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Abstract

We consider an initial-boundary value problem for the incompressible chemotaxis-Navier—Stokes equa-
tions generalizing the porous-medium-type diffusion model

ng+u-Va=An" —V.-(my()Ve), xe€Q, >0,

¢t +u-Ve=Ac—nf(c), xe, t>0,
ur +xkw-V<u=Au+VP +nVd, xeQ,t>0,
V-u=0, xeQ, t>0,

in a bounded convex domain Q C R3. Here « € R, ® € Wl'oo(Q), O0<yxe C2([0, o)) and 0 < f €
([0, 00)) with f(0) =0. It is proved that under appropriate structural assumptions on f and yx, for any
choice of m > % and all sufficiently smooth initial data (ng, cg, ug) the model possesses at least one global
weak solution.
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1. Introduction

Chemotaxis is the directed movement of living cells under the effects of chemical gradi-
ents. Aerobic bacteria such as Bacillus subtilis often live in thin fluid layers near solid-air-water
contact line, in which the swimming bacteria move towards higher concentration of oxygen ac-
cording to mechanism of chemotaxis and meanwhile the movement of fluid is under the influence
of gravitational force generated by bacteria themselves. Both the oxygen concentration and bac-
teria density are transported by the fluid and diffuse through the fluid [5,14,20].

To model such biological processes, Tuval et al. [22] proposed the following model

n4+u-Vo=An—-V-(nx()Ve), xe€,t>0,

¢t+u-Ve=Ac—nf(c), xeQ, t>0, (1
ur+kw-VYu=Au+VP+nVd, xeQ,t>0, '
V-u=0, xe,t>0

in a domain © ¢ RY, where the scalar functions n = n(x, ) and ¢ = c¢(x, t) denote bacterial
density and the concentration of oxygen, respectively. The vector u = (u(x, 1), ua(x,t), -,
upy(x,t)) is the fluid velocity field and the associated pressure is represented by P = P(x, t).
The function y is called the chemotactic sensitivity, f is the oxygen consumption rate by the
bacteria and « € R measures the strength of nonlinear fluid convection. The given function ®
stands for the gravitational potential produced by the action of physical forces on the cell.

The chemotaxis fluid system has been studied in the last few years and the main fo-
cus is on the solvability result. Under the assumption that y(c) = x is a constant and f
is monotonically increasing with f(0) = 0, Lorz [14] constructed local weak solutions in
a bounded domain RY (N = 2,3) with no-flux boundary condition and in R2 in the case
of inhomogeneous Dirichlet conditions for oxygen. In bounded convex domains Q C R?,
Winkler [28] proved that the initial-boundary value problem for (1.1) possesses a unique
global classical solution. In [30] the same author showed that the global classical solu-
tions obtained in [28] stabilize to the spatially uniform equilibrium (79, 0,0) with g :=
ﬁ fQ no(x)dx as t — o0o. Zhang and Li [32] proved that such solution converges to the equi-
librium (79, 0, 0) exponentially in time. By deriving a new type of entropy—energy estimate,
Jiang et al. [11] generalized the result of [30] to general bounded domains. For the well-
posedness of the Cauchy problem to (1.1) in the whole space we refer the reader to [2,3,6,13,31,
34].

When the nonlinear convective term is ignored (k = 0 in (1.1)), which means the fluid mo-
tion is slow, the model is simplified to the chemotaxis-Stokes equation. In this modified version,
global weak solutions are constructed for the two-dimensional Cauchy problem [6]. In a bounded
convex domain Q C R?, the chemotaxis-Stokes system possesses at least one global weak solu-
tion [28].

The diffusion of bacteria may depend nonlinearly on their densities [9,19,20,23]. Introducing
this into the model (1.1) leads to the chemotaxis-Navier—Stokes system with nonlinear diffu-
sion [4]
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n4+u-Vo=V.-(Dn)Vn) =V -(mx()Ve), xe, t>0,

ct+u-Ve=Ac—nf(c), xe, t>0, (12)
ur+kw-VYu=Au+VP+nVd, xeQ, t>0, ’
V-u=0, xeQ, t>0.

Up to now, the main issue of investigation to (1.2) seems to concentrate on the chemotaxis-Stokes

variant. Under the assumption D(n) = mn™=1, Di Francesco et al. [4] proved that when m €

(%, 2] the chemotaxis-Stokes system admits a global-in-time solution for general initial data

in the bounded domain € C R%. The same result holds in three-dimensional setting under the

(7+W 2.
12 >

constraint m € Tao and Winkler [19,20] extended the global existence result so

as to cover the whole range m € (1, c0) in the bounded domain 2 C R? and m € (%, 00) in
the bounded convex domain © C R3. In [13], global existence of weak solution to the Cauchy
problem of chemotaxis-Stokes system is established with m = % in Q = R2. Recently, Duan and
Xiang [7] generalized the global existence result for all exponents m € [1, 00).

In contrast to the chemotaxis-Stokes system, very few results of global solvability are avail-
able for the full nonlinear chemotaxis-Navier—Stokes system. In the case 2 € R?, global
weak solutions are constructed by setting D(n) = mn™ =1 with m € [1, 00) [7]. For the three-
dimensional initial-boundary value problem, the only result we are aware of is that when
m > g—‘ the full system with nonlinear diffusion admits a global weak solution provided that
®eL) ((0,00); L} () with V& € L7 ((0,00); L>°(R)), and x and f are continuous dif-
ferentiable satisfying x’ >0, f > 0 and f(0) =0 [24].

Recently, for sufficiently smooth initial data (ng, co, ug), Winkler [29] established global weak
solutions of (1.1) in bounded convex domains Q C R3 under the assumptions y € C 2([0, 00)),
f € C([0, 00)) with £(0) =0 and ® € W!°°(Q). Motivated by the work of [29], our purpose
of the present paper is to consider the full chemotaxis-Navier—Stokes system with nonlinear
diffusion. In order to formulate our result, we specify the precise mathematical setting: we shall
subsequently consider (1.2) along with boundary conditions

an dc
Dn)—=—=0, u=0, x€0Q,t>0 (1.3)
av av
and the initial conditions
n(x,0) =no(x), cx,0) =co(x), u(x,0)=uox), xe€Q (1.4)

in a bounded convex domains £ C R? with smooth boundary, where we assume

ng € Llog L(2) is positive,
co € L°°(R2) is nonnegative and such that ,/co € wh2(Q), (1.5)
up € L2(Q).

With respect to the parameter function in (1.2), we shall suppose throughout the paper that

D(s) € C.l7 ((0,00))  for some y > 0, (1.6)
Dis" ' < D(s) < Dps™ ! foralls >0 (1.7)
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with m > % and D, > Dy > 0, and that

x € C%([0,00)), x>0 inl0,00),
feCl(0,00), f(0)=0, f>0 in(0,00), (1.8)
® e Who(Q).

Moreover, we shall require the further technical assumptions

<§>/ >0, on[0,00) (1.9)

(%)N <0, on]0,00) (1.10)
and

(x-f) =0, onl0,o00). (1.11)

Our main result reads as follows.

Theorem 1.1. Let  C R3 be a bounded convex domain with smooth boundary and « € R. Sup-
pose that the assumptions (1.5)—(1.11) hold. Then there exists at least one global weak solution
(in the sense of Definition 6.1 below) of (1.2)—(1.4) such that

m 2 . w2 i 4 L4
n? e L ([0,00); W"*(Q)) and c* e Lj, .([0,00); W ().

Remark 1.1. (i) If the diffusion function D(u#) =1 in (1.2), this is consistent with the result of
[29].

(ii) Theorem 1.1 shows that the model (1.2)—(1.4) possesses a global weak solution even when
the diffusion effect is rather mild. However, we have to leave open here whether the lower bound

of diffusion exponent m = % is optimal to guarantee global weak solvability.

The rest of this paper is organized as follows. In Section 2, we introduce a family of regular-
ized problems and give some preliminary properties. Based on an energy-type inequality, a priori
estimates are given in Section 3. Section 4 is devoted to showing the global existence of the reg-
ularized problems. In Section 5, we further establish some e-independent estimates. Finally, we
give the proof of the main result in Section 6.

Notations. Throughout the paper, for any vectors v € R? and w € R?, we denote by v ® w
the matrix Azy3 with a;; = v;w; for i, j € {1,2,3}. We set LlogL(f2) is the standard Orlicz
space and L(z, (Q):= {(p eL>(Q)|V-¢= O} denotes the Hilbert space of all solenoidal vectors in
L2(S2). As usual P denotes the Helmholtz projection in L2($2). We write W&”j(Q) = W01’2(S2) N
L(Z, (2) and Cgf’a (RQ) = Cgo(SZ) N L(Z7 (€2). We represent A as the realization of Stokes operator
—PA in L2(R) with domain D(A) := W>2(Q) N Wg”j(g). Also n(-, 1), ¢(-, 1) and u(-, ) will
be denoted sometimes by n(z), c(¢) and u(z).
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2. Regularized problem
Our intention is to construct a global weak solution as the limit of smooth solutions of appro-

priately regularized problems. According to the idea from [29] (see also [20]), let us first consider
the approximate problems

Ngt +ug - Vg =V - (Dg(ng)Vng) — V- (nng/(ns)X(Cs)VCa)» xe, t>0,
Cet +Ug - Vee = Acg — Fe(ng) f(ce), xe, t>0,
ey +kYettg - Vg = Aug + VP +n VO, xeQ, t>0, )1
V-u,=0, xeQ, t>0, 2D
Bre = % =0, u, =0, x€dQ, >0,
ne(x,0) =noe(x),  ce(x,0) =coe(x), us(x,0) =ups(x), x€
for ¢ € (0, 1), where the approximate initial data no, > 0, co, > 0 and u, satisfy
noe € C§°(9),
Janoe = Jgno. 2.2)
nge — nog, €—0 in LlogL (),
A CO&‘ € CSO(Q)v
llcoell L) < llcoll Lo (), (2.3)
Cos = +/c0, &—0 ae.inQandin W]’Z(Q),
and
Upe € C&Og (£2),
lwoe ll 22y = lluoll 2(q), (2.4)
uge —> ug, €—>0 in LZ(Q).
The approximate functions in (2.1) can be chosen as
D.(s):=D(s+¢), foralls>0, (2.5)
1
F.(s):=—In(1 +¢s), foralls >0,
e
and the standard Yosida approximate Y, [17] is defined by
Yev:i=(1+eA) v, forallveL(Q).
It is easy to verify our choice of F, above guarantees that for each ¢ € (0, 1)
0<Fl(s)= <1, foralls>0, 2.6
< F.(s) T os = orall s > (2.6)
1
F/(s) = < —, foralls >0, 2.7
sF.(s) T es =2 orall s > 2.7)
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0<F.(s)<s, foralls>0, 2.8)

and

Fe(s)—> 1, F.(s)—>1, ase—>0 foralls>0.

The first lemma concerns the local solvability of the approximate problems (2.1). The proof
is based on well-established methods involving the Schauder fixed point theorem, the standard
regularity theory of parabolic equations and the Stokes system (for details see [20,28,29], for
instance).

Lemma 2.1. For any ¢ € (0, 1), there exist a maximal existence time Tmax ¢ € (0, 0] and func-
tions ng > 0, ¢, > 0 and u. fulfilling

ne € CO(Q x [0, Tmax,e)) N C>' (2 % (0, Tax.e)) ,
ce € CY(Q2 % [0, Tmax,e)) N C*' (2 X (0, Trnax,¢))  and

e € CO(Q x [0, Tmax,e)) N C>' (€2 % (0, Tax.e))

such that (ng, ce, ug) is a classical solution of (2.1) in Q x (0, Tmax.e). Moreover, if Tmax,e < 00,
then

lneC, DliLe@) + llce ¢ Dllwrag) + lue ¢, Dl paey = 00, 1 — Tnax,e
3
forallg>3anda > 3.

The following estimates of n, and ¢, are basic but important in the proof of our result.

Lemma 2.2. For each ¢ € (0, 1), we have

/ ng(-, 1) =/ ng forallt € (0, Tmax.¢) 2.9)
Q Q

and

llee G D lle@) < llcollzoo@) =: M in €2 x (0, Tmax,e)- (2.10)

Proof. Integrating the first equation in (2.1) and using (2.2), we obtain (2.9). Since f > 0 by our
assumption (1.8) and F, > 0 by (2.8), an application of the maximum principle to the second

equation in (2.1) gives (2.10). O
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3. An energy-type inequality

In this section, we shall utilize an energy inequality associated with the first two equations in
(2.1) to establish a priori estimates. The main idea of the proof is similar to the strategy introduced
n [29, Section 3]. However, since the nonlinear diffusion case is involved in the computations,
we prefer to give enough details for the convenience of the reader. The first inequality will play
an important role in our proof.

Lemma 3.1. Let (1.6)—(1.11) hold. There exists K > 1 such that for any ¢ € (0, 1), the solution
of (2.1) satisfies

d 1 D.(n D?%c,|? Ve |
/nelnng /|W<cg>| | 2 ‘9)|Vne|2+/' S
dt K Q Ne Q Ce Q ¢

<K f Vuel? forallt € (0, Ta.e), a1
Q

where W (s) _fl

T ox(s)”

Proof. The proof is based on the first two equations in (2.1) and integration by parts and detailed
computations can be found in [29, Lemmas 3.1-3.4]. O

Based on Lemma 3.1, we can modify the above energy-type inequality (3.1) to contain all
components of ng, ¢, and u,.

Lemma 3.2. Let WV be as given by Lemma 3.1 and suppose that (1.6)—(1.11) hold. Then for any
e €(0,1), there exists C > 0 such that

d / In +1/|V\I!( )|2+K/| 2
—_— n n - C u
dt . & £ 2 . £ N £
D2c,|? Ve |*
—{le(ng+s>m—2|ws|2+/' 2 +f| f' +f|wg|2}
K Q Q Ce Q ¢ Q

<C forallt e (0, Tmax.e)> (3.2)

where D1 and K are constants provided by (1.7) and Lemma 3.1, respectively.

Proof. Multiplying both sides of the third equation in (2.1) by u, and integrating by parts over €2,

we have
o lug|” + |Vue|"=—k | (Yeue - Vug -ue + neVO - u,
2dt Jo Q Q Q

forall t € (0, Tax.¢)- Since V - u, = 0 implies V - Y u, = 0, we thereby obtain

1d
EE/ |u8|2+/ |w€|2=/ neVd-u, forallt e (0, Tnax.e)-
Q Q Q

Please cite this article in press as: Q. Zhang, Y. Li, Global weak solutions for the three-dimensional
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Substituting this into (3.1), we get

/ 1 —1 / | ( )|2 / | |2
nglnng 4+ VU (c + K u
dt Q ¢ ¢ 2 Q ¢ Q ¢
1 D.(n DZC 2 Ve
{/ s( 8)|V s|2 / | 8| / | 3&‘| } K/ | 8|2
K Q Ng Q Ce Q ¢ Q

521{/ neV® - ug forallt € (0, Tnax.c)- (3.3)
Q

Using (1.7) and (2.5), we have for each ¢ € (0, 1)

D
/ M|Vrzg|2z1)1/(nmLe)m*2|VnE|2 for all 7 € (0, Thax.c)- (3.4)
Q Q

ng

By (1.8), Holder’s inequality and the embedding WL2(Q) — LO%(Q) for n = 3, we can find
C1 > 0 such that for each ¢ € (0, 1)

2Kf ne V- ue < 2K @lycline +ell g o el
Q
<Cilne + S”Lg(ﬂ) ||Vue||L2(Q) for all 1 € (0, Tiax,e)-
Note that
(ne + )2 IIL 2 ) = < (lInoll 1 +121)*  forallz € (0, Tiax.e) (3.5)

by (2.2) and (2.9). It follows from the Gagliardo—Nirenberg inequality [25] that

Ine +el g o =|me+of]
Lin Q)

3m 1
L2(Q)

m(3m l)

2

Lm (Q))
2(m D

((/ (ne + &)™~ 2|Vn8|2) +1> for all 7 € (0, Thax.c)

with C; > 0 and C3 > 0. Since 5. — L <1 by our assumption m > 2 Young’s inequality yields
C4 > 0 such that

1
2Q@m—1)
2K/n8V<I>-u8§C1C3<</ <n8+e>m—2|we|2) +1).nwgup(m
Q Q
1 m_> In—1
<01y /<n8+e) Ve /|wg|
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<o oo vn+ 2 [ vu (3.6)
2K
for all t € (0, Thax,¢)- Inequality (3.2) then follows by combining (3.3), (3.4) and (3.6). O

We can now use Lemma 3.2 to establish a priori estimates for the solution of (2.1).

Lemma 3.3. Let V and K be as given by Lemma 3.1, and assume that the requirements of
Lemma 3.2 are satisfied. Then there exists C > 0 such that for any ¢ € (0, 1) we have

1
/nglnng—i-—/ |V\I/(cg)|2+K'/ lug|> <C  forallt € (0, Tmax.c) (3.7)
Q 2 Ja Q
and
T T DZC 2 T Ve 4 T
D1/ /(n8+e)m*2|Vn8|2+/ /Qﬁ-/ | 38' +/ /IVug|2§C(T+l)
0 Q 0 Q Ce 0 Q Ce 0 Q
(3.8)

SJorall T € (0, Tiax.s)-

Proof. Set

1
e (1) ;=/ nelnng + /|V\Il(cg)|2+K/ lug|*> forall t € (0, Tnax.c) (3.9)
Q

and

D2, |? Ve |
hs(t):=D1/<ne+s>'"—2|ws|2+f' d +f' 5' +/|wg|2
Q Q Ce Q ¢ Q

for all ¢ € (0, Tmax.¢). Then (3.2) implies

1
yo(t) + Sche=C forall 1 € (O, Tax.c). (3.10)

In order to introduce dissipative term in (3.10), we show that y.(¢) is dominated by h.(¢). Now
using the inequality

2
ZIHZ< m+3

z forallz >0

3m

with m > g, we can find positive constants C1, C» and C3 fulfilling for each € € (0, 1)

3
[ nelnn, < / (e + &)"*3
Q 3m -1 Q

2(3m+2)

3m
2(3m+2)

(e + 0%
L 3m (2)

:3m—l
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3C m 2(3;n+2)
1 k) W "
< \V4 z H 2 H 2
< (H RO i [OSOH] RS (OS]
& 26m+2)
Finc 0% [ o075 g 03 | F
(H RO R [OEOH R (ORI
< Cs (/ (n8+8)m2|Vn8|2+1) for all 7 € (0, Thax.c) (3.11)
Q

by the Gagliardo—Nirenberg inequality and (3.5). According to (1.8), we have

g(s) = fE; C'((0,M]) and g(0)=

Hence the mean value theorem yields g(s) > min;¢fo, p] &' (7)s =: Ms. We now apply Young’s
inequality and (2.10) to obtain

|ch|2
|V‘I’(Ce)|

Qg(ca)

|ch|4 / cg’
ng(cs)

'We|4 MIQ|  all € (0, Tyae) 3.12)
- ora , . .
A2 max, e

From the Poincaré inequality, we have C4 > 0 such that

K/ lug|? < c4/ |Vue|? forallz € (0, Thax.e)- (3.13)
Q Q
It follows easily from (3.11)—(3.13) that

Ye(t) < Cshg(t) 4+ Ce forallt e (0, Tmax,e)

with Cs := max { g—}‘, %, C4} and Cg :=C3 + TA‘% . This, along with (3.10), yields

1 1
yg(t) + )’S(Z) + Kha(t) <C;:=C+ for all 7 € (0, Tinax,e)-

Ce
4K Cs
Noting that /. (t) > 0, a standard ODE comparison argument implies

Ve (1) < max ! sup y:(0), 4KC5Cy forall t € (0, Tmax.¢)- (3.14)
e€(0,1)

In view of (2.2)—(2.4) and [29, Lemma 3.7], we obtain (3.7). On the other hand, since zInz > —l

for all z > 0, we have y.(¢) > — lQ‘

(3.8). O

. Therefore, a time integration of (3.14) directly leads to
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4. Global existence for the regularized problem (2.1)

With Lemma 3.3 at hand, we are now in the position to show the solution of the approximate
problem (2.1) is actually global in time. The idea of the proof is based on the argument in [29,
Section 3] for the linear diffusion case m = 1.

Lemma 4.1. For each ¢ € (0, 1), the solutions of (2.1) are global in time.

Proof. Assume for contradiction that Trax . < 00 for some € € (0, 1). By Lemma 3.3, we obtain
Ci > 0 and C, > 0 such that

/ lug|> <€y forallt € (0, Tmax.c) (4.1)
Q

and

Tmax,a Tmax.s VC 4
[ fvert= [ [ Bt
0 Q 0 Q G

Tmax, e VC 4
e[S
0 Q G

<C forallt € (0, Tmax,e)- 4.2)

Multiplying the first equation in (2.1) by p(n. 4+ )?~! with p € [m + 1,2(m + 1)] and using
integration by parts we obtain

L / (ne +&) +p(p—1) f (ne + )P 72 De(ne)| Vne|?
dt Q Q
—p(p—1) / (e + )P FL(ne)x (ce)Ves - Ve 43)
Q

for all t € (0, Tax.¢). We deduce from (1.7), (2.7) and Young’s inequality that

d
s /Q (ne + )" + p(p— D, /Q (e + &)™ 73| Vn,

—1
< pp—b max x(s) | (ne +&)P Ve, - Vn,
& se[0,M] Q

<p(p— 1Dy fQ (e + &)™ P3|V, P + /Q (e + 620" 4. /Q Ve,

for all # € (0, Tax,e) With some C3 > 0. (Here and below in this section the constants may
depend on ¢.) Since 2(p —m — 1) < p for p <2(m + 1), applying Young’s inequality again, we
obtain

d
- f (ng+e)f < / (ne +6)P + C3/ |VC8|4 +C4 forallt € (0, Tiax,e)
dt Jo Q Q
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with some C4 > 0. Integrating this yields C5 > 0 such that
/ (ne +e)? <Cs forallt e (0, Tmax.c), (4.4)
Q

where p € [1,2(m + 1)].
We now prove the boundedness of u.. From (4.1), we can find C¢ > 0 and C7 > O fulfilling

[ Vette ()|l o) = I1(1 4 £A) " ue () | o)
< Cellus®ll 2
<C7 forallt € (0, Toax.s) (4.5)

due to the embedding D(1 + ¢A) < L°°(£2). We apply the Helmholtz projection P to the third
equation in (2.1), test the resulting identity by Au, and integrate by parts over 2 to have

1d
2ai ) 1A, | +/ |Au8|2=/73H5~Au5 for all 7 € (0, Thax.c)
t Q
with Hg(x,t) :==nV® — k(Yeu, - V)ue, where we have used
/¢.A¢=/ |A%¢|2=/ IVo[? forall ¢ € D(A). (4.6)
Q Q Q

Applying Young’s inequality, [Pl 2q) < Il 12 forall ¢ € L?() [17, Lemma 2.5.2], (4.5)
and (1.8), we can estimate

1
/PH8~Augs/ |Aue|2+—/ |PHe|?
Q Q
5/ At +—/ |(Fotte - Vo + = /|neV<I>|
Q
S/ |Au8|2+C3 (/ |Vu8|2_|_/ng> forall t € (0, Tmax.c)
Q Q Q

with some Cg > 0. Hence we get

1d
EE |A2us| <Cg< IVus|2+/ ni) forall # € (0, Tmax.c)-
Q Q

This, along with (4.4) and (4.6), gives Cg9 > 0 such that

f |Vug|? < Co forallt € (0, Tnax.o)-
Q

We thereby obtain

IPH: (1)l 20y < Cro forall 1 € (0, Tinax.e) @.7)
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with some Cjg > 0. Applying the fractional power A* with « € (43_1’ 1) to both sides of the
variation-of-constants formula

t
ue(t) = e uge + / e UIAPH, (s)ds forallt € (0, Tmax.c).
0

using the well-known smoothing estimate of the Stokes semigroup [8] and (4.7), we have C11 > 0
and C1; > 0 satisfying

t
IA%ue ()l 2y < 1A% Yugell 20 + / A%~ IAP Ho ()]l 12y ds
0

t
= Cllt_a“’/l()e”LZ(Q) +Ci1 / (t— S)_a||PHa(S)||L2(Q)dS
0

<Cjp forallt e (7, Tmax.e)

with any 7 € (0, Trax.¢)- In view of the embedding D(A%) — L°°(2) asserted by our choice of
o [17, Lemma 2.4.3], we can find Cy3 > 0 and Cy4 > 0 such that

luellLe@) < Ci3llA%us (O 2y < Cra forall t € (7, Tinax,e)- (4.8)

Let r := min{2(m + 1), 4}, then r > 3 due to m > % Employing V to both sides of the
variation-of-constants formula for ¢,

t
cet) = e(’—fmcg(g) - / 198 (F(ne) f(ce) + tte - Veo) (s)ds  forall t € <§, Tax.e):
2

recalling the standard smoothing estimates of Neumann heat semigroup ([27, Lemma 1.3], see
also [15]), we have C5 such that

_z T ! s
Ve Ol = [ve e+ [ et Fm s +ue Ve 0], o ds
270 L) z L"(Q)

<cis(i-2)
=L15 )

t i -
+Cis / (=9 e Ve Ollr@ds forall 1€ (3, Ty
2

t
(], + O / (t =) N(Een0) F e ()1 @ ds

Hence, an application of (2.8), (2.10), (4.8), (4.4), (4.2) and the Holder inequality yields positive
constants Cy¢, C17, C13, C19 and Cyg fulfilling

1 4 1 4 1
IVl < Cigt 4 + Cir f (t —5)"¥ds + Cig f (=) 1Vee) oy ds
0 0

1 1 Tmax,s 2 % Tmax‘s 4 %
<Ci6t 2 +2C17Tn21ax,£+C18 </ (t_s)_gds) </ f [Vee(s)] )
0 0 Q
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4 : !
=< C16f 2+ 2C17Tmax,8 + C19Tmax,s
< Cy forallte (t, Thax,e)- “4.9)

We next rewrite the variation-of-constants formula for ¢, in the form
t
ce(t) =€ “Veg +/ eI (¢, — Fo(ne) f(ce) — ue - Vee) (s)ds
0

forall ¢t € (0, Tmax.¢)- Picking 6 € (% + 237 1), then the domain of the fractional power D((—A +
1)?) < W1°°() [26.33]. Hence, by virtue of L”-L4 estimates associated heat semigroup [26],
(2.10), (2.8), (1.8), (4.4), (4.8) and (4.9), there exist positive constants Ca1, C22, C23, C24 and
C»5 such that

llee ) ooy < Cat | (=A+ DP e ()]

<Cot™ %™ o]

L"(€2)

L7(%2)

t
+C» /0 (t =) (e — Folng) f(ce) — e - Vee) ()l r (e ds

<Cnt ™ |co|

t
et C23/O t —s5)""e " ds
t
+ C23/ t—5) e ng ()l ) ds
0

t
+ C23/ (t —s) e IVee ()L ds
0

<Cptfe™ lo.e |

L7 () + C24F(1 - 9)
<Cys forallt e (7, Tmax.e) (4.10)

with some v > 0, where I'(:) is the Gamma function. We may then apply (4.3) once more and
Young’s inequality to obtain positive constants Coe, C27 and Cag satisfying

d
— / (ne +&)” + p(p — 1)Dy / (ne + )" P3| Vn, ?
dt Q Q
< Ca / (ne + )72 Vn|
Q
< p(p— 1Dy / (ne + &) P73 |Vn > + Cay f (ne + )7~
Q Q
<p(p—1)Dy / (e +&)" P3| Vn, |* + f (e +&)P + Cog  forall t € (7, Tiax.c)-
Q Q
Therefore, integrating with respect to ¢ yields C29 > 0 such that

/ nf < Cy forallt e (t, Tmax,c)
Q
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with any p > 1. Upon an application of the well-known Moser—Alikakos iteration procedure
[1,18], we see that

Ine (Dl < C3o forall t € (t, Thax,s) 4.11)
with some C3p > 0. In view of (4.8) and (4.11), we apply Lemma 2.1 to reach a contradiction. O
5. Further e-independent estimates for (2.1)

In order to pass to limits in (2.1) with safety, we need some more ¢-independent estimates for
the solution.

Lemma 5.1. Suppose that (1.6)—(1.11) hold. There exists C > 0 such that for all ¢ € (0, 1), the
solutions of (2.1) satisfy

T m 2
/ / ‘Vng <C(T+1), foralT >0, (5.1)
0 Q
T 3m+2
/ /(ng—l—s)pr(T—l—l), I<p< forall T >0, 5.2)
0 Q
T D¢ (ng) 2
/ / ———|Vn | <C(T+1) foralT >0, (5.3)
0o JQ nNeg
T 3m+2
f / (De(ne)Vng)3ms1 <C(T + 1) forall T >0 5.4
0 Q
and
T 10
/ / lug|3 <C(T+1) forall T >0. (5.5)
0 Q
Moreover, lf% <m <2, then we have
T 3m+2
/ / |Vng| 4 <C(T +1), forall T >0. (5.6)
0 Q

Proof. From Lemma 3.3 we know that there exists C; > 0 such that

T
/ / (e +&)"2|Vn > <Ci(T +1) forall T > 0. (5.7)
0 Q

Then, (5.1) is a direct consequence of (5.7). Due to the fact that €2 is bounded, we only need to
prove (5.2) with p = # We employ the Gagliardo—Nirenberg inequality to find C; > 0 and
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C3 > 0 fulfilling

T
0 Ja

T o 20m12)
2/ (n€~|—£)7H 23(g;71+2)
0 L 3 (Q)
2(3m+2)
s T2 3m
5C2<’V(na+8)2 0 (R E RS R E I
Lm( m(Q)
4 o (2022
=c2< Vot o], Juctrof]” +|ecrol] " )
L2(Q) m (£2) Lm ()

<C3(T+1) forall T > 0.

Recalling the proof in Lemma 3.2, we obtain

1 D, (ng)
y;(t)+ﬁ/ sn V> <K forall T >0,

&

where y, and K are provided by (3.9) and Lemma 3.1, respectively. Integrating this in time over
(0, T) yields (5.3). By Holder’s inequality, (5.2) and (5.3), we can find C4 > 0 such that

T 3m+2
(/‘ / Ds(”la)|v s|2) </ /(De(ns)na) %mZ)
3m+ T z—+2 d : :l—m+2
< i (/ /Mwnf)é (/ /(nerg)”?ﬁ)G
0 Ja e 0 e

<Cy(T+1) forall T >0.

Using the Gagliardo—Nirenberg inequality and Lemma 3.3 again we have

T 10 T 10
= 3
/ /Iusl3 =/ lue (O 71
0 Q 0 L3 ()

T
= CS/(; (”vus(t)”L2(Q) ||u€(t)||L2(Q) + Ilue(t)”LZ(Q))
<Ce(T+1) forallT >0

with Cs > 0 and Cg > 0. Finally, we prove (5.6). Since % <2, applying (5.7) and Young’s
inequality we get C7 > 0 and Cg > 0 such that
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T (m—2)(3m~+2) Q2=m)(3m+2)
M 3m+2 e
[ [ roner / / ST
0
- %m+2

< Cg(T+ 1), forall T >O.

This completes the proof. O

We derive the L?-bound for n, + ¢ and the estimate of space—time integral fOT fQ [V(ne +
€)"|? as a supplement to the regularity property concerning 7, in the case m > 2.

Lemma 5.2. Let m > %. For all ¢ € (0, 1), there exists C(T) > 0 and C > 0 such that

/ (ng +e)? <C(T) forallt>0. (5.8)
Q

with1 < p <9(@m — 1) and

/ )V(n8 eyl
Q

<C(T+1) forallT >0. 5.9

with ™ < F < 5(m —1).

Proof. Itis based on a bootstrap argument ([20], see also [10,21]). We multiply the first equation
in (2.1) by p(ne 4+ &)?~! to deduce that

i/ (ne +e)’ + p(p — 1)/ (ne + &)P 72D (ne)|Vne |
dt Q Q
—p(p—1) / ne(ne + &)P 2 FL(ne) x (cs)Ves - Ving (5.10)
Q

for all # > 0. However, unlike the proof of Lemma 4.1 we deal with n, F/(n.) together, because
our goal is to get an ¢-independent bound (5.8). More precisely, from (5.10) and (2.6) we have

d
—/(ns+8)”+p(p— 1)D1/(nngE)’"“”3|Vns|2
dt Jo Q
<p(p—1) max X(s)/(nﬁe)l’*‘wg-wg (5.11)
s€[0,M] Q

for all + > 0. Applying the Holder and Young inequalities in the right-hand side of (5.11), we
have C; > 0 such that

d
— / (ne +&)? + p(p — 1)Dy / (e + )" P3| Vn, |?

<p(p=1) max x(o) e +6)F Vn, Vel i)

o

LX) L4(Q)
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(5.12)

— DD -
< PLZDP [ ey 2 m  Co f+ 0)
Q

2
L4(Q) : ”Vcé‘ ||L4(Q)
for all + > 0. Assume that
/ (ng +&)PP <C(T) forallt>0
Q

holds with some p; > 1 (this is true for p; := 1 by (2.9) and ¢ < 1). The Gagliardo—Nirenberg
inequality gives C, > 0 such that

p—m+1 m+l 2 1)+m 1 %
[+ 57|, =] +0 | ok
L*(2) L rtm=1 (Q)
+l 1|« ptm—1 1—«a
< Ol [ Vo +o)™ Joe+05 |
LZ(Q) L ptm—1 ()
2(p—m+1)
p+m | p+m—1
+ H (ne +¢) ” 2p;
L ptm—1 (Q)
for all # > 0, where
1- 2(p— m+])
a=—"I7 (0. 1).
T 3(p+m—1)
If
2(p—m+1)
—a=1,
p+m—1

which is equivalentto p =3(m — 1) + % pi, and therefore by Young’s inequality

2 2
L4(Q) : ||ch||L4(Q)

2
LZ(Q) + 1) |IVCS||L4(Q)

p(p—1)D; -
< P00 [t )" P3| Vnel? + Call Vee§a g, + Cs
Q

Cy H (ne

p+m—1
<G (vag +o)"%
for all + > 0 with certain positive constants C3, C4 and Cs. Substituting this into (5.12), we obtain
d p(p—1)D; _
[ rer + TEZZ2 [ ey V0 < CallVelfagg + €5 613
for all + > 0. By integration, we finally get

/(ns—l-s)p <C(T) forallt>0
Q
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with p=3(m —1) + % pi. By this iterative procedure, there exists a sequence {p;} such that

2
pi+1=3(m —1) + 3Pi-
It is easy to check that the sequence { p;} is increasing and p; — 9(m — 1) as i — oo. Therefore,

we can reach any p < 9(m — 1) by finite steps and (5.8) is thereby proved. Another integration
of (5.13) yields

T m+p—1 2 T 4
[ [ oo™ <co( [onsvrs [7[vern)
0 Q Q 0 Q

<Cs(T+1) forallT >0
with Cg¢ > 0 and C7 > 0. This proves (5.9). O

In order to derive strong compactness properties, we also need some estimates concerning the
time derivative of the solution.

Lemma 5.3. Let y := max{1, Z}. There exists C > 0 such that for all ¢ € (0, 1) we have

T
0
/ —nY dt<C(T+1) foralT >0 (5.14)
o 191 llw2a -
with some q > 3, and
T 9 %
/ /e . dt<C(T+1) forallT>0 (5.15)
o |ot w3 (@)
as well as
T P %
f Sue| s dt<CT+1) foralT >0. (5.16)
o 191wy 2~

Proof. Multiplying the first equation in (2.1) by yn! '@ with ¢ € C®°(Q) and integrating by
parts, we obtain

V (nzw‘ _ } Y- 1)[ De(noyn? 2| Ve P — yf Den)n? Vi, - Vo
Q Q Q
fy—1) f 0! FL (1) (c) Ve - Vg
Q
+ V/ nz;/Fg/(ns)X(Cs)Vcs -V +/ nZ”S : Vgﬂ‘
Q Q

< <y<y—1> fQ De(ne)n? 2| Vn > +y fQ De(ne)n? 1| Vn,|
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+yly— 1)/ |”g71Fg/(”8)X(C8)VC8 - Vng|
Q
+y / InY Fl(ne)x (o) Vee| + / nz|us|> el
Q Q

for all £ > 0. Due to the embedding W24 () — W1%°(Q) for ¢ > 3, we deduce C; > 0 such
that

T
RS

T T
scl(y(y—l)/o /Ds(ng)nz*ﬂwgﬁw/o /ngs)nz*‘wm
Q Q

T
+V(V—1)/O /angy_lFé(ne)x(ce)Vcs~Vne|

T T
+ V/ / |I’l?€/Fg/(l’lg)X(Cg)VC€| +/ / n)g/|u€|)
0 Q 0 Q

=h+h+L+14+ 15 5.17)
forall T > 0. By (1.7), (5.9), (5.1) and Young’s inequality, we can find C, > O such that
T
I < Doy (y - 1)/ /(nﬁe)'"nz”meﬁ
Dy(y — 1
<=7 7 2y = f / V(n, +¢&)"t!. vn!
m—+1
B[ [
<= 7 v vn?
= 3w+ D (ng +¢) + | n} |
<Cy(T +1). (5.18)
Employing (1.7), (5.3) and Young’s inequality we have C3 > 0 such that
D.(n
2<—f i 0 4% / | et
D D
K'/. / e (1g) |Vn€|2 + y 2 / /(ne +8)m+2y—2
2 )0 Jao ne 2 Jo Ja
(5.19)

<Ci(T +1),
where we have used when 1 <m <2

T T
/ / (ne + )"t =2 = / f (ne +&)" <Ca(T+1) by (5.2)
0 Q 0 Q
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with C4 > 0 and in the case m > 2

T T
/ /(ng + g)nt2r=2 =f f(ng +6)2m=D <Cc(T) by (5.8).
0 Q 0 Q

From (2.6), (2.10), (4.2) and (5.1), we estimate

T
L<yy- 1)05/ / In? 'Vn, - Ve
0 Q

T
<cs=n [ [ 1vnr-val
_CS(V_”U/WWF f/chr‘ )

<Ce(T +1) (5.20)

with C5 > 0 and Ce > 0. Applying (2.6), (2.10), (4.2) and (5.2), we find C7 > 0 and Cg > 0 such

that
T 4y T
Iy <Cq ([ / ng +/ / |VC8|4)
0 Q 0 Q

< Cg(T + D). (5.21)

Moreover, we use (5.2) and (5.5) to give Cy > 0 and Cyq > 0 fulfilling

s o )

< Cio(T + D). (5.22)

Then, (5.14) follows by combining (5.17)—(5.22). Multiplying the second equation in (2.1) by

zf with ¢ € C>°(Q) and the third by ¢ € (C (Q)) we obtain (5.15) and (5.16) in a com-
pleted similar manner (see [29] for details). O

6. Global weak solutions for (1.2)—(1.4)

We are now in the position to construct global weak solutions for (1.2)—(1.4). Before going
into details, let us first give the definition of weak solution.

Definition 6.1. We call (n, c, u) a global weak solution of (1.2)—(1.4) if
= 3
ne L (2x[0,00), ceLh([0,00; W), ue(LL(10,00); W' (2)))

such that n > 0 and ¢ > 0 a.e. in 2 x (0, 00), and that
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nf(c) € Ly, ([0, 00); L' (Q)),
3
D(n)Vn, nx(c)Vc, nu and cu belong to (L}OC([O, 00); LI(Q))) s

Uu e (L}OC([O, 00); LI(Q))>3X3

and that

/ fm@—/ fnwvm:—/ fD(n)Vn~V¢1+/ /nx(c>Vc-V¢1,
0 Q 0 Q 0 Q 0 Q

/ /Ct¢2_/ /CM~V¢2=—/ /VC~V¢2—/ /nf(C)d)z,

0 Q 0 Q 0 Q 0 Q
/OO/M,~¢3—K/OO/u®u~V¢3=—foofVu-V¢3+/OO/nV®-¢3

0 Q 0 Q 0 Q 0 Q

hddﬂnaﬂ¢1eCﬁ%Q><mme,¢zngXQ><mxmnzmd¢3e(Cg%Q><m,aﬁ»3smm—
fying V- ¢3 =0.

We can now pass to the proof of our main result.

Proof of Theorem 1.1. Let y be given by Lemma 5.1 and set

M2 ] <m <2,

pi=

2, m > 2.

By Lemma 3.3, Lemma 5.1 and Lemma 5.3, for some C > 0 which is independent of ¢, we have

””33/ ”LZC([O’OO);WI./S(Q)) <C(T+D),
H (ng)t L} .(10,00); (W24 (R))%) <C(T +1) withsomegq >3,
Iveel 2 o.orwey = €T +D),

l(Veor| s 5 <C(T + 1),

L} (10,00):(W" 2 (2)))

loc

”l/ls ||leoc.([0’oo);wl.2(g2)) < C(T + 1), and

llueell s 13 <C(T+1
L3 (10,00); (W 2 (2))*)

loc

for all T > 0. Therefore, the Aubin—Lions lemma ([12], see [16] for the case involving the space
L? with p = 1) asserts that

(n})ee(o,1) is strongly precompact in Lic(ﬁ x [0, 00)),

(v/€s)ec(0.1) is strongly precompact in LIZUL,([O, 00); W2(Q)) and

(1g)ee(0,1) 1s strongly precompact in LIZOC(S_Z x [0, 00)).
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This yields a subsequence ¢ :=¢; € (0, 1) (j € N) and the limit functions n, ¢ and u such that

n! > n’  inLP (€ x[0,00)), andae. in Q x (0,00),
mt2
Ng —n inL,’> (2 x[0,00)),
2 _
D¢(ng)Vng — D(n)Vn in L (Q x [0, 00))
and
ce — /e in L ([0,00); W' ()) and a.e. in © x (0, 00),
* .
Ce— ¢ in L*(Q x (0, 00)),
1 _
Ved =~ Ves  in L (© x [0, 00))
as well as
Ue — U in L3 (2 x [0, 00)) and a.e. in Q x (0, 00),

*

Ug — u in L°°([0, 00); L2 (R2)),

0 _
Ug — U in L, (2 x [0, 00)),

Vu, — Vu in L2 (2 x [0, 00))

as ¢ — 0. Moreover, using interpolation inequality for L”-norm, we have

(€ x [0, 00))

10
ng—n inL,/.

as ¢ = 0. According to (2.10) and the Lebesgue dominated convergence theorem, we obtain

Flnx(eo)ed — x@ct  in L2 x [0, 00)).

loc

flce)— f(e)  in Li(fz x [0, 00)),

Ce —>C in LIZOC(S_Z x [0, 00)),
Fe(ng) — n in L;Z(L(s'z x [0, 00)),
Yeute — u in L2 (2 x [0, 00))
as ¢ — 0. Therefore,
Negllg — NU in L}OC(Q x [0, 00)),

ne Fl(ng)x (ce)Vee = nx(c)Ve in L} (€ x [0, 00)),
Fe(ne)f(ce) = nf(c)  inL},.(Q x [0, 00)),
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Cellg —> CU in L}DC(S_Z x [0, 00)),

Yot @y — t @ u in L}, (2 x [0, 00))

as ¢ — 0. Based on the above convergence properties, we can pass to the limit in each term
of weak formulation for (2.1) to construct a global weak solution of (1.2)—(1.4) and thereby
completes the proof. O
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