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Abstract

We first establish some sufficient conditions for constructing a random exponential attractor for a con-
tinuous cocycle on a separable Banach space and weighted spaces of infinite sequences. Then we apply
our abstract result to study the existence of random exponential attractors for non-autonomous first order
dissipative lattice dynamical systems with multiplicative white noise.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that the theory of attractors (including the global attractor, pullback attractor
or kernel sections, uniform attractor, exponential attractor, pullback and uniform exponential
attractor) for deterministic autonomous and non-autonomous dynamical systems or evolution
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equations has been developed intensively since late seventies of the last century, see [2,4,11,12,
14,20,21,24,25,30,31,34,37,38,40-44,46].

When dealing with effects of uncertainty or noise from natural phenomena, the study of
stochastic evolution equations has attracted lots of interests from both mathematicians and physi-
cists [1,16,17]. The random attractor, was first studied by Ruelle [32], is an important concept to
describe asymptotic behavior for a random dynamical system and to capture the essential dynam-
ics with possibly extremely wide fluctuations. Since the mid-90s of the last century, there have
been many publications concerning the theory of random attractors (mainly on existence, semi-
continuity and bound of Hausdorff/fractal dimensions) and applications to stochastic evolution
equations (such as Navier—Stokes equation, reaction—diffusion equations, wave equations and
lattice systems with noise), see [3,5,6,8,9,16-19,23,26,27,29,33,36,39,47,48] and the references
wherein.

However, there is an intrinsic drawback that random attractor sometimes attracts orbits at a
relatively slow rate so that it takes an unexpected long time to reach it. Moreover, in general, it
is usually difficult to estimate the attracting rate in terms of physical parameters of the studied
system. And the attractor is possible sensitive to perturbations which makes it unobservable in
experiments and numerical simulations. To overcome this drawback, Shirikyan and Zelik in [33]
introduced the concept of random exponential attractor, which has finite fractal dimension and
attracts exponentially any trajectory and is positively invariant, then it contains random attractor
and become an appropriate alternative to study the asymptotic behavior of random dynamical
systems. And [33] presents some sufficient conditions for constructing a random exponential
attractor for an autonomous random dynamical system and application to nonlinear reaction—
diffusion system with a random perturbation. But the method or conditions given in [33] is not
easy to be verified for some stochastic partial differential equations and lattice systems driven by
white noises.

We notice that the evolution mode of states in a random system is, in some sense, similar to
the deterministic non-autonomous one and there were several construction methods to obtain a
pullback exponential attractor for a (deterministic) process, see [11,12,20,21,25,30,43]. We also
notice that there is a fundamental difference between random system and deterministic one. In
contrast to the deterministic case, a trajectory of a random system is often unbounded in time
(explicitly, along the path of sample point). Thus, if no imposition some “strongly” restriction
on the system, then the constants in appropriate squeezing property (playing a key role in the
construction of an exponential attractor) will depend on time (hence, be unbounded), and so,
a trivial straightforward extension from deterministic system to random system does not work.
Fortunately, some time averages of these quantities can be bounded and possibly controlled,
which provides a useful way for constructing an exponential attractor for a random system.

In this article, motivated by ideas of [25,33,43,47], we first establish some sufficient conditions
for the existence and construction of a random exponential attractor for a continuous cocycle on
a separable Banach space and weighted spaces of infinite sequences. Here it is worth mentioning
that our conditions just need to check the boundedness of some random variables in the mean
and can be easily verified for some stochastic evolution equations.

Recently, lattice dynamical systems (LDSs) (or ordinary differential equations on infinite lat-
tices) have drawn much attention from researchers because of their wide range of applications in
various areas (e.g. [13,15]). Since Bates et al. [4] in 2001 presented a framework on the existence
and upper semicontinuity of a global attractor associated with autonomous first-order LDSs, there
have been a lot of publications concerning various attractors (including global attractor, uniform
attractor, pullback attractor or kernel section, exponential attractor, pullback and uniform ex-
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ponential attractor) for deterministic autonomous and non-autonomous LDSs, see [4,7-9,37,38,
40-44,46]. And there are many publications concerning the existence, upper semi-continuity
and bound of Kolmogorov entropy of random attractors for autonomous and non-autonomous
stochastic LDSs driven by additive and multiplicative white noises, see [3,6,28,36,39] and so on.
But until now, as we know, there is no result concerning the dimension of random attractor and
existence of random exponential attractors for stochastic LDSs.

As an application to our abstract result, we study the existence of a random exponential at-
tractor for the following first order non-autonomous lattice systems with multiplicative white
noise:

{ du; = (=xju; — (Au); + fi(u;, t) + gi(t))dt + €u; odw(t), t>r1, (1.1

M,’('E):Mi)-[, ieZ, teR,

where € € R; for i € Z, A; > 0, u;, gi(t), fi(ui,t) € R; u = (uj)iez, w(t) is a two-sided
real-valued Wiener process on a probability space and o denotes the Stratonovich sense of the
stochastic term; A is a linear coupled operator.

For non-autonomous stochastic system (1.1), Bates et al. [6] studied the existence of its
random attractor in a weighted space of sequences and proved the existence of an infinite di-
mensional random attractor of (1.1) when the function f; (s, t) is taken a special form.

Here we will prove the existence of a random exponential attractor in weighted spaces of
sequences for (1.1) under some dissipative conditions, and hence, (1.1) possess a random at-
tractor with finite fractal dimension, which implies that the asymptotic behavior of (1.1) can be
described by finite independent parameters.

The rest of paper is organized as follows. In section 2, we present some sufficient conditions
for the existence of a random exponential attractor for a continuous cocycle on separable Ba-
nach space and weighted spaces of sequences. In section 3, we study the existence of a random
exponential attractor for system (1.1) in weighted spaces of sequences.

2. Random exponential attractor for cocycle

In this section, we first establish some sufficient conditions for constructing a random expo-
nential attractor for a continuous cocycle, and then give some special conditions which can be
verified for some stochastic evolution equations.

Let (2, F,P, {6;w};cr) be an ergodic metric dynamical system on probability space
(2, F,P), where {6, : @ — Q,1 € R} is a family of measure preserving transformations such
that (z, w) — 6,0 is (B(R) x F, F)-measurable, 0y is the identity on 2, 054, = 6,6, for all s,
t € R. In addition, if for any F € F, provided IP’(O,_1 FAF) =0, it holds that P(F) =0 or 1 for
allt e R.

Let X be a separable Banach space with Borel o -algebra B(X). A mapping ® : RT™ x R x Q x
X — X is called a continuous cocycle on X over R and (2, F, P, (6;);cr) if for every T € R,
weQandt, s eRT,

() &, 7, ):RTx Q2 x X = Xis (BRT) x F x B(X), B(X))-measurable;
(i) ®(0, 7, w, -) is the identity on X;
(i) (¢t +s, 1,0, ) =0, T+ 5,0,w, D(s, T, w,));
@iv) &, 7,0) =P, 1,w,-): X — X is continuous.
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Denote D(X) the collection of all tempered families of nonempty bounded subsets of X, that
is, for any family D = {D(r,w) : T € R, w € Q} € D(X), it holds that for every ¢ >0, 7 € R
and w € Q, lim;, o e'||D(t +1,6,0)| x =0, where | D| x = sup,cp llull. For any u, € X
and w € €2, the subset {® (¢, 7, w)u; : t € [t,400)} C X is called a random trajectory starting
from u. at initial time 7 € R for {® (¢, 7, ®)};>0.rcR.we- Recall that the distance between a
point # € X and a subset F C X is given by d(u, F) = infycr ||u — v||x. The Hausdorff and
symmetric distances between two subsets are defined by, respectively,

dp(F1, F2) = sup d(u, F2), d,(F1, F2) =max{d,(F1, F2),dp(F2, F1)}, VYF, F>, CX.

uekF;

Definition 2.1. A family {A(7, ®)};er weq oOf subsets of X is called a random exponential
attractor in D(X) for the continuous cocycle {P(, T, w)}i>0.reR.wen Over R and (€, F,P,
{6, w};er) if there is a set of full measure 2 € F such that for any T € Rand w € <, it holds
that

(i) Compactness: A(t, w) is compact in X and measurable in .
(ii) Finite-dimensionality: there exists a random variable ¢, (< oo) such that
. . T In N:(A(z,0))

sup, cg dim ¢ A(7, w) < &, < 00, where dimy A(t, w) = limsup,_, o, —=5 -~ is the
fractal dimension of A(t, w) and N, (A(t, ®)) is the minimal number of balls with radius &
covering A(t, ) in X.

(iii) Positive invariance: ®(t,t — 1, 0_;w) A(t —t,0_;w) C A(t, w) for all t > 0.

(iv) Exponential attraction: there exists a constant a > 0 such that for any B € D(X), there exist
random variables 75 (7, w) > 0, Q(r, w, || B||x) > 0 satisfying

dp(®(t, T —t,0_,0)B(t —t,0_,0), A(T,w)) < Q(t, w, ||Bl|x)e” ™, t>1tp(z,w).

Remark 2.1. By Definition 2.1, existence of a random exponential attractor {A(7, ®)};eRr.weq
for {®(t, T, ®)}1>0,reR,weq With sup, g dim ¢ A(t, w) < ¢ (positive constant) implies the exis-
tence of a random attractor of {® (¢, T, ®)};>0,7eR,wen With finite fractal dimension.

Let {®(f, T, w)}i>0,rcR.weq be a continuous cocycle on X over R and (2, F, P, {6;w}cr).
Assume that there exist a family of tempered closed random subsets {x (7, w)}rcr,weq Of X
satisfying the following conditions: for any fixed 7 € R and w € €2,

(H1) there exists a tempered random variable R, (independent of t) such that
SUP; R SUPy vy (r,w) |14 — VX < Rey < 00, and Ry, is continuous in t for all t € R;
(H2) positive invariance: ®(t,t —t,0_;w)x(t —t,0_;w) C x (1, w) forallt > 0;
(H3) {x(tr, w)}rer.weq is pullback absorbing in the sense that for any set B € D(X), there exists
Tg =Tg(t, w) > 0 such that
d(t,t —t,0—w)B(t —t,0_,0) C x(t,w), Vt=>Tpg; 2.1

(H4) there exist a positive constant T > 0 and a random variable Loy = Lo(T) > 0 such that

@, 7, 0)u — O, T, w)v||x < Lollu—vllx, Vu,vex(t,0),tel0,T]; (22)
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(HS5) there are random variables 6, = 8,(T) >0, L, = L,(T) > 0 such that
[|®(T, 7, w)u — D(T, 7, 0)v||x < 8llu —v||x +||K(T, T, w)u
—K(T,t,0)v|lx, VYu,veyx(r,w), (2.3)
where K(T, t, w): x(t,w) — Z satisfies
KT, t,0)u — K(T,t,0)v||z < Lyllu —v||x, Vu,vex(r,w), 24)

and Z is another Banach space which is embedded compactly in X ;
(H6) InL,, € LY(Q, P) and there exists Ue > 0 such that

InN,, e LY (Q,P), Ina, =120, + ol e LY(Q,P), (2.5)
and
0<E(nN,)<oo, 0= E(nL,) <oco, —oo <E(lna,) <0, (2.6)

where Ny, is the minimal number of closed balls of X with radius jv which cover the closed
unit ball BZ(0; 1) of Z centered at 0; “E” denotes the expectation.

Theorem 2.1. Assume that conditions (H1)—(H6) are satisfied. Then there exists a random expo-
nential attractor {A(T, ®)}reRr,weq for the continuous cocycle {®(t, T, w)};>0,reR . weq With the
following properties: for any T € R and w € ,

(i) A(t,w) C x(t,w) is a compact set of X;
(ii) ®(t, Tt —t,0_,w)A(t —t,0_,0) C A(t, w) forall t > 0;

R E[In N, .
(iii) dimy A(t, w) < _8E[[1:(ZJ]] < o0,

(iv) for any set B € D(E), there exist random variables f"w >0, 50),3 > 0 such that

El[ln amjt

dp(®(t, T —1,0_,0)B(t —1,0_,0), A(T,)) < by ge ¥ ', t>Tp+T, (2.7

Proof. For any fixed t € R and w € €, let
Ay =284 + olLy) > 0. (2.8)

Forany m € Z, n, j € N, write

q)(nv T,m— ja (1)) = (D(nT, T+mT — ]T, OmT_jT(,()),
x@@,m—jw)y=xT+ml —jT,0,7—jTw).

1) Covering of ®(n, t,m —n, w)x(r,m — n, w).

Consider a discrete cocycle {®(n, T, m, W)} mezneN reR.weq in X over R and (2, F,P,
{6;w};er). Similar to the proof of Theorem 2.1 in [47], ®(n,7,m — n,w)x(t,m — n,w) has
a covering of closed balls of X with radius ri~u m,0 = 6,7 706, 7 270" * W17 ROpr 27w
and centers in itself by induction on n:
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Ni~cnmo 5 .
Pn,t,m—n,w)x(t,m—n,w) C Ul':ln'm © B(”—n,m,i’ ran,)n,w)v
U—pmi €Pn,T,m—n,0)x(t,m—n,0), 1Zi=<Nuynow (2.9)
N1~n,m,w = Np,g N,

...N
mT—T® " Koy _oro by —pre’

where B (u; r) denotes the closed ball of X centered at u with radius r.

If n = 0, then by the identity of CD_(O, t,w)on X, ®0, 7,m,w)x(t,m, w) = x(r, m, w), thus,
we can take ug ,,1 € x(t,m, w) C B(uo,m,1; Re, ;o) arbitrarily by condition (H1).
Suppose n =k, (2.9) holds. Consider n = k + 1, then by the cocycle property of &, we have
Sk+1l,t,m—k—1,w)x(t,m—k—1,w)
=o(, r,m,0)®k, 7,m —(k+ 1), 0)x(t,m —(k+1),w)

No~ m,w D

C U2 e @ (1, T, my ) [BU— kg 1) m—1,i5 T2kt 1) m,0) (2.10)
N q>(k’ T,m— (k + 1)7 CL))X(T, m — (k + 1)’ w)]’

NZ’\'(k—‘,-l),m,w = NMngf(IH»l)T“’ N/vLGmT_kTw e N,uﬁmr_zrw’

"2~ (k4+1),m,0 = AT —2T 0,1 370 *** A1 _gsyr o ROur_gy1yro-

By (2.4),

K, t,m, ) [BWU—(+1)ym—1.i3 "2~k+1)mw) N @K, T,m — (k+ 1), 0)x (r,m — (k + 1), ®)]

C B” (KA, t,m, @)u_(es1y,m—1,i; Lemr,rwr2~(k+1),m,w)

N“9mT—Tw

C U B(V—(k+1),m,i,j;ltemT,TwLe,,lT,Twrzm(kH),m,w) (2.11)
=1

with centers V—(k—i—l),m,i,j €eX,1<j=<N,
Then for every j, we can assume that

bur_ro A0 1AAIUS 16,1 10 Lo, r 1ol 2~(ct1).m.0-

K(1,7,m, @) [BU—(kt1).m—1.i} "2~k+1).m.0) N Pk, T,m—(k+1), ) x (T, m, w, (k+1))]
NB (V—(k+1),m—1,i,j; W87 Ly _r ol 2~(k-+1),m,w

So, for each j, we can choose a point V_y1) n—1,;,j such that

Vet tym—1,i,j € Bt 1), m—1,i5 P2~ (et 1), m.00)
Nok,t,m—(k+1),w)x(t,m—(k+1),w), (2.12)

K, t,m,®)V_gs1ym—1,ij €B (V—(k+1),m—1,i,j; Me,,,T,TwLamT,Twr2~(k+1),m,w)
By (2.11),

K1, 7,m, @) [BU_(kt1)m—1,i} "2~k+1)m,0) NPk, T,m — (k+ 1), 0)x (t,m — (k + 1), ®)]

Nl’“emT—T‘”
C U B(K(,t,m, &)V_(es1ym—1.i,j3 2h60r—roLopr_rol2~G+1)mo) - (2.13)
=1
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For any

U € BU— (et 1y.m—1.i3 T2~ Dymw) N @k, T,m — (k+ 1), @) x (T, m — (k + 1), w),

thereisa j € {1,..., Nung_Tw} such that

K, v,m,0)u € B (V_ks1)m.i.ji 2h607—roLopr_rolr2~G+1)mw) - (2.14)
It then follows from (2.3) and (2.14) that
[|®(L, T,m, w)u — D, 1,m, @) V_t1),m—1,i,jllx

<86, r_rollt = V_tti,m—1,ijllx + K1, t,m, 0)u — K1, 7,m, ) V_es1),m—1,i,jl|x

<8, r_rollt = V_terym—1i,jllx + 216,770 Lonr_rof2~U+1),m,o- (2.15)
By (2.12),

Nu = V_tertym—rijllx <Nu—v—rnm—rillx + u—@rm—1i — Voterym—1.i,jllx

< 2P (k+1),m,0-
Thus,
o1, t,m, 0u— P, 1,m,&)V_gr1y,m—1,jllx

< 2(86,7-r0 + Kbpr 10 L6102~k +1),m,0

=TFl~k+1),m,w- (2.16)

Hence, by (2.10), (2.13) and (2.16),

Okk+1,t,m—k—1,w)x(t,m—k—1,w)

N,
No~k+1),m0 * Hopr_T®

C U U B(‘1’(1,T,m,w)V—(kH),m—l,i,j;r1~(k+1),m,w)
i=1 j=1
Nl~(k+l).m,w
- U B (U= (ks 1),m,i3 T~ k1) om0 (2.17)

i=1
where
{t—e+1).mis 1 <i < Ni~@+1).mo)

={@(, v, m, @) V_tes1y,m—1,i,ji | i < No~kstymaon 1 ST =Ny )

COk+l,t,m—k—1,0)x(t,m—k—1,w). (2.18)

By induction, we obtain (2.9).
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2) Construction of random exponential attractor for {® (1, T, m, ®)}nez.neN,reR.weq-
Forfixedt e R, w € Q, m € Z and any n € N, put

A—n(f +mT,OpTw) = {”—n,m,[ 11<i< len,m,w} (2.19)
Co(n,r,m—n,w)x(T,m—n,w)

C x(r,m,w).
Then
O(p,t,m,0)A_(t +mT — pT,0u7—p7w) CA_h_p(t +mT,0,7w), VpeN, (2.20)
which implies that the number of element of A_, (t +mT, 6,,7w) satisfies:
#A_,, (t +mT,0prw) <#A_,,(t + mT,0prw) for ny <ns. 2.21)

Set

A +mT, Oprw) =U2 Ay (T +mT, Oprw) C x(t +mT, Opro). (2.22)

Then we can show that {A(t + mT, 0, 7w)}rcr . weq is @ random exponential attractor for the
discrete cocycle {®(n, T, m, @)} ez neN, R, wen- In fact, since {8;w};cr is ergodic, by Birkhoff
ergodic Theorem [35] and (H6), it follows that

lnaomT—Tw + ln aemT—ZTa) + e + ln aamT—nTw n:))oo E[lnaw] < 0’

n
ln NMQmT—Tw + ln NMQmT—ZT“’ + o + ln N’ung—nT‘" I‘L—_))OO E[ln Nw],
n
InL w+lni m+~~-+lni ® -
Ko T Moy 2T b —n1 00 E[lni,]. (2.23)
n

Thus, for w € 2, there exists a large integer ng = no(w) > 0 such that for n > ng,

n
Inag,; ;0 +Inag,; o=+ +Inag,; ;0 =< EE[ln a,] <0, (2.24)

In N”’emTfTw

+1InN,, +o+InNy, < 2nE[InN,]. (2.25)

'mT —2T @
Let &p,m (@) = 46,1 106,71 270 ** pr_,ro- BY (2.24),
enm(@) = M potIngg,; prototindg, e < e%EU““‘“J, Vi > no.

By (H1) and [1], there exists a tempered random variable b, ,, (> 0) such that

_n
Ro,r o0 < bmoe 1EIM@! vy e N,

Please cite this article in press as: S. Zhou, Random exponential attractor for cocycle and application to
non-autonomous stochastic lattice systems with multiplicative white noise, J. Differential Equations (2017),
http://dx.doi.org/10.1016/j.jde.2017.03.044




YJDEQ:8783

S. Zhou / J. Differential Equations eee (eeee) eee—see 9
Then for n > ng, we have

0 < Flomm.o = Enm (@) Rgyp 1o < by e 1IN 2% 0 (2.26)

(1) Compactness. Let 0 < ¢ < 1 be a given number. By (2.21), there exists an integer n, =
ng(w) € N such that i~ .0 <€ <Fl~@.~1),m,0- By (2.21) and (2.24), for all n > n,,

A—n(f + mTa GmTw)
CP(n,t,m—n,w)x(t,m—n,)
CO(ng,t,m—ng,w)®n —ng,t,m—n,w)x(tr,m—n, )

C O, t,m,w)x(t,m,w)

NINng.m,a) Nl'wng.m‘w

- U B(u—ng,m,iQ rl~n8,m,w) - U B(”—ng,m,i; €).

i=1 i=1

Thus,
+00 N1~ng,m.w
U AwG+mT 6pro) S () Bu—p,mise), (2.27)
n=n, i=1

that is, U+°°E —n(t +mT,0yrw) is covered by Ni~p, m,« closed balls with radius €. On the

n=n
other hand, UZ‘;BI A_,(t +mT,br0) = UZ:OI{M—n,m,i :1 <i < Ni~n.m.w) is a finite set. So,
by definition (2.22),

ne—1 400
At +mT,0,rw) = ( U A_,(t +mT, QmTw)) U ( U A_,(t +mT, OmTa))> (2.28)
n=0 n=ng
is a compact set of X.
(2) Finite fractal dimension: dimy A(t + mT, 6, 7w) = limsup,_, . Wg%,
where N (A(t + mT, 0,7w)) is the minimal number of balls with radius & covering A(t +
mT,0,rw) in X. By (2.26), we have ng — +oo as ¢ — O and Ine <Inr|~,—1),m,0. that is,

1 1 1
< <— . (2.29)
—Ine =~ —Inri~m-1)mo —~—Ellna,] —Inby
Taking ¢ sufficient small such that n, — 1 > ng, then by (2.27) and (2.28),
ng—1
Ne(A(z +mT, 07 w)) <#A_ (T +mT. Opro) + Y #A_,(x +mT, Our o)

n=0

= (ne + 1)NWmT—ngTwN“9n1T—(ng—1)Tw o N‘erfrw' (2.30)
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By (2.25) and (2.30),

In Ne (AT +mT, 7)) < In(ne + 1)+ Ny, +-+1InNy,

<In(ng + 1) + ng - 2E[In N, ]. 2.31)

mT—ngT®

It follows from (2.29) and (2.31) that dim A(t 4+ mT, 6,7 ) has an upper bound (constant):

1 1 -2E[In N,
dimy A(t +mT,6,7w) <lim sup nGe + 1 + e [in No]

ne—1

ne—too —"LE[Ina,] — Inbg
8E[In N,

_ SEnNol ViR weQmez.  (2.32)
E[lna,]

(3) Positive invariance: fort e R, w € Q, m € Z and p € N, by (2.20),

O(pT,t +mT,0p7w)A(T +mT, b7 0)

- U;.,():()(D(pT, T+mT,O0urw)A_(t +mT, Oprw)

- U;.,C):OA—H('E +mT + pT, 9mT+pTw)
=A(t +mT + pT, Our+prw), peN. (2.33)

(4) Exponential attraction: since
U_nmi € AT +mT,Opr0) N®(n,T,m—n,w)x(t,m—n,o), Y1=<i=<Niwpmo
by (2.9) and (2.26), for n > ny,

A (@, T,m —n, @) x (T, m—n, ), AT +mT, 61 ®)) < Fiepmw < by me TN (2.34)

3) Construction of random exponential attractor for continuous cocycle {d(z,,
®)}120,7eR,0eQ-

For any given 7, s € R and w € Q, let m € Z be the (fixed) integer such that m7T < s <
(m+ 1T, set

AT +5,0i0) =P(s —mT,t +mT,0pr0)A(r + mT,0,7w), 0<s—mT <T. (2.35)

(1) Compactness and finite fractal dimension. By (H4), ®(s — mT, 7 + mT, 6,,7w) is Lips-
chitz continuous from x (t +mT, 0,7 w) into x(t + s, sw) and A(t +mT, 6,7 ®) is compact,
thus, A(t + s, 6;) is compact, A(t + s, 6sw) C x(t + s, O;w) and

8E[In N,
dimys A(r + 5, 050) <dimy A(t +mT,0,70) < —M. (2.36)
E[lna,]

(2) Positive invariance. For t > 0, let m € Z, n € N be integers such that (m +n)T <s+1t <
(m +n+ 1)T. When n = 0, by definition (2.35), then
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O, T +s,0w)A(T + 5, 0,0)
=0, 7+5,00)P06 —mT, T +mT,0p7w)A(r +mT, 0,7w)
=0t +s—mT, Tt +mT,0,70)A(t +mT, 0,7w)
=A(t +5 +t,05110).

When n > 0, then by the cocycle property of ® and (2.20),

O(t, T+, 0w)A(T + 5, 0;0)
=P +t—m+nT, v+ m+n)T,0minTw)P((Mm+n)T —5,7T+5,0,0)

o®(s —mT,t+mT,0,7w)A(t + mT, 0,,7w)
CO(t+s—mT,t+mT,0,rw)A(T +mT, 0,1w)
=A(t + 5 +1,05410). (2.37)

(3) Exponential attraction. Put ug € x(t + s, 0;w), then by (H2),
Um+1)T = P((m + DT — 5,7 +5,0;0)us € x(t + (m+ DT, 0 1y70).
Write
P +t,m+nt,0)=P s+t —m+n)T, T+ Mm+n)T,OuminT®)
and by (H3), (2.34), for n > no,
d(q)(t7 T + s, 93(1))1/{3, A(T + s + t’ 95+l‘a)))
=d@@s+t,m+n,t,0)®((n— DT, v+ m+ DT, Ou+ 1)1 ©)Untn)T >
O(s+t,m+n,7,w) AT + (m+n)T, Opminyr®))

= Ize(mﬂ)wd(@((n - DT, v+ m+ DT, 9(m+1)Tw)u(m+n)T7 At + m+n)T, g(rnJrn)Tw))

n—1
Ellna
mimrbomr1e T lindol,

IA
~

So, for n > ny,

n—1 T
(D (1, T + 5, 0,0) X (T + 5, 050), AT + 5 +1,054,0)) < by mare T Um0l HInLog, ol

9(m+n)Tw] n—00

By (2. 23) 0, then there exists n; = nj(w) € N such that

~ 1
ln[L.g(ern)Tw] < —gnE[lnam], Vn>n.

Thus, for n > max{ng, n},

E[ln amjt
8T

dp(D(t, T +5,050) (T + 5, 050), A(T +5 +1,051,0)) < by me
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where

= _3
bw,m = ba),m+le sEllnao] 0.

In particular, for any v € R, w € Q and ¢t > max{ng, n1}7, it holds that

Ellnay]

dp(D(t, T —1,0_,0)x (T —t,0_,0), A(T, w)) < bye . (2.38)

for some tempered random variable I;w By (H3) and (2.38), the attracting property (iv) holds.
The proof is completed. O

Theorem 2.2. Suppose (H1)-(H6) hold. If {® (¢, T, w)};>0,7cR,weq Satisfies:

{ hml\osupuex(r,w) ||(D(ts T,a))u_MHX:O, vV GR,C{)GQ, (239)

im0 SUPy ey (r—1,0_,0) | PO, T — 1, 0s0)u —ul|x =0,

then the random exponential attractor {A(t, ®)}reRr.weq in Theorem 2.1 has the following con-
tinuity: forany t € R, w € Q,

limd, (A(t + ¢, 6,0), A(t, 0)) =0, limd, (A — 1, 6_,0), A(t, w)) = 0. (2.40)
N0 N0

Proof. The proof is similar to that of Theorem 3.1 in [25]. O

Theorem 2.3. Assume that conditions (HI)~(H3) and (H5)~(H6) with L, = Ly, hold and the
following condition holds:

(H7) there exist a positive constant T > 0, a random variable 5, > 0 and a N-dimensional
subspace X of X such that the bounded projection Py: X — Xy satisfies

(I = PNIP(T, 7, 0)u — (T, 7, 0)v]l|x <pllu —vllx, Yu,vex(r,w), (241)
where 8,, N € N depend on (T, w) but independent of .

Then {® (1, T, ®)}1>0 reR weq POSsesses a random exponential attractor { A(T, w)}rer.weq With
properties stated as in Theorem 2.1.

Proof. By (2.41) and (2.2), for u, v € x(t, ),

[|®(T, 7, w)u — O(T, 7, w)v||x

<dpllu —vllx + ||Pn o (T, 7,w)u — Py 0o (T, 7, 0)v||x, (2.42)
[|Py o ®(T, 7T, w)u — Py o ®(T, 7,w)v||xy

<||1(T, 7, w)u — D(T, T, 0)v||x < Lo|lu —v|lx, (2.43)

and Py o ®(T, 7, w): x(t,w) - Xn, where dim Xy = N and X is embedded compactly in X.
By Theorem 2.1, the proof is completed. O

Please cite this article in press as: S. Zhou, Random exponential attractor for cocycle and application to
non-autonomous stochastic lattice systems with multiplicative white noise, J. Differential Equations (2017),
http://dx.doi.org/10.1016/j.jde.2017.03.044




YJDEQ:8783

S. Zhou / J. Differential Equations eee (eeee) see—eee 13

In practical applications to stochastic evolution equations by using Theorems 2.1-2.3, it is
not easy to check conditions (HS5)—(H6). Motivated by the idea of [22,47,48], the proof of The-
orem 2.1 and Theorem 2.3, we next present some special conditions which can be verified to
some stochastic evolution equations including partial differential equations on bounded domain
and ordinary differential equations on infinite lattices.

Assume that

(H8) there exist positive numbers ty, §, random variables Co(w), C1(w) > 0 and N-dimensional
projector Py: X — Py X (dim(PyX) = N) such that for any T € R, w € Q and any u,
v e x(t,w),

1
1PN ® (10, T, )t — Py D (to, T, w)v]|x < elo COBMs |y _yypj (2.44)

(I — Pn)® (10, T, 0)u — (I — PN)®P (10, T, w)vl|x

< (o C1reds 5ol Colrends )y — ., (2.45)

where to, §, N are independent of (t, w) but 5, N maybe depend on ty.
(H9) 19, 8, Co(w), C1(w) satisfy:

2In 2
-0 <E[C1(@)] <0, 1> W(IS)] >0,

0<E[C}(w)] <00, i=0,1,
(2.46)

2
- & (BEICZ (@) I+EIC3(@)])

0<d<min{z,e

ool —

As a consequence of the proof of Theorem 2.1, Theorem 2.3 and Theorem 2.8 in [48], we
have the following Theorem.

Theorem 2.4. Suppose conditions (H1)-(H3) and (H8)—(H9) hold. Then {® (t, T, ®)}1>0.7cR.we
possesses a random exponential attractor {A(T, ®)}reRr weq With properties: for any T € R and
wE Q,

(i) Az, w) (C x(t,w)) is a compact set of X;
(ii) ®(t, 1, w) A(r, w) C A(t + 7, 6;w) forall t > 0;
2V In( ¥ +1)

(iii) dimy A(t, w) < < 00y

In %
(iv) for any set B € D(X), there exist a random variable 7~"w > 0 and a tempered random vari-
able b, > 0 such that

ln%

dp(D(t, 7, 0) B(T, 0), At +7,6,0)) <bye ™', t>Tg+T,.

Proof. It is proved by combing the proofs of Theorem 2.8 in [48], Theorem 2.1 and Theo-
rem23. O
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Remark 2.2. If there exists a uniformly (with respect to T € R) tempered closed measurable
D(X)-pullback absorbing set By = {Bo(t, w) = Bo(w)}:cR,weq (independent of t) for @, that
is, for any 7 € R, w € Q and B(r,w) € B € D(X), there exists a tp(r,w) > 0 such that
®(t, T —t,w)B(t —t,0_;0) € By(w) for all t > tg(7, ). Particularly, there exists a tp,(w) >0
(independent of 7) such that ®(z, T — ¢, ) Bo(f—;w) S By(w) for all t > tp,(w). Then for any
T eRand w € L, set

X (T, @, Bo) =Uiz1p ()P, T —1,6_10)Bo(6—1w), X (7, ®, By) € Bo(w). (2.47)

Thus, by the cocycle property and continuity of @, {} (t, @, Bo)}reRr weq satisfies (H1)—(H3).

To study the existence of a random exponential attractor for non-autonomous stochastic lattice
dynamical systems in weighted spaces of infinite sequences, next we reformulate condition (HS)
in Theorem 2.4 as a possibly checked one.

Let p : Z — (0, +00) be a positive-valued function. Denote p (i) = p; fori € Z. Set

I ={u=uicz - ui €R, Y pilui|* < +o0} (2.48)
i€z

equipped with the inner product and norm

W)=Y piwvi, Nulp= [ piud, u=@iicz.v=)iez€ls,  (249)
i€z i€z

then (lg, (-, -)p) is a separable Hilbert space. When p =1, lg reduces to the standard space 12
with the inner product (-, -) and norm | - ||.

Write
2y =lu= iz €2 :u; =0if li| >k}, (2.50)
l?;,k ={u=iiez elﬁ cu; =0if i <k},

then lg,k is a (2k + 1)-dimensional subspace of lg and lg = li,k &) l_lz))k. Define a (2k + 1)-di-
ui, il <k,
0, li| >k.
continuous cocycle {®(¢, T, )}r>0,recR,weq defining on llz) (= X), condition (H8) can be re-
formulated as follows.

mensional bounded projection P : 1/2) — li’ « C lg by (Pyu); = { Then for a

(H10) There exist positive numbers ty, 8, random variables Co(w), C1(w) > 0 and k € N such
that for any T € R, w € Q and any u, v € x (v, w) C [2, it holds that

1P ® (1o, T, )u — Pe®(to, T, 0)v|[3 = Y pi (Blto, T, 0)u — (10, T, 0)v)}
lil<k

1
< erOU C()(Qsa))dé‘“u _ U||;2), (25])
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I(Z = P)® (10, 7. 0)u — (I = P)® (10, 7, )]}

=" pi (D10, T, w)u — D1, T, W)V)}
li|>k

. 2
< (ef(;() C1(6sw)ds + 88'/(;0 Co(esa))ds‘) ||l/l _ U||%, (252)

where 1y, 8, k are independent of T and w.

3. Random exponential attractor for first order nonautonomous stochastic lattice systems

Let Q = {w e C(R,R) : w(0) =0}, F is the Borel o-algebra induced by the compact open
topology of €, and P is the Wiener measure on (€2, F). For w € €, t € R, define 6;w(-) =
w(-+1) —w(t), then (2, F, P, {6;w};cr) is an ergodic metric dynamical system (see [1]).

Consider the first order nonautonomous lattice system (1.1) with multiplicative white noise
which can be written as the following vector form:

{ du=(—Au—Au+ f(u,t)+g@))dt +euodw(t), t>r, 3.1)

u(t) =i)iecz=ur, TER,

where € € R; u = (ui)iez, A = (hiuj)iez, f(u,t) = (fi(ui, 1))iez, §(t) = (i (1))iez; w(t) is a
two-sided real-valued Wiener process on probability space (2, F, P).
We choose a weight function p : Z — R with the following properties:

(A0) Vi € Z, 0 < pi = p(i) < p < +00, p(i) < cop@ £ 1), |p(i £1) — p()| < aop(i) for
positive constants p, ¢y and day.

We make the following assumptions on A, f;, g, Ai:

(A1) the coupled operator —A is a non-negative and self-adjoint linear operator with decom-
position A= DD = DD, where D is defined by

J=mo
(Duyi = Y djuiyj, Yu=(upicz, |dj] <ci (constant), —mo < j <mo, (3.2)

J=—myg

and D is the adjoint of D in 12, ie., (Du,v)p = (u, l_)v)lz foru,v e 12. For example, a
special case of A is

(Au);i =2u; —uj—1 —u;y1 and (Du); =u;qy1 — u;. (3.3)

(A2) Vi e Z, f;, fl’Y € C(R x R,R), fi(0,t) =0 and there exist c; > 0, h; € C(R,R) and
R e C(Ry x R, Ry) such that

:J‘ifs(s,t)562, sfi(s.) <hX(t). Vs, teR, i€, G

Sup; 7 maxse[—r.r | f] (s, )| < R(r,1), Vr € Ry, V1 €R.
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(A3) g(t) = (8i(1)iez, h(t) = (hi(1))iez € G, where

G={neCpR, lg) :Ve > 0, there exists I/ (¢) € N such that sup Z pmiz(t) < e}
teR

li|>1(e)
3.5)
and Cp(R, l%) is the space of all continuous bounded functions from R into l,%'
(A4) There exist two positive constants o, & such that
O<a<t <a<+oo, VielZ. 3.6)
(AS5) ag in (A0) satisfies
. 2 o
ap <min)—-, ; 3.7
cicz 2cicscey
where
= b+ 1, = Qmo+ 1) (3.8)
(A6) There exist positive constants cs5 > 0 and p > 0 such that
]‘iis(s,t) <csls|(1+s|?), Vi,seR; O0<p=<p;, Viel. 3.9

For example, fi(s,t) = b2;+1s25“ + 192[7s21’7 + -4 bzsz, P EN, Vs €R, Vi € Z, where
by41 > 0, satisfy conditions (A2) and (A6).

When —A is defined by (3.3) and the weight function p(s) = (llesz)‘
(A0)) and f;(s,t) satisfies some dissipative conditions similar to (A2), Bates et al. [6] stud-
ied the existence of a random attractor for non-autonomous stochastic system (3.1); in addition,
[6] proved the existence of an infinite dimensional random attractor of (3.1) when g;(¢) =0,
fi(s, 1) = —B(t)s® with smooth function 8 € C'(R,R) and 0 < B; < B(t) < B for all t € R.

In this section, we will consider the existence of a random attractor for system (3.1) under con-
ditions (A0)—(AS5) based on Theorem 3.6 in [6] and prove the existence of a random exponential
attractor for (3.1) under conditions (A0)-(A6) based on Theorem 2.4.

Write z(6,0) = —« fi)oo e* (6;w)(s)ds for t € R and w € 2, which is an Ornstein—Uhlenbeck
stationary process solving the Itd equation dz(6;w) + o z(6;w)dt = dw(t), where w(t) (w) = w(t)
for w € 2 [1,8]. From [1,10], it follows that |z(w)| is tempered and for a.e. w € Q, t — z(6;w) is
continuous in f, moreover,

(t > %) (satisfies

t

0 1
fim 2O -fz(esw)dmo. (3.10)

t—+o00 t t—+oo t
0

In the following, for convenience, we identify “a.e. ® € Q” and “w € Q”.
Let v;(t, w) = e~ 2Oy, (t, w), i € Z, where u(t, w) = (u;(t,w))iez is a solution of (3.1).
Then system (3.1) can be written as the following random system without white noise:
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{ % + A0+ Av — eaz(Bw)v = e OO f(2OO)y 1) 4O g(r), ¢ > 1, 3.11)

v(T, ) = v () =e 0Dy TeR.
Similar to Theorem 3.4 in [6], we have the following theorem.

Theorem 3.1. Let (AO)—(AS) hold. Then for every T € R, w € Q2 and any initial data u, € llz) (or
V7 (w) € lf)), problem (3.11) admits a unique solution v(-, 7, w, v; (w)) € C([r,t+T), l%)for any
T >0withv(t, T, w, v (w)) = v (W), and v(t, T, w, v;) is continuous in v;. Moreover, the solu-
tion v(t, T, w, vy (w)) of (3.11) generates a continuous cocycle ¥ over R and (2, F, P, (6;)1cr)
with state space l/z) defined by

Ut 1,0, 0. (@) =0 + 7,7, 0_;0, v:(0_;0)), VieRT, teR weq. (3.12)

Obviously, for t e R*, t € R and w € 2, \i'(t, T,w,u;) = e OO (¢ T, @, e @)y )
defines a continuous cocycle W on lg over R and (2, F, P, (6;);cRr) associated with (3.1). There-

fore, cocycle U and W (or (3.1) and (3.11)) have the same dynamics. In the following, we just
consider the cocycle W.

3.1. Existence of random attractor

First, we have the existence of a uniformly tempered measurable D(lg)-pullback absorbing
set for W.

Lemma 3.2. Suppose (AO)—(AS5) hold. Then there exists a tempered random variable My(w) > 0
(independent of T)

0
2 . 0
Mg (@) =4(||h||,% + Engu%) Ko(@) <00,  where Ko(w) = / g2 i 2N di=2e00) g
—0o0

(3.13)

where ||k = sup,cg |[h(F13, 118113 = sup, g [1g(r)|[3, such that Mg (6;w) is continuous in t
and the family of balls centered at 0 with radius My(w)

By = {Bo(t, w) = By(0, Mo(w)) ={v € lﬁ Hvllp = Mo(@)HT e R, w € R}, (3.14)
is a measurable D(lg)—pullback absorbing set for Y, that is, foranyt € R, w € Qand B € D(lg),
there exists a Tp(t, w) > 0 such that the solution v(t, 7 —t,0_;®, 9r—;(0_rw)) of (3.11) with
Vr—1(0—_rw) € B(t —t,0_;w) satisfies:

[lv(z, T —1,0—rw, pr— (0—r0))||p < Mo(w), Vi>Tp(T,w), (3.15)

where Tg(t, ®) is uniform for € in a bounded interval of R. Particular, there exists a Tg,(w) > 0
(independent of t ) such that

v(r, T —t,0_;w, Bop(0—;w)) € Bo(6,—rw), Vt>Tp(w), r>t—t. (3.16)

Please cite this article in press as: S. Zhou, Random exponential attractor for cocycle and application to
non-autonomous stochastic lattice systems with multiplicative white noise, J. Differential Equations (2017),
http://dx.doi.org/10.1016/j.jde.2017.03.044




YJDEQ:8783

18 S. Zhou / J. Differential Equations eee (eeee) eee—eee

Proof. Taking the inner product of (3.11) with v(r) = v(r, T — t,0_;w, v (0_;w)) in 12, we
find that

d
T IIDIG 420, ) +2(Av, v), = 20€2(6r—c @) [0]];
=2¢ OO (£SO =Dy 1) v), + 26" (g(r), v),, r=T—1.  (3.17)
By [44.40] and (3.7),
2 2 2 d 2
2(Av,v), = (2 = agere)l| D[} — agereseal |l = —aocreseal VllG = = Il (3.18)

By (A2)-(A4), it follows that

z(f(eézwr—rw)v’ r),v), = 2¢—€2(0r—1 ) Z oi f(r, 20— @) vi)eéz(9r—rw) v < ze*SZ(Qr—rw)“h”%,

i€’
(3.19)
_ o 4 _
2¢ ez(Grfrw)(g(r), V) < ZHUH'% + Ee 261(9r71w)||g||%’ 2000, v), > 2a||v||?)’
(3.20)
Thus, putting (3.18)—(3.20) into (3.17), we have
d o
IIIE + (1 = 2ez(@r )1l + 110l
t 4
_ 1
< 2¢7 2640 <) (||h||ﬁ + Eugni) T (3.21)
By applying Gronwall inequality to (3.21) on [t —#, 7], we have
T
o Tl
@I+ [ F e, 1,60, 00D s
T—t
0 1
< e S0 ON My (0_cw) I} + S MG (@). (322)

By (3.10), My(w) is a tempered random variable and M(6;®) is continuous in ¢. By (3.10) and

0
Vet (0_c) € B(x —1,0_yw), e~ - @U1=26@Ddl 6 )2 21%°0. By (3.22), the proof
is completed. O

Now we consider an estimate on the tails of solutions of (3.11) with initial data in By for
large ¢, which implies the asymptotic compactness of solutions.
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Lemma 3.3. Suppose (AO)—(A5) hold. Then for every T € R, w € Q and ¢ > 0, there ex-
ist T(t,w,e) >0 and M(t,w,e) € N such that the solution v(r,7 — t,0_;w, pr_;(0_;))
(r>=t—t1t>0)of (3.11) with v, _;(0_;®) € By(6_;w) satisfies

Yoo bl —10 0,00 0)<e, t2T(r0.8).  (3.23)
li|>M(z,0.€)

Proof. Choose a smooth increasing function 6 € C! (R, , R) satisfying

6(s)=0, Vs €0, 1];

0<6(s)<1,Vsell,2];

O(s)=1,Vs e[2,00);

|0'(s)] < Cy, Vs e Ry for some positive constant Cj.

(3.24)

Let M € N be a positive integer. Set x; = 6 (l”> Vi, X = (x;)jez. Taking the inner product of

(3.11) with x in 12, we have that for r >t — s,

1d |l| )
Sdr 'GZG v :011) + (v, x), + (Av, x), — aez(6, rw)ZQ piv;
i

i€Z
—€2(Br—®) 29 <|M|) pi fi (r, e0r=—@ )y, 4 €20 ZG <M|> pi i (r)v;.
i€Z i€Z
(3.25)

Similar to (3.18)=(3.20),

2000, x), + 2(Av,x), = Ze<—>pl(2—aoc1c3><Du) — 2l
i€Z

+<2a—aoc1c3c4)29(—> piv;

i€’
> (2a—aoclch4)ZQ(—)Pz vy — —|| ||p,
i€Z
|7
Z@( )p, fi(r, 70—y )y, < g €20 f‘“)ZQ<M pihi(r),
i€Z i€Z
ze—ez(er,,w)ZG m pigi(rv; < EZQ ﬂ ,0‘U-2+ ie—Zez(Qr—rw)Zg ﬂ ,0'g~2(r)
i €7, M - 1_4'52 M - « i€, M - ’
1 l 1

where

c6 =2C1mocm°/ cill + 2mo + D?].
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Thus, we obtain

d i
E_EZQ<|M|>"'” +o(l —2ez(6,- Iw))Ze( )pw%
l

i€Z

C6 2 —2¢z(6,_¢ li] 2 2,
§M||v||p+26 €z( w)29<ﬁ>pi(hi(r)+agi(r) , r=t—t. (3.26)

i€eZ

By Gronwall inequality on [t — ¢, 7], by (3.22), we have

>0 ('LM') piv} (1)
i€eZ

0
< e o220y 60_ )l

T
C T
o | e R s r 160, vet (B 0))I [ ds
T—t

0

0 ] 2
+ / s H2e [ 2Or))dl=2ez(65) 29 (%) Pi (hiz(s +1)+ &giz(s + T)) ds

—0 i€l

4 0
< (1 + ﬁ) e [5e20R0_ 1) + (57 + var) Ko@), (3.27)
o

where

8
7= ch <||h||2 —||g||§), yu=sup Y p; (h () + 2 ~8 (r)) (3.28)

r€R|l|>M

By h(t), g(t) € G, (3.10) and

0 C
= [Sra1=2e@endl yra g ) TP M—7aK0(a)) M=zgeoq, (3.29)

it follows that for any ¢ > 0, T € R and w € , there exist T (r,w,¢) > 0 and M(r,w,¢) € N
such that fort > T (1, w, &), M > M(t,w, ¢),

3 ol T = 16w, pr (O ) <29(M)pl v3() < (3:30)

li|>2M icZ

The proof is completed. O

According to Theorem 3.6 in [6] and Lemmas 3.2-3.3, we have the existence of a random
attractor in D(I3) for W.
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Theorem 3.4. Suppose (A0)—(AS) hold. Then the continuous cocycle V associated with (3.11)
has a unique random attractor R = {R(7, ®)}reR,weq € D(lf)) and R(t, w) C By(w) for any
TeR we.

As a direct consequence of (3.27) and (3.29), we have

Corollary 3.5. Suppose (A0)~(A5) hold. Then for every Tt € R, @ € Q, v >0and I €N, there
exists T, (w) > 0 (independent of t) such that the solution v(r,t —t,0_;®, pr_+(O_r®)) (r >
T —1t)of (3.11) with v, (0—rw) € By(0_;w) satisfies

li]
Ze (_) piviz(":’ T—10 0, 9r—(0—rw))

. 1
i€eZ

§u+(677+)/1) Ko(w), Vfov(w)a IeN. (3.31)

3.2. Random exponential attractor

From Theorem 3.4, we see that under conditions (A0)—(AS5), the cocycle W associated with
(3.11) has a random attractor R = {R(7, w)}reR weq in D(llz)). However, in this case, for t € R,
w € 2, the fractal dimension of R(t, w) maybe is infinite, for example, see section 7 in [6].

In this subsection, we prove the existence of a random exponential attractor for W based on
Theorem 2.4 under conditions (A0)—(A6), which implies the finiteness of fractal dimension of
R(t, w).

Choosing a fixed positive number v = vy > 0 in (3.31) small enough such that

16¢2 2r+4c2 4 3
S g+ —— ! VE e o (3.32)
ap appt! 37 8
For any T € R and w € €, set
x1(t,w) = Uszmax{tgo(w)juo(w)}U(T, T —s5,0_r0, Bo(f—sw)) C Bo(w), (3.33)

then by Lemma 3.2, Remark 2.2 and (3.16), the family of closed sets {x1 (7, ®)}rer, weq satisfies
(H1)—(H3), that is, for any fixed T € R and w € €, it holds that

(i) boundedness: sup, g SUD, ey (mm) [lu — v||x <2Mp(w) < 0o and My(6;w) is continuous
int forall r € R;
(ii) positive invariance: W (t, 7 —t,0_,w) x1(t —t,0_;w) C x1(7, w) for all t > 0;
(iii) pullback absorbing property: for any set B € D(lf)), there exists Tp = T (7, w) > 0 such
that W(¢, 7 —t,0_,w)B(t —t,0_,w) C x1(t,w) forall t > Tp.

Moreover, by Corollary 3.5 and definition (3.33) of x(t, w), it holds that for any 7 € Rw € Q

- C
Y- pit=w+ (T +v) Ko@), TeN. (3.34)
li|=21
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Next, we show that {1 (7, w)}:cRr,weq satisfies (H9)—(H10). Then we obtain the existence of
a random exponential attractor for W by Theorem 2.4. To do this, by the cocycle property and
continuity of W, it is sufficient to prove that {x1(7, w)}:cRr,weq satisfies (H9)-(H10).
Let v(r,t —t,0_;w, p;—+(0_;w)) (r > T — t) be a solution of (3.11) with v;_;(0_;w) €
x1(t —t,0_;w). Then by the cocycle property of W (or v), (3.16) and (3.34), we have that
[lv(r, T —1,0_rw, Vet (O—c@))l|p < Mo(0r—rw), Vr=>=7—1, (3.35)

and

> pivir T — 1.0 0, @r (0 0)
li|>21

<w+(T+v) Ko@), Vrzt—1. IeN. (3.36)
We first prove that W has the Lipschitz property on x1(t, w).

Lemma 3.6. Suppose (AO)—(A5) hold. Then for every t e R, 0w € 2, t > 0 and vj . (0_;w) €
x1(t —t,0_;w), j =1, 2, there exists a random variable C>(w) > 0 such that

[lv(z, T —¢,0_;w, vl,r—t(e—rw)) —v(r, T —t,0_;0, vZ,r—t(e—rw))”p
0
<= QOO 1y 0 w) — var (O_r0)]],. (3.37)

Proof. Foreveryt e R,w e Q,r>0and j=1,2,v; ;4 (0_;w) € x1(t —1,0_,0) C Bp(6_,;w),
let

Vi) =v(r T —1,0_:0,Vj 1 (0_w)), yF)=vi@F)—v2r), r=>1—1t, (3.38)
then forr > 1 —1¢,

@ Ay + Ay —ezBrcw)y = e OO f(r POy () = [ PO ()],
YT, 0) =iz (@) = v2r ().
(3.39)

By (3.35), for r > t — ¢, it holds that
lvi(Mllp = MoOr @), [v2(M)llp < Mo ), Vr=71—1t. (3.40)
Taking the inner product (-, ), of (3.39) with y(r), we find that
1d

2dt
= e OO (f (r, eSO (1) = 1, O 02()), 1) + €@z @)V (341

Iyl 4+ Gy, ¥)p + (Ay, ¥),
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By (A2) and (A5),
Ay, ) = allyl} =0, 2(Ay, y), = —aociczeal |yl

e OO (f(r, 6O () = (1, O 0a()), 3),

= e O N ol fi(r €Oy () = i, eSO ()

i€eZ
= pif] (OO (1 = 0)v1i () + Div2i (1))YF (). Vi€ (0, 1)
i€Z
<ollyll}.

Thus, we have

%Ily(r)lli <2[eaz(0—r o) + 2+ apciczeal| [y ()]
<206, )lyOIP, Vr=1 -1, (3.42)
where
Cr(w) = |eaz(w)| 4+ c2 + apcicscey. (3.43)
By applying Gronwall inequality to (3.42) on [t —¢,7] (r > T —t), we have
1y( T = 1,070, V1, (O )]
< Pl OOy 17— 1,00, 01 1 (O (3.44)
Set r = 7, (3.37) holds. The proof is completed. O
Lemma 3.7. Suppose (A0)—(A6) hold. Then for any T € R, w € @, t > 0, there exist random

variables C3(w) > 0, C4(w) > 0 such that for any I € N and vj . (0—.w) € x1(t — t,0_,0),
j=1,2,

D i, T =100, v (0—r0) = vi(T, T — 1,0 70, V2 r (O 0)))°
|i|<41

0 .
< el GODds 1y 60 w) — vy O 0)l, (3.45)

and

D i (T T =10 0,1 (0rw) = Vi(T. T —1,0_0, V) r 1 (0 0)))°
|i|>41

a 0 0
< (73 GO 5y 5 OO [y (0-r0) = v (Ol (346)
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where
1 1 1
p+1
1 —(‘/ﬁ\/ tvit ot (3.47)

Proof. Let vj, j =1,2, and y be as in the proof of Lemma 3.6. For i € Z, set g; =6 (Ml) Vi,
q = (qi)iez. Taking the inner product of (3.39) with ¢ in 12, we have that for r > v — 1,

l£] 2
o > 0 (M>,Ozy, +2(Ay, q)p +2(Ay, q)p — 2eaz(0,- rw)ZG(M)piy,-
l

i€eZ
= 2e= OO (£ (r, O (1) = f(r, ¢TI 0a(r), @) (3.48)

By computation, we have
U]
20y, 9)p +2(Ay, ) — €az(Oy—cw) ) 0 piy;
i€Z M

li C6
> Qu —agcieses — €az(,0) Y 007 — 2 -IIIT
i€Z

Sa 7] c6
> (G —eaz(l,0) ) 007 — oIyl (3.49)
ieZ

and
26_61(0”’(”)(]((1”, eGZ(Qrfrw)vl (r)) _ f(r, efz(erfrw)vz(r)), q)p

=2) 0 ('LM'> pi f o (r, €O (1 = 91 (r) + iv2i ()7 (1), Vi € (0, 1)

i€eZ
i
<2) 6 <M pies(e Oy i ()] + e i ()37 (r)
i€z
i .
+ 229 (M 'OiCs(Ieezw"f‘”)l)l’,-(r)|1"H + Ie”(er’rm)vz,i(”)|p+1)y52(”)
ieZ
|£] 6CS 26z(9 ) li]
<—Ze<—> piy; Y 0C PP () 403 ()
i€Z ieZ
166% li] 2(p+])ez(9 ) 2P+2 2P+2 2
+—2) 0 e O ) + 0P ). (3.50)

i€Z

By (3.36), for I e N,

2 9 2 2 /7
Z [Ul’[(") + Uz’i(")] <—-vo+ — (7 + J/l) Ko(0r—rw)
ji1z21 pop
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and

+1 2p+1 +1
2p+2 2p+2 1 <7 P 1
> i) + 3 < S e (T ) K o,
li|>21

Thus, for M > 21, we obtain

26O (f(r, eSO Dy () = f (eI 02(r), 9),

2 +5
Y 3205"0€2ez(9,_,w)+ 27¢} pPHL 2(p+Dez(tr—c ) ZG(_) iy
S\ pa apr it icZ l

n 326‘%\)() (c_7

o () @Ko ) 300 piy? )

i€eZ

c7 p+l1
—+15 (_ + V]) 2(P+l)ez(9r rw)KP-i-l(er L0 )Ze(_)pl ¥ (r). (3.51)
otpp 1 i€Z

2p+5

So, by (3.48)—(3.51), we have that for M > 21,

li]
EIEZ (M)sz, (r) + (@ —2eaz(0,—rw) — 2K 1(6,— rw)EZ:O(M)ptyl (r)

2
< C_6 n 325‘5 Vo
—\27 po

C
(F+ ) erectoee Ko(er_fw)> NIl

2P+5.2 c7 p+1 +1
e (7 tm) STk 6wl ol

1 .
<cy (7 + 7/1) (14 2O K6, cw) ) it Oy — )}

1 1 1 r
+ c9 (Ip+1 + yp"l‘ ) 62(p+1)ez(9,_rw)K(§7+ (er_‘,_—(,())efffz Cz(es,rw)dx”y(t _ [)||%)

1
p+1
SC]O(I +YI+ 7 771 +V )
x (1 + eZ(p—i—l)Ez(Grfrw) Ké)+] (Qritw)) ezfrr—z Cr(Os—rw)ds l|y(t — Z‘)”?), (3.52)
where
32¢2v, 32¢2v, 23p+5:2 23r+5:2
cg = max C—6+ _50 c7, _50 , €9 =max — SC‘7U+1, = > ,
2 oo oo apPtl apPtl
{ 2p+1 p+2 }
Clp =maxcg, 9, ———, ———
p p+1
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16¢2vy artac2
Ki(w) = ——&*) + wau{)’* X pHhezo), (3.53)

By applying Gronwall inequality to (3.52) on [t — ¢, 7] (r > 0), we have that for M > 21,

li]
Do (ﬁ Py (T, T —1,0_c0, yr1(0_0)))
i€Z
i .
=20 <%> PIYAE = 1,7 = 1,0_10, Yoy (6_;)))elir (a2 2K Orre)ds
i€Z

1 1 !
+ <7+7/1 + ot )||y(r—r)||f,

T
o [Clo(1+62(p+1)€z(9r—zw)K(§7+1(er_ra))> 21 CoOsc)ds [ (ot 2eaz (O r0)+2K1 (Bs—c))ds .

T—t

0
< efft(—a+2\eaz(93w)|+2K1(st))ds||y(f _ l)||%

1 1 0
+ (7 +y1+ T + y1p+1> ly(z — I)ll%, efft(2C2(05w)+2\6az(0;w)|+2K1(Osa)))ds

0
% /Clo (1 +e2(P+1)EZ(9rw)K(§7+1(9rw)> e dr. (354)

—t

Since /x < ¢&* for all x > 0, it follows that

0
/010 (1 +eZ(erl)ez(er)K([)?-i-l(erw)) e dr
—t

l—
l—

0 0
2
1
< /‘C%() (1 +62(P+1)€Z(9rw)K(§7+ (9,41))) dr /ezmd}’
—t —t
2
< 1 ¢ St c%o(1+ez(”+'>“(6’m)K(]fH(Q,w)) dr

V2«
By (3.54), for M > 21,

> iy (T T =10 0,y (0_;0)))

li|>41
/i
< 29 (M iy (T, T = 1,0 10, yr1(6_1)))
i€eZ
0 0
e R Il (3.55)
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where
!, 2ptDez@) g+ 3 )
C3(@) = C2(@) + eaz(@)] + Ki(@) + 3¢}y (1 +¢ K@) . (356)
Ci(w) = leaz(w)| + K1 (w), (3.57)

i.e., (3.46) holds. From (3.37) and C3(w) > Ca(w) > 0, it follows that (3.45) holds. The proof is
completed. O

Now we estimate the expectation of C4(w), Cf(a)) and C32(a)). For this purpose, we have
recourse to the following result in [26,45].

Lemma 3.8. (see [26,45]) The Ornstein—Uhlenbeck process z(6:w) satisfies

El|z(6,0)"] = G o oseR (3.58)
E[¢*%)] < 4\/3_«/—;36, VseR, |e]l <1, (3.59)

and
E [68 T 'Z@w)‘f“] <e@'| fora®=e2>0, T€R,1 >0 (3.60)

where T'(+) is the Gamma function.

Lemma 3.9. [f (3.32) holds and the coefficient € of the random term in (3.1) is small such that

le] < min RECRCH (3.61)
- l6(p+1) 4 9
then
30{ 2 .
0 <E[C4(w)] < 3 E[Cj (w)] <00, j=3,4. (3.62)
Proof. It follows from (3.59) and (3.61) that
Blec@o) < WTE3E g agpinee L AT £ 3e 3.63
[e =< ; [e 1= ; (3.63)
EENE BENE
then by (3.32), (3.53) and (3.63),
16¢2 2742 AT +3e _a
E[K < S —. 3.64
[ 1(w)]_<a/3 Wt A ) T3 S (3.64)
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By (3.57), (3.58) and (3.64),

o o 3a
E[C4(w)] = ale|E[|z(®)|] + E[K|(®)] = |€],/ - + s 3" (3.65)
By (3.61) and (3.66), we have that
Ci(w) < 20%*|z(0)* + 2K} (w),
2.\ 2 ) 2
E[Klz((,())] S 2 1605_1)0 E[e4€z(w)] + 2 2p_ CS v([)7+1 E[e4(p+1)€Z(u))]
ap apht!
- 512cdvg  22P+8cd 2P+ 47 + 3e S en
- 012,52 O[2)(—)2p+2 0 3ﬁ )
Thus,
E[C}(w)] < a€? 4 2¢1p < oo0. (3.66)
By (3.56),
Cl(w) <ci (1 + 22 )2() P + K} () + SWHDe@) 4 gart 4(0))) . (3.67)
By (3.13), (3.60), (3.61) and Holder inequality,
0 4p+4
E[Kgp+4(w)] -E / S+ I 2Or)dl=2ez(650) g
—0oQ
0 4p+3 0
ap+d 0
< / e4p+3asds / Ee(2p+2)as+2|e|(4p+4) fs z(Gla)))lerZ\e|(4p+4)z((9sw)ds
—00 —00
4p +3 4p+3 9 0
<o (2P / o2 +Das (Eel6\€|(p+l)fx 2(Orw))dl +E616|e|(p+1)z(95w)) ds
- 4p+4
—00
4 3 4p+3 9 16]e|(p+1) 4 3
Y s / p@pas (s AVT 3
~ \4p+4 3w
—00
_ ! 4p+3\*T3 1 +4ﬁ+3e
“(p+DH \4p+4 o — Slel 3J/ma
N
=C13.
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By (3.67),

(3.68)

4./ + 3e
E[C3(®)] <c1i (1 +aet+epn+ el 613) < 00.

— +
3V
The proof is completed. O

Lemma 3.10. Suppose (A0)—(A5) hold. Then

{ im0 SUPy e, (z,0) 1 (2, T, @)V —v]|, =0, VieR,weQ.  (3.69)

limy\ o SUDy ey (r—1,6_0) | (0,7 —t,0_j0)u—ull,=0,

Proof. It follows from the following estimate that for v € x; (7, w) and ¢ > 0,

W, 7. 0)v —vl[3

= [0t + 7,702, v (6_c) — ve (O]}
T+t

<5t f (IR0 + 1AV + lleaz(, ()13 ) dr
T

T+t
+51 / (e r) (= Ocu(r), 2 + e g ()] 2 )

T

t
<5 / (&2 + @mo + D*cted™ + |eaz(9,w)|2) M2(6,0)dr
0

T+t
+ 5t / (Z pil £ (0O v; (r), 1) P07 (r) + 6_2“(9”“’)||g||f,> dr
T i€Z
t
<51 / (&2 + @mo + Dieted™ + |eaz(9,w)|2) M2(6,0)dr
0

1
R 0
+ 5;/ (R Mo(6,), MG 0, ) + e~ ||| 2 ) dr 'S0,
0

thatis, im0 SUP,ey, (r,0) W (2, T, @)V — V]|, = 0. Similarly, lims\ 0 SUp,e 5 (r—1,0_,0) [V (0, T —
t,0_1w)u —u||, = 0. The proof is completed. O

As a consequence of Lemma 3.7, Lemmas 3.9-3.10, Theorem 2.2 and Theorem 2.4, we have
our main result.
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Theorem 3.11. Suppose (A0)—(A6) and (3.32), (3.61) hold. Then {¥(t, T, ®)};>0,1cR,weQ POS-
sesses a random exponential attractor {]C(t, w)}rer.weq With properties: for any T € R and
w € Q,

(i) R(t,w) CK(r,w) C x1(t, w) and K(t, w) is a compact set oflz;
(if) V(t, 7, 0)K(tr,w) S K(t + 7, 6,0) forall t > 0;
(iii) there exists a finite integer Iy € N such that

2(81o + 1) In (—“i’f*” + 1)
0

dimy R (7, w) < dimy K(r, w) < 1
3

< 00; (3.70)
In

(iv) for any set B € D(lg), there exist a random variable f"w > 0 and a tempered random vari-
able Ew > 0 such that

4
aln§

. t -
Ay (W (t, T, 0)B(t, ), K(t + T,0,0) <bpe ®"F | t>Tp+T,: (3.71)

(v) for any T € R, w € @, limp 0ds(K(t + ¢, 6;0), K(t,w)) = 0 and lim~odp(K(t —
t,0_;w), K(t,w)) =0.

Proof. From (3.65),

? B - hC@=-2+ oYy (3.72)
——<E[—-—= w —— 4+ —=—=——<0. .
2 p THN =TT 8
Take t =1y in (3.45) and (3.46) by
4In 18 2In & 161n £
0< <ty= = < < 400. (3.73)
a E[ -5 + C4(w)] a
Then
o 1 o
—_——<—— < —-—— =<0
16In = 41 64mnlf
From (3.62),

0 < 3E[C3(w)] + E[C3(w)] < 0. (3.74)

By (3.73) and (3.74),

— 715 (3E[C3 (@) I+EIC] ()])

O<e "2 < 4o00. (3.75)

Comparing (2.52) and (3.46), we see that

2 N 1 o
0<8—281—ﬁ\/7+)/1+m+3/] , (3.76)
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where
yr=sup ) p; <h2(r> + =2 (r)) (3.77)
reR li|=1
Let
1 -2 (BEIC3(@)+EIC(»)])
f=min{§,e my 0T €0, +00) (3.78)

be a bounded fixed positive number. By A(t), g(¢) € G and hm,HJroo 7=lim; 400 1p+1 =0, it
then follows from (3.76) that there exists a finite integer Iy € N such that 0 < 2§;, < y. Then The-
orem 2.4 and Theorem 2.2 implies the statements in Theorem 3.11. The proof is completed. O

Remark 3.1. Suppose (A0)-(A6) hold. If the positive number ¢, in (3.4) (in (A2)) and |€]| in
(3.1) are both suitable small such that
o o
|e|\/j+ < —. (3.79)
T 2
Then the statements in Theorem 3.11 are still valid. In fact, in this case, (3.52) can be written as

&i 2 (Lw')ply,(m( o — 2e0z(6,—c ) — 2c2)29('M')p,y,(r)< NGIH

i€Z
thus,
> eyt T — 1.0 10,y (0-c0)))
li|>2M
0 0 2
< oJ2(=5+Csb:0)ds i ieff, Cs(Osw)ds Iy (t — NI,
- aM
where
Cs(w) =2|eaz(w)| + 2¢2 + apcicseq, Co(w) = |eaz(w)| + c2,
E[Csz(w)] <3 (20[62 + 4c§ + aéclcgcﬁ) < 00,
and
o
E[Cs(w)] = |€] /; +¢2, E[C}w)] <ae® +2¢5 < oo.
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