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Abstract

We study the chemotaxis—fluid system

nt—l—u«Vn:An—V-(%Vc), xeR, t>0,

ct+u-Ve = Ac —nc, xeQ, t>0,
ur+ VP =Au-+nVg, xe, t>0,
V.u =0, xeQ, t>0,

under homogeneous Neumann boundary conditions for n and ¢ and homogeneous Dirichlet boundary con-
ditions for u, where 2 C R2 is a bounded domain with smooth boundary and ¢ € c? (5_2) From recent
results it is known that for suitable regular initial data, the corresponding initial-boundary value problem
possesses a global generalized solution. We will show that for small initial mass |, o 1o these generalized
solutions will eventually become classical solutions of the system and obey certain asymptotic properties.
Moreover, from the analysis of certain energy-type inequalities arising during the investigation of the
eventual regularity, we will also derive a result on global existence of classical solutions under assumption
of certain smallness conditions on the size of ng in LY () andin L log L(S2), ug in L4(Q), and of V¢ in
L2(Q).
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1. Introduction

Even among the smallest and most primitive organisms there are cases of complex and macro-
scopical collective behavior, for instance bacteria of species E. coli were confirmed to form
migrating bands when subjected to a test environment featuring gradients of nutrient concentra-
tion ([1]). Following these experimental findings, chemotaxis systems with singular sensitivity
of the form

n,=An—V-(2Vo),
! ¢ (1.1)

c;=Ac—nc,

were among the first phenomenological models proposed by Keller and Segel ([14]) to study
these processes of chemotactic migration. Herein, n denotes the density of the bacteria which
orient their movement towards increasing concentration ¢ of a chemical substance which serves
as their food source and is thereby consumed in the process. Singular chemotactic sensitivities of
the type featured in (1.1) express the system assumption that the signal is perceived as described
by the Weber—Fechner law ([11], [25]). An outstanding facet of this system, as already illustrated
in [14], is the occurrence of wave-like solution behavior without any type of cell kinetics, which
is known to be vital for such effects in standard reaction—diffusion equations. For studies on ex-
istence and stability properties of traveling wave solutions of (1.1) see [34,19,22] and references
therein.

The results on global existence to systems of the form (1.1) are very sparse, with widely
arbitrary initial data only being treated for the one-dimensional case ([30], [18]). In higher di-
mensions the results were constrained to the Cauchy problem for (1.1) in R"” with n € {2, 3},
where smallness conditions on the initial data had to be imposed to show the existence of globally
defined classical solutions ([35]). Only recently ([40]), so-called global generalized solutions to
(1.1) were constructed in the two-dimensional case. The solutions are obtained through the study
of a suitably chosen regularization guaranteeing that the regularized chemical concentration is
strictly bounded away from zero for all times. These generalized solutions comply with the clas-
sical solution concept in the sense that generalized solutions which are sufficiently smooth also
solve the system in the classical sense. In a sequel to the previously mentioned work the author
furthermore proved that if the initial mass is small these generalized solutions eventually become
classical solutions after some (possibly large) waiting time and that the solutions satisfy certain
kind of asymptotic properties ([41]).

Eventual regularity and fluid interaction. Our interest slightly differing from the system
proposed by Keller and Segel, where the model assumes no interaction between bacteria and
surroundings, we will consider the case that the bacteria may be affected by their liquid envi-
ronment. Here, we do not only assume that this interaction occurs by means of transport, but
also in form of a feedback between the cells and the fluid velocity stemming from a buoyancy
effect assumed in the model development featured in [31]. The experimental evidence reported
in the latter reference suggests that the chemotactic motion inside the liquid can be substantially
influenced by the feedback between cells and fluid, with turbulence emerging spontaneously in
population of aerobic bacteria suspended in sessile drops of water. As a prototypical model for
the description of this phenomenon a system of the form
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n+ u-vn =An—V-(nVo),

¢+ u-Ve = Ac—nc,

ur+kw-Vu =Au+nVep — VP,
V-u =0,

(1.2)

was proposed in [31] and has been the groundwork for many articles concerning the mathe-
matical analysis of chemotaxis—fluid interaction since the first analytical results asserting local
existence of weak solutions ([20]). Obtaining results concerning the global existence of solu-
tions is far from trivial, even when u = 0 the global existence of solutions is only known under
a smallness condition on the initial data ([28]), or when N =2 (e.g. [37]). These outcomes are
similar in the case of u # 0. In the two-dimensional setting global classical solutions stemming
from reasonably smooth initial data have also been shown to exist in [37], whereas many results
treating variants of (1.2) in three-dimensional frameworks are again restricted to weak solutions
emanating from small initial data (e.g. [15], [4]). Nevertheless, even in these cases, where global
regularity is hard to prove, some results concerning eventual regularity of solutions have been
shown. In particular, for the fluid free case eventual smoothness of solutions was shown in [29]
for N =3 and a result including fluid is contained in [42], where certain weak eventual energy
solutions are considered.

Similar smoothing effects can also be observed in a setting where N = 3 and logistic growth
terms of the form +pn — un? (p > 0, u > 0) are included in the first equation. In this framework
it is still unclear whether global classical solutions exist for small i > 0 and reasonably arbitrary
initial data, but weak solutions which eventually become smooth are known to exist for any p > 0
and possibly large initial data, as indicated by the studies in e.g. [17].

Chemotaxis—fluid system with singular sensitivity. In light of the regularizing effects observed
in the chemotaxis and chemotaxis—fluid problems mentioned above it seems reasonable to as-
sume that also in the case of singular sensitivity the smoothing effect of the second equation will
eventually result in classical solutions even if fluid interaction with the bacteria is present. As the
construction of weak solution used in [32] does not work for the full Navier—Stokes subsystem
(as included in (1.2)) we instead work with the simpler Stokes realization of the fluid, which was
also employed in [32], instead. In fact we will study systems of the form

ng+u-Von =An—V-(2Ve), xeQ, t>0,
c;+u-Ve =Ac —nc, xe, t>0,

ur+ VP =Au+nVe, xe, t>0, (1.3)
V.-u =0, xeQ, t>0,
with boundary conditions
dn  dc
—=—=0, and u=0 forxeodQandt >0, (1.4)
v dv
and initial conditions
n(x,0) =no(x), c(x,0)=co(x), u(x,0)=up(x), xe€Q. (1.5)

Q C R? denotes a bounded domain with smooth boundary and the gravitational potential ¢ is
assumed to satisfy
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P eCHQ) with Ki:=|oly1x- (1.6)
For the initial distributions we will prescribe the regularity assumptions

nope C°(Q)  withng>0inQandng 0,
coe Wh®(Q) withcp>0in £, (1.7)
up € D(AY) for all » € (1, c0) and someoze(%, 1),

with A, denoting the Stokes operator A, := —P,A in L"(Q;R?) with domain D (A,) =
W27 (2 R?) N W, (2: R?) N L (), where L (R2) = {¢ € L’ (2 R?) |V - ¢ = 0} stands for
the solenoidal subspace of L” (Q IRZ) obtained by the Helmholtz projection P,.

In this setting, building on the work [40], it was shown in [32] that for any (no, cg, 1g) sat-
isfying (1.7) the system (1.3) possesses at least on global generalized solution (in the sense of
Definition 3.1 below). These solutions are constructed by a similar limiting procedure as in the
fluid free setting, making sure that for each of the approximate solutions the quantity ¢ remains
strictly positive throughout €2 for all times. In a simplified version the result on global existence
of generalized solutions and basic decay properties of ¢ obtained in [32] can be summarized as
follows.

Theorem A. Let Q C R? be a bounded domain with smooth boundary. Then for all (ng, co, uo)
satisfying (1.7), the problem (1.3)—(1.5) possesses at least one global generalized solution
(n, ¢, u) in the sense of Definition 3.1 below. For each p € [1, 00) the solution has the properties
that n(-,t) € LP () and Vci(t;) € L2(§2) for a.e. t > 0. Moreover, c is continuous on [0, 00) as
L (Q)-valued function with respect to the weak-x topology on L*°(2), and satisfies

c(-, b) 20 in L®(Q) and c(-,t) >0 inLP(Q) ast — oo.

Main results. The existence of global generalized solutions as provided by Theorem A at hand,
it is the purpose of the present work to study the question of how far the eventual regularity and
stabilization results for small data, as obtained in [41] for (1.1), may be affected by the interaction
of the bacteria with their liquid surroundings.

Theorem 1.1. Let Q C R? be a bounded domain with smooth boundary. Then there exists some
my > 0 such that for any (ng, co, ug) satisfying (1.7) as well as

/ no < m, (18)

Q

the global generalized solution of (1.3)—(1.5) from Theorem A has the property that there exists
T > 0 such that

neC*(Qx[T,00), ceC*(Qx[T,)) and ueC2’1<§_ZX[T,OO);R2),
(1.9)

that
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c(x,t)>0 forallx e Qandanyt>T, (1.10)

and such that (n, c,u) solve (1.3)—(1.5) classically in Q x (T, 00). Furthermore, this solution
satisfies

n(~,t)—>ﬁ/no in L°(Q), c(-,t) >0 in L®(Q), u(,t) =0 in L*(Q),
Q

(1.11)

and

Ve(-,t)

—0 inL®(Q) (1.12)
c(-, 1)

as t — oQ.

Our analysis will also in straightforward manner allow us to formulate a result for global
classical solutions to (1.3)—(1.5) if certain smallness conditions are fulfilled by the initial dis-
tributions. Furthermore, these global classical solutions inherit the same asymptotic properties
stated in Theorem 1.1. In order to completely formulate this outcome, we note that in two-
dimensional domains by the Gagliardo—Nirenberg inequality and elliptic regularity theory one
can find K» > 0 and K3 > 0 such that

1911750 =< K2ll@lly12) 10011 @) forallg e Wh2(Q) (1.13)
and
12 12 2,2 . 0p
Vel < K3||A¢||L2(Q) ”V‘anz(Q) for all ¢ € W=<(2) with F 0 on 0€2.
(1.14)
We obtain the following.

Theorem 1.2. Let @ C R? be a bounded domain with smooth boundary. Then there exists
Mux > 0 such that for any (no, co, uo) satisfying (1.7),

/noimm and /|u0|4§m** (1.15)
Q Q
as well as
1 [|Vecol? 1 1 Q
/noln"—°+— Vel il L L1 IS (1.16)
2 2 C(2) 4K53 8K» e
Q

for some > 0 and K7, K3 given by (1.13) and (1.14), respectively, there exists a triple (n, c, u)
of functions, for each ¥ > 2 uniquely determined by the inclusions
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neC%Qx[0,00)NC*(Q x (0,00)),
c € C%Q x [0,00)) NCH1(Q x (0, 00)) N L ([0, 00); W7 (),

u € CO(Q2 x [0, 00); R?) N C>1(Q2 x (0, 00); R?),

such that n > O_in Q x (0,00) and ¢ > 0 in § x [0, 00), and such that (n, ¢, u) together with
some P € CI’O(Q x [0, oo)) solve (1.3)—(1.5) in the classical sense in Q x (0, 00). Furthermore,
this solution has the convergence properties stated in Theorem I.1.

In contrast to the known result for the system without fluid, obtained by taking ¥ =0 in
|2
(1.3) where requiring only [ noIn %" + % fQ|V:_20| to be small was sufficient to obtain global

classical solutions, in this case we require additional smallness conditions in the form of suffi-
ciently small bounds for ng in L' (€2) and uq in L*(2). Let us also briefly note that the approach
utilized here can not be used to prove eventual smoothness of global generalized solutions in
higher dimensions, mainly due to the Gagliardo—Nirenberg type inequalities (1.13) and (1.14).
In particular, the functional F, (n, z) := fgnln% + %fQ|Vz|2 (cf. Sections 2.2 and 4.1) has to

4
LYQ)
by || AzIIiz(Q) ||Vz||iz(m (cf. (4.6)), which is only possible in two dimensions. Similarly, prob-
lems stemming from dimension dependency of inequalities employed in the proofs also arise
in Lemma 4.10. Moreover, one would also have to consider additional steps in order to control

llull 1 4(q) in Lemma 4.2 as Lemma 2.2 does not hold in higher dimensions.

be nonincreasing for small mass (see Lemma 4.2 below), necessitating control on ||Vz]|

Notation. Throughout the article, in addition to the previously mentioned assumptions in (1.6)
and (1.7) for 2, ¢, the initial data, the Stokes operator and its semigroup, we will make use of
the following notations. A; > 0 will always denote the first positive eigenvalue of the Stokes
operator in Q with respect to homogeneous Dirichlet boundary data. Since A%¢, e’ Arg and
P,y are independent of r € (1, 00) for ¢ € C3°(22) N L, () and ¥ € C;°(2), we will drop
the subscript whenever there is no danger of confusion. Similar to denoting by L[ (£2) all di-
vergence free functions of L”(2), the space of divergence free, smooth test functions with
compact support in 2 x (0, oo) will be denoted by CS?U(Q x (0, 00)). Additionally, when talk-
ing about classical solutions to some of the featured systems in € x (#p, 0co) for some #y > 0, we
will often shorten the notation to (n, ¢, u) € C%(2 x [fo, 00)), when we are actually considering
(n,c,u, P) € CO(Q x [ty, 00)) x CO(Q x [19, 00)) x C(Q x [tg, 00); R?) x C10(Q x [19, 00)).
The notation (1, ¢, u) € C>1(Q x (1, 00)) will be used in a similar fashion.

2. Basic properties of a family of generalized problems

The construction of the generalized solution mentioned above is based on a limit procedure of
solutions to regularized problems and a transformation thereof. Since the original problem (1.3)
and the family of approximate problems in question are quite similar, we will first consider the
even more general family of problems

n,—}—u-Vn:An—V-(@Vc), xe, t>0
ct+u-Ve =Ac— f(n)c, xe, t>0,
u;+ VP =Au+nVo, xe, t>0,

V-u =0, xe, t>0,

2.1)
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where we only require that the functions f € C3([0, 00)) satisfy
f(0)=0 and O0< f' <1on]0,0c0). 2.2)

Upon proper choice of a subfamily of these functions (cf. (3.5) below) the system will be reg-
ularized in a way that ensures that ¢ is bounded away from zero, from which one can easily
obtain global and bounded solutions to the corresponding approximate problems. These global
and bounded solutions are one of the main ingredients of the limit process involved in the con-
struction of the generalized solution ([40], [32]).

The problems (2.1) will be regarded under the boundary conditions

on dc
—=—=0, and u=0 forxedRandt € (0, Tyax), 2.3)
dv  dv
and the initial conditions
n(x,0) =no(x), c(x,0) =co(x), u(x,0)=up(x), xe€Q. 2.4)

For any f € C3([0, 00)) satisfying the conditions above, local existence of classical solutions
can be obtained by well-established fixed point methods. Since the necessary adaptions are quite
straightforward, we will refer to local existence proofs in closely related situations for details.

Lemma 2.1. Let Q C R? be a bounded domain with smooth boundary, 9 > 2 and f €
C3([O, o0)) satisfies (2.2). Then for all (no, co, uo) satisfying (1.7) there exist Tyax € (0, 00]
and uniquely determined functions

n e CO2 x [0, Tnax)) NC (K2 x (0, Thar))

¢ € C%(Q x [0, Tinax)) N CH (2 x (0, Tnax)) N CO([o, Tnax); W“’(Q)) :

ue CO(Q % [0, Tpnar): RZ) nc! (Q % (0, Tynar): Rz) ,

which together with some P € CI’O(S_Z x [0, Tmax)) solve (2.1)—(2.4) in the classical sense and
satisfyn > 0 and ¢ > 0 in Q x (0, Tax) as well as

Tinax = 00, or liminf inf c(x, ) =0, (2.5)
t/ Tnax XEQ

or limsup (|[n(-, )| L) + llcC, Dllwro @ + 1A%u(, l‘)”]}(g)) =00.
t/Tma,\'

Furthermore, the solution has the properties that

/n(x, t)dx = /no(x) dx forallt e (0, Tyax) (2.6)
Q Q

and

c(x,t) < llcollLey forall (x,t) € 2 x [0, Tax)- (2.7
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Proof. Local existence, uniqueness and the blow-up criterion (2.5) can be obtained by straight-
forward adaption of well known arguments as detailed in [12,6,7] and [37] for related situations.
Simple integration of the first equation in (2.1) proves (2.6), whereas by the nonnegativity of
f an application of the parabolic comparison principle to the second equation in (2.1), with
¢ = |lcoll Lo (@) taken as supersolution, immediately entails (2.7). O

2.1. Regularity of the Stokes subsystem

It is well known that the Stokes subsystem %u 4+ Au ="P(nVe) in (3.7) has the property that
the regularity of the spatial derivative Vu is solely reliant on the regularity of n (since V¢ is
bounded). In fact for Stokes systems of the form

uy=Au—VP+nVep, xeQ, to > 0,
V-u=0, x €9, to >0, (2.8)
u =0, x €0, >0,

we can obtain the following two results. The first is a refinement of a basic boundedness result
e.g. featured in [33, Lemma 2.4].

Lemma 2.2. Let ¢ € C? (S_Z) There exist constants A > 0 and K,, > 0 such that whenever u €
cY (S_Z X [to, To); Rz) Nncx! (S_Z X (to, Tp); Rz) is a classical solution of (2.8) in Q x (t9, Tp) for
some 0 <ty<Tp<ooandne CO(Q X [to, To)) satisfying

fl”(',t)l <L forallt e (1, To),

Q

with some L > 0, then

luC Ol ) < Kue N u(, 10)ll 4y + KuL  forall t € (to, To).
Proof. By the variation-of-constants representation for # we have

t
u(-,t):e*“*fo)Au(-,ro)+/e*<f*S>AP(n(-,s)v¢)ds for all 7 € (19, To).

fo

Fixing any y € (%, 1) we see that

t
luC Ol ey < le” O, 1)l 4 +[ |AY e U DAATYP(n(-, )Vl 4 ds

fo

holds for all ¢ € (t9, Tp). Now, in view of the well known regularity estimates for the Stokes
semigroup (e.g. [39, Lemma 3.1]) we find constants A1 > 0 and C| > 0 such that
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—(t—10)A A (t—
le™ =% u (-, 10) | gy < Cre™ Tl 10) | sy forall > 1o,

and, sincefor 1 < p <g <ooand y € (0, 1) satisfying y > %— ql itholds that ATV Pyl Le(@) <
CligliLr (@) for all € C5°(2) ([33, Lemma 2.3]), there exists C3 > 0 such that

|AY e IAATY P, $)VP)ll 4y < C2lt — ) Ve M n(-, )Vl L1 o

for all s € (19, ),

by choice of y € (%, 1). Hence, relying on (1.6) and our assumption for fQ|n(~, )|, we may
estimate

o0
G Ol < Cre™ T u( 1) L3y + C2K1 L f (t—s5)7e MV ds forallt >0,
0

which due to y < 1 concludes the proof upon obvious choice for K,,. O

The second lemma regarding the Stokes subsystem concerns norms of the spatial gradient
of u. These results are well-known. (See e.g. [33, Lemma 2.5] and [39, Corollary 3.4] for details.)

Lemma 2.3. Assume o € (%, 1), o >0and ¢ € CZ(S_Z) and let p € [1,00) and r € [1, 00] be
such that

Then for any u(-, ty) € D(A‘r") there exists a constant C = C(u(-, ty), ¢, p,r, L) > 0 such that
whenever u € CO(S_Z x [to, To)) ncz! (5_2 x (to, To)) is a classical solution of (2.8) in Q X (to, Tp)
for some 0 <ty <Top<ooandn € CO(S_Z X [to, TO)) satisfying

InC,OllLr@ <L forallt e (1o, Tp),

with some L > 0, then

IVu(, )|l pr @) < Ce ™ U™ L CL  forallt € (19, To).

In particular, in view of the mass conservation property of n and the Sobolev embedding the-
orem, we can easily obtain bounds independent of f for the quantity ||u||.r(g) With p < co from
the previous lemma. For these potentially better bounds than the one provided by Lemma 2.2
however, we do not know the exact relation to ug.
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2.2. Logarithmic rescaling and basic a priori information on z

Now, a quite standard change in variables transformation obtained by taking #, ¢ and u from
Lemma 2.1 and setting

c 0
z:=—1In <7> and zp:=—In (7>,
llcoll oo () llcoll oo ()

will lead to the transformed systems

ng+u-Von =An+V-(nf'n)Vz), xR, t>0,
2—u-Vz =Az—|Vz|>+ f(n), xe, t>0,
ur+ VP =Au+nVg, xeQ, >0,

Veu =0, xe, t>0,

2.9)

which build the basis for our analysis of the energy-type inequalities featured in Section 4.1.
This transformation has been thoroughly used in previous literature (see e.g. [35], [40], [41]) to
analyze systems in similar settings. We will consider (2.9) along with the boundary conditions

an 9
T _%_0, and u=0 forxedQands >0, (2.10)
v dv

and initial conditions

co(x)

n(x,0)=ng(x), z(x,0)=z9(x):=—1In <4
llcoll Lo ()

>, u=up(x), xe€q.

Remark 2.4. Let f € C3([0, 00)) satisfy (2.2). Assume that (n, z,u) € C>1(Q x (T}, T»)) is a
classical solution of the boundary value problem (2.9), (2.10) in  x (T, T») with some 77 > 0
and 7» € (T}, oo]. Then the solution satisfies the mass conservation property

d
Efn(.,t)zo forall t € (T}, T).
Q

This reformulation of our previous generalized systems at hand, we immediately obtain the
following basic information — not depending on f — about the transformed chemical concentra-
tion z.

Lemma 2.5. Let mo > 0. Suppose that for f € C3([0, 00)) satisfying (2.2) and to > O the triple
(n,z,u) € C%! (Q X (to, oo)) is a classical solution of (2.9)—(2.10) in 2 x (ty, 00) with the prop-
erties that n > 0 in Q x (ty, 00) and an(', to) <myg. Then

t
/Z(~,t) + //|Vz|2 < /z(-, to) + (t —to)mo forallt > ty. 2.11)

Q o Q Q
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Proof. Integrating the second equation of (2.9) with respect to space shows that

%/z=/Az—/|vZ|2+/f(n)+/u-vz
Q Q Q Q Q

holds for all ¢ € (#9, 00). Making use of V - u = 0, the Neumann boundary conditions for z, n >0
and the fact that f(s) < s for all s > 0 we obtain, upon integration by parts, that

n
Z Z

is valid on ¢ € (0, 00). Due to the mass conservation we have fQ n(-,t) <mg for all t > ¢ and
therefore integrating this inequality immediately establishes (2.11). O

3. Generalized solution concept and approximate solutions

Before going into more detail for our eventual smoothness result, let us briefly review the
solution concept of generalized solutions and the exact form of the approximate problems. These
were already used in [38,40] for the closely related settings without fluid and in [32] for the
system with Stokes fluid.

A global generalized solution is defined as follows (see also [38, Definition 2.1-2.3], [32,
Definition 2.1]).

Definition 3.1. Assume that (n¢, co, ug) satisfy (1.7). Suppose that a triple (n, c, u) of functions

nelL] (Qx]0,00)),

c e L2 (2 x [0,00) N L7 ([0, 00); WH2(Q)), (3.1)
uelL), (10,00); Wy (2); R?),
satisfies
n>0, and ¢>0, and V-u=0 ae.in Q2 x (0,00), (3.2)
as well as
Vin( + 1) € L}, (2 x [0, 00)) and  Vince L] (2 x[0,00)). (3.3)

Then (n, ¢, u) will be called a global generalized solution of (1.3)—(1.5) if n satisfies the mass
conservation property

/n(x,t)dx:/no(x)dx forae.t >0,
Q Q

if the inequality
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In(n + 1)p, — /ln(no + De(-, 0)
Q

o o
/|Vln(n+l)| o — f/Vln(n—i—l)-Vgo—i—ff%Vlnano (3.4)
n
Q Q Q

//—(Vln(n—f-l) Vlnc)<p+//ln(n+l)(u Vo)
0

0\8 S

holds for each nonnegative ¢ € C§° (Q x [0, 00)), if the identity

7/%+/c01//(-,0)=70/w.w+7/nc¢—f/cu.w/
0 Q Q 0 Q 0 Q 0 Q

is valid for any ¥ € L*°(Q2 x (0, 00)) DLZ((O, 00); Wl’z(SZ)) compactly supported in Qx|0, 00)
with ¥; € L2(Q x (0, 00)), and if furthermore the equality

/fu \IJt—i-/uo (-, 0)= /fVu V\IJ—//anb-\IJ
0 0 Q

holds for all ¥ € Cgf’a (2 x [0, 00)).

It can easily be verified that the supersolution property in (3.4) combined with the mass con-
servation (2.6) is sufficient to obtain that sufficiently regular global generalized solutions are also
global solutions in the classical sense (see [40, Remark 2.1 ii)]), i.e. if (n, ¢, u) is a global gen-
eralized solution in the sense of Definition 3.1 and satisfies # > 0 and ¢ > 0 in € x [0, o0) as
well as (n, ¢, u) eCO(S_Z x [0, oo)) N C“(S_Z x (0, oo)) then (n, ¢, u) solves (2.1) in the classical
sense.

Generalized solutions in the sense of Definition 3.1 are constructed by an approximation pro-
cedure relying on regularizations in the form of (2.9) with suitably chosen f = f, ([40,41,32]).
For this we first fix a cut-off function p € C*°([0, 00)) fulfilling p =1 in [0, 1] and p =0 in
[2, 00) and define the family of functions { fe},¢(0,1) € C*([0, 00)) given by

s

Se(s) :=/p(w)do, s>0. (3.5)

0

Every function in this family evidently has the properties

fe©0=0 and 0<f/<1 on]0,00), 3.6)

as well as
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fe(s)=s forallse[0,1] and f/(s)=0 foralls>2.

Furthermore it holds that

fe(s) /s and  fl(s) /1 ase\0

for each s > 0. According to this choice we can ensure that for the local solutions to (2.1)—(2.4)
n, is bounded throughout 2 x (0, T;,4x), and that ¢, is strictly positive on Qx (0, Thax), meaning
that the most troublesome terms of the extensibility criterion in (2.5) remain bounded, whence
the further estimation of remaining less troublesome terms in fact shows that the solution actually
is global ([32]).

Relying on the logarithmic transformation again we obtain for this family of regularizing
functions, (2.9)—(2.10) systems of the form

et +ug -Vng = Ang + V- (ng fl(n)Vze), x€Q, t>0,
Zet — Ug - VZg ZA15_|VZE|2+f£(ns)7 xe, t>0,

Ug+ VP =Au,+n.Vo, xe, t>0, (3.7
V-ou, =0, xe, t>0,
with boundary conditions
0 0
Me _ %% _ 0 and u,=0 forxedQands>0, (3.8)
av av

and initial conditions

co(x)

ne(x,0) =no(x), 2z¢(x,0)=z0(x)=—In <7
llcoll Lo ()

) , ug(x,0)=upx), xeQ.
3.9

According to [32] also these problems posses global classical solutions, with again n, and z,
being nonnegative, n. still satisfying the mass conservation property as in Remark 2.4 and
(ne, ze, ue) correspond to solutions of systems of the form (2.1) by means of the substitution
Ze=—In ( HCoIIiaocm))'

The following result summarizes the result on approximation of the generalized solutions
established in [32, Lemma 2.5].

Lemma 3.2. Let (1.7) hold and denote by (n, c, u) the global generalized solution of (1.3)—(1.5)
from Theorem A. Then there exists a sequence {¢;} jen C (0, 1) such that £; (0 as j — 0o and

such that, for the choice of f = f. in (2.1), the corresponding solution (ng, ce,u.) of (2.1)—(2.4)
satisfies

ne — n, and ce — C, as well as Ug —> U a.e. in Q2 x (0, 00),

ase=2¢;\0.
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4. Eventual smoothness of small-data generalized solutions
4.1. Nonincreasing energy for small mass

We will appropriately adjust the functional methods employed in [41] to our needs. In fact we
will study the behavior of functionals of the form

n 1 2
F,(n,z):= [ nln—+ = | |Vz| “4.1)
n o2
Q Q

foru>0,0<ne C? (S_Z) and z € C! (S_Z) We will show that a suitable condition on the size
of Fy, (n(-, t0), z(-, to)) for some 9 > 0 implies that F, is non-increasing from that time onward,
along the trajectory of classical solutions to the system (2.9). Since we are working with the
more generalized version of (3.7) almost all of the properties of F, also hold in our limit case
f (&) =& obtained by taking £ \( 0 in (3.7). In particular, this will also hold true for the condi-
tional regularity estimates discussed in Section 4.2.

We start with some basic relations between F), and the quantities appearing therein.

Lemma 4.1. For > 0 let F,, be given by (4.1). Then for all nonnegative n € CO( ) and any
zeC! (Q) we have

Q
/n|lnn| < Fﬂ(n,z)+lnu/n+ L 4.2)
e
Q Q
and
2ulL|
|Vz|? <2F,(n, z)+— (4.3)
Q
as well as
Q
Fu(n,2) > _ el (4.4)
e

Proof. Making use of the facts that n is nonnegative and that —£ In& < % for all £ > 0 we can
see that

1 2|2
/n|lnn| Fy(n, z)——/|Vz| —i—lnu,/n— / nlnn < Fy(n, z)—l—lan/n—I—u
e
Q

Q Q {n<l1}

proving (4.2). Similarly, we may compute

1
—/|VZ|2=FM(H,Z)—Mf 1n—<F(n z)+g
2 S

which first proves (4.3) and, upon reordering and dropping the nonnegative term, also (4.4). O
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The main ingredient in showing that this generalized energy is non-increasing (after some
waiting time) will be the following differential inequality.

Lemma 4.2. Let m > 0 and T > 0 and assume that for f € C3([0, 00)) satisfying (2.2) the triple

(n,z,u) € C*! (S_l x (T, oo)) is a classical solution of (2.9)—(2.10) in Q2 x (T, 00) satisfying

Jolut, T)|* < ¢, and Jon(G.t)y <m forallt > T, as well as n >0 in 2 x (T, 00). Then for all
u >0 we have

d |Vn(., 1)?
5 (nC.1),z(.1) / YA

1

o 73/ Vz(, 0> — K3K,|Q* ( TR 4 /IAz( HE<o
Q

forallt > T, with K3 as in (1.14) and Ky, .1 provided by Lemma 2.2.

Proof. Since n is positive in © x (T, 00) we see by utilizing integration by parts that

d |Vn|? 2 2
aFﬂ(n,z)z—/ " —/|AZ| +/Az|Vz| —/Az(u-Vz) 4.5)
Q

Q Q Q

holds for all # > T, where we used the first and second equations of (2.9) and V - u = 0. By
Young’s inequality and (1.14) we have

1 1
/AZIVZ|2§E/IAZI2+§/IVZI4§ —+—/|Vz|2 /IAZ|2 forallt > T.
Q Q Q

(4.6)
To estimate the last term in (4.5), we note that by Holder’s inequality and (1.14) there holds
||VZIIL4(Q) < K32|§2| i I AzIILz(Q) for all # > T, which together with Lemma 2.2 implies

/|AZ(14 V)| < ||AZ||L2(Q)||M||L4(Q) ”VZ||L4(Q)

1
< K3IQI7 Azl 2 Il 14

< K3K, |9 (ee 10D +m)/|Az|2 forall ¢ > T, @7
Q

since fgn <m in (T, 00). Combining (4.5)—(4.7) and reordering appropriately completes the
proof. O
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In view of the lemma above, the possibility for an inequality of the form % Fy (n (-, 1), z(, )) <
0 will depend on the nonnegativity of the term % - % fQ|Vz(-, % - K32KM 22| i (Le™™1 4+ m).
Most of all, this will require some large waiting time f9 and some small bound on fQ n in order to

treat the term £e~*1*=T) 1 . Similarly to the fluid free case, we further require that the energy
at a certain time is already sufficiently small, which will provide control of the term containing

JolVzI2.

-1
Lemma 4.3. Let T > 0 and (4K32KM|Q|%) > mg > 0, with K3 and K, provided by (1.14)
and Lemma 2.2, respectively. Suppose that for f € C3([0, 00)) satisfying (2.2) the triple
(n,z,u) € C*Y(Q x (T, 00)) is a classical solution of (2.9)~(2.10) in Q x (T,00) satisfy-
ing [oluC, T)* <€ and m := [on(-,T) < mo, as well as n >0 in Q@ x (T,00) and z €
cY ([T, 00); WI'Z(Q)). Then if there exist to > T and p > 0 such that

1
Lo~ M1 0=T) +my< —— (4.8)
4K3K,|Q|*
and
1 w2
F 'at 5 '7t E— 4.9
w(n(- 1), 2( o))<4K3 p; 4.9)
then
d
—Fu(n(,0),2(.1)) <0 forallt > t. (4.10)

dr

Furthermore, one can find k > 0 such that

t t
|Vn|? , 1
+ K |Az|* < —— forallt > 1. “4.11)
n 4K;

o Q o Q

Proof. First we note that in view of Remark 2.4 the inequality in (4.8) implies that

1
e M) oy < peM@0=T) 4o < ———— forall 7 > 1. (4.12)
4K3K,|Q|

Furthermore, recalling Lemma 4.1 we see that (4.9) implies % fQ|Vz(~, 1‘0)|2 < K3F, (n(~, t0),

2(-, 10)) + K3+|Q‘ < %. Therefore, the set

/ K3 2 1 /
S.= {T > Iy ‘ - IVz(-, D" < 7 forallt € [ty, T )}
Q
is not empty and Ts := sup S is a well-defined element of (#y, oo]. In order to verify that actually

Ts = oo we assume Ts < oo an derive a contradiction. To this end, we make use of Lemma 4.2
to obtain from the definition of T and (4.12) that
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3 2
iFu(n(~,t),z(-,t))+/M +/</|Az(-,t)|250 forallt € (19, Ts), (4.13)
dr n(-, 1)
Q Q

with some small ¥ > 0. Due to the assumed W!?2(Q)-valued continuity of z, the mapping
[to, 00) 3t > F(n(-,1),z(-,1)) is continuous as well and we infer from the definition of T

that £2 [,|Vz|? < forall 1 € (19, Ts), but

K3/|V( ToP = - (4.14)
) VAR I\ —4- .
Q

Integrating (4.13) we obtain

F,u(n('a TS)a Z('v TS)) =< FM(”('a tO)» Z('v tO)),
which by Lemma 4.1 and (4.9) shows

21| 21| 1
<2F ',t . ',t )
<2F,(n(-, 10), 2(, 10)) + e~k

fIVZ(-, Ts)|> <2Fu(n(, Ts), 2(-, Ts)) +
Q

contradicting (4.14) and thus proving Ts = oco. Therefore, the inequality (4.13) actually holds for
all ¢ > #9, which firstly proves (4.10) and secondly, upon integration of (4.13) shows (4.11) due
to(4.9). O

4.2. Conditional regularity estimates

In this section we will establish appropriate Holder bounds for the components of our approx-
imate solutions under the assumption that we already have control of fQ |Vz|?P for some p > 2.
In fact, as we will see in Section 4.3, obtaining the bound assumed throughout the section for
the special value of p = 4, will only require bounds on fQ n|lnn| and fQ|Vz|2, which (at least
for possibly large times) can be obtained by relying on our analysis of F, (see Section 4.4). Our
arguments here are inspired by an approach illustrated in [41, Section 4.2 and 4.3].

Lemma 4.4. Let p > 2, my > 0, M > 0 and t > 0. Then there exists C = C(p,mg, M, 1) >0
such that if for f € C3([0,00)) satisfying (2.2) and some ty > 0 the triple (n,z,u) €
c2! (5_2 X (to, oo)) is a classical solution of (2.9)—(2.10) in Q x (ty, 00) satisfying n > 0 in
Q x (19, 00) and

f”(', o) <myg (4.15)
Q
as well as

/|VZ('J)|p§M forallt > 1y,
Q
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then
In(, DL <C forallt >t + . (4.16)

Proof. The proof is based on arguments employed in e.g. [41, Lemma 4.4]. We let T > 1y + 1
and define

S(T) :=max {81, $>(T)}
with

Sp:= max (t—1)|lnC, )l and S$(T):= max |n(,1)|Le@)-
telty,to+1] telto+1,T]

Now, in order to estimate S(7") from above, we let #{(¢) := max{r — 1, f9} and for ¢ € (¢tp, T)
represent n(-, t) according to

t

nC 1) = e M8 1) +/e<H>A[V (nC8) F (G ) V() — (uCs) - Vnd, s))] ds

I

=T+ 11, 1), 4.17)

where (¢°?),>0 denotes the heat semigroup with Neumann boundary data in 2. Fixing some
q € (2, p), we may rely on well known estimates for the heat semigroup (e.g. [36, Lemma 1.3]
and [8, Lemma 3.3]) to find C; > 0 and C, > 0 such that for all o € (0, 1) there holds

le” 2ol < Cio elpiq forallpeL'(Q) (4.18)
and

72V - ollLe@) < Cao 7 Vl@llLae forallge CI(Q) such that ¢ - v =00n 9%,
(4.19)

with y := % + % < 1. In the case t € (19, to + 1], when 11 (¢) = g, we thus have
|21, 10) ]| ooy < Crmolt —10) ™", (4.20)

thanks to (4.15) and (4.18). Furthermore, making use of V - u = 0, the fact that f' < 1 on [0, 00),
and (4.19) we see that

t
1 (to. )| Loy < CZ/(I =) ([ )V | gy + [1CDUC 9] g q)) ds
1

0

holds for all ¢ € (¢, to + 1]. Herein, multiple applications of the Holder inequality show that
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—a

||n(’ S)VZ("S)”Lq(Q) = ”n(7S)||100(Q)”n(’S)”}ll(Q)HVZ(a S)”LP(Q)

1
<my T M7 nC,5)[§ gy foralls > 1o 4.21)

i —1-—P21
witha ;=1 g € (0, 1) and

[nC, 9)uc, s)“wm < C3(1+mo)my~[In(, $) ooy foralls > to, (4.22)

for some C3 > 0, where |[u(:,1)||Lr() < C3(1 4+ myg) in view of Lemma 2.3. In particular, re-
calling the definition of S; we have

t
11 (to, Dl L) < C4S? f(t —5) V(s —19)"%ds forallt e (fg, 19 + 1], (4.23)
1

0

with some C4 > 0. Since flg(t —8) V(s —19) %ds = (r — o) 7V fol(l —0)7Vc4de < B(1—
a, 1 —y) is finite according to the facts thata < 1 and y < 1, we consequently see that collecting
(4.17), (4.20), and (4.23) shows that there exists some Cs5 > 0 such that

(t—1)llnC,D)llre@) <Cs+ CsS{ forallr e (1, 1o + 1],

which, due to a < 1, implies that

Si < Ce:=max {1, (2Cs) ™ ). (4.24)

The estimation of S>(7') follows a similar path. We fix ¢ € [f9 + 1, T'] and obtain from (4.17),
(4.18), and (4.19) that
InC, Lo < ||€An(-, t— 1)||L00(Q) + 1t =1, )]l Lo (@)

<CillnC.t = Dlp g
t
+C /(r =)V (|nC.5)Vz(, 5) —n(-,s)u(~,s)||Lq(Q))ds,
—1
from which, again by relying on (4.15), (4.21), and (4.22), we infer that

t
1 _
In(-, D)l o) < Cimo + Camy™* (M7 + C3(1 + mo)) /(f = 8) 7V lIne (-, ) 1700 () ds

t—1

holds for all # € [t + 1, T']. By the definition of S>(7") we have ||n(-, S)H‘ZOO(Q) < 85(T) for all
s € [ty + 1, T, so that in both of the cases t € [#9 + 1, tp + 2] and ¢ > 7y + 2 we may estimate
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t t t
/ t—s)7V|n(, s)||iw(9) ds < 8¢ /(z —5)V(s —19)"“ds+ S5(T) /(t —s5)Vds

t—1 t—1 t—1

<S04 — 597,
I—vy

with some C7 > 0. Collecting these estimates and making use of (4.24) we find Cg > 0 such that

In(, D)o@ < Cs+ CsS3(T) forallt e+ 1,T],

which implies $>(T) < Cg := max{l, (2Cg)ﬁ} for all T > 19 + 1. Finally, combining both
estimates for S and S>(T') establishes (4.16) if we let C := max{S;, %, Co}. O

With the improved regularity for n at hand, we can easily derive time local Holder continuity
of n and u under the same assumptions as above.

Lemma 4.5. Let p > 2, mg > 0, M > 0 and t > 0. Then there exist some 0 =60(p) € (0, 1) and
C=C(p,my,M,t) >0 such that if f € C3([O, o0)) satisfies (2.2) and if for some ty > 0 the
triple (n,z,u) € czl (S_Z x (to, oo)) is a classical solution of (2.9)—(2.10) in Q X (ty, 00) with the
properties that n > 0 in Q2 x (tp, 00) and

/ﬂ(-, fo) < my, (4.25)
Q
as well as
/|VZ('J)|’7 <M forallt>t, (4.26)
Q
then
nll 40 - <C and |ul <C forallt>ty+t.

c '%(Qx[t,t-&-l]) - C"-%(s'zx[z,zﬂ])

Proof. With o given by (1.7) we fix 8 € (%, a). Then we apply the fractional power A of the
L>-realization of the Stokes operator to a variation-of-constants representation for u to obtain
the identity

t
APu( 1) = APem TRy n) + / AP =IAP (- 5)VP) ds, 1>1,
14|
where 7] := max{t — 1, #p}. Recalling that the positive sectorial Stokes operator A generates the

contracting semigroup (e” A) in L(Z7 (2) and the fractional powers of the Stokes operator
fulfill the decay property

t>0
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|APe~'4| < CitFPe™! forallt >0,

with some C; > 0 ([26, Theorem 37.5]), we can make use of the boundedness of P in LZ(Q),
(1.6), (4.25), and Lemma 2.3 to obtain C; > 0 such that

t
AP0 2y = AP 1) gy + [ A% INP 1,908 |2
t

t
<Cit—-n)F+cik / (t =) Pl )2 ds (4.27)
n

for all > #1. Since the assumptions (4.25) and (4.26) allow for an application of Lemma 4.4, we
can find C2 > 0 such that [|[n(-, )|l 2(q) < C2 forall # > 7o + . Combining g < 1 with the fact

that in both cases (f — tl)]"9 <land (r — 1)"# <14 =P hold for ¢ >ty + t, we infer from
(4.27) the existence of some C3 := C3(p, mg, M, T) > 0 such that

|APu(, 1) |2 <C3 forallt =10+t
Considering that since 8 € (%, «) the domains of fractional powers of the Stokes semigroup

satisfy D(A%) < D(AP) < C%(Q) for any 6; € (0,28 — 1) ([27, Lemma I11.2.4.3] and [5,
Theorem 5.6.5]), the previous estimate entails the existence of some C4 > 0 such that

lae (-, t)||C9,(S-2) <Cyq forallt>1ty+r.
Making use of similar arguments we can find C5 > 0 such that
|APuC, 1) = APuC, )] 2iq, < Cst =)'~ foralliy >t + v and 1 € [12, 12 + 1],
which together with (4.27) readily implies the Holder regularity of u for some 6, := min{l —
B, 01}. For the regularity of n we first note that by Lemma 4.4 we obtain a constant C¢ :=

Ce(p,mo, M, 7) > 0 such that n(x,7) < Ce forall x € Qand r > 7o + % Hence, the function n
is a bounded distributional solution to the parabolic equation

ng—V-a(x,t,n,Vn)=0 in Q X (fy, 00),

with a(x, 7,7, Vi) := Vit + n(x, 1) f'(n(x,1))Vz(x, 1) — un and a(x,t,7, Vi) - v =0 on the
boundary of 2. Considering that with the arguments illustrated in the first part of the proof we
can find C7 := C7(p, mo, M, t) > O such that |u(x,t)| < C; forall x e Q and ¢ > 1y + %, we let
Vo(x, 1) :=n(x, )?|Vz(x, 0)|? + |u(x, Hn(x, 1)|? and ¥ (x, 1) := Cg|Vz(x, t)| + C¢C7 and then
see by means of Young’s inequality and (3.6) that

1
a(x,t,ﬁ,Vﬁ)VﬁZEIVﬁF—Wo and |a(x,t,n, V)| < |Va(x, )| + ¢ (x, 1)
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forall (x,t) € Q x (fo+ %, 00). Since (4.26) provides a bound for |Vz|2 in L ((to, o0); L 5 (Q)),
we obtain from a well known result in [23, Theorem 1.3] that [[n]| o < Cg for all

C™3 2 (Qx[1,1+1])
t > to + v with some 83(p) > 0 and Cg > 0. Picking 6 € (0, min{6;, 83}) the claim follows
immediately. O

In order to prepare a further improvement on the regularity we will show the following.

Lemma 4.6.Let p > 2, mo >0, m; >0, M >0 and T > 0. Then there exists C =
C(p,mo,my, M, T) > 0 such that if for f € C3([O, 00)) satisfying (2.2) and to > 0 the triple
(n,z,u) € CO(S_Z X [to,oo)) N Cz'l(S_Z X (to,oo)) is a classical solution of (2.9)—(2.10) in
Q x (ty, 00) with the properties that n > 0 in Q x (ty, 00) and

/”(', 1) <mgy forallt> 1, (4.28)
Q
and
fZ(', fo) <my, (4.29)
Q
as well as
[WZ(', DY <M forallt> 1, (4.30)
Q
then

z2(x,t) <C forallx e Qandt e (ty, T).

2
Proof. Because of the assumption p > 2 we have W7 (Q) — c'r (€2) and thus there exists
some constant C; > 0 such that for each ¢ € W7 () it holds that

_2
lp(0) — 9| < Cilx =y 7| Vgl forallx,yeq. (4.31)
By Lemma 2.5, Remark 2.4 and the assumptions (4.28) and (4.29) we see that

/Z(', 1) < /z(-,to) +mo(t —tg) <m;+moT forallte (1, T),
Q Q

whence for any such t € (#p, T) we can find xo(#) € Q2 such that

my +moT

z(xo(0), 1) = 2

Therefore, (4.31) in conjunction with the assumption (4.30) shows that
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2(x, 1) < z(xo(t), ) + |2(x, 1) — z(xo(2), )|
< my +moT

€2
< my +moT

€2

_2
+Cilx —xo®I' 7 1V2(, DllLr @)
1
+CoM?
holds for all x € 2, with C; only depending on p and the diameter of Q2. O

Drawing on the now proven time-local bound for z, we can rely on the Holder estimates for n
and u and well known parabolic regularity theory to the following set of further bounds.

Lemma 4.7. Let p > 2,mg > 0,m; >0,M > 0,T > 0 and t > 0. Then there exist 0 =0 (p) €
0,1) and C = C(p,mg,m1, M, T,t) > 0 such that if for f € C3([0,00)) satisfying (2.2)
and ty > 0 the triple (n,z,u) € CO(S_Z X [to, oo)) N Cz’l(Q x (to, oo)) is a classical solution
of (2.9)—(2.10) in Q x (t9, 00) with the properties that n > 0 and z > 0 in Q X (tg, 00) and

/n('ﬂ t()) < my,

Q

and
/Z(" tO) S miy,
Q
as well as
/|Vz(~, HIP <M forallt > 1,
Q
then
< < <
”n||c2+9~‘+%(s‘2x[z0+r,T]) =¢ ”Z|IC2+9‘1+%(Qx[to+r,T]) =G ”u||C2+9’1+%(§2x[to+r,T]) =C
(4.32)
Proof. By Lemma 4.6 and the fact that z is nonnegative we have
0<z=<C; inQx(t,T)
with some C| = C{(p, mg,m1, M, T) > 0. Thus, letting ¢ := e~% we obtain
e Cl<i<l inQx @, T). (4.33)

Furthermore, ¢ solves the Neumann boundary value problem ¢; = Ac + uVe — f(n)c in Q x
(to, 00) with Holder continuous coefficients, since Lemma 4.5 entails the existence of 8; € (0, 1)
and C, = Co(p, mg, M, t) > 0 such that
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Izl + [l < Cs.
ch z(sz lo+Z,T1) cov 2(Qx[z0+4 7))

Hence, according to standard parabolic Schauder theory ([16, II1.5.1 and IV.5.3]), there exists
some 6, € (0, 1) and C3 = C3(p, mg, m1, M, T, T) such that

llell =GCs,

2 F @i +3.71)

yielding the regularity assertion for z featured in (4.32) due to the lower bound for ¢ in (4.33). Re-
lying on parabolic Schauder theory once more, we can conclude from the first equation that also
n satisfies (4.32). That also u satisfies (4.32) can be readily obtained by well known smoothing
properties of the Stokes operator (see e.g. [9, Theorem 2.8], [2, Theorem 1.1]) and the bounded-
ness of n established in Lemma 4.4. O

4.3. Conditional estimates for [o|Vz|* and [, n*

In this section we will focus on obtaining a bound on fQ |Vz|*, which in view of Section 4.2 is
the main requirement for the regularity estimates we will depend on later. As a preliminary step
we derive some basic differential inequalities through standard testing procedures.

Lemma 4.8. Suppose that for f € C3(10, 00)) satisfying (2.2) and to > 0 the triple (n,z,u) €
C1(Q x (1o, 00)) is a classical solution of (2.9)~(2.10) in  x (19, ). Then

d
d—t/n2+/|Vn|2§/n2|Vz|2 forallt > ty. 4.34)
Q Q Q

Proof. By simply testing the first equation of (2.9) with n, we can rely on integration by parts,
one application of Young’s inequality, and the fact | f/(n)| < 1 to easily arrive at (4.34). O

Lemma 4.9. For any n € (0, %) there exists C > 0 such that if for f € C3([0, 00)) satisfying
(2.2) and ty > 0 the triple (n,z,u) € C*'(Q x (ty, 00)) is a classical solution of (2.9)~(2.10) in
Q X (tg, 00) withn > 0 in Q x (ty, 00), then

d /|v (2 oa /‘VW |2‘2
dt . 2 g .
Q Q
2

12
8/|Vz|6+ 7/n2|w|2+4/|w|4|vu|+c /le|2 (4.35)

Q Q Q Q

holds for all t > t.

Proof. We differentiate the second equation of (2.9) with regard to space and multiply by
|Vz|?Vz. In the resulting equality we can employ the identity Vz- VAz = LA|Vz|> — |D?z]? to
obtain upon integration by parts that
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d
a/|Vz|4+2/|V|Vz|2|2+4/|Vz|2|D22|2
Q Q

Q

—4f|vZ|ZVz~V|Vz|2 —4/|V2|2f(n)Az—4/f(n)V|VZI2~Vz
Q Q Q
9|Vz|?
v

—4/|VZ|2VZ - (Vu -Vz) +2/|Vz|2 (4.36)
Q Q2

holds for all ¢ > £y, due to the fact that u is divergence free and the assumed boundary conditions.
Drawing on arguments first employed in [13, Proposition 3.2], we can make use of the facts

that a'g—f‘z <C(Ci |Vz|2 on 92 holds for some C; > 0 only depending on 2 ([21, Lemma 4.2])

and that for fixed n € (0, %) there exists C» > 0 such that |||Vz|2||Lz(m) < r)IIVIVZIZIILz(Q) +
C2|IVzll 2 (g (cf. [24, Remark 52.9]), to obtain

\% 2
flv pRehall ' Z' /|V|Vz| ? +C3(/|VZ|2) for all 7 > 1o, (4.37)

Q2 Q Q

with some C3 > 0. For the remaining integrals, we note that since f(n) <n and |Az|? < 2|D?z|?
by the Cauchy—Schwarz inequality, we can employ Young’s inequality to see that

2 ) 1 212 6
—4 [ |Vz|*Vz-V|Vz| =3 |VIVz]*|"+8 [ [Vz]® forallt > t, (4.38)
2 2 2 4 2 2
=4 [ IVz| f(m)Az <n | [Vz|"|Az] +; n’|Vz]
Q Q Q
212,12 4 2 2

<2n [ |Vz|*|D*z|+ — [ n*|Vz|* forallt >1ty, (4.39)

n

Q Q

as well as

8
—4/f(n)V|Vz|2.Vz§g/|V|Vz|2|2+—fn2|Vz|2 for all 7 > 1. (4.40)
n
Q

Collecting (4.36)—(4.40) we thus obtain

/| o +(———n)/!vwz| . 277)/|VZ| D222
Q

<8/|Vz|6 fn V2|2 —|—4/|Vz| |Vu| + C3 /|Vz| for all t > to.

Due to the pointwise inequality |V|Vz|2|2 < 4|D?z|?|Vz|? this readily implies (4.35). O
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Combination of the two prepared inequalities will now result in the desired bounds for
fQ |Vz|* and fQ n?, if we assume that we already have suitable bounds for the quantities fQ nlnn
and fQ |Vz|. The bounds on these quantities will later on be obtained from the energy functional
upon the requirement that fQ no is small.

Lemma 4.10. Let K> be as in (1.13). Then for all mg > 0, each L > 0 and any M € (O, ﬁ)
and t© > 0 there exists C > 0 such that if for f € C3([0, 00)) satisfying (2.2) and some to > 0
the triple (n,z,u) € C*'(Q x (19, 00)) is a classical solution of (2.9)~(2.10) in € x (fo, 00)

satisfying n > 0 in Q x (t9, 00) and

/n(-,to) < my, (4.41)
Q
as well as
/n(-, )| Inn(,t)|<L and /|Vz(-,t)|2 <M forallt >, 4.42)
Q Q
then
/nz(-,t) <C and /|Vz(~,t)|4 <C forallt>ty+r. (4.43)
Q Q

Proof. First, we note that due to M < ﬁ, by continuity, one can find some small n € (0, 1)
such that

@ =2md—=mn)

(4.44)
8K>(1+1n)

Now, assuming (4.41) and (4.42) to hold, we combine the inequalities established in Lemma 4.8
and Lemma 4.9 to obtain

d 5
s [ [ivet e [19nf 4 (3 - 20) [19192PP (4.45)
Q Q Q Q
E 2 2 6 4 2
<(1+ n°|\Vz|*+8 [ |Vz]° +4 | |Vz|"|Vu| + Ci M~ forall t > 1o,
n
Q Q Q

with some C1 > 0. Herein, Young’s inequality provides Ca > 0 such that

12
<1+—>/112|Vz|2§877/|Vz|6+C2/n3 for all > 1. (4.46)
n
Q Q Q

To further control the term containing n3, we recall that by a variant of the Gagliardo—Nirenberg
inequality (cf. [3, (22)]) and Remark 2.4 we have
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3

C/ _2L /|Vn| /n|lnn| + C3 /n + C3

Q Q

=5 /IVHI2 +Cymd +C3 forallt > 1, (4.47)
Q
with some C3 > 0. Returning to the analyzation of the remaining terms in (4.45), we observe that

by Holder’s inequality, Lemma 2.3 combined with (4.41), the Gagliardo—Nirenberg inequality,
and finally Young’s inequality we can find C4, C5, Cg > 0 such that

4f|Vz|4|Vu| < 4|||Vz|2||§6(9)||Vu||L%(m < Ca(1+m0)|IV2P |76,
Q
13 2

5/6
[iwwef) | fivr ] wes| fiver
Q Q Q

1
< 5/|V|vZ|2|2+c6M2 for all £ > . (4.48)
Q

The estimation of the remaining term on the right in (4.45) is more involved. First, note that by
(1.13) we have

/|VZ|65K2 /|V|Vz|2|2 /IVZIZ + K> /IVz|4 /|VZ|2 for all 7 > ro,

Q Q Q Q Q

where additionally by the Cauchy-Schwarz inequality [,,|Vz|* < ([, Vz|® ) ( fQ|Vz|2)]/ ? for
all t > 1y, so that an application of Young’s inequality combined with our assumption (4.42)
implies that

/Wzr”us /|V|Vz|2|2 f|vZ|2 +n/|VZI6 —2 f|Vz|2
Q Q Q

M3
<K2M/|V|Vz| | +n/|Vz| + —=— 4 for all t > 1o
n

3

and therefore

8(1 KoM 2(1 K2ZMm3
(8+8n)/|Vz|6§ %/Wwﬁﬁ% for all £ > fo.
-1 —mn

(4.49)
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Collecting (4.46)—(4.49), we infer from (4.45) that for some Cg > 0 we have

d
" [n2+/|Vz|4 +C7f|Vn|2+c7/|V|vZ|2|2gcg forallt >y, (4.50)
Q Q Q Q

_ 8(1+1n)K2M

-
desired bounds, we want to derive from the inequality above a differential inequality of the form
Y(t) + Cy*(t) < C, where y(1) := [on*(-,1) + [oIVz(-,1)|* and C > 0. To this end, we still
need to estimate the terms without time derivatives, arising in (4.50) on the left, from below.
By making use of the Gagliardo—Nirenberg inequality, we firstly obtain upon use of the mass
conservation and (4.41) that

where C7 := min { % 2—2n } is positive due to (4.44). In order to conclude the

2 2 4

/n2 <Cy /|Vn|2 /n + Cy [n 5c9m3/|w|2+c9mg forallz > 1
Q Q Q Q Q

for some Cy > 0, and secondly, relying on (4.42), we find Co > O such that

2 2 4

/IVz|4 <Cio /|V|Vz|2|2 /Wz|2 + C1o fIVz|2

Q Q Q Q

§C10M2/]V|Vz|2]2+C10M4 for all # > 1q.
Q

Thus, letting Cq1 := max{2C9m(2), 2C10M2}, we see that y satisfies

Y (1) 4+ Cry*(t) < C13 forall 7 > 1,

C9m3+C10M4
Ci

we observe that y(7) := m +./ % satisfies y(¢t) < y(¢) for all ¢ > £y, implying that

with Cpp := CC—17] and C13:=Cg + . By application of an ODE comparison argument,

y(@) < Pt
Ciat Ciz

forallt >ty +t

and thus proving (4.43). O
4.4. Eventual smoothness for generalized solutions with small mass
For our next proof we will require the following result demonstrated in [32, Lemma 2.6],

which is based on an application the Trudinger—Moser inequality combined with a spatio-
temporal estimate on V In(ng 4+ 1) in L2,
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Lemma 4.11. There exists K4 > 0 such that for all ¢ € (0, 1) the solution to (3.7)—(3.9) satisfies

'
f {|Q|/(”8(x s)+1) dx}ds<K4 1+/l’lo t+ Ky fZO-i-/no forall t > 0.
0 Q

Relying on the properties previously established for F),, we can now determine some possibly
large time 7, depending on the initial data. But not on ¢ € (0, 1), for which fQ nellnngl, leVZg 2
and F (ng, z¢) are sufficiently small for all times beyond #,. This in turn will then ensure that we
can obtain the conditional estimates featured in Section 4.3 for times larger than z,.

Lemma 4.12. Let K;, K3 be as in (1.13) and (1.14), respectively. There exist constants
my, ', M > 0 and € (0, 1) such that

1 Q 1
L T L (4.51)

N<—-—
4K; e 4K;

and such that if the initial data (no, co, uo) satisfy (1.7) as well as

m:= /no <my, 4.52)

Q

then one can find t, > 0 such that for each ¢ € (0, 1) the solution (ng, z¢,uc) of (3.7)—(3.9)
satisfies

Fu(ne(,0),2¢(,00) <T forallt >1,, (4.53)
and
1 2|2
/”s( 1) |Inng(., f)|§m+— forallt >t,, (4.54)
Q
as well as
/Ist(-, NE<M forallt>t,. (4.55)
Q

Proof. We fix M € (O, Vel ) and afterwards choose some small u € (0, 1), such that

2|2 1 Q
mel and  0< A9l (4.56)
e 2 4K3 e
Upon these choices, we can pick I' > 0 fulfilling the first inequality in (4.51) as well as
M
r<—. 4.57)

4
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Furthermore, letting K4 be provided by Lemma 4.11 we can find n € (0, 1) such that

n|Qe'0K4 <

A1

) (4.58)

Relying on the previous choices and with K3, K;, given by (1.14) and Lemma 2.2, respectively,
we introduce the positive number

r r 1
) 1 v o0 1 s
4lnn7 8 5K32KM|S2|4

(4.59)

m, :=min{ 1

where the positivity follows from the facts ©, n < 1. Now given (ng, co, o) such that (1.7) and
(4.52) hold, we find £ > 0 such that fQ|M0|4 < ¢, due to D(AY) — L*(Q) ([4, Lemma 2.3 iv)]).
Moreover, since A1 > 0, we can easily find 79 > 0 such that

1
e 4y < ————— (4.60)
4K3K, Q%

holds. We next claim that the asserted inequalities are true if we fix some large ¢, satisfying the
conditions

(1+m)t, > /Z() +m, mt, > /ZO, and te > 219, 4.61)
Q Q

with zg as defined in (3.9). To verify this claim we define the sets

S1(e) =131t €(0,t,)

1
ln{@/mg(-,ml)z} ~ 8K4(1 +m)
Q

and

Sa(e):={te0,1)

/mg(-,mz - 8m
Q

and estimate their respective sizes. By Lemma 4.11 we know that for all ¢ € (0, 1) we have

[
1
1) :=/1n{@/(ng<~,r> 17} dr < Kol mon 4 K /zo—i-m ,
0 Q Q

so that the first condition in (4.61) combined with our definition of S; (&) shows that

2K4(1 +m)t, > Kg(1 +m)t, + Ky /Zo +m | > I1(s) > 8K4(1 +m)|S1(e)]

Q
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holds for all ¢ € (0, 1), meaning that
[
[S1(e)] < 1 forall ¢ € (0, 1). (4.62)

In pursuance of a similar bound for the size of |S2(¢)|, we recall that by Lemma 2.5 we have

e
I(e):= / /|Vzg|2 < /zo + mt, forallee (0,1).
0 Q

Q

Relying on the second inequality in (4.61) and the definition of S»(¢) we infer that

i, > /Zo ity = Le) = 8m|S2 ()]
Q

holds for all ¢ € (0, 1) and hence
1y
[S2(8)] < 1 forall ¢ € (0, 1). (4.63)

Now, (4.62) and (4.63) guarantee that
t
10,2\ (S1(e) U $2())| = 5 foralle e (0,1),

so that we conclude from the third inequality in (4.61) that for any ¢ € (0, 1) we can pick some
te € (19, t,) such that

1

In @ /(ng(-, te) + 1)2 <8K4(1 +m) and /|Vzg(-, t8)|2 <8m (4.64)
Q Q

hold. Relying on the elementary estimate slnﬁ <n(s+1D*+sk # for all s > 0 (cf. [41,

Lemma 5.5]), we can combine the mass conservation from Remark 2.4 with (4.52) and the first

part of (4.64) to obtain that

1 1 1
/"ec,rs)lnM < n/(m, te) +1)° +ln—/ne<-,rs> < 0¥ 4 in —.
2 123 A TIMQ nu

Now, recalling the first and second requirement for m, from (4.59), as well as (4.58), we see that

>

ot 1 T ©r T
/ng(-,tg)mM < Qe fmin— <=+ —
J M nw 4 4

In a similar fashion, the third part of (4.64) in conjunction with the second inequality contained
in (4.59) entails that
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1 , T
E [Vze (-, )" < 5
Q

and thus we obtain that

ne (s, ta)

Fu(ns('vts), Zé‘('vté‘)) Z/ns('vts)l

Q

wag( )P <T.

In accordance with (4.51) and (4.60), this allows for the application of Lemma 4.3, implying that

Fu(ne(-.0),2:¢,0)) =T forall t > 1, (4.65)

which, since 7, < t,, immediately establishes (4.53) again due to (4.51). Now, to verify that also
(4.54) and (4.55) hold, we recall that in view of Lemma 4.1 we have

29|
/”s('at)|ln”s('at)| SFu(ns(‘a t)»Zs('at))+ln/1/ns( t)+7

Q Q

Therefore, (4.65), the fact 4 < 1 and once more (4.51) imply

2|2 1 2|2
ne(-, )| Inn. (-, )| <I'+ — < —+ ——  forallt > £,
e 4K3 e
Q

proving (4.54), because t, > t.. Similarly, again relying on Lemma 4.1 and (4.65), we conclude
that due to (4.57) and the first restriction in (4.56), we have

Q 202 M M
2 I<2F w2 M oMy
e 2 2

/|st( DI <2F, (e, 0,26, 1)) +

forall t > ¢,
which proves (4.55). O
The bounds for fQ nglnn, and fQIVz3|2 at hand, we can first draw on the conditional esti-
mates on |, olVze |* from Section 4.3 and afterwards on the conditional regularity estimates from

Section 4.2 to obtain the following result.

Proposition 4.13. Let m, > 0 be as provided by Lemma 4.12. Suppose that (ng, co, ug) satisfy

(1.7) as well as
/nO =< My,

Q

and let (n, ¢, u) denote the global generalized solution of (1.3)—(1.5) from Theorem A. Then there
exists T > 0 such that
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neCz’l(S_Zx[T,oo)), ceCZ’l(S_ZX[T,OO)) and ueCz’l(S_ZX[T,OO);RZ),
(4.66)

that

c(x,t) >0 forallx e Q andanyt > T,

and such that (n, c, u) solves (1.3)—(1.5) classically in Q x (T, 00). Moreover, one can find u > 0
such that
1 ul

Fu(nG,0),z¢,0) < K e forallt > T, (4.67)

. o— C
with 7 :=—1In Tl
Proof. Let K>, K3 be provided by (1.13) and (1.14), respectively. In view of Lemma 4.12 we
can find u € (0,1),T € (0, ﬁ — M-\:ﬂ)’ M e (0, ﬁ), L > 0 and ¢, > 0 such that for any choice
of ¢ € (0, 1) we have

Fu(ne(,1),2:(,0)) <T forallt > 1, (4.68)

and

/n6(~,t)|lnns(~,t)| <L aswellas f|Vz6(~,t)|2 <M forallt>t,.
Q Q

Since M < ﬁ, we may employ Lemma 4.10 to obtain C; > 0 such that for any ¢ € (0, 1) we
have

/|Vzg(-, H*<cy forallt>t, + 1.
Q

This bound at hand, Lemma 4.7 yields 8 € (0, 1) such that for each T > t, + 2 we can pick
C»(T) > 0 such that

n 9, . + Iz 9, + |lu P < Co(T
I 5||c2+9~‘+7(s2x[r,+2,r]) I 6”02*9*”7(Qx[z.+2,r]) I 8”C2+6’1+7(Q><[I*+2,T])_ 2T)

for all € € (0,1). In view of the Arzela—Ascoli theorem, we can find a subsequence (&}, )ren
of the sequence provided by Lemma 3.2, along which n., z. and u, are convergent in
Clzr;cl (S_Z X [t + 2, oo)). The respective limits of n,, z, and u, must clearly coincide with n, z
and u, which ensures that n, ¢ and u have the desired regularity properties in (4.66). Addition-
ally, the continuity of z implies ¢ > 0 in  x [T, 00) and passing to the limit for ¢ = ¢ e N0
in (4.68) we easily obtain (4.67) due to I' < ﬁ — @ Letting & = ¢, \( 0 in (3.7) we first
conclude that (n, z, u) solves (2.9)—(2.10) with f(&) =& classically in Q x (T, 0o0), which then
in combination with ¢ > 0 in € x [T, 00) entails that (1, ¢, u) solve (1.3)—(1.5) classically in
Qx[T,00). O
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4.5. Stabilization of solutions with small energy

This section discusses the last missing part for the proof of Theorem 1.1, which is the con-
vergence properties featured therein. Since from the last section we already know, that our
generalized solutions will be classical solutions after some waiting time, we will concern our
investigation only with convergence of classical solutions to (2.9). Before proving the desired
large time behavior we require one additional preparation in form of a time-independent Holder
bound from Vz.

Lemma 4.14. For all mo > 0, M > 0, © > 0 there exist 6 € (0,1) and C > 0 such that
if for f € C3([0,00)) satisfying (2.2) and to > O the triple (n,z,u) € C°(Q x [tp, 00)) N
c>! (S_Z x (to, oo)) is a classical solution of (2.9)—(2.10) in Q x (tg, 00) satisfying

/l’l(', t()) =< my,

Q

and

/|VZ(',I)I4 <M forallt>ty,
Q

it holds that
IVz( D)oy =€ forallt =10+ 7. (4.69)

Proof. The arguments are quite similar to the ones employed in [41, Lemma 4.9] and we will
not recount all details here. First, we note that by Lemma 4.4 we can find C > 0 such that

InC, Ol sy < C1 forall > 7 =10+ % (4.70)

Now, we may choose some 8 € (0, 1) close to 1 such that 8 > }T and afterwards g > 1 satisfy-

ing % < é < % — B. With these values fixed we will make use of several well known estimates
for the Neumann heat semigroup (e_SB)PO in L*(Q), where B := —A + 1 (e.g. [36]). More-

over, for any fixed 6 € (0,28 — %) we have that D(B?) < C7(Q) ([10, Theorem 1.6.1]) and
hence

IV@llco (@) < C2ll B ¢ll 2y forall p € D(B?), @.71)
with some C, > 0. Letting

Sii= max (t—1)PIVz(.Dllcorey and S$p(T):= max [|Vz(,D)lleo(q
telto,fo+1] (@) telto+1,T] (@)

for T > t9 + 1 we continue by estimating S(T') := max {S1, S2(T)}. Consequently, with 7, (¢) :=
max{t — 1, o} we start by representing z(-, t) according to
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t
2y =2+ e B (20 ) =20 ) - / eI TIRVZ( 5)P ds
131

t 1

—|—'/e’_se_(’_s)Bf(n(-,s)) ds—/et_se_(t_s)Bu(~,S)Vz(‘,s) ds. 4.72)

n n

In the case of 1 — 7y < 1 we make use of Young’s inequality, (4.71), the semigroup estimates
for the Neumann heat semigroup, and the fact that f(s) <s for all s > 0 to obtain C3 > 0 such
that

IV2C. Dllcogay < Caelt =) PllzC. 70) — 2. 10l 4

t
+ C3€/(f =) [IV2C )P Ly ) d

0]

t t
+C3€/(t =) PInC, ) 4y ds +C3€/(l =) U, 9172y g 05,

) 1

(4.73)

holds for all t <7y + 1, where y := 8 + L_ % < 1. Herein, (4.70) and Lemma 2.3, and the fact
that 8 < 1 imply the existence of C4 > 0 such that

t t
cgefu =) PlInC, )l s ds +cge/<t =) P lluC, 9175 q) ds

1o 0]

Cy
l—ﬂ’

t
fc4f<r—s)—ﬂds§
I

for all 7 > 7y + 1, and the Poincaré inequality provides Cs > 0 satisfying

- 1 _
lzC.s) —2C 94y < CslIVz(, )l pa@) = CsM 4+ forall s = 1.

Furthermore, by means of the Holder inequality we see that

4 1
[1V2C, )P oy = 1V2C 91740 IV26 9 f0(0) < MTNVEC )G g
for all s > 19,

with a := %, and hence for all > #y) + 1 we have
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t 1
—y 2 L — l—y—Ba —Y5—Ba
(=) [1IV2C9) | g, ds < M7 ST (1 —To) (1—0) 7o Pdo
0 0
: =1
< CeM 1S (1 —10)! V7P,

where we used that fol(l — o) Yo P4do =: Cg is finite due to the facts that 0 < a < 1,
0 < B <1and y < 1. Accordingly, from (4.73) we infer that

— 1 — C
(t =) IV2( 1)l o) < C3CseM + C3CoeM 1 St — 1) 7 +170F 4 ﬁ

<C7+C75¢

for all 7 € [fg, fp + 1], with some C7 > 0, which implies that S| < max{l, (2C7)ﬁ }. Similarly,
in the case r € [fy, T] we conclude from (4.72) that

1 t
1 1 _ —
192, )iy < CsM & + CsM /(r—s) anZ(-,s)ngg@)ds+cg/(r—s) P s,
-1

t t—1

for some Cg > 0. In both of the cases r <7y + 2 and ¢ > 7y + 2 we can estimate

t t t
/ (t—9)77|Vz(-, S)||‘é6(§z) ds < 8¢ / (t—5)7V(s—1) P%ds + S5(T) / (t—s)"Vds
r—1 t—1 -1

§C5Sf+;S§(T)
I—vy

with Cs as defined above. Therefore, for suitable large C9 > 0 we have
$2(T) <Co+CoS5(T) forall T >1+1,

which implies that S>(7") < max{l, (2C9)ﬁ} =: 8, for all T > 7y + 1. Consequently, together
with the previous estimate for Si, this establishes (4.69) with C := max{S|, %, N |

Assuming that the energy F,(n,z) remains small for all times succeeding some waiting
T > 0, which according to Proposition 4.13 is true for the generalized solutions with small mass,
we will now show that any given solution to (2.9)-(2.10) in  x (T, oo) will satisfy the asymp-
totic properties described in Theorem 1.1. Here we explicitly allow 7' = 0, because if the energy
is already suitably small initially we can transfer these asymptotic properties also to the global
classical solutions discussed in Section 4.6.

Proposition 4.15. Assume T > 0, £ > 0 and let m, > 0 be_as in Lemma 4.12. Sgtppose that for
f € C3(10, 00)) satisfying (2.2) the triple (n,z,u) € C°(Q x [T, 00)) N C*1(Q x (T, 00)) is
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a classical solution of (2.9)~(2.10) in  x (T, 00) satisfying z € CO([T, 00); W'-3(Q)), m :=
an(-, T) <my 0<n=#0, and fQ|u(-, T)|4 </{, as well as

L el

inf F, 1),z(,t — 4.74
Inf w(nG),z( ))<4K3 p; 4.74)
for some > 0. Then
_ 1 . oo
n(-,t)y—>nr :Zﬁ n(G-,T) inL™(Q) ast— oo, 4.75)
Q
and
Vz(,t) =0 inL*®(Q) ast— oo, (4.76)
and
inf z(x,1) — 00 ast — oo, 4.77)
xeR
as well as
u(-,) =0 inL®(Q) ast— oo. (4.78)

Proof. The convergence of n and z can be proved by relying on the methods shown in [41],
Lemma 6.1], whereas the decay of u then follows by adapting the arguments illustrated in [39,
Lemma 5.3]. For the sake of completeness we only recount the main steps and refer to the men-
tioned sources for more details. Recalling that m, < %, we can first find 7o > T such
4K7K,|Q14
that Le=*10=T) 4 1y < % and then rely on (4.74) and Lemma 4.3 to see that we can
4KIK, Q%
pick #, > t9 > T such that

%Fu(”(',l‘),z(-, 1) <0 forallt>1,, (4.79)
and
Fu(n(,1),z(,1) < Cy:= é — M|e9| forall t > t,, (4.80)
and that with some « > 0,
00 o0
/ lv:|2+K//|AZ|2§C2 - %. 4.81)

e Q L Q

Since (n, z, u) solve (2.9) classically in Q x (T, co) by Remark 2.4 we have
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/n(-, ty=m forallt>T, (4.82)
Q

and thus, making use of (4.2) and (4.80), we see that
2|Q| 2|2
nC,0nn(, 0] < Fu(n(.0),z¢.0)+np | n(, o)+ - = Ci+mlnp+ Y
Q Q
(4.83)

holds for all ¢t > 7,. Since W!1(©) — L2(), a Poincaré—Sobolev inequality implies the exis-
tence of C3 > 0 such that

lg — @l 2 < C3lIV@llL1iq forallgp e WH(Q). (4.84)

Similarly, by means of elliptic regularity theory we can find C4 > 0 satisfying

3
IVl 2 < Call Apll 2 forall g € W**(S) such that 8—‘” =00ond2. (4.85)
v

According to (4.84) and the Cauchy—Schwarz inequality we thus have

o0

n ’
Q

Ly

0 o0
/ 110 1) =712 0 di = C3 / IVull2 1y de <mC3
1 I

whereas (4.85) shows that

T 00
/||Vz(.,;)||iz(mdtng//qu,
[ Q

[
By combination of the two previous estimates with (4.81) we thereby see that

° 2

_ C
/ { G, 1) =7 l72 g, + 1 V2C z)||iz(9)} dt < Co(mC3 + 7“) (4.86)

[~

which implies that there must exist (f;)ren C (%, 00) such that #z — oo and such that
n(,ix) >nr inL*(Q) and Vz(,1%)— 0 inL*(Q) (4.87)

as k — oco. Relying on the convexity of 0 < & — £ In£ and the Jensen inequality we see that

/(plngodx > /¢1n¢ for all positive ¢ € C°($2),
Q Q
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and thus, we can make use of the mean value theorem, the Cauchy—Schwarz inequality, the first
convergence in (4.82), and (4.87) to obtain

05/n(.,zk)1nn(-,zk)—/ﬁlnﬁzfn(.,tk)(lnn(-,tk)—1nﬁ)
Q

Q Q

< / n(, tx)(Inn(, i) — Inny)

{n(.0)>n7}

1 —
=< %H”(', 2@ llnC, i) —nrl2q — 0 ask— oo. (4.88)

This, together with the definition of F, and the second convergence established in (4.87) shows

that FM(n(-, t), z(-, tk)) — C5:= fQﬁlnE as k — oo, which in turn by the monotonicity

n
property (4.79) implies

Fu(n(-,0),2(,1)) > Cs ast— oo.

In view of (4.88) this convergence actually yields

—0o0 —>00

. 2 . n(at)
limsup [ |Vz(-,0)[* =2limsup { Fy(n(,1),z(.1)) — | n(:,0)In <2C5—2C5=0.
Q Q #
(4.89)

Combining this with the bound provided by (4.83) we may first employ Lemma 4.10 and after-
wards Lemma 4.5 and Lemma 4.14 to obtain #,, > t,, 6 € (0, 1) and C¢ > O such that

n - < Cg, u _ <Cq, and |Vz(,t 5 < C
170 gy = €0 M08y = Co IV2C, Dlleo @) = Co

(4.90)

for all ¢ > t,,. If the asserted convergence for n in (4.75) was false we could find (#x)ren C
(t4x, 00) and C7 > 0 such that f; — 0o as k — oo and

In(-, &) —nrllLe@) = C7 forallk €N,

implying that, due to the uniform convergence of n in Q x [£,x, 00) asserted by (4.90), there exist
(x)keny C 2, r > 0, and T > 0 such that B, (x;) C 2 for all k € N and

C I
]n(x, t) — W‘ > 77 forall x € B, (x;) and each t € (t, ty + 7).

In turn this would show that
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I+t 2
/ InG, 1) = A7, dt > tnr forallkeN,
(€2) 4
I

contradicting the spatial-temporal estimate (4.86) and thus proving (4.75). In a similar fashion,
assuming that (4.76) is false, in view of the second portion of (4.90), we could find (f)ren C
(tex, 0), (Rt)ken C 2, r > 0, and Cg > 0 such that fy — 0o as k — oo and B, (%) C S for all
k € N as well as

|Vz(x,fx)| > Cs forall x € B, (%) and each k € N.

This implies that

/IVz(~, i)? > Cinr? forallk €N,
Q

which contradicts (4.89) and thereby proves (4.76). For (4.77) we make use of the fact that (4.75)
together with the nontriviality of n establishes the existence of some #,. > T satisfying

n(x,t) > ’%T forall x € Q and ¢ > t4s,

whence, by relying on the nonnegativity of z and parabolic comparison with the function Q x
[axx» 00) 3 (X, 1) > 5(F — Luxx), We see that

2. 1) > %T(z — 1) forallx e Qandt > ..,

ensuring (4.77). In order to prove (4.78), we recall that the Stokes operator A in L(z, (R2) is positive
and self-adjoint with compact inverse and as such, there exists a complete orthonormal basis
(Yr)ken of eigenfunctions of A to positive eigenvalues Ag, k € N. Since J,,, en span {y |k < m}
is dense in L(ZT (£2), in view of the uniform Holder continuity of # in € X (fu, 00) from (4.90),
we only have to show that for each k € N we have

/u(x,t)~wk(x)dx—>0 ast — oo. 4.91)
Q

To this end we fix k € N and let y(¢) := fQu(x, t) - Yr(x)dx, t > T. From the third equation in
(2.9), the eigenfunction property of 1, as well as the fact that V - ¢, =0 we obtain
V(1) = —hk /u Y+ /(n —n7)Ve - Yy foralls>T. (4.92)
Q Q

Since n — n7 in L*°(Q) as t — oo by (4.75), for any given § > 0 we can find ¢, > T such
that
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_ Sk
/(n(x,t)—nT)V¢>~1pk(x)dx == forall > t,,
Q

which shows upon integration of (4.92) that, due to the boundedness of u in Q2 x (T, 00), we
have

t
Aid 8
y(t) < y(to)e_)‘k(t_’°) + % / e MU= o CoeMrl—1o) > for all ¢ > ¢,

[23

with some Cg > 0. Now letting f., := max {to, to + i In 25&} we have

ly(t)] <6 forallt > t.,
yielding (4.91) and thus completing the proof. O

All that is left is to gather the results of our previous two propositions to conclude the proof
of Theorem 1.1.

Proof of Theorem 1.1. With m, > 0 provided by Lemma 4.12 we obtain from Proposition 4.13
that for any initial data (ng, cg, ug) satisfying (1.7) as well as (1.8), there exists 7 > 0 such that
the solution (n, ¢, u) from Theorem A has the regularity properties featured in (1.9) and the pos-
itivity of ¢ in Q x (T, 00) as claimed in (1.10) are valid. Since (4.67) from Proposition 4.13
furthermore guarantees that inf;. 7 F), (n(-, 1), z(, t)) < & — & ‘eﬂl, we may employ Proposi-
tion 4.15 to obtain (1.11) and (1.12). O

4.6. Global classical solutions for small initial data. Proof of Theorem 1.2

As mentioned in the introduction, the result featured in Theorem 1.2 is a by-product of our
previous analysis. Our main tools in the proof will on one hand be the fact that the assumed
smallness conditions for the initial data, expressed in (1.15) and (1.16), allows for the choice
of o = 0 in Lemma 4.3, and on the other hand the uniqueness statement from Lemma 2.1.
The uniqueness statement is essential, since we can only guarantee the global existence for our
approximate solutions when f(s) = f.(s) with f:(s) provided by (3.5).

Proof of Theorem 1.2. We denote by (n, c,u) the local classical solution from Lemma 2.1
for f(s) = s, extended to its maximal existence time 7Ty,4r € (0,00]. Then, writing z :=
—1In (m) and 7 := min{1, %}, we infer that Cj := |||l Loqx (0,7)) is finite, by the con-

tinuity of 7 in Q X [0, Tjqx). On the other hand, let us also consider the approximate problems
(3.7) and denote the corresponding solutions by (ng, z., us) with € € (0, 1). According to [32,
Section 2.1] these solutions are global for each of these ¢ € (0, 1). For these solutions and p as
in (1.16) we have

1 [|Vzol?

Fu(ne(-,0),2:(-, 0)) = C2 :=/noln@+—/| Z20| forall € € (0, 1),

1% 2 o
Q Q
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and furthermore, defining m,, := % we conclude that the inequalities contained in (1.15)
8K2K,|Q|4

imply

1
/|M0|4€_MI +/n0 <————— forallz > 0.
4AK2K,|Q|3
Q Q 3

In light of (2.6) and (1.16) we have C» < ﬁ — & ‘eﬂl , Lemma 4.3 becomes applicable, asserting
that

Fu(ne(-,1),2:(,1)) <Cp forallt >0andeache € (0, 1).
Thanks to Lemma 4.1 this implies that for any ¢ € (0, 1) we have
2[82| 2 . 21182
ne lInng(-,1)| <Ca+Inu [ np+—— and [Vzel* <M :=2Cr + ——
e e
Q Q Q
forall r > 0.

Herein, the second restriction on C, from (1.16) shows that

2 2ulQl  2ulf 1
_M||+M||_

M<— =—.
8K, e e 4K,

Hence, we may employ Lemma 4.10 to find C3 > 0 such that

/|VZ5(-, N*<cy forallt > % and each ¢ € (0, 1).
Q

In turn, Lemma 4.4 becomes applicable and provides C4 > 0 such that

Ine(-, 1)L < Cs forallz >t and every ¢ € (0, 1). (4.93)

Now, fixing ¢ € (0, 1) so small such that it satisfies ¢ < min Ci], C%: }, we see that by the defini-

tion of f. in (3.5) we have
fem)=n inQx [0, 1],

from which, in view of the uniqueness statement contained in Lemma 2.1 when applied to the
system (2.1) with f = f,, we infer that

(n,2,u) = (ng, ze, ue) I Q2 x[0, 7]
for our fixed ¢. On the other hand, relying on (4.93) and the second restriction on & we also have

fe(ng) =ng in Q x (r,00) and (ng, z¢, us) actually solves (2.9) in Q x (7, 00) with f(s) =s.
Now, making use of the uniqueness result from Lemma 2.1 once more, when applied to (2.1)
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with f(s) = s, guarantees that 7,4, = 0o and that (n, z, u) = (ng, Z¢, ue) in Q x (0, 00). The

. . . .. . 1 1L
desired convergence properties easily follow from Proposition 4.15, since C < e O
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