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unstable boundary equilibrium. Then it is well known that there
exists a positive number c*, called the minimum wave speed, such

g?ffﬁ;fjwmpetmon model that, for each c larger than or equal to c*, the reaction-diffusion
Traveling wave system has a positive traveling wave solution of wave speed ¢ con-
Minimum wave speed necting these two equilibria if and only if ¢ > c¢*. It has been shown
Non-linear determinacy that the minimum wave speed for this system is identical to an-

other important quantity - the asymptotical speed of population
spread towards the stable equilibrium. Hence to find the minimum
wave speed c¢* not only is of the interest in mathematics but is
of the importance in application. It has been conjectured that the
minimum wave speed can be determined by studying the eigen-
values of the unstable equilibrium, called the linear determinacy.
In this paper we will show that the conjecture on the linear deter-
minacy is not true in general.
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1. Introduction

Consider a classical diffusive Lotka-Volterra competition model

ur =diAu+riu(1 —byjqu — byav),

Ve =daAv +12(1 — b21v — baout),
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where u(x,t) and v(x,t) denote the population densities of species u and v at a position x € R"
and time t, and A is the Laplace operator. For i =1, 2, d; and r; are diffusion coefficients and linear
birth rates; 1/b;; are carrying capacities; and bj; are competition coefficients for species u and v,
respectively. By scaling variables and time [2], the above model can be transformed to a simpler,
dimensionless system

uy=Au+u(l—u—ayv),

ve=dAv +1r(1 —v —ayu), (1.1)

where d, r, a; and a, are positive constants. It is clear that Eq. (1.1) always has two boundary equilib-
ria E;1 = (1,0) and E; = (0, 1). The convergence of solutions to one of equilibria E; and E; implies the
competitive exclusion of one species. In this paper, we consider a mono-stable case in the sense that
for the corresponding reaction system, one E;'s (i =1, 2) is stable and the other is unstable. Without
loss of generality, we assume that E; is stable and E, is unstable. This is equivalent to assuming
that

a1 < 1, ap > 1. (1-2)

A biologically and mathematically interesting question is the asymptotical speed of population
spread towards to the stable equilibrium point E;. It has been proved in [6,7] that for Eq. (1.1),
the asymptotical speed of population spread is identical to the minimum wave speed of traveling
wave solutions connecting equilibria E; and E;. Suppose the space variable x € R" in Eq. (1.1). Then
a traveling wave solution of Eq. (1.1) connecting the equilibria E; and E; is a solution of the form

u(x,t) =U(k-x+ct), vix,t) =V (k- -x+ct),
(U(=00), V(=o0)) =E2,  (U(00), V(0)) = E. (13)

Here the number c is the wave speed and k € R" is a unit vector denoting the direction of the wave
propagation. It is well known (Theorem 4.2 in [10]) that there is a positive number c¢* such that
Eq. (1.1) has a nonnegative traveling wave solution of the form (1.3) if and only if ¢ > c*. In addition,
a nonnegative traveling wave solution (1.3) is monotone increasing whenever it exists. Hence the
number c* is called a minimum wave speed.

A straightforward substitution yields that the functions U(s) and V (s) with s = x + ct satisfy the
system of differential equations

cU=U4+U1-U-aqV),

cV=dV +rvV(1 -V —ayU). (14)
If (U(t), V(t)) is a nonnegative solution such that (U(t), V(t)) converges to the unstable equilib-
rium point E; = (0,1) as t — —oo, then it is necessary that the linearization of Eq. (1.4) at E; has

a real, nonnegative eigenvalue. This is equivalent to the condition ¢ > 24/1 —a; following a direct
computation. Therefore we conclude that

c*>2J1—a.

On the other hand, motivated by the result on minimum wave speed for Fisher’s equation and by
using a heuristic argument, Murray [8] and Okubo et al. [9] further conjectured that

c*=2y/1—ay. (1.5)
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Since Murray and Okubo’s conjecture is based on the linearization of (1.4) at the unstable equilib-
rium point E; = (0, 1), if (1.5) holds, we say that the minimum wave speed is linearly determined,
or it is of linear determinacy. Indeed, Murray and Okubo’s conjecture has been confirmed for some
cases [1,2,4-6]. However, it also has been indicated numerically in [2] that the conjecture might be
false for some other cases. This naturally raises a question on the equality (1.5). Another reason that
one may doubt the validity of (1.5) is that the right-hand sided of (1.5) is independent of the diffusion
coefficient d, birth rate r and the competition coefficient a, of the competing species. In this paper we
shall provide examples of Eq. (1.1) for which the conjecture (1.5) does not hold. That is, the minimum
wave speed cannot be linearly determined in general.

This paper is organized as follows. Sections 2 and 3 are developed to establish some preliminary
lemmas and auxiliary results that will be used in Section 4. In Section 4 we give a complete proof
of the main theorem of this paper that shows that for certain range of parameters in Eq. (1.1) the
corresponding minimum wave speed c* is strictly large than 2,/1 — aj.

2. Auxiliary results

A traveling wave solution of (1.3) is said to be mono-stable if E; is unstable and Ep is stable.
A traveling wave solution of (1.3) is bistable if both equilibria E; and E, are stable (i.e. a; > 1 and
a; > 1). It is known that, unlike the mono-stable wave, the wave speed for the bistable wave of
Eq. (1.1) is unique [3]. However, we shall point out that actually there is connection between the
minimum wave speed for mono-stable wave and wave speed for a bistable wave. The purpose of this
section is to provide some results for bistable traveling wave of (1.1) that will be used later to study
the minimum wave speed of mono-stable waves.

For the bistable wave we have the following known result [3].

Theorem 2.1. For any given constants a; > 1, ay > 1, there is a unique real number c(ay, az) such that Eq. (1.1)
has a nonnegative traveling wave solution (U(s), V (s)) of form (1.3) if and only if c = c(aq, ay). Moreover, the
following hold:

1. The nonnegative traveling wave solution (U(-), V(-)) = (U(ay, ax)(-), V(ay, az)(-)) is unique (up to a
time translation). In addition, U (t) is strictly increasing and V (t) is strictly decreasing.

2. c(ay,ap) and (U(a1,az)(-), V(ay, az)(-)) are differentiable with respect to a; and a; foray > 1,a; > 1.

3. Let Ay .ap) : W22 (R, R?) — L%(R, R?) be the variational operator of (1.4) corresponding to the traveling
wave solution (U, V) = (U(ay, az)(), V(ai,az)(-)), ie.

ij(t) — cij(t) + [1 —2U(t) — a1 V(©O)In(t) — a1 U0t
A{a1,a2}(n,s)(r)=[ O —en® +1 () — a1V (O In(t) — a UOE(t) }

d& (t) — c&(t) —raV(O)n(t) +r[1 — 2V (t) — axU ()£ ()

where ¢ = c(ay, az). Then zero is a simple eigenvalue of the operator A, q,} and its adjoint opera-

tor Afy, ,)- Moreover, the eigenfunction (17*(-),£*() € W22(R,R?) of the operator Al 4 COTTE-

sponding to zero eigenvalue can be chosen such that n*(t) > 0 and £*(t) < 0 for all t € R. Here for
any (u,v), (1.&) € W22(R, R?),

<(na E)v A{ﬂ],az}(u7 V)) = <Afa1,az}(n7 5)7 (u7 V))

with (-,-) being defined by

(.8, w,v)= /[n(t)u(t) +E(Dv(n)]dt
R

for (u,v), (n, &) € L*(R, R?).



1552 W. Huang, M. Han / ]. Differential Equations 251 (2011) 1549-1561

By Theorem 2.1 we have the following corollary that shows the relation between the bistable wave
speed c(ay, ay) and the parameters a; and aj.

Corollary 2.2. Fix d > 0 and r > 0, the unique bistable wave speed c(ay,ay) (for a; > 1 and a, > 1) is
differentiable with respect to ay and ay, in addition,

dc(ar, az) oc(ay, az)
— <0, —=>0.
daq da;

Proof. For a; > 1 and a3 > 1, define F: W22(R, R?) x R x (1, 00) x (1, 00) — L?(R, R?) by

(2.1)

i—cu+ull—u—av
F(u,v,c,a1,az)=[ ul ] ]

dV —cv+rv(l —ayu —v)

Let U(t) = U(ay,az)(t) and V(t) = V(aj,a)(t) be the traveling wave solution of (1.4) connecting
equilibria E; and Eq, and let ¢ = c(ay, az) be the corresponding wave speed. Then

F(U(ay,a2), V(a1,a2),c(ar,az),a1,a2) =0, foralla; > 1, ap > 1. (2.2)
By Theorem 2.1 U(ay,az), V(ai,az) and c(aj,ay) are differentiable with respect to a;. Differentiat-

ing (2.2) with respect to aj, and using definition of operator A, q,) given in part 2 of Theorem 2.1
we obtain

A U (ar.az) AV (ay.az) PCLD) ) (a1, a2) + U (a1, 42) V (a1, a2)
{a1.a2} = . (2.3)

da; aaq 3C(51t11;(12) Va1, az)

Let (n*(-),&*(-)) be the eigenfunction of the operator A{m o) corresponding to zero eigenvalue.

From (2.3) and a straightforward computation it follows that

0 R . .
Mf n*(r>U<a1,az><r>+s*(r>V(a1,az><t>]dt+/n*(r)U(m,az)(r>V<a1,az)(r)dr
R

(8U(a1,a2) 8V(01,02))>
Aa,a2) ’

d0aq 0aq

ou oV
(( R )
0.

daq

<8U(a1,a2) 3V(al,az)) O>

0aq

(2.4)

Since n*(t) and U(ay,az)(t) are positive, £*(t) and V(aj,ay)(t) are negative, and U(aq,ay)(t) and
V(ay, az)(t) are positive, by (2.4) we deduce that

d(ar,az) Jrn*®OU (a1, a2)(®)V (aq, az)(t) dt

day fR[ﬂ OU(ar.a) () +E* OV (a1, az)(t)]dt

With the same computation one easily sees that

ac(ar, az)

0. a
aaz =
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3. Preliminary lemmas

In this section we shall establish a few lemmas that is needed to construct examples of Eq. (1.1)
for which the minimum wave speed cannot be linearly determined, i.e. for which we have

c*>/1—a;.

For convenience of discussion we transform (1.4) to a monotone system by letting W =1 — V.
Then U and W satisfy the system

cU=U+U[1-U-a;(1-wW)],
W =dW +1(1 — W)(aU — W) (3.1)
with the boundary condition
(U(=00), W(=00)) =(0,0)=0,  (U(c0), W(00)) =(1,1). (3.2)

It is well known that (3.1) is a monotone system. Also it is clear that Eq. (1.4) has a nonnegative
solution connecting E; and Eq if and only if (3.1) and (3.2) has a nonnegative solution (U(-), W (-))
connecting the equilibria (0, 0) and (1, 1).

Now let us consider a special bistable case of (3.1) in which a; =a; >1 and d=r.

Lemma 3.1. If d =, then the bistable wave speed c(ay,a;) =0 forall a, > 1.

Proof. First we let d=r=1 and let ¢ =c(ay, a) be the corresponding wave speed. By Theorem 2.1,
Eq. (3.1) has a strictly increasing solution (U(s), V (s)) satisfying the boundary condition (3.2). Let

Uit)=1—-W(-t), Wiit)=1-U(-t), teR.
Then, by a straightforward computation we obtain
cUy() =cW (=t) = W(=0) + [1 = W(=0][a2U (=) = W (-1)]
=-[01® + U1 (1 = U1 —ax[1 - W1 0])].
So that
—cU1 =Uq + Ui (1 = Uy —az[1 — Wq]). (3.3)
Similarly, one is able to show that
—cWi =W+ (1 -WpaUs - Wy). (34)
Moreover, by the definitions of U1 and W} it is easy to see that
(U1(=00), Wi(=00)) = (0,0),  (U1(00), W1(00)) = (1,1). (3.5)
That is, both (U(t), W(t)) and (U1(t), W1(t)) are nonnegative solutions of (3.1)-(3.2) ford=r=1

and a; = ay. The uniqueness of bistable wave speed therefore implies that ¢ = —c = c(ay, az). Thus
we must have c(ay, ay) = 0. Hence we have, ford=r=1,
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0=U+U[1-U—-a1-W)],
0=dW +r(1 — W)(aU — W). (3.6)

One therefore sees that (3.6) is valid for all d =r. That is, c(a1,a2) =0 foralld=r. O

Lemma 3.2. Letd > 0,7 >0, 1 >0, 2 > 0, c1 <2, and 0 < Ay < Ay be constants. Suppose that there are
functions Wi(t), U;(t), i =1, 2, such that W;(t) is positive and increasing, and satisfies

dWi(t) — ;Wi (0) +r(1 = Wi(®) (BiUi(t) — Wi(t)) =0, teR,
Wit)—>0 ast— —oo, (3.7)
and
Uj(t) = hieM' +o(e"") ast— —oo, (3.8)
where h;, i = 1, 2, are positive constants. Then there exists a constant T such that
U1 (t) > Ua(t), Wi(t) > Wa(t), te(—oo, Tl (3.9)

Proof. The existence of T for which (3.9) holds for the functions U1 (t) and Uy (t) is trivial. To show
the inequality (3.9) for the functions Wq(t) and W;(t), we pick a small positive constant €. For
i=1,2, we rewrite the equation in (3.7) as

dW; — ¢;W; —riW; = —gi (), (3.10)
where
ri=r(1+e¢), rp=r(1—¢€),
g1 =rBUL () +TWi (D)€ — (B1U1 (1) — W1 (D)].
g2(t) =1B2Uz (1) — rWa(D)[€ + (B2U2(t) — Wa(D))]. (3.11)

Let —«; and p; be the negative and positive roots of the quadratic equation
da? — cir —r; =0,

respectively. That is,

—Ci + /¢ + 4dr;
NETTTd

Mi

Ci + /¢ + 4dr;
B 2d '

Recall that ¢ < ¢, and notice that the function y(c) = c + +/c2 + 4dr is increasing with respect to c.

It follows that
c1+/C +4dr <cy+/c3 +4dr.
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Hence, if € > 0 is sufficiently small, we have

i+ +4adr(l+€) ¢+ ,/c2 +4dr(1—¢€)
< (3.12)

2d 2d = 2

M1 =

From the assumptions that U;(t) — 0, W;(t) - 0 as t — —o0, A1 < A2, the expressions (3.8) and (3.11)
it follows that there is a T1 such that

Ba2Ua(t) < B1U1(t), te(—o0,Tq],
g1(t) > rp1Us(t), te(—oo,Tq],
g2(t) <rp1Us(t), te(—oo, T1]. (3.13)

Applying the variation-of-parameters formula to Eq. (3.10) we arrive at

t t
Wi(t) = 7{1(%1%) [ f e = gi(s)ds — / el gi(s) dS}
Tq Ty
+mje~ T 4 et =T), (314)
where the constants m; and k; satisfy
m; + ki = W;i(Tq), —aim; + piki = Wi(Ty).

The last equations yield that

iWi(T1) + Wi(T
ki:al i(T1) + Wi( 1)>0’ i=1.2. (3.15)
o + [

Also one is able to verify that W;(t) — 0 as t — —oo implies that

‘XtTl —

m;e gi(s)ds. (3.16)

d(“z + Ui) /
Upon a substitution of (3.16) into (3.14) we obtain

t Ty

/ e %= g.(s) ds—l—/e“"“_s)g,-(s) ds] + kjelit=To), (317)

1
Wit = d<—+m[

t
Thus from (3.8), (3.13) and (3.17) if follows that, for t < T1,

t Tq
/e_m“_s)rﬁ]U](s)ds—i-/em(t_s)rﬂ1u1(s)ds:| + ket =T

t

1
Wit) > ——
1) > d(oq +M1)|:

Tq

t
W) ———— / e~ 2918, Uy (s)ds + / el =B Uy (s)ds | + koel2 TV,
d(az + 12)
—00 t
(3.18)
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By (3.8), (3.13) and inequality @1 < up we easily deduce that

t
rhiBi
/e"""(t’s)rﬂiu,-(s)ds: %e’\"t—ko(e’\ft) ast — —oo,

(04} i
—00
Tq Ty
/eul(t_s)T&U](S)dS) /EMZ(t_S)TﬂzUz(S)dS» t<Ty. (3.19)
t t

From the inequalities A1 < A2, @1 < U2, (3.8), (3.15), (3.18), and (3.19) it therefore follows that there
isa T < Tq such that

Wi() > Wa(t), te(—oo,T]. O (3.20)

Corollary 3.3. Let ay > 1, ¢c1 < ¢z, and 1 < by < by. If (U;(t), W;(t)), i = 1,2, are monotone increasing
functions satisfying
Ui —ciUi + Ui[1 = Ui = bi(1 — W] =0,

dW; — ciWi +r(1 = Wi)(@2U; — Wi) =0,
(Ui(—00), Wi(=00)) = (0,0),  (Uj(00), Wi(00)) = (1, 1). (3:21)
Then there are real numbers T1 and T, such that
Uq(t) > Ua (D), Wi(t) > Wy(t) forallt e (—oo, T1]U[T3, 00). (3.22)
Proof. For i =1, 2, the first equation of (3.21) yields that
Ui —ciUi+ (1 —bpUj=o(|U1(1)]) ast — —oo.
Hence U;(t) > 0 and Uj(t) — 0 as t - —oo imply that
Ui(t) = hie' +o(e*") ast — —oo, (3.23)

where

Cr4yJc2+4b1—1) c2+,/c5+4((b2—1)

A= A
1 D) < 5 2

and h; is a positive constant for i = 1, 2. It therefore follows from Lemma 3.2 that there is a num-
ber Ty such that

U1(t) > Ua(t), Wi(t) > Wa(t), te(—oo, T1l. (3.24)
To show the above inequality for sufficiently large t, we let

X1(t) =1 = Wa(-1), Yi(t) =1 - Uz (1),
Xo(t) =1—Wi(=t), Ya2(t)=1—Uq(=t). (3.25)
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Then X;(t), Y;j(t) are monotone increasing with
(Xi(—00), Yi(—00)) = (0,0), (Xi(00), Yi(00)) = (1, 1).

Moreover, one is able to verify that (Xj(t), Yi(t)) satisfies the equations

dX; — & X +rXi[1— Xi —ax(1 - Y] =0,

Vi—&Yi+ (1= Y)(BiXi — Yi) =0, (3.26)

where ¢1 = —c3 < —¢1 = ¢ and By = by, By = by. Arguing in the same way as above we conclude
that there is a number T, such that

X1(t) > Xa(0), Yi(0) > Ya(t), te(—o0,—T2]
By the definitions of X; and Y; given in (3.25) and above inequalities we therefore deduce that
Ui(t) > Ua(D), Wit) > Wa(t), te[Tz,00). O (3.27)

Lemma 3.4. For fixed a; > 0,a; > 0,d > 0, r > 0, and c € R, if there exist two pairs of positive functions
Ui(t), W;(t)) satisfying the following conditions: for all t € R,
U1(6) = U1 () + U1 O[1 = U1 (®) — a1 (1 = W1 (©))
dW1(6) — W1 (0 +1(1 = Wi (©®) (a2U1 (0) — W1 (t)
U2(6) — cU2(6) + U201 = U2(6) — a1 (1 = W2 (1))
dW5(6) — W2 (D) +1(1 = W (0)) (a2U2 () — Wa(t)

]=o0,
) =0,
]<o.
) <0,

Ui SU20,  Wi(0) < Wa(0),
(Ui(=00), Wi(=00)) = (0,0),  (Uji(00), Wi(o0)) = (1, 1), (3.28)

then the system

U—cU+U[1-U-a1(1—-W)]=0,
dW —cW +r(1 = W)(a,U — W) =0 (3.29)

has a positive solution (U (t), W (t)) with
(Ui(—00), Wi(—00)) = (0,0),  (Ui(00), Wi(00)) = (1, 1).

Proof. Note that (3.29) is a monotone system and (Uq, W1) and (U, W) are lower and upper solu-
tions of (3.29), respectively. The lemma therefore is a direct consequence of the monotone iteration
approach. O

Lemma 3.5. Let a; > 1 be fixed. Suppose that the system

U+U[1-U-(1-wW)]=0,
dW +1r(1 — W)(aU — W) =0 (3.30)
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has a monotone increasing solution (Ug(t), Wo(t)) connecting (0,0) and (1,1). Then for all a; > 1,
c(ay, az) < 0, where c(ay, ay) is the bistable wave speed of Eq. (1.1) defined in Theorem 2.1.

Proof. Suppose on contrary that there is an a; > 1 such that c(ay, ay) > 0. Fix an a? € (1,ay). Then

%{”2) < 0 (by Corollary 2.2) implies that ¢ = c(a?, ay) > 0. Let (Uc, W) be the corresponding mono-

tone traveling wave solution of Eq. (3.1) connecting (0, 0) and (1, 1). Then, since Uc(t) =0, We(t) =0
for all t € R, we have

Ue+Uc[1-Uc—ad(1—=We)] > Uc —cUc + Uc[1 - Uc —ad(1 — Wo)] =0,
dWe 4+1(1 = W) (aUe — We) = dWe — cWe +1(1 — W) (aaUe — W) = 0. (3.31)
Hence (U¢, W¢) is a lower solution of the system
U+U[1-U-dda-w)]=0,
dW +r(1 — W)(aU — W) =0. (3.32)

Moreover, by the assumption on (Ug, Wp) and the inequalities of a‘l) >1 and 1 — Wy(t) > 0 for all
t € R we have

Uo + Uo[1—Ug —ad(1 — Wo)] < Up + Uo[1 = Ug — (1 — Wp)] =0,
dWq + (1 — Wo)(aaUg — Wo) =0. (3.33)
It follows that (Ug, Wy) is an upper solution of (3.32). By identifying c; =0, c; =c = c(a‘l), ay) > 0,
b1 =1< a? = by, (U1, W) = (Up, Wp) and (U, W3) = (Uc, W¢) in Lemma 3.2, it therefore follows
from Corollary 3.3 that there is a T > 0 such that

Uo(t) > Uc (D), Wo(t) > We(t), te(—oo,—T]UIT,00).

Since Up(t) and Wy (t) are monotone increasing and (3.32) is autonomous, without loss of generality,
otherwise by a translation if necessary, we can suppose

Uo(t) > Uc(t), Wo(t) > W), teR. (3.34)
Thus from Lemma 3.4 it follows that the system
U+U[1-U-dla-w)]=0,
dW +r(1 — W)(@U — W) =0 (3.35)

has a positive solution connecting (0,0) and (1,1). Hence Theorem 2.1 implies that c(a?,az) =0,
which contradicts the fact that c =c(a%,az) >0. O

Corollary 3.6. Let ap > 1 be fixed. Then the system (3.30) has no monotone increasing solution connect-
ing (0,0) and (1, 1).

Proof. Suppose in opposite that (3.30) does have a monotone increasing solution (Ug(t), Wo(t)) con-
necting (0, 0) and (1, 1). Then from Lemma 3.5 it follows that c(aj, az) < 0 for all a; > 1. In particular,
one has c(ay, ay) < 0. But this contradicts Lemma 3.1. O
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4. Non-linear determinacy of minimum wave speed

Now we are ready to show that the minimum wave speed for Eq. (1.1) cannot always be linearly
determined. To be specific, we have the following theorem.

Theorem 4.1. Letd =r and ay > 1 be fixed in Eq. (1.1). Let c*(a;) = c* be the minimum wave speed fora; < 1.
Then there is an € > 0 such that foralla; € [1 — €, 1),

c*(ay) > 2y 1 —a.

Proof. Suppose the theorem is not true. Then there is a sequence {a]} of real numbers with

limaj=1 and lim ¢;= lim 2,/1—a] =0, (41)
n—oo n—o0o n—oo

where cj; = c*(a’). Note that c;; is the minimum wave speed. Hence for each n, if we let ¢, =c}; + %
then there are monotone increasing functions U, (t), W;(t) such that

(Un(=00), Wi(=00)) = (0,0),  (Un(00), Wn(00)) = (1,1) (4.2)

and

calUp = Un + Un(1 — Up —df[1 = Wa]),
Wy =dW, +d(1 — Wp)(aaUp — Whp). (4.3)

It is apparent that
ctpn—>0 asn— oo. (4.4)

We shall show that {(U,(t), W,(t))} has a convergent subsequence that converges to a func-
tion (Ug(t), Wo(t)) uniformly for ¢ in any bounded subset of R. To this end we first show that
{(Un(t), Wa(t))} is uniformly bounded. Since (4.3) is an autonomous system, without loss of gen-
erality (otherwise by a translation if necessary) we can suppose that U,(0) = % for all n. We rewrite
the first equation of (4.3) as

Un=Up —[(1 = cp)Un(®) + hn(D)]. (4.5)
with h,(t) = U, (t)(1 — Up(t) — a’}[l — Wh(®)]). Hence

o0

mm=/fﬂa—mmm+mwws
t

oo

=—(1—c)Un®) + / e *[(1 = cp)Un(s) ds + hn(s)] ds. (4.6)
t

It is obvious that there is an M > 0 such that

|(1 = c)Un(s) + hp(s)| <M forn=1,2,..., seR. (4.7)
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(4.6) and (4.7) yield that

Un@)|<14+cn+M forn=1,2,..., teR. (4.8)
(4.8) implies that {U,(t)} is equicontinuous. Apparently the equicontinuity of {W,(t)} follows the
same argument. By Ascoli-Arzeld theorem, for each positive integer m, there is a subsequence of
{(Un(t), Wy(t))} that is convergent uniformly on the interval [—m, m]. One therefore concludes that
there exist a subsequence {(Up, (t), Wy, (t))} of {(Un(t), Wy (£))} and a function (Ug(t), Wo(t)) such

that {(Up, (t), Wy, (t))} converges to (Up(t), Wo(t)) uniformly for ¢ in any bounded interval of R.
Without loss of generality we suppose that

(Un(), Wa (D)) — (Uo(t), Wo(t)) asn— oo (4.9)
uniformly for t in any bounded subset of R. We rewrite the first equation of (4.3) as
Un = caUp — Up = —[Up + Up(1 — Uy — df[1 — Wy])]. (4.10)
Then applying the variation-of-constant formula we obtain

t

t
1
Up(t) = —— /e_"‘"(t_s)fn(s)ds—/e”"“_s)fn(s) ds | + vpe 9t 4 ettt (411)
on + Un J g

where

—Cn+ /()% +4 n++/(n)? +4
n=—" 5 Mn=—"—FF—"",
2 2
fa®) = Un(®) + Un(®)(1 = Un(®) — df[1 - Wy (®)]), (412)
and the constants v, and ¢, satisfy

Vn + &n = Un(0), _anvn‘f‘linfn:[]n(o)- (4.13)

Notice that both {U,(0)} and {U,(0)} are bounded sequences. So that the sequences {v,} and {¢,} are
bounded. Hence, without loss of generality, we suppose

Vn — Vg € R, h—>¢eR asn— oo. (4.14)

By passing limit in (4.11) as n — oo and with the use of (4.9), (4.12) and (4.14) we therefore arrive at

t t
Uo(t) = %[ / e~ fo(s)ds — f e fo(s) ds} + voe " + goe' (4.15)
0 0
with
fo(s) = Uo(s) + Uo(s)(1 — Up(s) — [1 — Wo(5)]). (4.16)

(4.15) and (4.16) immediately yield that

Up+Uo(1—Ug—[1—Wg])=0, teR. (417)
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Similarly one is able to deduce that
dWo +1(1 — Wo)(@aUg — Wp) =0, teR. (4.18)

Recall that for each n, (Un(t), Wp(t)) is monotone increasing. It follows that both Uy and Wy
are monotone increasing functions and 0 < Up(t) < 1, 0 < Wq(t) < 1. Hence (Ug(—00), Wo(—00))
and (Up(o0), Wo(o0)) exist and are equilibria of the system (4.17)-(4.18). Moreover, the equality
Un(0) = % for all n implies that Ug(0) = % It follows that Up(—o0) < % < Ug(o0). We then are
able to conclude that (Ug(—o00), Wo(—00)) = (0,0) and (Ug(c0), Wo(o0)) = (1, 1). That is, the sys-
tem (3.30) has a monotone increasing solution connecting (0, 0) and (1, 1), which is in contradiction
with Corollary 3.6. O

5. A short discussion
For the minimum wave speed of mono-stable traveling wave solutions of the system (1.1), most of
work done is to find a sufficient condition on the parameters that implies the linear determinacy, or

the equality (1.5). For example, Lewis, Li and Weinberger [5] showed that (1.5) holds provided that

r+d—-2)(1—ay)
>
axr

d<2 and aj. (5.1)

Recently, Huang [4] proved the equality (1.5) under a weaker condition

r+(d_2)(1_al)>max{a1, d—2 } (5.2)

axr - 2|d —1]

which allows d > 2. Note that (5.1) and (5.2) are the same if d < 2. All parameters play role in the
condition (5.1) or (5.2). It is unknown what should be the minimum wave speed c* if the condi-
tion (5.2) fails. Further research should be carried out to find an algebraic, or analytic expression of
minimum wave speed c* that is clearly of great interest both in mathematics and in application.
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