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Abstract

In this paper, we are interested in providing lower estimations for the maximum number of limit cycles
H (n) that planar piecewise linear differential systems with two zones separated by the curve y = x" can
have, where n is a positive integer. For this, we perform a higher order Melnikov analysis for piecewise
linear perturbations of the linear center. In particular, we obtain that H(2) > 4, H(3) > 8, H(n) > 7, for
n >4 even, and H(n) > 9, for n > 5 odd. This improves all the previous results for n > 2. Our analysis is
mainly based on some recent results about Chebyshev systems with positive accuracy and Melnikov Theory,
which will be developed at any order for a class of nonsmooth differential systems with nonlinear switching
manifold.
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1. Introduction

Recently, the interest in nonsmooth differential systems has grown mainly due to the amount
of engineering, physical, biological, and real processes problems that are naturally modeled by
this class of differential systems (see, for instance, [3] and the references therein for piecewise
linear differential models of real processes). Much of the questions on nonsmooth differential
systems arise as extensions of classical and important results already established for smooth
differential systems. Since these questions appear naturally in many applications, they are not
merely mathematical or academic (see, for instance, [7,34,38,39]).

Motivated by the second part of the 16th Hilbert’s Problem, there exists an increasing interest
on establishing a uniform upper bound for the maximum number of limit cycles that planar
piecewise linear differential systems can have. In the research literature, one can find many papers
addressing this problem assuming that the switching curve is a straight line (see, for instance,
[1,5,8,10-12,16-18,22,21,26,27,29,32], and references therein). In this case, no examples with
more than 3 limit cycles are known so far. In [4,35], it is shown that such an upper bound is strictly
related to the nonlinearity of the switching curve. In this direction, piecewise linear system with
two zones separated by a curve y = x", with n being a positive integer, has been addressed (see,
for instance, [2,23,33]).

Accordingly, given a positive integer n, let H (n) denote the maximum number of limit cycles
that planar piecewise linear systems with two zones separated by the curve y = x”" can have. In
this paper, we are interested in determining lower bounds for H (n). For that, we consider the
following planar piecewise linear vector field

k
Y+ e Pr(x,y)
X(x,y)= ":]g , y—x">0,
—x+Y 05 x,y)

i=1
Z(x,y)= (D

k
Y+ &P (x,y)
Y(x,y)= i:,i , y—x"<0,
—x+) 07 (x,y)

i=1

where n is a positive integer, and Pl.jE and Qli are affine functions provided by

P (x,y) = aoi +aiix +ayy,
P (x,y) = aoi +a1ix + o2y,
O/ (x,y) = boi +b1jx + bay,
0Q; (x,y) = Boi + Brix + Baiy,

withaji, aji, by, Bji € R, fori e {l,..., k}and j € {0, 1,2}. The switching curve of system (1)
is provided by £ = {(x, y) € R?: y = x™}. Here, we assume the Filippov’s convention [9] for
trajectories of (1).
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Usually, periodic solutions of differential systems are studied by means of Poincaré maps.
Since system (1) is a k-order perturbation of the linear center (x, y') = (y, —x), it is easy to
see that, for |¢| sufficiently small, a Poincaré Map m; can be defined in the section S = {(x, y) :
x > 0, y =0}, which is parameterized by x. Moreover, for |¢| sufficiently small, (x; &) — 7. (x)
is smooth (because it is composition of smooth functions), thus we can compute the Taylor
expansion of , around ¢ =0 as

k
7o (1) = x + ) &' Mi(x) + O,
i=l1

For eachi € {1,..., k}, the function M; is called Melnikov function of order i. Denote My =0
and let My, for some £ € {1,2,...,k}, be the first non-vanishing Melnikov function, that is
M; =0 fori € {0,...,£ — 1} and M, # 0. Since periodic solutions of (1) are in one-to-one
correspondence with fixed points of the Poincaré map 7., one can easily get as a simple conse-
quence of the Implicity Function Theorem that simple zeros of M, correspond to limit cycles of
(1). Accordingly, we denote by m,(n) the maximum number of simple zeros that the first non-
vanishing Melnikov function M, can have for any choice of parameters a;;, oj;, bji, Bji € R,
fori e{l,...,¢}and j €{0, 1,2}.

Under certain conditions, upper bounds for the maximum number of limit cycles of (1), bifur-
cating from the period annulus of (l)|€=0, can also be given based on m¢(n) (see, for instance,
[30, Theorems 14 and 15] and [15, Theorems 3.1, 3.2, and 3.3]). However, in general, the val-
ues my(n), for € € {1, ..., k}, provide lower bounds for H(n), indeed H (n) > my(n) for every
£ ef{l,...,k}. In [5], a higher order analysis of system (1) was performed assuming a straight
line as the switching curve, that is n = 1. It was shown that m (1) =my(1) =1, m3(1) =2, and
me(1) =3for ¢ € {4,...,7}. The nonlinear case of switching curves was firstly addressed in [23]
by means of Averaging Theory. In particular, it was shown that m(2) = 3. It is worth mentioning
that the Averaging Theory is a classical method to attack this problem (see [6,25,37]), which has
been recently developed for nonsmooth differential systems in [19,23,24,28] (see, also, [13,14]).
However, in these previous studies some strong conditions are assumed on the switching set
when dealing with higher order perturbations. Indeed, in [23] it was observed that the first order
averaging function can always be used for determining the number of zeros of the first Melnikov
function, however higher order averaged functions do not always control the bifurcation of iso-
lated periodic solutions for nonsmooth differential systems. Thus, in [2] the Melnikov functions
up to order 2 was obtained for a wider class of nonsmooth differential systems with nonlinear
switching curve. In addition, it was shown that m(3) = 3 and m,(3) = 7. The known values in

research literature for m,(n), for £ € {1, ..., 6}, are summarized in Table 1. In particular, these
previous studies provided H(1) >3, H(2) >2,and H(3) > 7.
Our first main result completes Table 1 by providing the values m,(n), for £ € {1, ..., 6}

and n € N. In particular, we obtain that H(2) >4, H(3) > 8, H(n) > 7, for n > 4 even, and
H(n) =9, for n > 5 odd, which improves all the previous results for n > 2. The contribution of
Theorem A is summarized in Table 2.

Theorem A. Consider the planar piecewise linear differential system (1). For n € N and { €
{1, ..., 6}, we have the following values for my(n):

@) m(1)=1,m(2) =3, m(n) =3 forn >3 odd, and m|(n) =4 for n > 4 even;

3
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Table 1
Known values in the research literature.
In particular, H(1) > 3, H(2) > 2, and

H@3)=>1.
Known results for m g (n)
Order ¢
1 (2|3 |4<t<6

= 1 1|12 3
8 2 3 -1- -
on
g 3 317 - -

n>3 |- |- |- -

Table 2
Our main result competes Table 1. In particular, H(2) > 4,
H3)>8,H(n)>17,forn>4even, and H(n) > 9, forn>5

odd.
Our contribution
Order k

1[2[3[47]5 6

. 1 11121313 3

8 2 34]4a]4a]4 4
é’b 3 3171777 8<mg=<10

n>4even | 4 |7 | 7|7 |7 7
n>50dd |3 |77 [7]7]9<mg=<14

(i) my(1) =1, my(2) =4, my(n) =7 forn > 3;
(iii) m3(1) =2, m3(2) =4, mz(n) =7 forn > 3;
(iv) for€e{4,5}, m¢(1) =3, me(2) =4, m¢(n) =7 forn > 3;
() me(l) =3, mg(2) =4, 8 <meg3) < 10, me(n) =7 for n > 4 even, and 9 < me(n) < 14
forn =15 odd.

Consequently, H2) >4, H(3) > 8, H(n) > 7, for n > 4 even, and H(n) > 9, forn > 5 odd.

In order to prove Theorem A, we shall first compute the Melnikov functions up to order 6
for system (1). For that, Theorem B provides the higher order Melnikov functions for a class of
nonsmooth differential systems with nonlinear switching manifold, which generalizes the results
obtained in [2] at any order. Some recent results about Extended Chebyshev systems with positive
accuracy [36] are also applied to obtain Theorem A.

This paper is structured as follows. In Section 2 we state our second main result, Theorem B,
which develop the Melnikov theory at any order for a class of nonsmooth differential systems
with nonlinear switching manifold. Theorem B is proven in the Appendix. In Section 3, we
provide some families of Extended Chebyshev systems and Extended Chebyshev systems with
accuracy 1, which are used in Sections 4 and 5, together with the Melnikov theory, to prove The-
orem A. Statement (7) is proven in Section 4 and statements (ii) — (iv) are proven in Section 5.

2. Melnikov functions

In this section, we establish the Melnikov functions at any order for a class of nonsmooth
differential systems. Consider, an open subset D C R4, S! =R/ T for some period T > 0, and
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k a positive integer. Let 0; : D — S, jel{l,...,N}, be C*=! functions such that Op(x) =0 <
01(x) <---<0On(x) <T =0n41(x), for all x € D. Under the assumptions above, we consider
the following piecewise smooth differential system

k
=Y &' Fi(t.x)+ e R(t.x. ), )
i=1
where
Fot,x), 0<t<0;(x),
Flt,x), 61(x) <t <62(x),
Fi(t,x)=13 .
FN(t,x), Oy(x)<t<T,
and
RO(t,x,e), 0<t<0(x),
R'(t,x,8), 61(x) <t <6(x),
R(t,x,e) =1 .

RN(t,x,s), On(x)<t<T,

WithFij :S!'x D—> R4, R/ :S! x D x (—&p, &9) — RY, for i ef{l,....,k}and je{l,..., N},
being C* functions and T-periodic in the variable 7. In this case, the switching manifold is pro-
vided by £ ={(#;(x),x); x e D, i €{0,1,..., N}}. For the sake of simplicity, denote

k
Fl(t, x,¢) = ZsiFi] (t,x) + TR (t,x,¢), for j €{0,..., N}. (3)

i=1

It is worth mentioning that the differential system (2) is a particular form of the differential
systems previously considered in [23], where first and second order averaging method for de-
tecting periodic solutions of a wider class of nonsmooth systems were developed. This particular
class of systems seems to have first appeared in [13] and after in [2]. It is written in a standard
form suitable for applying techniques from regular perturbation theory, and then it is very com-
mon in the research literature as well as some variations using characteristic function (see also
[19,24]).

As the main result of this section, Theorem B provides sufficient conditions for 7 -periodic
solutions x (¢, ) of system (2) to be given as simple zeros of the ith Melnikov function,

1
M;(x) = l.—,z,” (T, x),

where z{ (t, x) is defined recursively fori = 1,...,kand j =0, ..., N as follows:

5
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t

Dtx)= / F{(s, x)ds,

0
t

Zl(t x)—zl (Gj(x),x)—i— / Flj(s,x)ds,

0-(x)
t
1
0 _ 0 5L
7 (t,x) = l!/ F; (s, x)—i—ZZ Dby byl be _(s,x) H (z (s, x)) ds,
rd I=1 bes) m=1
2/ (t,x) =2/ 0;(0).0)
t
+i / (F,.f(s,x)
0 (x)
+ZZ ! 81‘” (s X) 1—[ (z (s, x)) ds
= = by lby 2102 byl ! "
s

e=0’

i—1
. 1 9P .
i) o (0, (47w e.x)
p=1

) 1/ i . LY )
where 8/ (1, 0) = — (2/ 70, 2) = 2/ (1.0 ) and A7 (x, 0) = D" e () with
it i j 1
q:

aj(x)_z ZDe(x)<]_[wu,(x)>,forq:l,...,k—1, 4)

=1 ! UES, |
and
j j—1
wi(x) =z{  ©;x),x),

. 1 i
w] (x) = EZ{ (0 (x), x)
i—1

1 m b"'l
+2 Y T ommat i e O ) H( ")

a=1beS,

®

Here axL »G (¢, x) denotes the derivative of order L;, of a function G, with respect to the variable

x, S, is the set of all a-tuples of non-negative integers (b1, by, ..., b,) satisfying by + 2by +

-~+ab,=a,Lp=>b; +by+---+ by, and S , is the set of all a-tuples of positives integers

(b1, by, ..., b,) satisfying by + by + --- + b, = q. Considering the notations, we are able to
enounce our main result on Melnikov functions.

Theorem B. Consider the nonsmooth differential system (2) and denote My = 0. Assume
that, for some £ € {1,...,k}, M; =0, fori =1,...,¢ — 1, and My # 0. If My(a*) =0 and
det(DMy(a*)) # 0, for some a* € D, then, for |e| # 0 sufficiently small, there exists a unique
T -periodic solution x(t, ) of system (2) satisfying x(0,¢) — a* as ¢ — 0.

6
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Theorem B generalizes the results of [2] and it is proven in the Appendix. Indeed, applying
the recurrence above for i = 1, 2 we get the expressions for M| and M; obtained in [2], namely

T
Mi(x) = /Fl(s,X)ds,
0
T
Ma(x) = / DxF1(s,x)/F1(t,x)dt+F2(s,x) ds (6)
0
N
+Z<F] ! 9 (%), x) Flj (Gj(x),x))oz}(x).
j=1
3. Chebyshev systems
Let F = [ug, ..., u,] be an ordered set of smooth functions defined on the closed interval

[a, b] and let Span(F) be the set of all linear combinations of elements of /. The maximum
number of zeros, counting multiplicity, that any nontrivial function in Span(F) can have will
be denoted by Z(F). A classical tool to study Z(F) is the Theory of Chebyshev systems. The
set F is said to be an Extended Chebyshev system or just ET-system on [a, b] if Z(F) <n (see
[20]). If the functions in F are linearly independent, it is always possible to find an element in
Span(F) with n zeros (see [31]), in this case Z(F) = n. When Z(F) = n + k, the set F is called
an ET-system with accuracy k on [a, b], (see [36]).
Recall that the Wronskian of the ordered set [ug, ..., us], of s + 1 functions, is defined as

W(x)=W(uo, ..., us)(x)=det(M(ug, ..., us)(x)),

where
up(x) ... usx)
up(x) ... ul(x)
M(u09"'9u5)('x)= N .
u(()s)(x) ul (x)

We say that F is an Extended Complete Chebyshev system or an ECT-system on a closed interval
[a, b] if and only if for any k, 0 <k <mn, [ug, u1, ..., ux] is an ET-system. In order to prove that
Fis an ECT-system on [a, b] it is sufficient and necessary to show that W (ug, u1, ..., ux)(®) #0
in [a, b] for 0 <k <n, see [20].

3.1. Preliminary results

In this section, we introduce some results regarding extended Chebyshev system.
A first classical result is the following:
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Theorem 1 (/20]). Let F = [ug, uy, ..., u,] be an ECT-system on a closed interval [a, b]. Then,
the number of isolated zeros for every element of Span(JF) does not exceed n. Moreover, for each
configuration of m < n zeros, taking into account their multiplicity, there exists F € Span(F)
with this configuration of zeros.

Next results, proven in [36], extend the above theorem when some of the Wronskians vanish.

Theorem 2 ([36]). Let F = [ug, u1, ...u,] be an ordered set of functions on [a, b]. Assume that
all the Wronskians W;(x), i € {0, ...,n — 1}, are nonvanishing except W, (x), which has exactly
one zero on (a, b) and this zero is simple. Then, the number of isolated zeros for every element of
Span(F) does not exceed n + 1. Moreover, for any configuration of m < n + 1 zeros there exists
F € Span(F) realizing it.

Theorem 3 ([36]). Let F = [ug, u1, ...,u,] be an ordered set of analytic functions in [a, b].
Assume that all the v; zeros of the Wronskian W; are simple fori € {0, ..., n}. Then the number
of isolated zeros for every element of Span(F) does not exceed

Ay + V1 +2Wn2 4 Vo) F a1+ 03 )
where w; = min(2v;, vi_3+ ...+ v), fori € {3,...,n — 1}.

Remark 4.In Theorem 3, we are assuming that all the zeros of the Wronskians W;, i €
{0, ..., n}, are simple. This condition can be dropped as follows:

Assume that, for each i € {0, ..., n}, the Wronskian W; has v; zeros counting multiplicity.
Then, the number of simple zeros for every element of Span(F) does not exceed (7).

Indeed, if there exists an element f =) "_;a;u; € Span(F) for which the number of sim-
ple zeros exceeds (7), then by perturbing the functions u;, let us say uf fori €{0,...,n}, the
function f; = Y7 a;u; would still exceed (7), because we are assuming that the zeros of f are
simple. In addition, such a perturbation can be chosen in such a way that each Wronskian W¢ of
ordered set of functions [uf), uj, ..., uf], fori € {0, ..., n}, has less than or exactly v; zeros, all
of them simple. This contradicts Theorem 3.

3.2. New families of ET-systems with accuracy

In what follows, for k € Z4 and A € R, we consider the functions u’l‘ e, u’2‘3, and ugf‘ de-
fined on (0, c0) as

k) =1, u(x) =x,

ué(x) = x%*=2, uﬁ(x) = x%k,

ub(x) = %1, uk () = x¥2,

ub () = x*, uk (x) = xHH,
ug(x) = x%=2, M]fo(x) = x5k,

k) () = xOF1, Uk (x) = x(1 + x%),
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u]f3 (x)= x4 x2,

ull‘s(x) = <x4k +x2) tan~! <x2k_1) ,

ull‘7(x) = (x4k—2 + 1) <2kx4k_1 +x> tan~! (ka—l) ,
2

uky(x) = —x 17k ((Zk + )i +x) ,

k &+l 2 3
uk () = x 3k ((2/< + D + 1) ,

3
2%

= (24 1) (@ 02 +1)"

and

Wb () = FOA3 @k 4+ 1P 422 (3 (82 + 6k + 1) 22 +

Journal of Differential Equations 287 (2021) 1-36

uk, (x) = x + (2k + DxBk+1

u]fﬁ(x) = (x4k—2 + 1) (21{)641‘_1 +x) ,
k() = x5 (2K + D2 +1)°,

b (x) = —x £ ((2k + Dx2 +1)7,

k) (x) = x i (Qk + Dx2 + 1),

1) + Ax (—4k*2% — 2k (A2 = 3) + 3)

+14 2k + DOX3 (4% + DA% +k (422 — 6) +3) +x* (322 + k (642 4 2))).

We define on (0, 00) the ordered set of functions

X k ko k

Fi = luy, upy, uyl,
k_ ok ko k ok

Fy = lujs, ujs, us, us],

k _ ok ok ok ok ok
F3 = luy, uy, ug, uyg, uys],

k _ o k ok ok ok ok k
Fy = luy, ug, ug, uz, uyg, uy;l,

k ok k

ko k ok ko k
Fs = luy, ug, ug, ug, uyg, us, uyy, uyyl,

k k k k k ok k k
Fo = luy, uy, uy, ug, uz, ufe, uy;] and

kA rok
Fh =

k ok ok ok ko kA
g, g, Uag, Ugy s Unys Uny, U]

Proposition 5. The sets of functions F. 1 ]—'31, }"f, and .Fé‘, for k > 1 are ECT-systems on [a, b],

forany 0 <a <b.

Proof. It is enough to show that the Wronskians defined by F., .7-'31, F2,and ]-'é‘, k> 1, do not
vanish in (0, 0o0), which, by definition, implies that all of these sets are ECT-systems.

The Wronskians of the family }“21 are provided by

Wo(x) = x2 + x4,

Wi(x) = x2 (x4 + xz) ,

“'Z(X) - 4x9 s
x4 4 x2
() 32x°
(x2 +x4H2’

which, clearly, do not vanish in (0, 00).
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The Wronskians of ]-"31 are provided by

Wolx) =1,

Wi(x) = 2x,

Wa(x) = 16x3,

W3(x) = 48x(1 — 3x2 + 10x%),
1536x3(9 4 2x

Wa(x) = 1536x70 + 207

(1+x2)3

which, clearly, do not vanish in (0, 00).
The Wronskians of the family F, f are provided by

Wo(x) = x4,
Wi(x) = 6x'3,
Wa(x) = —48x17,
Ws(x) = 3072x'0,
Wa(x) = 27648x13 (924x12 — 25x° + 15),
47775744x%* (2464x'8 + 42156x'2 + 3975x° + 3325)

Ws(x) = N 1)4 ,

which, clearly, do not vanish in (0, 00).

The Wronskians of ]-'é‘ are

Wox) = 1,

Wi(x) = 2kx2*"1,

Wa(x) = 16k3x%3,

W3(x) = 16k> (8k2 + 6k + 1) x 103,

Wa(x) = 768k%(2k — 1) (8k> + 6k + 1) x 1042,

Ws(x) = —1536k7 (1 —4k2)” (16k2 — 1) x 18613,

We(x) = —12288K° 2k + 1)3(4k — 1)(6k + 1) (—8k% + 2k + 1) x>#~18,

Wi(x) = —589824k'2(2k + 1)3 (4k — 1)(6k + 1) (—8k2 + 2k + 1)2x24(k_1)
(48K3 — 44Kk% + 12k — 1 + (2K + 1)2(4k + 1)(6k + 1)(8k + 1)x%¥).

It can easily be seen that, for k € Z, the Wronskians do not vanish in (0, co).
This ends the proof of Proposition 5. O

Proposition 6. The sets of functions F~, for k > 1, .7:5, for k =2, ]:ff, for k > 2, and ]:62 are
ET-system with accuracy 1 on [a, b], for any 0 <a < b.

10
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Proof. For each set F! {‘, for k > 1, and ]—"é‘ s ]-"!f, and }"g, for k > 2, we will show that all their
Wronskians are nonvanishing except the last, which has exactly one simple zero in (0, 0o). Thus,
from Theorem 2, we will have that all of these sets are ET-systems with accuracy 1.

The Wronskians of the family F; {‘ are provided by

Wo(x) = 1,
Wi(x) = (dk + Dx* 41,
Wa(x) = 2kx>®=D(—(1 4 6k + 8k>)x* 42k — 1).

It can easily be seen that, for k € Z ., the Wronskians Wy(x) and Wj(x) do not vanish in R and
W3 (x) has exactly one positive zero, which is simple.

The Wronskians of the family ]-'é‘ are provided by

Wo(x) = x2 4 x%,
Wi(x) = (2k — 1)(x2k+2 4 x0k),
42k — 1)3x 8K+
x2 + x4k
16k(2k — 1)3x8673 ((k — 1)(4k — Dx*=2 + 1 — 3k)
(x#-2 4 1)2 ’

Wa(x) = —

Wi(x) = —

Again, it can easily be seen that, for k € Z such that k > 2, the Wronskians Wy(x), W;(x),
W3 (x) do not vanish in (0, co) and W3(x) has a unique positive zero, which is simple.

The Wronskians of the family F, k, for k > 2, are provided by

Wo(x) = x2,

Wi(x) = (4k —2)x8=3,

Wa(x) = —8(k — Dk(2k — 1)x1%-7,

Wi (x) = 128k — Dk3(2k — 1)x1%—12

Wa(x) = 128(k — DK3(2k — 1)3x =15 Py (x4-2)
8192(1 — 2k)%(k — 1)k3x24k—16

(x¥ + x2)4

Ws(x) = Py (x¥=2),

where

Poi(x) = 6k(4k — 1)(6k — 1)x% — (2k + 1)%x + 3(2k(4k — 9) +9),
and

11
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Pr(x) = —4(k — Dk(2k — 5)(3k — 2)(4k — 1)(6k — 1)x3
+4(k (k (k(4k (9K (8k + 3) — 281) + 949) — 249) + 20) — 1)x>
+(3k — 1) (4k (k (4k (36k — 89) + 185) + 5) — 29)x
+(2k — 3)(3k — 1)(dk — 3)(4k — 1)(10k — 1).

Notice that the Wronskians W;(x) # 0 for i =0, 1,2, 3 do not vanish in (0, 0o). Next, we shall
show that W4(x) > 0 in (0, co) and W5(x) has one positive zero, which is simple. By computing
the discriminant of Py x and Pj x we obtain

Dis(Py ) = —13824k> + 36880k* — 29056k> + 7800k> — 640k + 1,
and

Dis(Py x) = —16(2k — 1)°(3k — 1) (576k® — 720k> + 380k* — 212k> + 183k> — 89k + 17)
(41 — 12428k — 51458k> + 3664611k> — 32461588k* + 126891032k —
257528192k + 276914736k — 143578944k® + 22830336k + 3317760k'°) .

Performing a simple analysis, it can be seen that Dis(Py x), Dis(P; k) < O for k > 2. Therefore,
Py k(x) does not admit real zeros and Pj x(x) has at most one real zero, counting multiplicity.
Consequently W4(x) does not vanish in R and W5(x) has at most one positive zero, which is
simple if it exists. Now, P; x(0) = (=3 +2k)(—1+3k)(—3 +4k)(—1 +4k)(—1+ 10k) > 0 and

lim Sign(Py 4(x)) = Sign ( (40K — 516K + 2220° — 3808k* + 2640K° — 576K°)) <0.
X—>0

Therefore, W5(x) has exactly one positive zero, which is simple.

The Wronskians of the family .7’-"62 are

Wox) =1,

Wi(x) = 4x3,

Wa(x) = 240x11,

W3(x) = —11520x',

Wa(x) = 1474560x'2,

Ws(x) = 13271040x8 P, 5 (x©),

183458856960x '8 Py 5 (x©)
(x+1)’

We(x) = —

where
Py (x) =15 —175x + 12012x2
and
Py (x) = 8008x* + 460390x3 — 993711x% 4 29800x — 6650.

12
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Clearly, W;(x) #0fori =0, 1,2, 3,4,5. Now, the discriminant of P4 (x) is given by

Dis(Ps2) = —5822536650303705842827108906279200.

Thus, P4 2(x) has at most two real zeros counting multiplicity. Additionally, P4 2(0) = —6650
and limy,_, o P42(x) = 0o. Therefore, P4 2(x) and, consequently, We(x) have exactly on positive
zero, which is simple.

This ends the proof of the Proposition 6. O

Proposition 7. The sets of functions F¥, for k > 2, is an ET-system with accuracy 1 on [a, b],
forany 0 <a <b.

Proof. Let GF = [uo, u4, u’9‘, u’g, usz, ”16] and ”Ha p= [u4, ug, u’g, ué‘, auo + ﬂu16 + u”] be or-

dered sets. Observe that

Span(fg) = Span(gk) U U Span(H{;ﬂ)
a,BeR

The demonstration of this lemma will be done in two steps. Firstly, we will show that the Wron-
skians defined by Fg k" are nonvanishing except for the last one, which has two simple zeros.
Secondly, we will prove that G is an ECT-system and that the Wronskians defined by Hk pa

nonvanishing except the last one, which has at most 3 zeros, counting multiplicity. Thus from
Theorems 1, 2, 3, and Remark 4, we have that 7 < Z(]—'ﬁ) <38, Z(gk) =5and4 < Z("Hf;’ﬂ) <7.

Hence, we conclude that Z (]—',f) =17.
The Wronskians of the family ]—'é‘ are provided by

Wox) =1,

Wi (x) = 2kx?k=1,

Wa(x) = 8k(k(6k —5) + 1)x8k—3,

Ws(x) = —64(1 — 2k)2(k — 1)k?(3k — 1)x12k=10,

Wa(x) = 2048Kk*(3k — 1) (2k2 — 3k 4 1)° x 1416,

Ws(x) = 2048(1 — 2k)*(k — 1)2k*(3k — 1)x 1420 p, | (x#-2) |
262144k — 1)2k* 2k — 1)7 (3k — 1)x2%=20p, , (x¥%-2)

Wo(x) = (x4k+x2)5 ‘ ’

where

P i (x) = 6k(4k — 1)(6k — 1)(8k — 3)x? — (4k — 1)(2k + 1)%x 4+ 3(2k(4k —9) +9)

and

13
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Py i(x) = 4k — 1)*k(2k — 5)(3k — 2)(4k — 1)(6k — 1)(8k — 3)x*
—2(3k — 2)(4k — 1) (k(4k (k (4k (2k(78k — 179) + 235) — 89) — 59) + 35) — 1)x3
+(3k — 2) (k(4k (2k (10k (k (4k (48k — 61) 4+ 177) — 183) 4+ 1017) — 465) + 201)
—19)x2 — 43k — 1)(5k — 2) 2k (k(4k (k(4k — 19) + 44) — 75) — 19) + 13)x
+(2k — 3)(3k — 1)(4k — 3)(4k — 1)(5k — 2)(10k — 1).

Clearly, W;(x) #0 fori =0, 1,2, 3, 4. Now, we show that, for k > 2, W5(x) > 0 in (0, co0) and
We(x) has two positive zeros, which are simple. By computing the discriminant of P x and Py
we obtain

Dis(Py i) = —(4k — 1) Ay,

where
Ap =1 + 1948k — 20744k> 4 66464k> — 77296k* + 27584k°
and
Dis(Py 1) = —192(2 — 3k)2(1 — 2k)'2(3k — 1)(4k — 1)(5k — 2) By Cy,
with

By = 206 — 1917k + 5508k> + 14166k> — 161955k* 4+ 507294k — 336876k® — 2819520k’
+11872944k8 — 24994208k° + 32211648k'0 — 24318720k 4 8294400k 12,

Cr = 1234 + 1406151k — 1408018812 + 1655961863k> + 15757275163k*
—454467427122k° 4 3991908595280k° — 18758368588312k” + 52157245218176k8
—84657031448672k° + 65764683807488k !0 4 13116254256768k !
—75206228610816k'% + 66368938080256k '3 + 1454789099520k 7 .

It is straightforward to see that Ay, By, Cx > 0. Thus, we get that Dis(Py4 ), Dis(P2x) < 0.
Therefore, P (x) and, consequently, Ws(x), do not admit real zeros. Additionally, Py x(x) and,
consequently, W (x) have at most two positive zeros counting multiplicity. Furthermore,

P4r(0) = 2k — 3)(3k — 1)(4k — 3)(4k — 1)(5k — 2)(10k — 1),
Pir(2) = —6 — 3687k + 63459k — 351684k + 787140k* — 528768k>
—478272k5 + 738816k7 — 2211843,

and lim Pj(x) = oo. Since sign(Py4 1 (0)) = —sign(Psx(2)) = 1, it follows that P4 x(x) and,
X—> 00

consequently, We(x) have exactly two positive zeros, which are simple. Therefore, from Theo-
rems 2 and 3, it follows that 7 < Z(F§) < 8.

Since the Wronskians of G* are, clearly, equal to the first six Wronskians of F, k, we get that
Z(G*) is an ECT-system and, from Theorem 1, Z(G¥) =5.

14
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Now, computing the Wronskians of 7-[(]; > We obtain

Wo(x) = x*,

Wi(x) = (4k —2)x83,

Wa(x) = —8(k — Dk(2k — 1)x12k—7,

Wa(x) = 128(k — k3 (2k — 1)x14k—12,

Wa(x) = 128(2k — 1)3(k — DiSx 1415 gk (x44-2) Q’;,ﬂ(x),

where

. aSf(x) + (2k — DxkFok (x4n=2)
Qa ﬁ(x) = 3
’ (2k — 1)x* (x* + x2)” S5 (x4-2)
SK(x) = 16(=1+ k(=1 + 3k)x3 (x% + x¥)3,
SK(x) = —3(9 +2k(=9 +4k)) + (=71 +4(37 — 15k)k)x
+(—1 4 2k) (61 + 2k(—37 + 92k))x?
+ (=14 4k 3 + k(=41 + 96k)))x> + 6k(—1 + 4k)(—1 + 6k)x*,
SK(x) = 3(9 + 2k(—=9 + 4k)) — (1 + 2k)°x + 6k(—1 + 4k)(—1 + 6k)x>.

+tan~! (x*71) + ﬂ) ;

Clearly, W;(x) #0fori =0, 1, 2, 3. The derivative of Q’;y ﬂ(x) can be written as

(0% p) () = R*(x) S (x),

with
—16(k — Dk(3k — 1)x2gk(x*—2
RE) = ( k( )X 611()26 )
2k — 1)x8Sk (x#-2)
A(1 = 2k 2 10k+4 k., 4k—2
Sg(x)ZOl—i- ( )x qZ(x4 k) ’
(k — Dk@Bk — 1) (x* + x2)" gf (x*=2)
where

gt (x) = 6k(@k —1)(6k — 1)(8k — 3)x? — (2k + 1)*(4k — D)x +3(2k(4k —9) +9),
g5 (x) = 9 — 171k + 1052k* — 2692k3 + 2816k* — 960k>

+(—29 + 107k + 680k> — 3644k> + 4848k* — 1728k7)x

+(4 — 80k 4 996k* — 3796k> 4 4496k* — 432k> — 1152k%)x?

+(—40k + 516k> — 2220k> + 3808k* — 2640k> + 576k%)x3.

Observe that, for k > 2, the function q{‘ (x) is positive. Indeed,
Dis(g¥) = —(4k — 1)(1 4+ 1948k — 20744k> 4 66464k> — 77296k* 4 27584k>) < 0
and qi‘(O) > 0. Moreover, notice that R€(x) does not vanish in (0, co) and

15
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8(1 _ 2k)2x 10k—5q3 (x4k—2)qic (x4k—2)
(k — Dk(Bk — 1)(1 4 x#=2)5 (gf (x4-2))?’

(kY () =

where

gk (x) = —27 — 6k(=9 + 4k) + (1 + 4k(1 + k))x — 6k(—1 + 4k)(—1 + 6k)x2,

gk (x) = (=3 +2k) (=1 4 3k)(=3 + 4k) (—1 + 4k) (=2 + 5k) (—1 + 10k)
—4(=143k) (=2 + 5k) (13 + 2k (=19 + k(=75 + 4k (44 + k(—19 + 4k)))))x
+(38 — 459k + 4323k~ — 21852k + 53688k* — 72240k%)x2
+(81520k° — 89280k7 + 46080k®)x2 + (4 — 162k + 1738k> — 4608k>) x>
+(—17208k* + 114176k> — 226240k® + 192384k” — 59904483)x3
F(A(—1 +k)2k (=5 4 2k) (=2 + 3k) (=1 + 4k) (=1 + 6k) (=3 + 8k))x*.

By computing the discriminant of q§ and qi‘ we obtain

Dis(g¥) = 1 — 8k(80 + k(—975 + 2k (1816 + k(—2305 + 864k))))
and
Dis(qf) = —192(3k — 2)?(2k — 1)'2(3k — 1)(4k — 1)(5k — 2) Dy Ey,
with

Dy = 206 — 1917k + 5508k2 + 14166k3 — 161955k* + 507294k — 336876k
—2819520k7 + 11872944k® — 24994208k + 32211648k'0 — 24318720k
+8294400k 12,

Er = 1234+ 1406151k — 140801881k% 4 1655961863k> + 15757275163k*
—454467427122k 4+ 3991908595280k® — 18758368588312k” + 52157245218176k8
—84657031448672k° + 65764683807488k !0 4 13116254256768k !
—75206228610816k'% + 66368938080256k '3 — 30092670877696k 4
+12225870102528k 15 — 5928649555968k 10 + 1454789099520k 7.

Thus, by straightforward computations, we obtain Dis(qé‘), Dis(qff) < 0, for k > 2. Therefore,
g3(x) does not admit real zeros and qff has at most two positive zeros counting multiplicity. It
implies that the number of zeros of (Séj)/ (x) counting multiplicity is at most two. Consequently,
(Q';,ﬁ)’(x) has at most 3 zeros. Notice that

lim Sign((Qg, »)'(0)) = lim Sign((Qg, p)'(x)) =~

For o # 0, follows that (Qf;’ ﬁ)’ (x) has at most 2 zeros. Therefore, Q]r;, 8 and, consequently, Wy
have at most 3 positive zeros. Thus, from Theorem 3 and Remark 4, we get that Z (”H’;y /3) <T7.
For @ = 0, it follows that Span(’HZ’ p) C Span(}-ff). Taking Proposition 6 into account, we get
that Z (’H,’;’ ﬂ) = 6. This ends the proof of the Proposition 7. O

16
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Proposition 8. For A € R, Z(]-“;‘A) <10 on [a, b], for any 0 < a < b. In addition, for A =2,
there exists a function in Span(.7—'71 ’2) having 8 simple zeros in (0, 00).

Proof. Let
f(x) = aoulg(x) + arulg(x) + azudy(x) + asuby (x) + aqudy (x) + asuly (x) + aguy; (x)

be a function in Span(]—"7l”\). The 5th derivative of f, £ (x), is written as a linear combination
of the functions of the ordered set

Jo=1[1x,x% %%, NP @), i) ()1

Computing the Wronskians of Jy, we get

Wo(x) =1,
Wikx) =1,
Wa(x) = 2,
Wi(x) = 12,

8505 (9 (429 (85x* + x?) + 35) x? + 55)
Wa(x) = )

128x13/2

120558375 1 . 0

Ws(x) = 75 (409280498055x 14 + 16079438619x! 4 2324256363x
X

+589231071x® + 64265157x° 4- 508833x* +23177x 4 1573) .

Clearly, all the Wronskian above do not vanish in (0, co), which implies that Jy is an ECT-
system. From Theorem 1, f ® (x) has at most 5 zeros and, therefore, f(x) has at most ten zeros.
Consequently, Z (.7-";‘ ’A) < 10.

Finally, let f(x) € Span(F7l ’2) be provided by

f(x) = aoulg(x) + aruly(x) + azudy(x) + asub, (x) + aaul, (x) + asuds (x) + uy (x),
where

ap = —29.674872845038724, a; = —88.998921871,
ay = 1.777150602939737, a3 = —2.0194231196937788 x 107,
as =0.5926213398946085, as = 3.18899089714221 x 1078,

The function g, defined by g(x) = f(x?), is a polynomial of degree 19 in interval (0, 00). Direct
computation shows that g has 8 zeros, which are simple as Dis(g) #0. O

Proposition 9. For k > 1 and » € R, Z(}';"A) <14 on[a, b], for any 0 < a < b. In addition, for
A =1, there exists a function in Span(]—';{ ’1) having 9 simple zeros in (0, 00).

17
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Proof. Let
F@) = aouky (x) 4 aruby (x) + aguby(x) + azuk | () + aguby (x) + asuby () + agub) (x)

be a function in Span(}';‘ **). Since (ugh’\)(g) =0 for every k > 1, f®(x) is written as a linear
combination of the functions of the ordered set

He=[whp®, @) ®, W ®. @h)®, ) ®, wh)®].

Computing the Wronskians of ¥, we get

1
(k — 1)xx~8
Wo(x) = _TU(I)C()C),
20k — 120k + 1)(2k — 1)(2k + 1)(3k — Dx 15
Wy = 2= D2 kl)é( FDGE- D
3
6(k — D2 (k + 122k — 1)(2k + 1)? (92 — 1) x 72
Wa(x) = 0 ( ) U5 (x),
81(2k — 1)(2k + 1)3 (k2 — 1)7 (18k3 + 2742 — 2k — 3) x %32
Wi(x) = ITEE Uk (),
81(1 — 2k)? (23 + k2 — 2k — 1)” (18K3 4+ 27k2 — 2k —3) x % ~H
== 10241 Uy (),
1_
Ws () = 729(1 — 2k)? (2k3—|—k2—2k—1)3(18k3+27k2—2k—3)x7(k 8) k)
= 4194304k 5 (9,

where Uy, U1, Ua, Uz, Us and Us are polynomials of degrees 6, 8, 12, 18, 22, and 30, respec-
tively. By straightforward computations, we get that U;(x), for i =0, 1, 2, 3, 4, does not vanish
in (0, oo) and Us(x) has exactly one positive zero, which is simple. From Theorem 2, it follows
that Z(#H¥) = 6. Hence, we conclude that Z (}';( ’A) <14.

In what follows, we shall prove that there exists a function in Span(]—";C ’]) having 9 simple
zeros in (0, 00). Accordingly, let f(x;a) € Span(F7k ’1) be provided by

flxsa) = (142k) (a0 — 4(1 + kDufy(x) + (=3a3 + a1 (1 +2k)) (1 + 2k)uby (x)
—4(1+ k)uby (¥) + agub ) (¥) + (=243 + a1 (1 + 2K))uby (x) + aquby (x) + ufy (x),
where a = (ag, a1, a2, a3, a4) € RS,
Denote gy (x;a) = f (x2k; a). First, we prove that, for each integer k > 1, there exists §; > 0

such that g (x; a) has at least 4 simple zeros in (0, 2), for every a € B(0, §;). Notice that g(x; 0)
has at least 4 zeros in (0, 2) with odd multiplicity, for every k > 1. Indeed,

8x(0;0) > 0, g(1/2;0) <0, g (1;0) =0, g(1;0) <0, and gk(2;0) > 0.

For 2 < k <30, it is relatively easy to see that Dis(gx (x; 0)) ## 0, which implies that the 4 zeros
above are simple. Now, for k > 30, we have

18
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gk (x; 0) = Hy (%) + Ha(x?),
where

Hy(x) = (8% + 6k +4) x® + 2 (12k% + 9%k 4 2) x? + (—4k* + 4k +3) x + 1
+ (16k2 4 14k + 3) x* + (2k + 1)3x,
Hy(x) = —8 (2k% + 3k + 1) x k2 — 4(k + 1)(2k + 1)2x kT — 4(k + Dx/%,

Notice that H;(x) > O for x > 0. The Wronskian of [ H;(x), H>(x)] can be written as W;(x) =
1
4(k + 1xx~!
%Ps,k(x), with
k
Psi(x)= —1— (4(k — 2)k* + k + 3) x + 2 (k (24k* + 2k — 9) — 3) x?
+10(k — D)2k + 1) (26> + k + 1) x3 — 22k + 1) (k(12k + 19) + 6)x*
+2(k — 1) 2k + D2 (5k 2k + 1) + 6)x° — 22k + D)2 (k(2k(12k + 7) + 15) + 5)x°
+2(2k + )3 ((2k — 5)k? + 3) x7 — 2k + D38k + 3)x8 + (k — 1)(2k + 1)°x°.

It is easy to see that Dis (P5(3k) ) < 0 and, since P5(3k) (x) has degree 6, we conclude that P5(3k) (x)

has at most 4 real zeros, counting multiplicity. In addition, lim,_, + P5(3k) (x) >0, P5(3k) (-1/2) <

0, P(0) > 0, and PL)(1/2) < 0. Thus, PL)(x) has two zeros in (—o0, 0) and two zeros in

(0, o0). Therefore, PS(Zk) (x) has at most 3 zeros in (0, 00), counting multiplicity. Since

P (0) > 0 and lim P (x) >0,

it follows that P5(2k) (x) has at most two positive zeros, counting multiplicity. Moreover,
P51 (0) <Oand lim Psy(x) > 0.
X—> 00

Thus, Ps i (x) has at most 3 zeros, counting multiplicity in (0, 00). From Theorem 3 and Re-
mark 4, we get that g (x; 0) has 4 simple zeros on (0, co). Hence, gi(x; 0) has 4 simple zeros in
0, 2).

Thus, we have proven that, for each k > 1, gx(x; 0) has at least 4 simple zeros in (0, 2). Since
gk (x; a) depends continuously on a, for each k > 1 there exists §; > O such that g (x; a) has at
least 4 simple zeros in (0, 2), for every a € B(0, &).

Now, we prove that, for each integer k > 1, there exists a; € B(0, &) such that gi(x; ax) has
5 additional simple zeros in (2, 00). For that, taking x = y~! in (0, 00), we see that

1

_ 1
gk(y ;a)= th(y; a),

where hi(y; a), around y = 0, writes
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2a4(2 + k) 3ap
2%t 1 4 Ak 6k
% wyTTE Y e

hi(y; a) = ag + ary*™ +azy Ok+1

+y6k+3 + 0(y6k+4).
Thus, for each integer k > 1, we can choose a € B(0, &) so that hi(y; a) has 5 simple positive

zeros in a neighborhood of y = 0. Consequently, g (x; @) has 5 additional simple positive zeros
in a neighborhood of the infinity. Hence, we found a function in .7-';‘ o1 having at least 9 simple

zeros. O

4. First order analysis

This section is devoted to the proof of statement (i) of Theorem A. In order to apply Theo-
rem B, we first write system (1) in polar coordinates x = r cos(f) and y = r sin(6),

6
0" =0,-D"+> G0, r), ®)
i=1
where
Gi(r) = (A (r,0), B (r,0)T, if sin(®) —r""!cos"(0) > 0,
=1 (A7 (,0), BS(r,0)7T, if sin(@) — "1 cos™(6) <0,
with

A;" = cos(0)(ao; + r(azi + b1;) sin(0)) + ay;r cos>(0) + sin(0) (bo; + ba;ir sin()),

B =r~[—sin(0)(ao; + azir sin(0)) + cos(8) (r(bai — a1;) sin(0) + by;) + by;r cos*(0)],
A7 = cos(0)(ao; + r(azi + Bi7) sin(@)) + ag;r cos?(0) + sin(0) (Boi + Bair sin(0)),

B =r~![—sin(0) (ao; + azir sin(6)) + cos(0) (r (Bai — 1) sin(6) + o) + Buir cos*(6)].

Then, taking 6 as the new time, system (8) writes as

6
> AT o)
i=1

- , if sin(®) — r"Lcos™(6) > 0,
—1+ ) &' B (r.0)

& = ©
do 6
D AT 0)
i=1

, if sin(®) — r"Leos™(9) < 0.

6
—1+ &' B (r.0)

i=1

Thus, for |¢| # 0 sufficiently small, system (9) and, consequently, system (8) become equivalent
to
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6
D e F(r o)+ 0", if sin®) —r""!cos"(9) > 0,
d}” N i=1
o | 6
Ze’ F(r,0) + Oy, if sin@) — r"cos" () <0,
i=1

(10)

where

F{F(r,0) = —cos(8)(ao1 + r(az1 + bi1)sin(0)) — ayir cos*(0) — sin(0) (bo; + by sin(9)),
F[(r,0) = —cos(0) (o1 + r (a1 + Bi1) sin(0)) — a11r cos*(0) — sin(0) (Bor + Barr sin(d)).

Let6,(r) = arctan(r”’]) be the solution of the equation sin6 —r cos" 19 =0in[0, 7 /2]. Thus,
forr > 0, sind — rcos"~1 0 < 0 if and only if 0 <6 < 6y(r) orm — (—1)"0;(r) <6 < 2x; and
sinf — rcos”"10 > 0if and only if 6; (r) <0 < — (—1)"6;(r).

According to (6), the first order Melnikov function of system (10) is provided by

01(r) 7—(—D)"01(r) 27
Mi(r)= / F(0,r)do + / Ff(@,r)d@—i— / F(0,r)do. (11)
0 01(r) T—(=1)"01(r)

In order to compute the exact expression of the Melnikov Function (11) we distinguish two cases,
depending on 7.

Case 1: Let n = 2k + 1 for a positive integer k. Thus,

1
Mi(r)= E(UO cos(01(r)) +rvy + vz sin(61(r))),

where

vy = 4801 — 4bo1,
v = —m(ai + o1+ b + Bar),
v = 4(ag1 — ap1)-

Notice that the parameter vector (vg, v1, v2) € R3 depends on the original parameters in a sur-
jective way. Taking x = r cos(01(r)), it follows that

x2k+1
xz +x4k+2 - r2 and Sin(91 (r)) =

gk (x)

2/ x4 1

Hence, M (r) = , where

g () = vk, () + vaud (x) + vouk (x),

which belongs to ]-'{‘. So, the maximum number of positive zeros of the polynomial function
% (x) coincides with m; (2k + 1).
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Note that q?(x) is a first degree polynomial, thus the maximum number of positive simple
zeros is 1. For k > 1, Proposition 6 implies that _7-'{‘ is an ET-system with accuracy 1 on [a, b] for
any 0 < a < b. Thus, the maximum number of positive simple zeros of q{‘ (x) is 3 and there exists

(vo, v1, v2) € R3 for which q{‘(x) has exactly 3 positive simple zeros. Therefore, m1(1) = 1 and
mi(2k +1) =3 fork > 1.

Case 2: Let n = 2k for a positive integer k. Thus,

Mi(r) =rvg + rvy sin(01(r)) cos(@1(r)) + rva6i(r) + vz cos(61(r)),
where

w(ai +ar1 + b + Bar)
vg = — ,
2
v1 = aj; — a1 — by + B,
v = ai; —air + b — P,

2(Bo1 — bo1).

v3

Notice that the parameter vector (vg, v1, v2, V3) € R* depends on the original parameters in a
k
q; (x)

, Where
xZ + )C4n

surjective way. Again, taking x = r cos(6;(r)), it follows that M (r) =

g% (x) = vouk 5 (%) + viuk (x) 4+ vauks (x) + v3ub (0,

which belongs to ]-"é‘ . From Proposition 5, ]-"21 is an ECT-system on [a,b] for any 0 <
a < b. Thus, the maximum number of positive simple zeros of qzl (x) is 3 and there exists
(vg, v1, V2, V3) € R* for which q21 (x) has exactly 3 positive simple zeros. Therefore, m1(2) = 3.
For k > 2, from Proposition 6, ]-'é‘ is an ET-system with accuracy 1 on [a, b] for any 0 < a < b.
So, the maximum number of positive simple zeros of qé‘ (x) is 4 and there exists (vg, vi, vz, V3) €
R#* for which qé‘ (x) has exactly 4 positive simple zeros. Therefore, m(2k) =4 for k > 2.

5. Higher order analysis

This section is devoted to the proof of statements (ii)-(v) of Theorem A for 2 <[ < 6. From
Theorem B, the simple zeros of the Melnikov function of order £, My, provide periodic solutions

of (10) whenever M; =0, fori =1,...,£— 1. In our problem, it can be seen that, for eachn € N
and £ € {2, ..., 6}, there exists £ — 1 set of minimal conditions on the parameters of perturbations,
K? [reees K?hl ,such that M;(x) =0fori € {l,...,£— 1}. In order to obtain m¢(n), we have to

study M, for each set of condition. By assuming conditions K’ ,, it can be seen that M, = M},
where

Pii(x)
qzi(x) '

My (x) =

with qzl.(x) #01in (0, c0) and

22



K.S. Andrade, O.A.R. Cespedes, D.R. Cruz et al. Journal of Differential Equations 287 (2021) 1-36

Table 3
Structure of the higher order Melnikov functions.
n=2 Pl ,(x) € Span(F}) €=2,....6andi=1,.. €1
n =2k P ;(x) € Span(Ff) ¢=2,....6andi=1,...,6—1
P ;(x) € Span(F¥) ¢=2,...,5andi=1,...,£—1
n=2k+1 P ;(x) € Span(F¥) i=1,...4
pi5(x) € Span(F5)
Case 1: Let n =2 and ¢ € {2, ..., 6}. Assuming conditions on the parameters of perturbations

such that M; =0 fori € {1, ..., £ — 1}, the Melnikov function of order ¢ is provided by

My(x) = Py(x),

(1 +2x2)?

where
Pr(x) = Cul (x) + Clul(x) + Ciud (x) + Chulg(x) + Chul; (x),

which belongs to Span(]—'31) (see Table 3). In addition, it can be seen that the parameter vector
(Cg, ...,C f) € R’ depends on the original coefficients of perturbation in a surjective way. From
Proposition 5, Span(]-'31) is an ECT-systems on [a, b] for any 0 < a < b. Thus, we conclude that
the maximum number of positive simple zeros of Py(x) is 4 and there exists (Cct, ..., Cﬁ) eR>
for which Py(x) has exactly 4 positive simple zeros. Therefore, m,(2) =4 for£ =2,...,6.

Case 2: Letn =2k, k > 1, and € € {2, ...,6}. Assuming conditions on the parameters of per-
turbations such that M; =0 fori € {1, ..., £ — 1}, the Melnikov function of order ¢ is provided
by

1

My(x) = mQﬁ(ﬂ,

where
Q¢ (x) = Cuk (x) + CLuk (x) + Chub (x) + CLub (x) + CLuk (x) + Club (x) + Cluks (x),

which belongs to Span(]-"g) (see Table 3). In addition, it can be seen that the parameter vector
(C§,....C g) € R7 depends on the original coefficients of perturbation in a surjective way. From
Propositions 6 and 7, Span(]-"g) is an ET-system with accuracy 1 on [a, b] for any 0 < a <
b. Thus, we conclude that the maximum number of positive simple zeros of Q’g (x) is 7 and
there exists (C%, ..., Cé) € R7 for which Q’g(x) has exactly 7 positive simple zeros. Therefore,
me(2k) =7 fork>1land £ =2,...6.

Case 3: Let n =2k + 1, k > 0 and £{2, ..., 5}. Assuming conditions on the parameters of per-
turbations such that M; =0 fori € {1, ..., £ — 1}, the Melnikov function of order ¢ is provided
by
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My(x) =

k
T (1 5 2oxiy e @),

where

RE(x) = Cluk(x) + Chuk (x) + Chub (x) + CLulb (x) + Cluk y(x) + Clubk(x) + CLuk| (x)
+Cul, (),

which belongs to Span(}'é‘) (see Table 3). In addition, it can be seen that the parameter vector
(Cg, ces Cf) € R8 depends on the original coefficients of perturbation in a surjective way. From
Proposition 5, Span(]—"é‘) is an ECT-system on [a, b] for any 0 < a < b. Thus, we conclude that
the maximum number of positive simple zeros of Réf (x) is 7 and there exists (Cct, ..., Cg) c R
for which Réf(x) has exactly 7 zeros. Therefore, m¢(2k +1) =7 fork >0and £ =1,...,5.

Case 4: Let n =2k + 1, k > 0, and £ = 6. Assuming conditions on the parameters of pertur-
bations such that M; =0 for i € {1, ..., 5}, the Melnikov function of order 6 has two possible
forms (see Table 3). The first one has its numerator as a linear combination of functions in - k,
which, from Proposition 5, has at most 7 positive simple zeros. The second one is provided by

Lk(x2k)
21+ (1 + 2k)x %2

Me(x) =
where
koy_ k k k k k k kA
L"(x) = Couig(x) + Crug(x) + Cousy(x) + Cauy  (x) + Cauny(x) + Csuyz(x) + Couny (x),

which belongs to Span(}';c ’)‘) (see Table 3). In addition, it can be seen that the parameter vector
(Cé, ey Cé) € R7 depends on the original coefficients of perturbation in a surjective way. For
k = 1, Proposition 8 provides that L' (x) has at most 10 positive simple zeros and that there exists
(Cg, e, Cé) € R7 such that L!(x) has at least 8 positive simple zeros. For k > 1, Proposition 9
provides that L¥ (x) has at most 14 positive simple zeros and that there exists (C{, ..., Cé) eR’
such that LX (x) has at least 9 positive simple zeros. Therefore, 8 < mg(3) < 10 and, for k > 1,
9<mek+1) <14.
Hence, we have concluded the proof of Theorem A.
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Appendix. Proof of Theorem B

Let ¢(¢, x, ¢) denote the solution of the T'-periodic nonsmooth differential system (2) with
initial condition ¢(0, x, &) = x. Let a;(x, &) denote the smallest positive time for which the
trajectory ¢;_1(-, x, &), starting at ¢ ; _1 (o j _1 (x, €), x, €) € D, reaches the manifold {(8;(x), x) :
x € D} C Z. In this way

aj(x,e) =0j(pj-1(aj(x,¢),x,¢)), (12)
for j =1, ..., N. For the sake of completeness, denote «g(x, ¢) = 0. Thus,

@o(t, x,¢€), 0<t=<alx,e)),

t,x,e), aix,e)<t<uwpx,e),
ot x.6) = 901(. ) 1(x, &) 2(x, ) (13)

where

99; » .
W(I,X,S)=Fj(t,(pj(t,x,8),8), for j=0,...,N,
©0(0,x,¢) =x,

pjlajx,e),x,e)=¢j1(aj(x,€),x,¢), forj=1,...,N.

The recurrence above describes initial value problems, which are equivalent to the following
integral equations:

¢
soo(t,x,s)zx+/F°(s,goo(s,x,s),s)ds,
0
; (14)
@j(t,x, &) =¢j1(a;j(x,e),x, &)+ / FI(x,9j(s,x,€),€)ds, for j=1,...,N.
aj(x,e)
Now, consider the displacement function
Ax,e)=¢(T,x,e) —x. (15)

i

. 9w

By denoting z{ (t,x) = 3¢i] (t,x,0), we expand ¢; (t, x, €), around ¢ = 0 up to power k, we get
e |

that

ki
P
pi(t.x.e)=x+Y —z/(t,.x)+ 0@, (16)
— i!
and, consequently,
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ki
&

Aw,e)=) g (T,) + 0,
i=1

Hence, the Melnikov function of order i is provided by
1 v
M;(x) = e (T, x).

Indeed, from (15), it is clear that T-periodic solutions ¢(t, x, &) of system (2), satisfying
x(0, x, €) = x, are in one-to-one correspondence to the zeros of the equation A(x, &) =0. From
hypothesis,

= My(x) + O,

~ dA
A(a*,0) = M;(a*) =0, and det (a—(a*, O)) =det(DM,(a*)) # 0. Therefore, based on the
X

Implicit Function Theorem, we get the existence of a unique C* function a(¢) € D, defined for
le] # O sufficiently small, such that a(0) = a* and A(a(e), &) = K(a(s), g)=0.

We conclude the proof of Theorem B by showing in Proposition 11 that the functions z{ (t,x)
are provided by (4), (4), and (5). For this, we need the following technical lemma:

Lemma 10. Ler Q; : R x - x RY — R4 be a [-multilinear map. Then,
1

k kl 1
o] <Zs"x,-) =Y e Y 0 (qu,>, (17)
i=1 p=l

uUeS) | r=1
where S, | = {(ul,...,ul) € (Z+)l Ut tu = p}.
Proof. The proof of this result will follow by induction on /. It’s easy to see that for / = 1 the

result holds. Suppose by induction hypothesis that (17) holds for /-multlinear maps. Then, define
the /-multilinear map

k
Qi1+, y) = Qi1 (yl,--.,yl,z8lxz'> :
i=1

Notice that

1

‘ I+1 .
Qi+1 (Zsixl') =0 (Zsixz‘) .
i=1 i=1

Thus, applying the induction hypothesis for Q0 in the equality above, we have
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0 (z) zep S o (nz)
i=1

ueSpl
YR Y o (thmxl)
i=1 p=l UES) |

YT e Y o (n)

i=1g=I+i UESy i

k(+1)  gq—I
Sy e Y o (n )

g=I+1 i=lueSy;—i
Considering S; 4 1+1 = {(v1,...,v1,1); (v1,..., V) € Sy—i 1}, we get

koo™ ke gl I+1
o (z) VeSS Y o (n)
i=1

qg=Il+1 i= lveS,qu

Thus, since

Sq1=|JSiq41,

we conclude that
k R TES)) I+1
O (z ) S (n) |
i=1 q=I1+1 VES, i+1 r=1
which finishes this proof. O
Proposition 11. The functions zij (t, x) are provided by (4), (4), and (5).

Proof. First of all, recall the Faa di Bruno’s formula for the /th derivative of the composed
function: Let g and h be sufficiently smooth functions then

d' I L ()b
78 =" g @) [T(h @) (1)

byl 12102 by Nb
bes, 172 ! =1

where S; is the set of all l-tuples of non-negative integers (b1, b, ..., by) satisfying by + 2by +
--+Ilbj=Il,and L =by + by +---+ b;.
Here, we shall we expand ¢; (1, x, ¢), around ¢ = 0 up to order k. By taking (3) into account
and computing the expansion of Fl.] (s,9;(s,x,¢)) around & = 0 up to order k — i, we obtain
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t

. ! k k=i il gl )
/ Fl(s,9j(s,x,€),e)ds = / (ZZ I @(Fij(s’(pj(s’x’g))) L:o)ds

aj(x,6) oj(x,€) i=11=0
+0 (k!
") (19)
k Pty 5l ‘
i J
= Zsl / ( N3l (Fi_l(s,goj(s,x,a))) 820) ds
i=1 4 (e M=0
+0(8k+1)
Fori=1,...,k,and j =0,..., N, denote
] i—1 1 81 )
J J
Kl' (ts x) = Z l_‘g (F,'_l(t’ (pj(t3x’ 8))) ‘ _
=0
By applying Faa di Bruno’s formula (18) in the expression above, it follows that
K{(t.x) = F] @.x),
i—1 l
) . 1 . 4 . (20)
J _ ) Ly 7J J
Ko = Fl 0+ ) g om0 1 CARA
I=1 beS; m=1
fori=2,...,k,and j =0,..., N, where L, and §; are defined in (18).
t
Now, expanding f Kij (s, x)ds around ¢ = 0 up to order k — i, we get
aj(x,e)
k ! k k—i !
. , ‘ Y ‘ .
i J _ i 8__ J k—i+1
Zs / K/ (s, x)ds = Ze 967 / K/ (s, x)ds +0(e )
i=1 o (x,e) i=1 p=0 1(x,8) e=0
k k=i givp gp F
=YX | [ Kens]] voet
! de
i=1 p=0 p \gj(x,e) e=0
k-1 !
; 1 oP ;
=Yy —— / K] (s, x)ds + 0.
“ ploeP P
i=1  p=0 (x,8) e=0
(21)
Fori=1,...,k,and j =0,..., N, denote
o '
i i—1 1 97 j
I7(t,x) = i K!  (s,x)ds 22)
plogP P
p=0 j(x.8) e=0

Thus,
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t

H,x) = / K (s, x)ds, for j=0,..., N,
9.
’(’i) (23)
i, x) = / K/ (s,x)ds + K/ (x), fori=2,...,k, and j =0,..., N,
6, (x)
provided that
.y =1 o [ ; d
K; (x>=—Z;ag,ﬁ (K,-,,(a,-(x,exx)%aj(x,e)) : (24)
p:] e=0
fori=1,...,k, and j =0,..., N.
Replacing (22) into (21) and, then, into (19), we get
t k '
/ Fi(s,0j(s,x.8).e)ds =Y &I} (t.x)+ 0",
aj(x,e) i=1
Thus, replacing the expression above into (14), we obtain
k
pot,x, &) =x+ ) &' I)(t,x) + 0",
i=1
k .
9i(t,x, &) =gj 1(aj(x,e),x,8)+ Y &' Il (t,x) + 0",
i=1
for j =1,..., N. Hence, proceeding by induction on j, we conclude that
koo
j(t.x.e)=x+Y &/ (t.x.e)+ 0T, forj=0,....N, (25)
i=1
where
0 _ 70
Jl' (t"x78) - Ii (ta-x)a
. j! . (26)
Hxe) =) Lenn o)) + I (1.x),

1=0
fori=1,...,k,and j=1,..., N.
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Now, expanding Jl.j (t,x,¢e) around ¢ =0 up to order k — i, we get

kigp gp , . i
Za Jj(t X,8) —Z ——(Ji](t,x,a))‘ +0@ETTY
: wrd p! deP =0
oV 27)
J k+1
,Z Z i (Ji_p(t,x,8)> | +OoEh.
Therefore, replacing (27) into (25) and taking (16) into account, it follows that
' J
dx=i Z e (o) (28)
In particular, replacing (20) into (23), we get
1
z{(z,x)=/F1(s,x)ds. (29)
0
Now, fori =2,...,k, and j =0, replacing (23) into (26), and then into (28), we obtain
j—1 O+ ) t
2, x) =1i! Z / Kl(s,x)ds +1i! / K/ (s, x)ds. (30)
1=0"6,(x) 0, (x)
Finally, for j =1, ..., N, replacing (26) into (28), it writes
) i—1 1 ar
J _ L l
G =ity s ZI, p@i1(x,€), %) + I (1, %)
— e=0
j—1
= it 1 Carr (0, 0) + 1 (1 x) (31)
a=0
i—1 j—1
. 1 P /.
+i! Z ; Z ﬁ (Ii_p(aa+] (.x, 8), .x)) 8:0.
p=1 a=0
From (23), we have
j—1 . j—1 Og+1(x) t ‘ j
D a1 (). )+ It x) =) / K{ (s, x)ds + / K/(s,x)ds + ) Kf(x) (32)
a=0 4=0 g, () 6;(x) a=0
and
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i—1

1 d* /.
e Upeen @) |
— =
- (33)
1 ar-t /. d
5 ‘%T K,-_p(Ola+1(X,8),x)£05a+1(x78) ’z
—
From (13), we have a(x, £€) = 0, then from this and (24), we obtain
I . izl g 9
a a
LR+ L3 i (K00 grenanno)) |
—Xj:iiiﬂ K Moy (x, €) x)iot (x,8)
_a=1 p=1 p! depr—1 i—p NN BTG AN =0
joi-1 (34)
Yy e ( (Cale, 0.0 0, ))
- 1 a.p—1 i—p\ta
o ploeP =0
B Joi-1 1 ap71 Ka—l - dag

Therefore, from (29), (30), (31), (32), (33), and (34), we have that

t

) = /Fl(s,x)ds,

0
t

D0, x) = it / K/ (s, x)ds,

0,(x)
1 O1(x) t
Zt,x) = l‘z f K!(s,x)ds + 1! / K/ (s, x)ds
1=0 g, 0;(x)
J oi—1 -1
. 1 9» dotg
+z!;; EW« (@ (e ). ) = KL (au(x. ). 2)) = ,s> L

(3%
fori=2,...,kand j=1,..., N. Notice that

K; (t,x):; o (t,x), fori=1,...,k, and j =0, ..., N.

. 1, . .
Then, denoting 8/ (z, x) = = (Zz] Y, x) — zl (@, x)), we get that
l.
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%( (Al 6), x))‘

=0
8 a
apil a—1 ddq
= ((K (@a(x,0), %) = K{_,(@a(x.2). %)) (e ) .
where A” (x, &) = Z —ag 4(x). Moreover,
q=0 q!
j—1 Oq-+1(x) t
Z f K (s, x)ds + / Kl.](s,x)ds =
a=0 1) 0;(x)
) (37)
- [ | 7o 01 Y B, H (a5, 2" | ds
s I=1 bes,
where
D, x),  0=<t=<6,(x),
Z(t.x), 01(x) <t <6(x),
zi(t,x) = . .
N x), Oy <t<T.
Hence, from (35), (36), and (37), it writes
t
(%) = / Fi(s, x)ds,
0
; b
z?(t,x) = i!/ Fo(s x)+ZZBh8LbF0 (s, x) l_[ ( 9n(s,x)) " ds,
5 =1 bes;
. (33)
z{(t,x) = i!/ Fi(s, X)+ZZBh3LbFz —1(s,x) 1_[ (zm (s, x)) ds
0 I=1 bes;

9
e=0

J
+"ZZ e ( fﬁp(Ag(x,e),x))

a=1 p=1

fori=2,...,kand j=1,..., N. Notice that the formula (4) follows from (38) by induction on
Jj- Therefore, the proof of Proposition 11 is concluded by proving the following claim:

09 ;
Claim 1. For g =1,...,k and j=1,..., N, we have that 5 q]
£

provided by (4).

(x,0) = a? (x) where a;{ is
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Indeed, from (12), we get

09
af(x) = (9,(% 1 (x, ), x, 8)))

From (16) and the above expression, we obtain

a0 = o (6 4 R en) |

where

koo
h(x,e) = Z %z{_l(aj(x, &), x)+ 0 (ek+l> )

i=1

Computing the expansion of i (x, €), around ¢ = 0 up to order k — i, we get

k ol k— lga P - ol
W) = YT S (z{ (ocj(x,s),x)> L:O+ O(eF+1)
lil - =O " (39)
=Y ( Lai(x, 6), x) ’ + 0@,
i a0 i—a\7"J _
= = (i a) a! de? ) =
Fori=1,...,k,and j=1,..., N, denote
' i1 1 o
w0 =) e (e o.n) | (40)
par Ia! -

Expanding 6;(x + h(x, €)) in Taylor series in A(x, ¢), around A(x, &) =0 up to order k, we
have

94 1
a?(x) = 3ed <9j (x)+ Z ﬁDZQj(x)(h(x,g))l + 0 ((h(x,g))k+l)>

=1
N . ,
= (; 4D e,(xxh(x,s)))

Thus, replacing (40) into (39), and into (41), we obtain

£=0 41

e=0

l

99 [ koo
af(x) = pyt Z EDlej(x) <Z£’ w! (x) + 0(s’<+1)>

i=1

= e=0

According to the multilinearity of D' ;i (x) and the above expression, we have
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l

aq
af(x) = Py ZI'D 0;(x) (Ze w? (x))) + 0@

i=1

=

e=0

1 [, koo
= o ZﬁDej(x) > ew! (x)
=1 i=1

e=0

From the above expression and Lemma 10, it writes

k kl
1 04
a;](x)zgl_';@ om0 Z DIQ (x) (1_[ wur(x)> 42)

€Sy
where S, ;= {(u1,...,u;) € (NS w4+ 4wy =p}.

Notice that
59
e (')
ded

Thus, from this and (42), we obtain

_l4 r=q,
£=0 0, p#4.

of (1) = Z LY Do) (1"[ wi, (x)) 43)

I=q 'ueSq[

I
Note that if ¢ <[ and exist (by,...,b;) € Sy, then ] < th =¢q < [. It is a contradiction,

=1
thus, S, ; is empty for g < [. Then, from this fact, (40), and (43), it is writes
al(x) = Z Z D'0;(x) (H wi, (x))
’ ueSql

where
w{(x) =z{ " 0;(x). %)
and applying the formula’s Faa di Bruno in (40), we have

wl.j(x) = ,lzi_l(e‘(x),x)

1

bm
+ZZ AT R OIS ﬂ( ")

a=1beS,

This finishes the proof of Claim 1. O

34



K.S. Andrade, O.A.R. Cespedes, D.R. Cruz et al. Journal of Differential Equations 287 (2021) 1-36

References

[1] J.C. Artés, J. Llibre, J.C. Medrado, M. A. Teixeira, Piecewise linear differential systems with two real saddles, Math.
Comput. Simul. 95 (2014) 13-22.
[2] J.L. Bastos, C.A. Buzzi, J. Llibre, D.D. Novaes, Melnikov analysis in nonsmooth differential systems with nonlinear
switching manifold, J. Differ. Equ. 267 (6) (2019) 3748-3767.
[3] M. Bernardo, C. Budd, A.R. Champneys, P. Kowalczyk, Piecewise-Smooth Dynamical Systems: Theory and Ap-
plications, vol. 163, Springer Science & Business Media, 2008.
[4] D.D.C. Braga, L.F. Mello, More than three limit cycles in discontinuous piecewise linear differential systems with
two zones in the plane, Int. J. Bifurc. Chaos 24 (04) (2014) 1450056.
[5] C. Buzzi, C. Pessoa, J. Torregrosa, Piecewise linear perturbations of a linear center, Discrete Contin. Dyn. Syst.
33 (9) (2013) 3915-3936.
[6] M.R. Candido, J. Llibre, D.D. Novaes, Persistence of periodic solutions for higher order perturbed differential
systems via Lyapunov-Schmidt reduction, Nonlinearity 30 (9) (2017) 3560-3586.
[7] A. Colombo, M. Jeffrey, J.T. Lazaro, J.M. Olm, Extended Abstracts Spring 2016: Nonsmooth Dynamics, vol. 8,
Birkhéuser, 2017.
[8] D. de Carvalho Braga, L.F. Mello, Limit cycles in a family of discontinuous piecewise linear differential systems
with two zones in the plane, Nonlinear Dyn. 73 (3) (2013) 1283-1288.
[9] A.F. Filippov, Differential Equations with Discontinuous Righthand Sides: Control Systems, vol. 18, Springer Sci-
ence & Business Media, 2013.
[10] E. Freire, E. Ponce, F. Torres, Canonical discontinuous planar piecewise linear systems, SIAM J. Appl. Dyn. Syst.
11 (1) (2012) 181-211.
[11] E. Freire, E. Ponce, F. Torres, The discontinuous matching of two planar linear foci can have three nested crossing
limit cycles, Publ. Mat. (2014) 221-253.
[12] F. Giannakopoulos, K. Pliete, Planar systems of piecewise linear differential equations with a line of discontinuity,
Nonlinearity 14 (6) (2001) 1611.
[13] M. Han, On the maximum number of periodic solutions of piecewise smooth periodic equations by average method,
J. Appl. Anal. Comput. 7 (2) (2017) 788-794.
[14] M. Han, L. Sheng, Bifurcation of limit cycles in piecewise smooth systems via Melnikov function, J. Appl. Anal.
Comput. 5 (4) (2015) 809-815.
[15] M. Han, J. Yang, The maximum number of zeros of functions with parameters and application to differential equa-
tions, J. Nonlinear Model. Anal. 3 (1) (2021) 13-32.
[16] M. Han, W. Zhang, On Hopf bifurcation in non-smooth planar systems, J. Differ. Equ. 248 (9) (2010) 2399-2416.
[17] S.-M. Huan, X.-S. Yang, Existence of limit cycles in general planar piecewise linear systems of saddle—saddle
dynamics, Nonlinear Anal., Theory Methods Appl. 92 (2013) 82-95.
[18] S.-M. Huan, X.-S. Yang, On the number of limit cycles in general planar piecewise linear systems of node-node
types, J. Math. Anal. Appl. 411 (1) (2014) 340-353.
[19] J. Itikawa, J. Llibre, D.D. Novaes, A new result on averaging theory for a class of discontinuous planar differential
systems with applications, Rev. Mat. Iberoam. 33 (4) (2017) 1247-1265.
[20] S. Karlin, W. Studden, Tchebycheff Systems: With Applications in Analysis and Statistics, 1966.
[21] L. Li, Three crossing limit cycles in planar piecewise linear systems with saddle-focus type, Electron. J. Qual.
Theory Differ. Equ. 2014 (70) (2014) 1-14.
[22] X. Liu, M. Han, Bifurcation of limit cycles by perturbing piecewise Hamiltonian systems, Int. J. Bifurc. Chaos
Appl. Sci. Eng. 20 (5) (2010) 1379-1390.
[23] J. Llibre, A.C. Mereu, D.D. Novaes, Averaging theory for discontinuous piecewise differential systems, J. Differ.
Equ. 258 (11) (2015) 4007-4032.
[24] J. Llibre, D.D. Novaes, C.A.B. Rodrigues, Averaging theory at any order for computing limit cycles of discontinuous
piecewise differential systems with many zones, Physica D 353/354 (2017) 1-10.
[25] J. Llibre, D.D. Novaes, M.A. Teixeira, Higher order averaging theory for finding periodic solutions via Brouwer
degree, Nonlinearity 27 (3) (2014) 563-583.
[26] J. Llibre, D.D. Novaes, M.A. Teixeira, Limit cycles bifurcating from the periodic orbits of a discontinuous piecewise
linear differentiable center with two zones, Int. J. Bifurc. Chaos 25 (11) (2015) 1550144.
[27] J. Llibre, D.D. Novaes, M.A. Teixeira, Maximum number of limit cycles for certain piecewise linear dynamical
systems, Nonlinear Dyn. 82 (3) (2015) 1159-1175.
[28] J. Llibre, D.D. Novaes, M.A. Teixeira, On the birth of limit cycles for non-smooth dynamical systems, Bull. Sci.
Math. 139 (3) (2015) 229-244.

35


http://refhub.elsevier.com/S0022-0396(21)00196-0/bib7DFA618CDD64CC7C4114053CA3DB4C68s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib7DFA618CDD64CC7C4114053CA3DB4C68s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibBB8FD2401D03F8A86E8277BCB0ABCED3s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibBB8FD2401D03F8A86E8277BCB0ABCED3s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib95DC651DA7BFC1E36D129297126D18F8s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib95DC651DA7BFC1E36D129297126D18F8s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib60CC800C936313F676113AB550CB3F9Ds1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib60CC800C936313F676113AB550CB3F9Ds1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib2A83A3D7BA5491791825EACB3A27D870s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib2A83A3D7BA5491791825EACB3A27D870s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibD1D484D57BB46B0FEBD0AC09AEA65368s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibD1D484D57BB46B0FEBD0AC09AEA65368s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib34AE4132EFBE115AADE15367C2BB4379s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib34AE4132EFBE115AADE15367C2BB4379s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib33938500F7661540F3709223D81E6BB9s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib33938500F7661540F3709223D81E6BB9s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib4B5460AEE1E1F1CD75B0055A43FEADF1s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib4B5460AEE1E1F1CD75B0055A43FEADF1s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib1AC75B2A1E99B72BD77C155A32FDECFCs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib1AC75B2A1E99B72BD77C155A32FDECFCs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibA04C4B3E20CC06771D2DCE8235FC5B12s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibA04C4B3E20CC06771D2DCE8235FC5B12s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDF2C7E7C1D31903E8C77196B6B7B18B7s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDF2C7E7C1D31903E8C77196B6B7B18B7s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib325A65A05DC5290E3B68AF275C291172s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib325A65A05DC5290E3B68AF275C291172s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib1BD8088DD95C7B7F50594DE74D8679BCs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib1BD8088DD95C7B7F50594DE74D8679BCs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib830854B24D255DBC7A82076FEC8D7890s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib830854B24D255DBC7A82076FEC8D7890s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibF93DC47D3081A7BD8B8AE0CF3485A701s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibA4DB5ACAD07DB8DC46BAFDFBD5841F8Cs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibA4DB5ACAD07DB8DC46BAFDFBD5841F8Cs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib22BD46BFFD8D4413A23A5A4F60D74352s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib22BD46BFFD8D4413A23A5A4F60D74352s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibE7C3A720F8CEFEF206273076E4CAA35Fs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibE7C3A720F8CEFEF206273076E4CAA35Fs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib10253B8A26EB2714FCBA62E76F029654s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib9F7304650BA052B303555A466F6D4B81s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib9F7304650BA052B303555A466F6D4B81s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDBDCFB185EF3CCC584B83160DAC609B4s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDBDCFB185EF3CCC584B83160DAC609B4s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib0753BFAADC7667EFB93583836E025208s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib0753BFAADC7667EFB93583836E025208s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib5029040A70E4DCD5A88915EE06FC09AFs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib5029040A70E4DCD5A88915EE06FC09AFs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibC027D81BC55DF0AD39A23AC3D1AF9EE2s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibC027D81BC55DF0AD39A23AC3D1AF9EE2s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib2572185BC71526653234AF16FC3C3886s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib2572185BC71526653234AF16FC3C3886s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib5E65B1024A81CDDEC3792FBB43CFD562s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib5E65B1024A81CDDEC3792FBB43CFD562s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibA4A0A96E8D56DE20EDD10A2AA89DDA0Cs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibA4A0A96E8D56DE20EDD10A2AA89DDA0Cs1

K.S. Andrade, O.A.R. Cespedes, D.R. Cruz et al. Journal of Differential Equations 287 (2021) 1-36

[29] J. Llibre, E. Ponce, Three nested limit cycles in discontinuous piecewise linear differential systems with two zones,
Dyn. Contin. Discrete Impuls. Syst., Ser. B, Appl. Algorithms 19 (3) (2012) 325-335.

[30] J. Llibre, S. Rebollo-Perdomo, J. Torregrosa, Limit cycles bifurcating from isochronous surfaces of revolution in
R3, J. Math. Anal. Appl. 381 (1) (2011) 414-426.

[31] J. Llibre, G. Swirszcz, On the limit cycles of polynomial vector fields, Dyn. Contin. Discrete Impuls. Syst., Ser. A
Math. Anal. 18 (2) (2011) 203-214.

[32] J. Llibre, M.A. Teixeira, J. Torregrosa, Lower bounds for the maximum number of limit cycles of discontinuous
piecewise linear differential systems with a straight line of separation, Int. J. Bifurc. Chaos 23 (04) (2013) 1350066.

[33] J. Llibre, X. Zhang, Limit cycles for discontinuous planar piecewise linear differential systems separated by an
algebraic curve, Int. J. Bifurc. Chaos 29 (02) (2019) 1950017.

[34] O. Makarenkov, J.S. Lamb, Dynamics and bifurcations of nonsmooth systems: a survey, Phys. D, Nonlinear Phe-
nom. 241 (22) (2012) 1826-1844.

[35] D.D. Novaes, E. Ponce, A simple solution to the Braga—Mello conjecture, Int. J. Bifurc. Chaos 25 (01) (2015)
1550009.

[36] D.D. Novaes, J. Torregrosa, On extended Chebyshev systems with positive accuracy, J. Math. Anal. Appl. 448 (1)
(2017) 171-186.

[37] J.A. Sanders, F. Verhulst, J.A. Murdock, Averaging Methods in Nonlinear Dynamical Systems, vol. 59, Springer,
2007.

[38] D.J.W. Simpson, Bifurcations in Piecewise-Smooth Continuous Systems, vol. 70, World Scientific, 2010.

[39] M.A. Teixeira, Perturbation Theory for Non-smooth Systems, Springer, New York, New York, NY, 2011,
pp. 1325-1336.

36


http://refhub.elsevier.com/S0022-0396(21)00196-0/bib571C0CAE2A52966F58FD0035F0582985s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib571C0CAE2A52966F58FD0035F0582985s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib00C5532BC8127D3C3A2ECD24133FEE20s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib00C5532BC8127D3C3A2ECD24133FEE20s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib505D2ACA2BEE90D719C26E567CE6E74Bs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib505D2ACA2BEE90D719C26E567CE6E74Bs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibB3F8D926B40FBCD7575C599A7D0C2E89s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibB3F8D926B40FBCD7575C599A7D0C2E89s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDFB4FD196F0527C46DBEEAB0F1F0EA3As1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDFB4FD196F0527C46DBEEAB0F1F0EA3As1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDE4B363F309CC9B4536B836E5C618433s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibDE4B363F309CC9B4536B836E5C618433s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibE7E1268078E374254DEA78B72C6FCEDBs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibE7E1268078E374254DEA78B72C6FCEDBs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib99F65FAE907B5DE09A2B7E5CCA881650s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib99F65FAE907B5DE09A2B7E5CCA881650s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib0B7E67B6CDCF0432B624D53588D520FBs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib0B7E67B6CDCF0432B624D53588D520FBs1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bibE77D9EEC9BD9CFCCC729E56F8ED23F6As1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib5D8DFECAE56D949C18C7703FC19CF073s1
http://refhub.elsevier.com/S0022-0396(21)00196-0/bib5D8DFECAE56D949C18C7703FC19CF073s1

	Higher order Melnikov analysis for planar piecewise linear vector fields with nonlinear switching curve
	1 Introduction
	2 Melnikov functions
	3 Chebyshev systems
	3.1 Preliminary results
	3.2 New families of ET-systems with accuracy

	4 First order analysis
	5 Higher order analysis
	Acknowledgments
	Appendix Proof of Theorem B
	References


