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Abstract

In this paper, we study the regularity for solutions to an obstacle problem of Hessian type fully nonlinear
equations on Riemannian manifolds. As an application, the existence of a C L1 golution is proved.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Let (M_ ", g) be a compact Riemannian manifold of dimension n > 2 with smooth boundary
oM and M := M U dM. In this paper we study the obstacle problem

max{u — h, —(f (A(VZu + Alul)) — ¥ (x,u, Vu))} =0 (1.1)
in M with boundary condition
u=¢ onoM, (1.2)

where h € C3(M), RS C4(8M), h>¢@ondM, f is a symmetric function of A € R", V2yu de-
notes the Hessian of a function u on M, A[u] = A(x, u, Vu) is a smooth (0, 2) tensor which may

* Corresponding author.
E-mail addresses: baogj@hit.edu.cn (G. Bao), dweeson@gmail.com (W. Dong), jiaoheming @ 163.com (H. Jiao).

http://dx.doi.org/10.1016/j.jde.2014.10.001
0022-0396/© 2014 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2014.10.001
http://www.elsevier.com/locate/jde
mailto:baogj@hit.edu.cn
mailto:dweeson@gmail.com
mailto:jiaoheming@163.com
http://dx.doi.org/10.1016/j.jde.2014.10.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2014.10.001&domain=pdf

G. Bao et al. / J. Differential Equations 258 (2015) 696-716 697

depend on u and Vu, and for a (0, 2) tensor X on M, A(X) denotes the eigenvalues of X with
respect to the metric g.

Our motivation to study the obstacle problem for Hessian equations comes in part from their
applications in differential geometry such as finding the greatest hypersurface with an obstacle
whose curvature (for example the Weingarten curvature) is bounded below by a nonnegative
function. For other applications please see [17] where Liu and Zhou considered an obstacle
problem for Monge—Ampere equations (when f = 0,11 / ", see (2.5)) arising from the study of
affine maximal surfaces, and [6] in which Gerhardt studied hypersurfaces of prescribed mean
curvature bounded from below by an obstacle, while Kinderlehrer [13] treated minimal surfaces
over obstacles.

The interest to consider (1.1) is also from its connection to the problem of optimal trans-
portation (see [21] for example). In [2], Caffarelli and McCann studied a class of optimal
transportation problems which is equivalent to a double obstacle problem for Monge—Ampere
equations. An interesting result of Oberman [19] states that the convex envelope is the viscosity
solution of a nonlinear obstacle problem which is essentially an obstacle problem for Monge—
Ampere equations (see [20] also).

When A = kug, the obstacle problem for Hessian equations on Riemannian manifolds
was studied by Jiao and Wang [12] under various conditions which exclude the case that
f = (ox /o) /*=D_ For Monge—Ampére equations, Xiong and Bao [24] treated the case that
A =0 and Lee [15] considered similar problem when ¥ =1, ¢ = 0 in a strictly convex do-
main in R”. For the study of Hessian equations on Riemannian manifolds, the reader is referred
to [8-10,16,23] and their references.

The rest of this paper is organized as follows. In Section 2 we discuss the assumptions of this
work and state our main results. In Section 3 we introduce some notations and an approximating
Dirichlet problem. The C° estimates and gradient estimates on the boundary for solutions to the
approximating problem are treated in Section 4 while in Section 5 and Section 6, the gradient and
second derivative estimates are established respectively. In Section 7, we will prove the existence
of a smooth solution to the approximating problem to finish our proof of Theorem 2.2.

2. Assumptions and main results
In this section, we discuss the assumptions of this work and state our main results. Following

Caffarelli, Nirenberg and Spruck [4], the function f € C2(I") N C%(I") is assumed to be defined
in an open, convex, symmetric cone I" C R” with vertex at the origin,

I, = {1 € R" : each component A; > 0} € I" #R"

and to satisfy the fundamental structure conditions

of . .

fi=—=>0 inl, 1<i<n, 2.1)
OA;

f is a concave function in I, (2.2)

and

f>0 inI, f=0 ondl. (2.3)
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A function u € C*(M) is called admissible at xo € M if A(VZu + A[u])(xg) € I" and we call
it admissible in M if it is admissible at each x € M. It is shown in [4] that (2.1) implies that (1.1)
is degenerate elliptic for admissible solutions. While (2.2), which is a type of growth condition
essentially, ensures that F defined by F(r) = f(A(r)) for r = {r;;} € S"*" with A(r) € I is
concave, where S™"*" is the set of n x n symmetric matrices.

We recall the notion of viscosity solution to (1.1) and (1.2) (see [22] and [5]).

Definition 2.1. We define a function u € C°(M) to be a viscosity subsolution of (1.1) and (1.2)
if for any function ¢ € C 2(M) and point xo € M satisfying u(xo) = ¢ (xg), u < ¢ in M we have

max{¢ (xo) — h(x0), —(f (A(V¢ (x0) + Al$](x0))) — ¥ [¢](x0)) } <O,

where V¥ [¢](xp) = ¥ (x0, ¢ (x0), VP (x0)), and u < ¢ on dM. While u is called a viscosity su-
persolution of (1.1) and (1.2) if for any function ¢ € C*(M) and point xo € M at which ¢ is
admissible, satisfying u(xo) = ¢ (xg), u > ¢ in M we have

max ¢ (xo) — h(x0), —(f (A(V2¢ (x0) + Alp1(x0))) — ¥[p1(x0))} =0,

and u > ¢ on 9 M. The function u is a viscosity solution of (1.1) and (1.2) if it is both a viscosity
subsolution and supersolution.

In this paper, we shall prove the existence of a viscosity solution in C LI(M) to (1.1)and (1.2).
Our strategy is to use a penalization technique for which we consider a singular perturbation
problem (see (3.4)). We shall use the methods in [9] and [10], where the authors studied the cor-
responding fully nonlinear elliptic equations on general Riemannian manifolds, to establish the
a priori C? estimates independent of the perturbation for solutions to (3.4). After establishing the
C? estimates, (2.1) and (2.3) ensure that Eq. (3.4) is uniformly elliptic and the C 2. estimates fol-
low by the Evans—Krylov theory. Next, the existence of smooth solutions to (3.4) can be derived
using the method of continuity and degree theory. As is well known, the concavity condition (2.2)
which is crucial to the Evans—Krylov theory as well as the second order estimates, plays an ex-
tremely important role in the theory of fully nonlinear equations. So conditions (2.1)—(2.3) are
standard and fundamental in the study of Hessian equations.

The ideas proposed in [9] and [10] allow us to consider various classes of fully nonlinear
equations under conditions which are nearly optimal. In order to state our main results let us
introduce some notations adopted from [9].

Foro>0let ' ={_el:f(A)>c}and 0I'° ={A € I" : f(A) = o} which is a smooth
and convex hypersurface in R” by assumptions (2.1) and (2.2). We shall only consider the case
F"f;é @. For A € I' we use Ty = T5,01" 7™ to denote the tangent plane at A to the level surface
art®,

The following condition is essential to our work in this paper:

ar° NT,0r '™ is nonempty and compact, Vo >0, A€ I'°. 2.4)

Condition (2.4) means that the level set of f would not be too “straight” when || is
large. So assumption (2.4) excludes linear elliptic equations but is satisfied by a very gen-
eral class of functions f. In particular, (2.4) holds for those f whose level set is strictly
convex. Thus, (2.4) holds for f = crkl/k, k>2and f = (crk/cr[)l/(k’l) which we recall was
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not covered by the work of Jiao and Wang [12], 1 <[ < k < n, defined on the cone I} =

{(AeR":0;(1) >0, j=1,...,k}, where ox(A) are the elementary symmetric functions
or (L) = Z My, k=1,...,n. (2.5)
i1 <...<ig

Another example satisfying (2.4) is f = log Py, where

Peyi= [] Giy+--4nr), 1<k=<n

i <--<ig

defined in the cone
Pri={reR" 1 Aj + -+ 1 >0}

The following condition is used to overcome the difficulty caused by the presence of curvature
in the boundary estimates for second order derivatives (see [9] or [10]):

Z fi(M)A; >0, Vaer. (2.6)
Finally, note that for fixed x € M,z <R and peTiM,
Ax,z,p): TIM xT)M — R
is a symmetric bilinear map. We shall use the notation
AT(x, ) = Ax, ) E ), EneTIM 2.7
and, for a function v € C2(M), A[v] := A(x, v, Vv), A5"[v] := A8 (x, v, V).
Throughout the paper we assume ¥ € C3(T*M x R) (for convenience we shall write

Y =Y (x,z, p) for (x,p) € T*M and z € R though), ¥ > 0, and that there exists an admis-
sible subsolution # € C2(M) satisfying

FOM(VPu+ Aul)) = ¥ (x,u, Vu) inM,
¢ ondM (2.8)

u

andu <hin M.

The reader is referred to Theorem 1.3 of [12] in which the third author and Wang constructed
some subsolutions satisfying (2.8) in some special cases. By (2.3), we can see that A(V2u +
Alu])(x) € K forall x € M, where K is a compact subset of I", since ¥ (x, u, Vu) > o > 0 for
some constant &g.

As in [10], we make the following technical assumptions:

—¥(x,z,p) and AfE (x, z, p) are concave in p, 2.9)
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and

—Y,, A5 >0, VEeT. M. (2.10)

For the gradient estimates, we usually need some growth conditions and in this paper, we as-
sume that (see [8])

PV AR (x, 2, p) + [ pRAE (x, 2, p) < @1 (x, 2)IE(1+ 1 pI7),

- 2.11)
P Vx¥(x,z, p) + PPy (x, 2, p) = —an(x, (1 + | pI7),
for some continuous functions w1, @ > 0 and constants y1, y» > 0.
We shall establish the gradient estimates under two groups of conditions. Firstly we use the
following condition that there exists ¢ > 0 such that

_ - 2
A (.2 pymon < —ClEP I +¢lg&. | VE.neTM (2.12)
and
lim f(t1) =+o0 (2.13)
11— 00

where 1= (1,..., 1) € R" which holds for f =o,/* and f = (o1, /o7)"/*~ obviously.

We remark that the condition (2.12) implies the following MTW condition which was intro-
duced by Ma, Trudinger and Wang in [18] to establish interior regularity for potential functions
of the optimal transportation problem:

ASE (oo pymem < —ClEP P, VEneTM, & L.
An alternative assumption

fj()\)zvo(l +Zf,-()\)) for any A € I" with &} <0, (2.14)

where vy is a uniform positive constant, is commonly used in deriving gradient estimates, see [8,

11,22] and [23] for example. Together with (2.14), we also need (2.6) and the following growth
conditions (see [8]):

p-DpY(x,2,p),—p- DA% (x, 2, p)/IEI* < @(x,2)(1 + |pl”) (2.15)
and
|AS(x, z, p)| < @(x, DIENMI(1 +plY), VE,neTM, & L, (2.16)

for some continuous function @ > 0 and constant y € (0, 2). Our main results are stated in the
next theorem.
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Theorem 2.2. Suppose that (2.1)—(2.4), (2.6) and (2.8)—(2.10) hold. Assume that A(x, z, p) =
A(x, p) ortr A(x, z,0) <0 when z is sufficiently large and

A% (x, 2, p)| < @(x, DIEP(1+ | pP) 2.17)
Jorany & € Ty M when |p| is sufficiently large, where @ > 0 is a continuous function. Then there
exists a viscosity solution u € CLY(M) to (1.1) and (1.2) under any of the following additional
assumptions: (i) (2.11)—(2.13) hold for y1 <4, y» =2 in (2.11); (ii) (2.11) and (2.14)—(2.16)

hold for vy, y» <4 in (2.11).
Furthermore, u € C3’°‘(E)f0r any a € (0, 1), and

FO(V2u+ AGx,u, Vu))) = ¥ (x,u, Vu) inE,
where E={xe M :u(x) < h(x)}.
3. Preliminaries

Throughout the paper V denotes the Levi-Civita connection of (M", g). The curvature tensor
is defined by

R(X,Y)Z=-VxVyZ+VyVxZ + Vix.v|Z.

Letey, ..., e, be local frames on M". We denote g;; = g(e;, ¢;), {g"/} = {gi;}~". Define the
Christoffel symbols Fl’; by Vi e; = I"i’;ek and the curvature coefficients

Rijii = g(R(ex, erej, e;), R;-kz = 8" Ruji.
We shall use the notation V; =V,,, V;; = V;V; — Fl’j‘ Vi, etc.
For a differentiable function v defined on M", we usually identify Vv with the gradient of v,

and use VZv to denote the Hessian of v which is locally given by V;jv =V;(V;v) — Fi’j‘.Vkv.
We recall that V;;v = Vj;v and

Vijkv_vjiksz]la’lev, (3.1)
Vijkiv — Viiijv = R} Vimv + Vi R Vv + R} Vjmv
+ R Vimv + R Vinv + ViR Vi v. (3.2)

By direct calculation, we see, for each 1 <1, j, k <n,
Vijkv = V3v(ei, ej,ex) =Vi(Vjv) — Vlka;i — levl—‘kli
and

Vikjv = V>v(ei, ex, ) = Vi (Vijv) — Vijvl}; — VigoT};.
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Therefore, by the symmetry of {V;;v}, we have
Vijkv = Vigjv.
It follows that, by (3.1),
Vikjv — Vjikv = Ri; Viv. 3.3)
We shall use a penalization technique to consider the following singular perturbation problem

F(M(VPu+ AQx,u, Vi) =9 (x,u, Vu) + Be(u —h) in M,

34
u=q onBM, ( )

where the penalty function B, is defined by

0, 7 <0,
/e, z>0,

Be(z) = {
for ¢ € (0, 1). Obviously, B, € C 2(R) satisfies

168’ ﬂés é‘/ Z O;
Be(z) > oo ase— 0T, whenever z > 0;
B:(z) =0, wheneverz <0.
(See [24].) Obviously, u is also a subsolution to (3.4) since u < h. Let u, € c3(mn C4(M) be

an admissible solution to (3.4) with u, > u. We show that there exists a constant C independent
of ¢ such that

|u8|C2(M) =<C (3.5)
for small ¢.
From now on, we may drop the subscript ¢ when there is no possible confusion. For simplicity
we shall denote U := V2u + A(x,u, Vu) and, under a local frame ey, ..., e,,

Uij=Ul(ei,ej)=Viju+ Ai~/(x, u,Vu),
ViUij = VU (e, ei, ej) = Vigju + Ve AY (x, u, Vi)
= Vijju + V, AY (x,u, Vi) + Aéj(x, u, Vu)Viu
+ Ai,jl (x,u, Vu)Vyu (3.6)

where A"/ = A%¢ and V, A" denotes the partial covariant derivative of A when viewed as

depending on x € M only, while the meanings of AQ/ and Ai‘,j,, etc. are obvious. Similarly we can
calculate ViyU;; = Vi ViU;; — I} Vi Ui, etc.
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Let F be the function defined by

F(r)= f(Mr))

for a symmetric matrix r with A(r) € I". Throughout the paper we shall use the notation

2
Fii — 8_F(U) Flibk _0F
orij ’ orijorg
By (2.1), the matrix {F ij } has positive eigenvalues f1, ..., f,. Moreover, when Uj;; is diagonal

so is {F%}, and the following identities hold

FijUijZZfi)\ia FijUikUijZfi)‘iz

where A(U) = (A1, ..., An).
Our main tool is the following theorem proved in [10].

Theorem 3.1. Assume that (2.1), (2.2) and (2.4) hold. Let K be a compact subset of I' and

O<a<b<supp f. The;iexist positive constants 0 = 0(K, [a, b]) and R = R(K, [a, b]) such
that for any A € rlabl = Ta \Fb, when |\| > R,

N Wi~ =040 0)+ f(w) — f(R), VueK. (3.7

4. CY estimates

In this section, we consider the C° estimates and gradient estimates on the boundary for u,.
Actually, we can prove

Theorem 4.1. There exists a constant C independent of ¢ such that

sup |u| + sup |Vu| <C, 4.1)
M oM

provided (i) A(x, z, p) = A(x, p) and A% (x, p) is concave in p for each &€ € TyM or
(ii) tr A(x, z, 0) < 0 when z is sufficiently large and (2.17) holds.

Proof. (4.1) is clear under the assumption (i), so we just prove (4.1) when (ii) is assumed. Note
that

Au—+trA(x,u,Vu) >0

since I' C {» e R" : )" A; > 0}. Suppose sup,; u is achieved at xo € M. Thus, at xo, Vu =0 and
Au < 0. We have, at xg,

0 < Au +tr A(xo, u(xo), 0) < tr A(xo, u(xo), 0).
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Therefore, there exists a positive constant co under control such that u(xp) < co. Then we obtain
sup [u] < maX{sup |ul, sup |¢], CO] <C.
M M oM
Now let v = ¢, where a is a constant sufficiently large to be chosen later. We see that
Av = qge™ (Au + a|Vu|2).
Let p = supy, |u]. It follows that, by (2.17),
Av + a?e™ > ge (Au +a|Vul> + a) > ge® (Au +trAx, u, Vu)) >0,
when a is sufficiently large. Let ¢ be the solution to

Ap +a’e* =0 inM,
¢ =e? on oM.

Then e ** <v < ¢ on M by the maximum principle. Furthermore,
Vyv<V,¢p onoM

where v is the interior unit normal to d M. Therefore, we get

Vyo
av

Vyu <

<C ondM.
It follows that

sup |[V,u| <C.
oM

Then we get (4.1) since Veu(xp) = Vep(xo) forany xo € 0M and § € T, ,0M. O

Remark 4.2. We can see from the proof that (4.1) holds for any admissible function u € C%(M)
satisfying u > u in M and u = ¢ on OM.

5. The interior gradient estimates
In this section we establish the interior gradient estimates of u,. Similar to Lemma 3.2 of [24]
(see [12] also), we can prove the following lemma which is crucial to establish both the gradient

estimates and second derivative estimates.

Lemma 5.1. There exists a positive constant cg independent of & such that

0<Bcew—h)<co inM. 5.1
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Proof. We consider the maximum of u — h on M, and we may assume it is achieved at an interior
point xo € M since u —h =¢ —h <0 on dM. We have, at xg, V(u — h) =0 and VZ2u < V2h.
Therefore, at xg,

Be(u —h) = f(A(V2u+ Ax,u, Vu))) — ¥ (x, u, Vi)
< f(:(V2h + A(x,u, Vh))) — ¥ (x,u, Vh) < c
for some uniform constant ¢y > 0 independent of ¢ by (4.1). Hence (5.1) holds. O

Theorem 5.2. Assume that (2.1), (2.2), (2.11), (2.12) and (2.13) hold for y; <4, y» =2in (2.11).
Then for ¢ sufficiently small,

max |Vu| < C(l +max|Vu|), (5.2)
I M

where C is a positive constant depending on |u|co sy, |l c2(s7) and other known data.

Proof. To prove (5.2), we set w = |Vu| and suppose the function w¢ ™ achieves a positive
maximum at an interior point xo € M, where ¢ is a positive function to be determined and
0 < a < 1 is a constant. Choose a smooth orthonormal local frame ey, ..., e, about xqg such that
Ve,ej =0 at xg and {U;;(x0)} is diagonal. The function logw — alog¢ attains its maximum at
xo where

Viw \Y,
iw a i —0, (5.3)
w o
Viw | (@=a)IViel? _aVid _ 5.4)
w #? é
fori =1,...,n. Note that for each fixed 1 <i <n,
wViw = V]MV”M
and, by (3.3) and (5.3),
wV;ijw = ViuV;jju + VyuVu — ViwV;w
x ViuViu
= (Vl,-[u + R,.ilvku)vlu + | Sur — 3 VikuViu
w
> (ViU — A% Vigu — Al Vi — V[ A" )Viu — C|Vul?
2
w .. .. ..
= Vuv,U;; — ?(aAgk Vi + @A) — ViuV/ AT — Cw?, (5.5)

Here we have used the Einstein summation convention over the / and the k indices.
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Differentiating Eq. (3.4), by (5.3),

FINuv Uy = ViuViy + | Vul* + ¥, ViuVicu
+ Bl —h)(IVul> = Vu - Vh)
, 2 awz
=ViuViy + | Vul|” + TI/fkam
+ Bl —h)(IVul> = Vu - Vh). (5.6)
Let ¢ = (u — u) +b > 0, where b = 1 + sup,, (u — u). By (2.12) we find
—A;"k Vigp = Ai,ik (x,u, V)V (u — u)
> A" (x,u, Vu) — A" (x,u, Vi) + E(|VoI* — |Vigl®)
> Al (x,u, Vu) — AT (x,u, Vu) + £(IV|* — [Vig|*) - C. .7

Because of the convexity of ¢ in p, we see

Yo Vi = Yp (X, u, V) Vi (u — u) > ¥ (x, u, Vu) — ¥ (x, u, Vu). (5.8)

By (5.4), (5.5) and (5.7), we have

Viu . y C|Vo|? .
= w#fF”szm%F“@u—U,-,»>+”C'¢¢| 2 F"

a—a2—5a¢

G FIVieR = FiAl - S FIVAT - CYTET59)

Without loss of generality, we assume c¢ is sufficiently small such that c¢ < % and thus we can

guarantee that

2 2

a—a°—ca¢ %a—a
>

¢? ¢?

by choosing a sufficiently small.
By the concavity of F, we derive for B sufficiently large

F'"(Uji — Uij) = F"(Uj; + 2Bgii — Ui — 2Bgiy)
> F(U +2Bg) — ¥ (x,u, Vu) — Be(u —h) —2B Y F"
zF(Bg)—w(x,u,Vu)—,Bg(u—h)—ZBZF”. (5.10)

We may assume that |Vu| is sufficiently large to make

1
|Vul> = Vu-Vh > §|Vu|2.
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Therefore, by (2.11), (5.6), (5.8), (5.9) and (5.10), we have

02 L (Vv + vl Val?) + a(y (xu, Vi) — 9 x,w, V)
w
¢

=B (u—m)(|Vul> = Vu-Vh)+&|Ve|> Y  F'l
+ 3B =W (|Vul = Vu - Vh) +& VI )

- %(VmF”VI/A” + FUAN|Vul?) = Cp Y Fl
+a(F(Bg) = (v, u. Vi) = B u—h) = 2By F'")
>aF(Bg) —ay(x,u,Vu) — C¢>|Vu|y272

+(CPIVP — CH|Vu" > — Cp —2aB) Y F'

¢

+§ﬂ£(u—h)—aﬁg(u—h), (5.11)

where ¢’ = ac.
Now by Lemma 5.1, we find that

u—nh<(coe)'? in M. (5.12)
It follows that

¢
2

N2
Bl —h) — aPelu — = & 8"’) (%—a(u—h))

(u—h)?

=

(1 —a(coe)'?) >0
provided ¢ < % Thus, we see
coa
0>aF(Bg) —ay(x,u, Vu) — Co|Vu|"?">
+ (¢9IVoI* — CoIVu|" > — Cp —2aB) > F'.

By (2.13), choosing B sufficiently large, we may assume aF(Bg) — ay¥(x,u,Vu) —
Cp|Vu|”2~2 > 0 and we obtain

dPIVPI* — CH|Vu|"' > — Cp —2aB <0,
from which we can get a bound for |[Vu(xo)|. The proof of (5.2) is completed. O

Theorem 5.3. Assume that (2.1), (2.2), (2.6), (2.11), (2.14), (2.15) and (2.16) hold for y1, y» < 4
in (2.11). Then (5.2) holds.
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Proof. By (5.6), we have

2
.. aw
FiNuviUs; = Viuyr, + | Vul* + 7t/fpkvk¢, (5.13)

provided |Vu| is sufficiently large. -
In the proof of Theorem 5.2, let ¢ = —u + sup,, u + 1. By the concavity of A" (x, z, p) in p,

A" = A" (x,u, Vi) < A" (x,u,0) + A (x,u,0)Viu., (5.14)
By (2.6) and (5.14), we have
_FiiV”¢ _ Fiiviiu _ FiiU” _ Fiipii
> —FIAT > —C(1+ |Vu|)ZF”. (5.15)

Thus, from (5.4), (5.5), (5.13), (5.15), (2.11) and (2.15) we drive fora < 1,

(a—d® . ViuV a
0= F”|V,'u|2+T21+1,ﬁu—$1ﬁkaku
T T ViuV/ Al -
+%F”A’Ijkvku—F”A;’ — T — C (14 Vul) ) F

> e U Vul* — C(IVu|? ™% + | Vul|” +1)

—C(1+|Vu|+|Vu|V+|VM|V1*2)ZF”, (5.16)

where ¢ = miny; (a;2a2) > 0.
Without loss of generality, we assume Viu(xg) > %|Vu(x0)| > 0. Note that U;;(xo) is diago-
nal. By (5.3), (5.14) and (2.16) we find

a 1
Ui =——|Vul> + A" + — S " vua'®
¢ Viu g

5—%|Vu|2+C(1+|Vu|+|Vu|y_2)<O (5.17)

provided |Vu| is sufficiently large. Therefore, by (2.14),

fi Zm(H—Zﬁ)

Thus, by (5.16), we have
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11 2 y2—2 14
0>c1F ' |Viul —C(qul + |Vu| —I—l)
— C(1+|Vul + |Vul” +|Vu"1=2) Y F*
> 4% 1+ZF“ [Vul?> = C(IVu|™> 72 + |Vul” +1)
Z 3
—C(

L+ [Vu| + [Vul? +|Vu" ") Y " F"

= L0\ Vul? — c(1u? 2 + | Vul” +1)
n
C1vo 2 -2 ii
—=|Vul> = C(1 + |Vu| + [Vu|” + |Vu]" Fii, 5.18
+<n2| ul* — C(1 4 |Vu| + |Vul? + |Vul ))Z (5.18)

Then we can get a bound |Vu(xg)| < C from (5.18). O

Since we have obtained a bound lulciigy = C, there exist uniform constants | > ¥y > 0
independent of ¢ such that

Yo <v¥(x,u, Vu) <. (5.19)
Let £ be the linear operator locally defined by
Lv:=FIVjv+ (FIAY —,) Vv, veCHM) (5.20)

where A’,{k = Ai,jk [u] = Al,{k (x,u, Vu), ¥p, = ¥p [ul = ¥, (x,u, Vu). Then in our case, Propo-

sition 2.2 in [10] becomes:

Lemma 5.4. There exist uniform positive constants R, 6 depending only on A(Vu + Alul),
Yo and Y1 + co such that

Lu—u)> 6(1 + ZF”) — Be(u — h) whenever |)L(U)| > R.
The proof is the same as in [10] by using Theorem 3.1, so we omit it here.
6. Estimates for second order derivatives
In this section we will consider the estimates for second order derivative of u, and we also

drop the subscript ¢ as usual. Note that there exists a uniform constant C independent of ¢ such
that tr(A[u]) < C on M. Let ¢ be the solution to

AL+C=0

in M with £ = ¢ on 0M. Then we get u < ¢ in M by the maximum principle since Au + C > 0
in M. Since h > ¢ on dM we have h > ¢ > u in a neighborhood of d M in which B;(u — h) =0.
Therefore, by the arguments of Section 5 in [10], we can obtain a constant C independent of ¢
such that
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|V2u| <C onoM.
Set

W= max (Ags(x,u,Vu)+V§§u)e¢,
xeM, (€T M, |E]=1

where ¢ is a C? function to be determined. It suffices to estimate W. We may assume W is
achieved at an interior point xo € M and for some unit vector § € TyyM. Choose a smooth
orthonormal local frame e, ..., e, about xo such that £ = ey, V;e;(xg) = 0 and that U;;(xp) is
diagonal. We need only estimate U;(xg) > 0 from above.

At the point xg where the function log U1 4 ¢ (defined near x() attains its maximum, we have

ViU
Un

+Vi¢p=0 foreachi=1,---,n 6.1)

and

Vil (ViUu

2
Vi <0. 6.2
. e ) 4 Vg < 62)

Differentiating Eq. (3.4) twice, we obtain at xg, by (6.1),

ji jj 2
FIN1Usi + FI¥Y UGV U > Y, ViUt + Wy Vi Vi + B — b (Vi (u — b))
+ BLu— h)Vi1(u —h) — CUyy
> —Unv¥p,Vi$ — CUL +Yp p Uy

+ (U1 — C)B,(u — h) (6.3)
provided Uy is sufficiently large.
In addition, we have,
(ViUn)? < (ViUy)? + CU7,, (6.4)
ViU = ViiUii + Vi A" = Vi1 A" = CUyy (6.5)

and
Fi (VA" — v A7) > F""(A;v,-iju - Aipijvnju) —CUn Y F"
[0 11 2 i 2 i
+ F" (Apipi Uii = AlI;1P1 Ull) - CZF”
> UnF Al V¢ — CUy (Z Fii 1)

—CY F'UF—U} Y FUAL  —CBlu—h). (6.6)

i>2 i>2
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Therefore, by (6.2), (6.3), (6.5) and (6.6), we get

C N
£¢SE—I//P1PIU11 +U_“ZF”U121 +U112F”Alpllpl

i>2

+(Ui—1>5;(u—h)+CZF”+c
11

where
_ L pigpe Lo piiky v
E_U_ZF (V;U11) +U_11F 1UijViU.
11
Let
8|Vul?
o= > +bn

711

(6.7)

where b, § are undetermined constants, 0 <§ <1 <b,and nisa C 2 function which may depend

on u but not on its derivatives. We have

Vi =8VuV;ju +bV;n
= 8Vju(U,-j - Aij) + bVin
and
Viip = 8(Viju)* + 8V, juViiju +bViin
> —C8+6VuViiju+>bVn.
By (6.8),
(Vi9)? < C8%(1 4 UZ) + Cb? < C8*U2 + Cb™.
Using (3.3), (6.8) and the equality in (5.6), we have
FiiNiijuVju > FiVu(V;Uy — V;AT) = C[Vu* Y F"
> Y VixuVju+ L — )VjuV,(u—h)—C Y F

- C|Vu|2<Z Fii 4 1) — FU AL V0V

> (Wp, — FT AT eV ju — (ZF” )—Cﬁ;(u—h).

Therefore, we see

(6.8)

(6.9)

(6.10)

(6.11)



712 G. Bao et al. / J. Differential Equations 258 (2015) 696716

s .. y
Lé> bLny+ EF”UI% —CoBLu—h)—CY Fi-C.

(6.12)

Now we estimate E following [9] (see [23] also) by using an inequality shown by Andrews [1]

and Gerhardt [7]. For fixed 0 < s < 1/3, let
J={i:U; <—=sUpn}, K ={i:U; > —sU11}.

We have (see [9])

. Fii _Fii
~FIN U ViU 2 ) e (ViU
iz i~ Ui
Fii _ pll
> (V1Ui1)
i Un— Ui l
- 2 Z(Fii _ Fll)(V]U'l)z
il ]
(I +5)Un =
2 =) ii 11 2 2
= (14+95Un Z(F” — FU)((ViUn)” = CUfy /s).

ieK
By (6.13), (6.10) and (6.1),
1 N 5 . CFU 5
E<— Y Fi(ViUn)*+C) F'+ > (ViUn)

2
11 jeJ ick 11 i¢J

<Y FiVig)* +C Y FT 4+ CF' Y (vig)?
iel
<CP*Y F'+C8* ) F'UL+CY F'+C(*Uf + b)) F".

ieJ

Therefore, by (6.7), (6.12) and (6.14), we derive

§  C\ i ’ y
bLn < <052—5+—U )F”U,-zl-—i—CbZZF”+C<ZF”+1>
11 .
ieJ

C
+Ch?F + <— +C8 — 1)/3;(14 —h).
Un
By doing a minimization over §, we can guarantee that
2 5
max4q Cd —§,C8—l

is negative. We choose this § and then let

(6.13)

(6.14)

(6.15)
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1 8
C] := ——max Ccs? — -, Cé—1
2 2

so that ¢; > 0. Then we may assume

for otherwise we have Uj1 < CQ and we are done.
Now let n =u — u, by Lemma 5.4, we have, when U1 > R,

00— C)(1+ Y F) < = FIU + CH?FY 4 b2 Y F
iel
+bBe(u —h) —c1B.(u — h).

Choosing b sufficiently large such that b6 — C > 0, and we then have

0<—cF'U; + CO?F' + Cp* Y F"
iel

+bBe(u — h) — 1B (u — h). (6.16)

By (5.12), we have

Y
bﬁs(u—h)—clﬁg(u—h)zQ(b(u—h)—_ﬁscl)go (6.17)

provided ¢ < CI—O (3%)3. It follows from (6.16) and (6.17) that

—c FUL+Ch? Y F + CHPF'' >0
iel

when ¢ is small. Note that |U;;| > sUy; fori € J. It follows that

(Cb? —c1s°UR) Y F' + (Ch* — iU F'' = 0.
iel

This implies a bound Uy (xg) < Cb or Ur1(xg) < Ch .

7. Existence of smooth solution to (3.4)

In this section, we prove the existence of smooth solution to (3.4) by using the method of
continuity and a degree theory argument based on the estimates we have established. The proof
is standard so we only provide a sketch here. For more details we refer the readers to [3] and [8].
First we note that by the Evans—Krylov theory (see [14] for example) and Schauder theory we
can get higher estimates of u, which may depend on ¢. For example, we can obtain
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[uelcsap = C=C(e), (7.1
where 0 <« < 1.
Case 1. A=A(x,p), ¥y =¥ (x, p).

For each fixed ¢ € [0, 1], consider the Dirichlet problem

SU)) =t (x, Vu) + (1 =) f(MU)) + Be(w —h) in M,
u=¢ onoM, (7.2)

where U = VZu 4+ A(x, Vu) and U = Vu + A(x, Vu). Note that u is a subsolution to (7.2).
Similar to (7.1), any admissible solution ug € C*(M) satisfies the a priori estimates

|uélc5,a(1§1) <C=C(e)
since u’, > u by the maximum principle. Obviously, u is the unique solution to (7.2) when ¢ = 0.
By the m_ethod of continuity, for each ¢ € [0, 1], there exists a unique admissible solution to (7.2)
in C®(M).
Case 2. The general case: A = A(x,z, p), ¥ =¥ (x,z, p).

For R > 0, let
Or = {v c CS’“(M) : |v|C5~a(M) <R, v>0in M,v|ypy =0and V,v >0 on BM},

where o € (0, 1), and v is the unit interior normal to dM. For ¢t € [0, 1] and fixed v € @R,
consider the Dirichlet problem

F((V2u+ A'(x, Vu))) = ' (x, Vi) in M,
u=¢ onaiM, (7.3)
where
Al (x,Vu) =tA(x,u+v, Vu) + (1 — 1) A(x, u, Vu)

and

W' (x, Vi) =ty (x, u + v, Vi) + %f(x(g)) + Be(u — h).

We see that u is a subsolution of (7.3) by (2.10) and according to Case 1, there exists a unique
solution u! € C>%(M) satisfying u’ > u in M to (7.3) for each 1 € [0, 1].
Consider the map T'v = u’ — u. We see that
|u

t
| sy < C=C(R),
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and
w'>u inM, Vou' > Vyu ondM

by the maximum principle and the Hopf lemma.

Let v € Qg be an arbitrary solution to 7’v = v which means that u + v is the unique solution
to (7.3) and A[V2(u + v) + Al (x, Vu +v))] e I

We claim that u 4+ v is admissible in M. Indeed, for any x € M, we may assume that
Ax,u+v,V(u +v)) — A(x,u, V(u + v)) is diagonal at x by choosing a smooth local frame
e1, ..., e, about x. We can derive from (2.10) that A (x, u +v, V(u +v)) > A (x,u, V(u+v))
foreachi =1,...,n since v > 0 in M. It follows that, at x,

{Vijw+v)+ A7 (v w40, Vi + )}
—{Visw+v) + (4 (x, Vu +v)))
= (1= {AY (x.u+v, V(U +v)) = A7 (x,u. V(u +v))} 2 0,

where (A" (x,V(u + v)) = A'(x, V(u + v))(e;, e;) (see (2.7)). Therefore, V(u + v) +
Ax,u4+v,Vu+v)) > Vz(g +v) + A'(x, V(u +v)) and u + v is admissible in M.

By Remark 4.2 and the arguments in Section 4, there exists a positive constant C independent
of R such that

|l£ + U|C1(M) < C.

Note that the constants in the second derivative estimates depend only on |u + v| -1 (31 and other
known data. We then obtain a positive constant Cy independent of R such that

|L_l + U|C2(M) < C()

and thus |v|C5<a( W) = C independent of R. It follows that the equation T/v — v = 0 admits no
solution on the boundary of Qr when R is sufficiently large.
Thus the degree

deg(! — T', Qr,0) =y (7.4)

is well defined and independent of ¢ for R sufficiently large. When ¢ = O there exists a unique
function 1% = ¥ — u satisfying v — 7% = 0 which is a regular point of I — T°. Consequently
y =1, and T"v — v = 0 has a solution v* € Qg for all ¢ € [0, 1]. The function ul = u+ v!is
then a solution of (3.4). Then we obtain a smooth solution u, to (3.4). Furthermore, (3.5) holds.

Thus, there exist a subsequence u,, and a function u € CL1(M) such that
g, — uin CH*(M), Vae€(0,1), ase — 0.
Similar to [24], we can see that u < u < h and u is a (viscosity) solution of (1.1) and (1.2).

Furthermore, u € C3%(E) for any « € (0, 1), by the Evans—Krylov theory and Schauder theory.
We then complete the proof of Theorem 2.2.
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