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Abstract

We show that finitely differentiable diffeomorphisms which are either symplectic, volume-preserving,
or contact can be approximated with analytic diffeomorphisms that are, respectively, symplectic, volume-
preserving or contact. We prove that the approximating functions are uniformly bounded on some complex
domains and that the rate of convergence, in C”-norms, of the approximation can be estimated in terms
of the size of such complex domains and the order of differentiability of the approximated function. As
an application to this result, we give a proof of the existence, the local uniqueness and the bootstrap of
regularity of KAM tori for finitely differentiable symplectic maps. The symplectic maps considered here
are not assumed either to be written in action-angle variables or to be perturbations of integrable systems.
Our main assumption is the existence of a finitely differentiable parameterization of a maximal dimensional
torus that satisfies a non-degeneracy condition and that is approximately invariant. The symplectic, volume-
preserving and contact forms are assumed to be analytic.
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1. Introduction

It is known that finitely differentiable functions can be approximated by C°° or analytic ones,
in such a way that the quantitative properties of the approximation are related to the order of
differentiability of the approximated function [1-4]. In view of applications to KAM theory, it
is natural to ask whether it is possible to approximate finitely differentiable diffeomorphisms
preserving a symplectic or volume form with C* or analytic diffeomorphisms preserving the
same form. Here we show that finitely differentiable diffeomorphisms which are either symplec-
tic, volume-preserving, or contact can be approximated with analytic diffeomorphisms that are,
respectively, symplectic, volume-preserving or contact. We prove that the approximating func-
tions are uniformly bounded on some complex domains and give quantitative relations between:
the rate of convergence in C”-norms, the degree of regularity of the approximated function, and
the size of the complex domains where the approximating functions are uniformly bounded.
As an application we give a proof of the existence, the local uniqueness and the bootstrap of
regularity of KAM tori for finitely differentiable symplectic diffeomorphisms. The symplectic
diffeomorphisms considered here are not assumed to be either written in action-angle variables
or perturbations of integrable systems. Our main assumption is the existence of a finitely dif-
ferentiable parameterization of a maximal dimensional torus that is approximately invariant and
that satisfies a non-degeneracy condition. We emphasize that the approximately invariant torus
is not assumed to be equal to (6, 0). Besides the mentioned results, in this work we also obtain
several results which may be of independent interest. We present a detailed study of the relation
between an analytic linear smoothing operator (cf. [4], see also Definition 5) and the nonlinear
operators: composition and pull-back.

The case of approximating finitely differentiable symplectic or volume-preserving diffeomor-
phisms on a compact manifold with symplectic, respectively volume-preserving, C°°-dif-
feomorphisms has been considered in [5], where it was proved that: (i) symplectic
C*-diffeomorphisms, with k > 1, can be approximated in the C*-norms with symplectic C*®-dif-
feomorphisms, and (i) volume-preserving C*t®-diffeomorphisms, with k > 1 an integer and
0 <« < 1, can be approximated by volume-preserving C*°-diffeomorphisms in the C*-norms.
The method used in the present work differs from that in [5], because we avoid the use of gen-
erating functions. As it is well known, generating functions may fail to be globally defined for
some maps. One advantage of not using generating functions is that the result given here can be
applied directly to non-twist maps. We are currently working on such an application [6].

The KAM results we present here are of ‘polishing’ type. More precisely, given a Diophan-
tine frequency vector w, a finitely differentiable symplectic map f, and a finitely differentiable
parameterization of a maximal dimensional torus K, satisfying a non-degeneracy condition, we
give an explicit condition on the size of the error f o K — K o R, in finitely differentiable norms,
that guarantees the existence of a true invariant torus near the approximately invariant one, here
R, represents the translation by the vector . One of the motivations for obtaining such KAM
result is the validation of numerical computation where the only input is a parameterization of
a maximal dimensional torus, which is often only approximately invariant and different from
(6, 0). Having a condition on the size of the error in finitely differentiable norms is useful be-
cause for some numerical methods it is easier to estimate the finitely differentiable norms than
the analytic ones, for example when using splines. The fact that we do not assume that the system
is close to integrable or written in action-angle variables makes the KAM results presented here
more applicable, because we do not have to compute local coordinates before the verification
of the size of the error. Another application of this KAM result is when studying invariant tori
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restricted to normally hyperbolic manifolds — which are only finitely differentiable. This analy-
sis occurs in some mechanisms for the study of instability. In particular, in [7,8] it is shown that
secondary tori close to resonances play an important role. The present KAM result is particu-
larly useful for this study since for these tori, the action-angle coordinates are singular and their
construction and their estimates require extra work and extra assumptions, see [8, 8.5.4]. The
present work allows to simplify the proof of some of the results in [8] and lowers the regularity
assumptions of the main result of [8]. This improvements are crucial in the higher dimensional
extensions of the model.

This paper is divided into three parts. To make the reading easier, we have included, in Sec-
tion 2, an outline of the methods used here, emphasizing the main ideas. In Section 3 we show
how to approximate finitely differentiable functions that preserve a geometric structure (exact
symplectic, volume or contact) with analytic functions preserving the same geometric structure.
In Section 4 we give an application of the symplectic smoothing result to KAM theory, proving
of the existence, the local uniqueness and the bootstrap of regularity of Diophantine invariant tori
for finitely differentiable symplectic maps. In Section 4 we also prove the bootstrap of regularity
of KAM tori for analytic exact symplectic maps. That is, we prove that given an analytic exact
symplectic map and an invariant torus with Diophantine frequency vector, if the invariant torus
is sufficiently differentiable, then it is analytic.

2. Brief description of the methodology

Even though the proofs of our results involve many technicalities, the main ideas are rather
simple. In what follows we give a brief description of the methodology used in this work
emphasizing the main ideas. First, we define an analytic linear smoothing operator S;, taking
differentiable functions into analytic ones. The definition of S; depends on the domain of defini-
tion of the functions we wish to smooth. We consider three situations: (i) the d-dimensional torus

¢ &' Rd /74 (ii) U C R? satisfying certain conditions, specified in Section 3.1, that guarantee
the existence of a bounded linear extension operator [1] (see Definition 9) and the validity of the
Mean Value Theorem; and (iii) T" x U with U C R~ as in (ii). Following [4] we smooth func-
tions defined on R? by an operator S; defined by the convolution operator with an analytic kernel
(see Section 3.1). By defining S; in this way, we obtain a linear operator which takes periodic
functions into periodic functions. Hence, by considering /ifts to R?, the universal covering of T”,
S; can be applied to differentiable functions defined on the torus T¢: this is important in applica-
tions to KAM theory. It is known [1,3] that if U C R has smooth boundary then there exists a
bounded linear extension operator taking differentiable functions defined on U into differentiable
functions defined on R¢. Hence, for functions defined on U C R? with smooth boundary, we de-
fine an analytic linear smoothing operator by taking extensions and then applying the operator S;
described above. It is easy to check that if U € R~ has smooth boundary then R" x U c R?
also has smooth boundary. Hence functions defined on T” x U are smoothed by considering the
universal covering R” x U and using a linear extension operator (see Section 3.1).

Given a finite differentiable diffeomorphism f that preserves a form £2, it is not necessar-
ily true that S;[ f] preserves £2. More generally, the form S;[ f]*£2 is not necessarily equal to
f*82. So we use Moser’s deformation method [9] to prove that, for ¢ sufficiently large, there
is a diffeomorphism ¢; such that ¢ (S;[ f]1*£2) = f*£2. Hence, given a finitely differentiable
diffeomorphism f which is either symplectic, volume-preserving, or contact, for ¢ sufficiently
large, T;[ f]1= S;[ f] o ¢; gives a symplectic, respectively, volume-preserving, or contact diffeo-
morphism approximating f. Furthermore, using the calculus of deformations [10], we prove that
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if f is exact symplectic, then it is possible to construct analytic approximating functions 7;[ f]
which are also exact. The method used in the present work produces quantitative properties of
the nonlinear operators 7; in terms of the degree of differentiability of f. More precisely, for ¢
sufficiently large, T;[ f] is bounded uniformly, with respect to ¢, on some complex domains and
the rate of convergence of T;[ f] to f is given in terms of ¢ and the degree of differentiability
of f. Obtaining such quantitative properties involves estimates on complex domains of the dif-
ference between: (i) smoothing a composition of two functions and composing their smoothings,
and (ii) smoothing the pulled-back form f*a and pulling-back the form o with the smoothed
function S;[f], for a k-form «. Estimating these differences on complex domains requires many
technicalities but, once this is done, proving the quantitative properties of T; is rather easy as we
show in Section 3.4. An estimate, on complex domains, of the difference between smoothing a
composition of two functions and composing their smoothings was previously obtained in [11].

We emphasize that the geometric form £2 is assumed to be analytic. This is important because
in this case, if f is symplectic, respectively, volume-preserving or contact, we have that both
f*82 and S;[f]*$2 are analytic so that Moser’s deformation method produces, for ¢ sufficiently
large, an analytic diffeomorphism ¢, such that: ¢;S,[ f1%§2 = f*£2. The analyticity assumption
on §2 is of particular importance in the volume case because the existence of a diffeomorphism ¢
such that *a = B for two arbitrary volume forms depends on the regularity of the forms and on
their domain of definition. The existence of such a diffeomorphism for volume forms has been
studied under different hypotheses in [5,9,12—14]. Nevertheless, to the best knowledge of the au-
thors the question proposed in [5] whether C!-volume diffeomorphisms can be approximated in
Cl-norm by C*°-volume diffeomorphisms on d-dimensional manifolds, with d > 3, is still open.

The existence of invariant tori for finitely differentiable symplectic maps, formulated in The-
orem 47, is a finitely differentiable version of Theorem 1 in [15] (the latter is reported as
Theorem 46 in the present work). Roughly, Theorem 46 establishes the existence of a maxi-
mal dimensional invariant torus K* with Diophantine rotation vector w for a given analytic exact
symplectic map f. The main hypotheses of Theorem 46 are the existence of an analytic pa-
rameterization of an n-dimensional torus K such that (i) certain non-degeneracy conditions are
satisfied, and (ii) K is approximately invariant, in the sense that the sup norm of the error func-
tion f o K — K o R, on a complex set {x € C"*: |Im(x)| < p}, for some p > 0, is ‘sufficiently
small, where R, represents the translation by w. Theorem 46 also gives an estimate of the dis-
tance between the initial, approximately invariant torus K and the invariant torus K* in terms
of the size of the initial error. Theorem 47 is a finitely differentiable version of Theorem 46: the
analyticity hypotheses for f and K are replaced by ‘sufficiently large’ differentiability of both f
and K and by asking the norm, in suitable spaces of differentiable functions, of f o K — K o R,
to be ‘sufficiently small.” In Theorem 49 we prove that finitely differentiable invariant tori for
finitely differentiable symplectic diffeomorphisms are locally unique. Theorem 49 is a finitely
differentiable version of Theorem 2 in [15].

Moser’s smoothing technique [2,4,16] provides a method to obtain finitely differentiable ver-
sions of Generalized Implicit Function theorems from the corresponding analytic ones. Briefly,
Moser’s method goes as follows: Let F' be defined on Banach spaces of analytic functions and
assume that a Generalized Implicit Function Theorem holds in these Banach spaces. Assume that
the functional equation F(f, K) = 0 has an analytic solution ( fy, Kp), and that there exists an
analytic smoothing operator. Then one finds, using the analytic smoothing operator, a solution
(f, @(f)) for f in a small neighbourhood of fj in a space of finitely differentiable functions.
One important hypothesis of Moser’s technique is the existence of an approximate right inverse
of the linear operator D, F( f, K). The approximate right-invertibility yields a loss of differen-
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tiability: in KAM theory this is related to the so-called ‘small denominators.” At this point it
becomes crucial to have quantitative properties of the smoothing in terms of the degree of dif-
ferentiability of the smoothed functions. For a more detailed explanation of Moser’s method see
for example [2,4,16]. Some variations of Moser’s technique have been used previously to give
proofs of the existence of KAM tori for finitely differentiable Hamiltonian vector fields. In [17]
the authors assume the existence of a finitely differentiable invariant torus, i.e. they assume the
existence of a solution of the functional equation in finitely differentiable spaces. In [18,19] the
authors assume that (6, 0) parameterizes an approximately invariant torus, i.e. they assume that
the given finitely differentiable Hamiltonian vector field and the identity form an approximate
solution of the functional equation.

To prove the existence of finitely differentiable solutions of the equation f o K = K o R,
we use the following ‘modified’ smoothing technique: Rather than assuming the existence of
an analytic initial solution of the functional equation we just assume the existence of a finitely
differentiable approximate solution and find conditions under which there is an analytic solution
nearby. The analytic Generalized Implicit Function Theorem for the functional f o K — K o R,,
is provided by Theorem 46, which only holds for exact symplectic maps. Hence, to apply the
smoothing technique we use the nonlinear operator 7;, described above, to smooth the exact
symplectic map f. Parameterizations of approximately invariant tori are smoothed using the
operator S; described at the beginning of this introduction. Then, given a finitely differentiable
approximate solution (f, K) of f o K = K o R, the existence of an analytic solution close to
(f, K) is guaranteed by: (i) a non-degeneracy condition on K, and (ii) a ‘smallness’ condition
on the sup norm on complex domains of the difference T;[ f]10 S:[K]1— S:[f o K] in terms of the
size of the initial error f o K — K o Ry, in a finite differentiable norm.

The modified smoothing technique described above has been previously used, although in a
more abstract setting, in [20]. In this reference, given a general functional F satisfying certain
hypotheses and assuming the existence of a smoothing operator, the author proves the existence
of an analytic solution near a given finitely differentiable approximate solution for F. Here we
use the same approach of [20] for the operator given by f o K — K o R,,. As a necessary step,
a smoothing operator is here explicitly constructed for this concrete operator. As a matter of fact,
two distinct smoothing operators are constructed: one for the parameterization K and a second
one for the symplectic map f, the last one preserving the symplectic character.

As a consequence of the fact that, under certain general conditions, near a finitely differen-
tiable solution (f, K) of the equation f o K = K o R, there is an analytic solution, we obtain
the bootstrap of regularity of invariant tori with Diophantine rotation vector for exact symplec-
tic maps that are either finitely differentiable or analytic. The bootstrap of regularity is stated
in Theorem 50. To prove Theorem 50, first in Theorem 49 we prove a finitely differentiable
version of the local uniqueness of invariant tori for symplectic maps. Theorems 49 and 50 are
similar to Theorems 4 and 5 in [17]. However, while the results in [17] are stated and proved
for Hamiltonian vector fields written in the Lagrangian formalism, Theorems 49 and 50 in the
present work are stated and proved for exact symplectic maps that are not necessarily written
either in action-angle variables or as perturbation of integrable ones. Moreover, rather that as-
suming the existence of a finitely differentiable invariant torus, we assume the existence of a
finitely differentiable torus which is approximately invariant.

3. Smoothing geometric diffeomorphisms

In this section we show that finitely differentiable diffeomorphisms which are either symplec-
tic, volume-preserving or contact can be approximated by analytic diffeomorphisms having the
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same geometric property. We give quantitative properties of the approximation in terms of the
degree of differentiability of the approximated functions.

Since obtaining such geometric approximating functions involves many technicalities, we
have divided the present section as follows. In Section 3.1 we define the norms used and set the
conditions on the domain of definition of the diffeomorphism to be smoothed. In Section 3.2 the
geometric smoothing results are stated. The technical part of the proofs is given in Section 3.3
and the proofs are concluded in Sections 3.4 and 3.5.

3.1. Setting

Informally, the method we use to smooth symplectic, volume-preserving or contact diffeo-
morphism with analytic diffeomorphism having the same geometric property is the following.
First, for + > 1, we define a linear operator S; that takes finitely differentiable functions into
analytic ones and such that S;[ f] tends to f when ¢ goes to infinity. Then, if f is a finitely dif-
ferentiable symplectic, volume-preserving, or contact diffeomorphism we find, for ¢ sufficiently
large, a diffeomorphism ¢; such that ¢} (S;[f]*$2) = f*$2. The analytic approximating func-
tions satisfying the same geometric property of f are then defined by S;[f] o ¢;. In view of
the applications we are interested in symplectic, volume-preserving or contact diffeomorphisms
defined on either T4, U ¢ R or T" x U, with U c R?~". First, by using the convolution oper-
ator with an analytic kernel, we define S; for continuous and bounded functions defined on R,
It turns out that, if f is a Z¢-periodic (or partially periodic) continuous and bounded function
defined on RY then ;[ f] is also Z?-periodic (respectively, partially periodic). Hence to extend
the definition of S; to torus maps we use lifts of torus maps to R? (the universal covering of T%).
To define S; on functions with domain U C R? we use a linear bounded extension operator.
Then, by taking lifts, the definition of S; is extended to functions defined on the annulus T" x U,
with U ¢ R4~ . Before making these definitions explicit, let us introduce the Banach spaces of
functions we work with.

Definition 1. Let Z, denote the set of positive integers. Given U C C? an open set, CO(U)
denotes the space of continuous functions f:U — R, such that

def
|f|C0(U) é sup|f(x)| < OQ.
xeU

For ¢ € N, CY(U) denotes the space of functions f:U — R with continuous derivatives up to
order ¢ such that

Fletwn & sup {|DF (0]} < o0
xelU
[k<e

Let £ = p 4+ a, with p € Z; and 0 < a < 1. Define the Holder space C¢(U) to be the set of all
functions f: U — R with continuous derivatives up to order p for which

def
| fleewy = 1fler +  sup
x,y€U, x#y
lkl=p

{ID"f(x) — D"f(y)l}
<0

|x — y|*
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For p > 0and U C R let U + p denote the complex strip:
U+p={x+iyeC: xeU, |yl <p}.

Definition 2. Let ¢ > 0. Given U C R open, define the Banach space A(U + p, C Z) to be the
set of all holomorphic functions f:U 4 p — C which are real-valued on U (i.e. f(x) = f(x)
for all x € U) and such that | f|ce(g4 ) < 00.

For a matrix or vector-valued function G with components G; ; in either C YUY orin AU +
0, C%) we use the norm, respectively,

def def
IGleewy = r11_13}"|Gi,j|cf(U) or |Gleewyp) = rTil?}.’quzj|c13(U+p)~

The space of all functions g = (g1,...,84):V € C" — U C C? such that g; € C¢(U), for
i=1,...,d,is denoted by C*(U, V). Since it will not lead to confusion, A(U + p, C*) will
also denote the set of functions g = (g1, ..., g¢) with components in A(U + p, C .

Definition 3. Let U C R™. A [ift of a continuous map f, defined on the annulus T" x U, to
R" x U (the universal cover of T x U) is a continuous map f defined on R"” x U such that:

6) ]f(x, y) = f(x mod Z", y), if f takes values in R.
(ii) f(x,y) modZ = f(x mod Z", y) for (x,y) € R" x U, if f takes valuesin T.

It is well known that given a continuous map f defined on T”" x U, with U C R™, any lift
[+ R" x U has the following form

fe,y)=Px+u@x,y), x,yeR" xU, (1)

where u € CO(R" x U, R¥) is Z-periodic in the first n-variables and P is an (n x 1)-matrix with
components in Z. Furthermore, if f takes values in R then P = 0. Moreover, if f has additional
regularity, the corresponding function u has the same regularity. Even though lifts of continuous
annulus maps are not unique, they differ by a constant vector in Z. This, together with the fact that
any map of the form (1) defines an annulus map, enable us to work with lifts of torus and annulus
maps (considering torus maps as particular cases of annulus maps). For notational reasons we
use the same symbol to denote the annulus (torus) map and a lift of it.

Definition 4. For £ > 0, denote by CY{(T" x U, V), and AT x U + p, CY) the set of annulus
maps with lift of the form (1) with u € CY(R” x U, V) (in AR" x U + p, CY), respectively)
Z-periodic in the first n-variables. The corresponding norms are defined as follows:

def
| fleeraxuy = 1P+ lulceqra oy

and

def
Iflceraxvsoy = [Pl + ulcewixuyp)-
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In the case of torus maps, denote by ct (Td, V), and .A(’]Td + p, CY) the set of torus maps with
lift of the following form:

f @)= Px+u(x), 2)

where P is a matrix with components in Z and u € C¢(R?, V) (u € AR? + p, CY), respectively)
is Z?-periodic. The corresponding norms are defined as follows:

def
|f|ce(']1*d) ; |P| + |M|C(’,(Rd)

and

def
|flcterayp) = 1P+ lulcegayp)-

Moreover, for r > 0 denote by Diff" (U) the set of C"-diffeomorphisms of U, where U is either
UC R4 open, Td, orT" x U.

For U C R4 open, denote by AR(U) the space of real analytic k-forms in U. Let 2 € AR)
have the following form:

Q=) = 2Wdu,

1<ij<<ix<d

where i represents the multi-index (iy, ..., ix) and dx;j défdx,-l Ao Ndxg If [$2il ooy < 00 for
all 1 <iy <--- < i <d, define

def
|2 cecny = max |2l cecrry -
CO T g <igga N EW)

Definition 5. Let U be either U € RY open, T4, T x U, with U c R4 an open set. We say
that the linear operator S;: C*(U) - AU+~ !, C 9Y is an analytic smoothing operator if the
following properties hold for any f € C*(U):

@ 1S flcowgs—y <l fleeq forall £ > 1;
(i1) lim;— 0| (S; — Id)[f]|c0([u) =0;
(i) Sy = Se[fNlcouge—1) < C|f|cl(tu)fl7 fort>2r>1,

for some constant ¢ depending on ¢ and U, but independent of 7.

Now we define the smoothing operator S; we work with. First we define S;[f] for f €
CORY).

Definition 6. Let u : R? — R be C®, even, identically equal to 1 in a neighbourhood of the ori-
gin, and with support contained in the ball with center in the origin and radius 1. Let i : R — R
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be the Fourier transform of u# and denote by s the holomorphic continuation of . Define the
linear operator S; as

SiLf12) €l / s(t(y —2) f()dy, for f e CO(RY). 3)

R4

Applying obvious modifications, Definition 6 can be extended to functions in CO(R”, R?). In
the sequel these latter operators are denoted by the same symbol S;. We now summarize some
elementary properties of S; that follow from Definition 6.

Remark 7.

(i) S; transforms functions in C°(R?) into entire functions on C¥.
(ii) Using the change of variables & =t Re(y — z) =ty — t Re(z), one has for f € CO(R%)

St[f](z)=/5(§ —itIm(z)) f (Re(z) +&/1) dé. “4)

R4

(iii) S; commutes with constant coefficient differential operators.
(iv) S; acts as the identity on polynomials.
(v) From (4) one has that S; takes (partially) periodic functions into (partially) periodic func-
tions.
(vi) From (4) we have that S;[ f](x) € R for all x € R,

Remark 8. In the applications of Moser’s smoothing method to KAM theory it is of particular
importance to know how to define S; for functions defined on the d-dimensional torus T¢ as
well as functions defined on T" x R™. Notice that since S; in Definition 6 acts as the identity on
polynomials and it takes partially periodic functions into partially periodic functions, we have
that for any annulus map f, with lift of the form (1) St[f ] is also of the form (1):

SiILf1(x, y) = Px + S, [ul(x, ).

Hence to extend the definition of S; to torus maps as well as to maps defined on T" x R, we
apply S; in Definition 6 to any lift of it. This is well defined because two lifts of the same torus
map (respectively annulus map) differ by a constant vector with components in Z.

Definition 9. Let £ > 0 be not an integer. A bounded linear extension operator is a linear op-
erator &y : C“(U) — C*(RY) such that &y (f)|y = f for all f € CY(U) and |&y ()] ceqray <
culfletwy-

In order to extend the definition of the linear operator S; to functions defined on U  R? and
to the annulus T” x U, it suffices to have a linear bounded linear extension operator from ct)
to C*(RY). The sufficient condition we adopt here to have such extension operator is that given
in Theorem 14.9 in [1]. It amounts to the regularity of the boundary of U.
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Definition 10. Let o : R? — R be a function with continuous derivatives up to order m, for some
m € N, and assume that grad o(x) 7 0 for all x € {x: o(x) =0}. Theset U = {x € R4: o(x) <0}
is called a closed domain with C™-boundary. An open domain is defined by {x € R¢: o(x) < 0}.

The following result guarantees the existence of a bounded extension operator for functions
with domain of definition U € RY provided that U has smooth boundary. For a proof we refer
the reader to [1,3].

Theorem 11. [f0 < ¢ <m € Nwith £ ¢ N, and U C R? has C™-boundary, then there is a linear
extension operator éaf} :CHU) — CYR?) such that

|g§(f)’C£(Rd) < CU|f|CZ(U)7 %)
for some constant cy, depending on U.

Hence, for functions that are defined on a subset of R? with regular boundary we have the
following

Definition 12. Let 0 < ¢ < m, with m € N and £ ¢ N. Let U C R be an open domain with
C™-boundary and @“’l‘} a linear extension operator as in Theorem 11. For f € C*(U) and for any
x € C? we define

def

L1 = S [&5(NH] @), (©)
where S; is as in (3).
The following remark is related to Remark 7.

Remark 13. Notice that the operator S;, defined in Definition 12 for functions in C* (U), satisfies
the following properties:

@) S‘t is linear.
(ii) S; transforms functions in C*(U) into entire functions on ce.

Remark 14. Notice that if U ¢ R~ is an open domain with C”-boundary then U = R” x
U c R? also is an open domain with C™-boundary. Moreover, it follows from Remark 8
and Definition 12 that, if u(x, y) is defined for (x,y) € U=R" x U and Z"-periodic on the
x-variable and S, is as in Definition 12, then 3‘,[u] is also Z"-periodic on the x-variable. Indeed,
since @f"é(u)(x, y) = u(x,y) for all (x,y) € R" x U, we have that é{’é(u) is Z"-periodic in the
x-variable, where éﬁé is as in Theorem 11. Therefore, any map defined on the annulus T x U
with U as in Theorem 11 and lift given by (1), is smoothed by

SiILf1x, ) = Px + S [ &5 ] (x, y).

where S is as in Definition 6 and & is as in Theorem 11.
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Since it will not lead to confusion, the operator S, defined in (6) will be denoted (dropping
the hat) as the operator S; in (3).

Remark 15. Summarizing, a function f is smoothed, depending on its domain of definition as
follows:

() If f e CO(RY), S;[f]is given by (3).
(i) If f e CYU), with U C R? an open domain with C"-boundary, we define

SiLf1=S[&5D],

where éaé is as in Theorem 11 and §; on the right-hand side is defined by (3).
(iii) If f e CO(T?), with lift as in (2), where u € CO(R?) is Z4-periodic, and P a (d x 1)-matrix
with components in Z, then

SLF1) € Px + 8, [ul(x),

where S; on the right-hand side is defined by (3).

(iv) For U c R~ an open domain with C"-boundary and f € C¢(T" x U), with lift given
by (1) where u € C¢(R" x U) Z-periodic on the first n-variables, and P an (n x 1)-matrix
with components in Z, we define

SILF1G, y) € Px + S [&E @], ),

where U=R" x U, é"é is as in Theorem 11, and S; on the right-hand side is defined by (3).

To define an analytic smoothing operator such that it takes finitely differentiable diffeomor-
phisms preserving either an exact symplectic, volume or contact form into analytic diffeomor-
phisms preserving the same structure, we need to estimate the C*-norm of the composition of
two functions in terms of the C*-norms of the composed functions. We use an estimate given
in [21], which is guaranteed to hold for functions defined on domains satisfying a geometric
condition that is established in the following definition.

Definition 16. Given U C C”, for x,y € U denote by dy(x, y) the minimum length of arcs
inside U joining x and y. We say that U is compensated if there exists a constant cy such that
dy(x,y) <cylx—y|, forallx,yeU.

We finish this section recalling some geometric definitions.
Definition 17.

(i) Given a k-form £2 on a d-dimensional manifold, denote by .7, the application X — ix 2,

sending the vector field X into the inner product ix 2 & 2(x)(X(x),-). A k-form £ is
non-degenerate if ., is an isomorphism.

(ii) A volume element on a d-dimensional manifold is a d-form which is non-degenerate.

(iii) A symplectic form on a 2n-dimensional manifold is a non-degenerate closed 2-form.
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(iv) A contact form on a (2n + 1)-dimensional manifold is a 1-form £2, such that £2 A (d§2)" is
a volume element.

(v) A diffeomorphism f of a contact manifold (M, £2) is a contact diffeomorphism if there
exists a nowhere zero function A: M — R such that f*2 = 1$2.

(vi) Let £2 = da be an exact symplectic form on a symplectic manifold. The diffeomorphism f
is exact symplectic if f*« — « is an exact 1-form.

3.2. Statement of results

In this section we formulate the results guaranteeing the existence of an analytic smoothing
operator that preserves the prescribed geometric structure. In Theorem 18 the symplectic and
volume cases are considered; the contact case is considered in Theorem 20.

Theorem 18. Let 2 < £ <m, withm e Nand L ¢ N, and let C,8 >0and 1 <pu <€ —1 be
given. Assume that the following hypotheses hold:

Hl. U is either: (i) T, (ii) a compensated bounded open domain in RY with C"™-boundary
(see Definitions 10 and 16), or (iii) T" x U, with U C RI~" ¢ compensated bounded open
domain with C™-boundary and n < d.

H2. V is C™-diffeomorphic to U and such that U C V. 2 = da is either a real analytic exact
symplectic form (with d = 2n) or volume element on'V such that |$2| ey ) < 00 for some
p>0.

H3. Let .%o be as in Definition 17 and let ]51 denote the inverse of Jg. Let k =2 if 2 is a
symplectic form, and k = d if 2 is a volume form and assume that for any 6 € A*~1(U),
satisfying 10| co 4,1y < 00, with o' >0, the following holds

—1
72 0] cory ) < Ml0lcows -

Then, there exist two constants t* =t*(d, ¢,V,C, u, 8, Mg, [2|ceqsp)) and k = «(d, ¢, C,
B, .k, Mg) and a family of nonlinear operators {T;}; >+, taking functions belonging to

{f € Diff* (U): [flecw < Bs 2 =82, closure of f(U) C V}
into real analytic functions. Moreover, if U, is defined as follows:

def Td’ - UZTd’
Uy =1 {xeU: Bx,t~hH U}, UCRY, ()
T™x{xeU: Bx,t™")YcU}, U=T"xU,

where B(x,t™') represents the closed ball with center at x and radius t~", then the following
properties hold:

TO. T:[f]is a diffeomorphism on Uy.

T1. T;[f1*2 = f*82.

T2 T fllevu, 4001y S kM.

T3. |T:[f]1— St[f]|co(U’+Ct—|) < KMfl_V‘_H.

T4 If2 <p <l —1 then |T;[ fllc2w,+c-1) S KMy
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T5. (T = 1D fllery < eMpt=#=D forall 0<r <p— 1.
T6. [(Tr — TOlfNlco,+ci-1) < kMt™HF forallt >t > t*,
T7. If f is exact symplectic so is T;[ f].

Here My depends on £, k, |$2|ct(yp), and B, but it is independent of t.

Remark 19. We remark that, in hypothesis H2 of Theorem 18, if U = T¢ then V can be chosen
to be also T¢. Actually, we asked £2 to be defined on a neighbourhood of U that contains the
closure of f(U), to guarantee that S;[ f](U) is contained in the domain of definition of £2, for ¢
sufficiently large. And so S;[f]*£2 is defined on U. If £2 is defined only on U and it cannot be
extended to a neighbourhood of U, then S;[ f1*2 is defined on S;[ f 1~HW). By modifying the
definition of U; in (7), the proof of Theorem 18 given in Section 3.4 also works in this latter case.
However this just yields a more complicated notation and does not change the proof of Theo-
rem 18. To avoid this notational complication we assume that £2 is defined on a neighbourhood
of U as in H2 in Theorem 18.

Theorem 20. Let m, £, V, and U be as in Theorem 18. Let §2 be a contact form on V such
that |$2|ceyp)» 1dS2]ceyyp) < 00, for some p > 0. Assume that for any 6 € I (Ker(£2)),
satisfying 10| o,y < 00, the following holds:

-1
(g ker( @) 9|C0(U+p,) S MalOlcowyp)-

Then, given N, C, B > 0and 1 < u < £ — 1, there exist two constants k' =«'(d, £, C, B, u, M)
and t** = t**d, ¢,V,C, B, u, Mg, |~Q|CZ(1U+,0)’ |d.Q|Cz(U+p)), and a family of — nonlinear —
operators {I;};>p~, taking contact diffeomorphisms belonging to the set of diffeomorphisms
f € Dift (U) such that: (i) | f lceuy < B and (ii) V contains the closure of f (U) into real analytic
functions such that properties TO-T6 in Theorem 18 hold.

3.3. Analytic smoothing

This section contains the technical part of our proof of Theorem 18 and Theorem 20. We begin
by collecting the properties of the operator S; defined in Section 3.1 (see Remark 15). First we
prove that S; is a linear smoothing operator (see Definition 5) and then, using the fact that S; is a
linear smoothing operator, we show that given a k-form §2, the C%-norm of the k-form given by

SiLf1° 2 — f*82 ®)

goes to zero as t goes to infinity. However, to prove Theorem 18 we need more accurate estimates.
Actually, as we will see in Section 3.4, we need an estimate for the C%-norm of (8) on complex
strips, which is given in Proposition 29. To obtain such an estimate we extend the definition of
S; to k-forms and prove several analytic estimates which are given in Section 3.3.1. Estimates
of particular importance are those given in Proposition 31, and in Proposition 37. Proposition 31
contains an estimate of the norm of S;[ f]*£2 — S;[f*$2] on complex strips of width Ct! for
arbitrary C > 0. In Proposition 37 we give an estimate of the difference between smoothing a
composition of two functions and composing their smoothings.

To describe the behaviour of S; we find it very useful to write S;[ f] in terms of the Taylor
expansion of f, for f € C¢(R?). This is done in the following:
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Lemma 21. For any f € CY(R?), with £ not an integer, we have

$1£1(2) = Pre(Re(@). i Im@)) + Rye(z. 1), ©)
where
Pre ) E Y %D"f(x)y"
k|1 <€
and
|Rpo(z, )| <& flceqayt ™M™, (10)

where ¢ =c¢(£, d).
Proof. Following [4,19], we apply Taylor’s Theorem to f:

fx+y)=Pre(x,y)+ Ryre(x; y),

where R, is the remainder. Then, using (4) and since S; acts as the identity on polynomials, we
have (9) with

Rpe(z. ) déf/s(g —itTm(z)) R ¢ (Re(2); £/1) dE.

We note that from the properties of s in Definition 6, for any r, N > 0 there exists a constant
¢ =c(r, N) > 0 such that for all k € N? with |k|; < r then

|DFs(z)| <c(1+ |Re(z)|)*Ne|Im<z)|.

Then, from Taylor’s Theorem we have
5 ) . ¢
[Rpeten| et e [ Is(e - irtmea) i g
R4

l&1°

(1+1gpN “*

< |
R4

< 5|f|c£(Rd)t7Z€|tIm<Z)l,

where we have fixed N >£+d. O

Remark 22. The constants appearing in our estimates depend on certain quantities. In particular
if f e C*(U), with U an open domain with smooth boundary, these constants also depend on U.
In what follows we do not write explicitly this dependence and represent a generic constant by «.

The following result ensures that S; is an analytic linear smoothing operator in the sense of [4].
The case in which §; is applied to functions in CORY) is proved in [4].
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Proposition 23. Let 1 < £ <m with £ ¢ N, m € N and let U be either R? or as in HI in
Theorem 18. Assume that S; is as in Remark 15. Then, for any C > 0, there exists a constant
k =k(d, £, C) such that forall t > 1 and f € C*(U) the following holds:

() 1S =1 fllerw) <kl fleeayt™ . 0<r < L.

(i1) |St[f]|C0(U+Ct*1) < K|f|C0(U)-
(i) |(Se = SOLf ooty <kl fleeqyt ™ forall T > 1.
(i) (S LfDIcowsci-ty <eCr ' fleewy-

Proof. We first prove Proposition 23 for functions in C*(U), with U ¢ R a compensated open
domain with C"-boundary. In this case S; is defined by Eq. (6). The linearity of S; follows from
the linearity of the extension operator éaf} in Theorem 11 and from the linearity of the convolution
operator. To prove part (i), first notice that if f € C t(U) and x € U then @ﬁé( f)x) = f(x), then
using the fact that part (i) holds for functions in CO(R?)Y and estimate (5) we have

|(S; — 1d)[ f]

oy =S =1D[ED] ey
< "/|‘§H§(f)|cf(Rd)f€+r
<kl flerant™
To prove part (ii) we use (4) and Theorem 11 to obtain

|St[f]|cO(Rd+C[—l) < <0<SUPC/|S($ - ln)|d§>|@@£(f)|co(Rd) < K|f|C0(U)'
Rd

X

Part (iii) is a consequence of Lemma 21 and Theorem 11. To prove part (iv) we use the Mean
Value Theorem and the fact that the convolution commutes with the derivative to obtain

|Im(St[f])|C0(Rd+Cl—l) g Ct_l |DSt[f]|C0(Rd+Cl—l)
g Ct71 |D(g)]6(f)|c()(Rd)
< Ct71 |(g)é(f)}C((Rd)'

To prove Proposition 23 for f € C*(T¢) we use a lift of f.Let f € C*(T¢) with lift (see Defini-
tion 3) given by Px + u(x), where P is a (d x 1)-matrix with components in Z and u € C* (RY)
isa Zd—periodic function. Then (see part (iii) in Remark 15):

(S —1D[f1(x) = Px + S;[ul(x) — (Px 4+ u(x)) = (S — Id)[ul. (11)
Moreover from Definition 4 one has
|St[f]|C0(Td+Ct*1) < |P| + |St[u]|C0(Rd+Ct’l)’

(S; = SOLf1= (S — Sp)[ul,
|Im(5t[f])|c0(1rd+a—l) <|plcit+ |Im(St[”])|cﬂ(Rd+c:—l)’
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where S; on the right-hand side is given by (3). Hence properties (i)—(iv) of Proposition 23 follow
from the same properties for u € CY(R?) and the fact that S;[«] is Z¢ -periodic. The annulus case
U=T"x U, with U ¢ R¥" abounded compensated open domain with C"-boundary, is proved
in a similar way. 0O

Remark 24. From (11) we have that in the case that U = T¢, a better estimate holds than that
given in part (i) of Proposition 23:

|(Si = IDf1| oy < il cograyt ™,

where u is the periodic part of a lift of f. A similar result holds for f € C¢(T" x U), with U a
compensated open domain in R?~" with C”-boundary for some £ < m € N.

Remark 25. From the proof of Proposition 23 one notices that, if U ¢ R? is an open domain
with C"-boundary, then the estimates in parts (ii)—(iv) in Proposition 23 also hold if one replaces
U+ Cr ' with RY + Cr 1.

Remark 26. Let U be either R? or as in H1 in Theorem 18 and let V C R” be open, and
assume that f € CY(U, V). Then for any §2 € A¥(V) one has f*2 e A¥(U). Notice that
since the domain of definition of §2 o S;[ f] is S;[f 11 (V), and since we know an estimate of
|S:[f1(x) — f(x)| only when x € U, to estimate the norm of the difference between S;[ f]*2(x)
and f*$2(x) we have to restrict x to be in S;[ f 175(V) N U C U. 1t is not difficult to see that

U= J(sL1 ' wyn).

t>1
Furthermore,
SIFAICYV =  S[fI ' V)nU=U.

We consider functions f : U — V, with U either R4 or as in H1 in Theorem 18, and V either
R? or H2 in Theorem 18. In Lemma 27 we prove that if moreover V contains the closure of
f(U) then, for ¢ sufficiently large, S;[ f1*52 € ARU).

Lemma 27. Let 1 < £ <m with £ ¢ N and m € N. Let U be either RY or as in Theorem 18,
let V be either V. C R” an open subset, or TP, or T° x V, with V C R~ an open sub-
set. Let f € CYU,V), and assume that V contains the closure of f(U). Then there exists
r=t,d, | flceqys V) such that for all t > f the following holds:

O S[fIU) V.
(i) S[f1U+Ct™h) SV + (CBr)t~L.

Proof. To prove part (i) of Lemma 27 first, notice that from Remark 15 and part (vi) of Remark 7,
one has that S;[ f](x) is real if x is real. Hence, if V=R?, or V= TP, we have S;[ f](U) C V.
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Now, assume that V C R4 is open. Then from part (i) in Proposition 23 we have that for t > 1,
the following holds:

S fyer?: suply — £ ()| < Kl fleryt™ (12)

Hence, if V C RY is open and the closure of f(U) is contained in V, one has from (12) that for
t sufficiently large S;[ f]1(U) C V. By taking coordinate functions, the case V= T* x V, with
V C RP~ an open subset, follows from the previous two cases.

Part (ii) of Lemma 27 follows from part (i) of Lemma 27 and part (iv) of Proposition 23. O

A consequence of Proposition 23 is the following.

Proposition 28. Let | < £ ¢ N and let U be either RY or as in H1 in Theorem 18. Let V be as in
Lemma 27, and let 2 € A*¥(V) be such that [2]c1(v4p) < 00, for some p > 0. Let f € ctU,v),
and assume that V contains the closure of f(U). Then there exist two positive constants k =
K(d, L.k, |2|c1(vip) and t =1(d, €, p, | flce), V) such that for all t > t the following holds:

@) ISLFT2 = f*Rcoq) <k VUG o) + 17U fleew))-
@) ST 2oty <ol f I gy

Proof. Assume that £2 has the following form:

Qx) = 2: Qi(x) dx;.

1<i <<k <p

Since V contains the closure of f(U), we have that part (i) of Lemma 27 implies that, for index
i=(1,...,0) with1 <ij <--- <ix < p, 250 S[f] is defined on U for all ¢ > £, where 7 is as
in Lemma 27. Hence for ¢ > £ the following holds:

(ST R2)(x) = Z 2(SLF10) S f1"dxi, ¥x eT. (13)
I<ii < <ix<p
Then part (i) follows from Proposition 23 and the following equality

(SUTre-r2)m= Y [@(f@){Si1- ) dx

I<iy < <ig<p

+{QioSi[f1=2io f1)SLf1"dui],
for x € U, where we have used the equality { f* — g*} dx; = { f — g}* dxj, which is true because
the k-form dx; does not depend on the base point.

Let us prove part (ii) of Proposition 28. From part (iv) of Proposition 23 and Lemma 27 we
have that

SLAU+17") S STAW) + 617 Fleey SV + it flee -
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Hence, if + > 7 is sufficiently large so that r~!«|f lcequy < p, then for any multi-index
i=(1,...,0) with 1 <i| <--- < iy < p, the following holds:

|20 SiLf | cour1) < 1Rilcocs 1) S 1ilcocrp- 14
Hence, part (ii) of Proposition 28 follows from (13) and (14). O

To prove Theorems 18 and 20 we need more accurate estimates than those given in Proposi-
tion 28. Actually (see Sections 3.4 and 3.5) we need an estimate for

’St[f]*‘Q - f*‘Q‘CO(UJrCt—l)v

with C > 0, in the case that both £2 and f*£2 are real analytic k-forms. This is given in the
following.

Proposition 29. Let 1 < £ < m, with £ ¢ N and m € N. Let U be either R? or as in H1 in
Theorem 18 and let V be either RP, TP, or TS x V, V. C RP™ a compensated open domain with
C"™-boundary, or V C R? a compensated open domain with C™ -boundary.

Assume that 2 € A¥(V) and 2 € A*(U) are two real analytic k-forms such that |$2|ce vy )
|‘(2|C('(U+p) < oo, for some p > 0. Then, for each C 20, >0, and 0 < u < £ — 1, there
exist two constants k = k(d, p, £, C, B, u, k) and f=1td, p, L, V,C, B, 1) such that for all
f e CYU, V) satisfying: (i) the closure of f(U) is contained in V, (ii) [fletwy < B, and
(iil) f*£2 = £2, the following holds:

|12 = 2| oy oty S kMpt ™, Vi1,
where Mf depends on k, |~Q|C¢(U+p)» |5~2|C@(U+p): and B, but is independent of t.

To prove Proposition 29 we extend the definition of the analytic smoothing operator S; to
k-forms in the following way. Let U be either R? or as in H1 in Theorem 18. Let 2 € A*(U) be
of the form

QW= )  SiWadx,

1<ij<<ix<d
with £2; € CY(U) forall 1 <ij < --- < ix <d, define the k-form S,[§2] € A¥(U) by

~_ def
SI21= ). Silsldx. (15)
1<ij < <ix<d
Notice that

SR — 2 ={SI[f1*2 — S f*21} + (S — 1D)[£2], (16)

so to prove Proposition 29 it suffices to estimate the norm of the differences on the right-hand
side of (16). An estimate of the norm of the second difference on the right-hand side of (16)
follows from the following lemma and (15).
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Lemma 30. Let 1 < £ ¢ N and let U be either RY or as in H1 in Theorem 18. Then, there exists
a constant k =k (d, £, C) such that if g € A(U+ Ct~1, C*) then the following holds:

|(Si = 1d)egl| coycr1y < kl8leeacrnt " (17)

Proof. First one proves Lemma 30 in the case that U C R? is either RY or a compensated
open domain with C™-boundary. Then the cases g € A(T¢ + Ct~!,C*) and g € A(T" x U +
Ct~ !, CY), with U a compensated open domain in R4~ with C"™-boundary, follow by taking a
lift of g and using that (17) holds for the periodic (respectively partially periodic) part of the lift
of g (see Remarks 8, 14, and 15).

We prove Lemma 30 in the case that U C R? is a compensated open domain with C”-
boundary. The case U = R? is proved in the same way. From Lemma 21 and Theorem 11 we
have that if z € U+ Ct~! then

|5[81(2) — Pg.¢(Re(2), i Im(2))| < e ey lgleeqnt ™" (18)

Moreover, from the Taylor Theorem we have for all z € U+ Ct~!

14

|8(2) = Pg.e(Re(2), i Im(2))| < &lgleeuycry|Im(2) (19)

for some constant ¢. Therefore Lemma 30 follows from (18) and (19). O

Giving an estimate for the norm of the first difference on the right-hand side of (16) is more
intricate. In Section 3.3.1 we give several results from which the following proposition follows
easily (see Section 3.3.2).

Proposition 31. Assume that £,m, U, V and 2 € A¥(V) are as in Proposition 29. Then, for
eachC 20, 8>0,and 0 < u < € — 1, there exist two constants k =k (d, p, £, C, B, u, k) and
f=itd,p,L,V,C,B, 1) such that for all f € ctU, V) satisfying (1) and (ii) in Proposition 29,
and for all t > t, the following holds:

[SiILF* 21 = SR coquperry SeMpt ™,
where Mf depends on |2|cecyy ) and | flce ), but is independent of 1.

3.3.1. Analytic estimates

In this section we give analytic estimates of certain quantities that enable us to estimate the
norm on complex strips of the difference between S;[ f1*$2 and S;[ f *§2]: Since the pull-back in-
volves the composition and the multiplication of functions, the quantities to be estimated depend
on the norm of the difference between:

(i) smoothing a multiplication of two functions and multiplying their smoothings (see
Lemma 33),

(i) smoothing a composition of two functions and composing their smoothings (see Proposi-
tion 37).
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Let us start by estimating the C*-norms on complex strips of the product and composition of
functions in terms of the C*-norms of the original functions.

Lemma 32.

(i) Let U be either R or as in Theorem 18. Assume that g1, ..., g belong to C" (U + p), for
some p > 0. Then, the following holds:

181821cr W40 < k(181 cr W40 |82lc0wp) + 1811 cOq1p) 1821 (U0 ) (20)
and
18182~ klcr(U+p) Sk <|gi|C'"(U+p) l_[ |gj|C0(IU+p)>' (21)
i=1 je{l,.. k)
JF#i

(ii) Let W Cc C" and Z C CP be compensated domains (Definition 16), s,0 >0, and h €
A(Z, C%). Assume that f € AW, C?) is such that f(W) C Z, then:
(a) Ifmax(s,0) <1, then ho f € AW, C*?) and
lho flesowy < Ihles@y| fleo qwy + 1l cocz)-

(b) Ifmax(s,o) > 1, then ho f € AW, CY), with £ = min(s, o). Moreover:
(1) Ifo<s <1<o, then

o flesawy S klhles@l fle gy +1-lcoz)-
(1) If0< o <1<, then
lho flcow) < klhlciz)lfleewy + 1hlcocz).
(iii) If € = min(s, o) > 1, then
¢
o fleew < klhlcezy (L+ 1 flge))-
Proof. To prove estimate (20) use the Leibniz’s rule to write the derivative of the product func-
tion h = g1 g in terms of the derivatives of g; and g, and use the interpolation estimates [4,21].

Estimate (21) follows from (20). Part (ii) follows from Theorem 4.3 in [21]. O

In the following lemma we give an estimate for the norm of the difference between smoothing
a multiplication of two functions and multiplying their smoothings.

Lemma 33. Let 1 < £ <m, with m € N and € ¢ N, and let U be either RY or as in H1 in
Theorem 18. Then for each C >0, 0 < u <€ andr € (0,1), with 0 <r + u < £, there exists a
constant k =k (d, £, C, u,r), such that for all t > el/r satisfying

t7(C +rlogt)) < 1, (22)
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the following holds:

) |St[g]|Clt(U+C[—1) < K|g|cl(U)»f0’”g € CZ(U)
(ii) For g1, 8> € C*(U)

|Sz (8115 [g2]|CM(U+Ct*1) < K(|g1 |c0(U)|82|cf(U) + 181 |cl(U)|82|c0(U))-
(i) For g1,g2 € C*(U)
|St[glg2] - St[gl]St[82]|Co(U+C,-1) < K(|81 |CO(U)|82|CZ(U) + |gl|cZ(U)|g2|c0(U))fu~

Proof. To prove part (i) of Lemma 33, one first proves that it holds for g € C¢(U), when U is
either R? or an open domain with C"-boundary. That part (i) of Lemma 33 holds for g € C L,
when U is either T or T" x U, with U € R?~" an open domain with C"-boundary, follows by
taking a lift of g, applying part (i) of Lemma 33 to the periodic (respectively, partially periodic)
part of the lift of g, and using the norms introduced in Definition 4 (see Remarks 8, 14, and 15).

We only prove part (i) of Lemma 33 in the case that U is an open domain with C™-boundary.
The case U = R? is proved in the same way. For t > 1, define p(t) =t ~'(C + r log()) and let k
be such that 2% <t < 2¥*+!, Using Lemma 21 and Theorem 11 one proves that if g € C*(U) then
the following estimates hold:

|(S2r = SDL8]] coga s paryy < Klglcryt™

(S = 2018 coggat pryy < Kl8lcean2 ™"

Then part (i) of Lemma 33 in the case that U is an open subset of R¢ with C"-boundary, follows
using Cauchy’s estimates and the following inequality:

k

|St[g]}cu(Rd+[—lc) < |(St - Szk)[g]}cu(Rd_H—lc) + Z|(SZJ - Szj_l)[g”C“(Rd—H*lC)
j=1

+ |Sl [g]|C/‘(]Rd+I’lC)'

Part (ii) of Lemma 33 follows from estimate (20), and part (i) of Lemma 33. To prove part (iii)
of Lemma 33 write

Silg1821 — Silgi1Si[g21 = S [(Ad — S»)lg11g2] + S Silgi1dd — Sp)g21]
+ (8, — D[Sig11S:[g21]- (23)
Parts (ii) and (i) of Proposition 23 imply
|St[(1 - St)[g]]gz:l |C0(U+Ct’1) < K|(1 - St)[gl]82|co(U) < K|g2|C0(U)|(1 - St)[g1]|co([U)
<klgalcolerlceat ™ (24)

and
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(112110 = Sole2l] o1y < |Silg11(1 = Solg2] o
< K|Sz[81]|C0(U)|(1 - St)[g2]|C0(U)

< klgilcowylg2leemt (25)

Moreover, because of part (ii) of Lemma 33 we have that S;[g1]S;[g1] belongs to AR +
Ct~!, C*), then Lemma 30 and part (ii) of Lemma 33 imply

(St = D[St[g118i[821]| coqry 1) < |Selg11SeLg2] | cw g cr1y? ™"
<k (lgtlcolg2leem) + 181 lctaylgalcoy) ™. (26)
Hence part (iii) of Lemma 33 follows from equality (23) and estimates (24), (25), and (26). O

We emphasize that the proof of Lemma 33 is based on the linearity of S;. As a consequence
of Lemma 33 we have the following.

Lemma 34. Let ¢ and U be as in Lemma 33. Let k,n be two non-negative integers such that
0<n+k<d ForeachO<u<4¥ C>=0andr e (0,1), with O <r + u < ¥, there exists a
constant k =k (d, L, C, u, r, k,n), such that for all v € A"(U) and o € Ak (U) with
|1}|C£(U) <00 and |a|ck(U) < 00,
and for all t > e/ satisfying (22) the following holds:
|S D1 A Sila] — Si[9 A a]\co(ma_.) <k (19 1coyleleeqy + 19 e lelcowy )t -

Proof. Let 9 € A"(U) and o € A¥(U) be given by

P(x) = Z Bi(x) dxj, a(x) = Z aj(x) dx;j,

I1<ij<<ip<d 1<ji<<jk<d

with %, @j e CYHU) foralli= (i1,...,ip), wWith 1 <ij <iz <--- <ip <d,and j= (ji, .-, Jjk),
with 1 < j; < -+ < jx <d. Then, performing some simple computations one obtains
Si(OIA Sila] = S [0 Aal(x)(Ers - .. Emtk)
= > > cij(x)dxiGo(1), -2 Eom) dXjEo(nt1)s - s Eo(ntk))
oeSnk) 1<ij<<ip<d
Iji<<jisd
where S(n, k) represents the set of all permutations o of {1,2,...,n + k} such that o (1) <

c2)<---<omando(n+1)<---<o(m+k),and

cij () E (S, 19118, L] — S [Pie]) ().

Hence the proof is finished applying part (iii) of Lemma 33. O
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The following lemma is the same result as Proposition 31, applied to the components of AX (V)
with respect to the basis: dxj = dx;; A--- Adx;,, with 1 <ij <--- <ip < p.

Lemma 35. Let £, U and V be as in Lemma 27. For each natural number 1 < k < p, and all real
numbers 0 < u <€ —1,C >0, andr € (0, 1), satisfying 0 <r + u < £ — 1, there exist two con-
stants k =k (d, £, C, u,r, k) and ty =ty(d, £, B, V, r) such that for any f € ct (U, V) satisfying
(1) the closure of f(U) is contained in'V, (ii) | flcey < B, and any multi-index i= (i1, ..., ik),
with 1 <iy < --- < iy < p, the following holds for all t > ty satisfying (22)

|SiLf* il = SiLfT* doi] oy gy < KL Tge gyt ™
Proof. Leti= (iy,...,ix) be amulti-index with 1 <ij <--- <iy < p,andlet f € CK(U,V) be

such that the closure of f(U) is contained in V and | f| ¢y < B. Performing some computations
and using the linearity of S; one obtains

k—1
SiLf*dxil = ST dxi =) A g, 27)
n=1
where, forn e {1, ...,k — 1},
def | S[f*dxi, 0N NS [fFdxy ], nefl,....k—2},
©On =
1, n=k—1,
and
def
an = Si[0n A f*dxi,, 1 — SOl A SLf* dxi, ], (28)
where
def
Op = fH(dxiy Ao ANdx;). (29)

Notice that, because of part (ii) of Proposition 23, forall n € {1, ..., k —2} the following estimate
holds:

k—(n+1)
l@nlcoutc—1y < "(|St[Df]|c0(U+Cz—'>)

k—(n+1)
<« (IDf o)) L

Hence using (27) one has

|SLf* dxil = SiLFT* doxi| co ey < lotk—tlcowscr )

k=2
k—(n+1
+1 Y lanlcorern | Df lgagy s (30)

n=1
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where we assumed, without loss of generality, that ¥ > 1. Moreover, from (21) and (29) we have
forallme{l,...,k— 1}

19alce-1qwy < enl DS [faly, |DF lct-1u) < 00
and
|f* dxi il cem1 ) S €IDflee1 ) < 00,

for some constant x. Hence, using (28) and Lemma 34, we have that given0 < u < €—1,C >0,
andr € (0, 1), with O <r < £ — 1 — pu, there exists a constant k =k (d, £, u, r, C), such that

|Oln|c0(U+(;t—l) < K|l9n|ci—l([u)(|f* d'xin+1 |cl—1(U) + I f* dxin+1 |C0(U))fﬂ
</<(n+1)|Df|'éO(U)|Df|C471(U)t_“. 3D
Hence Lemma 35 follows from (30) and (31). O

In order to prove Proposition 31 for an arbitrary k-form we need an estimate for the norm of
the difference between the composition of the smoothing and the smoothing of the composition.
This was considered in [11] for functions in C¢(R?). We use the following.

Lemma 36. Let £, m, U and V be as in Proposition 29. Given 0 < u < £ and C 20, 8 >0
there exist two constants k = k(d, p,£,C,u,B) and t; = t1(p,£,V, C, B, n) such that for
each h € CY(V) and fe ctu, V), satisfying (i) the closure of f(U) is contained in V and
(1) | fleeqy < B, the following holds for all t > t;:

|Stth] o SLA ety < klBlcery (L+ 1 TGe ) (32)
where

T is any number in (u,1), fO<pu<l1<¥,
T=U, flr<u <.

Proof. Let0<s,0 <4, fixr;,rpe(0,1)insuchawaythat0 <s+r; <f,and0<o+rp <¥
(e.g. r1 =min(1/2, (£ — s5)/2), ro» = min(1/2, (£ — c)/2)). Let k be as in Proposition 23 and
assume that 7 > max(el/"1, e1/72) is sufficiently large such that

1 max(C + rplog(t), CkB + 1 log(t)) < 1.
Then Lemma 33 implies for # € C¢(V) and f € C*(U, V),
|St[f]|CG(U+Ct—l) < K(d7 E’ Ca g, r2)|f|C[(U)a O g o< Ea
|S:[h] 0<s <. (33)

CS(V-I—(CﬂK)t’l) < K(P’ Ea Ca s, rl)lhlcl(V)a

Hence for all 0 < s, o < £ there exists 7] =71 (p, £, C, B, s, o) such that, for all t > 71,
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Silh] € A(V+ (CBr)t ™!, C*),
Silfle A(U+Ct!, o). (34)

Inclusions in (34) and part (ii) of Lemma 27 enable us to apply part (ii) of Lemma 32 to the
composition S;[h] o S;[f] as follows. If 1 < u < £, estimate (32) follows from estimates (33),
and part (b)(iii) of Lemma 32. Finally, if 0 < u < 1 < £, write u = os with s € (u, 1) C [0, £)
and o = u/s € (0, 1) C [0, £), then estimate (32) follows from estimates (33), and part (a) of
Lemma 32 with

H(p 6,C. B ) Ehi(p.6,C. B s o). O

Proposition 37. Let £, m, U and V be as in Proposition 29. Given the real numbers C > 0,
B >0, and 0 < pu < £, there exist two positive constants k = k(p,d,¢,C,u, ) and t, =
t(p, L, V,C, u, B) such that for every h € C¢(V) and f € C*(U, V), satisfying (i) the closure of
S (U) is contained in'V and (i) | f|ceuy < B, the following holds for all t > ty:

|10 S Lf1= Silho f1] coqpcyty < ke Mit™", (35)

where

def
My = |kl ey (14 |f|TCz(U)) + |hlceen | flees
and

T is any number in (u, 1), ifO<u<1<¥,
T=Uu, fl<u<d.

Proof. That the composition & o f belongs to CY(U) follows from part (ii) of Lemma 32 (the
torus and annulus cases this is obtained by using lifts). To prove estimate (35), first write
Silhlo Si[f1=Silho f1= (1 = S)[Si[h]o S;[f]]
+ S [Silh o Si[f1] = Si[Sih] o f]
+ 8;[Silhlo f —ho f]. (36)

Let us estimate the first term on the right-hand side of (36). Let C >0, 8>0,and 0 < u < ¢
be given and let « and #; be as in Lemma 36. Then from Lemmas 36 and 30 one obtains for all
t>1h

’(Id - St)[St[h] o St[f]] ’Co(U+Ct—l) < K’St[h] o St[f]’cp.([u_;’_ct—l)t_u
<kelhleren (11 et (37)

where 7 is as in Lemma 36. Now we consider the third term on the right-hand side of (36). Using
again part (ii) of Proposition 23 we have
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|S:[Silhlo f—ho fllcopcrty Sk[Silhlo f—ho floog,
g K’(Sl‘ - 1)[h]‘co(v)

<K|h|cl(w)t_e, (38)

where in the last inequality we have used part (i) of Proposition 23. To estimate the second term
on the right-hand side of (36), we first consider the case U C R? is a compensated open domain
with C"-boundary. Notice that from Remark 15 one has

Si[Silh1 0 SiLF1] = Si[Selhl o f] = Se[Silhl 0 SiLf1 = &5(Si[R1 o f)]- (39)
Moreover, if x € U, then

EG(Silhl o f)(x) = (Si[hlo f)(x). (40)

Then, from Proposition 23, and equalities (39) and (40) we have
‘St[S,[h] o St[f]] - Sz[St[h] © f]‘co(UJrC,—l) < K|h|c€(U)|f|cL’(U)- (41)

In the same way, one proves that estimate (41) also holds in the case U = R?. Indeed, if U = R?
then (compare with (39))

St[St[h] o St[f]] - St[St[h] ° f] = St[St[h] oS [f1— Silhlo f]

Furthermore, taking lifts, using the norms introduced in Definition 4, and using that (41) holds
when U is either R? or a compensated open domain in R? with C”-boundary, one proves that
estimate (41) also holds in the following cases: (i) U = T¢,V=TP, (i) U=T? and V C R? is
a compensated open domain with C”-boundary, (iii) U= T" x U, with U C R¢ a compensated
open domain with C"-boundary, and V ="T?, (iv) U=T" x U, with U C RY a compensated
open domain with C™-boundary, and V is a compensated open domain with C”-boundary.
Hence, estimate (41) holds for U and V as in the hypotheses of Proposition 37.

Proposition 37 follows from equality (36) taking #, sufficiently large such that estimates (37),
(38), and (41), holds forallt > 1,. O

3.3.2. Smoothing and pull-back (Proof of Proposition 31)

We now have all the ingredients to prove Proposition 31. Let U, V, and £2 € A*(V) be as
in Proposition 29. Throughout this section we assume that C >0, 8 >0, and O < pu < € — 1
are given. Fix r € (0, 1) in terms of £ and p in suchaway that O < u +r <€ —1 (e.g. r =
min(1/2, (¢ — 1 — w)/2)) so that the constants depending on » will actually depend on u and ¢.
Let f € CY(U, V) be such that the closure of f(U) is contained in V, then Lemma 27 implies
S;[f1*£2 € AX(U) for t > t. Hence, to have S;[ f]*£2 defined on U we assume from now on that
t > t. To prove Proposition 31 we first write

SR = S fF*21={SI 12 — S [f1*(S:[521)}
+ { ST (S:[21) — S [f* 821} (42)
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Let us estimate the first term in brackets on the right-hand side:
(ST 2 = ST (S:1£21)) (x) = Z (1 = SHIZI(S 1)) S [fT* dxi. (43)
1<ij<<ip<d
From Lemma 27 we have

SILAU+Ct) SV 4+ (CBryt ™ SV +p, Vi =max(p~' BCki)

Assume that 2 € AV + p, CY), then for all i = (i1, ..., i), with 1 <i; <--- < i < p and
t> max(p‘l,BCK, 1), Lemma 30 implies

|(Ad = SH12i] 0 S Lf 1] oy 1y < 1A = OISR oy < (K1S2i1co vap))1 770 (44)

for all 0 < o < £. Hence, part (ii) of Proposition 23, estimate (44), and equality (43), yield for all
t >max(p~ ' BCk, 1),

|SeLF T2 = ST (SH21) | coupcrty S KIR1enn | fIge gyt s 45)

where k =« (p,d, ¢, C, u, B,k).
Now write the second term on the right-hand side of (42) in the following way:

SILT(S:1921) = SiLf* 21 = Z {(Si[$2i] 0 Si[f1 = Si[2i 0 f1)SLfT dxi

1<ij < <ir <d

+ Si[82i 0 FI(SLfT dxi — Si[f* dxi)

+ Si[2i0 f1S/1f* dxi] = S [(R2i o f) f* dxi]}. (40)
In what follows we give estimates for the three terms on the right-hand side of (46). The first

term is estimated as follows: Let #; be as in Proposition 37, then Proposition 37 and part (ii) of
Proposition 23 yield for all ¢ > #;:

|(Si[2110 S,Lf1 = $i[821 0 FI)SILFT dxi] coggay o1y

< K|f|]éf(U){|-Qi|c/5(U)(1 + |f|tcz(U)) + |-Qi|ci(11j)|f|c£(tu)}f“, 47)

where k =« (p,d, ¢, C, u, B,k) and t is as in Proposition 37.
An estimate for the second term on the right-hand side of (46) follows from part (ii) of Propo-
sition 23 and Lemma 35:

|S,182i0 FUSILAT doxi = S, (F* doxi)) | oyt <K 1Dil o | f oot ™. (48)

where t > ty, with 1y as in Lemma 35, and k =k (d, £, C, i, k).

Finally, applying Lemma 34 to the O-form £2; o f and the k-form f* dx; and using Lemma 32,
one has that there exists a constant xk =« (d, £, C, u, k) such that, for all r > el/r satisfying (22),
the following holds:
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|Si[2i0 f1Si1f* dxi] — S:[ (i 0 f) f* dxi]|C0(U+C,71)
K(|.Q (e} f|CO(U)|f* dXilcé—l(]U) + |Q [¢] f|C271(U)|f* d.Xi|CO(U))t_'u
{|Q |C0(V)|Df|C0([U)|f|CZ(U) + |‘Q |CZ(V)(1 + |f|CZ(U))|Df|C0(U)} 7/‘7 (49)

where we have used the inequality |2 o f|ce-1(y) < [$2i 0 f|ce(yy and part (b)(iii) of Lemma 32.
Define

~ def .
i = max(CBrp~ ", e, 12, 7),

where k = k(d, C) is as in Proposition 23, f is as in Lemma 27, and t, is as in Proposition 37.
Let t > f satisfy (22), then equality (46) and estimates (47), (48) and (49) imply

IS LT (S 121) = S 21| oy gty < KMot -, (50)
(U+ )

where k is a constant dependingon d, ¢, k, r, i, and C, and M> is defined by

def
|f|ce(U)|Q|C£(U){l + |f|cl(U) + |f|cé(U) + |f|Cz(U)}
Hence Proposition 31 follows from estimates (45) and (50). O
3.4. The symplectic and volume cases (Proof of Theorem 18)

Let £ and U be as in Theorem 18 and let f € Difft (U). We prove Theorem 18 in several
lemmas. First in Lemma 39 we prove that if §2 is a non-degenerate form, then for sufficiently
large ¢, the form defined by

28 L +e(Slf1r2 - 2), (51)

is also non-degenerate for all ¢ € [0, 1]. We also give explicit estimates for the norm of .7, 1o
on complex strips in terms of the corresponding norm of 8. In Lemma 41 we use the defor-
mation method [9] to prove that, for ¢ sufficiently large, there exists a diffeomorphism such
that (¢7)*£2f = §2. Moreover, in Lemma 41 we also give quantitative properties of ¢7. More
precisely, using Lemma 39 we prove that the diffeomorphism ¢; is real analytic, close to the
identity and with first and second derivatives bounded on the complex strips U; + Ct~!, with U,

defined in (7). In Lemma 42 we prove that if ¢, def 1 then T;[ f ] St [ f1o ¢ satisfies properties
T1-T6 of Theorem 18. Property T7 is proved in Sectlon 34.1.

Remark 38. Notice that if f € Diff* (U) then from part (i) of Proposition 23 we have that, for ¢
sufficiently large, S;[ f] is a diffeomorphism on U.

Lemma 39. Let ¢, U, V, 2 and S satisfy the hypotheses of Theorem 18. Then, given C > 0
and B > 0 there exists a constant 13, depending on d, £, V, C, B, Mg, and |$2|ce 4 ,), such
that for all t > t3 and for all f € Diff®(U) satisfying (i) | f |C4(U) < B, (i1) V contains the closure
of f(U), and (iii) f*§2 = $2, the k-form defined by (51) is non-degenerate for all ¢ € [0, 1].
Furthermore, for any real analytic 0 € AX=Y(U), satisfying 101cop) < 00, and any t > t3, the
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application taking (e, x) into f_(;gl (0)(x) is continuous on (g,x) € [0, 1] x U+ Ct~" and real
t
analytic with respect to x. Moreover

-1
|fo O cosciy < 2Mel0lcowiciy, Ve €10, 1.

Proof. This follows from Proposition 29. Indeed, first notice that for all > 1 and ¢ € [0, 1] the
following equality holds:

Ior =Io teSsra-o = (d+eSsra-a 0 f5') o Ja. (52)

where Id represents the identity map on Ak_l(U). Let «k = «k(d,d,¢,C,B,(¢ — 1)/2,k),
i=1i(d,d, t,V,C,B,(—1)/2), and My be as in Proposition 29, then for all > max(7, C)
and for any 6 € A¥~1(U), satisfying |6 lco4p) < 00, the following estimate holds:
-1 o —(=1))2
|f(St[f]*Qfﬂ)(ﬂ:2 9)|CO(U+Crl) SkMyt v/ Mel0lcowrci)- (53)
Assume that #3 is sufficiently large so that for all # > #3 estimate (53) holds and moreover

DM Mg < 1)2.

Then for all ¢ > t3, & € [0, 1], the application (Id — & 5s,[fjro—q © f_gl) is an isomorphism on
A*=1(U), and moreover the following holds for any 6 € A*~!(U), satisfying |0] o, ) < 00

—1\—1
|(Id —eI51flre-20 5o ) 0|C0(1U+Ct’l) <200 cowcr-1)-

Hence from (52) we have that for all # > #3, and ¢ € [0, 1], the application ﬂgf is invertible with
inverse given by

— _ —1\—1
fgfl :jglO(Id—}-é‘]gt[f]*g_gofgl) R

from which Lemma 39 follows. O

Lemma 40. Let ¢, U, V, 2 and S satisfy the hypotheses of Theorem 18. Then, given
C>20, 8>0and 1 <pu <4t —1, there exist two constants k = k(d,t,C, B, u,k, Mg) and
ty=14(d, L, V,C, B, u, Mg, |Q|C£(U+p))’ such that for all t > t4 and for all f € Diffz(IU) sat-
isfying () | flcequy < B, (i) V contains the closure of f(U), and (iii) f*$2 = §2, there exists a
vector field uj satisfying

diys (27) = —(SILf1°2 = £*82), (54)

where d represents the exterior derivative and §2; is defined in (51). Furthermore, the vector field
uy is continuous on (g,x) € [0,1] x U + 2Ct~ ! real analytic with respect to x on U + 2071
and it satisfies the following estimates:

KkMst™", Veel0,1], (55)

|”§|CO(U+2CM) <

where M 1 is as in Proposition 29.
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Proof. First notice that since §2 = da is exact and analytic, then the right-hand side of (54) is
also exact and analytic. Then, the Poincaré’s formula implies the existence of an analytic 1-form
y; such that: dy; = S;[ 162 — §2 and

Vilupacit SR[SILFT*R = 21y, o1 kMgt

where we have used Proposition 29 and the fact that U is bounded. Lemma 40 follows from
Lemma 39 by solving the following equation:

Lemma 41. Let ¢, U, V, 2 and Y satisfy the hypotheses of Theorem 18. Then, given C > 0,
B>0and 1 < u <€ — 1, there exist two constants k = k(d,£,C, B, u, k, Mo) and t5 =
t5(d, ¢, V,C, B, u, M, 82|ty ), such that for any f € Diff* (U) satisfying (i) [fletwy < B,
(ii) V contains the closure of f(U), and (iii) f*2 = §2, any t > t5, and any ¢ € [0, 1], there
exists an analytic diffeomorphism ¢; on U;, with U; defined in (7), such that the following hold:

@) ()27 =52.
(i) ¢ =id.
(iii) 1¢; — idlcoqy,+cr-1y < kM ypt™", where id represents the identity map.
(V) D¢} |cow, +ci1y < exP(C—iKMft_““). A
) |D2¢tl |C°(U;+Ct*1) < C_ZKMfl_PH_Z eXp(3C_IKMfZ‘_“+1).

Proof. Following the proof of Theorem 2 in [9], we determine ¢; by solving the differential
equation

d
S0 =uiodf. 0<e<l, (56)

with ¢>t0 the identity mapping, where the vector field ¢ is as in Lemma 40. Notice that, in the
case U = T?, the properties of uj given in Lemma 40 imply the existence of a unique solution
¢; of (56) for all € € [0, 1] and all x in the closure of T¢ +Ct—'. To guarantee a solution of (56)
for all & € [0, 1] in the non-compact cases: (i) U € R a compensated bounded open domain
with C™-boundary, and (ii) U= T" x U with U C R~ a compensated bounded open domain
with C™-boundary, we solve (56) for initial conditions in the closure of U, + C t~1, with U, cU
defined in (7). Notice that if 74 as in Lemma 40 and ¢ > 14 is sufficiently large so that

KM prP <, (57)

which is possible because 1 < pu < € — 1, then (55) and (57) imply the existence of a unique
solution ¢} of (56) for all ¢ € [0, 1] and all x in the closure of U; + C t~1, with U; c U defined
in (7).

Hence, if U and U; are as in Theorem 18 and ¢t > #4 satisfies (57), then Eq. (56) has a unique
solution ¢? (x), defined for ¢ € [0, 1], and x in the closure of U; 4+ C t~1. Moreover, the following
holds:
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1
/u ¢ (x))d
0

from which part (iii) of Lemma 41 follows.
Part (i) follows from (54), (56) and the E. Cartan’s formula for the Lie derivatives (cf. [22]):

1 . A
|6 _ld|CO(U1+Cl’1)= Sup SkMgpt™",

N
s| < sup |u,|
xeU,+Ct! s€[0,1]

cOU+cr—1)

(00 @) = 00) fatur @) + i as) + i | =

Parts (iv) and (v) follow from the Gronwall’s and Cauchy’s estimates, and (55) as follows:
From (56) we have for ¢ > 14 satisfying (57) and x in the closure of U; + Ct~!

|Do; (0| <1+ [ [Duf| coyycp1)| P 0| ds, & €10, 1],
U+ )
0

then the Gronwall’s and Cauchy’s estimates and (55) imply

D9 | co, +cm1) < <eXP( S%P]]|Duf|cow+c,4)> <exp(CT Myt
sel0,

Similarly

1

|D ¢ |C°(1U,+Cz“) /’D2 |C°(U+Ct—1)|D¢t’CO(U,+Ct—])dS
0

1

"‘f|D”f|C0(1U+szl)|D2¢ts|c0(w,+0z*l)ds
0

< SE(‘)PI]’”‘;’CZ(UJrCz—l)CXP(zc_l"Mf’_MH)
eell,

1
+ |”f|c1(IU+CrI)/|D2¢ZS|CO(U,+Crl)dS
0

<KszMf'f’”zexp(2C71K1\;Iff“+l)
1
—1yy L —ptl 2 4
e (10 g
0

from which part (v) of Lemma 41 follows. O
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Lemma 42. Assume that the hypotheses of Theorem 18 hold. Let ts and ¢t1 be as in Lemma 41,
define fort > t5

def | 1
Yt = d)[ .

Then, given C 20, B >0 and 1 < u < € — 1, there exist two constants k = x(d, t,C, B, 1,
k,Mgo) and t* =1t*(d,¢,V,C,u, B, Mg, [2|ceyp))s such that if the elements of the family
of — nonlinear — operators {T;};>+ are defined for f € Diff* (U) satisfying (i) |f|C4(U) < B,
(ii) V contains the closure of f(U), and (iii) f*$2 = $2, by

T E S (o), xel,

where Uy is as in Theorem 18, then T;[ f] satisfies TO, T1, T2, T4 of Theorem 18 and the following
properties:

T3 |T:[f]1— S’[f]|CO(U,+Ct—1) < KMft_M.
T5. (T = 1) fllcrw,) <«Mpt= =, forall 0 < r < pa.
T6". [(Tr — THLfNlcoqw,+co-1y SkMypt™, forall T >t > t*.

Proof. That T;[ f] is a diffeomorphism on U; follows from Remark 38 and Lemma 41. Notice
that property T1 of Theorem 18 follows from part (i) of Lemma 41. Now, assume that t* > f5 is
sufficiently large so that for all 7 > ¢* the following holds:

kMt~ =D < Clog(2), (58)

which is possible because 1 < u < £ — 1. Then using (58) and parts (iii) and (iv) of Lemma 41
one has for all ¢t > t5

|(pl - id'CO(U[+CZ_1) < KMftiM < Ct71 (59)
and
|D(pl|C0(U[+Ct71) < eXp(C_IKMft_(M_l)) < 2. (60)

Notice that if 2 < u < £ — 1 then it is possible to choose #* sufficiently large such that (compare
with (58))

KMt~ <min(C?, Clog(2)), Vr>t*.
Then part (v) of Lemma 41 implies for such ¢ that
|D2¢t|co<m,+cf—l> <23, 61)

A consequence of (60) is that we can control the domain of the composition S;[ f]o¢; on complex
strips because of the following estimate:

|Im((p’)|C0(U,+Ct_]) < Ct_l |D(pt|CO(U7+Cl_l) < ZC[_I’
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from which we have
o (U +Ct™ ) cU+207", (62)

Now property T2 of Theorem 18 follows easily. First, using (62) and part (ii) of Proposition 23
one has

|Tt[f]|CO(U,+Ct’1) = |St[f] O¢I|C0(U,+Ct*1) < |St[f]|C0(1U+(2Ct*l)) < Klf'CO(U)'

Now, using (62), part (i) of Lemma 33, and estimate (60) one has
|D7}[f]|CO(U,+Ct71) g |Sl‘[f]‘CI(U+2CI—1)|D(;0I(-X) |CO(U[+C1‘71) g K'flCe(U)'
To prove T3’ use (62), (59) and part (i) of Lemma 33 to obtain

(T, - St)[f]|c0(U,+c:—1) S }Sf[f]|C'(U+2Ct—])|(pl —idlcow,+ci-1y SeMplfloeant ™.

Furthermore, if 2 < i < £ — 1, then the chain rule, (62), part (i) of Lemma 33, and estimates (60)
and (61) imply

2 2 3
|D Tf[f]|C0(TU1+Ct*1) <2 |S’[f]}C2(U+2Cl’l) +2 |S’[f]|C1(IU+2Ct’1) S K|f|CZ(U)'

This proves property T4 of Theorem 18.
Finally, properties T5 and T6’ of Lemma 42 follow from Proposition 23, property T3’ of
Lemma 42, Cauchy’s estimates, and the following inequalities

|(T; — DL f]

Ccr(Uy) < ‘(Tl - ST)[f]

Ccr(Uy) + }(Sl - 1)[f]

cr(uy’

andfort >t

|(T‘L' - T’)[f”CO(U,-&-Cr*I) < |(Tr - ST)[f]|CO(U,+Ct’1) + |(SI - T[)[f]|CO(Ut+Ct’l)
+ ’(S‘L’ - S[)[f]|C0(U+C'L’_1)' O

3.4.1. Exactness considerations

In this section we show that in the case that the diffeomorphism f is exact symplectic, then it
is possible to construct analytic approximating functions 7;[ ] which are also exact symplectic,
as claimed in part T7 of Theorem 18. Here use the calculus of deformations, similar constructions
are obtained in [10].

Let U be as in Theorem 18. Of course, exactness is a problem only in the case that U =
T" x U. In the other cases, Poincaré’s Lemma shows that all symplectic maps are exact. Hence,
throughout this section we assume that U=T" x U.

Let T;[ f] be as in Lemma 42, we show that for ¢ sufficiently large, there exists a diffeomor-
phism £, such that &, o T;[ f] is exact and satisfies properties T1-T6 of Theorem 18. Notice that
since T;[ f1* 2 = £2 we have that the form (7;[ f]*a — «) is closed. Recall that if £2 = d«, then
hy o Ty[ f] is exact if and only if the form (h; o T;[ f])*« — « is exact. Equivalently

[T (hfe — a)] = =[LLf T — ], (63)
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where [B] represents the de Rham cohomology class of the closed form S. The existence of
a diffeomorphism £, satisfying (63) is proved in the following lemma where, moreover, we
estimate the distance between £, and the identity.

Lemma 43. Let 2 = da be an exact symplectic form and 2 < £ ¢ 7. Assume that the hypotheses
of Theorem 18 hold. Let U; be defined by (7). Then, given C 20, 8 > 0and 1 < u < £ — 1, there
exist two constants k = x(d, £, C, B, u, Mo) and t* = t*(d, ¢, V,C, u, B, Mg, |‘Q|CZ(U+,0))’
such that for any t > t* and any f € Diff®(U) satisfying (i) | f lcequy < B, (1) 'V contains the
closure of f(U), and (iii) f is exact, there exists a diffeomorphism h; satisfying equality (63)
and such that the following holds:

hy — idlcoqyy ) < kMpt (64)

1helcr @ p) S - (65)

Proof. Let H! (M, R) denote the first de Rham cohomology group of the manifold M. Let V be
as in Theorem 18 and let U; be as in (7). We note that if U = T" x U, and if V diffeomorphic to U,

then H'(U,,R) =R" and H'(V,R) = R". For ¢ sufficiently large, let 7,[ f] be as in Lemma 42.
Consider

T[f1s:H'(V.R) > H' (U, R),
[y1— [TLTy].
Notice that since T;[ f] is a diffeomorphism on U; and since the pull-back commutes with the

exterior derivative one has: (a) T;[ f 1 is well defined, (b) T;[ f1# at zero is equal to zero, and
(c) T;[ f 14 is differentiable with invertible derivative at zero. If moreover, f is exact we have

[T T —a]| = [T f1a = fra]| k[T = 1D 1] o, SeMpe

where we have used the fact that T;[ f] satisfies property T5 of Lemma 42. Hence a finite di-
mensional version of the Implicit Function Theorem implies that, for ¢ sufficiently large, there
exists [y;] € H L(V, R) such that

L (v)) = = [T f1Fe — o] (66)
and
]| < aeMpeitL (67)

Let y1, ..., y» be closed forms, analytic on V + p, and such that {[yj]}’}:1 is a basis of H!(V, R).

For ¢ sufficiently large, let , = (), ..., n!) € R" be such that

1= 0l
j=1
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Then estimate (67) implies
Ime| <RMprHH (68)

Following [23], we construct, for ¢ sufficiently large, a diffeomorphism #, satisfying
[hja — o] Z ! vil. (69)

The non-degeneracy of §2 implies the existence of a vector field X; such that

n
ix, ()= nly. (70)
j=1
From (68) and (70) we have
Xl coeyspy <K'l <eMprH (71)
Let h{ be the flow generated by X :
d e € 0__.
—hi =X,0h;, h; =id. (72)

de

The existence of A¢ for all ¢ € [0, 1] is obtained by assuming that ¢ is sufficiently large and
using (70). Using Proposition I.1.3. in [23] we have

&
d n
(hf)*“—az/g(hf)*a%:SZﬂjw +dp;, (73)
0 j=1
with
&€

B =/(0/(h?)*ixx<jz::l'm’j> dr) dH/(hf)*in(“)dS’

0 0
where we have used the Cartan’s formula and the fact that the right-hand side of (70) is closed.
From (73) one has that, for all for ¢ € [0, 1], h] preserves the exact symplectic form 2 = da.

Define h, h1 then considering the first cohomology class in (73) we have that &, satisfies (69).
Finally notice that (69) and (66) imply (63).

Estimate (64) follows from (71) and (72). Now taking ¢ sufficiently large, using (71), (72),
and Gronwall’s inequality we obtain, for ¢ sufficiently large, the following estimate:

|Dht|C0(U+p) < 2,

from which and (64) estimate (65) follows, for ¢ sufficiently large. O
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It is clear from Lemma 43 that the composition T,[ f1 défh, oTy[f1is exact~symplectic on U;.
The verification of properties T1-T6 of Theorem 18 for the diffeomorphism 7;[ f] is performed
prop p p
by using Lemmas 43, 42, and the following estimates
|hl ° T’[f]icl(Uﬁ-Ct*l) < K|hf|C'(U+p)(l + |Tl[f]|C1(U,+Ct*1))’
‘hl‘ o Tl‘[f]‘cZ(UH_Ct—l) < K|ht|C2(U+p)(1 + ’E[f]‘cﬁ([ur_;’_ct—l))v
e o L1 = fleow, <«lhe —idlcow) + | T L= fleow,s
e o T = LA coqu, 4oty < Kl et @ p | LA = St LA coq, ooy
+ Kl]’lt — id'CO(U+p)'

3.5. The contact case (Proof of Theorem 20)

Theorem 20 is proved following the same steps of the proof of Theorem 18 given in Sec-
tion 3.4. Here we just mention the necessary modifications. Let ¢, U, V, and U; be as in
Theorem 18. Let £2 be a contact form on V, f € Diff? (U) a contact diffeomorphism, and let
A be a nowhere zero function such that f*£2 = 1£2. Define forr > 1 and ¢ € [0, 1]

2 €02 +e(SIfTF2 —10).

Notice that, since the 2-form d£2 is a symplectic form on the fibres of the 2n-dimensional sub-
bundle Ker(£2) C T'(U), with the obvious modifications, Lemma 39 holds for the isomorphism
42 ker(2)- Roughly speaking, this means that, for ¢ sufficiently large, -7 o¢ |Ker(2¢) 18 also an
isomorphism. Hence, for ¢ sufficiently large and ¢ € [0, 1], there exists a vector field u; satisfying

[ 0
uj = —(F40¢ |Ker(2f)) 1(@-9,8) u; € Ker(£2;/),

equivalently,
iy (dS2]) = —(Si[f1"'2 — 12),
i (27) = 0. (74)
Applying Proposition 29 to the 1-forms £2 and L£2 we obtain, for ¢ sufficiently large,
|Si[fT*82 = 182| o

Y L
wreei-ty SKMpt .

Then, following the same steps of the proof of Lemma 39 we obtain that the solution u; (x)
of (74), is continuous on (g, x) € [0, 1] x U+2Cr!, real analytic with respect to x € U+2ctt,
and moreover

iuf|C0(U+2Ct*1) <2Mg iSt[f]*Q — AL CO(U+2Ct— 1) < KMft_M~ (75)

Now, for ¢ sufficiently large, let ¢; be the solution of the following differential equation
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d .
9 =i, ¢ =id,

then (74) and the Cartan’s formula for the Lie derivative imply
d e\* e g\ * . £ . £ d £
— (o) 27) = (&) | d(ius 27) +iue (dS27) + — 827 | =0.
de de

Hence

(7)) 2f =22, Veelo,1].

Moreover, following the proof of Lemma 41 and using (75) one obtains that ¢>l1 satisfies esti-
mates (iii)—(v) of Lemma 41. The proof of Theorem 20 is finished by following the same steps
in the proof of Lemma 42. O

4. An application: KAM theory without action-angle variables for finitely differentiable
symplectic maps

Let (U, £2 = da) be a 2n-dimensional analytic exact symplectic manifold and let f €
Diff’(U) be an exact symplectic map. The study of the existence of n-dimensional invariant
tori with quasi-periodic motion is based on the study of the equation

F(f,K)=0, (76)

where

FURE)O)E (foK)O) — KO +w). (77)

K :T" — U is the function to be determined, and w € T" satisfies a Diophantine condition.
In [15] it is proved that if f is a real analytic diffeomorphism and if there exists a real analytic
parameterization of an n-dimensional torus K, satisfying a non-degeneracy condition, such that
(f, K) is an approximate solution of (76) in the sense that |F(f, K )|C0(’H‘" +0) is ‘sufficiently
small,” with respect to the Diophantine and non-degeneracy conditions, then there exists a true
real analytic solution of (76), which moreover is close to the approximate solution. In Theorem 46
we give the rigorous formulation of this result. We emphasize that in Theorem 46 we do not
assume the symplectic map is written either in action-angle variables or as perturbation of an
integrable one. Moreover, the proof of Theorem 46 produces an algorithm to compute invariant
tori for exact symplectic maps.

In this section we show that a finitely differentiable version of Theorem 46 also holds, see
Theorem 47 for the formulation. The proof of Theorem 47 we present here is a slightly mod-
ified Moser’s analytic smoothing method. We remark that, since Theorem 46 holds for exact
symplectic maps, then the symplectic map f is smoothed using the operator 7; of Theorem 18.
Moreover, rather than assuming the existence of an analytic approximate solution of (76) we
assume the existence of a finitely differentiable initial approximate solution of (76) and give con-
ditions guaranteeing the existence of an analytic solution, which is close to the approximately
invariant one in finitely differentiable norms. This is achieved by using the estimates given in
Theorem 18 and Proposition 37.
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In this section we also prove the bootstrap of regularity of invariant tori with Diophantine
rotation vector for exact symplectic diffeomorphisms. To obtain the bootstrap of regularity first,
we prove the local uniqueness of finitely differentiable invariant tori for finitely differentiable
symplectic maps. We remark that the uniqueness result stated in Theorem 49 is the finitely dif-
ferentiable version of Theorem 2 in [15].

The local uniqueness and the bootstrap of regularity are stated in Theorems 49 and 50, re-
spectively. Theorems 49 and 50 are similar to Theorems 4 and 5 in [17], respectively. However,
while the latter are stated and proved for Hamiltonian vector fields written in a Lagrangian for-
malism, Theorems 49 and 50 are stated for symplectic maps that are not assumed either to be
written in action-angle variables or to be perturbations of integrable systems, and proved using
the symplectic formalism rather than the Lagrangian one.

The existence of the operator 7; in Theorem 18, in the exact symplectic case, enables us to
obtain analytic approximate solutions of Eq. (76) close to a given finitely differentiable one. This
together with the uniqueness argument yield the bootstrap of regularity for solutions of (76).

Let U be either an open subset of R2" or T x U, with U C R”. In addition to the notation
introduced in Section 3.1 we use the following notation. For each x € U let J(x): T, U — T, U
be linear isomorphism satisfying

Qu)E N =E"-T)n, (78)

where - is the Euclidean scalar product on R?". The average of a mapping K € CO(T",U) is
defined by

ave(K o "éf/ K(0)do.
T}l

Definition 44. Given y > 0 and o > n, we define D(y, o) as the set of frequency vectors w € T"
satisfying the Diophantine condition:

l6-o—m|>yle][°, VYLeZ'\{0}, meZ,
where [€]; = [£1] 4+ - + [£n].

Definition 45. Given a symplectic diffeomorphism f € Diff! (U) and w € D(y, o), let N denote
the set of functions in K € C!(T", U) satisfying the following conditions:

N1. There exists an (n x n)-matrix-valued function N (6) such that
N@®)(DK®)" DK (9)) = I,

where [, is the n-dimensional identity matrix.
N2. The average of the matrix-valued function

AO)E PO+ ) [DF(K®)I(KO)) " PO) = J(KO+0) ' PO+w)], (79

with J defined in (78) and



A. Gonzdlez-Enriquez, R. de la Llave / J. Differential Equations 245 (2008) 1243-1298 1281

PO DKON®),

is non-singular.

By the Rank Theorem, condition N1 guarantees that dim K (T") = n. For the KAM theo-
rems 46 and 47, the main non-degeneracy condition is N2, which is a twist condition. Note that
N1 only depends on K whereas N2 depends on both K and f.

From now on we assume that £2 = do is analytic exact symplectic form as in Theorem 18. Let
J be the isomorphism defined by (78), and let J~! denote its inverse. The following Theorem 46
is the main theorem from [15].

Theorem 46. Let U be either a compensated open domain in R** or T" x U, with U C R" a
compensated open domain. Let f be an exact symplectic diffeomorphism on U and w € D(y, o),
for some y > 0 and o > n. Assume that the following hypotheses hold:

Al. K e NN A(T" + p, CY) (see Definitions 45 and 4).
A2. The map f is real analytic and it can be holomorphically extended to B, a complex
neighbourhood of K(T" 4 p), such that dist(K(T" 4+ p),9B) > n > 0. Furthermore,

|flc2) < 00
A3. i) 1 ey lalca ) < oo

Then, there exists a constant ¢ > 0 depending on o, n, | flc2g), 1¢lc2By, 1V 1c1(B) |J ! lc1(B)
IDK |cocrnypy INlcoemngp)s |(avg{A}s)~'| (where N and A are as in Definition 45) such that,
if

cy oV |F(f, K)|C0(T”+,0) <min(l, n),
then there exists K* € N0 A(T" 4 p/2, CY) such that F(f, K*) = 0. Moreover,
|K* = Klcogmnipyoy < v 207 [F(f. KD cogpns ) (80)
and
IDK* = DK cogrn oy < €720~ % P F (KD cogp -

The finitely differentiable version of Theorem 46 we present here is the following. For addi-
tional smoothness results see Theorem 50.

Theorem 47. Let w € D(y, o), for some y >0 and o > n. Let m € N, £ ¢ N be such that 40 +
3 <€ <m. Let U be either a compensated open domain in R*" with C"-boundary, or T" x U,
with U C R" a compensated open domain with C™-boundary. Let f € Diff!(U) be an exact
symplectic diffeomorphism and let K € C*(T",U) be a parameterization of an n-dimensional
torus. Assume that the following hypotheses hold.:

S1. DKo, < B and K (T") C U, with n % 2=1 dist(K (T"), 8U) > 0.
S2. K € N (see Definition 45).
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S3. §2 =dua isreal analyticon U+ p, and |J | cequy py» [ ctugp) < &, and |J_1|C1(U+p) < Mg,
for some p, ¢ > 0.

Then, given 40 + 2 < u < £ — 1 there exist two positive constants ¢ and p* < 1, depending

onu, n & o, ¢ B Mo, |flcewy |Kleterny INlcoen), and |(avg{A}e)~!|, such that: given
O<p1<p5ifu—20¢7Zand

ey~ oy 4P F (KD oy < min(L B ), e

where k = k(n,£,1) is as in Proposition 23, then there exists a parameterization of an
n-dimensional torus, K* € C*=2o+D(T" U) such that F(f, K*) =0 and

~ 2 —(2 -1
K = K*leverny <& 207 27 (ol T 4 [F UL KO o)

forall 0 <v <u— Qo+ 1), where F is as in (77) and ¢ is a constant depending on the same
quantities as c.

Remark 48. Let f and K be as in Theorem 47. Notice that since | f|c¢(yy and |K|cecny are
bounded we have that | F'(f, K)|cern is also bounded. If moreover assumption (81) holds then
there is a constant « such that

¢ do+1
|F(f K| ceqpny < and [F(f, KD coepny <0y

Thus, by using the interpolation estimates [4,21], we have for any 0 < s < ¢

s 1—s/¢ A (do+1)(1-s/0)
|FCf K oy < 6| F B o |F KO cogpny < R0 .

Hence assumption (81) implies that all the intermediate norms |F (f, K)|cs(rn) with 0 < s < £

are also small. We therefore have that hypothesis (81) is equivalent to assuming that the C*-norms
of the error function are small, for 0 <s < £.

The local uniqueness is stated in the following
Theorem 49. Let w € D(y, o) for some y > 0and o > n. Let £ > 20 be such that £,{ — 20 ¢ Z.
Let f € DiffHZ(U) be a symplectic diffeomorphism. Assume that (f, K1) and (f, K») sat-
isfy (76), with K1, K> € ctl(T, U) satisfying N1 and N2 in Definition 45. Then, there exists a

constant k, depending on n, |J ™! lcoqwy 1 flcer2quy |K2lcevi(pny, [Kilcert(pny, and | N2 |co, with
N, defined as in N1 in Definition 45 by replacing K with K3, such that if

K'}/_le] — K2|C(Z(Tn) < 1,
then Ky o Ry = K> on T", for some constant § € R™.

The bootstrap of regularity is stated in the following theorem.
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Theorem 50. Let w € D(y, o), for some y >0and o > n andlet o > 0. Let 40 +3 < €1 <m,
with m € N and €| ¢ N. Let U be as in Theorem 47. Let (K, f) be a solution of (76), with
f € Diff'! (U) an exact symplectic diffeomorphism and K € C4 (T", U) satisfying N1 and N2 in
Definition 45. Let £ € [£1, m) be not an integer and assume that f € Diff®(U), and that hypothe-
ses S1-S3 in Theorem 47 hold (replacing p with g in S3). Then, for any 40 +2 < u < £ — 1 satis-
fying 1 — (2o +1) ¢ Z we have that K € C*~2o+D(T"). Moreover if m = oo and f € Diff™(U)
then K € C*®(T", U). Furthermore, if f € A(U + o, C%), then K € A(T", C").

4.1. Existence (Proof of Theorem 47)

Throughout this section we assume that the hypotheses of Theorem 47 hold. As we already
mentioned, the proof of Theorem 47 given here is based on Moser’s technique of analytic smooth-
ing [2,4]. What we do is the following:

Step 1: Obtain an analytic approximate solution ( f, K1) of (76), with f; exact symplectic map
and K satisfying properties N1-N2 of Definition 45.

Step 2:  Apply Moser’s smoothing technique and Theorem 46 to construct a sequence of an-
alytic solutions of (76) converging to a finitely differentiable solution ( f, K*). More
concretely, starting with (f1, K1), we assume that we have computed ( f;,, K;y) an
analytic solution of (76) and verify that, if 7; is as in Theorem 18 then, for a suit-
able t,,,, (T;,[ f1, K;n) is the approximate solution of (76) that satisfies the hypotheses
of Theorem 46, so that one obtains a new analytic solution ( fy,+1, K;u+1) of (76), with
Sm+1 =T, [ f]. The convergence of the method is obtain by using (80) in Theorem 46.

In order to perform Step 1 we use pairs of functions of the form (7;[ f1, S;[K]), where T; is as
in Theorem 18, and S; is as in Definition 6. Notice that since S; takes periodic functions into peri-
odic functions then S;[K] € A(T" +¢~!, C!) is an analytic parameterization of an n-dimensional
torus that is close to K (see Remark 8).

To prove that S;[K] satisfies properties N1-N2 of Definition 45, since condition N2 in Defi-
nition 45 depends on both the parameterization and the map, it is necessary to fix the constants
appearing in Theorem 18 and verify that S,[K](T" 4 t’]) belongs to the domain of 7;[ f]. This
is done in the following

Lemma 51. Let K € CY(T", U) satisfy hypothesis S1 of Theorem 47. Let « be as in Proposi-
s def
tion 23, define r = kf3, then

|DS;[K <r, forallt>1. (82)

]|CO(T"+r1)

Moreover, if U, is defined by (7), then there exists tq > 1, depending on n, £, |K |, and n such
that for all t > te, S;[K1(T") C Uy, and

1
|SiKT = K cogmny < 37 (83)

Furthermore, if 2 < u < € — 1 is given, let t* =t*(d, ¢, V, 2r, i, |f|C5(U)» Mg, ¢) be as in The-
orem 18, then for all t > max(t*, tg), the components of the symplectic map T;[ f] belong to
A(U; +2rt=Y, C?) and properties TO=T7 of Theorem 18 hold.
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Proof. Part (ii) of Proposition 23 implies (82), from which we have

-1

|Im(S; (K1) 7| DS,[K t

‘CO(T"«H_I) < ]’CO(T”+I_1) < r

Let t¢ > 1 be sufficiently large so that for any ¢ > t¢ the following holds:
max(K|K|Cz(Tn)t_e, t_l) <271y,

then part (i) of Proposition 23 implies (83). So we have S;[K](T" + 1 c U, + rt~!. Now
apply Theorem 18 to the constants C =2r, and B = | f|ceqyy. O

Now we prove that, for ¢ sufficiently large, S;[ K] satisfies N1-N2 of Definition 45.

Lemma 52. Let r and t¢ be as in Lemma 51, and let 2 < u < £ — 1 be fixed. Assume that
K € CY(T", U) satisfies the hypothesis of Theorem 47 and let N and A be as in Definition 45.
Then, there exists t7 > to, depending on n, £, 2r, u, n, Mg, |K|Cl('ﬂ*d), |N|C0('I[‘d), |avg{A};1 I,
|f|C‘(B) and My, with My as in Theorem 18, such that S;[K] e A(T" + L ehnw, for all
t > t7. Moreover, if

N:0) € (DSIK10)T DS[K10)) "

and

AO)E PO+ )" DTLF1(SIK1()J (Si[K1©)) ™' P.(6)

— PO +) T(SIKIO+ ) PO +w),

where P;(0) def S [DK1(0)N;:(0), then the following hold

INtl cocrngr-1y < 2IN | ooy (1 + kM £IN|coepnyt ™) (84)

and
Jave{A; '] < [avelA)y ! |(1+k Mk g [ave(a); ' +2),

where K is a constant depending on n and £ and A;IK,f depends on |K |cepny, IN|coerny, [ flees)
and M.

Proof. Notice that the conditions N1-N2 in Definition 45 deal with invertibility of matrices,
hence Lemma 52 is a consequence of the openness of the invertibility of matrices. In what follows
we obtain explicit estimates for the size of 7. Performing some simple computations and using
Proposition 23 one has

|DS[K1©) " DS[K10) — N©) | 00

2 —L+1
) S KIK [yt

(T (T

Hence if ¢ is sufficiently large such that
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2 —£+1
K|K|Cz(Tn)|N|C0('Jl‘")t g 1/27

the Neuman’s series theorem implies that, DS,[K ](G)TDSI[K 1(6) is invertible, for all 6 € R4,
and its inverse, denoted by N;, satisfies

INi = Nlcoepny < 21K |3 )|N|2 )t—”l < IN|coepm,- (85)

(Tn co (T"

Now, let € R” + ¢!, then part (i) of Lemma 33 implies, for ¢ sufficiently large,

|DS/[K10) — DS,[K1(Re(®))| < |D*S/[K [Im(6)| < k| K| ceepmt ™",

eoen i
Kk 1s a constant depending on #, and £. So one obtains
|DS/[K1T(0)DS;[K1(0) — N, ' (Re(®))] < K|K|%Z(T,,)t_l.
Then, if ¢ is sufficiently large so that
26| K [ gy IN Ico oyt~ <172,
we have from (85)
1K 13 oy I Ne L copmy ™ < 172,

Hence, Neuman’s series theorem implies that DS,[K](0)" DS;[K](9) is invertible for all
0eR"+¢ ! and

2 2 -1
INtlcorn -1y S INtl oy + 2Nt o oy K 1K T e opny

from which and (85) estimate (84) follows.

It is clear that, for ¢ sufficiently large, A; is a perturbation of A defined in (79). In what follows
we give an estimation of the size of |A; — Alco(py. Let P(6) = DK (6)N(6), then using (85)
and Proposition 23 we have

|P; = Plogpny < kMgt~ (86)
where « depends on n and ¢, and Mk is a constant depending on |K|ce¢(pny and [N|co(pn).
Moreover, performing some simple computations and using Theorem 18, Proposition 23, and
the Cauchy’s estimates we have

[DTLAI(SIKN©)) = Df (K@) copny < k1742, (87)
where « is a generic constant independent of ¢. Finally, using again Proposition 23 we have

|JoS[Kl—Jo K\CO(T,,) < Wlerwyel K et ™2 (88)

Performing some computations and using (86), (87), and (88) one gets
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—u+2
|AI_A|CO(T”)<KMf,Kt B 3
where « is a constant depending on n, £, C bk, k, [J e ) and Mk is a constant depending

on [K|ceepnys IN|cocrnys | flcesy and M ¢. Hence the proof of Lemma 52 is finished by applying
Neuman’s series theorem and taking ¢ is sufficiently large so that

|avg{A}9_1 |/<Mf,1<t7"+2 <1/2. O
From Lemmas 51 and 52 we have that, for ¢ sufficiently large, (T;[ f], S;[K]) is a candidate

for an analytic approximate solution of Eq. (76). In the following lemma we summarize the
results of Lemmas 51 and 52 and give an estimate of | F (T;[ f], S,[K])|Co(w+,f1).

Lemma 53. Let t7 be as in Lemma 52, and let 2 < u < £ — 1. Assume that K € CY(T"), f €
Diff* (U) and that hypotheses of Theorem 47 hold. Then there exists t3 > t7, depending on n, ¢,
B, ¢, Mo, n, |K|C((Td), |an{A}9_1 [, |N|C0(’]I‘u), Iflcz(U), and M ¢, with M ¢ as in Theorem 18,
such that for all t > tg the following hold:

(i) S;[Kle AT"+¢~', Yy, and IDS[K]lcocrnye—1y <1, r=r(n,B) as in Lemma S1.

(i) Ti[f1€ AU, +2rt=1, C?) with |TiLf 120, 4 ri-1y) < KMy
(iv) S;[K]1eN andif N; and A, are as in Lemma 52, then

_ 3 _
INilcoernar—1y <3INlco,  Jave{A, '] < E]avg{A}e 1.

(v) There is a constant k, depending on n, £, C, u, Mg, and |Df|c0(U) such that

|F (LAY UK | copn 1y S Mk gt #4 1| F(f, KD | cogpny s
where
Mg ;= max (Mg, | flceq, (1 + |K|gz(w) + 1K cterny))-
with My as in Theorem 18.
Proof. Parts (i)—(iii) are stated in Lemma 51. Part (iv) is consequence of Lemma 52. Part (v)
is a consequence of property T3 in Theorem 18, Proposition 37, and part (ii) in Proposition 23.

Indeed, let #, be as in Proposition 37, and let t* and {T;},;>,+ be as in Lemma 51. Then part (v)
follows by taking tg = max(tp, t*, t7) and using the following equality

F(TLf1 SiA0K1) = (T f1 = SeLf1) o SIKT} + {Si[f10 Si[K1— S [f o K1}
+S[F(f.K)]. ©

Now we give some sufficient conditions that ensure that we can construct a sequence of ana-
lytic solutions (f;, K}k) of Eq. (76):
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Lemma 54. Let r = r(n, 8) be as in Lemma 51. Let 2 < u < £ — 1 be given and assume that
for fixed m > 1 there is a v, > 1 such that (fm, Kin) = (Tt [ f1. S, [ K1) satisfies the following
conditions:

Alm) K € AT + pn, C"), and [DKnlcogpsy,) < rms with pn < 7,0 and 1y =
rzm 12 ]

A2(m) Kpu(T") C Uy, with |Kym — K|cocy < im where npy, défr) Z;" 12_1'.

A3(m) fin € AUy, + Qrppm), C?) with |fm|C2(Urm+2rm,0m) <KkMy.

Ad4(m) If Ny, and A, are defined as in Lemma 52, by replacing S;[K ] with K,,, then

m
|Nm|CO(T"+pm) < 2|N|C0(T”) 1_[(1 + Z_J),
Jj=1

lave{Anly | < avelal, ! T (1+279),
=1

where N and A are as in Definition 45.

Then there exist two constants A and X, depending on o, n, 1, Mg, | flcey 1K lceemy
|Nlcocny [(avg{A}e)™"|, such that, if

Y 3 0m VN s K| cogp < min(L,r, m), (89)

then there exists a parameterization K, 11 € A(T" + py+1, CHNN, with Om+1 = Pm/2, such
that F(fm, Km+1) =0,

(Kt = Kmlcon g o) Y7207 |F (Fins K| cogpn - (90)
and

DKt = DKlcoipns iy <01 20 D | F fons K| cogns - 1)

Furthermore, if fi4+1 def T2, [ f] and
2m+])\‘(p +V 107(2(T+])}F(fma m)|c0("ﬂ‘n+pm)) <min(lv rv 77)’ (92)
then (fi+1, Km+1) satisfies properties Al(m + 1)-A4(m + 1) and the following estimate holds:
|F (St K| cogpny, ) SKM el (93)

where k and My are as in Theorem 18.
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Proof. From properties Al(m)-A4(m) and Theorem 46 there exists a constant A,, depending on
o,n, J/_4, ., Mg, |fm|C2(Urm+(2rmpm))’ |DKm|C0('J1"n+pm)’ |Nm|C0(11‘"+p,,,)’ I(an{Am}e)_ll such
that, if

Y 3o SV F e K)oy, 5 < min(L 7). (94)
then there exists K,+1 € A(om /2, Cl) NN such that F(f,, Kny1) =0,
-2 -2
K1 = Kmlcomn g g ) < 2m¥ 20" |F (fins K| copy )
and

IDKp+1 — DKm|C0(T'l+pm+l) < )\myizpn:(z(ﬂr])“:(fm’ Km)|C0('JI'”+pm)'

It turns out that A,, depends in a polynomial way of the following quantities (see Remark 15
in [15]):

—1
|l 2+ rupuns 1PKmlconyp,y: Nmleonip,.  [(@veldmle) [ (95)

Let A be the constant obtained by replacing in the definition of Am the quantities in (95), respec-
tively, by

-1

kMg, 2r, 2e|N|coeny, e|(avg{A}s)™ |.

Assume that
Gy~ 4otV B (£, Km)|C0(T"+pm) < min(1,r,n),
then using the estimates in A2(m) and A3(m) and r < r,, < 2r, we have that (94) holds. In
particular estimates (90) and (91) hold. Now we prove properties A(m + 1). First from (91) we
have that if
-2 —(Q0+1
2"y 7200 P OLF (fons K| cogpn gy <7

then

IDK1lcon 1 pypny < m + 2y 200" T E (s K cogpny ) < 7 +27

Hence Al(m + 1) holds. Property A2(m + 1) follows from (90) by assuming the following
estimate

2m+1y—21pr;20|F(fm, Km)|CO(T”+Pm) <.
Notice that Al(m + 1) and A2(m + 1) imply
K1 (Tn + pm+1) C U, +2rpm,

so the composition f;, 11 0 Ky, is well defined on T" + p,41.
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Property A3(m + 1) follows from Theorem 18. Now we prove A4(m + 1). Using |DK,,| <
rm < 2r and (91) we have

|DKin10) T DK 0) = Ny oy, )

<2@r + Day 20, ® VN F (s K| copns
then if & & 223¢(2r + 1)|N|cogpn, and

2"y 2000 G ONF (fons K| cogpn g,y < 1o (96)
then we have that N, exists and

T.,—2 —QRo+1
[N+t = Nanlcomispery < Nl o s pym? ™ 0m TV [F oy Knd | cogpngp, s O7)

where we have used |N,, |CO(T)1 Fom) < 2¢e|N |C0(Tn), which follows from A4(m). Then using (96)
we have

INmt1lcocrns p,, ) < INmlcoemngp,) + [Nm+1 = Nimlcoerntp,,)
< INmleorip, (14270),
from which the first estimate in A4(m + 1) holds. Let us now prove the second one. Define

def
Pyui1 = DKy 1Ny,

then estimates (91) and (97) imply
1Pt = Pulcocmipyy <&V 200> O V| F(fin, K| (98)
and

. 99)

I Ko ) ™ = T K™ | cogpns py ) SV 0 0 |F (fons Kin)

where A/ depends on r, [N|cocpny, |J -1 lcr s X and A. Moreover, using property T6 of Theo-
rem 18 we have

| fntt = il cOsrpm, ) S KMol (100)
From estimates (90) and (100) and property T4 of Theorem 18 we have that

A E Dfyi1 (K1 (0)) = Do (K (6))

satisfies

| Amlcogmny < Mo 412 O F s K| coepngp ) (101)
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where we have used the Cauchy’s estimates. Per_forming some computations and using (98), (99),
and (101) we have that there exists a constant A, depending on o, n, y =%, n, Mg, 1, [flceys

B, IN|cocrny, lave{A}; |, and My, such that
| At = Awlcoerny < (ol 4+ 7200 P F (s K| cogn g )
from which we have that if A déf):lavg{A};] |e and
2" 0ot 4y 20 OV F (s K | cogny ) < 1

then, since |avg{A, ), '| < lavg{A}, '|e (which follows from A4(m)), we have that ave{A,,+1}e
is invertible and

|ave(Amiily || SavglAmiile(1+270D),
this proves A4(m + 1). Finally using the equality F (f;n, Km+1) =0 and (100) we have
|F(fm+1’ Km+1)|C°(']1‘"+p,,,+1) =|fm+10 Kmt1 — fmo Km+1|C0(T"+pm+|)
< Kprz_l . O
Summarizing, from Lemma 53 we have that (T;[ f], S;[K]) is an analytic approximate so-
lution of the functional equation (76), for ¢ sufficiently large. Lemma 54 provides the iterative
scheme to construct a sequence of analytic solutions (f;, Kj11) of Eq. (76). Hence we have all

the ingredients to apply the Moser’s smoothing technique to prove Theorem 47.

Lemma 55. Assume that the hypotheses of Theorem 47 hold. Let 40 +2 < u < £ — 1, with £ ¢ N,
then there exist two positive constants ¢ and p* < 1, depending u, n, £, o, ¢, B, M, |f|C‘(1U)r

IK | ey, IN|coepny, and [(avg{A}e) ™|, such that: given 0 < p; < p*, if

4 —(40+1 .
oy pr IV F(f, K| cogpny < min(l, 7, ), (102)

then there exist two sequences of functions {fu}m>1 C AU + 2rpp, C?) and {Kntm>1 C

AT + pp, ch, with Om def 27(”‘71),01, satisfying properties A(m) of Lemma 54, and such
that fi, = T¢, [ f], with T, =p,;1, and form > 2

| K1 — Kmlcoeny ) < Gy 2plm @D, (103)

where ¢ is a constant depending on the same variables as c. Furthermore if u — 20 + 1) ¢ N,
then the sequence {K,,}m>1 converges to a function K* € C u=Qo+D (T U) such that

F(f.K")=0

and
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-2 —Qo+ -1
K = K*levry < My =2 pp 27 (ol T+ [F O K] cogon)
forall 0 <v < pu— (20 + 1), where M is a constant depending on the same variables as c.

Proof. Let A, X be as in Lemma 54, let My and « be as in Theorem 18, and let ¥ and M K,f be
as in part (v) of Lemma 53, define

¢ & 21 max (4, Xy max(1, M. kM ). (104)

Let g be as in Lemma 53 and let 0 < p* < 1 be sufficiently small such that p* < tg° ! and such
that following inequality holds:

cy " 4D < min(1, r, ). (105)

Let 0 < p; < p* and define 1| def ,01_1 and f] def Ty [f], and K, def Sz, [K1, then, because of
Lemma 53, (f1, K1) satisfies properties A1(1)-A4(1) of Lemma 54. Moreover if (102) holds,
then part (v) of Lemma 53, Eq. (104), and estimate (105) imply conditions (89) and (92) in
Lemma 54 for m = 1. Therefore, if f, = Tp;,[f], Lemma 54 implies the existence of K; €
A(pz, cly, with p2 = p1/2, such that (fp, K») satisfies properties Al(m + 1)-A4(m + 1) and
estimate (93) in Lemma 54 for m = 1. Moreover, estimate (90) and part (v) of Lemma 53 imply

_2 2 -1
|K2 = Kilcoenyp,) <€r 7P it +|F(f’K)|c0(1rn))'

Now assume that, for m > 2 we have (fy,, K;,) satisfying properties Al(m)—-A4(m) and es-
timate (93) in Lemma 54 for (m — 1). Performing some simple computations and using the
definition of ¢ in (104), and estimates (102), (105) one obtains that estimates (89) and (92) hold
for m. Hence Lemma 54 can be iterated to obtain an analytic invariant torus K, for f,,. More-
over, using estimates (90) and (93) one obtains (103).

The convergence of the sequence {K,,},,>1 follows from the Inverse Approximation Lemma

(see, for example, Lemma 2.2 in [4] or Lemma 6.14 in [24]). Indeed, define u,, def K,, — K1, then
the following properties hold:

() um € A(pm,CYH), forallm >1and u; =0.

. —u+Qo+1 ~
(i) sup,,>» o o )|um+1 — Umlco(migp,y) SC-
(i) If0<v < u— (2o + 1), then

m—1
[umlcy Ty < Z Pj|Kj1 = Kjleorngp, )
j=1
< 7221; —(v+20) pu—1 F K
ey p] (p] + | (f7 )|C0(T”))’

A def - -2 o0 _ —(2 —
where ¢ = &2H “ijzz (m—Qo+1D)—a)
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The Inverse Approximation Lemma implies the existence of a function u* in
CH=Co+D (" U) such that

lim |u* - um|cv(11w) = 0,
m—00

for any v < u — (20 + 1). The proof of Lemma 55 is finished by defining K* def +up. O
4.2. Local uniqueness (Proof of Theorem 49)

Throughout this section we assume that the hypotheses of Theorem 49 hold. The proof of
Theorem 49 we give here is rather standard, as it is proved in [4] it suffices to show that the
operator D> F (f, K), with F defined in (77), has an approximate left inverse for each f fixed.
In our context the existence of the approximate left inverse amounts to the uniqueness of the
solutions of the following linear equation

DyF(f,K)A=Df(K(@®))A—AoR,=g(). (106)
The uniqueness of Eq. (106) depends on the arithmetic properties of w because the so-called
small divisors are involved. The following result is well known in KAM theory, for completeness
we state it here, for a proof see [25-27].
Lemma 56. Let w € D(y, o), for some y > 0 and 0 > n and let r > o be not an integer. Let

h € C"(T") be such that avg{h}y = 0, and assume that r — o ¢ 7, then the linear difference
equation

u—uoRy,=h
has a unique zero average solution u € C"~° (T"). Moreover, the following holds:
|t cr-o (pmy < ey "Rl co (om,
where k is a constant depending on n, o, and r.
Now we prove the uniqueness of the solution of (106).

Lemma 57. Let w € D(y, o) for some y > 0 and o > n. Let £ > 20 be such that £,£ — 20 ¢ Z.
Let f € Difft'(U) be symplectic. Assume that (f, K) is a solution of (76), with K € N'N
CH (T, U) (see Definition 45). Then, for any g € CY(T", U) satisfying

avg{DK ©)"J(K(6))g(® - )}, =0, (107)

the linear equation (106) has a unique solution A € C*=2° (T"), satisfying

avg{T(0)A6)}, =0,
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where
def T T —1 T
T©)=N®) ' 'DK®)'{I,—J(K(®)) DK@O)N®O)DK®)'J(K®))}, (108)

with N defined as in N1 in Definition 45. Furthermore, the following estimate holds:

-2
|A|C£72U(Tn) <KV |g|CZ(T")’

where k is a constant depending on n, o, £, |N|cecny, |K|ce+1my, and Iavg{A}o_lL with A
defined by (79).

Proof. Let M (0) be the (2n x 2n)-matrix-valued function defined by
M@©)=(DK®) | J(K©®) ' DK©ON®)).

It is clear that the components of M belong to C*(T"). In Section 4.2 of [15] it is proved that if
K is a parameterization of an invariant torus for the symplectic map f, then:

() M is invertible with inverse given by

L ()
M@©) = <DK<9)TJ(K<0>>> :

(i) If A = ME&, then in the variable & the linear equation (106) becomes
§1 —§10R, =T (0 +w)g(0) — A(0)&2,
£ —&oR, =DK@+ J(K@O+w)g®). (109)

Notice that, by Lemma 56 and the assumption (107), there exists a unique zero average func-
tion &, satisfying

Ey—&o0R,=DK@O +o) " J(K®©O+w)g®).

The proof of Lemma 57 is finished by using Lemma 56 to find a unique solution of the triangular
system (109) satisfying:

avg{&1}o =0,

avg{ér}y = avg{Al; avg{T (0 + 0)g(0) — AO)E )}, O
Lemma 58. Let w € D(y, o), for some y > 0 and o > n. Let f € Diff**!(U) be symplectic. As-
sume that (f, K1) and (f, K») satisfy (76), with K1, K» € N0 CH(T", U) (see Definition 45).

Then, there exists a constant k, depending on n, ¢, |J_1 |C0(U), | K1 |C2(']1"n), |K2|C1(']In), |N2| co,
with N> defined as in N1 in Definition 45 by replacing K with K, such that if

K|K1—K2|C1(Tn)<], (]10)
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then there exists 6y € R" such that
avg{T2(8) (K1 o Rg, — K2)}, =0, (111)
where T, is defined by replacing K with K> in (108). Moreover, the following estimate holds:

|K1o0 R90 — K2|C‘5(Tn) <K|Ky — K2|1_

CO?TH) +E|K1 - K2|Ci(’]1‘n), (112)

where 0 < o < 1 is such that £ — « € N and k is a constant depending on the same variables as
« and on | Ki|cesi(n).

Proof. Lemma 58 is consequence of the Implicit Function Theorem. Indeed, let M, «, (R) rep-
resent the space of n x n matrices with components in R. Define

@ :R" x Cl(Tn) g Mnxn(R)7
(x,K) = avg{T>2(K o R, — K2)},.

where 7> is defined by (108) by replacing K with K»>. Notice that

@(0, K2) =0,
D@ (x, K)Ax =avg{T>(0) DK (6 + x) } ,Ax.

Moreover, since K»(T") is Lagrangian [15], from the definition of 7> one easily verifies that
T>,(0)DK>(0) = I,, this implies

D1®@(x, K)l(x,k)=(0,k2) = In.

Hence the Implicit Function Theorem guarantees the existence of a constant x as in Lemma 58
such that if (110) holds, then there is a 8y € R” satisfying (111) and such that

60| < k| @ (0, K1)| < k| T2l coepny| K1 — Kalcogpn,- (113)

It is not difficult to prove the following estimate (see [21])
K1 0 Ray — Kilcegpny < &IK|cevt om0l (114)
where 0 < a < 1 is such that £ —« € N. Finally, estimate (112) follows from (113) and (114). O
The proof of Theorem 49 is concluded using Lemmas 57, 58 and Taylor’s Theorem as follows.

Assume that |K| — Kalceepny is sufficiently small such that Lemma 58 holds, let 6y be as in
Lemma 58. Define

AO)E K o Ry, — Ko

Using that (f, K1 o Rg,) and (f, K») satisfy (76) and Lemma 58 we have
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DyF(f, K2)A=TR(Kj o Ry, K2),
avg{T>(0)A6)}, =0,

where F is as in (77), T5 is as in Lemma 58, and

R(K1 o Rgy, K2)(0) = f o K1 0 Rgy — f 0 K2(8) — Df (K2(0)) A(6).

Then, from the Taylor’s Theorem and Lemma 57 we have the following estimate:

=2 -2
|A|C[—20 SK)/ |R|C£(T’7) gK'}/ |A|CZ(T”)IA|C[’2‘7(T”)’

from which and (112) we have that if |K| — K2|c¢(pn) 18 sufficiently small such that

Ky72|A|Cz(Tn) <1,
then A =0.
4.3. Bootstrap of regularity (Proof of Theorem 50)

Theorem 50 is a consequence of Theorems 46, 49, and the fact that, near to a finitely dif-
ferentiable approximate solution (f, K) of (76) it is possible to obtain an analytic approximate
solution of the same equation by means of the operators S; and 7; of Theorem 18. More pre-
cisely, using Theorems 18 and 46 we prove that, under certain conditions, if (f, K) belongs to
either Diff* (U) x C1(T", U) or A(U + o, CY) x C*1(T", U), with £ and £; as in Theorem 50,
then there exists a finitely differentiable parameterization of an n-dimensional torus K* such
that: (a) (f, K) is a solution of (76), (b) K* is close to K in certain norms, and (¢) K* has the
wished regularity. Then Theorem 50 follows from the local uniqueness result Theorem 49.

Lemma 59. Let y, o, w, m, £1, and U be as in Theorem 50. Let (K, f) be a solution of (76)
with f € Diff(U) an exact symplectic diffeomorphism, and K € C“(T",U). Let £ € [£1, m) and
let f € CY(U). Assume that hypotheses S1-S3 (replacing p with o in S3) in Theorem 47 hold.
Then, for any 40 +2 < u < £ — 1, satisfying u — 20 + 1) ¢ N, there is positive constant c,
depending on 1, ¢, Ly, 0, ¢, Mg, | flctw) IKICzl(-ﬂ-n), IN|cocrny, and |(avg{A}e) ™|, such that
forany 0 < p < 1 satisfying

cy Ut < min(1, B, ), (115)

there exists K* € C*29 (T, U) satisfying N1 and N2 in Definition 45 and such that (f, K*) is
a solution of (76). Moreover;, for any 0 < v < u — (20 + 1) the following estimate holds:

|K* — K|cv ) < ky 2ph— oty

for some positive constant k.
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Proof. The proof of Lemma 59 follows the same steps as the proof of Theorem 47 the only
thing one has to be careful is that f € ct (U)and K € CY(T", U) (and not in C*(T", U)), hence
we replace ¢ with £ in the estimates of the norms involving the term S;[K]. Moreover, the
assumption F'(f, K) =0, with F as in (77), simplifies many estimates. O

Lemma 60. Let v, o, w, m, £1, and U be as in Theorem 50. Let (K, f) be a solution of (76)
with f € AU + o, C"), an exact symplectic diffeomorphism, and K € C%(T",U). Assume
that hypotheses S1-S3 in Theorem 47 hold. Then, for any 40 < u < €1 — 1, there is positive
constant ¢, depending on n, u, L1, o, ¢, 0, B, Mg, |f|C‘I(U+Q)’ |K|ctr(pnys INlcoepny, and

|(avg{A}e) Y|, such that for any 0 < p < 1 satisfying

ey~ pP4 < min(l, 0, ), (116)

there exists K* € A(T" + p/2, C') satisfying N1 and N2 in Definition 45 and such that (f, K*)
is a solution of (76). Moreover, for any 0 < v < u — 20, the following estimate holds:
|K* = Klcvm iy 2pt =G0 4 ph7), (17)

for some positive constant k.

Proof. We prove Lemma 60 applying again the smoothing technique. Since f is already analytic
we only smooth the parameterization K € C*1(T", U) by using the smoothing operator S;, de-
fined in Section 3.1. Let k =k (n, £1, 1) be as in Proposition 23, and assume that ¢ is sufficiently
large so that

kBt K |ty ny < min(o/2,n/2), (118)

then Proposition 23 implies S;[K](T" + t’l) C U+ g, so that the composition f o S;[K] is well
defined on T" + 1. Now, write

foSiK]—=S8[K]oRy=>51[floS[K]—S[foK],

where we have used that ( f, K) satisfies Eq. (76). Then, using Proposition 37 and Lemma 30 one
has that for any 40 < 14 < £1, there exists a constant ¢, depending on n, £1, B8, u, | flq-¢ (U+o)*
and |K| ¢ (™) such that

|/ o SIK] = SiIK1 0 Ro| o1y <M

Hence for ¢ satisfying (118) ( f, S;[K]) is an approximate solution of Eq. (76), with error bounded
in (116). Moreover, it can be proved, as we did in Lemma 52, that for ¢ sufficiently large, S;[K]
satisfies N1 and N2 in Definition 45 and the estimates given in part (iv) of Lemma 53. Hence,
applying Theorem 46 to the analytic approximate solution (f, S;[K]) one has that there is a
positive constant ¢, depending on o', n, B, i, | flc2w)s &5 Maos 1K ey opnys INIco(rny -1y, and
|(avg{A}g)~!| such that, if p = ¢~!, with ¢ is sufficiently large so that (116) and (118), then there
exists K* € A(T" + p/2, C!) satisfying

|K* = Kooy <E(y 20" 72 4 p").

Estimate (117) follows from the Cauchy’s estimates. O
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Now Theorem 50 follows easily from the local uniqueness formulated in Theorem 49, Lem-
mas 59 and 60. Indeed, in the case that f € Diff? (U) with £ € [£1,m) — Z, let K* be as in
Lemma 59. Fix v € 2o, u — (20 +2)) N (20, €1 — 1) such that v, v — 20 ¢ Z, then f € Diff'+2,
and K, K* € CV*1(T",U) N NV. Assume that in (115) p is sufficiently small such that The-
orem 49 holds, then K = K* o Ty«, for some 6* € R” and hence K € C!~20(T", U). The
case f € A(U + o, CY) is proved similarly using Lemma 60 instead of Lemma 59 and fixing
v € (20,4 —20 — 1) such that v, v — 20 ¢ Z and applying Lemma 60 and Theorem 49.
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