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1. Introduction

Mathematical modelling has long been central to the development of general invasion theory
(e.g., [14-17,19]). Systems in the forms of reaction-diffusion equations and integro-difference equa-
tions are commonly used to describe biological invasion processes. Studies on existence of traveling
waves in such systems have received considerable attention, and many noteworthy findings have come
out of this field. Weinberger, Lewis, and Li [23,5,7,24] established spreading speeds and traveling wave
solutions for cooperative recursions which include cooperative reaction-diffusion systems and coop-
erative integro-difference systems as special models. They showed that in a cooperative system with
more than two equilibria, different components can spread at different speeds, but if certain lin-
ear determinacy conditions are satisfied then all the components spread at the same spreading speed
which can be computed through linearization. They also showed that the slowest spreading speed can
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be characterized as the slowest speed of a class of traveling wave solutions. The proof of the ex-
istence of traveling wave solutions given in [7] depends critically on compactness of the recursion
operator. For a reaction-diffusion system, compactness is ensured by positivity of all diffusion coef-
ficients. However, there are many biological reaction-diffusion models where at least one diffusion
coefficient is zero; see for example Lewis and Schmitz [6], Hadeler and Lewis [3], and Capasso and
Maddalena [1].

Liang et al. [11] introduced the Kuratowski measure of noncompactness to weaken the compact-
ness assumption for (periodic) reaction-diffusion systems, and established the existence of traveling
wave solutions if the associated solution maps are «-contractions. However it is often difficult to
prove that the solution maps of a system with high nonlinearity are «-contractions. Fang and Zhao [2]
employed the iteration method involving lower and upper solutions to establish the existence of trav-
eling wave solution for a partially degenerate cooperative reaction-diffusion system and provided the
conditions that ensure the existence of traveling wave solutions. The iteration method has proven to
be useful in establishing traveling wave solutions for population models; see Weinberger [21], Wu
and Zou [25], and Volkov and Lui [20] for the development of the method and its applications in
different contexts.

In this paper we provide new results on the existence of traveling wave solutions for partially
degenerate cooperative reaction-diffusion systems. We first show that a traveling wave solution of
a partially degenerate cooperative reaction-diffusion system with an appropriate speed is a fixed
point of a compact integral operator. We prove that a traveling wave solution for a partially degen-
erate reaction-diffusion system can be obtained by taking a limit of a sequence of functions that are
the fixed points for integral operators. We show via integral systems that there exist traveling wave
solutions in a partially degenerate reaction-diffusion system with speeds above two well-defined ex-
tended real numbers. We prove that the two numbers are the same and may be characterized as the
spreading speed as well as the slowest speed of a class of traveling wave solutions provided that the
linear determinacy conditions given in Weinberger et al. [23] are satisfied. The linear determinacy
conditions simplify the conditions given in [2]. The hypothesis that there are only two constant equi-
libria in reaction-diffusion systems made in both [2] and [11] is dropped in the present paper. As
shown in Weinberger et al. [23] and Li et al. [7], the spatial dynamics of a system with three or more
equilibria can be very different from those of a system with only two equilibria.

This paper is organized as follows. In Section 2, we present the hypotheses for cooperative
reaction—diffusion systems and summarize the results on spreading speeds obtained in [23,7,24].
Section 3 shows that a traveling wave solution of a partially generate reaction-diffusion system is
equivalent to a fixed point of a compact integral operator. In Section 4, we define two extended real
numbers, and relate them to the speeds of traveling wave solutions. Section 5 is devoted to exploring
how the linear determinacy conditions can be used to determine the slowest speed of traveling wave
solutions. We demonstrate our theoretical results by examining a partially degenerate Lotka-Volterra
competition model in Section 6. Some concluding remarks are provided in Section 7.

2. Hypotheses and spreading speeds

We study the existence of traveling wave solutions for the reaction-diffusion system

ou 9%u ou

— =D— — E— +f(u(t, x)), 21

ot ax2 X (€ )) (2.1)
where the vector-valued function u(t, x) = (u1(t, x), ua(t, x), ..., ug(t, x)) represents densities of the
populations of k species or classes at the point x and the time t, D = diag(dy,...,dy) and E =
diag(e1,...,ex) are constant diagonal matrices, D has nonnegative but not necessarily positive di-
agonal entries, and f(u) = (f1, f2, ..., fx) is independent of x and t.

We introduce some notation. We shall use boldface Roman symbols like u(x) to denote k-vector-
valued functions of x, and boldface Greek letters like & to stand for k-vectors, which may be thought
of as constant vector-valued functions. We define u(x) > v(x) to mean that u;(x) > v;(x) for all i
and x, and u(x) > v(x) to mean that u;(x) > v;(x) for all i and x. We also define max{u(x), v(x)}
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(min{u(x), v(x)}) to mean the vector-valued function whose ith component at x is max{u;(x), vi(x)}
(min{u;(x), vi(x)}). We use | -| to denote the Euclidean norm. We use the notation 0 for the constant
vector all of whose components are 0. We shall also use the notation

Cq = {u: u(x) is continuous, and 0 < u(x) < o for all x}.
We shall make the following hypotheses about the system (2.1).

Hypotheses 2.1.

i. There is a proper subset Yo of {1, ..., k} such thatd; =0 fori € Xp and d; > 0 fori ¢ X.

ii. £f(0) =0, there is a constant B > 0 such that f(B) = 0 which is minimal in the sense that there are no
constant v other than B such that f(v) = 0 and 0 < v < B, and the equation f(ac) = 0 has a finite number
of constant roots.

iii. The system is cooperative; i.e., fi(at) is nondecreasing in all components of a with the possible exception
of the ith one.

iv. f(a) is uniformly Lipschitz continuous in & so that there is p > 0 such that for any o¢; > 0,1 =1, 2,
floeq) — flaez)| < plog — @zl

v. f has the Jacobian f'(0) at 0 with the property that f (0) has a positive eigenvalue whose eigenvector has
positive components.

Hypothesis 2.1.i assumes that there is at least one zero diffusion coefficient in (2.1). Hypothe-
ses 2.1.ii-v are essentially the same as those given in Theorem 4.1 in Li et al. [7].

We first recall the framework developed in Weinberger et al. [23] in establishing spreading speeds
for (2.1). Let Q denote the time one solution map of (2.1). A result of Szarski (Theorem 65.1 of [18])
shows that Q is order-preserving in Cg in the sense that for u,v € Cg if u>v then Q[u] > Q[v].
Define the sequence a;(c; x) by the recursion

any1(c; %) = max{$x), [Q (an(c: ) | (x+0)} (22)

where ag(c; x) = ¢(x), and ¢(x) is any nonincreasing continuous function with ¢(x) =0 for x > 0
and 0 K« ¢(—o0) < B. By definition ag < a;, and an induction argument shows that for all n, a,; <
ap+1 < B, and a;(c; x) is nonincreasing in ¢ and x. Thus the sequence a, increases to a limit function
a(c; x) that is again nondecreasing in ¢ and x and bounded by B. The results from Lui [13] show that
a(c; —oo0) = B, and that the constant vector a(c; co) is a fixed point of Q, which is nondecreasing in
¢ and independent of the choice of ¢. Define

c* == sup{c; a(c; o0) = B}, (2.3)

and

c* = sup{c; a(c; 00) #0}. (2.4)

Clearly ¢’ > c*. It was shown in [23] that ¢* is the slowest spreading speed and c* is an upper
bound for all the spreading speeds for (2.1). In the case that there are only two equilibria 0 and g,
¢ =c* so that all the components spread at the same speed c*. The fastest spreading speed c’]i was
defined in Li et al. [7]. Theorem 4.2 in [23] provides the linear determinacy conditions under which
ch = c’} = ¢* = ¢ where ¢ is the spreading speed of the linearized system. In [23], the reflection
invariance (i.e., e; = 0 for all i) was assumed, but it was not used in Theorem 4.2. Consequently
Theorem 4.2 in [23] still works for the reaction-advection-diffusion system (2.1).

The existence of traveling wave solutions of (2.1) was studied in Li et al. [7]. The authors showed
that c* can be characterized as the slowest speed of a class of traveling wave solutions when all the
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d; are positive. The assumption d; > 0 for all i implies that the time one solution map Q is compact,
which is used in the proof of the existence of traveling wave solutions in [7]. Consequently, the results
on traveling wave solutions given in [7] do not apply to (2.1) when at least one of the d; is zero.

3. Integral systems

We use w(x — ct) to denote a nonincreasing traveling wave solution of (2.1) with speed ¢ connect-

ing two different constant equilibria v{ and v, with vy > vy. It satisfies
—cw =Dw” — Ew + f(w)
and
W(—00) = vq, w(o0) = vs.
An important observation from (3.1) is that

lim w'(x) = lim w'(x)=0.
X— 00 X——00

This can be easily shown by using the so-called fluctuation lemma that can be found in [4].

Choose k > p where p is given in Hypothesis 2.1.iv. Define

H(u) = (f(u) + «u)/k.

Clearly f(a) =0 if and only if H(e) = c. It follows from Hypothesis 2.1.iv that

H(w) —H(v) = (1/10)[f@) — fv) +c@—v)] > —Lu-v) >0
foro<v<u<p.
For i € Xy, if c —e; > 0, define
0 when x > 0,
mg)i(X) = _k
(me): (%) Zrewa" whenx <0,

and if c — e; < 0, define

K c%eix
(me);(x) = { G-t when x >0,

0 when x < 0.

For i ¢ X, define

(m)i(x) = — ! e~*1* whenx >0,
! di(Ai1 — Ai2) e 2 whenx <0,
where
A1 = (c—e)+ (C'—ei)2+4l(di =0, g = (c—ej) — (C_ei)Z + 4k d; o

2d; 2d;

(31)

(3.2)

(3.3)

(3.4)

(3.5)
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Xi1 and Aj are the two solutions of the equation

diz®> — (c—ej)z—Kk =0.

Wu and Zou [25] used (m¢); defined above and studied traveling wave solutions for delayed
reaction-diffusion systems with d; > 0 and e; = 0 for all i. Fang and Zhao [2] introduced the functions
similar to (m.); for d; = 0 and investigated the existence of traveling wave solutions for (2.1) with
e; =0 for all i. The authors found lower and upper solutions via differential-integral inequalities, and
used the iteration method to establish the existence of traveling wave solutions.

One can further verify that each mf_,(x) defined above has the properties that mi_.(x) >0, mf_,(x) is
bounded, and jjocf mi(x) dx =1, so that mi represents a probability density function. Let

m(x) = diag((me)1(x), ..., (Me)k(X)).

We have that
7 m(x)dx=1.
Define N
Telul(x) = ]" m.(x — y)Hu)(y)dy. (3.6)

We have the following important result.

Theorem 3.1. Assume that d; > O for all i and that Hypotheses 2.1.ii-v are satisfied. Let ¢ # e; for all i with
d; = 0. Then w(x — ct) is a nonincreasing traveling wave solution of (2.1) connecting two different constant
equilibria v1 and v, if and only if w is a continuous nonincreasing function satisfying

W(x) = Tc[w](X) (3.7)
and connecting v1 and v.

Proof. Assume that w(x —ct) is a nonincreasing traveling wave solution of (2.1) connecting v and v,.
w satisfies the wave equation (3.1). If d; =0, the ith equation in (3.1) is given by

(c —epwi — kw;i = —(fi(w) + K w;j). (3.8)
We first consider the case of c —e; > 0. We view the right-hand side of Eq. (3.8) as a nonhomogeneous
term and solve the differential equation to obtain

X0
K (x— K K (x—
wit) = wite)e™1" 0 s [ o ay (39)
1
X

where X is any real number. Using the fact that fx°° e =a’ Hij(w)(y)dy is convergent, w;i(x) is

—K_
bounded and limy,— o €% * — 0, we take the limit Xo — o0 in (3.9) to obtain
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o

/ eV Hy(w) (y) dy

X

wi(x) =

C— e

which is equivalent to

wi(x) = f (m¢)i(x — y)H;(w)(y)dy.

Similarly we can show that this equation holds in the case of c —e; < 0.
If d; > 0, the ith equation in (3.1) is given by

diW,{/-‘r(C—ei)W;—KWl‘:—(fi(W)+KWi). (3.10)
Again we view the right-hand side of (3.10) as a nonhomogeneous term. Then w; is given by

Ai2 WI(XO) + W,’(XO) e’\“ (X0—X) + Ail W,(Xo) + Wi(XO) e)»iz (X0—X)

wi(X) = —
' A1 — Ai2 Al — Ai2

X
K
o / e~V Hy(w)(y) dy
di(ri1 — Ai2) . l
0

X0
il —hiz(x~Y)

+———— | e XV H W) (y)d 311

a0 _m)x/ i(w)(y)dy (3.11)

where xg is any real number.
We multiply Eq. (3.10) by the factor e*1* and then use integration by parts to obtain that

[diw](x0) + (c — e; — dirin) Wi(x0) |e" — [diw](—x0) + (c — ej — diri) W(—Xp) e~ 1%

X0 X0
+ [ [dirf = (c —enr —k]wi(ne'V dy +k / e*1Y Hi(w)(y)dy =0. (3.12)
—X0 —X0

Since ¢ — ej — djAj1 =dj)\iz and dA,.Z] — (c —ej)ri1 — k =0, it follows from (3.12) that

[diw}(x0) + dikiawi(x0) ]e*"*® — [diw}(—x0) + diriwi(—x0)|e i1
Xo
+x / e*YHy(w)(y)dy =0. (313)
o

Since XAj; > O the second term in (3.13) approaches zero as xg — oo. Note that both w;(xp) and
W{(xo) are bounded. We therefore have that

X0
lim i[diwl{(xo) + dirgiwi(Xg) |e"1™ + / ek“yHi(W)(Y)dJ/} =0. (3.14)

Xp—> 00
—Xo
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We rewrite (3.11) as

ritwi(xp) + Wi(XO) ehiz(x0—X)

Wil = A1 — Ai2
Xo
_ / Ao Wi Ai1X0 5/ MY Y. d —Ai1X
o —Aiz){[wl(XO)+ 2iWi(xo) e +d;’ e i(w)(y)dy e
%
l X X0
k ) )
S Frp—y— / e MV Hi(w) (y)dy + / e M2V Hw)(y)dy | (315)
i(Ai1 — Ai2) ) J
—X0

Note that the first term on the right-hand side of (3.15) approaches 0 as xg — oo. Letting xo — oo
in (3.15) and using (3.14), we obtain that

oo X

() = d —hip(x=Y) . k(=Y .
W'(x)_di(xﬂ—xiz)[/e : H,(W)(y)dy+/e ! H,(W)(y)dy]

—0o0

= /(mc)i(X—Y)Hi(W)(Y)dY~

We have shown that w satisfies (3.7).

We now show that if a nonincreasing continuous function w satisfies (3.7) and connects two
different equilibria v{ and v, then it is a traveling wave solution of (2.1). The definition of T, and
continuity of w show that w is differentiable. Direct calculations show that for dj=0 and c —e; >0

(wi(®)' di / i/ (c — e)))e®/CENEN Hi(w(y)) dy = (k /(c — ep)) [wi(x) — Hi(w(x))].
so that
—c(w)) = —ei(wi) + fi(w). (3.16)
Similarly one can show that (3.16) holds for d; =0 and c — e; <O0.
Ifdi>0
K d(f o2V /X —hi1 -y .
(wit)' = g ( / 2V H;w)(y)dy + [ e Hi(w)(y) dy
_ K Ry —h2(x=y) . Y —1(x=y) .
= 4G —Mz)( )LIZX/.e Hi(w)(y)dy )Lﬂ/ e Hl(w)(}’)dJ’)-

(317)

From this we find that
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o0

[(m — A Hi(W)(y) + A% / e M2V Hi(w) (y) dy

X

" K
(wit0)” = di(Ai1 — Ai2)

X

+ A f eA“O‘”Hi(w)(y)dy}.

—00

Using this, (3.2), (3.17), and (3.5), we obtain that for any i with d; > 0,

—c(wi) =di(w))" —ej(w) + fi(w).

It follows from this and (3.16) that w satisfies (3.1) so that w is a traveling wave solution of (2.1). The
proof of the theorem is complete. O

Theorem 3.1 shows that w(x — ct) with c #e; for i € Xy is a traveling wave solution of (2.1) if and
only if it is a fixed point of T.

4. Existence of traveling wave solutions
Define
DY =D+ (1701

with £ > 1 and I the identity matrix. Clearly, as £ — oo, D® approaches D. D® is a diagonal matrix
with positive diagonal entries. Consequently, the solution map operators for

2
u_ppdu

Ju
o P Ea + f(u(t, x)) (4.1)

are compact, and the results on the existence of traveling wave solutions given in [7] apply to (4.1).

Lemma 4.1. Assume that w'©) (x — ct) is a nonincreasing traveling wave solution of (4.1) with speed ¢  e; for
i € Xg. Then the family w© is an equicontinuous family of functions.

Proof. D® can be written as D = diag(dgl), dgz), s dl(f)) where dl@ =d; +1/¢. Theorem 3.1 shows

that
o0
w000 = [ m - yREO) ) dy (42)
—0o0
where
K e~ X whenx >0
) _ i 20,
(me )i(")_dw) NOEYC { 0,
i g —2;5) le*2* whenx <0,
with
_e; PRV ©) e PRV ()
©) (C el)+ (C el) +4Kdi 0) (C el) (C el) +4Kdi
)\'il = >07 )\'iZ = <0

240 240
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Define
—-M 00
AL M) = /( m"), (x)dx-i—/( m"), (x) dx.
—00 M
Direct calculations show that
© d;” ©2OM 0, 20Om
A (M) = ! [A) etz M — oy e i M.

V(€ —ep)?+ 4Kd(z)

Let
¢
N ,/(c—ei)2+4/<d§ )4 lc—ejl
i+ = ©)
2d;
and

¢
N ,/(c—e,-)2+4/cdl()—|c—ei|
i- =" .

24"
Then AE? >0, )Ll(f) < 0, and furthermore
) ) © (&)
A0l Ol < ).
and

NORSNG

(13) )
i1 Aig > A |-

It follows from this and (4.3) that

©
d; 530 A M

1+
V€ —e)?+ 4/cdi(e)

¢
:,/(c—ei)2+4/<df)+|c ‘|ekl@M

V(€ —en? +4kd”

Let dpyin = inf{d (@)7 i¢ Xo}. Then dpin > 0. It follows from (4.4) that for i ¢ X,

Je—e)? +4akd® + |c —el
© (¢ —e)* +4kd; O
A7 (M) <

e -
\/(C - ei)2 + 4icdmin

AP M) <2

For i € Xy, (4.4) shows that

(4.3)

(44)

(4.5)
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/ ©
(c—e)?2+4kd” +|c—eil .o
AP M) < l . e"| LetM, (4.6)
-5

Note that

lim A9 = —kc/|c —ej| <0.
dx«)%o

It follows from this, (4.5), (4.6), the convergence of d,@ to d;, the continuity of A9 in dlw, and the
assumption that ¢ # e; for i € Xy that there exist §; > 0,3, > 0 independent on £ > 1 and i such that

© —5;M
AL M) < s1e702M,

We therefore have that for any positive € > 0 there exists M > 0 independent on ¢ > 1 such that for
all £>1 and i

—Me 00
[ )it [mO)max<e.
4 J

An argument similar to what is given on page 331 in Li et al. [8] shows that w'© forms an equicon-
tinuous family of functions. The proof is complete. O

As for (2.1), one can define a function sequence a,(f) (c; x) by (2.2) with Q replaced by Q ®» where
Q® is the time one solution map of (4.1). Let a denote the limit of a'” (c; x) as n — occ. Define

c(0)* :=sup{c; a¥(c; 00) = B},

and
c(0)%. == sup{c; a®(c; 00) #0}.
Let
¢* =liminfc(£)* (4.7)
{— 00
and
= lizrggfc(ﬁ)j. (4.8)

Clearly, both ¢* and ¢% are well-defined extended real numbers with ¢ > c¢*. They can be related to
the speeds of traveling wave solutions.

We first show that the slowest speed of a class of traveling wave solutions in (2.1) connecting 8
with an equilibrium other than B cannot be bigger than ¢* and smaller than c*.

Theorem 4.1. Assume that Hypotheses 2.1 are satisfied. Then the following statements are true for the sys-
tem (2.1):
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i. for c > ¢* and c # e; for all i € Xy, there is a nonincreasing traveling wave solution w(x — ct) with
w(—o00) = B and w(oo) an equilibrium other than 8; and

ii. if there is a nonincreasing traveling wave w(x — ct) with w(—o0) = B and w(oco) an equilibrium other
than B, then c > c*.

Proof. The proof of the statement ii is similar to the second part of the proof of Theorem 3.1 in [7]
and is omitted here.
The definition of ¢* shows that there exists a subsequence of {¢} still denoted by {¢} such that

li O =c*.
Jim (0, =¢

Then for ¢ > ¢*, there exists N¢ > 0 such that ¢ > c(£)% for £ > N¢. It follows from Theorem 4.1 of [7]
that for ¢ > ¢* and £ > N the system (4.1) has a nonincreasing traveling wave solution w'® (x — ct)
with w (—oc0) = 8 and w® (—c0) an equilibrium other than B. Since g is the only equilibrium in
the interior of Cg, we can choose 1 > 0 so small that there is no constant equilibrium other than g
in the set {weCg: |8 —w| <7}

Since the continuous function |8 — w® (x)| increases from 0 to a positive number as x increases
from —oo to oo, the intermediate value theorem states that there is a real number at which |8 —
w®| = 5. We can assume that the real number is 0 by translating if necessary. We therefore have
that

|B—w )| =7

Lemma 4.1 shows that w'© is an equicontinuous family of functions. Then Ascoli’s theorem implies
that w® has a subsequence w(*) such that w(‘)(x) converges to w(x) uniformly on every bounded
interval. Clearly

|B—w(0)|=1n. (4.9)

We now show that
oo
Jim / Im{” (x) — mc(x)| dx = 0. (4.10)
— 0
Forie Xy and c —e; > 0,

f |(m”), ) — (me); (x)|dx

/ |(m?), () — (me); ()| dx + f |(m?), ) — (me); (x)| dx
0

0

/ )\g)x _ eK/(C—ef)X) dx
—00

o0

©
< —/e—)‘n dx4+ ———
S 4000 0, J d“’(x‘“ D)
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0
/ el /(c=ex gy

—o0

K
+l—— —k/(c—e))
© 50, i

‘ ©
di (g

. K 1 n K
OO (£)y 4 (&) £) /4 (©) )
di "y —2ig) Ay di” iy —Ai)

1

’ —(c—ep/k
(&)

—hin

+(c—ej)/k —k/(c—ejp)|. (411)

K
0,0 _ 5O
di ()Lil - kiZ )

Here we have used the simple fact that two exponential functions e®™ and eP* with a and b positive
and different coincide only at x =0 so that ffoo |e®™ — ebX| dx = |[Eoo(ea" — eP)dx|.
Simple calculations show that as dl@ — 0,

K

1 1
— > Kk/(c—e)), — =0, —— = (c—e)/k.
1000 20 NG 0

il i2

It follows from this and (4.11) that for i € Xy and c —e; >0
o
lim / |(m§l))i(x) — (m);(x)| dx =0.
{—o00
—0o0

Similarly we can show that this is true for i € Xy and ¢ —e; <0 and for i ¢ Xy, i.e., d; > 0. We shall
omit the proofs for these two cases. We conclude that (4.10) holds.
Observe that w'¢i) satisfies

W00 = [ m® - pHWD)»)dy (412)
which can be written as
W) (x) = / m.(x — y)HW) (y) dy + / (m{” (y) — m(y)HW)x — y)dy.  (413)

Since [ mc(x — y)H(u)(y)dy is continuous in u and w'“/)(x) converges to w(x) uniformly on every
bounded interval as j — oo, [0 m¢(x — y)HW)(y)dy converges to [*° m(x — y)H(w)(y)dy. On
the other hand since Hw)(x — y) is bounded, (4.10) shows that the second term on the right-hand
side of (4.13) converges to zero. We then take limits in (4.13) to obtain

w(x) = / m¢(x — y)H(w)(y)dy (4.14)

so that w is a traveling wave solution of (2.1). w*)(x) are nonincreasing functions so is w(x). The
condition (4.9) and the definition of n shows that w(—oco0) = 8 and w(x) is not a constant function.
By taking x — oo in (4.14), we see that w(oo) is a constant equilibrium other than g.
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We now show that the existence of a traveling wave solution with speed ¢* in the case that ¢* # e;
for all i € Xy. In this case, there is a number r > 0 such that |¢* — e;| > r for all i € Xy. We choose
a sequence of numbers ¢, such that ¢* +r/2 > ¢, > ¢* and ¢; — ¢* as n — oo. Then there exists a
sequence of nonincreasing traveling wave solutions for (2.1) which satisfy

W, (x) = / mc, (x — y)H(w, () dy, (4.15)

—00

with we, (—o0) = 8 and wc, (—o0) # B. Eq. (4.15) shows that for § > 0

IWe, (x -+ 8) — We, (0] < / Ime, (X + 5 — y) — me, (x — )| H(we, (1)) dy

—o0

< |B| / |mc, (x + 8) — m, (x)| dx. (4.16)

In view of (4.16), the choice of ¢, and the definition of m.(x), we have that for any € > 0 there
exists §o > 0 such that |w¢, (x 4+ §) — we, (X)] < € whenever § < §p. This shows that the sequence
w¢, (x) forms an equicontinuous family of functions. We choose a small positive number 7 such that
the system (2.1) does not have a constant equilibrium other than g in the set {ueCg: |8 —u| <7}
Without loss of generality, we may assume that

|B —we,(0)] = 1.

Since wg, (x) is an equicontinuous family of nonincreasing functions, there exists a subsequence of
W, (x) still denoted by w,(x) such that w,(x) converges to a nondecreasing continuous function
w(x) uniformly on every bounded interval. We can then take limits in (4.15) to see that

w(x) = f mg (x — y)H(w(y)) dy,

—0o0

and |8 —w(0)| = n. It follows that w is a traveling wave solution of (2.1) with speed ¢*, w(—o0) = 8,
and w(oo) an equilibrium of (2.1) other than B. This completes the proof of the theorem. O

We next show that the slowest speed of a class of traveling wave solutions connecting 0 with an
equilibrium other than 0 cannot be bigger than ¢%, and the slowest speed of a subclass of traveling

wave solutions connecting 0 with 8 cannot be smaller than c?.

Theorem 4.2. Assume that Hypotheses 2.1 are satisfied. Then the following statements are true for the sys-
tem (2.1):

i. for ¢ > ¢ and c # e; for i € Xy, there is a nonincreasing traveling wave solution w(x — ct) with
w(oo) = 0 and w(—o0) an equilibrium other than 0; and

ii. if there is a nonincreasing traveling wave W(x — ct) with w(oco) = 0 and w(—o0) = B, then ¢ > 7.

Proof. We can modify the proof of Theorem 3.1 in [7] by replacing

|B—a(cii; )| =n
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by

la(c; k5 )| =1

and by assuming that there is no constant equilibrium other than 0 in the set {w e Cg: |w| < n}.
One can then use the arguments similar to what in the proofs of Theorem 3.1, Theorem 4.1 and
Theorem 4.2 in [7] and in Theorem 4.1 to show that the statement i holds. We shall omit the details
here.

The proof of the statement ii is similar to the second part of the proof of Theorem 3.1 in [7] and
is omitted. The proof is complete. O

Theorem 4.1 and Theorem 4.2 show that in general there exist traveling wave solutions with
speeds above certain numbers in a partially degenerate cooperative reaction-diffusion system.

5. Linear determinacy

An interesting question is how ¢* is related to c*, and how c% is related to c*. In this section, we
shall show that when the linear determinacy conditions given in Weinberger et al. [23] are satisfied
by (2.1), ¢* =c% =c* =c and they are all equal to the unique spreading speed of (2.1) for which a
formula can be found.

We need the following hypotheses.

Hypotheses 5.1.

i. The matrix £ (0) is in Frobenius normal form, so that the same is true of

Cy=W?D + uE +£(0).

There is a positive entry to the left of each of the irreducible diagonal blocks other than the first (uppermost)
one. The blocks are ordered starting at the uppermost block.
ii. Let v, (1) be the principal eigenvalue of the o th irreducible diagonal block of C,, such that
a. 1(0) > 1; and
b. ¥1(0) > 5 (0) forallo > 0.
iii. Let &(u) be the eigenvector of C;, which corresponds to X1 (). The infimum

¢:= inf (1/u)y1(1) (5.1)
n>0
is attained at an extended positive value [ of j1. Either
(a) [ is finite
Y1(i) > Yo (1), (5.2)
and
f(min{z&(22), B}) — F(0)T&(2) <O (53)

for all positive t;
or

(b) there is a sequence (1, /' i such that for each v the inequalities (5.2) and (5.3) with ji replaced by
Wy are valid.
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These hypotheses are a proper subset of a variant of Hypotheses 4.1 given in Weinberger et al. [23].
As shown in [23], Hypotheses 5.1 provide the linear determinacy conditions, which together with
Hypotheses 2.1 guarantee that c¢* and c% are the same and equal to the spreading speed of the
linearized system of (2.1). Here we have dropped the hypothesis in [23] that e; =0 for all i, i.e., the
time one solution operator Q is reflection invariant. In [23] the reflection invariance was assumed, but
it was not used in the proof of Theorem 4.2. Consequently Theorem 4.2 in [23] is still valid without
the reflection invariance assumption.

Lemma 5.1. Assume that Hypotheses 2.1 and Hypotheses 5.1 are satisfied. Then
cf=c =t"=¢} =c¢
where c is given by (5.1), and c represents the unique spreading speed of (2.1).
Proof. It follows immediately from Theorem 4.2 in [23] that
%

—c* =¢
cf=c} =c

and ¢ represents the unique spreading speed of (2.1).
For system (4.1)

C) =D 4 LE +£(0)
which can be written as
¢
i) =Cp+ (12/0)L
Let yl(e) () be the principal eigenvalue of C,(f). Clearly

YO =y + /e

It is easily seen that the principal eigenvector &(u) of the matrix Cy, is also the principal eigenvector
of the matrix C,(f). We apply Theorem 4.2 in [23] to (4.1) and find that

¢(O =" (O+ = Inf A/ (1 (W) + 1*/0).

As £ — oo, (1/p)(y1(10) + 142 /€) decreases to (1/u4)y1 (@) uniformly on every bounded interval in the
form [a, b] with 0 < a < b. It follows that

¢ =¢* =liminf inf (1/p) (y1 () + u?/€) = inf /w1 (p) =¢.
t—o00 u>0 n>0
The proof is complete. O

By using Theorem 4.1 and Lemma 5.1, we obtain the following results.

Theorem 5.1. Assume that Hypotheses 2.1 and Hypotheses 5.1 are satisfied. Then the following statements are
true for the system (2.1):



B. Li/]. Differential Equations 252 (2012) 4842-4861 4857

i. for ¢ > ¢ and c # e; for i € Xy, there is a nonincreasing traveling wave solution w(x — ct) with
w(—00) = B and w(oo) an equilibrium other than §; and

ii. if there is a nonincreasing traveling wave w(x — ct) with w(—oo) = 8 and w(oco) an equilibrium other
than B, thenc > c.

This theorem characterizes ¢ as the slowest speed of a class of traveling wave solutions under
appropriate assumptions.

The following theorem, obtained from Theorem 4.2 and Lemma 5.1, shows that the slowest speed
of a class of traveling wave solutions with 0 at oo cannot be bigger than ¢, and the slowest speed of
a subclass of traveling wave solutions connecting 0 with B cannot be smaller than c.

Theorem 5.2. Assume that Hypotheses 2.1 and Hypotheses 5.1 are satisfied. Then the following statements are
true for the system (2.1):

i. forc > cand c # e; fori € Xy, there is a nonincreasing traveling wave solution w(x — ct) with w(co) =0
and w(—o0) an equilibrium other than 0; and
ii. if there is a nonincreasing traveling wave w(x — ct) with w(co) = 0 and w(—o0) = 8, then c > c.

Hypotheses 5.1 represent a simplification over the hypotheses made in [2] where (5.3) is required
to hold with fi replaced by w for all 0 < w < @t if [t is finite. Note that we have dropped the hy-
potheses made in [2] that the system (2.1) has only two equilibria, that Cq is irreducible, and that
e; =0 for all i.

6. Applications to a Lotka-Volterra competition model

We consider the Lotka-Volterra two-species competition model system

9 92 9
—p—d1 b —e1—p+r1p(1—p—a1q),

at ~  9x> ax

aq aq

_——— —_— 1 - - ) 6'1
T: e +r2q(1 —q —azp) (6.1)

where p(t,x) and q(t,x) are densities of two competing species, e; and e; are real numbers, and
other parameters are positive numbers. Note that the diffusion coefficient of the species g is 0. This
system has, in general, four constant equilibria: The unpopulated state (0, 0); the p species mono-
culture state (1, 0); the q species mono-culture state (0, 1); and the coexistence state (p*, qg*) where
1—a 1—ay

* *

P zl_alaz, 1 21—0102.

The last state is in the first quadrant if and only if (1 —aq)(1 —ay) > 0, and is otherwise irrelevant.

The stability of the equilibria can be easily determined through the standard linearization analysis.
We assume that

a <1

so that the mono-culture equilibrium (0, 1) is invadable. As is well known, the change of variables
u=p, v=1-—q converts the system (6.1) into the cooperative system

au_ 0%u e u+ru(1 a u-+apv)
Py 18x2 ]ax 1 1 1v),
av av

E = —625 +12(1 — v)(apu — v). (6.2)
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For this system, 8 = ((1 —ay1)/(1 —a1az),a2(1 —ay1)/(1 —ajap)) if a; <1, and B=(1,1) if ap > 1.
Note that if ap <1, then 0 and B are the only equilibria in Cg, and if a > 1 then there is an extra
equilibrium (0, 1) in Cg. It is easily seen that the model (6.2) satisfies Hypotheses 2.1.

Theorem 4.1 and Theorem 4.2 show that (6.2) always has nonincreasing traveling wave solutions
with speeds above certain numbers connecting $ (or 0) with an equilibrium other than g8 (or 0).
Observe that a nonincreasing traveling wave solution of (6.2) connecting (0, 0) with (0, 1) has a zero
component, and a nonincreasing traveling wave solution of (6.2) connecting (1, 0) with 8 = (1, 1) has
a constant component with value 1. Such a traveling wave solution is equivalent to a traveling wave
solution for a scalar equation. We shall show, by using Theorem 5.2, the existence of nonincreasing
traveling wave solutions in (6.2) that connect 0 with .

The matrix C,, for (6.2) is given by

e —(hm? e+ —a) 0
= 1202 eou—ry )

Clearly

i) =dip® +eru+ri(1—ar),  ya(u) =eapn —ra.

It is easily seen that ¢ defined by (5.1) is given by
E=&2fOV1(M)/M=€1 +2ydi(1—ay) (6.3)

and the infimum is attained at i =/(r1(1 —ay))/d1.

One can follow the proof of Theorem 3.1 in Lewis et al. [5] to show that the linear determinacy
hypotheses, i.e., Hypotheses 5.1, are satisfied by (6.2) if

e1 +2vdi(1 —ay) > ey + romax{ajay — 1,0},/dq1/(r1(1 —ay)). (6.4)
Lemma 5.1 shows that under this condition

~k

Sk Lk
C =cL=¢C

—c* —¢
—C+—C.

Observe that the condition (6.4) is equivalent to

¢ > ey +rpmax{ajaz — 1,0},/d1/(r (1 —ay)),
so that ¢ > ej. It is possible that ¢ =e; when aja; < 1.

Theorem 6.1. Assume that (6.4) holds and a1 < 1. Let ¢ be given by (6.3). Then the following statements hold
for the system (6.2).

i. Ifc > ey, orifc=-ey and ay < 1, then for ¢ > ¢ the system (6.2) has a nonincreasing traveling wave
solution with speed c connecting 0 with 3;
ii. Ifc =ey and ay > 1, then (6.2) has no classical nonincreasing traveling wave solution with speed ¢ = e;
connecting 0 with §; and
iii. (6.2) has no nonincreasing traveling wave solution with speed ¢ connecting 0 with B if c <.



B. Li/]. Differential Equations 252 (2012) 4842-4861 4859

Proof. If ¢ > ep, Theorem 5.2 shows that for ¢ > ¢, the system (6.2) has a nonincreasing traveling
wave solution (u(x —ct), v(x — ct)) which connect 0 with g or with (0, 1). If it connects 0 with (0, 1),
then u =0 so that v(x — ct) connects 0 with 1 and is a nonincreasing function satisfying

(c—e)V =rv(l —v). (6.5)

Since ¢ > e, (6.5) implies that v is a nondecreasing function, a contradiction. Therefore the traveling
wave must connect 0 with 8. The second equation of (6.2) shows that a traveling wave solution
(u(x —ext), v(x — ext)) of (6.2) with speed e, satisfies that for —oo <z < o

(1=v(®@)(azu(2) — v(2)) =0. (6.6)

This equation shows that v(z) is either au(z) or 1 for any real number z. Assume that ¢ =e; and
a; < 1. We substitute v =apu into the second equation of (6.2) to obtain

u 9%u

= eau+ru(1 a1 — (1 —a1ax)u) (6.7)
e = h 15, T 1 1a2)U). .

9x2 d

This is the Fisher equation with an advection term, which has the minimal traveling wave speed
¢ = e3. Eq. (6.7) has a nonincreasing traveling wave solution u(x —e,t) connecting 0 with (1—a)/(1—
aiay). Then (u(x — eat), v(x — ext)) with v(x — ext) = ayu(x — ext) is a nonincreasing traveling wave
solution of (6.2) connecting 0 with 8 = ((1 —a1)/(1 — a1a2),a2(1 —ay)/(1 — ayaz)). This completes
the proof of the statement i.

We next consider the case of c =e; and a; > 1. In this case 8 = (1, 1). If (u(x —ext), v(x — eat))
is a classical nonincreasing traveling wave solution of (6.2) connecting 0 with g = (1, 1), we derive
a contradiction as follows. Since u(z) and v(z) are continuous and both decrease from 1 to 0 as z
increases from —oo to oo, (6.6) and the assumption a, > 1 imply

v(z) =min{1, aau(2)}. (6.8)

Substituting this to the second equation of (6.2), we obtain that

diu” + (e2 — enu’ +rju(1 —ay — u 4+ a; min{1, axu}) =0. (6.9)

Assume that ayu(zg) =1 for some real number zg. (6.9) shows that

diu”(20) + (e2 — e)u' (20) + r1u(z0) (1 — u(z0)) = 0.

This shows that u”(zg) < 0 if u’(z9) = 0. It follows that if u’(zg) =0 then u'(z) > 0 for z < zg and z
sufficiently close to zg. This is impossible as u(z) is a nonincreasing function. We therefore have that
u'(z9) < 0. It follows from this and (6.8) that v(z) is not differentiable at zg, which contradicts that
(u(x — eat), v(x — ext)) is a classical nonincreasing traveling solution. This completes the proof of the
statement ii.

The statement iii follows from Theorem 5.2.ii. The proof is complete. O

The conditions given in [2] require that (5.3) holds with u replaced by all 0 < < and e; =0
for all i, which leads to

Vdiri(1 —ap) > rymax{ajay — 1,0},/d1/(r1(1 —ayr))

for (6.2). This condition is much stronger than (6.4) in the case of e; =e; =0.
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7. Discussion

We studied the existence of traveling wave solutions for a large class of partially degenerate coop-
erative reaction-diffusion systems. We showed that a traveling wave solution of a partially degenerate
cooperative reaction-diffusion system with an appropriate speed is a fixed point of a compact integral
operator. We proved that a partially degenerate cooperative reaction—diffusion system has traveling
wave solutions with speeds above two extended real numbers. We also demonstrated that the two
numbers are the same and may be characterized as the spreading speed as well as the slowest speed
of a class of traveling wave solutions provided that the linear determinacy conditions given in Wein-
berger et al. [23] are satisfied.

The framework developed in this paper might be used to establish the existence of traveling wave
solutions for other different kinds of spatial-temporal systems. There have been extensive studies re-
garding traveling solutions in delayed reaction-diffusion systems with positive diffusion coefficients;
see for example Wu and Zou [25], Li et al. [10], Liang and Zhao [12], and Li and Zhang [9]. To establish
existence of traveling wave solutions for a partially degenerate delayed cooperative reaction-diffusion
systems, one might first show that a traveling wave solution of such a system is equivalent to a fixed
point of a compact integral operator and then show that a traveling wave solution can be obtained by
taking a limit of a sequence of functions that are fixed points of related integral systems. A similar ap-
proach might be used to show existence of traveling wave solutions in cooperative integral-differential
systems.

The present paper only treated reaction-diffusion systems for a one-dimension habitat. However,
it is known (see, e.g., [22,13,23]) how to use the one-dimensional results to determine the spreading
speeds and traveling waves in higher-dimensional habitats by looking at one direction at a time. One
chooses each unit direction vector &, and uses the framework developed in this paper to study the
existence of traveling waves in the direction & of a homogeneous habitat, which are functions of the
single variable & - x.
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