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Abstract

We first establish some sufficient conditions for constructing a random exponential attractor for a con-
tinuous cocycle on a separable Banach space and weighted spaces of infinite sequences. Then we apply 
our abstract result to study the existence of random exponential attractors for non-autonomous first order 
dissipative lattice dynamical systems with multiplicative white noise.
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1. Introduction

It is well known that the theory of attractors (including the global attractor, pullback attractor 
or kernel sections, uniform attractor, exponential attractor, pullback and uniform exponential 
attractor) for deterministic autonomous and non-autonomous dynamical systems or evolution 
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equations has been developed intensively since late seventies of the last century, see [2,4,11,12,
14,20,21,24,25,30,31,34,37,38,40–44,46].

When dealing with effects of uncertainty or noise from natural phenomena, the study of 
stochastic evolution equations has attracted lots of interests from both mathematicians and physi-
cists [1,16,17]. The random attractor, was first studied by Ruelle [32], is an important concept to 
describe asymptotic behavior for a random dynamical system and to capture the essential dynam-
ics with possibly extremely wide fluctuations. Since the mid-90s of the last century, there have 
been many publications concerning the theory of random attractors (mainly on existence, semi-
continuity and bound of Hausdorff/fractal dimensions) and applications to stochastic evolution 
equations (such as Navier–Stokes equation, reaction–diffusion equations, wave equations and 
lattice systems with noise), see [3,5,6,8,9,16–19,23,26,27,29,33,36,39,47,48] and the references 
wherein.

However, there is an intrinsic drawback that random attractor sometimes attracts orbits at a 
relatively slow rate so that it takes an unexpected long time to reach it. Moreover, in general, it 
is usually difficult to estimate the attracting rate in terms of physical parameters of the studied 
system. And the attractor is possible sensitive to perturbations which makes it unobservable in 
experiments and numerical simulations. To overcome this drawback, Shirikyan and Zelik in [33]
introduced the concept of random exponential attractor, which has finite fractal dimension and 
attracts exponentially any trajectory and is positively invariant, then it contains random attractor 
and become an appropriate alternative to study the asymptotic behavior of random dynamical 
systems. And [33] presents some sufficient conditions for constructing a random exponential 
attractor for an autonomous random dynamical system and application to nonlinear reaction–
diffusion system with a random perturbation. But the method or conditions given in [33] is not 
easy to be verified for some stochastic partial differential equations and lattice systems driven by 
white noises.

We notice that the evolution mode of states in a random system is, in some sense, similar to 
the deterministic non-autonomous one and there were several construction methods to obtain a 
pullback exponential attractor for a (deterministic) process, see [11,12,20,21,25,30,43]. We also 
notice that there is a fundamental difference between random system and deterministic one. In 
contrast to the deterministic case, a trajectory of a random system is often unbounded in time 
(explicitly, along the path of sample point). Thus, if no imposition some “strongly” restriction 
on the system, then the constants in appropriate squeezing property (playing a key role in the 
construction of an exponential attractor) will depend on time (hence, be unbounded), and so, 
a trivial straightforward extension from deterministic system to random system does not work. 
Fortunately, some time averages of these quantities can be bounded and possibly controlled, 
which provides a useful way for constructing an exponential attractor for a random system.

In this article, motivated by ideas of [25,33,43,47], we first establish some sufficient conditions 
for the existence and construction of a random exponential attractor for a continuous cocycle on 
a separable Banach space and weighted spaces of infinite sequences. Here it is worth mentioning 
that our conditions just need to check the boundedness of some random variables in the mean 
and can be easily verified for some stochastic evolution equations.

Recently, lattice dynamical systems (LDSs) (or ordinary differential equations on infinite lat-
tices) have drawn much attention from researchers because of their wide range of applications in 
various areas (e.g. [13,15]). Since Bates et al. [4] in 2001 presented a framework on the existence 
and upper semicontinuity of a global attractor associated with autonomous first-order LDSs, there 
have been a lot of publications concerning various attractors (including global attractor, uniform 
attractor, pullback attractor or kernel section, exponential attractor, pullback and uniform ex-
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ponential attractor) for deterministic autonomous and non-autonomous LDSs, see [4,7–9,37,38,
40–44,46]. And there are many publications concerning the existence, upper semi-continuity 
and bound of Kolmogorov entropy of random attractors for autonomous and non-autonomous 
stochastic LDSs driven by additive and multiplicative white noises, see [3,6,28,36,39] and so on. 
But until now, as we know, there is no result concerning the dimension of random attractor and 
existence of random exponential attractors for stochastic LDSs.

As an application to our abstract result, we study the existence of a random exponential at-
tractor for the following first order non-autonomous lattice systems with multiplicative white 
noise: 

{
dui = (−λiui − (Au)i + fi(ui, t) + gi(t)) dt + εui ◦ dw(t), t > τ,

ui(τ ) = ui,τ , i ∈ Z, τ ∈ R,
(1.1)

where ε ∈ R; for i ∈ Z, λi > 0, ui , gi(t), fi(ui, t) ∈ R; u = (ui)i∈Z, w(t) is a two-sided 
real-valued Wiener process on a probability space and ◦ denotes the Stratonovich sense of the 
stochastic term; A is a linear coupled operator.

For non-autonomous stochastic system (1.1), Bates et al. [6] studied the existence of its 
random attractor in a weighted space of sequences and proved the existence of an infinite di-
mensional random attractor of (1.1) when the function fi(s, t) is taken a special form.

Here we will prove the existence of a random exponential attractor in weighted spaces of 
sequences for (1.1) under some dissipative conditions, and hence, (1.1) possess a random at-
tractor with finite fractal dimension, which implies that the asymptotic behavior of (1.1) can be 
described by finite independent parameters.

The rest of paper is organized as follows. In section 2, we present some sufficient conditions 
for the existence of a random exponential attractor for a continuous cocycle on separable Ba-
nach space and weighted spaces of sequences. In section 3, we study the existence of a random 
exponential attractor for system (1.1) in weighted spaces of sequences.

2. Random exponential attractor for cocycle

In this section, we first establish some sufficient conditions for constructing a random expo-
nential attractor for a continuous cocycle, and then give some special conditions which can be 
verified for some stochastic evolution equations.

Let (�, F, P, {θtω}t∈R) be an ergodic metric dynamical system on probability space 
(�, F, P), where {θt : � → �, t ∈ R} is a family of measure preserving transformations such 
that (t, ω) �→ θtω is (B(R) × F, F)-measurable, θ0 is the identity on �, θs+t = θsθt for all s, 
t ∈ R. In addition, if for any F ∈ F , provided P(θ−1

t F�F) = 0, it holds that P(F ) = 0 or 1 for 
all t ∈ R.

Let X be a separable Banach space with Borel σ -algebra B(X). A mapping 	 :R+ ×R × � ×
X → X is called a continuous cocycle on X over R and (�, F, P, (θt )t∈R) if for every τ ∈ R, 
ω ∈ � and t , s ∈ R

+,

(i) 	(·, τ, ·, ·) : R+ × � × X → X is (B(R+) ×F ×B(X), B(X))-measurable;
(ii) 	(0, τ, ω, ·) is the identity on X;

(iii) 	(t + s, τ, ω, ·) = 	(t, τ + s, θsω, 	(s, τ, ω, ·));
(iv) 	(t, τ, ω) = 	(t, τ, ω, ·): X → X is continuous.
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Denote D(X) the collection of all tempered families of nonempty bounded subsets of X, that 
is, for any family D = {D(τ, ω) : τ ∈ R, ω ∈ �} ∈ D(X), it holds that for every ς > 0, τ ∈ R

and ω ∈ �, limt→−∞ eςt‖D(τ + t, θtω)‖X = 0, where ‖D‖X = supu∈D ‖u‖. For any uτ ∈ X

and ω ∈ �, the subset {	(t, τ, ω)uτ : t ∈ [τ, +∞)} ⊂ X is called a random trajectory starting 
from uτ at initial time τ ∈ R for {	(t, τ, ω)}t≥0,τ∈R,ω∈�. Recall that the distance between a 
point u ∈ X and a subset F ⊂ X is given by d(u, F) = infv∈F ||u − v||X . The Hausdorff and 
symmetric distances between two subsets are defined by, respectively, 

dh(F1,F2) = sup
u∈F1

d(u,F2), ds(F1,F2) = max{dh(F1,F2),dh(F2,F1)}, ∀F1,F2 ⊂ X.

Definition 2.1. A family {A(τ, ω)}τ∈R,ω∈� of subsets of X is called a random exponential 
attractor in D(X) for the continuous cocycle {	(t, τ, ω)}t≥0,τ∈R,ω∈� over R and (�, F, P,

{θtω}t∈R) if there is a set of full measure �̃ ∈ F such that for any τ ∈ R and ω ∈ �̃, it holds 
that

(i) Compactness: A(τ, ω) is compact in X and measurable in ω.
(ii) Finite-dimensionality: there exists a random variable ζω (< ∞) such that

supτ∈R dimf A(τ, ω) ≤ ζω < ∞, where dimf A(τ, ω) = lim supε→0+
ln Nε(A(τ,ω))

− ln ε
is the 

fractal dimension of A(τ, ω) and Nε(A(τ, ω)) is the minimal number of balls with radius ε
covering A(τ, ω) in X.

(iii) Positive invariance: 	(t, τ − t, θ−tω)A(τ − t, θ−tω) ⊆ A(τ, ω) for all t ≥ 0.
(iv) Exponential attraction: there exists a constant a > 0 such that for any B ∈ D(X), there exist 

random variables tB(τ, ω) ≥ 0, Q(τ, ω, ||B||X) > 0 satisfying 

dh(	(t, τ − t, θ−tω)B(τ − t, θ−tω),A(τ,ω)) ≤ Q(τ,ω, ||B||X)e−at , t ≥ tB(τ,ω).

Remark 2.1. By Definition 2.1, existence of a random exponential attractor {A(τ, ω)}τ∈R,ω∈�

for {	(t, τ, ω)}t≥0,τ∈R,ω∈� with supτ∈R dimf A(τ, ω) ≤ ζ̃ (positive constant) implies the exis-
tence of a random attractor of {	(t, τ, ω)}t≥0,τ∈R,ω∈� with finite fractal dimension.

Let {	(t, τ, ω)}t≥0,τ∈R,ω∈� be a continuous cocycle on X over R and (�, F, P, {θtω}t∈R). 
Assume that there exist a family of tempered closed random subsets {χ(τ, ω)}τ∈R,ω∈� of X
satisfying the following conditions: for any fixed τ ∈ R and ω ∈ �,

(H1) there exists a tempered random variable Rω (independent of τ ) such that
supτ∈R supu,v∈χ(τ,ω) ||u − v||X ≤ Rω < ∞, and Rθtω is continuous in t for all t ∈ R;

(H2) positive invariance: 	(t, τ − t, θ−tω)χ(τ − t, θ−tω) ⊆ χ(τ, ω) for all t ≥ 0;
(H3) {χ(τ, ω)}τ∈R,ω∈� is pullback absorbing in the sense that for any set B ∈ D(X), there exists 

TB = TB(τ, ω) ≥ 0 such that

	(t, τ − t, θ−tω)B(τ − t, θ−tω) ⊆ χ(τ,ω), ∀t ≥ TB; (2.1)

(H4) there exist a positive constant T > 0 and a random variable L̃ω = L̃ω(T ) > 0 such that

||	(t, τ,ω)u − 	(t, τ,ω)v||X ≤ L̃ω||u − v||X, ∀u,v ∈ χ(τ,ω), t ∈ [0, T ]; (2.2)
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(H5) there are random variables δω = δω(T ) ≥ 0, Lω = Lω(T ) > 0 such that

||	(T , τ,ω)u − 	(T , τ,ω)v||X ≤ δω||u − v||X + ||K(T , τ,ω)u

− K(T , τ,ω)v||X, ∀u,v ∈ χ(τ,ω), (2.3)

where K(T , τ, ω): χ(τ, ω) → Z satisfies

||K(T , τ,ω)u − K(T , τ,ω)v||Z ≤ Lω||u − v||X, ∀u,v ∈ χ(τ,ω), (2.4)

and Z is another Banach space which is embedded compactly in X;
(H6) ln L̃ω ∈ L1(�, P) and there exists μω > 0 such that

lnNμω ∈ L1(�,P), lnaω = ln[2(δω + μωLω)] ∈ L1(�,P), (2.5)

and

0 ≤ E(lnNμω) < ∞, 0 ≤ E(ln L̃ω) < ∞, −∞ < E(lnaω) < 0, (2.6)

where Nμ is the minimal number of closed balls of X with radius μ which cover the closed 
unit ball B̄Z(0; 1) of Z centered at 0; “E” denotes the expectation.

Theorem 2.1. Assume that conditions (H1)–(H6) are satisfied. Then there exists a random expo-
nential attractor {A(τ, ω)}τ∈R,ω∈� for the continuous cocycle {	(t, τ, ω)}t≥0,τ∈R,ω∈� with the 
following properties: for any τ ∈R and ω ∈ �,

(i) A(τ, ω) ⊆ χ(τ, ω) is a compact set of X;
(ii) 	(t, τ − t, θ−tω)A(τ − t, θ−tω) ⊆ A(τ, ω) for all t ≥ 0;

(iii) dimf A(τ, ω) ≤ − 8E[ln Nω]
E[ln aω] < ∞;

(iv) for any set B ∈ D(E), there exist random variables T̂ω ≥ 0, b̂ω,B > 0 such that 

dh(	(t, τ − t, θ−tω)B(τ − t, θ−tω),A(τ,ω)) ≤ b̂ω,Be
E[ln aω ]

8T
t , t ≥ TB + T̂ω. (2.7)

Proof. For any fixed τ ∈R and ω ∈ �, let 

aω = 2(δω + μωLω) > 0. (2.8)

For any m ∈ Z, n, j ∈ N, write

	(n, τ,m − j,ω) = 	(nT , τ + mT − jT , θmT −jT ω),

χ(τ,m − j,ω) = χ(τ + mT − jT , θmT −jT ω).

1) Covering of 	(n, τ, m − n, ω)χ(τ, m − n, ω).
Consider a discrete cocycle {	(n, τ, m, ω)}m∈Z,n∈N,τ∈R,ω∈� in X over R and (�, F, P,

{θtω}t∈R). Similar to the proof of Theorem 2.1 in [47], 	(n, τ, m − n, ω)χ(τ, m − n, ω) has 
a covering of closed balls of X with radius r1∼n,m,ω = aθmT −T ωaθmT −2T ω · · ·aθmT −nT ωRθmT −nT ω

and centers in itself by induction on n: 
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⎧⎪⎨⎪⎩

	(n, τ,m − n,ω)χ(τ,m − n,ω) ⊂⋃N1∼n,m,ω

i=1 B̄(u−n,m,i; r1∼n,m,ω),

u−n,m,i ∈ 	(n, τ,m − n,ω)χ(τ,m − n,ω), 1 ≤ i ≤ Nm,n,ω,

N1∼n,m,ω = NμθmT −T ωNμθmT −2T ω · · ·NμθmT −nT ω ,

(2.9)

where B̄(u; r) denotes the closed ball of X centered at u with radius r .
If n = 0, then by the identity of 	(0, τ, ω) on X, 	(0, τ, m, ω)χ(τ, m, ω) = χ(τ, m, ω), thus, 

we can take u0,m,1 ∈ χ(τ, m, ω) ⊂ B̄(u0,m,1; RθmT ω) arbitrarily by condition (H1).
Suppose n = k, (2.9) holds. Consider n = k + 1, then by the cocycle property of 	, we have ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

	(k + 1, τ,m − k − 1,ω)χ(τ,m − k − 1,ω)

= 	(1, τ,m,ω)	(k, τ,m − (k + 1),ω)χ(τ,m − (k + 1),ω)

⊆⋃N2∼(k+1),m,ω

i=1 	(1, τ,m,ω)[B̄(u−(k+1),m−1,i; r2∼(k+1),m,ω)

∩ 	(k, τ,m − (k + 1),ω)χ(τ,m − (k + 1),ω)],
N2∼(k+1),m,ω = NμθmT −(k+1)T ωNμθmT −kT ω · · ·NμθmT −2T ω ,

r2∼(k+1),m,ω = amT −2T ωaθmT −3T ω · · ·aθmT −(k+1)T ωRθmT −(k+1)T ω.

(2.10)

By (2.4),

K(1, τ,m,ω)[B̄(u−(k+1),m−1,i; r2∼(k+1),m,ω) ∩ 	(k, τ,m − (k + 1),ω)χ(τ,m − (k + 1),ω)]
⊂ B̄Z

(
K(1, τ,m,ω)u−(k+1),m−1,i;LθmT −T ωr2∼(k+1),m,ω

)
⊂

NμθmT −T ω⋃
j=1

B̄
(
Ṽ−(k+1),m,i,j ;μθmT −T ωLθmT −T ωr2∼(k+1),m,ω

)
(2.11)

with centers Ṽ−(k+1),m,i,j ∈ X, 1 ≤ j ≤ NμθmT −T ω and radius μθmT −T ωLθmT −T ωr2∼(k+1),m,ω . 
Then for every j , we can assume that 

K(1, τ,m,ω)[B̄(u−(k+1),m−1,i; r2∼(k+1),m,ω) ∩ 	(k, τ,m−(k+1),ω)χ(τ,m,ω, (k+1))]
∩ B̄

(
Ṽ−(k+1),m−1,i,j ;μθmT −T ωLθmT −T ωr2∼(k+1),m,ω

) �= Ø.

So, for each j , we can choose a point V−(k+1),m−1,i,j such that⎧⎪⎪⎨⎪⎪⎩
V−(k+1),m−1,i,j ∈ B̄(u−(k+1),m−1,i; r2∼(k+1),m,ω)

∩ 	(k, τ,m − (k + 1),ω)χ(τ,m − (k + 1),ω),

K(1, τ,m,ω)V−(k+1),m−1,i,j ∈ B̄
(
Ṽ−(k+1),m−1,i,j ;μθmT −T ωLθmT −T ωr2∼(k+1),m,ω

)
.

(2.12)

By (2.11),

K(1, τ,m,ω)[B̄(u−(k+1),m−1,i; r2∼(k+1),m,ω) ∩ 	(k, τ,m − (k + 1),ω)χ(τ,m − (k + 1),ω)]

⊂
NμθmT −T ω⋃

B̄
(
K(1, τ,m,ω)V−(k+1),m−1,i,j ;2μθmT −T ωLθmT −T ωr2∼(k+1),m,ω

)
. (2.13)
j=1
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For any 

u ∈ B̄(u−(k+1),m−1,i; r2∼(k+1),m,ω) ∩ 	(k, τ,m − (k + 1),ω)χ(τ,m − (k + 1),ω),

there is a j ∈ {1, . . . , NμθmT −T ω} such that 

K(1, τ,m,ω)u ∈ B̄
(
V−(k+1),m,i,j ;2μθmT −T ωLθmT −T ωr2∼(k+1),m,ω

)
. (2.14)

It then follows from (2.3) and (2.14) that

||	(1, τ,m,ω)u − 	(1, τ,m,ω)V−(k+1),m−1,i,j ||X
≤ δθmT −T ω||u − V−(k+1),m−1,i,j ||X + ||K(1, τ,m,ω)u − K(1, τ,m,ω)V−(k+1),m−1,i,j ||X
≤ δθmT −T ω||u − V−(k+1),m−1,i,j ||X + 2μθmT −T ωLθmT −T ωr2∼(k+1),m,ω. (2.15)

By (2.12),

||u − V−(k+1),m−1,i,j ||X ≤ ||u − u−(k+1),m−1,i ||X + ||u−(k+1),m−1,i − V−(k+1),m−1,i,j ||X
≤ 2r2∼(k+1),m,ω.

Thus,

||	(1, τ,m,ω)u − 	(1, τ,m,ω)V−(k+1),m−1,i,j ||X
≤ 2(δθmT −T ω + μθmT −T ωLθmT −T ω)r2∼(k+1),m,ω

= r1∼(k+1),m,ω. (2.16)

Hence, by (2.10), (2.13) and (2.16),

	(k + 1, τ,m − k − 1,ω)χ(τ,m − k − 1,ω)

⊂
N2∼(k+1),m,ω⋃

i=1

NμθmT −T ω⋃
j=1

B̄
(
	(1, τ,m,ω)V−(k+1),m−1,i,j ; r1∼(k+1),m,ω

)

⊂
N1∼(k+1),m,ω⋃

i=1

B̄
(
u−(k+1),m,i; r1∼(k+1),m,ω

)
, (2.17)

where

{u−(k+1),m,i;1 ≤ i ≤ N1∼(k+1),m,ω}
= {	(1, τ,m,ω)V−(k+1),m−1,i,j ;1 ≤ i ≤ N2∼(k+1),m,ω,1 ≤ j ≤ NμθmT −T ω }
⊂ 	(k + 1, τ,m − k − 1,ω)χ(τ,m − k − 1,ω). (2.18)

By induction, we obtain (2.9).
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2) Construction of random exponential attractor for {	(n, τ, m, ω)}m∈Z,n∈N,τ∈R,ω∈�.
For fixed τ ∈ R, ω ∈ �, m ∈ Z and any n ∈N, put

A−n(τ + mT,θmT ω) = {u−n,m,i : 1 ≤ i ≤ N1∼n,m,ω} (2.19)

⊆ 	(n, τ,m − n,ω)χ(τ,m − n,ω)

⊆ χ(τ,m,ω).

Then 

	(p, τ,m,ω)A−n(τ + mT − pT, θmT −pT ω) ⊆A−n−p(τ + mT,θmT ω), ∀p ∈N, (2.20)

which implies that the number of element of A−n(τ + mT, θmT ω) satisfies: 

#A−n1(τ + mT,θmT ω) ≤ #A−n2(τ + mT,θmT ω) for n1 ≤ n2. (2.21)

Set 

A(τ + mT,θmT ω) = ∪∞
n=0A−n(τ + mT,θmT ω) ⊆ χ(τ + mT,θmT ω). (2.22)

Then we can show that {A(τ + mT, θmT ω)}τ∈R,ω∈� is a random exponential attractor for the 
discrete cocycle {	(n, τ, m, ω)}m∈Z,n∈N,τ∈R,ω∈�. In fact, since {θtω}t∈R is ergodic, by Birkhoff 
ergodic Theorem [35] and (H6), it follows that

lnaθmT −T ω + lnaθmT −2T ω + · · · + lnaθmT −nT ω

n

n→∞→ E[lnaω] < 0,

lnNμθmT −T ω + lnNμθmT −2T ω + · · · + lnNμθmT −nT ω

n

n→∞→ E[lnNω],

ln L̃μθmT −T ω + ln L̃μθmT −2T ω + · · · + ln L̃μθmT −nT ω

n

n→∞→ E[ln L̃ω]. (2.23)

Thus, for ω ∈ �, there exists a large integer n0 = n0(ω) ≥ 0 such that for n ≥ n0,

lnaθmT −T ω + lnaθmT −2T ω + · · · + lnaθmT −nT ω ≤ n

2
E[lnaω] < 0, (2.24)

lnNμθmT −T ω + lnNμθmT −2T ω + · · · + lnNμθmT −nT ω ≤ 2nE[lnNω]. (2.25)

Let εn,m(ω) = aθmT −T ωaθmT −2T ω · · ·aθmT −nT ω. By (2.24), 

εn,m(ω) = e
ln aθmT −T ω+ln aθmT −2T ω+···+ln aθmT −nT ω ≤ e

n
2 E[ln aω], ∀n ≥ n0.

By (H1) and [1], there exists a tempered random variable bω,m (> 0) such that 

Rθ ω ≤ bm,ωe− n
4 E[ln aω], ∀n ∈N.
mT −nT
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Then for n ≥ n0, we have

0 < r1∼n,m,ω = εn,m(ω)RθmT −nT ω ≤ bm,ωe
n
4 E[ln aω] n→+∞→ 0. (2.26)

(1) Compactness. Let 0 < ε < 1 be a given number. By (2.21), there exists an integer nε =
nε(ω) ∈ N such that r1∼nε,m,ω ≤ ε < r1∼(nε−1),m,ω . By (2.21) and (2.24), for all n ≥ nε ,

A−n(τ + mT,θmT ω)

⊆ 	(n, τ,m − n,ω)χ(τ,m − n,ω)

⊆ 	(nε, τ,m − nε,ω)	(n − nε, τ,m − n,ω)χ(τ,m − n,ω)

⊆ 	(nε, τ,m,ω)χ(τ,m,ω)

⊆
N1∼nε,m,ω⋃

i=1

B̄(u−nε,m,i; r1∼nε,m,ω) ⊆
N1∼nε,m,ω⋃

i=1

B̄(u−nε,m,i; ε).

Thus, 

+∞⋃
n=nε

A−n(τ + mT,θmT ω) ⊆
N1∼nε,m,ω⋃

i=1

B̄(u−nε,m,i; ε), (2.27)

that is, 
⋃+∞

n=nε
A−n(τ + mT, θmT ω) is covered by N1∼nε,m,ω closed balls with radius ε. On the 

other hand, 
⋃nε−1

n=0 A−n(τ +mT, θmT ω) =⋃nε−1
n=0 {u−n,m,i : 1 ≤ i ≤ N1∼n,m,ω} is a finite set. So, 

by definition (2.22), 

A(τ + mT,θmT ω) =
(

nε−1⋃
n=0

A−n(τ + mT,θmT ω)

)
∪
( +∞⋃

n=nε

A−n(τ + mT,θmT ω)

)
(2.28)

is a compact set of X.
(2) Finite fractal dimension: dimf A(τ + mT, θmT ω) = lim supε→0+

ln Nε(A(τ+mT,θmT ω))
− ln ε

, 
where Nε(A(τ + mT, θmT ω)) is the minimal number of balls with radius ε covering A(τ +
mT, θmT ω) in X. By (2.26), we have nε → +∞ as ε → 0 and ln ε ≤ ln r1∼(nε−1),m,ω , that is, 

1

− ln ε
≤ 1

− ln r1∼(nε−1),m,ω

≤ 1

−nε−1
4 E[lnaω] − lnbω,m

. (2.29)

Taking ε sufficient small such that nε − 1 ≥ n0, then by (2.27) and (2.28),

Nε(A(τ + mT,θmT ω)) ≤ #A−nε (τ + mT,θmT ω) +
nε−1∑
n=0

#A−n(τ + mT,θmT ω)

≤ (nε + 1)Nμθ ωNμθ ω · · ·Nμθ ω . (2.30)

mT −nεT mT −(nε−1)T mT −T
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By (2.25) and (2.30),

lnNε(A(τ + mT,θmT ω)) ≤ ln(nε + 1) + lnNμθmT −T ω + · · · + lnNμθmT −nεT ω

≤ ln(nε + 1) + nε · 2E[lnNω]. (2.31)

It follows from (2.29) and (2.31) that dimf A(τ + mT, θmT ω) has an upper bound (constant):

dimf A(τ + mT,θmT ω) ≤ lim sup
nε→+∞

ln(nε + 1) + nε · 2E[lnNω]
−nε−1

4 E[lnaω] − lnbω,m

= −8E[lnNω]
E[lnaω] < ∞, ∀τ ∈ R,ω ∈ �,m ∈ Z. (2.32)

(3) Positive invariance: for τ ∈R, ω ∈ �, m ∈ Z and p ∈ N, by (2.20),

	(pT , τ + mT,θmT ω)A(τ + mT,θmT ω)

⊆ ∪∞
n=0	(pT , τ + mT,θmT ω)A−n(τ + mT,θmT ω)

⊆ ∪∞
n=0A−n(τ + mT + pT, θmT +pT ω)

=A(τ + mT + pT, θmT +pT ω), p ∈N. (2.33)

(4) Exponential attraction: since 

u−n,m,i ∈A(τ + mT,θmT ω) ∩ 	(n, τ,m − n,ω)χ(τ,m − n,ω), ∀1 ≤ i ≤ N1∼n,m,ω,

by (2.9) and (2.26), for n ≥ n0, 

dh(	(n, τ,m−n,ω)χ(τ,m−n,ω),A(τ +mT,θmT ω)) ≤ r1∼n,m,ω ≤ bω,me
n
4 E[ln aω]. (2.34)

3) Construction of random exponential attractor for continuous cocycle {	(t, τ,
ω)}t≥0,τ∈R,ω∈�.

For any given τ , s ∈ R and ω ∈ �, let m ∈ Z be the (fixed) integer such that mT ≤ s <

(m + 1)T , set 

A(τ + s, θsω) = 	(s − mT,τ + mT,θmT ω)A(τ + mT,θmT ω), 0 ≤ s − mT < T. (2.35)

(1) Compactness and finite fractal dimension. By (H4), 	(s − mT, τ + mT, θmT ω) is Lips-
chitz continuous from χ(τ + mT, θmT ω) into χ(τ + s, θsω) and A(τ + mT, θmT ω) is compact, 
thus, A(τ + s, θsω) is compact, A(τ + s, θsω) ⊆ χ(τ + s, θsω) and 

dimf A(τ + s, θsω) ≤ dimf A(τ + mT,θmT ω) ≤ −8E[lnNω]
E[lnaω] . (2.36)

(2) Positive invariance. For t ≥ 0, let m ∈ Z, n ∈ N be integers such that (m + n)T ≤ s + t <

(m + n + 1)T . When n = 0, by definition (2.35), then
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	(t, τ + s, θsω)A(τ + s, θsω)

= 	(t, τ + s, θsω)	(s − mT,τ + mT,θmT ω)A(τ + mT,θmT ω)

= 	(t + s − mT,τ + mT,θmT ω)A(τ + mT,θmT ω)

=A(τ + s + t, θs+tω).

When n > 0, then by the cocycle property of 	 and (2.20),

	(t, τ + s, θsω)A(τ + s, θsω)

= 	(s + t − (m + n)T , τ + (m + n)T , θ(m+n)T ω)	((m + n)T − s, τ + s, θsω)

◦ 	(s − mT,τ + mT,θmT ω)A(τ + mT,θmT ω)

⊆ 	(t + s − mT,τ + mT,θmT ω)A(τ + mT,θmT ω)

=A(τ + s + t, θs+tω). (2.37)

(3) Exponential attraction. Put us ∈ χ(τ + s, θsω), then by (H2), 

u(m+1)T = 	((m + 1)T − s, τ + s, θsω)us ∈ χ(τ + (m + 1)T , θ(m+1)T ω).

Write 

	(s + t,m + n, τ,ω) = 	(s + t − (m + n)T , τ + (m + n)T , θ(m+n)T ω)

and by (H3), (2.34), for n ≥ n0,

d(	(t, τ + s, θsω)us,A(τ + s + t, θs+tω))

= d(	(s + t,m + n, τ,ω)	((n − 1)T , τ + (m + 1)T , θ(m+1)T ω)u(m+n)T ,

	(s + t,m + n, τ,ω)A(τ + (m + n)T , θ(m+n)T ω))

≤ L̃θ(m+n)T ωd(	((n − 1)T , τ + (m + 1)T , θ(m+1)T ω)u(m+n)T ,A(τ + (m + n)T , θ(m+n)T ω))

≤ L̃θ(m+n)T ωbω,m+1e
n−1

4 E[ln aω].

So, for n ≥ n0, 

dh(	(t, τ + s, θsω)χ(τ + s, θsω),A(τ + s + t, θs+tω)) ≤ bω,m+1e
n−1

4 E[ln aω]+ln[L̃θ(m+n)T ω]
.

By (2.23), 
ln[L̃θ(m+n)T ω]

n

n→∞→ 0, then there exists n1 = n1(ω) ∈ N such that 

ln[L̃θ(m+n)T ω] ≤ −1

8
nE[lnaω], ∀n ≥ n1.

Thus, for n ≥ max{n0, n1}, 

dh(	(t, τ + s, θsω)χ(τ + s, θsω),A(τ + s + t, θs+tω)) ≤ b̄ω,me
E[ln aω ]

8T
t ,
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where 

b̄ω,m = bω,m+1e
− 3

8 E[ln aω] > 0.

In particular, for any τ ∈ R, ω ∈ � and t ≥ max{n0, n1}T , it holds that 

dh(	(t, τ − t, θ−tω)χ(τ − t, θ−tω),A(τ,ω)) ≤ b̌ωe
E[ln aω ]

8T
t . (2.38)

for some tempered random variable b̌ω. By (H3) and (2.38), the attracting property (iv) holds. 
The proof is completed. �
Theorem 2.2. Suppose (H1)–(H6) hold. If {	(t, τ, ω)}t≥0,τ∈R,ω∈� satisfies: {

limt↘0 supu∈χ(τ,ω) ||	(t, τ,ω)u − u||X = 0,

limt↘0 supu∈χ(τ−t,θ−t ω) ||	(0, τ − t, θ−tω)u − u||X = 0,
∀τ ∈R,ω ∈ �, (2.39)

then the random exponential attractor {A(τ, ω)}τ∈R,ω∈� in Theorem 2.1 has the following con-
tinuity: for any τ ∈ R, ω ∈ �, 

lim
t↘0

ds(A(τ + t, θtω),A(τ,ω)) = 0, lim
t↘0

dh(A(τ − t, θ−tω),A(τ,ω)) = 0. (2.40)

Proof. The proof is similar to that of Theorem 3.1 in [25]. �
Theorem 2.3. Assume that conditions (H1)–(H3) and (H5)–(H6) with L̃ω = Lω hold and the 
following condition holds:

(H7) there exist a positive constant T > 0, a random variable δω ≥ 0 and a N -dimensional 
subspace XN of X such that the bounded projection PN : X → XN satisfies 

||(I − PN)[	(T , τ,ω)u − 	(T , τ,ω)v]||X ≤ δω||u − v||X, ∀u,v ∈ χ(τ,ω), (2.41)

where δω, N ∈N depend on (T , ω) but independent of τ .

Then {	(t, τ, ω)}t≥0,τ∈R,ω∈� possesses a random exponential attractor {A(τ, ω)}τ∈R,ω∈� with 
properties stated as in Theorem 2.1.

Proof. By (2.41) and (2.2), for u, v ∈ χ(τ, ω),

||	(T , τ,ω)u − 	(T , τ,ω)v||X
≤ δω||u − v||X + ||PN ◦ 	(T , τ,ω)u − PN ◦ 	(T , τ,ω)v||X, (2.42)

||PN ◦ 	(T , τ,ω)u − PN ◦ 	(T , τ,ω)v||XN

≤ ||	(T , τ,ω)u − 	(T , τ,ω)v||X ≤ L̃ω||u − v||X, (2.43)

and PN ◦	(T , τ, ω): χ(τ, ω) → XN , where dimXN = N and XN is embedded compactly in X. 
By Theorem 2.1, the proof is completed. �
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In practical applications to stochastic evolution equations by using Theorems 2.1–2.3, it is 
not easy to check conditions (H5)–(H6). Motivated by the idea of [22,47,48], the proof of The-
orem 2.1 and Theorem 2.3, we next present some special conditions which can be verified to 
some stochastic evolution equations including partial differential equations on bounded domain 
and ordinary differential equations on infinite lattices.

Assume that

(H8) there exist positive numbers t0, δ, random variables C0(ω), C1(ω) ≥ 0 and N -dimensional 
projector PN : X → PNX (dim(PNX) = N ) such that for any τ ∈ R, ω ∈ � and any u, 
v ∈ χ(τ, ω),

||PN	(t0, τ,ω)u − PN	(t0, τ,ω)v||X ≤ e
∫ t0

0 C0(θsω)ds ||u − v||X, (2.44)

||(I − PN)	(t0, τ,ω)u − (I − PN)	(t0, τ,ω)v||X
≤
(
e
∫ t0

0 C1(θsω)ds + δe
∫ t0

0 C0(θsω)ds
)

||u − v||X, (2.45)

where t0, δ, N are independent of (τ, ω) but δ, N maybe depend on t0.
(H9) t0, δ, C0(ω), C1(ω) satisfy:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−∞ ≤ E[C1(ω)] < 0, t0 ≥ 2 ln 3
16

E[C1(ω)] > 0,

0 ≤ E[C2
i (ω)] < ∞, i = 0,1,

0 < δ ≤ min

⎧⎨⎩ 1
8 , e

− t20
ln 3

2

(
3E[C2

0 (ω)]+E[C2
1 (ω)])⎫⎬⎭ .

(2.46)

As a consequence of the proof of Theorem 2.1, Theorem 2.3 and Theorem 2.8 in [48], we 
have the following Theorem.

Theorem 2.4. Suppose conditions (H1)–(H3) and (H8)–(H9) hold. Then {	(t, τ, ω)}t≥0,τ∈R,ω∈�

possesses a random exponential attractor {A(τ, ω)}τ∈R,ω∈� with properties: for any τ ∈ R and 
ω ∈ �,

(i) A(τ, ω) (⊆ χ(τ, ω)) is a compact set of X;
(ii) 	(t, τ, ω)A(τ, ω) ⊆ A(t + τ, θtω) for all t ≥ 0;

(iii) dimf A(τ, ω) ≤ 2N ln
(√

N
δ

+1
)

ln 4
3

< ∞;

(iv) for any set B ∈ D(X), there exist a random variable T̃ω ≥ 0 and a tempered random vari-
able b̆ω > 0 such that 

dh(	(t, τ,ω)B(τ,ω),A(t + τ, θtω)) ≤ b̆ωe
− ln 4

3
4t0

t
, t ≥ TB + T̃ω.

Proof. It is proved by combing the proofs of Theorem 2.8 in [48], Theorem 2.1 and Theo-
rem 2.3. �
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Remark 2.2. If there exists a uniformly (with respect to τ ∈ R) tempered closed measurable 
D(X)-pullback absorbing set B0 = {B0(τ, ω) = B0(ω)}τ∈R,ω∈� (independent of τ ) for 	, that 
is, for any τ ∈ R, ω ∈ � and B(τ, ω) ∈ B ∈ D(X), there exists a tB(τ, ω) ≥ 0 such that 
	(t, τ − t, ω)B(τ − t, θ−tω) ⊆ B0(ω) for all t ≥ tB(τ, ω). Particularly, there exists a tB0(ω) ≥ 0
(independent of τ ) such that 	(t, τ − t, ω)B0(θ−tω) ⊆ B0(ω) for all t ≥ tB0(ω). Then for any 
τ ∈R and ω ∈ �, set 

χ̃(τ,ω,B0) = ∪t≥tB0 (ω)	(t, τ − t, θ−tω)B0(θ−tω), χ̃(τ,ω,B0) ⊆ B0(ω). (2.47)

Thus, by the cocycle property and continuity of 	, {χ̃ (τ,ω,B0)}τ∈R,ω∈� satisfies (H1)–(H3).

To study the existence of a random exponential attractor for non-autonomous stochastic lattice 
dynamical systems in weighted spaces of infinite sequences, next we reformulate condition (H8) 
in Theorem 2.4 as a possibly checked one.

Let ρ : Z → (0, +∞) be a positive-valued function. Denote ρ(i) = ρi for i ∈ Z. Set 

l2
ρ = {u = (ui)i∈Z : ui ∈R,

∑
i∈Z

ρi |ui |2 < +∞} (2.48)

equipped with the inner product and norm 

(u, v)ρ =
∑
i∈Z

ρiuivi, ‖u‖ρ =
√∑

i∈Z
ρiu

2
i , u = (ui)i∈Z, v = (vi)i∈Z ∈ l2

ρ, (2.49)

then (l2
ρ, (·, ·)ρ) is a separable Hilbert space. When ρ ≡ 1, l2

ρ reduces to the standard space l2

with the inner product (·, ·) and norm ‖ · ‖.
Write

l2
ρ,k = {u = (ui)i∈Z ∈ l2

ρ : ui = 0 if |i| > k}, (2.50)

l̄2
ρ,k = {u = (ui)i∈Z ∈ l2

ρ : ui = 0 if |i| ≤ k},

then l2
ρ,k is a (2k + 1)-dimensional subspace of l2

ρ and l2
ρ = l2

ρ,k ⊕ l̄2
ρ,k . Define a (2k + 1)-di-

mensional bounded projection P̃k : l2
ρ → l2

ρ,k ⊂ l2
ρ by (P̃ku)i =

{
ui, |i| ≤ k,

0, |i| > k.
Then for a 

continuous cocycle {	(t, τ, ω)}t≥0,τ∈R,ω∈� defining on l2
ρ (= X), condition (H8) can be re-

formulated as follows.

(H10) There exist positive numbers t0, δ, random variables C0(ω), C1(ω) ≥ 0 and k ∈ N such 
that for any τ ∈ R, ω ∈ � and any u, v ∈ χ(τ, ω) ⊂ l2

ρ , it holds that

||P̃k	(t0, τ,ω)u − P̃k	(t0, τ,ω)v||2ρ =
∑
|i|≤k

ρi (	(t0, τ,ω)u − 	(t0, τ,ω)v)2
i

≤ e2
∫ t0

0 C0(θsω)ds ||u − v||2 , (2.51)
ρ
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||(I − P̃k)	(t0, τ,ω)u − (I − P̃k)	(t0, τ,ω)v||2ρ
=
∑
|i|>k

ρi (	(t0, τ,ω)u − 	(t0, τ,ω)v)2
i

≤
(
e
∫ t0

0 C1(θsω)ds + δe
∫ t0

0 C0(θsω)ds
)2 ||u − v||2ρ, (2.52)

where t0, δ, k are independent of τ and ω.

3. Random exponential attractor for first order nonautonomous stochastic lattice systems

Let � = {ω ∈ C(R, R) : ω(0) = 0}, F is the Borel σ -algebra induced by the compact open 
topology of �, and P is the Wiener measure on (�, F). For ω ∈ �, t ∈ R, define θtω(·) =
ω(· + t) − ω(t), then (�, F, P, {θtω}t∈R) is an ergodic metric dynamical system (see [1]).

Consider the first order nonautonomous lattice system (1.1) with multiplicative white noise 
which can be written as the following vector form: {

du = (−λu − Au + f (u, t) + g(t))dt + εu ◦ dw(t), t > τ,

u(τ) = (ui,τ )i∈Z = uτ , τ ∈ R,
(3.1)

where ε ∈ R; u = (ui)i∈Z, λu = (λiui)i∈Z, f (u, t) = (fi(ui, t))i∈Z, g(t) = (gi(t))i∈Z; w(t) is a 
two-sided real-valued Wiener process on probability space (�, F, P).

We choose a weight function ρ : Z → R+ with the following properties:

(A0) ∀i ∈ Z, 0 < ρi = ρ(i) ≤ ρ̂ < +∞, ρ(i) ≤ c0ρ(i ± 1), |ρ(i ± 1) − ρ(i)| ≤ a0ρ(i) for 
positive constants ρ̂, c0 and a0.

We make the following assumptions on A, fi , gi , λi :

(A1) the coupled operator −A is a non-negative and self-adjoint linear operator with decom-
position A = D̄D = DD̄, where D is defined by

(Du)i =
j=m0∑

j=−m0

djui+j , ∀u = (ui)i∈Z, |dj | ≤ c1 (constant), −m0 ≤ j ≤ m0, (3.2)

and D̄ is the adjoint of D in l2, i.e., (Du, v)l2 = (u, D̄v)l2 for u, v ∈ l2. For example, a 
special case of A is 

(Au)i = 2ui − ui−1 − ui+1 and (Du)i = ui+1 − ui. (3.3)

(A2) ∀i ∈ Z, fi , f ′
i,s ∈ C(R × R, R), fi(0, t) = 0 and there exist c2 ≥ 0, hi ∈ C(R, R) and 

R̃ ∈ C(R+ ×R, R+) such that{
f ′

i,s(s, t) ≤ c2, sfi(s, t) ≤ h2
i (t), ∀s, t ∈R, i ∈ Z,

supi∈Z maxs∈[−r,r] |f ′
i,s (s, t)| ≤ R̃(r, t), ∀r ∈ R+, ∀t ∈R.

(3.4)
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(A3) g(t) = (gi(t))i∈Z, h(t) = (hi(t))i∈Z ∈ G, where

G = {η ∈ Cb(R, l2
ρ) : ∀ε > 0, there exists I (ε) ∈ N such that sup

t∈R

∑
|i|>I (ε)

ρiη
2
i (t) < ε}

(3.5)

and Cb(R, l2
ρ) is the space of all continuous bounded functions from R into l2

ρ .
(A4) There exist two positive constants α, ᾱ such that

0 < α ≤ λi ≤ ᾱ < +∞, ∀i ∈ Z. (3.6)

(A5) a0 in (A0) satisfies

a0 ≤ min

{
2

c1c3
,

α

2c1c3c4

}
, (3.7)

where

c3 = c
m0−1
0 + · · · + c0 + 1, c4 = (2m0 + 1)2c

m0
0 . (3.8)

(A6) There exist positive constants c5 > 0 and ρ̄ > 0 such that

f ′
i,s(s, t) ≤ c5|s|(1 + |s|p), ∀t, s ∈ R; 0 < ρ̄ ≤ ρi, ∀i ∈ Z. (3.9)

For example, fi(s, t) = b2p̃+1s
2p̃+1 + b2p̃s2p̃ + · · · + b2s

2, p̃ ∈ N, ∀s ∈ R, ∀i ∈ Z, where 
b2p̃+1 > 0, satisfy conditions (A2) and (A6).

When −A is defined by (3.3) and the weight function ρ(s) = 1
(1+κ2s2)ι

(ι > 1
2 ) (satisfies 

(A0)) and fi(s, t) satisfies some dissipative conditions similar to (A2), Bates et al. [6] stud-
ied the existence of a random attractor for non-autonomous stochastic system (3.1); in addition, 
[6] proved the existence of an infinite dimensional random attractor of (3.1) when gi(t) = 0, 
fi(s, t) = −β(t)s3 with smooth function β ∈ C1(R, R) and 0 < β1 ≤ β(t) ≤ β2 for all t ∈R.

In this section, we will consider the existence of a random attractor for system (3.1) under con-
ditions (A0)–(A5) based on Theorem 3.6 in [6] and prove the existence of a random exponential 
attractor for (3.1) under conditions (A0)–(A6) based on Theorem 2.4.

Write z(θtω) = −α
∫ 0
−∞ eαs(θtω)(s)ds for t ∈ R and ω ∈ �, which is an Ornstein–Uhlenbeck 

stationary process solving the Itô equation dz(θtω) +αz(θtω)dt = dw(t), where w(t)(ω) = ω(t)

for ω ∈ � [1,8]. From [1,10], it follows that |z(ω)| is tempered and for a.e. ω ∈ �, t �→ z(θtω) is 
continuous in t , moreover, 

lim
t→±∞

|z(θtω)|
t

= lim
t→±∞

1

t

t∫
0

z(θsω)ds = 0. (3.10)

In the following, for convenience, we identify “a.e. ω ∈ �” and “ω ∈ �”.
Let vi(t, ω) = e−εz(θtω)ui(t, ω), i ∈ Z, where u(t, ω) = (ui(t, ω))i∈Z is a solution of (3.1). 

Then system (3.1) can be written as the following random system without white noise: 



JID:YJDEQ AID:8783 /FLA [m1+; v1.255; Prn:4/04/2017; 10:19] P.17 (1-33)

S. Zhou / J. Differential Equations ••• (••••) •••–••• 17
{
dv
dt

+ λv + Av − εαz(θtω)v = e−εz(θtω)f (eεz(θtω)v, t) + e−εz(θtω)g(t), t > τ,

v(τ,ω) = vτ (ω) = e−εz(θτ ω)uτ , τ ∈ R.
(3.11)

Similar to Theorem 3.4 in [6], we have the following theorem.

Theorem 3.1. Let (A0)–(A5) hold. Then for every τ ∈ R, ω ∈ � and any initial data uτ ∈ l2
ρ (or 

vτ (ω) ∈ l2
ρ ), problem (3.11) admits a unique solution v(·, τ, ω, vτ (ω)) ∈ C([τ, τ +T ), l2

ρ) for any 
T > 0 with v(τ, τ, ω, vτ (ω)) = vτ (ω), and v(t, τ, ω, vτ ) is continuous in vτ . Moreover, the solu-
tion v(t, τ, ω, vτ (ω)) of (3.11) generates a continuous cocycle � over R and (�, F, P, (θt )t∈R)

with state space l2
ρ defined by 

�(t, τ,ω, vτ (ω)) = v(t + τ, τ, θ−τω, vτ (θ−τω)), ∀t ∈R
+, τ ∈R,ω ∈ �. (3.12)

Obviously, for t ∈ R
+, τ ∈ R and ω ∈ �, �̃(t, τ, ω, uτ ) = e−εz(θtω)�(t, τ, ω, e−εz(θτ ω)uτ )

defines a continuous cocycle �̃ on l2
ρ over R and (�, F, P, (θt )t∈R) associated with (3.1). There-

fore, cocycle �̃ and � (or (3.1) and (3.11)) have the same dynamics. In the following, we just 
consider the cocycle � .

3.1. Existence of random attractor

First, we have the existence of a uniformly tempered measurable D(l2
ρ)-pullback absorbing 

set for � .

Lemma 3.2. Suppose (A0)–(A5) hold. Then there exists a tempered random variable M0(ω) > 0
(independent of τ )

M2
0 (ω) = 4

(
||h||2ρ + 2

α
||g||2ρ

)
K0(ω) < ∞, where K0(ω) =

0∫
−∞

eαs+2ε
∫ 0
s z(θlω))dl−2εz(θsω)ds,

(3.13)

where ||h||2ρ = supr∈R ||h(r)||2ρ , ||g||2ρ = supr∈R ||g(r)||2ρ , such that M2
0 (θtω) is continuous in t

and the family of balls centered at 0 with radius M0(ω)

B0 = {B0(τ,ω) = B0(0,M0(ω)) = {v ∈ l2
ρ : ||v||ρ ≤ M0(ω)}}|τ ∈ R,ω ∈ �}, (3.14)

is a measurable D(l2
ρ)-pullback absorbing set for � , that is, for any τ ∈R, ω ∈ � and B ∈ D(l2

ρ), 
there exists a TB(τ, ω) ≥ 0 such that the solution v(τ, τ − t, θ−τω, ϕτ−t (θ−τω)) of (3.11) with 
vτ−t (θ−τω) ∈ B(τ − t, θ−tω) satisfies: 

||v(τ, τ − t, θ−τω,ϕτ−t (θ−τω))||ρ ≤ M0(ω), ∀t ≥ TB(τ,ω), (3.15)

where TB(τ, ω) is uniform for ε in a bounded interval of R. Particular, there exists a TB0(ω) ≥ 0
(independent of τ ) such that 

v(r, τ − t, θ−τω,B0(θ−tω)) ∈ B0(θr−τω), ∀t ≥ TB0(ω), r ≥ τ − t. (3.16)
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Proof. Taking the inner product of (3.11) with v(r) = v(r, τ − t, θ−τω, vτ−t (θ−τω)) in l2
ρ , we 

find that

d

dt
||v||2ρ + 2(λv, v)ρ + 2(Av, v)ρ − 2αεz(θr−τω)||v||2ρ

= 2e−εz(θr−τ ω)(f (eεz(θr−τ ω)v, r), v)ρ + 2e−εz(θr−τ ω)(g(r), v)ρ, r ≥ τ − t. (3.17)

By [44,40] and (3.7), 

2(Av, v)ρ ≥ (2 − a0c1c3)||Dv||2ρ − a0c1c3c4||v||2ρ ≥ −a0c1c3c4||v||2ρ ≥ −α

2
||v||2ρ. (3.18)

By (A2)–(A4), it follows that

2(f (eεz(θr−τ ω)v, r), v)ρ = 2e−εz(θr−τ ω)
∑
i∈Z

ρif (r, eεz(θr−τ ω)vi)e
εz(θr−τ ω)vi ≤ 2e−εz(θr−τ ω)||h||2ρ,

(3.19)

2e−εz(θr−τ ω)(g(r), v)ρ ≤ α

4
||v||2ρ + 4

α
e−2εz(θr−τ ω)||g||2ρ, 2(λv, v)ρ ≥ 2α||v||2ρ,

(3.20)

Thus, putting (3.18)–(3.20) into (3.17), we have

d

dt
||v||2ρ + α(1 − 2εz(θr−τω))||v||2ρ + α

4
||v||2ρ

≤ 2e−2εz(θr−τ ω)

(
||h||2ρ + 1

α
||g||2ρ

)
, r ≥ τ − t. (3.21)

By applying Gronwall inequality to (3.21) on [τ − t, τ ], we have

||v(τ)||2ρ + α

4

τ∫
τ−t

e− ∫ τ
s α(1−2εz(θl−τ ω))dl ||v(s, τ − t, θ−τω, vτ−t (θ−τω))||2ρds

≤ e− ∫ 0
−t α(1−2εz(θlω))dl ||vτ−t (θ−τω)||2ρ + 1

2
M2

0 (ω). (3.22)

By (3.10), M0(ω) is a tempered random variable and M0(θtω) is continuous in t . By (3.10) and 

vτ−t (θ−τω) ∈ B(τ − t, θ−tω), e− ∫ 0
−t α(1−2εz(θlω))dl ||vτ−t (θ−τω)||2ρ t→+∞→ 0. By (3.22), the proof 

is completed. �
Now we consider an estimate on the tails of solutions of (3.11) with initial data in B0 for 

large t , which implies the asymptotic compactness of solutions.



JID:YJDEQ AID:8783 /FLA [m1+; v1.255; Prn:4/04/2017; 10:19] P.19 (1-33)

S. Zhou / J. Differential Equations ••• (••••) •••–••• 19
Lemma 3.3. Suppose (A0)–(A5) hold. Then for every τ ∈ R, ω ∈ � and ε > 0, there ex-
ist T (τ, ω, ε) > 0 and M(τ, ω, ε) ∈ N such that the solution v(r, τ − t, θ−τω, ϕτ−t (θ−τω))

(r ≥ τ − t , t ≥ 0) of (3.11) with vτ−t (θ−τω) ∈ B0(θ−tω) satisfies

∑
|i|>M(τ,ω,ε)

ρi |vi(τ, τ − t, θ−τω,ϕτ−t (θ−τω))|2 � ε, t ≥ T (τ,ω, ε). (3.23)

Proof. Choose a smooth increasing function θ ∈ C1(R+, R) satisfying ⎧⎪⎪⎨⎪⎪⎩
θ(s) = 0, ∀s ∈ [0,1];
0 ≤ θ(s) ≤ 1, ∀s ∈ [1,2];
θ(s) = 1, ∀s ∈ [2,∞);
|θ ′(s)| ≤ C1, ∀s ∈R+ for some positive constant C1.

(3.24)

Let M ∈ N be a positive integer. Set xi = θ
( |i|

M

)
vi , x = (xi)i∈Z. Taking the inner product of 

(3.11) with x in l2
ρ , we have that for r ≥ τ − s,

1

2

d

dt

∑
i∈Z

θ

( |i|
M

)
ρiv

2
i + (λv, x)ρ + (Av,x)ρ − αεz(θr−τω)

∑
i∈Z

θ

( |i|
M

)
ρiv

2
i

= e−εz(θr−τ ω)
∑
i∈Z

θ

( |i|
M

)
ρifi(r, e

εz(θr−τ ω)vi)vi + e−εz(θr−τ ω)
∑
i∈Z

θ

( |i|
M

)
ρigi(r)vi .

(3.25)

Similar to (3.18)–(3.20),

2(λv, x)ρ + 2(Av,x)ρ ≥
∑
i∈Z

θ(
|i|
M

)ρi(2 − a0c1c3)(Du)2
i − c6

M
||v||2ρ

+ (2α − a0c1c3c4)
∑
i∈Z

θ(
|i|
M

)ρiv
2
i

≥ (2α − a0c1c3c4)
∑
i∈Z

θ(
|i|
M

)ρiv
2
i − c6

M
||v||2ρ,

∑
i∈Z

θ

( |i|
M

)
ρifi(r, e

εz(θr−τ ω)vi)vi ≤ e−εz(θr−τ ω)
∑
i∈Z

θ

( |i|
M

)
ρih

2
i (r),

2e−εz(θr−τ ω)
∑
i∈Z

θ

( |i|
M

)
ρigi(r)vi ≤ α

4

∑
i∈Z

θ

( |i|
M

)
ρiv

2
i + 4

α
e−2εz(θr−τ ω)

∑
i∈Z

θ

( |i|
M

)
ρig

2
i (r),

where 

c6 = 2C1m0c
m0/2

c1[1 + (2m0 + 1)2].
0
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Thus, we obtain

d

dt

∑
i∈Z

θ

( |i|
M

)
ρiv

2
i + α(1 − 2εz(θr−τω))

∑
i∈Z

θ

( |i|
M

)
ρiv

2
i

≤ c6

M
||v||2ρ + 2e−2εz(θr−τ ω)

∑
i∈Z

θ

( |i|
M

)
ρi

(
h2

i (r) + 2

α
g2

i (r)

)
, r ≥ τ − t. (3.26)

By Gronwall inequality on [τ − t, τ ], by (3.22), we have

∑
i∈Z

θ

( |i|
M

)
ρiv

2
i (τ )

≤ e− ∫ 0
−t α(1−2εz(θlω))dl ||vτ−t (θ−τω)||2ρ

+ c6

M

τ∫
τ−t

e− ∫ τ
s α(1−2εz(θl−τ ω))dl ||v(s, τ − t, θ−τω, vτ−t (θ−τω))||2ρds

+
0∫

−∞
eαs+2ε

∫ 0
s z(θlω))dl−2εz(θsω)

∑
i∈Z

θ

( |i|
M

)
ρi

(
h2

i (s + τ) + 2

α
g2

i (s + τ)

)
ds

≤
(

1 + 4c6

α

)
e− ∫ 0

−t α(1−2εz(θlω))dlM2
0 (θ−tω) +

( c7

M
+ γM

)
K0(ω), (3.27)

where 

c7 = 8c6

α

(
||h||2ρ + 2

α
||g||2ρ

)
, γM = sup

r∈R

∑
|i|≥M

ρi

(
h2

i (r) + 2

α
g2

i (r)

)
. (3.28)

By h(t), g(t) ∈ G, (3.10) and 

e− ∫ 0
−t α(1−2εz(θlω))dlM2

0 (θ−tω)
t→+∞→ 0,

c7

Mα
K0(ω)

M→+∞→ 0, (3.29)

it follows that for any ε > 0, τ ∈ R and ω ∈ �, there exist T (τ, ω, ε) > 0 and M(τ, ω, ε) ∈ N

such that for t ≥ T (τ, ω, ε), M ≥ M(τ, ω, ε), 

∑
|i|>2M

ρi |vi(τ, τ − t, θ−τω,ϕτ−t (θ−τω))|2 ≤
∑
i∈Z

θ

( |i|
M

)
ρiv

2
i (τ ) � ε. (3.30)

The proof is completed. �
According to Theorem 3.6 in [6] and Lemmas 3.2–3.3, we have the existence of a random 

attractor in D(l2
ρ) for � .
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Theorem 3.4. Suppose (A0)–(A5) hold. Then the continuous cocycle � associated with (3.11)
has a unique random attractor R = {R(τ, ω)}τ∈R,ω∈� ∈ D(l2

ρ) and R(τ, ω) ⊂ B0(ω) for any 
τ ∈R, ω ∈ �.

As a direct consequence of (3.27) and (3.29), we have

Corollary 3.5. Suppose (A0)–(A5) hold. Then for every τ ∈ R, ω ∈ �, ν > 0 and I ∈ N, there 
exists T̃ν(ω) > 0 (independent of τ ) such that the solution v(r, τ − t, θ−τω, ϕτ−t (θ−τω)) (r ≥
τ − t ) of (3.11) with vτ−t (θ−τω) ∈ B0(θ−tω) satisfies

∑
i∈Z

θ

( |i|
I

)
ρiv

2
i (τ, τ − t, θ−τω,ϕτ−t (θ−τω))

≤ ν +
(c7

I
+ γI

)
K0(ω), ∀t ≥ T̃ν(ω), I ∈N. (3.31)

3.2. Random exponential attractor

From Theorem 3.4, we see that under conditions (A0)–(A5), the cocycle � associated with 
(3.11) has a random attractor R = {R(τ, ω)}τ∈R,ω∈� in D(l2

ρ). However, in this case, for τ ∈ R, 
ω ∈ �, the fractal dimension of R(τ, ω) maybe is infinite, for example, see section 7 in [6].

In this subsection, we prove the existence of a random exponential attractor for � based on 
Theorem 2.4 under conditions (A0)–(A6), which implies the finiteness of fractal dimension of 
R(τ, ω).

Choosing a fixed positive number ν = ν0 > 0 in (3.31) small enough such that (
16c2

5

αρ̄
ν0 + 2p+4c2

5

αρ̄p+1
ν

p+1
0

)
4
√

π + 3e

3
√

π
≤ α

8
. (3.32)

For any τ ∈ R and ω ∈ �, set 

χ1(τ,ω) = ∪
s≥max{tB0 (ω),T̃ν0 (ω)}v(τ, τ − s, θ−τω,B0(θ−sω)) ⊆ B0(ω), (3.33)

then by Lemma 3.2, Remark 2.2 and (3.16), the family of closed sets {χ1(τ,ω)}τ∈R,ω∈� satisfies 
(H1)–(H3), that is, for any fixed τ ∈R and ω ∈ �, it holds that

(i) boundedness: supτ∈R supu,v∈χ1(τ,ω) ||u − v||X ≤ 2M0(ω) < ∞ and M0(θtω) is continuous 
in t for all t ∈ R;

(ii) positive invariance: �(t, τ − t, θ−tω)χ1(τ − t, θ−tω) ⊆ χ1(τ,ω) for all t ≥ 0;
(iii) pullback absorbing property: for any set B ∈ D(l2

ρ), there exists TB = TB(τ, ω) ≥ 0 such 
that �(t, τ − t, θ−tω)B(τ − t, θ−tω) ⊆ χ1(τ,ω) for all t ≥ TB .

Moreover, by Corollary 3.5 and definition (3.33) of χ1(τ, ω), it holds that for any τ ∈Rω ∈ �

and ṽ = (ṽi)i∈Z ∈ χ1(τ, ω), ∑
ρiṽ

2
i ≤ ν0 +

(c7

I
+ γI

)
K0(ω), I ∈N. (3.34)
|i|≥2I
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Next, we show that {χ1(τ,ω)}τ∈R,ω∈� satisfies (H9)–(H10). Then we obtain the existence of 
a random exponential attractor for � by Theorem 2.4. To do this, by the cocycle property and 
continuity of � , it is sufficient to prove that {χ1(τ, ω)}τ∈R,ω∈� satisfies (H9)–(H10).

Let v(r, τ − t, θ−τω, ϕτ−t (θ−τω)) (r ≥ τ − t ) be a solution of (3.11) with vτ−t (θ−τω) ∈
χ1(τ − t, θ−tω). Then by the cocycle property of � (or v), (3.16) and (3.34), we have that 

||v(r, τ − t, θ−τω, vτ−t (θ−τω))||ρ ≤ M0(θr−τω), ∀r ≥ τ − t, (3.35)

and

∑
|i|≥2I

ρiv
2
i (r, τ − t, θ−τω,ϕτ−t (θ−τω)

≤ ν0 +
(c7

I
+ γI

)
K0(θr−τω), ∀r ≥ τ − t, I ∈ N. (3.36)

We first prove that � has the Lipschitz property on χ1(τ, ω).

Lemma 3.6. Suppose (A0)–(A5) hold. Then for every τ ∈ R, ω ∈ �, t ≥ 0 and vj,τ−t (θ−τω) ∈
χ1(τ − t, θ−tω), j = 1, 2, there exists a random variable C2(ω) > 0 such that

||v(τ, τ − t, θ−τω, v1,τ−t (θ−τω)) − v(τ, τ − t, θ−τω, v2,τ−t (θ−τω))||ρ
≤ e

∫ 0
−t C2(θsω)ds ||v1,τ−t (θ−τω) − v2,τ−t (θ−τω)||ρ. (3.37)

Proof. For every τ ∈ R, ω ∈ �, t ≥ 0 and j = 1, 2, vj,τ−t (θ−τω) ∈ χ1(τ − t, θ−tω) ⊆ B0(θ−tω), 
let 

vj (r) = v(r, τ − t, θ−τω, vj,τ−t (θ−τω)), y(r) = v1(r) − v2(r), r ≥ τ − t, (3.38)

then for r ≥ τ − t ,

{
dy
dt

+ λy + Ay − εαz(θr−τω)y = e−εz(θr−τ ω)[f (r, ebz(θr−τ ω)v1(r)) − f (r, ebz(θr−τ ω)v2(r))],
y(τ,ω) = v1τ (ω) − v2τ (ω).

(3.39)

By (3.35), for r ≥ τ − t , it holds that 

||v1(r)||ρ ≤ M0(θr−τω), ||v2(r)||ρ ≤ M0(θr−τω), ∀r ≥ τ − t. (3.40)

Taking the inner product (·, ·)ρ of (3.39) with y(r), we find that

1

2

d

dt
‖y‖2

ρ + (λy, y)ρ + (Ay,y)ρ

= e−εz(θr−τ ω)(f (r, eεz(θr−τ ω)v1(r)) − f (r, eεz(θr−τ ω)v2(r)), y)ρ + εαz(θr−τω)||y||2 . (3.41)
ρ
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By (A2) and (A5),

(λy, y)ρ ≥ α||y||2ρ ≥ 0, 2(Ay,y)ρ ≥ −a0c1c3c4||y||2ρ,

e−εz(θr−τ ω)(f (r, eεz(θr−τ ω)v1(r)) − f (r, eεz(θr−τ ω)v2(r)), y)ρ

= e−εz(θr−τ ω)
∑
i∈Z

ρi[fi(r, e
εz(θr−τ ω)v1,i (r)) − fi(r, e

εz(θr−τ ω)v2,i (r))yi

=
∑
i∈Z

ρif
′
i,s(r, e

εz(θr−τ ω)((1 − ϑi)v1,i (r) + ϑiv2,i (r))y
2
i (r), ϑi ∈ (0,1)

≤ c2||y||2ρ.

Thus, we have

d

dt
||y(r)||2ρ ≤ 2[εαz(θr−τω) + c2 + a0c1c3c4]||y(r)||2

≤ 2C2(θr−τω)||y(r)||2, ∀r ≥ τ − t, (3.42)

where 

C2(ω) = |εαz(ω)| + c2 + a0c1c3c4. (3.43)

By applying Gronwall inequality to (3.42) on [τ − t, r] (r ≥ τ − t ), we have

||y(r, τ − t, θ−τω, v1,τ−t (θ−τω))||2ρ
≤ e2

∫ r
τ−t C2(θs−τ ω)ds ||y(τ − t, τ − t, θ−τω, v1,τ−t (θ−τω))||2ρ. (3.44)

Set r = τ , (3.37) holds. The proof is completed. �
Lemma 3.7. Suppose (A0)–(A6) hold. Then for any τ ∈ R, ω ∈ �, t ≥ 0, there exist random 
variables C3(ω) > 0, C4(ω) > 0 such that for any I ∈ N and vj,τ−t (θ−τω) ∈ χ1(τ − t, θ−tω), 
j = 1, 2, ∑

|i|≤4I

ρi(vi(τ, τ − t, θ−τω, v1,τ−t (θ−τω)) − vi(τ, τ − t, θ−τω, v2,τ−t (θ−τω)))2

≤ e
∫ 0
−t C3(θsω)ds ||v1,τ−t (θ−τω) − v2,τ−t (θ−τω)||ρ (3.45)

and ∑
|i|>4I

ρi(vi(τ, τ − t, θ−τω, v1,τ−t (θ−τω)) − vi(τ, τ − t, θ−τω, v2,τ−t (θ−τω)))2

≤
(
e− α

2 t+∫ 0
−t C4(θsω)ds + δI e

∫ 0
−t C3(θsω)ds

)
||v1,τ−t (θ−τω) − v2,τ−t (θ−τω)||ρ, (3.46)
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where

δI = 1
4
√

2α

√
1

I
+ γI + 1

Ip+1
+ γ

p+1
I . (3.47)

Proof. Let vj , j = 1, 2, and y be as in the proof of Lemma 3.6. For i ∈ Z, set qi = θ
( |i|

M

)
yi , 

q = (qi)i∈Z. Taking the inner product of (3.39) with q in l2
ρ , we have that for r ≥ τ − t ,

d

dt

∑
i∈Z

θ

( |i|
M

)
ρiy

2
i + 2(λy, q)ρ + 2(Ay,q)ρ − 2εαz(θr−τω)

∑
i∈Z

θ

( |i|
M

)
ρiy

2
i

= 2e−εz(θr−τ ω)(f (r, eεz(θr−τ ω)v1(r)) − f (r, eεz(θr−τ ω)v2(r)), q)ρ. (3.48)

By computation, we have

2(λy, q)ρ + 2(Ay,q)ρ − εαz(θr−τω)
∑
i∈Z

θ

( |i|
M

)
ρiy

2
i

≥ (2α − a0c1c3c4 − εαz(θr−τω))
∑
i∈Z

θ(
|i|
M

)ρiy
2
i − c6

M
||y||2ρ

≥ (
5α

4
− εαz(θr−τω))

∑
i∈Z

θ(
|i|
M

)ρiy
2
i − c6

M
||y||2ρ (3.49)

and

2e−εz(θr−τ ω)(f (r, eεz(θr−τ ω)v1(r)) − f (r, eεz(θr−τ ω)v2(r)), q)ρ

= 2
∑
i∈Z

θ

( |i|
M

)
ρif

′
i,s(r, e

εz(θr−τ ω)((1 − ϑi)v1,i (r) + ϑiv2,i (r))y
2
i (r), ϑi ∈ (0,1)

≤ 2
∑
i∈Z

θ

( |i|
M

)
ρic5(e

εz(θr−τ ω)|v1,i (r)| + eεz(θr−τ ω)|v2,i (r)|)y2
i (r)

+ 2
∑
i∈Z

θ

( |i|
M

)
ρic5(|eεz(θr−τ ω)v1,i (r)|p+1 + |eεz(θr−τ ω)v2,i (r)|p+1)y2

i (r)

≤ α

4

∑
i∈Z

θ(
|i|
M

)ρiy
2
i + 16c2

5

α
e2εz(θr−τ ω)

∑
i∈Z

θ(
|i|
M

)ρi[v2
1,i (r) + v2

2,i (r)]y2
i (r)

+ 16c2
5

α

∑
i∈Z

θ(
|i|
M

)ρie
2(p+1)εz(θr−τ ω)[v2p+2

1,i (r) + v
2p+2
2,i (r)]y2

i (r). (3.50)

By (3.36), for I ∈ N, 

∑
[v2

1,i (r) + v2
2,i (r)] ≤ 2

ρ̄
ν0 + 2

ρ̄

(c7

I
+ γI

)
K0(θr−τω)
|i|≥2I
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and 

∑
|i|≥2I

[v2p+2
1,i (r) + v

2p+2
2,i (r)] ≤ 2p+1

ρ̄p+1
ν

p+1
0 + 2p+1

ρ̄p+1

(c7

I
+ γI

)p+1
K

p+1
0 (θr−τω).

Thus, for M ≥ 2I , we obtain

2e−εz(θr−τ ω)(f (r, eεz(θr−τ ω)v1(r)) − f (r, eεz(θr−τ ω)v2(r)), q)ρ

≤
(

α

4
+ 32c2

5ν0

ρ̄α
e2εz(θr−τ ω) + 2p+5c2

5

αρ̄p+1
ν

p+1
0 e2(p+1)εz(θr−τ ω)

)∑
i∈Z

θ(
|i|
M

)ρiy
2
i

+ 32c2
5ν0

ρ̄α

(c7

I
+ γI

)
e2εz(θr−τ ω)K0(θr−τω)

∑
i∈Z

θ(
|i|
M

)ρiy
2
i (r)

+ 2p+5c2
5

αρ̄p+1

(c7

I
+ γI

)p+1
e2(p+1)εz(θr−τ ω)K

p+1
0 (θr−τω)

∑
i∈Z

θ(
|i|
M

)ρiy
2
i (r). (3.51)

So, by (3.48)–(3.51), we have that for M ≥ 2I ,

d

dt

∑
i∈Z

θ

( |i|
M

)
ρiy

2
i (r) + (α − 2εαz(θr−τω) − 2K1(θr−τω)

∑
i∈Z

θ

( |i|
M

)
ρiy

2
i (r)

≤
(

c6

2I
+ 32c2

5ν0

ρ̄α

(c7

I
+ γI

)
e2εz(θr−τ ω)K0(θr−τω)

)
||y(r)||2ρ

+ 2p+5c2
5

αρ̄p+1

(c7

I
+ γI

)p+1
e2(p+1)εz(θr−τ ω)K

p+1
0 (θr−τω)||y(r)||2ρ

≤ c8

(
1

I
+ γI

)(
1 + e2εz(θr−τ ω)K0(θr−τω)

)
e
∫ r
τ−t C2(θs−τ ω)ds ||y(τ − t)||2ρ

+ c9

(
1

Ip+1
+ γ

p+1
I

)
e2(p+1)εz(θr−τ ω)K

p+1
0 (θr−τω)e

∫ r
τ−t C2(θs−τ ω)ds ||y(τ − t)||2ρ

≤ c10

(
1

I
+ γI + 1

Ip+1
+ γ

p+1
I

)
×
(

1 + e2(p+1)εz(θr−τ ω)K
p+1
0 (θr−τω)

)
e2
∫ r
τ−t C2(θs−τ ω)ds ||y(τ − t)||2ρ, (3.52)

where

c8 = max

{(
c6

2
+ 32c2

5ν0

ρ̄α

)
c7,

32c2
5ν0

ρ̄α

}
, c9 = max

{
23p+5c2

5

αρ̄p+1
c
p+1
7 ,

23p+5c2
5

αρ̄p+1

}
,

c10 = max

{
c8, c9,

2p + 1
,
p + 2

}
,

p p + 1
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K1(ω) = 16c2
5ν0

ρ̄α
e2εz(ω) + 2p+4c2

5

αρ̄p+1
ν

p+1
0 e2(p+1)εz(ω). (3.53)

By applying Gronwall inequality to (3.52) on [τ − t, τ ] (t ≥ 0), we have that for M ≥ 2I ,

∑
i∈Z

θ

( |i|
M

)
ρiy

2
i (τ, τ − t, θ−τω, yτ−t (θ−τω)))

≤
∑
i∈Z

θ

( |i|
M

)
ρiy

2
i (τ − t, τ − t, θ−τω, yτ−t (θ−τω)))e

∫ τ
τ−t (−α+2εαz(θs−τ ω)+2K1(θs−τ ω))ds

+
(

1

I
+ γI + 1

Ip+1
+ γ

p+1
I

)
||y(τ − t)||2ρ

×
τ∫

τ−t

c10

(
1+e2(p+1)εz(θr−τ ω)K

p+1
0 (θr−τω)

)
e2
∫ r
τ−t C2(θs−τ ω)dse

∫ τ
r (−α+2εαz(θs−τ ω)+2K1(θs−τ ω))dsdr

≤ e
∫ 0
−t (−α+2|εαz(θsω)|+2K1(θsω))ds ||y(τ − t)||2ρ

+
(

1

I
+ γI + 1

Ip+1
+ γ

p+1
I

)
||y(τ − t)||2ρ e

∫ 0
−t (2C2(θsω)+2|εαz(θsω)|+2K1(θsω))ds

×
0∫

−t

c10

(
1 + e2(p+1)εz(θrω)K

p+1
0 (θrω)

)
eαrdr. (3.54)

Since 
√

x ≤ ex for all x ≥ 0, it follows that

0∫
−t

c10

(
1 + e2(p+1)εz(θrω)K

p+1
0 (θrω)

)
eαrdr

≤
⎛⎝ 0∫

−t

c2
10

(
1 + e2(p+1)εz(θrω)K

p+1
0 (θrω)

)2
dr

⎞⎠
1
2
⎛⎝ 0∫

−t

e2αrdr

⎞⎠
1
2

≤ 1√
2α

e

∫ 0
−t c2

10

(
1+e2(p+1)εz(θr ω)K

p+1
0 (θrω)

)2
dr

.

By (3.54), for M ≥ 2I , ∑
|i|>4I

ρiy
2
i (τ, τ − t, θ−τω, yτ−t (θ−τω)))

≤
∑
i∈Z

θ

( |i|
M

)
ρiy

2
i (τ, τ − t, θ−τω, yτ−t (θ−τω)))

≤
(
e
∫ 0
−t (−α+2C4(θsω))ds + δ2

I e
∫ 0
−t 2C3(θsω)dr

)
||y(τ − t)||2ρ, (3.55)
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where

C3(ω) = C2(ω) + |εαz(ω)| + K1(ω) + 1

2
c2

10

(
1 + e2(p+1)εz(ω)K

p+1
0 (ω)

)2
, (3.56)

C4(ω) = |εαz(ω)| + K1(ω), (3.57)

i.e., (3.46) holds. From (3.37) and C3(ω) > C2(ω) ≥ 0, it follows that (3.45) holds. The proof is 
completed. �

Now we estimate the expectation of C4(ω), C2
4(ω) and C2

3(ω). For this purpose, we have 
recourse to the following result in [26,45].

Lemma 3.8. (see [26,45]) The Ornstein–Uhlenbeck process z(θtω) satisfies

E[|z(θsω)|r ] = �( 1+r
2 )√

παr
, ∀r > 0, s ∈R, (3.58)

E[eεz(θsω)] ≤ 4
√

π + 3e

3
√

π
, ∀s ∈R, |ε| ≤ 1, (3.59)

and 

E
[
eε
∫ τ+t
τ |z(θsω)|ds

]
≤ e

ε√
α
t
, for α3 ≥ ε2 ≥ 0, τ ∈ R, t ≥ 0; (3.60)

where �(·) is the Gamma function.

Lemma 3.9. If (3.32) holds and the coefficient ε of the random term in (3.1) is small such that 

|ε| ≤ min

{
1

16(p + 1)
,

√
πα

4
,
α
√

α

9

}
, (3.61)

then 

0 < E[C4(ω)] ≤ 3α

8
, E[C2

j (ω)] < ∞, j = 3,4. (3.62)

Proof. It follows from (3.59) and (3.61) that 

E[eεz(θsω)] ≤ 4
√

π + 3e

3
√

π
, E[e2(p+1)εz(ω)] ≤ 4

√
π + 3e

3
√

π
, (3.63)

then by (3.32), (3.53) and (3.63), 

E[K1(ω)] ≤
(

16c2
5

αρ̄
ν0 + 2p+4c2

5

αρ̄p+1
ν

p+1
0

)
4
√

π + 3e

3
√

π
≤ α

8
. (3.64)
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By (3.57), (3.58) and (3.64),

E[C4(ω)] = α|ε|E[|z(ω)|] + E[K1(ω)] = |ε|
√

α

π
+ α

8
≤ 3α

8
. (3.65)

By (3.61) and (3.66), we have that 

C2
4(ω) ≤ 2α2ε2|z(ω)|2 + 2K2

1 (ω),

E[K2
1 (ω)] ≤ 2

(
16c2

5ν0

αρ̄

)2

E[e4εz(ω)] + 2

(
2p+4c2

5

αρ̄p+1
ν

p+1
0

)2

E[e4(p+1)εz(ω)]

≤
(

512c4
5ν

2
0

α2ρ̄2
+ 22p+8c4

5

α2ρ̄2p+2
ν

2p+2
0

)
4
√

π + 3e

3
√

π

.= c12.

Thus, 

E[C2
4(ω)] ≤ αε2 + 2c12 < ∞. (3.66)

By (3.56), 

C2
3(ω) ≤ c11

(
1 + α2ε2|z(ω)|2 + K2

1 (ω) + e8(p+1)εz(ω) + K
4p+4
0 (ω)

)
. (3.67)

By (3.13), (3.60), (3.61) and Hölder inequality,

E[K4p+4
0 (ω)] = E

⎛⎝ 0∫
−∞

eαs+2ε
∫ 0
s z(θlω))dl−2εz(θsω)ds

⎞⎠4p+4

≤
⎛⎝ 0∫

−∞
e

4p+4
4p+3 αs

ds

⎞⎠4p+3 0∫
−∞

Ee(2p+2)αs+2|ε|(4p+4)
∫ 0
s z(θlω))dl+2|ε|(4p+4)z(θsω)ds

≤ 2

(
4p + 3

4p + 4

)4p+3 0∫
−∞

e(2p+2)αs
(

Ee16|ε|(p+1)
∫ 0
s z(θlω))dl + Ee16|ε|(p+1)z(θsω)

)
ds

≤ 2

(
4p + 3

4p + 4

)4p+3 0∫
−∞

e(2p+2)αs

(
e
− 16|ε|(p+1)√

α
s + 4

√
π + 3e

3
√

π

)
ds

≤ 1

(p + 1)

(
4p + 3

4p + 4

)4p+3
⎛⎝ 1

α − 8|ε|√
α

+ 4
√

π + 3e

3
√

πα

⎞⎠
.= c13.
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By (3.67),

E[C2
3(ω)] ≤ c11

(
1 + αε2 + c12 + 4

√
π + 3e

3
√

π
+ c13

)
< ∞. (3.68)

The proof is completed. �
Lemma 3.10. Suppose (A0)–(A5) hold. Then 

{
limt↘0 supv∈χ1(τ,ω) ||�(t, τ,ω)v − v||ρ = 0,

limt↘0 supu∈χ1(τ−t,θ−t ω) || �(0, τ − t, θ−tω)u − u||ρ = 0,
∀τ ∈ R,ω ∈ �. (3.69)

Proof. It follows from the following estimate that for v ∈ χ1(τ, ω) and t ≥ 0,

||�(t, τ,ω)v − v||2ρ
= ||v(t + τ, τ, θ−τω, vτ (θ−τω)) − vτ (θ−τω)||2ρ

≤ 5t

τ+t∫
τ

(
||λv(r)||2ρ + ||Av(r)||2ρ + ||εαz(θr−τω)v(r)||2ρ

)
dr

+ 5t

τ+t∫
τ

(
||e−εz(θr−τ ω)f (eεz(θr−τ ω)v(r), r)||2ρ + ||e−εz(θr−τ ω)g(r)||2ρ

)
dr

≤ 5t

t∫
0

(
ᾱ2 + (2m0 + 1)4c4

1c
2m0
0 + |εαz(θrω)|2

)
M2

0 (θrω)dr

+ 5t

τ+t∫
τ

(∑
i∈Z

ρi[f ′
i,s(ϑie

εz(θr−τ ω)vi(r), r)]2v2
i (r) + e−2εz(θr−τ ω)||g||2ρ

)
dr

≤ 5t

t∫
0

(
ᾱ2 + (2m0 + 1)4c4

1c
2m0
0 + |εαz(θrω)|2

)
M2

0 (θrω)dr

+ 5t

t∫
0

(
R̃(eεz(θrω)M0(θrω), r)M2

0 (θrω) + e−εz(θrω)||g||2ρ
)

dr
t↘0→ 0,

that is, limt↘0 supv∈χ1(τ,ω) ||�(t, τ, ω)v−v||ρ = 0. Similarly, limt↘0 supu∈χ(τ−t,θ−t ω) ||�(0, τ −
t, θ−tω)u − u||ρ = 0. The proof is completed. �

As a consequence of Lemma 3.7, Lemmas 3.9–3.10, Theorem 2.2 and Theorem 2.4, we have 
our main result.
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Theorem 3.11. Suppose (A0)–(A6) and (3.32), (3.61) hold. Then {�(t, τ, ω)}t≥0,τ∈R,ω∈� pos-
sesses a random exponential attractor {K(τ, ω)}τ∈R,ω∈� with properties: for any τ ∈ R and 
ω ∈ �,

(i) R(τ, ω) ⊆K(τ, ω) ⊆ χ1(τ,ω) and K(τ, ω) is a compact set of l2
ρ;

(ii) �(t, τ, ω)K(τ, ω) ⊆K(t + τ, θtω) for all t ≥ 0;
(iii) there exists a finite integer I0 ∈ N such that 

dimf R(τ,ω) ≤ dimf K(τ,ω) ≤
2(8I0 + 1) ln

(√
(8I0+1)
δI0

+ 1
)

ln 4
3

< ∞; (3.70)

(iv) for any set B ∈ D(l2
ρ), there exist a random variable T̃ω ≥ 0 and a tempered random vari-

able b̆ω > 0 such that 

dh(�(t, τ,ω)B(τ,ω),K(t + τ, θtω)) ≤ b̆ωe
− α ln 4

3
64 ln 16

3
t

, t ≥ TB + T̃ω; (3.71)

(v) for any τ ∈ R, ω ∈ �, limt↘0 ds(K(τ + t, θtω), K(τ, ω)) = 0 and limt↘0 dh(K(τ −
t, θ−tω), K(τ, ω)) = 0.

Proof. From (3.65), 

−α

2
< E[ − α

2
+ C4(ω)] ≤ −α

2
+ 3α

8
= −α

8
< 0. (3.72)

Take t = t0 in (3.45) and (3.46) by 

0 <
4 ln 16

3

α
≤ t0 = 2 ln 3

16

E[ − α
2 + C4(ω)] <

16 ln 16
3

α
< +∞. (3.73)

Then 

− α

16 ln 16
3

≤ − 1

4t0
< − α

64 ln 16
3

< 0.

From (3.62), 

0 < 3E[C2
3(ω)] + E[C2

4(ω)] < ∞. (3.74)

By (3.73) and (3.74), 

0 < e
− 1

ln 3
2

t2
0

(
3E[C2

3 (ω)]+E[C2
4 (ω)])

< +∞. (3.75)

Comparing (2.52) and (3.46), we see that

0 < δ = 2δI = 2
4
√

√
1 + γI + 1

p+1
+ γ

p+1
I , (3.76)
2α I I
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where 

γI = sup
r∈R

∑
|i|≥I

ρi

(
h2

i (r) + 2

α
g2

i (r)

)
. (3.77)

Let 

γ̃ = min

{
1

8
, e

− 1
ln 3

2
t2
0

(
3E[C2

3 (ω)]+E[C2
4 (ω)])} ∈ (0,+∞) (3.78)

be a bounded fixed positive number. By h(t), g(t) ∈ G and limI→+∞ 1
I

= limI→+∞ 1
Ip+1 = 0, it 

then follows from (3.76) that there exists a finite integer I0 ∈ N such that 0 < 2δI0 ≤ γ̃ . Then The-
orem 2.4 and Theorem 2.2 implies the statements in Theorem 3.11. The proof is completed. �
Remark 3.1. Suppose (A0)–(A6) hold. If the positive number c2 in (3.4) (in (A2)) and |ε| in 
(3.1) are both suitable small such that 

|ε|
√

α

π
+ c2 <

α

2
. (3.79)

Then the statements in Theorem 3.11 are still valid. In fact, in this case, (3.52) can be written as 

d

dt

∑
i∈Z

θ

( |i|
M

)
ρiy

2
i (r) + (

5

4
α − 2εαz(θr−τω) − 2c2)

∑
i∈Z

θ

( |i|
M

)
ρiy

2
i (r) ≤ c6

M
||y(r)||2ρ,

thus, ∑
|i|>2M

ρiy
2
i (τ, τ − t, θ−τω, yτ−t (θ−τω)))

≤
(

e
∫ 0
−t

(− α
2 +C6(θsω)

)
ds +

√
c6

αM
e
∫ 0
−t C5(θsω)ds

)2

||y(τ − t)||2ρ,

where

C5(ω) = 2|εαz(ω)| + 2c2 + a0c1c3c4, C6(ω) = |εαz(ω)| + c2,

E[C2
5(ω)] ≤ 3

(
2αε2 + 4c2

2 + a2
0c2

1c
2
3c

2
4

)
< ∞,

and 

E[C6(ω)] = |ε|
√

α

π
+ c2, E[C2

6(ω)] ≤ αε2 + 2c2
2 < ∞.
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