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Abstract

An initial-boundary value problem is considered for the viscous compressible thermally radiative mag-
netohydrodynamic (MHD) flows coupled to self-gravitation describing the dynamics of gaseous stars in
a bounded domain of R3. The conservative boundary conditions are prescribed. Compared to Ducomet—
Feireisl [13] (also see, for instance, Feireisl [ 18], Feireisl-Novotny [20]), a rather more general constitutive
relationship is given in this paper. The analysis allows for the initial density with vacuum. Every transport
coefficient admits a certain temperature scaling. The global existence of a variational (weak) solution with
any finite energy and finite entropy data is established through a three-level approximation and methods of
weak convergence.
© 2014 Elsevier Inc. All rights reserved.

Keywords: Magnetohydrodynamic (MHD) flows; Compressible; Thermally radiative; Global existence; Variational
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1. Introduction

Magnetohydrodynamics (MHD) concerns the motion of conducting fluids (cf. gases) in an
electromagnetic field with a very broad range of applications in physical areas from liquid met-
als to cosmic plasmas. In moving conducting magnetic fluids, magnetic fields can induce electric
fields, and electric currents are developed, which create forces on the fluids and considerably

* Corresponding author.
E-mail addresses: x1li@bupt.edu.cn (X. Li), gbl@iapcm.ac.cn (B. Guo).

http://dx.doi.org/10.1016/j.jde.2014.06.015
0022-0396/© 2014 Elsevier Inc. All rights reserved.

Please cite this article in press as: X. Li, B. Guo, On the equations of thermally radiative magnetohydrodynamics, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.06.015



http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2014.06.015
http://www.elsevier.com/locate/jde
mailto:xlli@bupt.edu.cn
mailto:gbl@iapcm.ac.cn
http://dx.doi.org/10.1016/j.jde.2014.06.015

YJDEQ:7549

2 X. Li, B. Guo/ J. Differential Equations eee (eeee) eee—see

affect changes in the magnetic fields. The dynamic motion of the fluids and the magnetic field
interact strongly with each other and both the hydrodynamic and electrodynamic effects have
to be taken into account. Except for this, considerable attention has been put to study the ef-
fects of thermal radiation recently, because the radiation field significantly affects the dynamics
of fluids, for example, certain re-entry of space vehicles, astrophysical phenomena and nuclear
fusion, and hydrodynamics with explicit account of radiation energy and momentum contribu-
tion constitutes the character of radiation hydrodynamics. In this paper, we consider the viscous
compressible thermally radiative conducting fluids driven by the self-gravitation in the full mag-
netohydrodynamic setting. The equations to the three-dimensional full magnetohydrodynamic
flows have the following form [3,13,29,30]:

0+ V-(pu)=0, xeR2CR >0,
(o), + V- (pu®u)+Vp=V-S+ pV¥ + (V x H) x H,

1
&+ V- <<pe+§p|u|2+p>u>+v-q (1.1)
:V-((uxH)xH—i—vHx(VxH)+Su)+leI/~u,
H-Vx@uxH)=-Vx(WxH), V-H=0,

where p € R denotes the density, u € R? the fluid velocity and H € R? the magnetic field, p € R
the pressure.

1
€=pe+(plul®+HP?)

is the total energy with e being the specific internal energy. S stands for the viscous stress tensor,
given by Newton’s law of viscosity:

S=u(Vu+V'u)+ AV -wl; (1.2)
with @ the shear viscosity coefficient and n = A + % w the bulk viscosity coefficient of the
flow (while p should be positive for any “genuinely” viscous fluid, n may vanish, e.g. for

a monoatomic gas), I3 the 3 x 3 identity matrix and V "u the transpose of the matrix Vu. Note
that

1
V.-S= (n-i-g,u)V(V-u)—i—MAu,

2
S:Vu=pu|Vul®> +uVu: V' u+ (n - g,u)(v.u)z.

q is the heat flux obeying the classical Fourier’s law:
q=-«V9, k=0, (1.3)
where ¥ means the absolute temperature, « is the heat conductivity coefficient. The term p V¥

is the gravitational force where the potential ¥ obeys Poisson’s equation on the whole physical
space R? which is
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—AY = Gp withaconstant G > 0,

where p was extended to be zero outside £2. The coefficient v > 0 is termed the magnetic diffu-
sivity of the fluid. Usually, we refer to Eq. (1.1); as the continuity equation (mass conservation
equation), (1.1); and (1.1)3 as the momentum and the total energy conservation equation, respec-
tively. It is well-known that the electromagnetic fields are governed by the Maxwell equations.
In magnetohydrodynamics, the displacement currents can be neglected in the time dependent
Maxwell equations (see [22,29,30]), which transforms the hyperbolic Maxwell’s system into
a parabolic equation from a mathematical viewpoint. Accordingly, Eq. (1.1)4 is called the induc-
tion equation, and the electric field E is related to the magnetic induction vector H and the fluid
velocity u via Ampere’s law:

VW xH=E+uxH.

As for the constraint V - H = 0, it can be seen just as a restriction on the initial value Hy, since
(V -H); =0. The equations in (1.1) describe the macroscopic behavior of the magnetohydrody-
namic flow with dissipative mechanisms. Magnetic reconnection is thought to be the mechanism
responsible for the conversion of magnetic energy into heat and fluid motion (cf. [3,8]).

Next, we turn to the pressure—density—temperature (pdt) state equation. The well-known case
is the ideal gas flow provided by Boyle’s law:

pG(p, V) = Rp?,

where R is a constant inversely proportional to the mean molecular weight of the gas (cf. [18]).
However, Boyle’s law is definitely not satisfactory in the high temperature and density regime
physically relevant to general viscous fluids in the full thermodynamical setting. For example, it

is known the pressure of highly condensed cold matter is proportional to ,0% (see Chapters 3, 11
of [43]), also the isentropic state equation for a perfect monoatomic gas. In this paper, we will
consider a much more general constitutive relationship than that introduced in [ 18], the so-called
constitutive law for pressure, i.e., pg(p, ©") will be determined via

PG (P, ) = pe(p) + Dpy (p) + 92 py2(p) (1.4)

with the elastic pressure p, and the thermal pressure components py, pgy2 being C! functions
of the density. In particular, for the so-called electronic pressure, one has pg(p, ) = p.(p) +
Rpv + ﬁﬂz (cf. [43]). From the mathematical point of view, (1.4) can be understood as the
first three terms in the Taylor expansion:

@ — 0)? 3% pg
2 320

pc(p, V) =pc(p,®)+ (U — @)%(p, )+ (p, ®) + higher order terms
for a given ® > 0.

In addition, it is worth-noting that the regularizing effect of radiation has been already ob-
served in [9]. The radiation pressure is attributed to photons of very high energy, for example, the
radiation energy associated with Planck distribution varies as the fourth power of the temperature,
and the importance of the thermal radiation increases as the temperature is raised. Especially, at
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high temperatures, a completely different mechanism of heat energy transfer appears due to radi-
ation, the energy and momentum densities of radiation field may become comparable to or even
dominate the corresponding fluid quantities, for example, the heat conductivity coefficient « be-
comes a rather sensitive function of temperature. As a consequence, the total pressure in fluid
is augmented through the effect of high temperature radiation, by a radiation component pr (%)
related to the absolute temperature through

a4 44
PR(W) = 9
3
with the Stefan—Boltzmann constant a > 0 (see [2,11,37], also see Chapter 15 in [15]).
To conclude, we have the equation of state

p =00, %) =pc(p, )+ pr(®) = pe(p) +9ps(p) + 0 py2(p) + %ﬁ4 (1.5)

in this paper, which relates the pressure with the density and the absolute temperature of the flow.

Given the (pdt) state equation discussed above, note that the basic principle of the second
law of thermodynamics implies that the internal energy and pressure are interrelated through
Maxwell’s relationship, we define the specific entropy s, up to an additive constant, through the
thermodynamics equation:

9 Ds(p,?) = De(p, ?) + p(p, ﬁ)D(%). (1.6)

The quantity é(De + pD(%)) must be a perfect gradient, which is the well-known Gibbs’ relation
on p, e and s, implying that e and p are interrelated through

de 1 op 1 5 4
%=P<P—l’%>=?(1&(ﬂ)—ﬂ py2(p) —av?) (L.7)
(see e.g. Chapter 3 in [1]). In fact, the equality (1.7) comes from aizasz? = %.

Accordingly, e can be written in the form:
2 av*
e=P.(p) =07 Py2(p) + e + 0®),
where
P

P.(p) = / P ‘;(ZZ) dz is the elastic potential,

1

P
Pp2(2)
Py2(p) = [ ”ZZ dz,
1

and the thermal energy contribution Q is a non-decreasing function of . Here
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D
QW) = / cy(§)d§,
0

where ¢, () denotes the specific heat at constant volume such that

¢y € C1([0, 00)), pdnf co(®)>0.

The subsequent analysis leans essentially on thermodynamic stability of the fluid system ex-
pressed through

9 9
Lo, L0 forallp,® >0
9 90

Taking the high temperature and density regime physically relevant to our model equation into
account, we can suppose

Pe(0) = py(0) = py2(0) =0,
Pup)=aip’ ' =b1,  ph(p)=0, pl(p)=0, (1.8)
pe(p) Sarp” + b2, po(p) <azps +b3, py2(p) <asp® + ba,

witha; >0,y >2,y > %g, y > 2¢. We remark here that p, need not be a non-decreasing
function of p.

Many theoretical studies have been devoted to the global-in-time existence of solutions with
large data for the multidimensional continuum isothermal or isentropic fluid mechanics and elec-
trodynamics (see [17,21,30,32,35,36,42]), especially for the magnetohydrodynamics because of
its physical importance, complexity, rich phenomena and mathematical challenges; see [3,6,13,
14,16,22,24,25,29,39,40] and the references cited therein. Note that the existence problem for
a general full system including the energy equation is far from being solved. It is not know
whether there is a classical (smooth) solution of system (1.1) with large initial data on an arbitrary
time interval (0, T') or not, even for the one-dimensional full perfect MHD equations with large
data when all the viscosity, heat conductivity and magnetic diffusivity coefficients are constants,
or for the three-dimensional Navier—Stokes equations describing the motion of compressible
(incompressible) fluids. The simplest and most interesting case of the ideal gas flow with the vis-
cosity coefficients and the heat conductivity coefficient being constants is completely open. P.-L.
Lions [32] gives a formal proof of weak stability under the additional hypothesis of boundedness
of p,uand ¥ in L*°(£2 x (0, T)). The corresponding problem for the one-dimensional Navier—
Stokes equations was solved in [27] in the seventies last century. For the gases in one-dimension
with small smooth initial data, the existence of global solutions was proved in [26], and the
large-time behavior was studied in [33]. For large initial data, additional difficulties appear be-
cause of the presence of the magnetic field and its interaction with the hydrodynamic motion of
the flow of large oscillation. Chen and Wang [5] investigated a free boundary problem for plane
magnetohydrodynamic flows with general large initial data in 1-D and established the existence,
uniqueness, and regularity of global solutions in H!. Taking the effect of self-gravitation and the
influence of high temperature radiation into account, global existence and uniqueness of a clas-
sical solution with large initial data was proved in [44] under a general assumption on the heat
conductivity while all the viscosity, and magnetic diffusivity coefficients are constants. Based on
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the concept of variational (weak) solutions in the spirit of Leray’s pioneering work (see [31]) in
the context of incompressible, linearly viscous fluids, the existence theory was extended to the
full Navier—Stokes system, including the thermal energy equation, under certain mostly technical
hypothesis imposed on the quantities appearing in the constitutive equations (see Theorem 7.1
in [18]) by Ducomet and Feireisl. They first developed the global existence of variational so-
lution in [18] under the assumptions that the viscosity coefficients ; and A must be constant,
while the heat conductivity coefficient x depends on the temperature ¥, and later they extended
the result in [19] when u and A depend on . More complex, the effects of self-gravitation as
well as the influence of radiation on the dynamics at high temperature regimes were included
n [12]. Using the similar technique as in [12,18,19], Ducomet and Feireisl [13] studied the full
compressible MHD equations while considering the effects of self-gravitation and the influence
of radiations on the dynamics at high temperature regimes. Under the assumption that the vis-
cosity coefficients depend on the temperature and the magnetic field, the pressure behaves like

the power law p% for large density (reminiscent of the isentropic state equation for a perfect
monoatomic gas), and all the transport coefficients satisfy certain (1 + 9%)-growth conditions
for any o € [1, %), they introduced the total entropy balance as one of main field equations and
proved the global existence of variational solution to any finite energy data on a bounded spatial
domain in R?, supplemented with conservative boundary conditions. The reader is also referred
to the monograph [20] for more details about the system and the methods. Hu and Wang [24]
considered a 3-D model problem for full compressible MHD flows with more general pressure,
by using the thermal equation as in [ 19] instead of the entropy equation employed in [13,20], they
proved the existence of a global variational weak solution to the MHD equations with large data.

We shall study the global existence of the variational (weak) solutions to the real magneto-
hydrodynamic flows, with general pressure and internal energy while permitting the generation
of heat by the magnetic field as well as its interaction with the fluid motion, in a bounded do-
main £2 in R3. In this paper, we supplement system (1.1) with the following initial and boundary
conditions:

(IO5 pu, 195 H)|l‘=0=(p03m0’1}07H0)7 fOrXEQ,
po >0, essigfz?o >0,

y 1 1 2 71 _ 1 (1.9)
po€LV(£2), mgeL (£2), p0|m0| €L (£2), (pQ(ﬁ))O—PoQ(ﬂo)GL (£2),

Do e L®(2), Hoel?>(2), V-Hy=0 inD (),
ulye =0, q-njye =0, and H-n|yp =0, (VxH) xnjze=0, (1.10)

where n denotes the unit outward normal on 9£2. The boundary condition prescribed on the
velocity is the so-called non-slip boundary condition, on the temperature is the conservation
boundary condition, which means the system is thermally insulated (isolated), and on the mag-
netic field is known as the perfectly conducting wall condition which describes the case where
the wall of container is made of perfectly conductive materials. Such boundary conditions are
classical in the theory of magnetohydrodynamics and conform to that the physical system (1.1)
is energetically isolated. Note here

(i) D denotes Cgo, and D’ for the sense of distributions;
(i) $|m0|2 e L'(£2) indicates mg = 0 a.a. x € {py = 0}.
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The problem considered in our paper seems more rational and physically valid in many as-
trophysical models, since it is well known that the dynamics of gaseous stars in astrophysics
is dominated by intense magnetic fields, self-gravitation, and high temperature radiation (cf.
[7.41]).

Given the rather poor a priori estimates (ensuring equi-integrability, or weak L! compactness
of the quantities appearing in the corresponding balance laws) available for the MHD equations,
approximate (or even exact) solutions are bounded only in the Lebesgue spaces of integrable
functions, and, consequently, any existence theory must be built up on the methods of weak
convergence. The idea of approximation was used in [12,20], where detailed existence proofs for
simpler systems were given. In addition, the constitutive relations concerning the pressure in this
paper are more general: we need to deal with the new terms in the (pdt) state equation, also for
the general form of the thermal energy contribution Q(#); and overcome the difficulty arising
from the presence of the magnetic field and its coupling and interaction with the fluid variables.
The heat conductivity is more complicated, not depending solely on the temperature. Except for
the total energy conservation, we will formally obtain an entropy-type energy estimate involving
the dissipative effects of viscosity, magnetic diffusion, and heat diffusion, which are essential to
deduce the required available a priori estimates on the velocity, the magnetic induction vector
and the temperature from boundedness of the initial total energy and the initial total entropy of
the system by our careful analysis.

We introduce a suitable variational formulation of the problem and state the main existence
result following a series of a priori estimates on the formal solution in Section 2, employ a three-
level approximation scheme (see, for instance, [12,13,18-20,24]) to construct a sequence of
approximation solutions in Section 3, and show the existence of global variational (weak) so-
lution with large initial data in the last four sections. Our main result will be proved successively
through the Galerkin method, a vanishing viscosity and vanishing artificial pressure limit passage
using the methods of weak convergence.

2. Notations and results
2.1. Notations

(1) 27 =8 x (0, T) for some fixed time T > 0.

(2) Fork > 1and p > 1, denote wk-P = Wk-P(£2) for the Sobolev space, whose norm is denoted
as || - lly«.p, and H¥ = Wk2(§2). For T > 0 and a function space X, denote by L? (0, T; X)
the set of Bochner measurable X-valued time dependent functions f such that t — || f||x
belongs to L?(0, T'), and the corresponding Lebesgue norm is denoted by || - || L2(x):

Let us consider first a classical solution (p, u, ¥, H) of the problem (1.1), (1.9), (1.10) in £27.
Observe from the continuity equation that the total mass is a constant of motion, i.e., we obtain
the conservation of mass in the integral form:

/p(t)dx:/podx forallt € [0, T]. 2.1

2 2

Note that if we multiply the continuity equation by b’(p), where b € C 1((0, 00)) and usually
its derivative vanishes for large arguments (see, for instance, [10]), the renormalized continuity
equation is obtained:
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(b(p), + V- (b(o)u) + (b'(p)p = b(p))V - u=0. 2.2)

Multiplying the momentum equation by u, the induction equation by H, and inserting the results
into the total energy equation, we get the following internal energy balance

(pe),+V~(peu)—i—pV-u:S:Vu—Voq—i—vWxH|2, 2.3)

where A : B denotes the scalar product of the two matrices A and B.
Recalling q = —« V¥ and the state equation

a
P(p, )= pe(p) + PPy (p) + 9 pya(p) + 3%,
2 a .4
e(p, ) = Pe(p) — " Py2(p) + ;ﬁ +0@®),
we get the thermal energy equation
(@0 +pQ@) — p9* Pya(p)), + V- ((ad* + p Q@) — p¥* Py2(p))u) — V - (k V)

a
=S:Vu+v|VxHP?— (ﬁp,;(p) +92pya(p) + gﬁ“)V.u, (2.4)

where S : Vu is termed the dissipation function responsible for the irreversible transfer of the
mechanical energy into heat. Here we have used the fact that

(PPe(), + V- (pPe(p)u) + pe(p)V -u=0.

Moreover, if the temperature is strictly positive, multiplying (2.4) by % and using the conti-
nuity equation, we obtain the entropy equation

KW) _ S:Vu+v|VxH? N K|V

(ps>t+V-(psu>—V-( 5 5 P

(2.5)
where the entropy

4
3
s:s(p,ﬁ)zg%_i_ Cué(_%-)

1

d& — Py (p) — 20 Pya(p)

with

p

Py (p) = / 222 .

1

According to the Clausius—Duhem inequality (the second law of thermodynamics), the right-
hand side of (2.5) must be non-negative for any possible motion, thus in particular, the viscosity
coefficients u, n for the Newtonian fluid and the magnetic diffusivity coefficient v must be
non-negative. Experiments show that the viscosity of fluids is quite sensitive to changes in
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temperature, for example, viscosity of gases increases with temperature, also of liquids decreases.
The total heat-conductivity

K= x(p, 0, H) =k (p, 0, H) + kgt

where kg > 0 is a constant (see [2]), and kg > 0 satisfies certain growth conditions. For the sake
of simplicity, but not without certain physical background, also in agreement with numerous
practical experiments, we shall assume all the transport coefficients admit some temperature
scalings. Specifically, we assume

0<ci(1+0% < pu@H <c(l+9)°,
0 <39 <@ H) <ca(1 +9)"

for some constant o > 5, and set

0<cs(1+0%) <v(o, 0, H),  «g(p, 9, H) <co(1+F), and
(@) <cr(1+0271) (2.6)

with B > 1 to be specified below. Note that we only consider the case when the viscosity coeffi-
cients are independent of the density (though being physically relevant) to avoid unsurmountable
technical details in mathematics. The condition on kg (p, ¢, H) is physically reasonable as ex-
periments predict the value of 8 & 4.5-5.5 while Q should behave like ©#!- for large arguments,
which is in good agreement with the hypothesis on ¢, () (cf. [43]). We remark here that, if
the magnetic field is absent, it has been shown by methods of statistical thermodynamics that
uw= 97 fora gas under normal conditions, and meanwhile, the coefficients of viscosity in gases
show only little dependence on the density (see, for instance, Chapter 10 in [4]). The idea to
impose several kinds of temperature scalings on the transport coefficients was inspired by [12,
13,18,23]. The effect of the magnetic field is indeed very complicated because the viscous stress
becomes unisotropic depending effectively on the direction of H (see Section 19.44 in [4]).
Since the gravitational potential ¥ can be determined by the boundary value problem:

_szGpv (th)GQTa
2.7
{ Y0pe =0, @7
by using the maximum principle, ¥ > 0 in 27, and
¥ =G(=A)""[p] with (=2)"'[p](®) = Feoox[ 161" Froelp]]. 2.8)

where F stands for the Fourier transform.
Moreover, taking advantage of the continuity equation, we have

f,oVW~udx=—/¥/V~(pu)dx=/letdx Cdr flVJ/| dx
2 Q Q

1d

G d
=—— [ pWdx=——— | A™! dx.
sar | PP X [plpdx
2

2 dt
2
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From the total energy equation and the boundary conditions (1.10), we deduce that the total
energy of the system is a constant of motion, i.e., the total energy is conserved,

d 1 1 G _
= (pPe(p)—pﬂzPﬁz(p)Jraz?“erQ(l?)Jr50|U|2+§|H|2+5A 1[p]p>dx=o,
2

2 4 1 2 1 2 G —1
E(t)=f<pPe(p)—pl9 Py2(p) +ad +pQ(z9)+5pIu| +5|HI +3A [p]p>dx
=Ey (2.9)

for a.a. t € (0, T), where

Eo= f Po Pe(00) — ,00193 Py2(po) + az?é + poQ(Po)
7]

1 1 G _
+ —[mo|* + = [Hol|* + — A" [po]po dx.
200 2 2

Note that p,, py2 are continuous functions vanishing at zero, thus
p = pPe(p) € C[O, 00), lim pP.(p) =0,
p—>0+

p = pPgs2(p) € C[0, 00), lir(r)1+pPl92 (p)=0.
p—)

As for the energy contribution related to the term % f o A1 [p]p dx is, in fact, negative. Using
the fact that the total mass is a constant of motion, i.e., (2.1), the Holder inequality and the
classical elliptic estimate, we obtain

G _ G 3
3/|A ololdx < ol |07,
2

=Clpllrlipllpr = Cllpllr, v =2.

Next we shall obtain sufficient a priori estimates on the solution by virtue of the total energy
conservation (2.9). Firstly, the assumption (1.8) implies that

ai
pe(p) = —p¥ —bip.
14
Furthermore, there are two positive constants ¢; and ¢, such that

oP.(p) > c1p¥ — ¢ forany p >0,

in particular,

pPe(p) = &3|pe(p)| = ¢4 for p=0. (2.10)
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By using the Cauchy—Schwarz inequality and the Holder inequality, there are three positive con-
stants ¢5(< ¢1), ¢¢(< a) and ¢7 such that

092 Pya(p)| < G3p” + G600 + 67,

From (2.1), (2.9), we have
Y ,L<}4 P 2 l 2 l H2 &) . 1 ,Q 2 11
P, s P e(p), pﬂ Pﬂz(p)y IOQ(‘L?)’ 210|u| ) 2| | €L (OvTrL ( )) ( . )

Obviously, the elastic pressure component p,(p) is integrable as a result of (2.10). Moreover, by
2,

=Y
virtue of the Holder inequality, pu € L*°(0, T'; L7+1(£2)).
Secondly, in order to get estimates on the temperature, we integrate (2.5) over £2r,

S:Vu+v|VxH? «|Vo]?
5 +—53 dxdt = S(T) — S, (2.12)

Qr

where ¥ 5 Y will be interpreted as VIn® in the spirit of Lemma 5.3 in [12] (see also Lemma 2.1
in [13]), S(1) = [, psdx, and
o

4 cy(§)
50=/,005(,00,l90)dx=/<§al703+,00 ; dg —,00P0(,00)—2001701’,92(/)0))617(-
2 2 1

Moreover, the presence of ¥ in the denominator indicates that this quantity must be positive on
a set of full measure for the above arguments to make sense.
It follows from (1.8) that for some certain C > 0,

|pPy(p)| <C(1+pPelp)),  p*Pir(p) < C(1+ pPe(p)),
then
4a 4
ps < 507 +pQ@) + 0Py (0)] +2[p0 Pya(p)|

<M95 4 vo P 2p2 9>
=3 pQ®) + [Py ()| + p”Ps(p) +
C(pQ@) + pPelp) + 0%+ 1).

Here we have also used

9
/Cv(g) <0, 0<v<I,
! §

9
Cv(g)d
£ §< | c()dE=0@)—0() =0, ?>1,
1 1

and hence
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s
/ Cvf) dg¢ = @), foranyd >0.
1

Then from (2.9), (2.12), we have

S:Vu+v|VxH? «|Vo? ,
+ dxdt —ess inf p(M)Ind(t)dx < C(Eog,T) — So.
1V 92 1€[0,T]

Qr Q

Recalling the assumption (2.6) on kG (p, ¥, H), we have

Vo2 93 9, H))|V|?
/KI 2| dxdt:/(KR + G (p, 0, H))| Idxdt
192
Q7 fr
1+08 403
chiwmzdxdt.
192
fr

Consequently, on the one hand,

£ i VO
ess sup [ p()|Ind(@®)|dx+ [ [ |Vo2]| +|Vo2| + e dxdt < C(Ey, So, T), (2.13)
t€[0,T]
2 Qr

which yields

Vo
plind| e L®(0, T; L' (2)), - Vo5, vos e L2(2r).

First of all, Vz?g € LZ(.QT) together with (2.11) give rise to
97 e LX(0,T; H'(2)).

Next, since ¥ > 0, then

22

1 1

92|V |? 2 v |2 2

< /ﬂdx /K' LARp

K 92

2 2
SO0k \?

§C( |Vﬁ|2dx) (/ dx)

192
2 2

v |2
§G/|Vﬁ|2dx+C€/K| " ax.
192
2

2
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where € > 0 is small enough. Thus,
Vo e L2(27).
Recalling © € L>(0, T; L*(£2)) again, we have
9 e L*(0, T; H' ().

Now, taking advantage of Lemma 5.3 in [12] (see also Lemma 2.1 in [13]) and the estimates
in (2.13), we know

Vi
In® € H'(2), Vlnz?:T a.e.on 2,

2
b
L2>

Vi
)2, < C(lenﬂnil - H7

and furthermore,

In® is bounded in L>(£27)

i3]

by a constant depending only on the data and 7. This estimate can be seen as “weak positivity
of the temperature ¢. Finally, we conclude

Inv e L*(0,T; H'(£2)).

On the other hand, since

S:Vv 9 H 2 9, H
ﬂuzﬂ(ﬂ )<|Vu|2—|—Vu:VTu—§(V~u)2)—l—¥(v-u)2
9, H 2 2 9, H
= “(20 )‘Vu+VTu— gv-uJ13 +¥(V-u)2

> cﬁ‘“*l|Vu+ Viu 2,

and, by virtue of Young’s inequality, it yields

Vu+ VTu|r < C(z?"‘_1 |Vu+ VTu|2 + 194) with r = z Ea'

Here we need o < 1. Hence r <2, and
ueL'(0,T; Wy" ().

In view of the entropy equation (2.12) again, combining with the assumption on the magnetic
diffusivity coefficient, we have

A+ VxHe L2(2r).

Please cite this article in press as: X. Li, B. Guo, On the equations of thermally radiative magnetohydrodynamics, J.
Differential Equations (2014), http://dx.doi.org/10.1016/j.jde.2014.06.015




YJDEQ:7549
14 X. Li, B. Guo/ J. Differential Equations eee (eeee) eee—see

Bearing in mind the fact that |V x H||;>» = || VH|| ;2 when V - H =0, together with (2.11), we
conclude

He L*(0,T; H'(2)).

Therefore, for the initial-boundary value problem, based on our assumptions on p., py, Py2,
i.e., (1.8), on all the transport coefficients u, 1, v, kg and on the initial data, we have a priori
estimates resulting from boundedness of the initial total energy and the initial total entropy as
follows:

2
p' e L®(0,T: L'(R)),  pueL™®(0,T; L+1(2)),
pPe(p), pO*Py2(p), pQ®) € L=(0,T; L1(£2)),
9 e L®(0.T: LY2)) NL2(0.T; H'(R)). Vot eL(@2r),

97, 9 e L2(0, T; H' (),

uel (0,T; W," (), r= 5§a’

He L®(0,T; L*(2)) N L*(0, T; H'(2)).

We remark that (i) the velocity gradient Vu is not known to be square integrable; (ii) a variational
(weak) formulation of the momentum equation may not yield the full amount of mechanical
energy dissipated by a (non-smooth) motion, then it may only satisfy the inequality

(,oe),+V~(peu)—l—pV'qu:Vu—Vq—i—vWxH|2
instead of the internal energy balance (2.3). And consequently, Eq. (2.4) becomes
(@d* 4+ pQ®) — p9* Pya(p)), + V- ((ad* + Q@) — p¥* Py2(p))u) — V - (V)

. 2 2 a 4
>S:Vu+v|V x H| Opy(p) + 0 pﬁz(p)+3z9 V-u (2.14)

Using the same argument as the production of the entropy equation (2.5), the thermal energy
inequality (2.14) can be “equivalently” expressed through the variational principle of entropy

\&; S:Vv V x H|? V|2

/ ps<ﬂt+psu-v<p——K A% dxdtf—/ ut vV xHi +K| | pdxdt,
9 s 92

Qr r

for any 0 < ¢ € D(£27; R).

The above arguments suggest us what we mean by a variational (weak) solution of the
system (1.1), (1.9), (1.10) based on the second law of thermodynamics and the integral repre-
sentation of balance laws.
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Definition 2.1. Given the initial distribution of the state variables
Plt=0 = po, U= =my, P =0 = Do, H|;=o = Hp, po >0, o > 0.

Let T > 0 be given; (p, u, 9, H) is called a variational (weak) solution of (1.1), (1.9), (1.10), if
e p>0,uel"(0,T; Wg’r(.Q)) withr > 1 and He C([0, T]; szveak(g)) NL20,T: H'(R2))

satisfy the continuity equation in D'(R3 x [0, T')), the momentum conservation equation and
the induction equation in D’(£2 x [0, T')), which are

/(Pl/flcb + Ypou- qu) dxdt + ¥ (0) / 0o¢ dx =0,
Qr Q
for any v € C*°([0,T]) with ¥(T) =0 and ¢ € D(R3?; R), esslim;_, o4 fg podx =
fg pPo dx;

/(w’pu ¢+ Y(pu®u): Vo + ypV - p)dxdt

fr

:/(ws:w—pwvw.(p—w((vXH) xH).¢)dxdt—1//(0)/m0.¢dx,
2

7
where ¥ = G(—=A)[1op], and
/(1/f’H-¢+1/f(u><H)~(Vx¢)—1/fv(VxH)~(Vx¢))dxdt
27

+w(0>/Ho~¢>dx=o,
2

for any ¥ € C*°([0, T]) with ¢ (T) =0 and ¢ € D(£2; R?), esslim,_ o4 fg ou-pdx =
Jomo - ¢ dx, esslim; o1 [ H-pdx= [, Ho-pdx.

e The propagation of density oscillations is described by (2.2), i.e., the continuity equation
is satisfied in the sense of renormalized solutions introduced in [10], that is, (2.2) holds in
D'(R3 x [0, T)) with any b € C!(R™) satisfying

b'(z)=0 forallzeR* large enough, e.g., z > zp, (2.15)

where the constant z; depends on the choice of function b, that means,

/ (bW D+ Wb(p)u- Vo + v (b(p) — b (0)p)V - ugp) dxdi

27

+ ¥ (0) / b(po)p dx =0, (2.16)
2
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for any ¥ € C*°([0, T]) with (T) = 0 and ¢ € D(£2; R), esslim;_, o+ f_Q b(p)pdx =

S b(p0)¢ dx.
e ¥ > 0 satisfies the variational principle of entropy production

/ <P“///¢+1/fpsw v¢> dxdt
Qr
. 2 2
S_/(S.VU+;|VXH| +K|Vl‘/‘| >¢¢d dt — W(O)/Pos(po,ﬂowdx
27

for any 0 < ¢ € C*([0, T]) with (T) =0and 0 < ¢ € D(R3: R), esslim; o+ f_Q P8 X
¢dx > [, pos(po, Do) dx.
e The total energy E(¢) defined in (2.9) is a constant of motion:

T
/Ew’dt = —Eoy (0),
0

for any ¢ € C*°([0, T']) with ¥ (T) =
o (p,u, v, H) satisfies (1.10) in the sense of trace a.a. in (0, T).

Note that all the choices of the test functions agree with the boundary condition (1.10).
We remark here, if the magnetic field H is absent, the system (1.1) with the constitutive rela-
tions (1.2), (1.3) is called the full Navier—Stokes—Fourier system, and a variational formulation
of such a system with conservative boundary conditions was introduced in [12]. Now, we are
ready to state our main theorem of this paper, which is the existence of global variational (weak)
solutions for (1.1), (1.9), (1.10). More precisely, we prove

Theorem 2.1. Let 2 C R? be a bounded domain of class C**, 1 € (0, 1]. Assume that the
pressure p determined by (1.5), the internal energy e and the specific entropy s are interrelated
by (1.6). Furthermore, suppose that the temperature scaling on [, n satisfies % <a<l,onv, kg
and ¢y satisfies 1 < B < 4. Then the system (1.1), (1.9), (1.10) has at least one global variational
(weak) solution for all T € (0, 00) such that

2y

peC([0,T1; L' (£2))NL>®(0,T; LY (2)), pueC(l0,T]; L1 (2)),
uec L (0,T; Wy" () withr>1,

9 e L®(0,T; L*(2))NL*(0,T; H'(2)), pQ@) e L>(0,T; L (£2)),
93, 95, lnl‘}eLz(O T: H'(R)),

He C([0,T]; Ly (82)) N L*(0, T; H' (£2)).

weak

Remark 2.1. 1. p € L*°(0, T; LY (§2)) can be strengthened to p € C([0, T']; Lyeak(.Q)) in par-
ticular, p(t) — po in LY(£2) as t — 0, and [, p(t)dx = [, podx is a constant of motion
(independent of 7 € [0, T']).
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2. It will be shown that ¥ satisfies the initial condition

ess lim Vpdx = f Yo dx, forany ¢ € D(£2;R)
t—0+
2 2

if there exists a sequence of times #, — 0 such that {t};,} is precompact in L'(£2).
3. Approximation scheme associated to (1.1)

We consider the following regularized problem
e+ V- (pu)=¢Ap,

a
(ow); + V- (pu®u) + V<pm (P) + Pu(p) + PPy (p) + 9% pya(p) + §z94>

+8Vpl +eVu-Vp=V .S+ pV¥ + (V x H) x H,
(@0 + pQ®) — p9* Pya(p)), + V- ((ad* + p Q@) — p¥* Py2(p))u)
— V- ((kc(p, 9. H) + k) V) 3.1

/
=S:Vu+v(p, 9, )|V XH|2+8|V,0|2<51_',0F_2+ Pm(/)))
o

a
- (17{719(/0) + 92 pya(p) + 5194)V ‘u,

H —-Vx@xH)=-Vx (v(,o,z?,H)VxH), V-H=0,
with the initial-boundary conditions

Vp-nlpe =0,  pli=0= pos,

mo, if pos > po,

0, if po,s < po, (3.2)
Vi -nlpe =0 (no-flux), =0 =70,

H-n[jo =(V xH) xnlpe =0, Hl;==Hos,

upe =0, (pw|=0=mgs= {

where “the elastic pressure component” p, has been decomposed as

Pe(P) = pm(p) + pr(p)

with p,, pp € clio, 00), p;n (p) =0, |pp| < M. The parameters ¢, > 0 and SVpF is the ar-
tificial pressure with I" > 0 (a constant to be determined when facilitating the limit passage
g —0).

Here the approximate initial density, temperature and magnetic induction vector distributions
are chosen in such a way that
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po0.s € CTTU(2), Vpos-mlpe =0, Xlélg po,s >0,

pos— po inLV(2), |{xe|pos<po}—>0 asd—0;

Bo.s € C2TH(2), Vdps-nlpe =0, inf 995 >0,
0,8 (£2) 0,6 -M|yg Jnf Yo.5 (3.3)

Yos — ¥p in Ll(.Q) as § — 0;
Hos e D(2;RY), V-Hos=0, Hos nlse=(V xHps) xnlye =0,
Hos — Hy inL?*(2;R) as§ — 0.

Taking ¢ — 0 and 6 — 0 in (3.1) will give the solution of system (1.1), (1.9), (1.10) in Theo-
rem 2.1. Note that the most important principle we want to conform to is that the total energy is
a constant of motion at every step of approximation. In particular, denoting

o

Pu(p) = / 2 i,

1

the initial value of the regularized total energy

2

1
Eos = /(po,a P (p0.8) — p0.594 5 Py2(p0.5) + p0.6 Q(D0,5) + add s + =—— mo s

20,5
1 2 § r
+ §|H(),8| + ﬁpo,a) dx
is bounded by a constant independent of § > 0.

Moreover, it is easy to check that the corresponding approximate solutions satisfy the energy
balance:

d 1 1 b
I (me(p) — P Pya(p) + pQ(I) + Eplul2 +avt + EIHI2 + ﬁpr) dx
2

:/leII~udx+/Vpb-udx in D'(0, T).
2 2

Here we have used

(me(p))t +V. (PPm(,O)ll) +Pm(,0)v'UZSPm(p)Ap—}—gpmp(p)

Ap
which leads to

d (0)
= me<p>dx=/me(p)-udx—e/”"’TWdex,
2 2 2

and
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-

vpf-udx—851*/|vp|2p“2dx
2

§I”
ol 'Vp udx— %/V,o-V(pF*I)dX
2

2
sr
=31“/p“‘vp.udx+%/p“‘Apdx
2 2
r—1 or r—1
=8I | p vp.udx+ﬁ p" o+ V- (pu)) dx
2 2
§ d sr
=8I | pI'Vp udx+ ——— [ pldx+ —— | pI''v. d
fp puX+F_1dt prdx+o—[p (pu) dx
2 2 2
=81“/,or_lv,o'udx—i—Li deX—8F/,0F_1Vp'udX
I' —1dt
2 2 2
§ d r
= dx.
I —1dt pax
2

Moreover,

: 2 FEEE SRR S s
lim P Pm(p) — pP° Pya(p) + pQ(F) +ad” + ~plu|” + - H|" + p' |dx
t—0 2 2 I —1

2

1
= /(po,s Pun(p0.8) — p0.5% 5 Py2(p0.5) + p0.s Q(D0.5) +ady s + mlmo,al2
J ,

+ %|H0,8|2 + %P({a) dx.
After the above modification, the proof of Theorem 2.1 consists of the following steps:

Step 1: Solving problem for fixed parameters ¢ > 0, § > 0 and I" > 0 by the Galerkin method,
deriving estimates independent of the dimension k of the Galerkin approximation and carrying
out the limit as k — oo provided I" has been chosen large enough.

Step 2: Passing to the limit ¢ — 0.

Step 3: Letting § — 0.

4. Proof of Theorem 2.1

In this section we introduce the chain of approximations which we use to solve the original
problem (1.1), (1.9), (1.10). At any level of approximations we formulate the statements about
the existence of variational (weak) solutions and their properties which are needed to carry out
the proof of existence for the original system.

To begin with, the goal proposed in Step 1 can be achieved via a Schauder—Tychonoff-type
fixed point argument. More precisely, we first establish that p, ¥, ¢}, and H can be computed
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successively from the first equation of (3.1), (2.8), and the last two equations of (3.1) as functions

of u, then the approximation problem for fixed parameters ¢ and § can be easily solved by means
of a modified Faedo—Galerkin method in the same way as in Chapter 7 in [18].

4.1. Solvability of continuity equation with dissipation

Given velocity field u € C([0, T']; Cg(ﬁ, R3)), the density p := p[u] is determined uniquely
as the solution of the Neumann (suggested by the fact that conservation of mass in the form
( f o 0 dx); = 0 should hold) initial-boundary value problem:

pr+V-(pu)=¢eAp, £>0,

Plr=0 = po,s, 4.1
Vo -nlze =0,

with pg s satisfying (3.3). More precisely, since this is a linear parabolic Neumann problem in p,
the existence and uniqueness of a classical solution

peC([0,T];C*(2)),  p €C(0,T]; CY(2)),
p(t,%) = inf po.s(X)exp(=|IV - ull ;) >0 on 27

can be obtained by the Galerkin method (Theorem 5.1.2 in [34], also see Section 7.6 in [38] for
details), the solution mapping u +— p[u] is bounded and

ue C([0,T); C3(2,R%)) = plul e C'(27)

is continuous (Proposition 7.1 in [18]). The gravitational potential ¥ will be solved by (2.7)
and (2.8) by extending p to be zero outside of £2.

4.2. Solvability of both the magnetic field and the temperature
In this section we show that the following system can be uniquely solved in terms of u.

H —Vx@uxH) =-Vx(v(p,9, )V xH), V-H=0,
(@ +p0@) = pO*Pya(p)), + V- ((a9* + Q@) — p?* Py2(p))u)

/
=S:Vu+v(p, %, H)|V x H +8|V,0|2<5Fpr_2 + Pm(0)>
P 4.2)

+V - ((kg(p, 0, H) + k) V) — (19]719(,0) + 92 pya(p) + %f/‘)v ‘u,

H|;—o=Hops, ¥|i=0="70s,
H-njjo =(VxH) xn|je=0, V& -njje=0,

with Hy s and 9 s satisfying (3.3).

For givenu € C([0, T']; Cg(ﬁ; RR3)), p has already been given by (4.1), Eq. (4.2); is a quasi-
linear parabolic-type structure in H and Eq. (4.2), is indeed a non-degenerate parabolic-type
system in terms of ¥4, since
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—V x (v(,o, 9, H)V x H) =—Vv(p,, H) x (VxH)+v(p, 9, HAH,

V- ((k6(p, 9, H) + kg0?) VD) %RM‘* + k6 (p, 0, HIA® + Vg (p, 9, H) - V9.
Thus, H, ¥ can be solved by means of the standard Faedo—Galerkin methods. More explicitly,
the boundary value problem of (4.2) has a unique solution (¢ := ¢*[u], H := H[u]) defined on
the whole time interval (0, T') satisfying the following properties:

e ¥ is a strong solution to (4.2) and strictly positive on £27. In fact, the existence of a weak
solution ¥ € L2(0, T; H'(£2)) can be obtained by the standard iterational process as in
Chapter 1.2 in [28]. And the regularity of weak solutions (i.e. the Holder continuity of weak
solutions in a strictly interior subdomain) can be established as in Chapter 5.2 in [28]. As
the first three terms on the right-hand side of (4.2), are always non-negative, and the func-
tion ¥ = 0 is a subsolution, by using the comparison theorem, ¥ (¢, x) > 0 for all ¢ € [0, T],
x € £2. In agreement with the physical background and as required in the variational formu-
lation introduced in Section 2, the absolute temperature must be positive a.a. on £27.

e HeC([0,T1; L2, (2)) N L*(0,T; H'(2)).

5. The Faedo-Galerkin approximation scheme

In this section, we establish the existence of solutions to (3.1). Although (3.1); and (3.1)3 are
of parabolic type, the unknowns u and ¥ appear to be multiplied by p in the leading terms, we
have to use a more complicated approach based on the Faedo—Galerkin approximation technique
to obtain the first level approximate solutions. In order to do this, assume the vector functions
w; =w;(x) (j =1,2,...) are smooth, {Wj}j:1 is an orthogonal basis of Hol(.Q), and {wj}j?oz1 is
an orthonormal basis of L2(£2). Define k-D Euclidean space Yx = span{w j}’;=1 with scalar prod-
uct (v, w) = fQ v-wdx, v,w € Yy and let Py : (L%(£2))?> — Y be the orthonormal projection.
The approximate velocity field u; € C([0, T']; Yx), we may write ug (¢, X) = Z/]le g,ﬁ ®w;(x),
satisfies

((oxwi)e, wi) + (V- (pxux @ uy) + Vi + 8Vl +eVug - Vor, w))
=(V Sk + o V¥ + (V x Hp) x Hi, w)) (5.1

with the initial conditions

((pxur)(0), wj) = (mo s, W),

forallz €[0,T], j =1, ..., k, where {(ok, ¥, Hg, ﬁk)},fil are determined as the unique solution
of (4.1), (2.8), (4.2) in terms of {uk},fi1 on [0, T]. Here px = ps c[ukl, etc., px = p(ok. k),
v, = G(—A)_l[pk], and ¢, §, I are fixed positive parameters.

Given

fec(lo,T1; L (2)), f, e LY(27), ess inf f(r,x)>a >0,

(t,x)efRr

define an operator
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Oray: Y = Yy, (O, v) = / f(u-vdx, foru,veYy, rel0,T].
Q

It is easy to derive that (’)]7(10 exists for all # € [0, T'] and ||(’)]7(1t> ey, v < %
Taking advantage of the operator O f(;), and since

k(1) > Xlélg £0,5(X) exp(—||V - ukllL;(Loo)) >0,

(5.1) can be rephrased as

t
(1) = (9;,{1(,) (Pkm0,8 + / Pi(—=V - (pxur @ up) — Vi — 8Vpl —eVug - Vg
0

+V-Sk+kalI/k+(Vka)ka)dr>.

The local existence of the velocity u; can be obtained by fixed point argument and the uniform
estimates obtained from (5.2), (5.3) furnish the possibility of repeating the fixed point argument
to extend the solution to the whole time interval [0, T'] (see [38, Chapter 7.7] for details). Thus,
for any fixed k = 1, 2, ..., we solve first the regularized system for positive values of the parame-
ters € and 8, and the solution (o, ug, 9, Hy) defined on the whole time interval.

Our plan is hereafter to send k — oo, and so we will need to obtain uniform estimates that are
independent of the dimension k of Y;. We start with the energy estimates which can be derived
as follows: multiplying (5.1) by g,ﬁ (t), summing j =1, ..., k, and repeating the procedure for
a priori estimates in Section 2. It yields the approximate kinetic energy and total energy balance:

d
dt
2

1 8 _
Pk<§|“k|2 + o —h Pm(pk)>dx

/
+f(sk Vg +s<arp,f—2 + %)nyu’*’)dx
k

= /(pkvlllk + (V x Hy) x Hk) - Ui dx

2
a
+/<Pb(ﬂk) + Dk po (or) + 9 P2 (or) + gﬁf)v “ug dx, (5.2)
and
d L2+ p O) — 2P 8 - o4+ L2 ) d
A §|uk| + P (o) + Q) — 9 192(,0k)+ﬁpk +a k+§| k7 ) dx
2
Z/PkV‘I/k-llkdX+/Pb(,0k)V'ukdX, (5.3)
2 2
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where

1
/Sk  Vuy dx =/<<n(0k, Ho + 31004, Hk>)<v ) + (s, Hk>|Vuk|2)dx
2 2

Since ¥y is strictly positive on £27, then multiplying the regularized thermal energy equation
by ﬂlk and using the continuity equation with dissipation, we have

4da 4a 4 0(0%) ,
( 3 ﬂk) +V. (?ﬁkuk> +8Apk< o + 9 (Py2(pr) + ,OkPﬁz(,Ok))> + po (o)V - ug
t

cy (D) Cy (D) Vg - ug
+ Pk Uﬁ Dk + pva — (20k Py2(p)0%), — V - (201 Py2 () Orcug )
1
=5 (Sk Vg + V- (kg ok, %, H) + kr97) V) + v(ok, 9%, H) |V x Hy|?
/
+elVpi (5ol 24 O ))
Pk
/,ok(t)dx=/po,,sdx for any # > 0, 5.4)
2
1d 1
3 Pk Zdx+ ¢ |V,0k| dx_—2 ,okV uy dx, (5.5)
2 2

and hence, on the one hand, the regularized thermal energy equation can be rewritten as an
“entropy inequality”:

k

4 y

( ;ﬁk + k/ < f) dg — 2kaﬁz(pk)z9k>
1

a5 fea®
+V. ?ﬂk + Pk £ d& — 2px Py2(or) Ok |uy

1
0%, H 03
V. (Kc(pk i Hi) + kg sz?k>

t

s

3
v v !
> e(f < S) dé — Q;kk) = O (Py2(pi) + ka192(:0k))) Apr = py PV - ug
1

G (px> Ok, Hy) 4 kg 9} Sk : Vg 4+ v(ox, 9, Hy) |V x Hy|?
. G (Px kﬁzk) ROE g2 4 uy U(pkﬂk DIV x H| ' (5.6)
k k

On the other hand, combining (5.3), (5.5), (5.6) yields
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d L5 2 § . 4 Lo
E/(Pk<§|“k| + P (o) + Q(Or) — 0 Py2(ox) + 1" +avy + EIHkI dx
7]

Ui

d 1 cy

2 1

IVO|* + &V ol

kG (oks O, Hi) + kg7
+ 52
k

_%&2VM+WU%ﬁbHDWthP>d
Ui

Q) Pl (0r)
SS/(( 52 + Py2(por) + ok P 'z(Pk))V0k~Vpk+ ﬁ;k OV orl* ) dx
2

k

1
+kaVWk-dex+/(P0(,0k)+Pb(pk)— E,Olf)v'ukdx- (5.7
2 2

The classical elliptic estimate yields

IVl < C[(=A) " ord | yar < CllokliLr
provided I" > 3. Taking advantage of (5.4), one has

1 1

2 2
/pkW/k~ukdXSC||pk||Lr</po,adX> </,0k|“k|2dx> .
2 2 2

By virtue of definition of mg s in (3.2), we have

Img 5| ’ 1 Imo |
mo s - sk dX < ~ + po,slu05.kl” ) dx = = +mgsug 5 | dx,
29 00,5 2 g\ Pos

and

2
[myp|
mg s - U sk dX < dx,
00,8
7] 2

where the value of ug 5 x € Y is uniquely determined by

/‘,00,5110,3,1(~WjdX=/m0,5-WjdX, j=1,..k.
2

Recalling the fact that
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Sk . Vuk

>V +V'u 2,
o~k | k k

and, by virtue of Young’s inequality,

Vuk+VTuk|r5C(ﬂ,‘f‘1|Vuk+VTuk|2+ﬁ,§) withr:sf ,

combining with

//00,8 P (po,5)dx < /(po,a P.(po,5) + C(1 4 po.5))dx,
2 2

the hypothesis (2.6) on ¢, and kg, we are ready to apply Gronwall’s lemma to (5.7) provided
I' = I'(r) is large enough to handle the last integral on the right-hand side of (5.7). Here the
Cauchy—Schwarz inequality has been used repeatedly. Moreover,

3 K , Uk, Hy) + 1 »3
/(|V1nz?k|2+|V19kz|2)dx§C/ G Pk kﬂzk) B2k |9, 2 dx.
2 2 k
Thus, the following estimates hold:
sup (llpxlipr + | oxluel®| 1) < C 8. (5.8)
tel0,T]

sup (|lox @@ ;1 + 9%l s + 1Hill2) +ess sup / pellnd|dx < C(6),  (5.9)
tel0,T] tE[O,T]Q

/ Sk : Vug + v|V x Hy|?

3 B
> F VI >+ Vo2 "+ | Vo2 |* + &IVl >dxdt < C(8), (5.10)
k

7

and

8
) SCO) withr ==,

||uk”L"(O,T;W01'r iy

||(1+ﬁk)%v x He < C($). (5.11)

(0,T;L?)
Note that all constants in (5.8)—(5.11) are independent of k and ¢.

In order to identify a limit for k — oo of the approximate solutions {(ox, g, ¥k, Hi)}2,
obtained above as a solution of problem (3.1), (3.2), additional estimates are needed. Firstly, we
have the uniform estimates of the artificial pressure which is proportional to p!" and the density
gradient estimates the same as in Section 5.2 and Section 5.3 in [9], we state without proof the
following result:

Lemma 5.1. Under the hypothesis of Theorem 2.1, let I' = I'(r) be large enough, then the
density sequence {pi )72, satisfies the following properties:
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ol <C(e,8), ri=— 5
Pk r ar = £,0), ri= = ’
L7 0,T;L+) r—1 34«

ellVorllLae,) < C©8) foracertaing > r',

okl 27y, 1ApkllL7 (@) < C(g,8) fora certainw > 1.

Now, using the same arguments as in Section 2.4 in [21], for the sequences {pk},fil and
{ug },fi 1» we have (at least for some chosen subsequences)

pr— p inC([0,T]: L{y) N L (27), p =0, (5.12)
oty Ap € L™ (27) foracertainm > 1,
8
U, —u in Lr(O,T;Wé’r(.Q)), r=g—. (5.13)
—a

where the limit velocity u satisfies the non-slip boundary condition in the sense of traces. And p is
the unique strong solution to (4.1), i.e., the functions p, u satisfying the continuity equation with
dissipation a.e. in §27, the initial condition a.e. in §2 and the homogeneous Neumann boundary
condition in the sense of traces a.e. in (0, T'). In particular,

pr+V-(pu)=eV-(1oVp) inD'(R?x (0,7))

provided p, u were extended to be zero outside §2. Moreover, in accordance with (5.10) and
Lemma 5.1, one has

T
/8||V,0||%2 + 8‘1||Vp||‘£q dt < C(8) foracertaing > r'. (5.14)
0

By using interpolation, the estimate (5.8) and Lemma 5.1 lead to

ok — p in L7 (£27) for some w > I (5.15)
Combining the estimate (5.8) and the strong convergence (5.15), we also have

Ok X pu in L°°(O, T; LFZ_JCI (.Q)).

The estimates obtained in Lemma 5.1 can be used to deduce from (4.1); that the integral mean
functions

t— / Pk - W dx form a precompact system in C([O, T])
Q

for any fixed j. This implies that

2r

prug — puin C([0, T L 55(2)).
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with the limit function satisfying pu(0) =myg_s. As the space L ) (£2) is compactly imbedded
into the dual space W~1" '(£2) for suitable (large) I", and, consequently,

6I'r

— in L"(0, T; L™(£2)), 1 <—\
pru @ ug — pu@u i L' ( () <7T_3r+Fr+61"

(5.16)
In accordance with Lemma 5.1, it yields strong convergence

Vor— Vp in L™ (£27) foracertainr’ <7 < g,
in particular,

Vu - Vo — Vu-Vp inD'(27).

Secondly, we need to show pointwise convergence of the sequence {9} . From esti-
mates (5.9) and (5.10), repeating the procedure for a priori estimates in Section 2, we know

{9452, is bounded in L (0, T; L*(2)) N L*(0, T; H'(£2)), (5.17)
{In ¥}, is bounded in L*(0, T; H'(£2)), (5.18)

3
{92 o=, is bounded in L*(0, T; H'(£2)), (5.19)
{vo2},_, is bounded in L*(£27). (5.20)

This implies that, by selecting a subsequence if necessary, there exists a function ¢ such that

o= inL®(0,T; L)), and v —0 inL>(0,T; H'(2)),
Ing, —~Ind inL*(0,T; H'(2)),
and
f@)— F@) inL*(0,T; H'(2))

for any
1 1
fECI(O,OO), |f/(€:)|fc<g+sz>v S>O

Here and in what follows, the symbol F(v) stands for a weak limit of a composition {F 2,
in LY(27).

Next, we claim that {2, satisfies the “entropy inequality” (5.6). Note that, according
to (5.8) and (5.18), by virtue of the Sobolev imbedding theorem H!(£2) < L5(£2), one has

{ox I 9}, bounded in L2(0, T; L&T (£2)).

Together with (5.9), we have
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pelndg € L0, T; LY(82)) N L2(0, T: LT (2)).

Similarly, (5.8) leads to

sup lloxwll 2r < C(9).
€[0,T] LT+

Together with (5.18), it yields
2 6r
pxuxIndy € L*(0, T3 L74T (£2)).

Recalling the hypothesis (2.6) on ¢, we know, from (5.8) and (5.17),

B_
ped? e L0, T; LY (2)) N L2(0, T: LT () for B <4,
provided I" large enough, say, I" > 3, then

3
,ok/ C“f) dg € L(0,T; L' (2)) N L2(0, T; LT (£2)),
1

and

12
pkuk/C“T@)dg e L2(0, T; L7 (2)).
1

In accordance with hypothesis (1.8) and estimate (5.8),
Pk Py2(pr) is bounded in L*°(0, T'; Lt (£2)),
and furthermore, together with (5.17),
Pk Py (p)By € L0, T1 L(2)) N L2(0. T; LT (2)).
According to Lemma 6.3 of Chapter 6 in [18], we have

3
4 .
93+ / < f) d& — 201 Py (P D%

3
1

D4

3
1

In addition, we employ (5.17) to get

N 4—az?+p/ C”f) dE —2pPy2(p)® in L*(0,T; H™'(£2)).

YJDEQ:7549

(5.21)

(5.22)
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k
/ (43“ 93+ p / C”f) e — Zpkpﬂz(pk)ﬂk> 9 dxdt
Qr 1
S
N /(%"ﬁmf C“S) dE — ZpPﬂz(p)z?)z?dxdt. (5.23)

1

Since

Jim / ox Py2 (o) 07 dxdt = / o Py2(p)0* dxdt,
— 00
Qr 7

then (5.23) reduces to

Dk 13
f(“?“ﬁ,%pk/c”f) dri")z?kdxdte/(‘%aw ,0/ C”S) dé‘)ﬁdxdf (5.24)
1

Qr 1 2r

As the function & — %“5 340 /; f vaﬂ dy is non-decreasing, we have, from (5.24), the following
strong (pointwise) convergence

9 — 9 in L'(27).
Employing (5.17) again, by virtue of a simple interpolation argument, we obtain
M — ¢ in L™ (£27) for some 7w > 4.
Finally, using V - Hy = 0, the estimates (5.9), (5.11) on the magnetic field {Hk},fil imply that
H,—~H inLl®(0,T;1%2)), Hy—H inL>*0,T;H"(2)) and
Hy, —> H in L?(27),
and consequently, via interpolation,
(VxHy) xHy =~ (VxH) xH in L™ (£27) for a certain = > 1.
Moreover,
St —S in LY(2r) for some g > 1,
where S = (9, H)(Vu + V Tu) + (9, H)(V - u)l3. We also have
u, x Hy ~uxH in L™ (£27) for a certain w > 1,

in accordance with (5.13).
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Now, we can pass to the limit for k — oo in (5.1) to get

3
=V -S4+ pV¥ +(VxH) xH inD'(27), (5.25)

a
(pw); + V- (pu@u) + V(pe(p) +0py(p) + 9 pya(p) + 20 + apf) eVu-Vp

where the potential ¥ satisfies (2.7).
Moreover, due to the estimates (5.10) and (5.17), as 8 satisfies the hypothesis in (5.22), we
know

L0, H
v(pr, Dk k)VX

v(ok, Yk, Hi)V x Hy = /v ok, O, Hy) o

H;

are bounded in L7 (£27) for a certain 7 > 1.
Thus the limit quantities satisfy

/(1/;’H-¢+1ﬂ(u><H)~(V x @) —yYyv(VxH)-(V x¢))dxdt+w(0)/Ho-¢dx=0,
Qr Q
for any ¥ € C*°([0, T']) with ¢ (T) =0 and ¢ € D(£2; R3).

In the same way, we let k — oo in the energy equality (5.3) to get

1 ) 1
- f w/(p(5|u|2 + Pn(p) + Q) — 97 Py2(p) + ﬁpf—l) +adt + E|H|2>dxdr
Q7

1 |mo ;| ) 5, \
=130 + 00,5 Pm(00.8) + 00,6 Q(90.6) — P0.590,5Py2(P0.8) + = P05 + V05

1
+ §|H0,5|2) dx + / w(,onI/ -u+ pp(p)V - u)dxdt, (5.26)
Qr
for any ¥ € C*°([0, T']) with ¢ (0) = 1, ¥ (T) = 0. Here we have used
/(leII -u+ pp(p)V - u)dxdt = klim (,oleI/k - + pp(pr)V ~uk)dxdt
—00
2 £2¢

for any t > 0 in accordance with (5.13), (5.15). By virtue of the hypothesis (2.6) on ¢, (%), (5.22)
on B and the estimates (5.17), (5.20), we have

QW) —~ Q) inL*(0,T; H'(2)).

combining with (5.8),

6r
r+6

prQW) = pQ@) InL*(0,T;LI(Q)), 1 <q <
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Now since Q () tends to Q(¥) a.e. on §2, we infer Q(¥) = Q (), and

T+h
/,oQ(z?)(r—{—)dx_ hm —(hm //ka(ﬁk)dxdt>

Q
for a.e. T € [0, T']. We also have used (5.16) to deduce

T+h

1
/p|u|2(r~|—)¢dx: lim — f /p|u|2¢dxdt
h—0+ h

T 2

2

h—0+ h

T+h
1
= lim —<1im //pk|uk|2¢dxdt> for any ¢ € D(§2; R),
k—o00
2

T
and, similarly,

T+h

/pP (P)(f+)¢dX— hm Z(l //pkpm(pk)¢dxdt>,
2 T 2

T+h
/,019 Pﬂz(p)(t—i—)qbdx— 11m —(l f /pkz?,?Pﬁz(pdexdt),

2
T+h
/,0 (t—i—)q)dx— hm —(hm //pk ¢dxdt>

2

fora.e. t €[0, T].

The final aim in this section is to pass to the limit k — oo in the “entropy inequality”. Note it
is enough to show that one can pass to the limit in all nonlinear terms contained in (5.6). To this
end, we start with the observation that

Sk:V 9, H U, H
ko Ve p( k)<|Vuk| vV 2 (Vu)2> 77(1;l Dy up?
k
| n@e, °H 9, H 2
‘ M(k k) Vuy -i—VTllk—gV uk]I3) +< 7’7(11; k)V-uk),
k

then, by the estimate (5.10) and the weak lower semi-continuity,

S:V Si:V
/ ﬁudxdtsliminf / kTukdxdt

k—o00 k
2; £2;

for any 7 > 0.
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Since one can estimate the entropy flux

K6 (pr, O, Hy) + kg0

p Evo| < C(IVInokl + (97 +0f ") IVowl),
k

where

)

2 3 3 2 8 B
(02 + o 7 )vou = 307 |90 |+ 20/ |90
by virtue of the hypothesis (5.22) on 8 and the estimates (5.17)—(5.20), one can show that

is bounded in L™ (£27) for a certain 7 > 1.

, O, Hy) + k07 o
{KG(Pk kﬁk) KR "Vﬂk}
k

k=1
Furthermore,
K %, He) + kpdd? . )
{ 6 (P O ﬁzk) Rk |Vl9k|2} is bounded in L™ (£27) for some 7w > 1.
k k=1

And, consequently,

k6 (P O HO) FRROE o kG (p, 0, H) + e’
9 k 5
kG ok, Ok Hi) + kgD 2 kG (p, 0, H) + kg’
. |Vo|* —
07 92

V& in L™ (§27) for a certain w > 1.

IV®|?> in L™ (2r) for a certain 7 > 1.

Making use of Lemmas 5.3, 5.4 of Chapter 5 in [12], the estimates (5.8)—(5.11), the above rela-
tions together with (5.6) yields the desired variational form of the entropy inequality:

D4

/w (4;193—{—,0 C”f) d"g‘—ZpPﬂz(p)z?)d)dxdt
Q7 1
D
—1—/1//(43(1193—{—,0/Cv§) dE — 2,0P192(p)l9>u Vo dxdt
Q2T 1
3
_/¢<"G(p’ﬁ’;l)+”ﬂ Vﬂ)-qudxdt
Qr
; )
5/8V(1//¢</ @) s—%—ﬂ(mzm)w z(p)))>~v
Qr 1

+ Y éps(p)V -udxdt
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o H 93 S:V , 9, H)|V x H|?
_/W kG(p )+ KR Vo u+v(p )IV x H| Jxdt
92 O

r

Yo,

4 .

—(0) / ¢ (;ﬁaa +o0s [ © f) dé) dx (527)
2 1

for any 0 <y € C*°([0, T]) with (T) =0 and 0 < ¢ € D(£2; R).
6. Passing to the limit ¢ — 0

Our goal in this section is to take the vanishing limit of the artificial viscosity ¢ — O for the
family of approximate solutions {(0s,¢, ¥s.¢, Hs ¢, ¥s5.¢)} constructed in Section 3, i.e., to get rid
of the artificial viscosity in (3.1)1. In other words, we are to show the weak sequential stability
(compactness) for the approximate solutions. Denote o, = ps ¢, etc. in this section. Due to the
bounds of the density estimates in Lemma 5.1 depending on ¢, we definitely loose boundedness
of Vp, and, consequently, strong compactness of the sequence of {p;}¢~0 in LY(£27) becomes
a central issue now, so more refined estimates are needed to make sure the limit passage. At this
stage, we first point out that it is easy to check that the sequences {psu¢}s~0, {PeU: ® Ug}e0,
{0eVWe}es0, {(V x Hy) x Hg}esg are bounded in L™ (£27) for a certain 7 > 1 because of the
estimates (5.8), (5.11). Moreover, since

¥, H 2
Se = VPt (9e, He) %(Vug +V'u, — SV u5>113)
£

n (e, He)
+ V@, He) [ ———=(V - ue)ls,

&

by virtue of (5.9), (5.10), we know that {S,}¢~¢ is bounded in L7 (£27) for a certain 7 > 1. As
already pointed out in [18], both classical stumbling blocks of this approach — the phenomena
of oscillations and concentrations — are likely to appear. In order to deal with the non-linear
constitutive equations for the pressure and other quantities, the density oscillations as well as
concentrations in the temperature must be excluded. Therefore, we have to find a bound (inde-
pendent of ¢) for the the pressure term in a reflexive space L™ (£27) with = > 1. To this end,
similar as in Section 6.1 in [13], let us introduce an operator 5 = (By, B2, B3) with the following
properties:

. B:{feL”(.Q))/fdx:O}r—>W1’”(.Q)3
2
is a bounded linear operator, i.e.,

|BU e < CEONflln - forany 1< < oo; ©.1)
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e the function v = B[ f] solves the BVP:

V.v=f 1in £, V]ge =0; (6.2)

Usually, the symbol B~ (V-)~! is called the Bogovskii operator.
e if f € L™(£2) can be written as f =V - g with g € L1(£2)?, g - n|3 =0, then

”B[f]”Ln <C(m)|gllre forany 1l <m < oo.

Considering the regularity of the approximate density functions, we can use the quantities

{wms[pg - i/pedx“ . Y eDO.7), 0<y <1
|‘Q|Q >0

as test functions in the momentum equation (5.25). Bearing in mind property (6.2) of the linear
operator B, we have the following integral identity:

T
a
/1//(/<pe(pa) + Pepo(0e) +1962P192(;Os) + 519? +5V,0£)p8 dX) dt

0 2
=141+ +IX, (6.3)

where

T
Pe dX a
= —me;' /1//(/ Pe(pe) + Ve po(0e) + ﬁzpzﬂ (0e) + 519? + 8V,0£ dX) dr,

2
T

=/1/f /S VB|: |Q| ,ogdxi|dx>d
0 2

T
= /1#(/(08“8 Qug): VB|:108 - ﬁ Pe dX] dX> dt,

0

T
1V = efw (
0 2
T
V:—/I///(pEVWS~B|:pg—|;2—|/psdx}dx>dt,
0 2 Q2
; 1
—O/lﬂ !(psus-B[ps—@[[pst}dX>dt,
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T
VI = —s/tﬁ/(,ogug B[V - (Vpe)]dx)dt,

2

0
T
VII]:/w/(,ogug B[V - (peu;) ] dx) dt,
0 2

T
IX:_/lp(/(VxH)xH-B[pg—ﬁ/pst}dOdﬁ
0 2

By virtue of the hypothesis (1.8), the fact that

/pg dx = / po.s dx independent of 7,
Q Q

and the property (6.1), one has the integrals I, II, IIl, V and IX bounded uniformly with respect
toe > 0.

Using the same argument as in Section 6.1 in [13], we know that the left terms IV, VI, VII and
VIII are bounded uniformly for any small ¢, and furthermore, from (6.3), the resulting estimate
reads

/ p81*+1 dxdt <C(5), with C(8) independent of ¢.

Qr

Now, we have, at least for some subsequences

pe— p inC([0, T1; LL 0 (2)), (6.4)
8
u,—u in L’(O,T;Wé’r(ﬂ)), r=g—o (6.5)
— o
and
or
peue — pu in C([0,T1; L1 (£2)), (6.6)
as L‘I;eak(.{z) is continuously imbedded into the dual space W‘l*’/(.Q) for suitable (large)
24 .
I'> 753
9 =9 inL®(0,T;L*2)), and ® — inL*(0,T; H (2)),
Ing, —~Ind in L*(0, T; H'(£2)), 6.7)
£ LB .2 1
9 =97 inL*(0,T; H (2)),
and
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f®) = f®) inL*(0,T; H'(2))

for any
fecl©0,00, |f®)| <C<s +&2 ) £>0,
H,~H inl®(0,7;1%2)), H,—~H inL*0,T;H (2)),
H, —»H inL%(0,T; L*(2)),
(VxH,) xH; =~ (VxH)xH inL"(£27) for acertainm > 1,
u, x H. —ux H in L7 (£27) for a certain & > 1,
and

v(pg, ¥, Ho)V x Hy — v(p, %, H)V x H in L™ (£27) for a certain = > 1.

Furthermore, based on (6.4) and (6.5), if I" > r/, we can show that the density p > 0 and the
velocity u solve the original continuity equation (1.1); on the whole space R3 x [0, T) via ex-
tending both of them to be zero outside §2, where, in fact,

peus — pu in C([0,T1; LI (R%))

weak

provided p,., u, were extended to be zero outside £2. Thus p, u satisfy the integral identity:

/ (0¥'® + wpu- V) dxdi + (0) / pod dx =0,
22

27

for any ¢ € C*°([0, T']) with (T) =0and ¢ € D(R?; R). Meanwhile, by using the celebrated
regularization technique of R.J. DiPerna and P.-L. Lions [10], p, u (being extended to be zero
outside £2) solve the renormalized continuity equation (2.2) in D’ (R3? x [0, T)) for any continu-
ously differentiable function b satisfying (2.15).

By the Holder inequality, together with (6.5) and (6.6), we have

psle @U, — pu®u in L(0,T; L7(£2)) 1<n<L
e T ’ “3r+Tr+6I"

Here we have used the continuous imbedding

12
5+43a’

chgal(g) cw L (£2) provided I" >
Furthermore, by the same token, in accordance with (6.6) and (6.7), we have

Pl InY, — puln_ﬂ in L™ (£27) for a certain 7 > 1.

Using the same argument as in Section 5, we know
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Ve Ve
pguS/ CU;S) dé — ,ou/ Cvf) dé in L™ (£27) for a certain 7w > 1.

1 1

By virtue of the Holder inequality and (5.14), we have

Ve
[ V<w< ©©) gg ~ 20y (Pyaipo) + e P;,Z(ps)))> Vpedx—0
2 1

& U
in L7(0, T) (6.8)

for any w > 1 and any w € cl(2).
Hence, for the quantities %“1983 ~+ P 109 C”Sﬁ d& —2p¢ Py2(pe)V¢ in (5.27), by the same argu-
ment as in Section 5,

Ve
/(%az?erpe/C”T@)dé —2p5Pﬁz(pg)ﬁs>ﬁedxdt
Qr 1
S
N /(%ﬁ_pp/c”?@)dg—zmﬁ)ﬁdxdt.
Q2r 1

Note that, in contrast to Section 5, we do not know yet if the densities {p,}s~0 converge strongly
in LY(27). Fortunately, it holds that

lim / e Py2(pe) 07 dxdt = / pPy2(p)9? dxd:r.
£—
Qr 2r

Thus, exactly as in Section 5,

U

o
f<4?aﬁ53+p€/6v§) dé)ﬂsdxdtev/<4?a$+p/ CUS) d%)ﬂd"d“
1 $2r !

Q2r

which implies strong convergence of {9, }.~0, and especially, 9, — ¢ in L2_(.QT). Then it comes
from Lemma 5.4 in [12] that & is strictly positive a.e. on 27, and In®¥ =1n 9.
Letting ¢ — 0 in (5.25), due to the estimate (5.14), the extra terms

eVug - Vo, — 0 in L™ (£27) for a certain w > 1,

indeed note that

E/Vu£~Vpg-¢dx—>O forany¢eC(§;R3) ase — 0
Q
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uniformly in # € [0, T'], we know the limit quantities satisfy an “averaged” momentum equation

a _
(pw); + V- (pu®u) + V<pe(p) + 0y () + 92 pya(p) + 5194 + 50F>
=V -S+pV¥ +(VxH) xH inD'(27), (6.9)

where the potential ¥ satisfies (2.7).
In order to commute the limits with the composition operators in the “averaged” momentum
equation (6.9), we need to show strong (pointwise) convergence of the sequence {po¢}:~0, i.€.,

pe — p in L'(827).

This is a lengthy but nowadays formal procedure, making good use of the special function b(p) =
o In p in the renormalized continuity equation and the weak continuity of the effective viscous
pressure “p — (A 4+ 2u)V - u”. We omit it here (readers can refer to Section 6.3 in [9] for the
details). Consequently, the limit functions p, u satisfy the momentum equation (1.1);, where p
is replaced by pe(p) + 9py (p) + 92 py2(p) + §9* +8p", in D' (2).

The magnetic induction vector H satisfies

/(¢’H-¢+1ﬂ(uxH)~(Vx¢)—1ﬂv(VxH)~(Vx¢))dxdt

Q2r

+¢(O)/Ho~¢dX=0, (6.10)
Q

for any ¥ € C*°([0, T]) with ¥ (T) =0 and ¢ € D(£2; RY).
To conclude, we have to let ¢ — 0 in the energy equality (5.26) and the entropy inequal-
ity (5.27). Since p, u satisfy the renormalized continuity equation in D’ (R3 x [0, T')), then

/WPb(P)Vﬂdth:/llf/pr(;O)dth+fpo,an(p0,a)dX
or @r 2

for any ¥ € C*°([0, T]) with ¥ (0) =1, ¥(T) = 0. Here P (p) = [/ p’;—(zz)dz.
Thus passing the limit for ¢ — 0 in (5.26), one has the total energy balance:

—/w/ Ll 4 Pap) + 03 = 92Pyr(0) + 2 A ] + —2—pF
ol 5 e (0 92(0) + AT ol + —p

Qr

1
+avt+ 5|H|2>dxdt

1 [mg,5|> G, _ 8 _
=/<;00,5<5 2 4 Pelpo,s) + Q(M0.6) — 90 5 Py2(po.s) + 74 "Tpo.s]+ ﬁp(l)jg :
5 Po,s -

1
+avg s+ §|HO,3|2> dx 2 Eg s (6.11)
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for any i € C*°([0, T']) with ¥ (0) =1, ¥ (T) = 0. Note that,
A pel = A7 [p] in C(R27)

by combining (6.4) with the standard elliptic theory. Here we have used the fact that

/,OSV'J/S-llngZ—/WSV~(pgu€)dX=fW8(p5,—SAps)dX

2 2 2
1d
:EE/psngdx—i—eG/pfdx
2 2
G d _
=S | D) ‘[pg]dx+eG/p§dx.
2 2

The limit entropy inequality reads

2

4 .

/¢'<§ﬁ3 +p/ ¢ f) d& — pPy(p) —zpﬂPﬂz(p))det
1

27

3 3

D4
4 v
+/¢<_a193+p @) dé—pr,x(,o)—2,019P192(,0)>H~V¢dxdt
r 1

3
—/w<"G("’ﬂ’H)+KRﬂ Vz?)-Vd)dxdt

¥
7
0, H) + kg3 S:Vu+v(p, s, H)|V x H?
s—fw(KG(p 192) KR Vo + u v(pl9 )|V x |>dxdt
7

)

4 v
—v(0) f ¢<?a193,5 + po,s < f) d& — po,5 Py (po,s) — 2p0,500,s Pﬁz(po,a)>dx
2

1

6.12)

for any 0 < ¢ € C*°([0, T']) with /(T) =0 and 0 < ¢ € D(£2; R). Here we have used (6.8), the
fact that

f Yéps(0)V - udxdt
fr

= / W'¢p Py (p) dxdt + ¥ (0) [ $p0.6 Py (Po.5) dX + f YoPy(p)u- Ve dxdt.
27 2 27
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7. Passing to the limit § — 0

Our final task is to carry out the limit process when the parameter § — 0 to recover the original
system (1.1) by evoking the full strength of the pressure and temperature estimates, in other
words, we will establish the weak sequential stability property for the approximate solutions set
{ps,us, vs, Hs}s~0 constructed in Section 6. To begin with, note that, from hypothesis (3.3) on
the approximate initial data, we have

Eos — Eop asd— 0,

and

Y08
4a cy (&)

/¢ (;ﬁ(% + 00,5 v; d& — po,5 Py (po,s) — 2p0,s00,s P192(,Oo,a)> dx

2 1

0

da 3 cy(§)
- | ¢ ?190 + o £ d§ — po Py (p0) — 20000 Py2(po) |Jdx asd—0
2 1

for any ¢ € C®(2), ¢ > 0.
In light with the total energy balance (6.11), the following uniform bounds by a constant
depending only on Ey hold:

ps bounded in L>°(0, T; L7 (£2)), (7.1)
pslusl®, ps Q) bounded in L™(0, T; L' (£2)),
and, consequently, by Holder’s inequality,
2y
psus bounded in L*(0, T; L7+ (R2)); 7.2)

s bounded in L>(0, T; L*(£2)),
H; bounded in L®(0, T; L*(£2)), (7.3)

and

) / ,oar dxdt < C uniformly with respect to § > 0.

7

As for the term f o A~![p]p dx in the energy equality (6.11) related to the gravitational potential,
from the elliptic estimates and the fact that

/pg(t) dx = / posdx=Mp foraa.te(0,T),
2 Q
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we know, by virtue of Holder’s inequality,

/|A-1[p]p|dxs Il A7 101 2 < Mollol 2.
2

Similarly, the entropy production inequality (6.12) gives rise to

ess sup /pgllnz?5|dx§C(So),
te[o,T]Q

Ss:V V x H;|? 3 ]
f 3V + VIV LI G152 4 [voi 2 4 [0 Paxd < C(So). (T4

Vs
2r

together with

/ kG (s, U5, Hs) + kp03

7 V95| dxdt < C(S0),
)

Qr

and, consequently, by using the same arguments in Section 2 or in Section 5,
B-L
(14057 V x Hs | 2 ,2) < C(So)

3 I
||l98||L2(H1) + ”1n195”L2(H1) + || 1952 || LZ(HI) + ”1952 “LZ(HI) 5 C(EOa SO)a

8
”ué”Lr(W(%vr) EC(EO, S()), r = 5_0[’

furthermore, utilizing estimates (7.1), (7.2), (7.3) and the hypothesis (1.8),

D5 po (05), 03 py2(ps), (V x Hs) x Hs, us x Hs, v(ps, 9, Hs)V x Hs bounded in L™ (£27)

for some certain 7 > 1,
6yr
psus ® us bounded in L™ (0, T; L ey (£2)).

3
And the bounds are independent of § > 0. Here we have used ¢4 € L2(0,T; H'(£2)), and a sim-
ple interpolation argument

L0, T; L*(2)) N L3(0, T; L°(2)) € L™ (27), withw = 13—7

Note that Ins is bounded in L?(£27) by a constant independent of § > 0, which implies the
strict positivity of the temperature.
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Since

w(vs, Hs) 2
Ss =/ Vs (9s, Hs) B Vus + V us — g(V ~ug)l;

¥s, H
+\/l‘/‘577(l‘/‘5,H5),/n(+88)(V'lla)]b,

the estimate (7.4) yields

. 2 4
Ss bounded in L*(0, T'; L3 (£2))
uniformly with respect to §.

Moreover, we can repeat step by step the proof of the refined pressure estimates in [12]. The
resulting estimate reads

/ <Pe(,05) +95po (05) + 95 Py2(ps) + %193‘ +8p; )pg“ dxdt < C(Eo, So),
Qr
in particular,
{p§'+w}5>0, {(Sp{"'w}bo are bounded in L' (27). (7.5)
In view of the above estimates, we may assume that, up to a subsequence,
ps—p inC([0, TT; LY (£2)),
us—u inL"(0,T; Wy (), r= 5%

and

2y

psus = puin C([0, T1; L}, (2)),

as L\):/eak('Q) is continuously imbedded into the dual space w-Lr /(.Q) since y > 2. Moreover,

due to the choice of initial data pp s and myg s,

p(0,x) = po(x) a.e.on 2,

8 r
T—1 pPpsdx—>0 asd—0
Q

and

ou(0,x) =mp(x) a.e.on £2.
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2y
Consequently, in accordance with the hypothesis y > 2, the space L¥+T (§2) is compactly imbed-
ded into W1 (£2), which yields compactness of the convective terms:

6yr
psus ®us — puu in L"(0, T; L¥7+75%7 (£2)).

Here we have used the fact that ps, us satisfy (1.1); and (psus); can be expressed by (6.9).
Since y > 2, we can use the regularization technique developed in [10] to show that p, u satisfy
the (2.16), and furthermore, p € C([0, T]; L'(2)).

95— inL®(0,T; L)), and 95— inL>(0,T; H'(2)), (7.6)
Ings ~Ind in L*(0, T; H'(£2)),
furthermore,
N ’ 6y
psInds — plnd in L (O, T; Lo+y (.Q)),
- 6
psIndsus — plndu in L2(0, T; Lﬁ(ﬂ)),
P
97 = 9% inL2(0.T: H' (),
0Ws) — Q) inL*(0,T; H'(2)),
- 6y
ps QW) =~ pQ(#) in L*(0,T; L7 (2)),
- 6
psus Q(9s) — puQ(®) in L2(0, T; L™ (),
and
f@s) = f®) inL*(0,T; H'(2))

for any

fecl0.00), |f®|= c(é +s%>, £>0,
Hs ~H inL®(0,T;L%(%)),
which can be improved to
Hs —H in C([0,T]; L2 (2)).

since Hs; can be expressed through Eq. (6.10);
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H; —~H inL*0,7T; H' (2)), Hs — H in L%(27),
(VxHs) xHs =~ (VxH)xH in L™ (827) for a certain w > 1,
us x Hs ~ux H in L7 (2r) for a certain 7 > 1,

v(ps, s, Hs)V x Hs — v(p, 9, H)V x H in L™ (£27) for a certain 7w > 1,

and
H(,x) =Hp(x) a.c.on £2.

As usual as in Section 5 and Section 6, our next duty is to show strong (pointwise) convergence
of the temperature. By virtue of hypothesis (1.8), we have

. s 12 .y 4
ps Py (ps) is bounded in L*(0, T; L< (£2)), with = > 3
9
. s v Y
05 Py2(ps) is bounded in L (0, T;L¢ (.Q)), with E >2,

and

ps9s Py (p3) is bounded in L®(0, T L7 (2)), with by 4
A ) 9 ) y + 4; 3

in accordance with (7.6).
Using the entropy inequality (6.12) together with Lemma 6.3 of Chapter 6 in [18], we have

da

?195 +,0/ vf)dé ps Py (ps) — 2p50s Py2(ps)
1

e
p/ Cvg(g)ds pPy(p) —20pPy2(p) in L7(0,T; H™ (%)),
1

and, in particular,

DR

/( 53 / cy(§) d%._papﬂ(pa)_zpaﬁspﬁz(p5)>l93dxdt
Qr 1
—
- [ (%"ﬁ wo [ 2 de— 0o o) - 2ﬂpPﬁz<p))ﬂdxdt- a7

Qr 1

Since ps satisfies the renormalized equation (2.16), we have

b(ps) = b(p) in C([0,T; L} (£2))
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provided b is a bounded and continuously differential function. Thus, a simple approximation
argument yields

Y

ps Py (p5) = pPy(p) in C([0,TT; Ly (2)).
- Y
ps Py2(ps) = pPy2(p) in C([0, TT; Ly (2)).
whence, using (7.6) again,
lim / s Py (p3)Ps dxdi = lim f PP (D)0 dxdt,
Q27 2r

Slir% f 08 Py2(ps) 07 dxdt = ;in}) / o Py (p)9? dxdt.
Qr 27

Consequently, (7.7) reduces to

D 4

1 27

7 1

Exactly as in Section 6, we obtain

9s — 0 in L*(2r).
Thanks to Lemma 5.4 in [12], ¢ is positive a.a. on £27 and In¢ = Ino.
In order to establish strong convergence of the sequence {ps}s~0, we pursue the approach

similarly as in Sections 7.5, 7.6 in [12]. The results on propagation of oscillations stated in
Section 7.6 in [12] yield

ps—p in L'(Qr),
which can be strengthened to
ps—p inC([0,T]; L' (£2))

(see [10] or Section 6.7 in [18]).
Consequently, the limit function p, u satisfy the continuity equation

pr+V-(pu)=0 inD'(R?x[0,T7))

as well as its renormalized version (2.16).
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Similarly, the momentum equation

(pw); +V - (pu®u) + V(pe () + Ppo(p) + 9> py2(p) + %04)

=V .S+ pV¥ +(VxH) xH
is satisfied in D’ (§27). One can handle the induction equation as well, i.e.,
H;—Vx@mxH)=-Vx®V xH)

is satisfied in D' (£27).
By the same token, we can pass to the limit in the energy equality (6.11) in order to ob-
tain (6.11). Note that

8pl =0 inL'(27)

as a consequence of (7.5). Hence, the regularizing §-dependent terms on the left-hand side dis-
appear. And it is a routine matter to deal with the entropy inequality (6.12) based on the above
estimates. We remark here that it is standard to pass to the limit in the production rate keeping
the correct sense of the inequality as all terms are convex with respect to the spatial gradients
of u, ¥ and H.

Last but not least, we need to show that the temperature ¢ tends to its prescribed initial distri-
bution g for + — 0. Since the total energy of the system is conserved, we have

1 1 G
E() =/(pPe<p) = P92 Pya(p) +adt +p0®) + Splul® + JHP + A7 [lgp]p)dx

1 1 1
=/(,00Pe(po) — poBg Py2(po) + adg + poQ () + 2—,00|m0|2 + EIHol2 - Epo!l’o)dx,

with ¥y = G(—=A) " [1gpo].
Bearing in mind,

p(t)—py in LY(2) fort — 0,
2
ou(t) —~mgy in LV_L (£2) fort — 0,

H(t) ~Hy in L*(2) fort — 0,

using the same argument as in Section 7.7 in [12] to derive

4
ess lim (4—aﬁ3 n ,0/ & 4e _ pPy(p) — ZpﬂPﬁz(p))(pdx
t—0+ 3 &
2 1
4 r
> /(7“193 +/00/ CUS) d& — po Py (po) — 2p0190P192(/00)>¢dX
2 1
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forany 0 < ¢ € D(£2; R). And
D@t)—> 9 inL*(2)ast— 0+.
Theorem 2.1 has been proved.
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