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Abstract

In this paper, we establish the well-posedness and optimal trajectory regularity for the solution of stochas-
tic evolution equations with generalized Lipschitz-type coefficients driven by general multiplicative noises.
To ensure the well-posedness of the problem, the linear operator of the equations is only need to be a gen-
erator of a Cp-semigroup and the proposed noises are quite general, which include space—time white noise
and rougher noises. When the linear operator generates an analytic Cy-semigroup, we derive the optimal
trajectory regularity of the solution through a generalized criterion of factorization method.
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1. Introduction

In this paper, we study the well-posedness and optimal trajectory regularity for the solution of
the semilinear stochastic evolution equation (SEE)

dX (1) = (AX (1) + F(X(1))dt + G(X(1))dW (), te€(0,T;
X(0) = Xo

(SEE)

in a separable Hilbert space H, under weak assumptions on the data. Here 7 is a fixed positive
number and W := {W(t) : t € [0, T]} is a Q-Wiener process with values in another separable
Hilbert space U with respect to a stochastic basis (2, .7, (%;):e[0,1], P)-

The well-posedness and the regularity for the solution of an SEE are two fundamental issues
in both mathematical and numerical analysis (see, e.g., [2], [4], [5], [6], [7], [9] and references
therein). These two problems for Eq. (SEE) with finite dimensional multiplicative noises or infi-
nite dimensional affine noises have been studied extensively; see, e.g., G. Da Prato, S. Kwapieii
& J. Zabezyk [8], N. Krylov [15], S. Tindel, C. Tudor & F. Viens [17] and Z. Brzeziiak, J. van
Neerven, M. Veraar & L. Weis [1] and references therein. For Eq. (SEE) with finite or infinite
dimensional multiplicative smooth noises, we refer to M. Hofmanova [11] and X. Zhang [21]
where the authors studied conditions on the coefficients and the noises to ensure the existence
of a continuous strong solution and the infinitely often differentiability in the spatial variable for
the solution of Eq. (SEE), respectively. Recently, the authors in [19], [20] and references therein
studied the maximal L?-regularity for stochastic convolutions and applied to Dom(—A) > _well-
posedness of Eq. (SEE) with strong Lipschitz conditions.

One may expect that the solution of Eq. (SEE) with certain assumptions on the initial da-
tum Xy, the coefficients ' and G, inherits the same regularity as the solution of the associated
linear SEE

dX () =AX@®)dt +dW(), te@O,T; X(0)=Xo. (1)

It is well-known that the unique solution of Eq. (1) is given by X (-) = S(-)Xo + Wa(-), where
S(-) := e’ is the semigroup generated by A and W, (-) is the so-called Ornstein—Uhlenbeck
process

t
Wa(t) := / St —r)dW(r), tel0,T]
0

If S(-) is a Cy-semigroup, then by Itd isometry Wy defines an H -valued stochastic process if and
only if [ IS I2dr < oo.

To study the teélporal regularity of Wy, the authors in [8] introduced a factorization for-
mula which was then applied to study numerous SEEs by a lot of researchers in different
settings (see, e.g., [13], [18] and references therein). Under the additional assumption that
fOTr_2“||S(r)||2Lgdr < oo holds for some « € (0, 1/2), [8] proved that W4 has a continuous

version in H. Moreover, if S is supposed to be an analytic Cy-semigroup satisfying certain prop-
erties (see (5)), then
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W4 eC(0,T]; H?) as. )

for any 8,6 > 0 with 6 + 6/2 < . The limit case o = 1/2 is included when Q is a trace operator
(see [9, Theorems 5.15 and 5.16]). Moreover, the optimality of this regularity is shown by a
counter-example in [8] when A is self-adjoint and positive definite. A natural problem whether
one can extend the optimal regularity result (2) to the case 6 > 2« is unknown.

Another related interesting problem is to generalize this type of trajectory regularity to
the solution of Eq. (SEE) with general data. An important result is given by A. Jentzen and
M. Rockner [14], where the authors studied the well-posedness and regularity for the solution
of Eq. (SEE) driven by a multiplicative trace class noise. Under the assumptions that S(-) is an
analytic Cyp-semigroup, F: H - H and G : H — Eg are Lipschitz continuous, ||G(z)|| ol <

C(1+|zlly) for some y € [0,1) and any z € H”,and X € LP?(Q2; HP) for some B € [y, y +1)
and p > 2, they proved the existence of a unique mild solution X € L*°([0, T']; LP(%; HPEY)
such that

E[IX() - X I}] < Cln = 0l357, 1 nelo,7), 3

for any 6 € [0, 8) and that X is continuous with respect to || - ”LP(Q;H»“)- It is not clear whether
the solution of Eq. (SEE) possesses the trajectory continuity in H#. On the other hand, how to
derive the optimal regularity of X for general 8 and y remains open.

As a consequence of (3) for 8 € [y, y + 1) and the Kolmogorov continuity theorem,

X (t1, @) — X (12, 0)|lg < C(@)|t1 —12]®, 11,02 €[0,T], we L, 4)

forany 6 < [IA(B—0)]/2—1/p and 8 < B —2/p provided that p > 2. To derive the trajectory
continuity of X in HY, one needs the restriction that 8 > 2 /pand 8 < B —2/p. Indeed, whether
X possesses the trajectory continuity in HY when B < 2/p with 8 € [0, B] or B > 2/p with
0 €[B —2/p, B] is still unknown.

The above questions are main motivations for us to study the well-posedness and optimal
trajectory regularity for the solution of Eq. (SEE). Another motivation is to relax the assumptions
on the data Xy, A, F and G of Eq. (SEE), which can handle more SEEs in applications. These
motivations lead to the following

Main Problem 1.1. To derive the well-posedness and optimal regularity for the solution of
Eq. (SEE) under less assumptions on its data.

To study the well-posedness and optimal trajectory regularity for the solution of Eq. (SEE) and
answer the aforementioned questions, we adopt a complete different method compared with [14].
It should be noticed that, to establish the well-posedness of Eq. (SEE) under less assumptions
on the data, we only need that S(-) is a Cp-semigroup. To show that the solution is continuous
a.s., we need an additional assumption (see Assumption 2.3). In order to study the trajectory
regularity for the solution of Eq. (SEE), we do not use spectral representation for the linear op-
erator A; our main assumption on the operator A is that (5) holds. Thus our well-posedness and
continuity results (see Theorems 2.1 and 2.2) hold for Cy-semigroup and our regularity results
hold for analytic Cy-semigroup (see Theorems 2.3 and 2.4). These results are also new for de-
terministic evolution equations under our assumptions. We also mention that the well-posedness
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and regularity for the solution of Eq. (SEE) in Banach setting have been studied in a companion
paper [12].

The rest of this article is organized as follows. In the next section, we give our main idea
and results and present several concrete examples which satisfy our assumptions. We prove our
well-posedness as well as trajectory regularity results in Sections 3 and 4, respectively.

2. Main results

To perform the formulation, let us recall some frequently used notations. Let (H, || - || )
be a separable Hilbert space and A : D(A) C H — H be the infinitesimal generator of a
Co-semigroup S(-). In the study of the regularity for the solution of Eq. (SEE), we assume fur-
thermore that S(-) is an analytic Co-semigroup such that the resolvent set of A contains all A € C
with M[A] > 0. Then one can define the fractional powers (—A)? for y € R of the operator A
(see, e.g., [14, Section 2] or [16, Chapter 2.6]). Let HY be the domain of (—A)% equipped with
the norm

V4 .
lxlly == I(=A)2x]l, xeH".

In particular, H* = H. We will need the following properties of the analytic Co-semigroup S(-)
(see, e.g., [16, Theorem 6.13 in Chapter 2]):

(= SOl ey =Ct™F, (=A@ —Wdp)llgemy < Ct”, &)

for any 1 € (0,T], o = 0 and p € [0, 1], where Idy denotes the identity operator in H and
(LCH), || - | z¢ary) denotes the space of bounded linear operators in H.

Let U be another separable Hilbert space and Q be a self-adjoint, nonnegative definite
and bounded linear operator on U. Denote by Up := Q%U and Eg := HS(Uy, H), the
Hilbert—Schmidt operator from Uy to HY . The spaces H, U and [,g are equipped with Borel
o-algebras B(H), B(U) and B(E}z’), respectively. Let W := {W(¢) : ¢t € [0, T]} be a U-valued
Q-Wiener process in a stochastic basis (2, .7, (%)ie[0,17, P), i.e., there exists an eigensystem
{(qn, hn)};2; of Q where {h,};2 | forms an orthonormal basis of U and a sequence of mutually
independent Brownian motions {f;}72 ; such that (see [9, Chapter 4])

W)=Y Q hur() =" /auhaPr(®). 1€[0.T]. (©)
n=1 n=1

Definition 2.1. A predictable stochastic process X : [0, T] x 2 — H is called a mild solution of
Eq. (SEE)if X € L*°(0, T; H) a.s. and for all ¢ € [0, T] it holds a.s. that

X@)=SOOXo+S*x F(X)@)+ SoGX)(@), (7)
where S F(X) and S ¢ G(X) denote the deterministic and stochastic convolutions, respectively:

Sx F(X)(-) :=/S(-—r)F(X(r))dr,

0
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SoG(X)() = / S¢—=r)G(X@r)dW(r).
0

We say that X is the unique mild solution of Eq. (SEE) if Y is another solution, then X and Y
are stochastically equivalent, i.e., P{X (1) =Y ()} =1, € [0, T].

Let6® > 0. Weuse LP(2;C([0, TT; He)) to denote the Banach space consisting of H?-valued
a.s. continuous stochastic processes X = {X (¢) : ¢ € [0, T']} such that

1
”X”LP(Q;C([O’T];HG)) = (E[ sup ||X(l)||g:|) b < 00,
t€[0,7T]

and LP(€2; C%([0, T; I-'Ie)) with § € (0, 1] to denote H?-valued a.s. continuous stochastic pro-
cesses X ={X (¢): t € [0, T]} such that

1

IX WL @:coqo.m1.70)) * = (]E[ sup IIX(t>||£])”
1€[0,T]

1
Xt -X P\ »
G ey ) <
1,5€[0, T 155 |t —s|

Our main aim is to find the optimal constants ¢ and ¢ such that the solution of Eq. (SEE) is
in LP(Q;C%([0, T]; H?)). For convenience, throughout C is a generic constant which may be
different in each appearance.

2.1. Main idea

To study the well-posedness and spatial regularity for the solution X of Eq. (SEE), the main
idea of our approach is to use a Burkholder-Davis—Gundy inequality and a weak assumption
on the diffusion coefficient G (see Assumption 2.2) to bound the stochastic convolution (see
Section 3 for more details):

t
|WoGaxohuQm5sc(/nﬂr—ncav»ﬁmgqﬂﬂ
0

t 1

2
< c(/ K&t —r(1+ IIX(r)lle(sz;He))zdr>

0

for any spatial regularity index 6 > 0. Similar argument is applied to the deterministic con-
volution S * F(X). Then by Hélder inequality, to bound [|X ()|l q. o) reduces to solve the
following type of integral inequality with convolution:

t
05ﬂ05mﬂ+/Ka—nﬂnw,temTL ®)
0
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where f(-) is bounded, m(-) is non-decreasing and K (-) is nonnegative and integrable (which
may have some singularity at 0) on [0, T']. To overcome this difficulty, we establish a new version
of Gronwall inequality with singular kernel, i.e., there exists a constant Ag such that f(r) <
262! m(t) (see Lemma 3.1). Then we obtain the uniform moments’ estimation for the solution of
Eq. (SEE) under || - ||g-norm (see (12) and (15), respectively).

Using the fixed point argument, a general Lipschitz continuity assumption (see Assump-
tion 2.1) is used to establish the well-posedness as well as the optimal spatial regularity for the
solution of Eq. (SEE) (see Section 4 for more details). In this procedure, another difficulty arises
from the fact that (%@p , - ler) (see (29) and (39) for definitions of these two norms) for 6 > 0
is not a Banach space, while we only assume that the coefficients are Lipschitz continuous in
I - ||-norm rather than || - ||g-norm. This difficulty is a key problem of regularity analysis for semi-
linear stochastic partial differential equations (SPDEs) and has been pointed out in [14] and [21].
To overcome this difficulty, we first utilize the fact that %p M):={Z e %”gp 4 ”,%”9” < M}
with || - || sz»-norm forms a complete metric space for any M > 0 and p > 1 (see Lemma 3.2),
which allows us to apply the Banach fixed point theorem to conclude the existence of a unique
local solution of Eq. (SEE). Then we obtain the global existence by the aforementioned, uniform
a priori estimation.

Our main idea to deal with the trajectory regularity for the solution X of Eq. (SEE) is the
factorization formula

t
SoGX)(1t) = Smgm) /(r — S — )Gy (r)dr, 9)
0
where « € (0, 1) and
t
Go (1) = /(z 1St — GXF)AW ). te0.T]. (10)

0

Similar factorization formula holds for the deterministic convolution S x F(X). To derive the
Holder continuity for the solution of Eq. (SEE), we give a generalized characterization (see
Proposition 4.1) of temporal Holder continuity of the linear operator R, defined by

t
R, f(t) = /(t - lse - r)f(r)dr, te(0,T] an
0

As a consequence of this characterization, we prove the optimal regularity of the Ornstein—
Uhlenbeck process W4 (see Corollary 4.1), which generalizes (2) to the case y > 2«. An
interesting consequence of the above characterization formulas is that we can obtain stronger
moments’ estimations (14) and (15), which is not a trivial property for the mild solution of
Eq. (SEE) under weak assumptions on its data.

2.2. Main results

To perform our main results, we give the following assumptions on the coefficients F and G.
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The first assumption is the following Lipschitz-type continuity and linear growth condition,
which is the main condition to yield the well-posedness of Eq. (SEE).

Assumption 2.1. There exist two nonnegative, Borel measurable functions K r and K¢ on [0, T']
with

1

T T
2
K :=/KF(t)dt <oo and KQ:= </K(2;(t)dt> < 00,

such that for any x, y € H and almost every (a.e.) ¢ € [0, T'] it holds that

ISOF) = Krp@)A+llxlD),  [ISEOF ) = F)I = Kr@)llx = yll,
ISOG)l g = KaOA +[xID,  ISO(G ) =GNy = K@ llx = ylI-

To study the spatial regularity for the solution of Eq. (SEE), we need more growth conditions
on F and G. Throughout y is a nonnegative number, which partially characterizes the spatial
regularity for the solution of Eq. (SEE).

Assumption 2.2. There exist nonnegative, Borel measurable functions K¢, and K¢, on [0, T']
with

T T 1

2
K} = / Kr,(t)dt <co and K[ := (/Kéﬂt)dz) < 00,
0 0

such that for any z € HY and ae.r € [0, T'] it holds that
ISOF @Iy < Kry O +lizlly),  ISOG@I gy < Ke,y O+ lizlly)-
In particular, when y =0 we set Kr o= Kr and Kg,0 = K¢
To obtain the temporal regularity for the solution of Eq. (SEE), we perform the final assump-

tion.

Assumption 2.3. There exists a constant & € (1/p, 1/2) with p > 2 such that

T T 1
2
Kr® ::/t*“KF,V(t)dt <oc0, K§%:i= </t2"‘Ké’y(t)dt> < 00.
0 0

Remark 2.1. Assumptions 2.1-2.3 are weaker than those of [14, Section 2] where the authors
assumed that F : H — H and G : H — Lg are Lipschitz continuous and for some y € [0, 1),
||G(z)||£g < C(1+|zlly) for any z € H” . Indeed, forany € (0, T], y €[0,1) and z € HY,

IS@F (I, < ||(_A)%S(t)||L(H) NE@Ny-1 = C”(_A)%S(t)”ﬁ(H)(l + llzlly),

Please cite this article in press as: J. Hong, Z. Liu, Well-posedness and optimal regularity of stochastic evolution
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and

ISOG@ gy = ISOlle) - 1G@N gy = CUSOll e+ Nizlly)-

Similarly, for any # € [0, T] and x, y € H there holds that

1
IS (F(x) = FNI = CI(=A) 2SOl ccayllx — yll,
ISOGE) = GONgy = CISOll e llx = VI
Set Kp =KFp,, = C||(—A)%S(~)||[;(H) and K¢ = Kg,y = C|IS() |l c(my- By the smooth estima-

tion (5), Kr, KF,, are integrable and K¢ (¢), K., are square integrable on [0, T'], which shows
Assumptions 2.1-2.2. One can also derive Assumption 2.3 with « < 1/2, since

T T

T
/r_“KF’y(t)dr + / r_zo‘Ké’y(t)dr < C/ (r_("“r%) —i—r_z“)dr < 00.
0 0 0

Our first main result is the following well-posedness result of Eq. (SEE).
Theorem 2.1. Let p > 2 and X : @ — H be F%y/B(H)-measurable such that Xy € L?(Q2; H).
Assume that S(-) is a Co-semigroup and Assumptions 2.1 holds. Then Eq. (SEE) possesses a
unique mild solution X = {X (¢) : t € [0, T]} such that the following statements hold.

(1) There exists a constant C = C(T, p, Kg, Kg) such that

sup E[IX()1”] = ¢ (1+E[1%0117]). (12)
1€[0,T]
(2) The solution X is continuous with respect to || - || Lr (. H):
lim B[1X(1) = X@)I”] =0, n,1€(0,T] (13)
1=

Remark 2.2. To the best of our knowledge, Theorem 2.1 is even new for related deterministic
PDEs, i.e., Eq. (SEE) with G = 0, under the minimum Assumption 2.1 on F.

Under the conditions of Theorem 2.1, similarly to the additive case as in [9], one can say
nothing about the continuity of the trajectory for the solution X of Eq. (SEE). However, if As-
sumption 2.3 holds for y =0, we can show that X possesses a continuous version in H by the
factorization method even in the case of Cy-semigroup. Moreover, we derive stronger moments’
estimation than (12).

Theorem 2.2. In addition to the conditions of Theorem 2.1 with p > 2, assume that Assump-
tion 2.3 holds for y = 0. Then the mild solution X of Eq. (SEE) belongs to L?(2; C([0, T1; H)).
Moreover, there exists a constant C = C(T, p, «, K%a, Kg’“) such that

Please cite this article in press as: J. Hong, Z. Liu, Well-posedness and optimal regularity of stochastic evolution
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E[ sup 1X1"] = c(1+E[1x0”]). (14)
1€[0,T]

Our next main result is the following optimal spatial regularity for the solution of Eq. (SEE).
Theorem 2.3. Let y > 0, p > 2 and Xo: Q2 — H? be 90/B(H7)—measurable such that Xy €
LP(Q2; HY). Assume that S(-) is an analytic Cy-semigroup and Assumptions 2.1-2.2 hold. Then
the mild solution X of Eq. (SEE) satisfies the following statements.

(1) There exists a constant C = C(T, p, K;, Kg) such that

sup E[IX(0)112] = ¢ (1+E[1x012]). (1)
t€[0,T]
(2) The solution X is continuous with respect to || - lLr e mm-
lim E[IX(1) = X@)I2] =0, 1.1€[0,7]. (16)
n—n

Analogously to Theorem 2.2, we can obtain stronger moments’ estimation than (14) and show
the a.s. continuity for the solution of Eq. (SEE) in H?, under the additional Assumption 2.3.
Moreover, our last main result derives the following optimal trajectory regularity for the solution
of Eq. (SEE).

Theorem 2.4. In addition to the conditions of Theorem 2.3 with p > 2, assume that X : 2 — HF
is Fo/B(HP)-measurable such that Xo € L?(2; HP) and Assumption 2.3 holds with B >y > 0.
Then the following statements hold.

(1) When y =0, forany § € [0, — 1/p), 61 € (0,20 — 2/ p) and 62 < B there holds that

0 .
X € LP(Q:CP([0. T H) U LP(:C* 7™ 2 ([0, TT: H*))
mAl 76
NLP(Q;C 2 ([0, T]; H?)). (17)
(2) Wheny >0, forany 5 € [0, —1/p), 0 € (0,y), 01 € (y,y + 20 —2/p) and 6, < B there
holds that

X e LP(Q:C0(0,T]; H') U LP(S; C“‘%([o, T1: H%))
U LP(Q: C P T (0, T ) N LP(Q: ¢ A0, TT: H®)). (18)

Remark 2.3. In the analytic Co-semigroup case, (17) strengthens the continuity results in The-
orem 2.2. Moreover, (17) and (18) show the a.s. continuity for the solution of Eq. (SEE) in
HP for B <y + 20 —2/p. When B > y + 2a — 2/p, one could not expect that the solution
of Eq. (SEE) is a.s. continuous in H# due to the optimal regularity of the Ornstein—Uhlenbeck
process; see Corollary 4.1. We also note that (17) and (18) show the Holder regularity for the
solution of Eq. (SEE) in H? when 8 <2/p with 6 € [0, y +2a —2/p) N[0, B] or B > 2/p with
0<B<y+2a—-2/p.
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Remark 2.4. Theorems 2.1-2.4 establish the well-posedness and optimal trajectory regularity of
the solution of Eq. (SEE) for general 8 and y under more general Assumptions 2.1-2.3, and thus
give an answer to Main Problem 1.1.

Applying our main results in Theorems 2.1-2.4, we have the following well-posedness and
regularity results for Eq. (SEE) under the type of assumptions in [14].

Corollary 2.1. Let f > y =0, p > 2 and Xo : Q@ — HP be ﬂo/B(Hﬂ):measurable such that
Xo € LP(2; HP). Assume that S(-) is a Co-semigroup and F: H — H™', G : H — £g are
Lipschitz continuous.

1. Eq. (SEE) possesses a unique mild solution X = {X(¢t) : t € [0, T]} which belongs to
LP(2; L°°(0,T; H)) such that (13) and (14) hold. If p > 2, then X € L?(2; C([0, T]; H)).
Assume in addition that S(-) is analytic, then

5 40 LN )
X e LP(Q;C' ([0, TT; H™) N LP(Q2:C 2 "([0, T1; H™))

forany 81,601,600 >0withé1+61/2<1/2—1/p and 6, < B.
2. If S(-) is analytic and |F(x)|ly,—1 < C( + |Ix|l,), ||G(x)||532/ <C{+lxlly). Then X €

LP(2; L®°(0, T; H?)) such that (16) holds. If p > 2, then

B—6

X e LP(;CO1([0, TT; HY)) N LP (¢ 2 M ([0, TT; H%))
forany 81,601,600 >0withéy <[IA(y +1—=61)]/2—1/p and 6, < B.

Proof. Taking into account Remark 2.1, we note that Assumptions 2.1-2.3 hold with o < 1/2.
Thus we conclude the first claim by applying Theorems 2.1, 2.2 and 2.4 and another claim by
applying Theorems 2.3 and 2.4.

2.3. Examples

The main aim of this part is to give several concrete examples which satisfy our main As-
sumptions 2.1-2.3. Our main model is the following second order parabolic SPDE:

dX(t,8) = (AX(t,8)+ V- f(X(1,8))dr + g(X(1,8)dW (1, ),
X(t,8)=0, (t,&¢e€l0,T]xa0, (SHE)
X(0,8)=Xo(), §€0,

where ¢ C R? is a bounded open set with regular boundary. Without loss of generality, we
assume that X is a deterministic function which vanishes on the boundary 0.

Set U = H = L*(0) and A = A with domain Dom(A) = H, () N H*(0). Then there exists
an eigensystem {(A,, en)};’lo=1 of —A: —Ae, = Mye,, k € Ny, where {kn}z‘;l is in an increasing
order and {e,}>>; forms an orthonormal basis of H. Assume that f, g : R — R are Lipschitz
continuous functions with Lipschitz constant L 7, L, > 0, i.e., for any &; and &, € R there holds
that
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[fGE1) = fEDI=LylEr =&l g1 —g&)] < Lglé1 — &l 19)

Let {(gn, h,,)}zi1 be an eigensystem of Q where {h,,}go:] forms an orthonormal basis of H, and
W ={W(): t €[0,T]} be an H-valued Q-Wiener process given by (6). Define the Nemytskii
operators F : H — H~'(0) and G : H — L(H), respectively, by

F)@E) =V f(x(€), G)hn(§):=/qng(x(E)hn(§), (20)

forx € H, k e N; and & € 0. Then Eq. (SHE) is equivalent to Eq. (SEE) with F and G given
by (20).

In the following we will use (L*°(&), || - || L (¢)) to denote the essentially bounded function
space and (C¢(O), || - llce(¢)) for some € € (0, 1) to denote the Holder function space over &.

2.3.1. White noise

We begin with the case of white noise. Assume that W = {W(¢) : ¢ € [0, T']} is an H-valued
cylindrical Wiener process, i.e., Q = Idy or equivalently, g, = 1 for each k € N in (6). In this
case, it is known that G defined by (20) is not a Lipschitz continuous operator from H to £9;
indeed, G(H) ¢ Eg. However, we can verify that F and G satisfies Assumptions 2.1-2.3 with
y = 0 (Assumption 2.2 reduces to Assumption 2.1 when y =0).

Lett € (0,7T] and x, y,z € H. By the definition of Lg-norm and the estimate ||e, ||z o) <

C)x,(flfl)/z, n € N, for the eigensystem of Dirichlet Laplacian (see, e.g. [10]), we get

ISOG@IZy =) e P lg@enl* <C [xﬁ‘le‘“n’] A+ lz1).

n=1 n=1

Similarly,
o
ISO(G ) =GO =C Y [xz—le—%f} llx = 1%
2 n=1
Define

o0 1

Kg(1) :=C(Z[}\g—le—”n’}>2, 1€(0,T]. (21)

n=1

By Weyl’s law that A, ~ m?/¢ (here M ~ N means C{N < M < CoN for two nonnegative
numbers C; and C;), we obtain

T

o
d—
/Kg(t)dt ~ S T

0 n=1

which converges if and only if d < 4/3. Thus only for d = 1, K defined by (21) is square
integrable on [0, T']. Meanwhile, for o < 1/4,
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T

T
/t‘z"‘Ké(t)dtfcft_zo“%dt < 0.
0 0

On the other hand, for the nonlinear drift term, by the definition (20) and the Lipschitz condi-
tion (19) we get

IS@OF @) = ||(_A)%S(t)||/:(H)||F(Z)||—l <Cr 31+ |zl

IS((F(x) — FO) < Ct2]lx — ..

Define

Kr(t):=Ct™2, 1€(0,T]. 22)
Then the function K¢ defined by (22) is integrable on [0, 7] and for o« < 1/2,

T T

/t‘“Kp(t)dt fcft“"‘%dt < 00.

0 0

Thus we have shown Assumptions 2.1-2.3 with y =0 and « € (0, 1/4). As a result of Theo-
rem 2.4 with Xo € H'/2, y =0and o € (0, 1/4), Eq. (SHE) driven by an H-valued cylindrical
Wiener process possesses a unique mild solution in L?(€2; C°([0, T']; HY)) for any p > 1 and
5,0 >0withs +6/2 <1/4.

2.3.2. Colored noises
Next we give an example in the case of colored noises which satisfies Assumptions 2.1-2.3
for some y > 0 and generalizes the examples from [14, Section 4].
Letye(0,1),1€(0,T],x,ye Hand z € H? . For y € (0, 1/2), by the Lipschitz condition
(19) we have f(z) € HY and I fI, <CA+|zlly) for any z € HY . This inequality holds
true for any y € (1/2,1) provided that f(0) = 0. Such additional requirement is due to the
characterization of HY (see, e.g., [9, Appendix (A.46)]):

(23)

7 — Wv2(0) for ye(0,1/2),
|Hxew”2(0): xl3e =0} for ye(1/2,1),

where W?-2(0) is the Sobolev—Slobodeckij space whose norm is defined by

X (&) — X ()2 2
X200 = (uxniz(ﬁ) //' © |d+(2"y)' u) .

It follows by dual argument and the Lipschitz condition (19) that

Please cite this article in press as: J. Hong, Z. Liu, Well-posedness and optimal regularity of stochastic evolution
equations with multiplicative noises, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.10.005




YJDEQ:9575

J. Hong, Z. Liu/ J. Differential Equations eee (eeee) eee—eee 13

IS@F @)y = ||(_A)%S(t)||£(H)||f(Z)||y < KryOUA+lzlly),
IS@(F(x) = FOyNl = ||(_A)%S(t)||E(H)||f(x) —fWII=CKp@llx — yll.

Define
Kr(t)=Kp,(t):=Ct"2, 1e(0,T]. (24)
Then the functions Kr and K, defined by (24) are integrable on [0, 7'] and for any o < 1/2,

T

T
ff_aKF’y(l)dt gc/t“"%dt < 00.
0 0

For the diffusion term, we assume that the eigensystem {(gn, 1,)}nen, of Q satisfies

Q=Y gullhnlfoo(, < oo (25)

n€N+

This condition is valid when Q is a trace class operator with uniformly bounded eigenfunctions.
We use the uniform boundedness (5), the Lipschitz condition (19) and the assumption (27) to
derive

ISOGE) = GOy < ISOWzwy Y NG = GOl

neNy

<C Y ullhallf g lIx = yI* < CQollx — yII*.

neN4

Similarly,

ISOG @7y = I=A)ISD 2 Y 1G@AI* < CQor ™ (1 + |1z

neNy

Define
Kg(@):=C, Kg,,(t):= Cf%, te(0,T]. (26)

Then the functions K¢, K¢, defined by (26) are square integrable on [0, T'] for any y < 1 and
fora < (1 —y)/2,

T T
/t_zaKé’y(t)dt < C/t‘(zo‘ﬂ’)dt < 0.
0 0

Thus we have shown Assumptions 2.1-2.3 for &, y > 0 such that y + 2o < 1. Applying Theo-
rem 2.4 with Xo € H! and y + 2o < 1, Eq. (SHE) driven by an H-valued Q-Wiener process W
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given by (6) such that (25) holds possesses a unique mild solution in L?(£2; (o, T1; I:Ia)) for
any p >1and §,0 > O suchthat 2§ 46 < 1.
If more smooth and decay properties on the eigensystem {(gy,, h,)}sen, of Q are imposed,

using Theorem 2.4 leads to more regularity for the solution. Assume that there exists a constant
€ € (0, 1] such that

Q= gullnllge gy < oo @7)

n€N+

By the uniform boundedness (5), we get

ISOG@IZy < ISOWzw) Y anllg@hally <C 3 aullg@hnlly-

neNy neNjp

It is shown in [14, (27) in Section 4] that

Y anllg@halliyya < C D anllbalge o llg@ ey, Yy <€

n EN+ nEN+

Then we conclude by the Lipschitz condition (19), the assumption (27) and the characterization
(23) that

ISOG@ 7y = CQe(1 +I1zll,)?,

for any y < 1/2 A € and for any y € (0, €) \ {1/2} provided that g(0) =0 or h,|5, = O for all
n € N4. Define

KG(t) =K,y (1) :=CQe, 1€(0,T]. (28)
Then the functions K, K¢, defined by (28) are square integrable on [0, T'] and for a < 1/2,

T

T
/t_zaKé,y(t)dt < C/t_zadt < o0.
0 0

Thus we have shown Assumptions 2.1-2.3 with « € (0,1/2) and y € (0,1/2 A€) or y €
(0, )\ {1/2} provided f(0) = g(0) = 0. Applying Theorem 2.4 with Xo € H>/2,y € (0, 1/2A€)
and o € (0, 1/2), Eq. (SHE) driven by an H-valued Q-Wiener process W given by (6) such that
(27) holds for some € € (0, 1] possesses a unique mild solution in

LP(Q;C% ([0, T1; HY)) U LP(2; ([0, T1; H))
forany p > 1, 81 € (0, 1‘/2), 0e(y,1+y),60€0,(1+y—6)/2)and y € (0,1/2 A€). Assume

furthermore that X € H2, £(0) =0 and g(0) =0 or &, |5, = 0 for all n € N, then this solution
belongs to
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LP(:C7 ([0, T]; HY)) UL (2: C*((0, T1: H))

forany p>1,8;€(0,1/2),0 € (y,1+y),82€ (0, (1 +y —6)/2) and y € (0,¢) \ {1/2}.

3. Well-posedness and optimal spatial regularity

Our main task in this section is to establish the well-posedness and the optimal spatial regu-
larity for the solution of Eq. (SEE).

We first establish the well-posedness and uniform p-moments’ estimation (12) for the solution
X of Eq. (SEE) under Assumption 2.1 (see Theorem 3.1). Then we show that X is continuous in
L?(2; H) (see Proposition 3.1). Combining these results and arguments, we give the proofs of
Theorems 2.1 and 2.3 at the end of this section.

3.1. Well-posedness

For p > 2, denote by 57’7 the space of all H-valued predictable processes Y defined on [0, T']
such that

IYllsgr == sup (E[||X(f)||p])%<oo. (29)

te[0,T]

Note that after identifying stochastic processes which are stochastically equivalent, (€7,
Il - | s#r) becomes a Banach space.

To derive the uniform bounds (12) and (14) for the solution of Eq. (SEE), we prove a version
of Gronwall inequality with singular kernel.

Lemma 3.1. Let m : [0, T] — R be a non-decreasing and bounded function and K : [0, T] —
R be a measurable and nonnegative function such that

T

or = / K (r)dr < oo.
0

Assume that f is nonnegative and bounded on [0, T such that

t

f@) <m()+ / K@ —r)f(r)dr, te][0,T].

0

Then there exists a constant Lo = Ao(T, ar) such that
f(0) £2M'm ().

Proof. We extend the functions f,m, K to f, m, K , respectively, in R by setting them to be 0
outside [0, T']. Then we get
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t

f) <m@)+ / K@t —r)f(r)dr.

0

Multiplying the above both sides by e~ with A € [0, 00), we obtain

t
M) <e Mm@t) + f e MR (1 — r)e ™ f(r)dr.
0

Set fi(t) =e ™ F(1), m.(t) = e Mii(t) and K, (1) = e ™K (1), t € [0, T]. Then we have

t

f/\(t)Smx(t)-i-/Kx(t—F)fx(F)dﬁ

0
Since a7 (X) := fOT K (t)dt decreases in [0, c0) and
limar(A) =ar <oo, lim ar(A) =0,
A—0 A—>00

there exists a A9 € (0, co0) such that

T

1
aT(Ao)szAO(t)dt< 3
0

Thus

t

Jro () =myy(t) + sup fxo(r)</K,\o(V)dr>

rel0,t] o

1
= m)»()(t) + = sup f)»()(r)v
2 v ef0.1]

from which we get

sup fao(r) <2 sup my,(r).
rel0,t] rel0,z]

Therefore,

e M F() < sup e M f(1) <2 sup e MVRi(r) < 2m(1).
ref0,1] rel0,t]

Consequently, we have

Please cite this article in press as: J. Hong, Z. Liu, Well-posedness and optimal regularity of stochastic evolution
equations with multiplicative noises, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.10.005




YJDEQ:9575
J. Hong, Z. Liu/ J. Differential Equations eee (eeee) eee—eee 17
@) <2Mm(t).
This completes the proof.

Remark 3.1. From the proof we can see that the constant 2 can be replaced by any constant
larger than 1.

Theorem 3.1. Let p > 2 and X : Q2 — H is Fo/B(H)-measurable such that Xy € L?(Q2; H).
Assume that the linear operator A generates a Co-semigroup and Assumption 2.1 holds. Then

Eq. (SEE) possesses a unique mild solution X such that (12) holds.

Proof. For Xo € L?(2; H) and X € P define an operator .# by

MX))=SHXo+S*x F(X)@®)+ S0 G(X)(1), (30)

where ¢ € [0, T]. We first show that .# maps 7 to J€P.
By Minkovskii inequality, we get

Ay < ISOXol 1y + S5 FCOO] Ly + 50 GOD .
By the uniform boundedness of the semigroup S, we set

M(t):= sup ||IS(r)|, te€l[0,T]. a3
rel0,r]

Then

||S(-)Xo||%),, <Mzl XollLr;H)-

By Minkovskii inequality and Assumption 2.1, we get

t
IS * F(X)|lzr < sup /HS(I =) F (X)) lLr i mdr
rel0.71

t

=< sup /KF(I =) A+ 1X e, a))dr
tE[O,T]0

T
< ( / Km)dr) <1 + ||X||.m>.
0

For the stochastic convolution, applying Burkholder-Davis—Gundy inequality and Assump-
tion 2.1, we obtain
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]E[IISOG(X)(t)IIP] </IIS(t—r)G(X(r))IILp(Q 9 )

t

%
- </ K2 —n)(1+ ||X<r>||msz;m)2dr)
0

t p

< (/Ké(r)dr>2(1+ ||X||m)p.
0

Then

T 1

) 2
1S GXOlr < (/ KG<r>dr) (11X 1.

0

Combining the above estimates, we have

|| ,pp < Mzl XollLr@:my + Nr(1+ 11X 11er),
where N (¢) is the non-decreasing, continuous function defined by

t t

1
N(t):/KF(r)dr—i- (/Ké(r)dr)z, t€l0,T].
0 0

Thus ||///(X) || wop <00 and . maps P to AP,
Next we show that .Z is a contraction. To this end, we introduce the norm

1

I¥Ylena = sup e (E[I1X017])", (32)

tel0,T]

which is equivalent to || - || 4» for any u > 0. Then for X!, X2 € s#P-*, previous arguments yield
that

(X" (&) — A (X*) (Ol Lr: 1)
t

/ S(t —r)(F(X'(r) — F(X*(r)))dr
0

LP(Q H)

LP(2H)

t
+ H / St = r)(GX' () — GXP(r))AW (r)
0
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t

< f Kr(t —m) X () — X209 o undr
0

t 1

2
+ (f K& —nlx' o) - X2(r>ll%p<a:ﬂ>d”)
0

t t

1
ur _ 2ur g2 oo : 1_ y2
< " Kp(t —r)dr + e Ko (t —r)dr |1 X" — X sepu.

0 0

Then

A (X1) — A (X2) | v < Ne@) I X' — X2 v,

where

t t 1
2
Nr(u) = sup e’”(/ e"" Kp(t —r)dr + (/ ez’"Ké(l — r)dr) )
1€[0,T]

0 0

T T 1
2
:/e_”rl(p(r)dr—l— (/f””l(é@)&)
0 0

It is clear that the function N7 : Ry — R, is non-increasing and continuous with N7(0) =
N1 < 00 and N7 (00) = 0. Thus there exists a sufficiently large u* € R, such that Ny (u*) < 1.
As a consequence, the operator ./ is a strict contraction in (7, || - || sp..+), which shows the
existence and uniqueness of a mild solution of Eq. (SEE) such that

sup ]E[||X(t)||P] <00, 33)
tel0,7T]

The existence of a predictable version is a consequence of [9, Proposition 3.6].
It remains to prove the estimation (12). Previous idea implies the following estimation:

I XN rm < MO XollLr@:a) + N@)
t
+ / Kr(t = DIX )| Lo dr
0

t 1

+ (/Ké(t—r)IIX(r)II%mz;H)d’)
0

Then by Holder inequality, we have
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2
IXO1 iy = 3(MO 1 Xoll oy + N )

3 t
+3</KF(r)dr></KF(t_r)”X(r)”%P(Q;H)dr)
0 0

t

+3 / K3 = DIX (g0,
0

Set fort € [0, T']

m(t) :=3(MO XollLr: 1) + N(t))2, K@) := 3(K2KF(t) + Ké(r)).

It is clear that m is non-decreasing and bounded, K is integrable on [0, T'] and

t
IX N p gy <m) + / K(t =X p gy dr
0

Applying the uniform boundedness (33) and Lemma 3.1, we conclude (12).
3.2. LP(2)-continuity

Under the conditions of Theorem 3.1, we can show that the solution X of Eq. (SEE) is con-
tinuous with respect to || - || Lr(Q: H)-

Proposition 3.1. Assume that the assumptions of Theorem 3.1 hold. Then for any t1,t, € [0, T]
there holds that

Jlim E[1X (1) = X ()] =0. (34)
1=

Proof. Without loss of generality, assume that 0 <#; <, < T. Due to the strong continuity of
the Cp-semigroup S(¢):

(S@)—Idg)x >0inHast—>0, VxeH, (35)
the term S(-) X is continuous in L?(2; H):

tim E[15(1)Xo — $(2) Xoll”]

11—

= lim E[(S(2 = 1) = 1dm)S ) Xoll”] =0, (36)
1=

Next we consider the stochastic convolution S ¢ G(X). By Holder and Burkholder—Davis—
Gundy inequalities, we get
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E[IS 0 G)(1) = S0 GO’

1
< ( f 1(S(t2 = 1) = 1) S (1 — r)G(X(r))Hip(Q;Lg)dr)
0

P
2

9}
+ (/ |S(t2 — r)G(X(r))||ip(Q;£g)dr> =11+ .
n
For the first term, by the uniform boundedness of the Co-semigroup S(¢) and the uniformly
boundedness (12) of X, we get
P

n
2 P
Ilgc(/Kg(r)dr> <1+||X||%»,,> < 00.
0

Then I tends to 0 as t; — t, by the strong continuity (35) of the Cyp-semigroup S(¢) and
Lebesgue dominated convergence theorem. For the second term, we have

h—1 P
2 p
125<f Ké(r)dr) (1+||X||m) 50 as H—>h
0

by Lebesgue dominated convergence theorem. Therefore,
Jlim B[S 0 GX) (1) — S0 GO | =0. (37
Similar arguments can handle the deterministic convolution S * F (X):
tlli_I)I}zE[IlS*F(X)(tl)—S*F(X)(tz)llp]=0- (38)
Combining the estimations (36)—(38), we derive (13).
3.3. Proof of Theorems 2.1 and 2.3
In this part, we prove Theorems 2.1 and 2.3.
Proof of Theorem 2.1. Combining Theorem 3.1 and Proposition 3.1, we conclude Theorem 2.1.
To study the spatial regularity for the solution of Eq. (SEE) and prove Theorem 2.3, for 6 > 0

and p > 2, we denote by %@p the space of all H-valued predictable processes Y defined on
[0, T'] such that

1V1 = sup (E[||X(t)||g])%<oo. (39)

te[0,T]
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Unlike the proof of Theorem 3.1 where we used the fact that (JZ7, || - || ;»») is a Banach space,
(%p | - lls#p) for & > 0 does not form a Banach space. However, the following result shows
that

A (M) :={Z e A} : IZ1 sp = M} (40)
with norm || - || s#» is a complete metric space for any M > 0 and p > 2.

Lemma 3.2. For any M > 0, p > 1 and 0 > 0, the space jfep (M) defined by (40) with norm
Il - | szr is a complete metric space.

Proof. Let M >0, p> 1 and 6 > 0. Assume that {u,},en, C %P(M) and u, — u in J£P as
n — 00. Then {uy}nen, is uniformly bounded in Jfgp by M and thus there exists a subsequence,

which we still denote by {u,,},eN, , such that u, (¢) - u()in LP(2; H) fora.e.t €[0, T].
Since for each p > 1 and 6 > 0 the space L?(2; H 9) is reflexible and

(L7 B - Nl oo o) = (LP Q5 HD, - Nl ),

we conclude by [3, Theorem 1.2.5] that the limit u belongs to %p such that

||'4||Loo((),T;Lp(Q;H6)) =< lizn_l)i%f””" ||L00(0,T;LP(Q;H6)) =M.
This shows that u € %@p (M) and completes the proof.

Lemma 3.2 allows us to apply the Banach fixed point theorem to conclude the existence of
a unique local solution of Eq. (SEE). Then we prove the global existence by a uniform a priori
estimation.

Proof of Theorem 2.3. Let X € 4/ and X', X? € 7P. Using similar arguments as in the
proof of Theorem 3.1 yields that the operator .# defined by (30) satisfies

[ CO s = MrIXoll o @, 5y +Ny (T (141X ]yp )
Il (X1) = A (XD ser < Ny (DX = X v
where M () is defined by (31) and N,, is a non-decreasing, continuous function defined by
t

! 1
N, (1) ;:fKF,y(r)dr+ (fKé,y(r)dr)z, tel0,T].
0 0

Since N, is non-decreasing and continuous with N, (0) = 0, there exists a small enough T
such that N, (T') < 1. Taking M sufficiently large such that
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M MT”XOHLP(Q;HV) + Ny(T)’
= 1= N, (T)

we conclude that .# maps %’j,p (M) to Jzﬁ,p (M) and is a contraction under the || - || j»»-norm for
sufficiently small time 7. By Lemma 3.2 and the Banach fixed point theorem, given any 7' > 0
there exists a deterministic time 7 € (0, T') satisfying N, (t) < 1 such that Eq. (SEE) possesses
a unique local mild solution {u(z) : t € [0, 7]} which possesses a predictable version such that

sup IE[||X(;)||I;] <00, (41)
t€l0,1]

It remains to prove the uniform a priori estimation (15) to conclude the global existence for
the solution of Eq. (SEE). Let ¢ € [0, t]. Similar arguments as in the proof of Theorem 3.1 imply
the following estimation:

”X([)”LP(Q,HV) S M(I)HXO“LP(Q,HV) + Ny(t)
t
+ / Kry(t = DX gy dr
0

t

2
+ (/Ké’y(z—r)IIX(r)IIZLp(Q;m)dr) :
0

Then by Holder inequality, we obtain

t
IXOIE g0, =070+ [ Kyt =DIXOIE 1,0
0

where

my (6) == 3(MOI Xoll vy + Ny ) Ky (1) :=3(K}pKp,, (1) + K3, (0).

Itis clear from Assumptions 2.1-2.2 that m,, is non-decreasing and bounded and K, is integrable
on [0, T]. Then applying Lemma 3.1, we conclude by the boundedness (41) that there exists a
constant C = C(T, p, K %, K é) independent of 7 such that the aforementioned local solution
satisfies the following a priori estimation:

sup E[IX()112] = c(1+E[1X012]).
tel0,7]

Since the above constant C is independent of t, Eq. (SEE) exists a unique solution on [0, T']
such that (15) holds.

To prove (16), set t; < t, without loss of generality. Let us note that it follows from the proof
of Proposition 3.1 that
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E[I1S 0 GOO®M) = S0 GO |

n 2 4

< (f (E[H(S(tz — 1) = DS —r)G(X(r»HﬁD ”dr)z
0

n—n

g
+</ Ké’y(r)dr> (1+||X||§fyp>,
0

which tends to 0 as 71 — t» by strong continuity (35) of the Cp-semigroup S(¢) and Lebesgue
dominated convergence theorem. Similar arguments can handle the deterministic convolution
S x F(X) and the term S(-) Xo:

lim E[||S<> G(X)(t)— So G(X)(rz)n';] =0,
1—n

. _ Pl—
Jim E[115(1)Xo — S Xoll2 ] =0.

This completes the proof of (16) and thus the proof of Theorem 2.3.
4. Optimal trajectory regularity

Now we consider the trajectory regularity for the solution of Eq. (SEE) in H? for some 6 > 0.
The main tool is the factorization method introduced in [8].

To derive more temporal regularity of X, we generalize a characterization of the temporal
Holder Continuity for the linear operator G, defined by (11) in [9, Proposition 5.14] (see Propo-
sition 4.1). Then we obtain the optimal temporal regularity of X by this characterization (see
Theorem 4.1) and thus prove Theorem 2.4.

4.1. Proof of Theorem 2.2

Factorization method is a powerful tool to show the existence of a continuous version of the
solution of an SEE. It is first introduced by G. Da Prato, S. Kwapieii & J. Zabczyk [8] to the
stochastic setting; see also [9, Proposition 5.9].

We begin with a continuity characterization of R, defined by (11).

Lemma4.1. Let S(-) be a Co-semigroup generated by A. Assume thatp > 1, p>0,a > 1/p+p
and E1, E> are Banach spaces such that

1S®xlg, <Ct™P|x|lg,, t€(0,T], x € Er.
Then Ry, defined by (11) is a bounded linear operator from LP (0, T; E;) to C([0, T]; Ey).

Now we can prove Theorem 2.2 by the above lemma.
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Proof of Theorem 2.2. The property (35) and Lebesgue dominated convergence theorem yield
that

[1S(2) Xo — S(t) Xoll = 1(S(r2 — 11) — Idm)S(t1) Xol| — O

as t; — tp. Thus S(-)Xo € C([0, T]; H).
By Burkholder—Davis—Gundy inequality, we get

1
1Ga Loy < ( / I =TS — r)G(X(r)>||i,,(Q;£g)dr>
0
1

- (/r_zru(g(r)dr)7 (1 + ||X||%},,).
0

Then by Fubini theorem, we get

T
E[||Ga(r>||£p(oj;m] =/E[||Ga(r>||1’]dz
0
T t P
(sl
< / /r “KG(r)dr> dti|(l+||X||jfp> < 0.
0 0

This shows that G, € L?(0,T; H) a.s. Applying Lemma 4.1 with £y = E = H and p =0,
we have that S ¢ G(X) € C([0, T]; H). Similar argument yields that S * F(X) € C([0, T]; H).
Combining the continuity of S(-)Xo, S * F(X) and S ¢ G(X), we complete the proof of the
continuity of X in H.

For the term S(¢) X, we have

8l sw 150 Xoll?] < M7E{1X017]

By the factorization formula (9) for § ¢ G(X) with G, being given by (10), we have

sup [|[SoGX)®|”
t€l0,T]

) » T L
5 <sm(na)) (/rml)p’dr) ( sup /||S(t—r)G (r)llpdr>
T J t€[0,T]
T
. p
er (222 s nrs)
0
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On the other hand, by Fubini theorem and Burkholder—-Davis—Gundy inequality, we obtain

T
[ G (t)ll”dt} /E[IIGa(I)Ilp}dl
0

%
(/g NTEISE = NGX g, 0,8 )dt

T 1 5 :
</</ —2aKé(r)dr>2dt)(1+||X”.2}/f1’>2
0

<25 (x3) (1+1x1%,, ).

O\ﬂ O\\]

IA

Thus we get

: p
]E|: sup HS<>G(X)(1)||”:|§ trermp (k) (sm:m)) (1+1x1%,,).

te[0,T]

Similarly, we have

IE|: sup ||S*F(X)(t)|}p:|
te[0,T]

P
3
) » T t p P
STap—lMng;ﬂ) (/ <[r_°‘Kp(r)dr) dr) <1+ ||X||,7f1’>
0 0

p(si p
<2 'y (K} (Smgm)) (1+1X1%,)-

Combining the above estimations, we obtain by Holder inequality that

T t
: p
< T"‘P‘M;(m;ﬂ) (/E[H /(r — )78t = r)F(X(r))dr
0 0

E[ sup IX)I7] = c(1+E[1x0l?] +1X1%,, ),
t€[0,T]

from which and (12) we conclude (14).
4.2. Holder continuity criterion
To deduce more temporal regularity of the deterministic and stochastic convolutions, one

needs to assume that S(-) is an analytic Cp-semigroup generated by A. From now on we assume
that the linear operator A generates an analytic Cop-semigroup such that (5) hold.
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We have the following characterization of temporal Holder continuity of the linear operator
R, defined by (11). The case 8 = 0 was derived in [9, Proposition 5.14]. We give a self-contained
proof for completeness.

Proposition 4.1. Let p > 1, l/p<a<landp,8,5>0. Then Ry defined by (11) is a bounded
linear operator from LP (0, T; H?) to C*([0, T); H?) when a, p, 6, 8 satisfy one of the following
conditions:

l.0=a—1/p—© —p)/2when0 >panda > 6 —p)/2+1/p;
2. 6<a—1/pwhen 6 =p;
3. =a—1/pwhen 6 < p.

Proof. Let0 <1 <t <T and f € LP([0, T); H?). Then

| R f (12) — Ra f (11) |l o

=<

4]
/ (= 1) (=A)IS(ty — r) f(r)dr
n

3]
+ H /[(tz =)= - r)“‘l](—A)%S(r)f(r)dr
0

4]
+ H / (11— ) (=A)IS(ty — 1) — (A IS(ty — )1 £ (r)dr
0

=NL+5L+15

Assume that 8 > p. Then we have

5]
= H / (=) (= A) TS = ) (—A) 8 Frdr
n

1
< ( / (12 — @ (—=a) 2 5(1, —r>||1”dr> !
1

1%) 1
x (/ ||(—A>%f<r)||pdr)".
n

Since the semigroup S(-) is analytic, by (5) there exists a constant C > 0 such that
6—p 6—p
[(=A)Z SHIl<Ct~ 2, te(OT]

Consequently,
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Ih—1

i b 1
115c< / r<°”92">P’dr)” ( / ||<—A)‘2’f<r)||l’dr)"
0 1

6—p 1
a_f=p_1
<C(—1) 2o ||f||Lp(o,T;1-'1ﬂ)-

Similarly,

/ ’ 1

[t — I")a_l —(h — r)()l—l]p o

12 < C<f ©—p)p’ dr ||f||LP(O’T’Hp)
0 (h—r) 2

Using the fact that

we get

5]

(11 — )@ Dr =052\ 7
IZSC(/W—(Q—")(U == gr ||f||Lp(o,T;Hn)
0 (tz —}’) 2

131
_1_f=py,y 11—y, [
sc(/m—m(“‘ 2P~ —r) T ”’dr) I Lo o.1: 10
0

0—p 1
af=p_1
<C(n—1n) *? p||f||Lp((),T;Hp)~

It remains to estimate /3. Note that

h—r
(A28t —r) — (—A) St —r) = / (—A) 2+ S(r)dr.
n—r
Therefore,
1 th—r
a—1 2 —1-%2
L=C @ —-mn=asron( [ =2 dr)ar

0 H—r

If 6 > p, then similar arguments to estimate /I, yield that

1
I < C/(n —r)* M - r)j%p — (- r)*o%p]ll(—A)%f(r)Ildr
0

0—p 1
a_t=p_1
<C(t—1) 2 p”f”Lp(O,T;Hp)-
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If 6 = p, then for any 6 € (0, 1), we have

n h—r

Igsc/(n—r)“1||(—A)5f(r)||< / Mt‘+5dt)dr
0 t—r
g H—r
sC/(n —r)“”||(—A)’5f(r)||( / ,1+ad,)dr
0 th—r

I3
<cs! / =) e = 1)’ = (01 = P)PT(=A) 2 £ () |dr
0

lJ
_ 1 / P
<Cé 1(’2—1‘1)8(/(1‘1 —r)(a 1=9p dr) ||f||Lp((),T;Hp),
0

where we use the fact that

Taking § € (0, — 1/p), we obtain

I3 <C(tr— fl)(s”f”Lp(o,T;]-']ﬂ)'

Now we assume that 6 < p. Then we have the following estimations for the first two terms

when o > %:

_1
L<Cta—1)*" 7 ||f||L17((),T;Hp)a
_1
L<C(ty—1)"7r I f N Lro.1: 10y

If6 > p —2a +2/p, then by (5) there exists a constant C > 0 such that

1= TS| < cr 2, refo, T,

Then
f tr—r
Is scfm —r)“—1||<—A>%f<r>n( / r**%dr)dr
0 —=r
11 hh—r
<c / (1 —r)“—lu(—A)%f(r)n( / %-“%rlw—%m)dr
0 t—=r
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1
p=0_ 1 0
5Cf<t1 T T =D — (0 = R~ AYE £l dr
0

1

1
_1 p=6 s _ »
§C(t2—t1)a ”(/(tl —ryz? 1dV) ”f”Lp(()’T;Hp)
0

_1
<C(ty—1)"" 7 ||f||Lp(0,T;1-‘1/))~

Consequently, G is a bounded linear operator from L” (0, T; H”) to C*~'/P([0, T]; H?) for
0>p—2a+2/p.

If 6 < p —2a + 2/p. Then applying the property (5), we obtain the existence of a constant
C > 0 such that for any 7 € [0, T],

0— _1_p-0 _ 1 _ _1
I=A) 2SO < (A7 T |- I(=A) T e 5@ < T,
Then
1 h—r
1
1350/01—r)“”n(—A)%f(r)n( / r‘*"vdr)dr
0 t—r

3]
<c / (11— 1 (02— 7 — (0 — P P II(=A)5 £ dr
0

3]
_1 _ r\ P
<C(ty—1)*" 7 </(l‘1 —r)(a 1)p> ||f||Lp((),T;H/))
0

_1
<C(n _tl)a , ||f||L17(0’T;Hp)-

Thus G is a bounded linear operator from L?(0, T; H”) to C*~'/P([0, T1; H?) for 6 < p —
2« +2/p. Combining the result for p —2a +2/p <0 < p, we conclude that G, is a bounded
linear operator from L? (0, T; H?) to C*~'/P ([0, T]; H?) for 6 < p.

Corollary 4.1. Assume that S(-) is an analytic Co-semigroup and there exist constants o €
(0,1/2) and y > 0 such that

T

/r_2“||S(r)||2U,dr < 00.
2
0

Then for any p > 1,

Wa e LP(Q;:CO1([0, T1; H!)) U LP(S2; C%([0, TT; H?))
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for any 81 <o with 61 € [0, y] and 6y <o — (62 — y)/2 with 6, € (y, y + 2a). The limit case
o = 1/2 is included when (—A)* € L3,

Proof. Applying Burkholder—Davis—Gundy inequality, we get

t
H [(t —r) %S¢ —r)dW(r)
0

\ 2 2 2
5C</r‘“||S(r)||Lydr> < 00.
LP(Q;HY) 0 2

Then by Fubini theorem, we get

t
IE[H / (t = 1) S(t — r)AW (r)
0

p }
LP(0,T;H?)

T t

P
2
§/</r2°‘||S(r)||/;r27dr> dr < 0.

0 0

This shows that fo'(- —r)YS(-—r)dW(r) € LP(0,T; H?) a.s. for any p > 1. Now we can apply
Proposition 4.1 and obtain that

. [ . .
WaeCO([0.T) HPYNC* 77 ([0, T]: H%) nC* 7 ([0, T]: H)

forany § <a —1/p, 61 € (B,B8+ 20 —2/p) and 62 € (0, B). Applying Proposition 4.1 with
B =0, we have

6 .
W eCo([0,T); H)NC 52 ([0, T]; H®)

forany § <a —1/p, 63 € (0,2 — 2/ p). Taking p large enough, we complete the proof.
Now we assume that (—A)g € Eg anda=1/2.Let0 <t <tp <T.Then

E[IWa(2) = Wa) %, | =t 11 + 112,

where

15}
B
In = / I(—=A)2 Sty — 1) |20,
2
3

1
112:/||(—A)§(S(t2—r)—5(t1 —r))lli;gdr.
0

By the uniform boundedness of ||S(-)||, we have
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5]
B
In = C/ I(=A)2 I gdr < Ct2 =),
3|

Note that
—r
8 8 By
(A28t —r) = (=A)2S@t —r) = | (A2 S(p)dr.
1n—r
Then
1 h—r . 2
m:/H f(—A)f*‘S(p)dz dr
[:0
0 n-r 2
00 1 hh—r ;s 1 2
SZ/(/ ||AS<p)<—A>7Qfen||dr) dr
n=1() Hh—r
1 th—r 2
sc||(—A)§||io/(/t‘dt> dr.
2
0 Hh—r
For any € € (0, 1/2),
I3l th—r 2
1h < Cl(=A)5 % / (tl—r)2€< / t“dt) dr
2
0 t—r

5l
<Ce?|(-A)" [ / (11— 1) 2 (= ) — (11 — 1)) dr
0

n
_ g _
= CeRN=M Iy -0 [0 -
0

<C(n—n)*.
Thus we obtain
]E[HWA(tz) - WA(H)II%;;] <C(ta—1)*.
Since W4 (tp) — Wa(t1) is Gaussian, we conclude that

WaeC(0,T1; H?), s<1)2.
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Other cases that WA e Co (0, T; I:Igl) for any 61 < (1 + 8 —61)/2 with 81 € (8,8 + 1) and
Wy e C’Sz([O, TI; H92) for any 8, < 1/2 with 8 < B are analogous and we omit the details.

4.3. Proof of Theorem 2.4
Proof of Theorem 2.4. For the initial datum, by (5) we get
[z} B
1S(2) X0 — S Xolle = 1(=A) 2 (S(r2 —11) —Idp)(—A) 2 S(11) Xoll
B4
<Clo—nl"7 "IXolls

for any 6 € [0, 8), which combining with the proof of Theorem 2.2 shows that S(-)Xqo €
,9 .
¢S M ([0, T1: HP) for any 6 € [0, B].

By Burkholder—Davis—Gundy inequality, we get

1
2

t
||G0[(t)”LP(Q,HV) 5 </(t - r)_za”S(t - r)G(X(r))”ip(Q’L‘/g)dr)
0

! 1
2
< </r_2aKéy(V)dr> (1 + ||X||%p).
0

Then by Fubini theorem, we get

T
E[||Ga<t>||{,,w;m)] =fE[||Ga<z)||£}dr
0

t

T P
7 14
- [/ (/r_zal(é,y(r)dr>2d;] (1+||X||yfyp> < o0.

0 0

This shows that G € LP(Q; LP(0, T; HY)).
Now we can apply Proposition 4.1 with p = y. When y = 0, we have

SoG(X)e LP(Q;C ([0, T]; H)) ULP (S i ([0, T1; H?))

forany § € [0, — 1/p) and 6 € (0, 2cc — 2/ p). When y > 0, we obtain

. 1 .
SoG(X) e LP(Q:C°(10, T, H")) U LP (2 C* 7 ([0, T1; H”))
—0 .
ULP(Q:C* T T (0, 7T B))
for any § € [0, — 1/p), 6 € [0, y) and 0] € (y,y + 2o — 2/p). Similar argument yields the

same regularity for S % F(X). Thus we conclude the results (17) and (18) by combining the
Holder continuity of S(-)Xo, S * F(X) and S © G(X).
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