 0 be a stopping time and (un(t))c>0 a cadlag adapted process that P-a.s. satisfies
Eq.(4.3)fort € [0, T (w)]. Assume Elun(O)li,n < o<. Then, for every T > 0,

T

E( sup |un(t/\r)]2”) <C<T,/an(5)|

te[0,T] 0

2, ds, Eyun(O)ﬁ,n)

Lemma 4.2. For every Fo-measurable u,(0) : 2 — H,, there exists a unique cadlag adapted solution
(un(®))ez0 of Eq. (4.3) on (82, F, (Ft)e>o0, P).

Proof. Step 1 (Existence for bounded initial condition u,(0)). Assume that |u,(0)|n, < C for some con-
stant C > 0. For any m > C, let BJ'(-) : H, — H, be a Lipschitz continuous function such that
Bi(x) = Bu(x, x) for every |x|y, < m. Consider the equation

dun () + Apun (t) dt + B (un (1), up(t)) dt = fr(t) dt + / Fn(un(t—), x)Np(dt, dx)

Ix|<1
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with initial condition u,(0). It has globally Lipschitz coefficients, so there exists a unique cadlag
adapted solution (u(m)(t))[>0 by the standard classical argument. Let T, be defined as

T = inf{t > {u(m)|Hn >m} AT,

the solution (u,ﬂm)(t))te[o,fml is also a solution of Eq. (4.3). (Just note that for u(m)(fm) is decided by
t € [0, tpy).) Therefore, by Corollary 4.1, we have
o)

)
)

£( s ) <c( o, / ol

te[0,T]

In particular

E(1opor|u" (fm)IH) (T Elun(O)\H /Ilf(S)I

which implies

1
P(tm <T) < (T E|un(0) [||f(5)|

Since [u™(T A rm)|%,n >m? on {tm < T}, Tm > Tm as M > m and

P(ug™ ) =ui™ (), t €10, Tm)) =1

therefore, if To := SUpPm~c{Tm}, we may uniquely define a process u(oo) (t) for t € [0, 7o), Which equal
to u(m) (t) on [0, ) for every m. Hence u(°°) (t) is a solution on [0, To,). Since

C
P(Too <T)<P(tm <T) < ST

for every m, P(to < T) = 0. Thus u(oo) is a solution for t € [0, T — €] for every small € > 0. Since T
is arbitrary, we have proved global existence.

Step 2 (Existence for general initial condition u,(0)). Let £2, € F be defined as 2, = {|un(0)|f1n <mj.

Define u(m)(O) as un(0) on 2, 0 otherwise. Let (u(m)(t))t>o be the unique solution of Eq. (4.3) with
initial condition u(m)(O). If M > m, then

P(2n N (ud™ ) = ul™(t) for every t > 0)) = P ().

We may then uniquely define a process u, on 2" =, 2m as un(t) = u(m)(t) on 2, it is clear that
u, solves Eq. (2.4) on £2'. Since P(£2’) =1, we have get a global solution. O
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5. Proof of Theorem 4.1

Proof. Let (W, W, Ws)t>0, Q, p) be a stochastic basis supporting, a YWp-measurable random variable
ug: W — H with law p, p is a stationary Poisson point process defined as in Section 1. Let X} = myuo.

For every n, there exists a unique cadlag adapted solution (X"(t)):>o of Eq. (4.3) in Hy, with initial
condition X{. Since H, C H, (X"(t))¢>0 can be viewed as cadlag adapted process in V, so it defines
a probability measure P, on Dy, [0, co).

Step 1 (Tightness in 2 N L2([O, T]; H)). From Lemma 2.4, choose « > 1, let D =V, we prove X" is
D-weakly tight and for every € >0 and t > 0,

lim lim sup P(rﬁ (X"(s)) > € for some s € [0, ]) =0.

N—o0on—00
First, D-weakly tightness: by using Lemma 2.5, we only need to prove that for every ¢ € D,

{((X"(), @)p p} is tight in DR[O, T].
For every T > 0, by Lemma 4.1

T
Q n 2 2 ney |2 2 2

so {(X"(.),)p/.p} is tight on the line for each t € [0, T].
For any t,, &, satisfy (a), (b), we have

|(Xn(fn + fsn) - Xn(fn), (/))D/’D|

Tn+0n Tn+0n Tn+0n
< [ lemtro o)y las+ [l ax ol [l o)yl
T
+ / / l(Tn»Tn+5n]<Fn(Xn(S_)’x)’go)H[NVP(ds’dX)
0 |x<1

=h+L+I13+]14.

/4, 3/4 1/4

Since limy_, o0 8, = 0 and [(B(u, v), w)| < Clul} *lully/*Iviv Iwl *1wiy/*

v

T 1/2
2
EQL] < llglv [E/HX"(s) Iy ds} 60|/ — 0, asn— oo,
0

Tn+0n
EQ[I] < cq)EQ[ / !X"<s>>}fHX"(s)Hi”ds]

Tn

T 3/4

1/4

< C(p[EQ sup |X"(s)|2] / .[EQ/HX"(s)Hf,ds} o/t
s€[0,T] 0

— 0, asn— oo.
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It's easy to see that E2[I3] — 0, as n — oo. Since
2
T

= EQ |:/ / I(Tn,‘l.’n"rfan(Fn (Xn(s_)’ X)’ (p)il)\'(dx) d5:|
0 [x<1

T

//1(rn,rn+an1<Fn(X"(S—),X),¢>Hﬁp(ds,dx)

0 |x<1

T

<EQ[ / 1<rn,rn+s,,]|¢|%C(|X”<s>li,+1)ds}

0

<CloE] sup [X"()[f; +1] o0,
s€[0,T]

we get [4 — 0, in probability. Thus {(X"(t), ¢)p/.p,t € [0, T]} satisfy (A), and by Lemma 2.5, {X"(-)} is
D-weakly tight. Finally, since for hy = Ag/ zek,

¢ 2 (x =E¢ n 2
[ rven]=e s (32 o)

- EQ [supscpo. [X"(5)[3]

~

M
<t
AN41
{X™} is tight in Dp/[0, 00).
Next, I will prove that {X"} is tight in L%([0, T]; H).
Since
t t
Xn(t) = Xn(0) — / AnXn(s)ds — / Bn(xn(s), Xn(s)) ds
0 0
t+
+/fn(s)ds+/Fn(xn(s—),x)ﬁp(ds,dx)
0 0

=I5(t) + I(t) + I7(t) + Ig(t) + Ig (D).

For0<6 <1/2,

T
19 () — To(s)]
[||19()||W“([0 —_ [f Ig(t)|Hdt:| +EQ|://%dtd:|
0

; EQ[|Ig(t) — Ig(s)|?
:/EQ ]Ig(t)l dt—i—// [| 9( ) |1+§9(5)|”] dtds
0
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T

:/EQ|:/t f |Fn(xn(s),x)|i,x(dx)ds} dt

0 0 1x<1

dtds

//E s f,x,<1|Fn(xn<z> 03 1(d) dz]

|1+20

T

T T ¢
EQ[|Xa(2)%14d
w,@)[ [l e [ [EE P }
00

0

<c(r,e,/|\f(s)\

Since EC[|I5(0)l5]1 <my and EC[|lIs()]}
(3/2,2),

2
v ds, m2>.

WO.2(0.T] V" )] C4, by Remark 3.1 and Lemma 4.1, for y €

T

¢[l1s ) + 170 [wrzgo,ripa—ry] < C<m2! T, /||f(s)| %// ds).
0

Therefore

T
2
EPn[“g(.)||W9_2([OJ];D(A_V))] < C(m{T,/”f(s)”V, ds).
0

By [5], Theorem 4.6, Py is tight in L%([0, T]; H). Hence there exists a probability measure P on £2 N
IOC([O 0o); H), which is the weak limit of a sub-sequence {Py,}.

Step 2 (Prove P is a martingale solution). (1) and (3) can be proved by the same argument as in the
proof of Theorem 3.3.
For checking (2), let g(-) be a continuous function from R to R,

X, x| =21

g(x):{o, X < 1/2.

with |g(x)| < |x] and |g'(x)| < C
For any ¢ € D, choose t € Z (using in Theorem 3.3), let

t

1 1
WOO= 3 ~em (260l p)~ [ [ ralm (Fale©.0). p)ias

se[0,t] 0 xI<1

and

F(£(s),X), @))A(dx)ds.

BI—'

t
1
mEn= > Eg(m-(As(s)xp)D,,D)—/
0

se[0,t] Ix|<1
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First, (X™, Fs, P) is a square integrable martingale.

Set 20 =1{teR2: £(t) =&(t—)}. If £ € 20 and & — £ in 2N L2 ([0, 00); H), by Lemma 2.2,

loc

1 1
nll>rlt;lo Z Eg(m ° (Agn(s)» (/)>D/,D) = Eg(m : (AS(S)v (p>D/,D)'

se[0,t]

Since

t
g(m - (Fa(&n(s), %), ))'/\(dx)ds@m//|<Fn(sn(s),x),ga)ﬁ,x(dx)ds

IxI<1 0 xI<1

t
<2m6|¢|%[/|§n<s)|f,ds+r},
0

3=

Y (t) is sensible Pp-a.s.

Set
s_ .. 1
= < van (e )0 > 51 |
s_ |, 1
A’ = {x. x| < 1and |(F(£(s). %), ¢)| > o ’
we have
A(Ay) = / I3 (X)A(dx) < 4m? / |{Fn(&a(5). ). go)]zx(dx)
XI<1 xI<1
<cm?lpl (&[5 + 1),
and

[ ] letm-(n®.0.9) - slm- (e 9. ¢) [ ds
=[ [ lam(Fa(6a.9.9) ~ s(m- {Fle. 9. g lanrds
< c/ (Fa(60(5). X), ) — (F(£(5), %), @)|(dx) ds

t

1/2 1/2
|(Fn(&a(5), %), @) — (F(§(s), %), (p)|2A(dx) ds] |:/A<As U A;) dsi|
0
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t

1/2
<Cm|<p|H-[/ / \(F(sn(s),x)—F(g(s),x),nn(p)\%r\(F(g(s),x),nﬁ(p)ﬁ(dx)ds}

0 [xI<1

¢ t 1/2
'|:/|€n(5)|i1d5+/|§(S)ﬁ_1d5+ti|
0 0

t

< Cmlgly - [/ / |F (&n(s), x) — F(é(S),X)ﬁ,A(dx)ds- lol%

0 x<1
L 1/2 t t 12
+ |”§<P|fq'/ / IF($<S),X)Ii,MdX)dS} '[/Isn<s)|f,as+/Ismli,asﬂ}
0 xI<1 0 0

t

! 1/2
< lewlﬂ[/\én(ﬂ —E©)|5ds- 1ol + | 7lel? /[[s(s)ﬁ, + 1]ds:|
0

0
¢ t 1/2
'[/‘Sn(s)‘ids-i-/‘5(S)|zds+ti| .
0 0

Thus

t

t
1 1
o / &0 {Fa(5n(s). x). ¢))A(dwy ds = / f —g(m- (F(6().x). ¢])r(dx) ds.

n—oo
0 x<1 0 x<1
Since (Y]'(§)(t), Py) is a square integrable cadlag martingale, and for t; <t; € Z,

t 2

1 ~
[ [ e (Faatso. 0. o) Ry

t1 [x|<1

EP Y™ E) (t2) — Y& ()] = EQ

gEQ/tZ / [%g(m-<Fn(X,1(s),x),(p))]zk(dx)ds

t1 x<1

t

<I<p|?,EQ/ / | Fa(Xn(s), %)| 5 2.(dx) ds
t1 |x|<1

)
<CloBE [ (Xl +1)ds

t

t
<C<f2 —t1,/Hf(S)
5]

|2V,ds,syx<0)|i,>|¢|%,.



2762 Z.Dong, J. Zhai / ]. Differential Equations 250 (2011) 2737-2778

Let t; =0 and using Lemma 2.5,

1+¢ 1+¢

EP|Y™@)(t2)| " = lim E™
n—oo

YR (6)(t2)|

< sup[E™ |1 &) (e)[*]

t
< !C(tz,/\|f(s)|
0

< 00,

(14€)/2
2 2
 ds, E\u(oﬂH)lwlé]

for every 0 < & < 1. So EP|Y™(£)(t2)|? < oo. Since for every Ft,-measurable bounded random vari-
able Z,

EP{[Y™(e2) = Y™en)] - Z} = lim EP{[Y](t2) - Y (e1)] - Z} =0,

(Y™, Fs, P) is a square integrable cadlag martingale.

Second, we prove that (Y™ P) is a Cauchy sequence in L%(£2 x [0,T];R), and denote
limy, 0o YT =YY,

By Skorokhod embedding theorem, there exists a stochastic basis (£2’, 7, {F{};>o0, P') and, on this

basis, £2 N Lﬁ)c([o, 00); H)-valued random variables X', X;, k > 1, such that X; has the same law of

Py, on 2N L2 ([0,00); H), and X}, — X' in 2 N L2 ([0, 00); H) P’-a.s.
Let
Grmy.myn(E)(®) = Yn2(E)(6) — Y (E)(6), Gmy,m,y (E)(£) = Y™2(£)(£) — Y™ (§)(D).
Then
T T
E”/|Gm1,m2(g)(t)|2dt=/E”’[|Gm1,m2(Y’)(t)|2]dt
0 0
T
</1g1nli£ff”/[|cml,mz,n(y,g)(t)|2]at (5.2)
0
and
EP/[Gml,mz,n(Yr/z)(t)]z
- t+ ; ; 2
=E¢ / / m—]g(m1 (Fn(Xn(s—).x), @) — m—zg(mz (Fn(Xn(s—), %), 9))Np (dx, ds)i|
=0 |xI<1

2

=EQ //‘mi]g(m1-(Fn(Xn(S),X),@)—mizg(mZ'(Fn(X"(s)’x)’(p»

“0 |xI<1

A(dx) dsi|
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t 2
' 1
=EP [/ ‘—g my - (Fn(X7,(5). %), @) — m—g(mz.(Fn(X;(s),x),(p» )L(dx)dsi|'
0 |xI<1 2
Note that
’ t 1 1 2
& [/ ‘Eg F(X'(5).%), )) = —g(m- (Fa(Xp(9).%). ¢)) A(dx)dsi|
0 |x<1
! t
<C¢EP’|:/|X/(S)—X;(S)|p:|d5+|JT;¢|2EP’|:/ / |F(X/(S),X)|2A(dx)dsi|,
0 0 [x<1

t
lim / |X'(s) = X}(s)|,ds =0, P'-as.,
n—oo
0
t

EP//{X’(S)—X,’1(s)|i1ds<C(mz,t,/”f(s)

2
v d5>,

0
by Lemma 2.5,
I 1 2
(5.2) = E* [/ —g my - (F(X'(s), %), ¢)) — m—zg(mz (F(X'(5). %), 9)) A(dx)ds:|
0 |x<1
T
p’ 2 1 ]
< C(p/E [/ / |F(X'(s), x ]H/\<—2\/—2>)\(dx)dsj|dt
m;
0 0 |x<1

— 0 as (mq,my) - oo.

Third, we prove that EPeiulM =Y (0] — 1,
By using the same method as above, we have for fixed n, (Y], P) is Cauchy sequence in (2 x
[0, T]; R) and denote ™Y =lim,_, Y}'. For any fixed n > i, let

t t

(&5, Aei)p ds — /(B(nmés, ei), Tmés)y ds — /(ei, fa(®)y y ds,

0 0

MI(E) () = (& — Eo. e +

O~

M) (©) = (& — €0, €i)n +

O~

t t
(&, Aei)p ds — /(B(é-‘s, ei). &), ds — /(ef, fa(®)y y ds,
0 0

M (§)() = (& — &0, ei)n +

Ot~

t t
(&, Aej)p ds — /(B(nmés, ei), Tmés),; ds — f(ei, F©)y.y ds,
0 0
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then

|Epeiu[MfLYfi o _ 1‘

= lim |EPeiMn©-YI©) _q|

= lim lim [EPeMnO-Y O] _ 1
m— 00 k— 00

= lim lim lim ]Ep”e"”[M%(t)’yl"c(t)] —1|
m— 00 k— oo N—>00

— lim lim lim |EPneiU[Mﬁ1(f)*Y,’§(f)] _ EPnpiulM"(®O)-"Y ()]
m— 00 k— oo N—>00

~

< lim lim lim EPn|eiu[fé(B(és,ei),ésm—(B(ﬂm&,é’i),ﬂmésmds]+iu[”Y(t)—Ylf(t)]_1|
M—>00 k— 00 N—> 00

< lim lim lim [Epn |ei”[f(§(B(ESaei),fs>H*(B(”m&aei)aﬂmfﬁH ds] _ 1‘+Epn ‘ei“[ny(t)*yrl;(t)] _ 1’]

m—00 k— 0o N—>00

We only need to prove the second part equals 0, the first part is similar to prove as Theorem 3.3.
Since

L 2
, 1 1
Jim E”[ / / ’m—g(ml-(Fn(x;(sxx),go))—m—g(mz-(Fn(X;xs),x)«p)) A(dx)ds}
0 |xI<1 ! 2
\ 1 1 2
—EP [/ / ’m—lg(ml-(F(X/(S),X),w»—m—zg(mz-(F(X/(s),X),w)) A(dX)ds],

we have

t

. . P, K12 1 P 2 1 _

Jim_lim E ["Y () — YR < lim E / / |F(&(5). )| A g Mdx)ds =0,
0 |x<1

thus limMm— oo liMg_ o0 liMp_s 0 EP7 e O-Y20O _ 1] =0. O
6. Markov selection

We start by giving a few definitions and notations. Let VV C H C V' be a Gelfand triple of separable
Hilbert spaces with continuous injections. Set £2 = D([0, co); V'). Denote by B the Borel o -field of
£2 with Skorokhod topology and by Pr(£2) the set of all probability measures on (2, ). Define the
canonical process & : 2 — V' as &(w) = w(t).
6.1. Preliminaries on the state space

For each t >0, let 22, = D([0,t]; V') (resp. £2! = D([t, o0); V)). Denote by B; (resp. B') be the

Borel o -field of £2; (resp. £2') with Skorokhod topology respectively. Define for each given t > 0, the
map &;: 2 — 2 as

Dr(w)(s) =w(s—t), s=>t.
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Denote 4T the o-field generated by simple cylindrical subsets of §27. Recall that
¢r =o' (B(V))|telo,T1).
Lemma 6.1. (See [1].) If V' is a separable metric space, then
61 = Br.

Similarly, we can define € = o (&' (B(V)) | t € [0, 00)) (resp. €T = o (&7 (BOV) |t € [T, 0))),
and we have

¢ =8B (resp.€¢" =8").

Lemma 6.2. The set L} ([0, 00); H) N §2 is a Borel set in §2. Moreover,

Lie(10. 00); H) N 2 = D([0. 00): Ho ) N 2

where H,,; denotes the space H endowed with the weak topology. Finally, the set L2 ([0, o0); V) N £2 is Borel

. loc
in 2 as well.

Lemma 6.3. Let P € Pr($2) be such that

P(D([0,00): Ho) N £2) =1.

Then, for any given t > 0, the mapping w — w(t) has a P-modification on I3; which is B;-measurable with
values in (H, B(H)), where B(H) is the Borel o -field of 'H.

For proving Lemma 6.2 we need the following lemma.

Lemma 6.4. Let X and Y be two Banach spaces, such that X C Y with a continuous injection. If a function
¢ (t) belongs to L*° ([0, T + €], X), € > 0 and is weakly right continuous and has weakly left limits with values
inY fort € [0, T + €], then ¢ is weakly right continuous and has weakly left limits with values in X, when
te[0, T]

Proof. If we replace Y by the closure of X in Y, we may suppose that X is dense in Y. Hence the
dense continuous imbedding of X into Y gives by duality a dense continuous imbedding of Y’ (dual
of Y), into X’ (dual of X):

Y cX.
By assumption, for each n € Y’,
(), ’l)y,w — (p(to), n>”,, ast | tg, Yto € [0, T +€), (6.1)
and 3 y¢, € Y such that
(). m)y y = (Yo, v,y asstto, Veo € (0, T +e€l. (6.2)

We next to prove that (6.1) and (6.2) are true for n € X', ¢(t), yc € X, t € (0, T].
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We first prove that for each t € (0, T], ¢(t), y: € X and

lo® ] <20l q0.7+€1.%): (6.3)
lyellx <2l o, T+e],x)- (6.4)
For every tg € [0, T], define
~ 0, 0<t<ty, ort>T+Ee,
®t0 (t) =
o), to<t<T+He.

We can find a sequence of smooth functions ¢, from [0, T 4 €] into X, such that

[|m (©) Hx <Dyl o, 7+e1; %) < N@llLoe (o, T+e1:x)

and

limgye (e (), M)y, + lims | 6(Bey (), M)y, y7

5 , form— o0, VnevY'.

(em(©), n)y y —
Since

¢[0 (S)v n

<¢m (to)v n>y’y/ g < 2

> , form— oo, VneyY,
Y.y

and

|{@m (©). n)y’y/| <lpllreqo,r+e1:x Inllx, Vm, Vt€[0,T + €], VneY’,

’<¢m(t0) 77>
2 Y.y’

This inequality shows that ¢(t) € X, for every t € [0, T + €] and that (6.3) holds. For any t € (0, T],

Since
Y,Y Y.y’

ye e X, fort € (0, T + €], and thus (6.4) holds.
Finally let us prove (6.1), (6.2) hold for 1 in X’. Since Y’ is dense in X’, there exists, for each § > 0,
some 75 € Y’ such that

we have the limit

<Pl qo,r+er: ) IMllx, YneY'.

=lim

i < el o, r+er:x) IMllx,  VneY’,

lm—=mnslix <8,

then for t > to,

<¢(t)’ ¢(t0)’ n)X’X/ = <¢(t) - ¢(t0), n— n5>X,X/ + (d)(t) - ¢(t0)7 T’S)xixm
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we have
(), p(t0), n)y yo <A8lllL (0, T+e1:3) + |{P(©) — B (t0), M5y o -

Since ns € Y/, the right continuity assumption implies that

(@(®) — P (to). ns)x,x, — 0, astlty

and hence

@@s (©) = B (o), M)y x| <48l 0, +e1;%)-

Since & > 0 is arbitrarily small, (6.1) is proved. (6.2) can be proved similarly. O

Proof of Lemma 6.2. Firstly, we prove the equality. By the resonance theorem and the covering theo-
rem, D([0, 00); Hy) N £2 is in L ([0, 00); H) N £2. The other inclusion follows from Lemma 6.4.
Secondly, we prove measurability. Notice that the map

fl@) =lo®)],, , 210,00

is continuous for each n. Let {h;j}icy be a complete orthonormal system of H, H, = spanth;,i =
1,...,n}. For each t > 0, by Lemma 6.1

{we2: o], <R}=({f"@®<R}eB. (6.5)
n>1

Let D C [0, +0c0) be a continuous dense set. It’s easy to prove that

L2 ([0, 00); H) N ﬂ U N {ee2:|ool, <R}

=1 R=1 teDN[0,T]U{T}

By (6.5), loc([O 00); H) N £2 is a Borel subset in 5.
Similarly, for each n, T >0,

T

ghw) = /\a)(s)ﬁ;ﬁ ds

0

is continuous in V, and

T
!weﬂ‘/]a)(s)ﬁ;dng]:U{a)e.(2|g¥(a))<R}eB,
0

n>1

hence,

[e.¢] [o.¢] T
12 (10, 50); V) N ﬂ U:weg‘ﬂw(s)ﬁ,dng},
T=1 R=1 0

which implies that L2 ([0, 00); V) is a Borel subset in B. O

loc
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6.1.1. Preliminaries on disintegration and reconstruction of probabilities

Given P € Pr(£2) and t > 0, we will denote by w — Pl%t : 2 — Pr(2Y a regular conditional
probability distribution (RCPD) of P on B;. Since 2 is a Polish space and every o -field 5; is finitely
generated, such a function exists and is unique, up to P-null sets. In particular,

PIg [ =0®] =

for all w € £2, and, if A€ B; and B € B,

P(ANB) =/P|gt(B)P(da)).
A

As conditional probabilities correspond to disintegration with respect to a o -field, we define below
the reconstruction, which is a sort of inverse procedure to disintegration.

Definition 6.1. (See [7].) Consider a probabilities P € Pr(§2), a time instant t > 0 and a B;-measurable
map Q : 2 — Pr(22Y) such that

Quler=w®)]=1, forallwe 2.
Then denote by P ®: Q the unique probability measure on §2 such that

1. P®: Q and P agree on f5;.
2. (Qu)weg is a regular conditional probability distribution of P ®; Q on B;.

The existence of the P ®; Q can be proved from the following two lemmas, which are similar with
the case of C([0, 00); V'), as in Lemma 6.1.1 and Theorem 6.1.2 in [15]. For the readers convenient, we
give the proof in the following.

Lemma 6.5. Fixed s > 0, suppose that P is a probability measure on (£2, B).Ifn € 2 and P(£(s) = n(s)) =1,
then there is a unique probability measure 8, ®; P on (§2, B) such that 8, @s P(£(t) =n(t), 0 <t <s) =1
and 8, ®s P(A) = P(A) forall A € B°.

Proof. The uniqueness is obvious. Let 8, be the Dirac measure on £2s at 7, i.e. §;({a € 25: a(t) =
nt), 0<t<sp)=1and @ :2 — 2° be the map defined by @(2)(t) = w(t), t >s. By Lemma 6.1, @
is measurable on (£2, 13%), and therefore P o @~ is well defined. Define P= Sy x (Po®~ 1y on X =
2 x §2°. Set X ={(a,B) € X: a(s) = B(s)}, X is a Borel subset of X (denote f(a, B) =a(s) — B(s):
2 x 2% — V', it’s easy to see that X is a Borel subset of X) Note that P(X) 26 ({a € 25 a(s) =
NSHP o d~1({B € 25 B(s)=n(s)}) =1. Thus P can be restricted to X. Define Y X— 2 as

a), 0<t<s,
t=s.

Y@, ) = {ﬂ(t)’

It is a continuous map from X to £2, and the restriction of P to X determines, via ¥, a probability
measure on (§2, B). This is the desired measure 6, ®s P. O

Remark 6.1. Note that if x, y € £2, d(x, y) = 0 if and only if x(t) = y(t) for every t > 0; if x, y € £2;,
d(x,y) =0, if and only if x(t) = y(t) for every 0 <t <s.

Lemma 6.6. Fixed t > 0, suppose that w — Q, is a mapping of §2 into probability measures on ($2, B)
satisfies
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(i) @ — Q(N) is B;-measurable for all N € BB,
(i) QuE () =w®) =1foral w e 2.

Given a probability measure P on (£2, 3), there exists a unique probability measure P ®; Q. on (£2, 3)
such that P ®; Q. equals P on (£2, B;) and {8, ®: Q«} is a RCPD of P ®; Q.|B.

Proof. The uniqueness is obvious. We prove the existence of P ®; Q..
Let N={& € 2: &(s1) € A1,...,&(sp) € Ap}, where n > 1, 0<s1 <--- <5, and Aq,..., A €
B, then

8w ®t Qo (N) = Xo,5,)(t) Qw(N)
n—1

+ Z X[sk,s,<+1)(t)XA1 (S(sl)) “ee XAk (S(Sk)) X Qw(fskH € n€+1s RS Esn € Aﬂ)
k=1

+ Xsp.00) (O X4, (E(51)) ... X, (E(S0)).
It is clear that w — 8, ®¢ Q,(N) is Bi-measurable. By Lemma 6.1 and the monotone class theorem,
the map w — 8, ®: Qw(N) is Bi-measurable for all N € B.
Set
G(N)=EP[8.® Q.(N)], NeB.
It is easy to prove that G has the desired properties of P ®; Q.. O
6.2. The Markov property and existence of Markov selections
We first extended some concepts and Theorems in [7] to the space D([0, o0); Hc ). Since the prov-

ing is almost the same as in [7], we only state them without proving.
Given a family (Py)xe7¢ Of probability measures, the Markov property can be stated as

legr = &Py, for Px-as.we 2
for each x e H and t > 0.

Definition 6.2 (Almost sure Markov property). Let x — Py be a measurable map from H to Pr(£2) such
that

Px[D([0,00); Ho) N 2] =1 forallxeH.

The family (Px)xe7¢ has the almost sure Markov property if for each x € H there is a set T C (0, c0)
with null Lebesgue measure, such that

PXl%): =®Pyp), fort¢T, we 2, Py-as.
Denote by Comp(Pr(£2)) the family of all compact subsets of Pr(s2).

Definition 6.3 (Almost sure pre-Markov family). Consider a measurable map C : H — Comp(Pr(£2)) such
that Px[D([0, 0); Hs) N §2]1=1 for all xe H and P € C(x).

The family (C(x))ye7¢ is almost surely pre-Markov if for each x € H and P € C(x), there is a set
T C (0, co) with null Lebesgue measure, such that for all t ¢ T, the following properties hold:
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1. (Disintegration) there exists N € B; with P(N) =0 such that for all w ¢ N,
weH and Pl € dC(w(b));

2. (Reconstruction) for each B;-measurable map w — Q,, : 2 — Pr(£2!) such that there is N € B;
with P(N) =0 and for all w ¢ N,

o) eH and Qu € PC(w(t));
then P ®; Q € C(x).

Remark 6.2. If every C(x) is a singleton, the a.s. pre-Markov family is indeed an a.s. Markov family of
probability measures, as stated in Definition 6.2.

For each f € C,(V',R), A >0, P € Pr(£2), xe H, let

Ji.g(P) =E”[ / e Mf (sm)dt],

0
RYfx)= sup J; f(P),
PeC(x)

Cry® ={PeC®| Jrf(P) =R f(0).

Lemma 6.7. (See [7].) Let (C(x))xe be an a.s. pre-Markov family with non-empty convex values, 1. > 0 and
f € Co(V', R). Then R;rf(x) is well defined and (C), f(X))xew is again an a.s. pre-Markov family with non-
empty convex values.

Theorem 6.1. (See [7].) Let (C(x))xe7¢ be an a.s. pre-Markov family with non-empty convex values. Then there
is a measurable map x — Py on H with values in Pr($2) such that Py € C(x) for all x € H and (Px)xe has
the a.s. Markov property.

If in Definition 6.3 each set T of exceptional times is empty, call it a pre-Markov family.

Theorem 6.2. (See [7].) Let (C(X))xe be a pre-Markov family with non-empty convex values. Then there is
a measurable map x — Py from H to Pr(§2) such that Px € C(x) for all x € H and (Px)xe7¢ has the Markov

property.
7. Markov selection for the Navier-Stokes equations

The Markov selection for the 3D Navier-Stokes equations with Wiener process has been considered
in [5,7,8] recently. Using their argument, we extended the results to the Lévy Noise.

Let 7 =10, 1]3 be the 3D torus and let 2> be the space of infinitely differentiable divergence-free
periodic vector fields on R3 with zero mean, H be the closure of 2° in the norm of L2(7, R?), and
D(A)={ue H|Au e H}. Let A: D(A) — H be the stokes operator

Au=—Au, ueD(A).

It is a positive linear self-adjoint operator on H and we can define the powers A%, o € R, with
domain D(A%). By proper identifications of dual spaces, V. C H C V' C D(A)’. The bi-linear operator
B:V x V — V' is defined as
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B(u,v) =Paiy(u-A)v

where Pg;, is the projection onto divergence-free vector fields.
Let (ej)ien be a complete orthonormal system of eigenvectors and denote o2 = Zf’il aiz, oj €R.
We shall consider the 3D Navier-Stokes equations in its abstract form

du + (vAu+ B(u, u))dt =) " oje; dLi(t) (7.1)

1

where {L;(t) = fOH f|x\<1 xﬁi(ds, dx)}icny are independent Lévy processes on a complete probability

space (£2,F, (Fo)t=o0, P), Ni(dt,dx) = N;(dt,dx) — dti(dx), {N;(dt,dx)};eny are independent Poisson
random measure with the characteristic measure A(dx) satisfying: f\xl <1 x2.(dx) < oo.

7.1. The solutions to the martingale problem

In view of the results of previous, we consider the particular case where V =V, H =H and
V' = D(A)'. We set

2ns = D([0, 00); D(A)').

This space will play the role of state space for the solutions to (7.1). By Lemma 6.1, we denote by
Bns the o-field of Borel sets of 2ys, and, for each t > 0, by B{VS =0 (wl[p,q: w € 2ns) and Bltvs =
0 (wl[r,00): @ € §2ns) the o-fields of past and future, with respect to time t, events. For Markov
selection, we define the solutions to the martingale problem (7.1) as follows

Definition 7.1. Given x € H, a probability Py on (£2ys, Bys) is a solution starting at x to the martingale
problem associated to the Navier-Stokes equation (7.1) if

[MP1] P4[L.([0, 00); H) N L% ([0, 00); V)] =1.

loc loc

[MP2] For each {e;}icny the process M?", defined Py-a.s. on (£2ys, Bys) as
t t
M;' = (& — £o, e} + vf@s,Aei)ds— /(B(ss,ei),ssws
0 0

is square integrable. Furthermore, {Mf"}ieN are independent Lévy process on (£2ys, Bns,
(BNS)i>0. Py), and the characteristic function is

e e

M M
. t t
(= 2=y

exp{(fz—fl ) S (e™*—1—iux)A(dx))

EPx[e
forty >t; > 0.
[MP3] 8y is the marginal of Py at time t =0.
[MP4] There exists a constant C > 0 and a Lebesgue null set Tp, C (0, co) such that for all 0 <s ¢ Tp,
and all t > s,

t
pr< Sl[lpt]yé(r)’i +/Hs(r)yﬁ,dr ’ 355) < c[\s(s)ﬁ, +o? / x2k(dx)(t—s)i|, Py-as.
rels,

IxI<1
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Theorem 7.1. Assume 02 < oo. For each x € H, there exists at least one martingale solution Py € Pr(2ys) to
Eq. (7.1) in the sense of Definition 7.1; and there exists a Markov selection (Px)xeH.

To prove Theorem 7.1, we need the following three lemmas about regular probabilities. The con-
tinuous version refer to [8] and the proof is similar to [8]. The symbol used in the following three
lemmas refer to Section 6.

Lemma 7.1. (See [8].) Let P be a probability measure on (§2, BB), and for s > 0, denote Q3 := P(. | Bs)(x) be

an RCPD of P with respect to Bs. Then for any ¢ € L'(2, B, P) and t > s there exists a P-null set A¢ , € B,

satisfying for all x € Af,c'

EP(¢ 1By =E% (¢ | B) =E%(¢ | B), Qi-as.

Lemma 7.2. (See [8].) Let D := {(t,s): 0 < s <t < oo}, let&,n: D — R be two measurable processes on
(82, B). Given P € Pr(£2) and r > 0, suppose that

(i) for each s > 0, the map t — &(t, s) is a.s. increasing, and t — n(t, s) is a.s. right continuous, n(t, s) is
Bs-measurable for any t > s;
(ii) foreach (t,s) € D,

£(t,s), n(t,s) € L'(2, B, P)
and
£t,),n(,.) el’(0,6; L' (2, B, P));
(iii) foranyxe 2,andt >s>r,
E(t,s,Prx) =&t —T1,5—T,X)
and
n(,s, @rx) =nt—r,s—r,x).
Then the following three statements are equivalent:
(1) There is a Lebesgue null set T, C (r, 0o) such that foranyr <s ¢ Trand t > s,
EP(&(t,s) | Bs) <n(t,s), P-as.

(2) For some P-null set N € B; and each x € N¢, there is a Lebesgue null set T, x C (r, 0o) such that for any
r<s¢Trxandanyt>s,

E%(gt,9) | B) <n(t,s), Q}-as.

(3) For some P-null set N € I3, and each x € N¢, there is a Lebesgue null set T; x C (0, co) such that for any
0<s¢Trxandanyt>s,

EQGe®r (g(t,s) | Bs) <n(t,5), QLo Pr-as.

Moreover T, =0 & Tr x =1.
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Lemma 7.3. (See [8].) Let (M(t))>0 and (K (t))r>0 be B¢-adapted real valued process on (§2, B) which satisfy
forxe 2,t>r>0,

M(t, &rx) = M(t —1,%),  K(t, ®rx) = K(t — 1, X). (7.2)

Given P € Pr(£2) and r > 0, assume that for each t > 0, EP (K (t)) < oco. Then the following statements are
equivalent:

(1) (M¢, Bt, P)¢>r is a cadlag martingale with square variation process (K (€))¢>r.

(2) Thereexistsa P-nullset N € By such that forallx ¢ N, (M¢, B, Q})¢>s is a cadlag martingale with square
variation process (K (t));>r and EP[EQ' [K(®)]] < oo.

(3) There exists a P-null set N € B; such that for all x ¢ N, (M¢, B, Qy o ®r)¢>0 is a cadlag martingale with
square variation process (K (t));>o.

Proof. (1) = (2) First, we prove that if r < t1 < tp, then there is a P-null set Ny, 1, € By, such that for
all x §é Ntl,tZ'

E%[M,, | B,]1=M;,, Ql-as. (7.3)

Indeed, let A € BB;,, then for each B € B, we have that AN B € B;, and

EP[Ip - EY [My,141] = E* [Mt, T ans]
= EP[My, 1an5]
= EP[15 - EY My, 14]]

so that EQ§[MQIA] = EQ;[Mt1 I4] out of a P-null set in B;. Since B, is countably generated, the
P-null set can be chosen independently of A.

Next, let D be a dense set in [r,c0), then by the previous argument we can find a P-null set
N € B; such that (7.3) is true for x ¢ N and t1,t; € D. By Lemma 1.29 in [15], (7.3) is true for all t >r.

One can proceed similarly to prove that M; is Qj-square integrable with quadratic variation
(K¢)t>r, since M? is a sub-martingale and M? — K, is a martingale. Finally, EP[EQ'[K,]] = EP[K].

(2) = (1) Since x — Q'[K;] is P-integrable, M; is P-square integrable and it is easy to see that M;
is a martingale with quadratic variation K;.

(2) & (3) is direct from (7.2). Indeed, for any A € B;_;,

E%®r Iy Ms_y) = E%(Ig,a - M(s —1, &7 1()))
=E%(Ig.n - M(s))
=E%(Ig.a - M(1))
=E%% (g~ M),
this completes the proof. O

As a consequence, we have the following BDG'’s inequality.

Corollary 7.1. Let (M, By, P)>r be a cadlag square integrable martingale with M, = 0, then P-a.s.

EP( sup IMsl | Br) < CEP(IM(]'? | By).

selr,t]
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Proof of Theorem 7.1. The proof will be developed in the following lemmas.

Lemma 7.4. Assume o2 < co. For each x € H, there exists at least one martingale solution Pyx € Pr(§2ys) to
Eq. (7.1) in the sense of Definition 7.1.

Proof. Refer to Section 3, we only prove [MP4]. From Theorem 3.3 we have P,-a.e.

t

t n
lE@|% +2v / lem |5 dr =G + 2/<s<r>, > oie; dy;<r>>
s i=1

S H

t
n
+Z/ / aizxsz?(dr,dx).

=1s i<t
Let
t
.6 = sup (66} +2v [} as.
s’e[s,t] <
t
Yn(t.s.6)= sup [§(s)[5, +2v / &3, ds'-
s'e[s,t] S
Then

s

B [ye.r.) | B < e +zEPn[ | <s<r’>, S o dL?<r'>> | BTNS}
. i=1

s'elr,t]

t

+EP"|:Z/ / aizxz dN}(dr, dx)]

=T <
¢ 0 2 172
by Corollary 7.1 < |$(r)|z + CEPn { |:/<§(t’), ZOi61X> dN?(dt’,dx):| ‘ Bﬁ’s}
J i—1

+(t—1)0o? / X2 (dx)

%<1
- 1/2
<[zl +c1£""[ sup |s<s'>|H[ / Zoﬁxzdwwram] \B}NS]
s'e[r,t] i1
+(t—no? / X0 (dx)

IxI<1

<&@y + 1726 sup g(s))[7 | BYS] + Cate = 1o / ().
s'e[r,t]

Y

So EPn[y(t,r, &)IBYS1 < CUEMIE + (t =102 [ q ¥*A(dx)).
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By Theorem 3.3, Remark 3.1 and Skorokhod embedding theorem, there exists a stochastic basis

(£2',F', P’y and 2yns N leoc([O, 00); H)-valued random variables X, X, n > 1 such that X, X have the

law of Py, P on 2ys N L2 ([0, c0); H) respectively, and X, — X in 2ys N L2 ([0, c0); H), P’-ass. (by

loc loc
choosing a sub-sequence if necessary). So, for any T > 0, we have lim;_, fOT EP'[l'in (s) —?(s)ﬁ,]ds =

0. Thus there exists a Lebesgue null set T C (0,00) such that for all s ¢ T, limy_ EP/[|3€,,(S) —
X()[H1=0.
Forany r ¢ T and t >r, we want to prove P-a.s.

EP[y(, r,;;)|Bﬁ”]<C(|£g(r)|i,+(t—r)a2 / xzk(dx)>
IxI<1
which is equivalent to prove that for any BNS-measurable and bounded continuous function g

on £2ys,

EP[yt, né)g(s)]<CE”[(|5(r>|f,+(r—r>oz / xzudx))g@)}.

<1
By Fatou’s lemma
EP[ynt.1.6)g®)] = E” [yn(t. 1. %)g(%)]
<HminfE™ [yn(t, 1. %m) g (%m)]
m— o0

=liminf ™[y, (t. 7. £)g(6)]

<c1rinrgio%f5"m[<|g(r)|f{+(t—r)02 / xzk(dx)>g($)]

Ix<1

=Cllinr2ior<1)fEP/[<|7m(r)|i+(t—r)02 / xzx(dx)>g(’>?m)]

Ix<1
=c15"’[<|3<‘(r)|f,+(t—r)o2 / xzx\(dx))g(?)}
lxI<1
=CEP[<|$(r)|iI+(t—r)az / xzx(dx)>g($):|
IxI<1

which means that [MP4] in Definition 7.1 holds for P by taking limitation in n. O

Define for each x € H the subset of Pr(£2ys) as

Cns(x) = {P € Pr(£2ns) } P solves the martingale problem (7.1) starting at Ex}. (74)

Lemma 7.5. Given x € H, the set Cys(x) is non-empty, convex and compact, and satisfies

(1) forevery P € Cns(x), P[D([0, 00); Hs)] =1,
(2) the map Cns : H— Comp(Pr(§2ns)) is Borel measurable.
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Proof. Due to Lemma 7.4, the set Cys(x) is non-empty. And, from [MP1] of Definition 7.1 and Lemma
6.2, it follows that P[D([0, c0); Hy)] =1 for every P € Cys(x). And it is easy to check each Cys(x) is
convex.

Refer to [7], compactness and measurability follow from the following claim:

For each sequence {xp}ney C H and Pj € Cys(xy), if X, — x in H, then there exists ny 1 co and
P € Cns(x), such that P, — P with respect to weak convergence in Pr(£2ys).

In order to prove the claim, let x, — x in H and P, € Cns(xn), we first show that (Pp)nen is tight
on £2ys N Lloc([O, 00); H).

By [MP4] of Definition 7.1, we have that for all T > 0,

T
Ef’"[ sup |st|%,+/||ssu2vas}<c(az,T, |xnl%., / x2x<dx)).
te[0,T] 0

Ix|<1

Next, let (¥, F, (Ft)t>o0, P) be a filtered probability space, {u(t)};>o be a process on ¥ whose law
is P, and such that {u(t)}>0 is a weak martingale solution to (3.1). In particular,

t
u(t) =x, — / Au(s)+B u(s), u(s) ds—i—ZolL (t)e;, P-as.
0 i=0

in D(A)'.
Using the same method in Theorem 3.3 and Remark 3.1, we have that (Py)nen is tight on 2ys N
loc([O 00); H), denote P =limy_, o, Py, and we also have P satisfy [MP1], [MP2], [MP3]. By using the
method as in Lemma 7.4, [MP4] follows. O
Lemma 7.6. The disintegration property of Definition 6.3 holds for the family (Cns(X))xeH.

Proof. Fix xo € H and P € Cys(xo). Let Q) := P(- | B¥S)(x) be an RCPD of P with respect to B,. We
want to show that there is a P-null set N € B, such that for all x ¢ N,

Qj 0 @ €Cns (X(I‘))

That is, we need to check Q] o @, satisfies [MP1]-[MP4].
[MP1] Set

= {& € 2ns: El0, € L0, 6 H)N L2 (0,85 V)} € BYS,

= {6 € 2us: €l € (1t 00): ) NL3(1E 00); V) } € Blys.

Notice that P(A; N A') =0 by property [MP1]. Hence,

1=P[AtﬂAt]=/Q;[At]P(dX),

and thus there is a P-null set Ny € BNS such that QJ[S]=1 for all x ¢ Ny.
[MP2] By (3) of Lemma 7.3 there exists a P-null set Ny € BNS such that for all x ¢ N2, QI o @,
satisfies [MP2].
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[MP3] We choose & and n in Lemma 7.2 as follows

t
E(t,s) = s?p]\x(s’)ﬁ_’ + / |x(s") Hf, ds’, n(t,s)= C[[x(s)]i +0? / A(dx) (t — s)].
s'e[s,t
S [xI<1

It's clear that for each s € [0, t], n(t,s) is Bﬁ’s-measurable, t — n(t,s) is continuous, t — &£(t,s) is
increasing, and (iii) in Lemma 7.2 holds. The integrability conditions on & and 7 in Lemma 7.2 follow
from [MP4], i.e.

EP(5(t, 0)) <C[|xo|%,+o~2 / xzx(dx)r].

Ix<1

Thus, by (2) of Lemma 7.2, there exists a P-null set N3 Bﬁ’s such that for all x ¢ N3, Qj o &, satisfies
[MP4].
Finally, letting N := Ny U N U N3, we obtain the desired result. 0O

Lemma 7.7. The reconstruction property of Definition 6.3 holds for the family (Cns(x))xeH-

Proof. Fix xo € H, and P € Cns(xp), let Q € Pr(£2") satisfying the assumptions in Definition 6.3. Our
aim is to show P ®: Q" € Cyns(Xp).
[MP1] P ®; Q"[A; N A'] = [, QIA'IP(dx) = P(A;) =1, since Qf[A"]=1 holds due to [MP1] for

Qy € OCns(x(D)).

[MP3] Since P agrees with P ®, Q" on Bﬁ’s, P®:QT(y:y0)=x)=1.

[MP2] and [MP4] can be obtained directly from Lemmas 7.2 and 7.3 and the fact that P agrees
with P®; Q" on BNS. O

So Theorem 7.1 is proved. O
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