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We consider the Cauchy-Dirichlet and Dirichlet problems for the nonlinear
parabolic equation

U, — a(u™) o+ buf =0,

where >0, be R', m>0, and > 0. The problems are considered in noncylindrical
domains with nonsmooth boundaries. Existence, uniqueness, and comparison
results are established. Constructed solutions are continuous up to the nonsmooth
boundary if at each interior point the left modulus of the lower (respectively upper)
semicontinuity of the left (respectively right) boundary curve satisfies an upper
(respectively lower) Holder condition near zero with Hélder exponent v> 3. The
value 1 is critical as in the classical theory of the heat equation u, =u,,. © 2000
Academic Press
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1. INTRODUCTION

In this paper we consider the nonlinear parabolic equation
u,—a(u™) ., +buf =0, (1.1)

with u=u(x, t), a>0, beR', m>0, and f>0. Equation (1.1) is usually
called a reaction—diffusion equation. It is a simple and widely used model
for various physical, chemical, and biological problems involving diffusion
with a source or with absorption, as in modeling filtration in porous media,
transport of thermal energy in a plasma, flow of a chemically reacting fluid
from a flat surface, the evolution of populations, etc.
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The mathematical theory of degenerate parabolic equations begins with
the paper [21], where the first existence, uniqueness, and regularity results,
as well as some qualitative properties of solutions of different initial and
boundary value problems for the general diffusion equation (including as a
particular case an equation (1.1) with 5=0, m > 1), have been established.
There has been a considerable amount of published work on this subject
during the past four decades. For a general study we can refer the reader
to the survey articles [3,17,22,25] in the case of the porous medium
equation and to article [17] in the case of general nonlinear parabolic
equations with implicit degeneracy. However, in paper [21] and in many
of the papers which followed, the boundary-value problems were
investigated in cylindrical domains, and at least in the one-dimensional
case, there is now a complete picture of the general theory (existence,
uniqueness, regularity, and comparison results) of these problems for the
reaction—diffusion equation (1.1). As for the boundary-value problems in
noncylindrical domains with nonsmooth boundaries, there is a complete
picture only in the case of the heat equation (1.2). To explain, consider a
Dirichlet problem for the heat equation

U, =u,, in E={(x,1):¢,(1)<x<¢,(1),0<t<T}, (12)
u(x,0)=uo(x),  $1(0) <x<y(0), (1.3)
(g (1), ) =y,(1), O0<r<T, (14)

where 0<T<+4+w0, ¢, ;€C[0;T], ¢(t)<dy(t) for te[0;T],
ug € C([¢,(0); $5(0)]) and ue(4,(0)) =;(0), i=1, 2. Gevrey [13] proved
in 1913 that there exists a classical solution to the problem (1.2)—(1.4) if
$;(t) satisfies a Holder condition with Holder exponent more than 1.
Petrovsky [23] in 1935 generalized this result as follows: There exists a
classical solution to the problem (1.2)—(1.4) (which is continuous in E) if
for each 7,>0 there exists a function p(#) such that p is defined for all
negative /1 with sufficiently small absolute value, p is positive and
monotonically convergent to 0 as 1 — — 0, for sufficiently small |/],

$1(to) — ¢1(2) <2(1g—1)'* (—log p(t—1,))"?, te[to—|hl; 0], (1.5)
Pa(to) — (1) = _Z(to—t)l/z(_IOgP(t_to))l/za telto—|hl; to], (1.6)

and

lim dh= — o0,

e—>0—

r p(h) log p(h)|'?
. h

where c¢ is a suitable negative constant. In [23] a necessary condition was
also derived which is close to the sufficient one but still differs slightly.
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Let ¢ € C[0; T] and for any fixed ¢, >0 define the functions

g (#:0) =max(9(1o) —§(1) : 1o~ 3 <1<1o)
w;<¢;5>:min<¢<ro>—¢(r):r0—5<z<zo).

For sufficiently small > 0 these functions are well defined and converge to
zero as 0 —» 0+ . The function w, (¢; - ) will be called the left modulus of

lower semicontinuity of the function ¢ at the point ¢, and accordingly the
function w;‘; (¢; -) will be called the left modulus of upper semicontinuity

of the function ¢ at the point ¢,.

Hence, the conditions of Petrovsky consist of the upper (respectively
lower) estimation for the left modulus of lower (respectively upper) semi-
continuity of the left (respectively right) boundary curve at each #,>0. In
particular, if at some point #,>0, o, ((1)1, )<1c5°‘ or w, (¢2, )= — Ko
for sufficiently small 6 >0 and with x > 0, 0<a<1?, then the nonexistence
of a classical solution to problem (1.2)—(1.4) is possible (see also [5]).

In [19], a necessary and sufficient condition for the regularity of a
boundary point in the Dirichlet problem for the heat equation in an
arbitrary spatial dimension has been announced. A necessary and sufficient
condition which is a geometric characterization for a boundary point of an
arbitrary bounded open subset of RV *+! to be regular for the heat equation
has been established in [9]. A similar criterion for linear parabolic
operators with smooth, variable coefficients was established in [12]. Suf-
ficient conditions for boundary regularity in the case of general quasilinear
nondegenerate parabolic equations were found in [11,26]. As far as we
know, there are two papers concerning boundary-value problems for non-
linear degenerate parabolic equations in noncylindrical domains. In [6]
some existence and boundary regularity results were announced regarding
the Dirichlet problem

u=udu—y|Vul> inDp={(x,1)e RVx (0, T), |x| <s(1)}

u=0 for |x|=s(¢), te[0, T); U=1u, for |x| <s(0), =0,

where ye R!, seC[0, T] nC'[0, T) is a monotonic function such that
s(T)=0, and s(¢)>0 for r€[0, T). It is given that in the particular case
s(t)=c(T—1)%., ¢>0, p>0, the constructed limit solution is continuous
up to the vertex (0, 7) if p>13, and respectively is not continuous if
0 <p<3. It should be mentioned that in the particular case of y <0, the
function v = ((am) ~' )"~V with m=1—1/y> 1 is a solution of a similar
problem for the equation v,=a A4v™. However, the complete proof of the
results from [ 6] has not been published. In [ 4] similar results were proved
for a class of one-dimensional nonlinear degenerate parabolic equations
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with mean curvature operator. This class of equations has no relationship
to that of the reaction—diffusion equations (1.1).

In this paper we are interested in Cauchy-Dirichlet and Dirichlet
problems for Equation (1.1). Let us formulate the problems:

I. The Cauchy—Dirichlet Poblem (CDP). Find a solution of Eq. (1.1) in
D={(x,1):s(t)<x<+00,0<t<T},
with conditions

u(s(t), 1) =y(t),  0<t<T, (1.7)

u(x, 0) =uy(x), 5(0) <x < + o0, (1.8)

where se C[0; T], yeC[0; T], y =0 for te[0; T], supy <+ o0, uy€
C([s(0); +00)), uy=0 for xe[s(0); +0), un(s(0)) =y(0), sup uy < + 0.

II. The Dirichlet Problem (DP). Find a solution of Eq. (1.1) in E with
conditions (1.3), and (1.4), where u,, ¢;, {; satisfy the same conditions as
in (1.3), (1.4) and also u, =0, ;>0 and sup ¥, < + o0.

Obviously, in general the equation (1.1) degenerates at points (x, )
where ©u=0 and we cannot expect the considered problems to have
classical solutions. We shall follow the following notions of generalized
solutions:

DerFiNITION 1.1.  We shall say that the function u(x, ) is a solution of
CDP in D if

(a) u is nonnegative and continuous in D, satisifying (1.7), (1.8), and
uelL_ (Dn(t<T;)) for any finite T, €(0; T].

(b) For any finite ¢,, ¢, such that 0<¢y,<¢; <T and for any C*
functions w;(2), to<t<t;, i=1,2, such that s(t)<u,(t)<pu,(tz) for te
[2o; t;], the integral identity

I, ;D)= tl fm (uf,+au"f o —bul f) dx di

1y Ypy(2)

Ho(2) X
_ f uf

Hy(2)

t=1 X = y(1)

dt=0, (1.9)

x = p(2)

dx — ftl au™f .

t=1¢, 12

holds, where

Dy=1{(x, 1) 1 (1) <x<po(t), to<t<ty}
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and f'e Cf;’i(D_l) is an arbitrary function that equals zero when x = u;,(1),
to<t<t,, i=1,2.

DermNiTION 1.2, We shall say that the function u(x, ¢) is a solution of
DP in E if

(a) u is nonnegative and continuous in E, satisfying (1.3), (1.4);

(b) for any finite ¢, ¢, such that 0 <z, <¢; < T and for any C* func-
tions w;(t), to<t<t;, i=1,2, such that ¢,(¢) <pu,(t) <u,(t) <d,(t) for
te[ty;1,], the integral identity (1.9) holds, where feCZ}(D,) is an
arbitrary function that equals zero when x =py;(1), t,<t<t,,i=1,2.

Furthermore, for both problems we assume that 0 <7< + o0 if >0 or
b<0 and 0<pf<I1, and Te(0;T*) if b<0 and f>1, where T*=
M'=#/(b(1 — B)) and M =max(sup u,, sup ) +e¢ in CDP and M =max
(sup ug, sup ¥y, supy,)+e¢ in DP and £>0 is an arbitrary sufficiently
small number.

In Section 2 we consider a CDP. In Section 2.1 (Theorem 2.1) we prove
that there exists a solution of CDP if for each ¢, > 0 there exists a function
F(0) such that F is defined for all positive and sufficiently small J, F is
positive and convergent to 0 as 6 » + 0, and

o, (5:0) <OV FO). (1.10)

Furthermore, this assumption will be called assumption (L). In particular,
the assumption (L) is satisfied if at every fixed point 7, > 0, s is a left-lower-
Holder continuous with Holder exponent v>1, ie., for each 7,>0 there
exists a x>0 and v>J such that . (s;0)<kd” for sufficiently small
positive 6. Then we prove in Section 2.2 (Theorem 2.2) the uniqueness of
the solution of the CDP if a>0, m >0, and either >0, >0 or b <0,
f =1, and if s satisfies the assumption (L) and for each compact subseg-
ment [0; 7,] < [0; T] there exists a positive constant M, such that

s(t)—s(t) = —My(t—1) for 0<7t<t<T,. (1.11)

If the initial and boundary data have a positive infimum under the assump-
tion (L) on the curves, there is also uniqueness in the case when a >0,
m>0, b<0, and 0 <f <1 (see Remark 2.1 and Theorem 2.3). In Section
2.3 we prove the comparison theorem under the same conditions as in the
case of uniqueness (see Theorem 2.4 and Remark 2.2).

In Section 3 we consider DP. In Section 3.1 (Theorem 3.1) we prove the
existence of a solution of the DP, if ¢, satisfies assumption (L) and ¢,
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satisfies assumption (R), that is to say, for each 7z,>0 there exists a
function F(J) as before, such that

@ (§5;0) = —9'2F(0), (1.12)

for sufficiently small positive J. In particular, the assumption (R) is
satisfied if at every fixed point ¢,>0, ¢, is a left-upper-Holder continuous
with Holder exponent v> 1, i.e. for each 7, > 0 there exists a x >0 and v>
such that a)t:)“ (¢5; 0) = —kd”, for all sufficiently small positive . Then in
Section 3.2 (Theorem 3.2) we prove the uniqueness of the solution of the
DP if

(a) a>0, m>0, and either 5»>0, f>0or b<0, f>1;
(b) ¢, satisfies assumption (L) and ¢, satisfies assumption (R); and

(c) for each compact subsegment [J; T;] < (0; T] there exists a
positive constant M, such that

D) —d(1) = —My(t—1) for 0<o<t<t<T,, (1.13a)
h(1) — o) < Mot — 1) for 0<o<t<t<T,. (L13b)

From these results it easily follows that under the conditions (a) and (b),
the solution of the DP is unique even if there exists a finite number of
points #;, i=1, .., k, such that 1,=0<t,< --- <t,<tr,,; =T and for an
arbitrary compact subsegment [J; 77] = (¢;, t;,1), i =0, 1, ..., k, there exists
a positive constant M, such that (1.13) is valid. If 7= + oo then unique-
ness is still the case if (1.13) violates on a numerate number of points ¢,
k=1,2,.. with ¢, T + 00 as k- 4+ oo (see Corollary 3.1). If the initial and
boundary data have a positive infimum under the assumptions (L) and
(R), there is also uniqueness in the case when ¢>0, m>0, b<0, and
0<p <1 (see Theorem 3.3 and Remark 2.1). Finally, we present the com-
parison theorem under the same conditions as in the case of uniqueness
(see Theorem 3.4 and Remark 3.1).

It should be noted that the methods we use are essentially standard, and
include parabolic regularization, Holmgrem’s method, and construction of
barriers. These methods have been developed during the past three decades
due to papers [ 7, 14-16, 18, 21, 24], etc. The most difficult step is the proof
of continuity of the constructed limit solution to CDP or DP up to the
nonsmooth boundary. This step is proved by using the classical method of
barriers and a limiting process. It should also be mentioned that our
assumptions made on the boundary curves and boundary data are more
general than those made in [6].

A particular motivation for this work arises from the problem of the
evolution of interfaces and the local behavior of solutions near the interface
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in problems for Eq. (1.1). In a recent paper [ 1], barrier techniques using
standard comparison theorems in cylindrical domains have been applied to
this problem. As a result, explicit formulae for the interface and for the
local solution have been derived, but only in particular cases when the
small-time behavior of the solution has a uniform character near the inter-
face. In many cases, however, the latter has a nonuniform behavior. By
constructing local barriers it is possible to prove similar results in these
cases as well, but only if there is a comparison theorem for Eq. (1.1) in a
noncylindrical domain with a boundary curve which has the same kind of
behavior as the interface. In many cases this may be nonsmooth and
characteristic at the origin. Using the results of this paper, a full description
of the evolution of interfaces and of the local solution near the interface for
all relevant values of parameters is presented in a forthcoming paper [2].

2. THE CAUCHY-DIRICHLET PROBLEM

2.1. Existence

In this section we shall suppose that a >0, m>0, be R!, and f>0. Our
purpose is to prove the following theorem.

THEOREM 2.1. If s satisfies the assumption (L) then there exists a
solution of the CDP.

Proof. Let {¢,} be an arbitrary real monotonic sequence with ¢, > +0
and {r,} an arbitrary real monotonic sequence with r,, > + 0. Let T,, = T,
n=1,2,.,if T< +o0,and let {T,} be a monotonic positive sequence such
that 7, > +00 as n—> + oo if T= + co. Suppose that {s,} is an arbitrary
sequence of functions such that s, e C*[0; T, ] and

lim max |s,(f)—s(2)] =0.

n— +o 0<t<T,

For simplicity, suppose that s(0)=0 and let s,(0)=1s,,=0, n=1,2, ...
Some restriction on the sequence of numbers {s,,} will be formulated
below. Let y,=1 if <0, and let y, be an arbitrary number such that
7, >max(m = =14 1) if b>0 and y,>max(m~'; 1) if b=0. Henceforth,
we shall write y instead of y,. Without loss of generality we may suppose
that ¢} < M. Take two functional sequences {y,} and {u,,} and a sequence
of numbers {so,}(s,(0) =s,,) such that

l. 80,20, n=1,2,.., lim,_, , $0,=0,
2. uo(0) = x(e,)/2 Suo(s0n) < (ug'(0) + (x(e,)/2)") ", n=1,2, ...
3.0 &) Sugy(x), Y, (1) <M for (x, 1) € [0;r,]x[0; T, 1;
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4. uy,,€C*[0;r,], ¥,eC®[0;,T,], n=1,2,..;

5. tou(Son) = W0, a(uy)" (S0,) +51,(0) Uy, (o) — bUb,(S04) + b0y &7 =
¥,(0), 0,=(1,if 5>0; 0, if b <0);

6. uon(r,) =M, a(ug,)" (r,) —b0, MP + b0, e} =0;

7. 0<ug,(x)—up(x) <yle,) for 0<x<r,—1;

8. 0<y(t)—y™(1) < x"(¢,) for 0<t<T,,
where y(x)=Kx” for x>0 and K>1 is a fixed constant. If the initial
and boundary data have a positive infimum, then we may assume that
x(x), x>0, is an arbitrary continuous positive monotonic function with

lim, 4+ x(x)=0. Obviously, it is possible to construct such sequences.
Consider an auxiliary problem

u,=a(u™) . — buf + b0,e"” in D,, (2.1)
T/I(X, O)ZMOn(x): S0n<x<rn’ (22)
u(s, (1), 1) =,(1), u(r,, t) =¥ (1), 0<1<T,, (2.3)

where D, ={(x, 7):s,(t)<x<r,,0<t<T,} and
W) = [M'=F—b(1—0,)(1—p) ]V =P, if f#1,
C Mexp(—b(1—0,)1), if g=1.

Without loss of generality, we may suppose that

r,>V, El—i—gg}&}){l Is (), n=1,2,.., r,V,'> 40w as n- +oo.

If we introduce new variables r,(x—s,(t))(r,—s,(t)) "=y, t—1t then

(2.1)—(2.3) will be transformed into the problem
Lyo=v,—ary(r,—s,(1) 72 (v™),,
—(ra= Y)ra—s,(0)) " s, () v, + b — b0, ¥ =0 in D, (24)
0(3, 0) =tton(Son + 7, ' (ry—50a) V),  OKy<ry, (2.5)
0(0, 1) =,(1), v(r,, 1) =(1), 0<:<T,, (2.6)

where D, ={(y,1):0<y<r,,0<t<T,}. From [20, Theorem 6.1, Sect.
6, Chap. 5] it easily follows that there exists a unique classical solution
v=0,(y, 1) of the problem (2.4)~(2.6) such that v, € C2*#'*#2(D}) with
some u > 0. The maximum principle implies

e, <uv,(y,)<yY'(t) in D). (2.7)

n
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Therefore, the function u,(x,t)=uv,(r(x—s,(2))(r,—s,(t))"% ) is the
classical solution from C2*#*!'*#2(D,) of the problem (2.1)~(2.3) and

& <uy(x, t)<yt)  for (x,t)eD,. (2.8)

From [10, Theorem 10, Sect. 5, Chap. 3] it follows that (u,), €
Citwt+m2(p,)  for some py > 0.

The next step consists in proving the uniform Hoélder continuity of the
sequence u,, on every compact subset G of D (obviously u,, is defined on G
for n>= N if N is chosen large enough). Consider a sequence of compacts
DB ={(x,1):sP(t)<x<ly, k'<t<Ty}, k=1,2,.., where 7, is a
monotonic sequence such that £/, > + o0 as k- +o0; T, =T if T< 4+ 0
and {T}} is a monotonic sequence such that 7, — +o0 as k- + oo if
T=+o0; {s®} is a sequence of functions such that s* e C*[0; T,],
s®(1) > s* V(1) > (1) for 0< 1 < Ty, k=1,2, ..., and lim _, , ., maxXo, <7,
|s®(t) — s(¢)| = 0. Hence, we have

D= ) D®, DV =pk+D k=12, .. (2.9)

k=1

Obviously, for each fixed k there exists a number n(k) such that D® < D,
for n>n(k). The sequence {u,}, n=>n(k), satisfies the inequality

()| <My(k)  in D), (2.10)

where M (k) is a constant which depends on k and does not depend on x.
The estimation (2.10) may be proved by Bernstein’s method, for example
in the form given in [24]. It implies that

(X, 1) —u,(y, O] S Mo(k) [x—y|* in D, (2.11)

where a=min(1;m~"). It is well known from (2.11) that the Holder
estimate follows with respect to the time variable as well. As a matter of
fact, the following Holder estimate may be proved exactly as it is proved
in [24],

|tn(x, 1) =, (3, D S Ma(k)(Ix = y[*+ [t ="+ in DX (2.12)

Thus {u,}, n>n(k), is uniformly bounded and equicontinuous in D%, It
should be pointed out that the equicontinuity of the sequence {u,} in D%
may be established by using more general results of [8]. From (2.12),
(2.9), by a diagonalisation argument and the Arzela-Ascoli theorem, we
may find a subsequence »n’ and a limit function &t e C(D) such that u,, — i
as n' - oo, pointwise in D, and the convergence is uniform on compact
subsets of D. Obviously, e L (D) if b=0 or b<0 and f>1, and
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e L (Dn(t<T,)) for any finite 7, >0 if <0 and 0 < f< 1. Now con-
sider a function u(x, t) such that u(x, t)=1d(x, t) for (x,¢)eD, u(x,0)=
uy(x) for s(0) <x< + oo, and u(s(t), t) =y(t) for 0<t < T.

Obviously the function u(x, t) satisfies the integral identity (1.9). The
continuity of u at the points (xy, 0), xo>s(0) of the line £ =0 may easily
be established. If ug is locally Lipschitz continuous, it follows from the
estimations (2.11), (2.12) which may be proved up to the line t=0. In
general, the continuity on the line =0 may be established by constructing
barriers. It remains only to prove the continuity of u(x, ) at the points
(s(2), 1), t=0. For that, first consider a function v(y, 1) =u(y +s(¢), t) in
D', where D'={(y,1):0<y< +o,0<t<T}. Obviously ve C(D') N L*®
(D) ifb=0orb<0and f>1,and veC(D' )N LD n(t<T,)) if b<O,
0<f <1, and T, is an arbitrary finite number from (0; 77].

The sequence {v,.} converges to v as n’' — + oo pointwise in D’ and the
convergence is uniform on compact subsets of D'. Continuity of the func-
tion u(x, t) at the points (s(¢), ), t =0, is equivalent to continuity of the
function v(y, t) at the points (0, 7), = 0.

If 1, >0 and ¥/(z,) > 0, we shall prove that for arbitrary sufficiently small
&> 0 two inequalities

liminfu(y, 1) =y(t5)—e  as (y,1)—>(0,2), (y,1)eD’, (2.13)
limsup v(y, 1) <yY(t)+e  as (y,1)—>(0,10), (y,1)eD". (2.14)
are valid.

As ¢>0 is arbitrary, the continuity of v(y, ) at the boundary point
(0, t5) follows from (2.13), (2.14). If y(¢,) =0, then it is sufficient to prove
(2.14), since (2.13) (with ¢ =0 in the right-hand side) directly follows from
the fact that v is non-negative in D'

Let y(z,) > 0. Take an arbitrary ¢ e (0; (t,)) and prove the inequality
(2.13). Consider a function w,(y, 1) = f(h(u) — (1 — 1 s,(1) y +u(t — 1) +
Su(to) —5,(1)), >0, h>0, where f(C) =M ,({/h(u))*, My =y(1,) —&. Then
if 6 <0, we take the two cases:

(a) a>m~ L if0<m<1 and,

b)) ml<a<(m—1)"tifm>1.

If 5> 0 we take six different cases (as shown in Fig. 1).

L m'<a<min(m—-1)"51-=p"", if m>1,0<p<]1,
I ml<ag<(m—1)"} if m>1,p>1,
. a>m™", if 0<m<1, =1,
IV. m'<a<g<(1-8)"Y, if0<p<l,1—B<m<],
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I n
-
1 A 4
v
%‘— v ] I
VI
T |
L 1 m
2
FIGURE 1
V. a>m~!, if0<m<i, m<p<l—m,
VL m'<a<2/(m—p), ifO<f<l p<m<l—p

If z,> 0 then we choose

hp)=Msu='F(u=?),  My=((M,M;")""—1)"",
M,y =y(ty) —&/2, 1= po,

where uo=0J,"? and we assume that the curve s satisfies the condition
(1.10) at the point t, for de(0;5,]. If t,=0 we choose A(u)=p "2
u=uo=1. We consider a function f({) for {e[0; A(u)(1+1)], where 2 is
a positive number such that 1> (M, M [ ')"*—1. It may easily be checked

that
L,w,=pf"—a(f™)" +bff —b0, . (2.15)

If either » <0 or b>0 and m, f§ belong to one of the regions I-1V (Fig. 1),
then from (2.15) it follows that

L0, < f 0 oM () — b2 aM”

x ma(moe— 1) M ==y pg, MG+ (2.16)
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where M, = M (1 + )% Since ph(u) — 0 as u — oo, we can choose and fix
Iy =, so large that if u>pu,,

L,w,<0  for 0<{<h(u)(1+2). (2.17)

If >0 and m, f belong to one of the regions V, VI (Fig. 1), then from
(2.15) it follows that

L, < fP(uh™" () aM My =F =1
—h™(u) aM?>*ma(mo— 1) M7 =F=2= 1 p), (2.18)

As before, from (2.18) it follows that we can choose and fix u; > u, so large
that if g >y, then (2.17) is valid. Let ¢, > 0. Since (¢) is continuous there
exist the numbers u,>u; and o, such that (z)>y(t,) —e/2 for
to— 5 2 <t<ty+0,, where if 1, =T (and T is finite) we choose J; =0, and
if 1< T then 0, =0J,(¢) >0 is such that ¢, + J, < T. If 1, =0 then we choose
0, =09,(g) >0 such that ¥(¢) > (0) —¢/2 for 0 <t <J,;. Let us now estimate
,(0, t) in the neighbourhood of ¢,. Since w,(0, t,) =y (t,) — ¢ and fis con-
tinuous and the sequence {s,} uniformly converges to a continuous func-
tion s as n — + oo, for all fixed u > u, there exists a number 6, =J,(u, &) <
0, which does not depend on n and a number N, = N,(u, ¢) such that for
arbitrary n> N,,

w, (0, 1) <W(ty) —e/2  for ty<t<to+d,

(we choose d,=0 if t,=T and J,>0 if 1, < T). Now suppose that 7,>0
and consider w,(0, t) for ty—pu2<t<ty+0J,, u=p, and n=N;. Since
the sequence {s,} uniformly converges to s as n — + 0o, we may suppose
without loss of generality that w,g(s,,; 0) satisfies (1.10) for 0€(0;Jq]
uniformly with respect to n=>N,. If te[t,—pu "> t,] then we have

@,(0, 1) < f(h(1) + 5,(t0) = 5,(1) < f(M 3"+ 1) h(p) = (2) —&/2.

If t,=0 we choose and fix u, >, and N, > N, so large that if x> u, and
n>= N, then

Uo((1=50a7 1) ¥ +50n) = 1o(0) —&/2=1(0) —&/2
for O<y<rn(rn_s0n)_lh(:u)'
Now let N;> N, be chosen so large that &’ <y(t,) —e for n> N;. Let

Na=[M" e’ 1" h(u), n= N;. Obviously, 7, — 0 as n — co uniformly with
respect to i = u,. Then we set
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Q,={(y 1) to—d, () <t<ty+0,,0<y <&, (1)},
Ay ={(p. 1) to—dy (1) <t1<to+ 05,y =E,(1)}
én(t):rn(rn_sn(t))_ (h(ﬂ)-i_ﬂ(t_to)+Sn(ZO)_Sn(t)_’7n)7

)
)<

and

d (1) =(0if tg=0; =2 if t,> 0).

0

If ¢, >0 then, since
Enlto =1 2) Srp(ry = Sulto—p=2) "L+ MY h(u) —p™h), (2.19)
we may choose and fix 5> u, so large that for arbitrary u = us,
Elto—p2) <0 for n>=N,. (2.20)

Without loss of generality we may suppose that if 7=+ oo then for
arbitrary fixed > ;4

to+0,<T, for n>=N;. (2.21)

Let us now compare w,(y, t) and v,(y, t) in Q, for fixed > u; and for
nz N3(:us 8):

w,=f,)=¢,<v, for (y 1)ed,
@,(0, 1) SY(10) — &/2 <ih(1) <, (1) = v,(0, 7)
for —d, () <t<ty+0,.

0

If t,=0 we also have

@,(p, 0) < flh(1)) = up(0) —& <uo((1 =1, "50,) ¥ + S0,)
<Un(y» 0) for 0< ygrn(rn_SOn)_l (h(/l)_ﬂn)

We can now apply the maximum principle. Obviously, w, is a smooth
function in 2,,. Moreover, w, is bounded away from zero in Q, by &”. Con-
sider a functlon zZ(y, t)=v,(y, t)—w,(p, t). Since z=0 on the parabohc
boundary of 2,, by applying the maximum principle it follows that z>0
in Q,. Let P={(,1):0<y<yy,0<t<ty+0,}, where 0< y,<r, and
Q,cPc D), for p>p; and n=Ny. Let @,(y, 1) ={w,(y, 1) in Q,; ¢ in
P\Q }. Since v,=e¢’ in P, we have @,(y, 1) <v,(y,t) in P. In the limit
n' — 4+ oo we have

oy, t)<v(y,t) in P (2.22)
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where

Sh(p) =y +u(t—15) +5(19) —s(2)),  (»,1)eQ
S

ol 1) = {0, 0 1)

and
Q={(y,1):to—d, (1) <t<to+0,0<y<hu)+u(t—to)+s(t) —s(t)} .
Obviously, we have

Iim  o(y,t)= 1lim_  w(y, t)=y(ty)—e.

(»t)eP (y, 1) e
(y, 1) > (0, 1) (y, 1) > (0, 7))

Hence, from (2.22), (2.13) follows.

Let us now prove (2.14). Let M =/'(t,+0), where 6 >0, be so small
that the function ! is defined and continuous at the point 7, + 0. Take an
arbitrary &> 0 such that /(#,) + & < M. As before, consider a function

a3, 1) = f1 () = (1 =17 s,(0) y + pu(t —to)
+Sn([0)_sn(t))’ ﬂ>0,h1>0,
where
[O =M+ Ch ) (MY — MY™)]%, Ms=(1,) + ¢,

and « is an arbitrary number such that 0 <a<m™L If #,>0 then we
choose

hy(u) =Mou="F(u=?), M;=(M"V*— MY (MY —M{*)~",
Me=(1y) +¢/2, = po,

where uo=J, '/, and as before we assume that the curve s satisfies the con-
dition (1.10) at the point t, for 6 € (0; 5o]. If t, =0 we choose hy(u)=pu "2,
u=uo=1. We consider a function f;({) for {€[0; A;(u)(1 + 4,) ], where 4,
is a positive number such that

(M;/oc_Mé/u)(Ml/oc_Mé/oc)fl <Al <M§/a(Ml/“—M;/a)7l.
Let us transform L,w,,

L,w,=pufy—a(f7)" +bf 5§ —b0,el > phi " (1) a( MY*— M"*) M,
+ama(1 —ma) h72(pu)(MY* — MY*)2 My + b(1—0,) M* — b0,
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where Mg=M*"V*if a>1, M;g=MZ~V*if x <1, and
Mg=[MY*— 7, (M"*— My*)]*>0, Mg = Mm=2/,

Since uh,(1) — 0 as u — oo, we can choose and fix u; = u, so large that
if u=p, then L,w,>0 for 0<{<h(u)(1+4,). Let t,>0. Since ¥(1)
is continuous, there exist the numbers u,>u; and J, such that
(1) <y(ty) +¢/2 for tog—u;2<t<ty+0,, where, if 1o=T (and T is
finite), we choose 6, =0 and if ¢, < T then 6, =0,(¢) € (0; 6] is some num-
ber such that ¢, +Jd; <T. If t,=0 then we choose J, =3J,(¢) >0 such that
Y(t)<y(0)+¢/2 for 0<t<J,. Let us now estimate w,(0,7) in the
neighbourhood of ¢,. Since w,(0, t,) =y(?,) + € and f'is continuous and the
sequence {s,} uniformly converges to a continuous function s as n — + oo,
there exists a number 0<J,=3J,(u, &) <J; which does not depend on n
and a number N, = N,(g, ¢) such that for arbitrary n> N,

@,(0, 1) >(ty) +¢/2 for ty<t<ty+9,

(we choose d,=0 if t,=T and J,>0 if 1, < T). Now suppose that 7,>0
and consider w,(0,t) for ty—pu2<t<ty+0d,, u=p,, and n=N,. As
before, we may suppose that a)t;(s,,; 0) satisfies (1.10) for de(0;d,]
uniformly with respect to n = N;. If t, e[ty —p "2 t,] then we have

@,(0, 1) = f1(hy(1) +5,(t0) = 5,(1)) = [1((M 71+ 1) hy()) = (o) + /2.
Now we can choose N, = N,(u, ¢) = N, so large that for n>= N,,
Y1) () <Wlto) +¢/2 for to—pu? <t <t +9,.

If t,=0 we choose u, >u, and N, > N, so large that if u>u, and n > N,,
then

W) <y, (1) <y(0)+e2  for 0<1<9,
Uon (1= 50,77 ") ¥+ S0n) St (1 —=50,77") ¥y + S0,) + Ke?, <uo(0) + &

for 0<y<r,(r,—so,) " hy(p).

Then we set Q,, 4,, ¢, as before, by replacing & and #, with &, and 0
respectively. We then derive (2.19)—(2.21), replacing M5 and N, with M,
and N, respectively.

Let us now compare w,(y, t) and v,(y, t) in Q, for fixed u > u5 and for
n>=N,. We have

n(Oa Z)>Un(07 t) for Z‘O_dt‘o(lu)<t<t0-i_52

n:M:wl(lo+(§)>wl(l0+52)an for (X, l)EA

g &

ne
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If t,=0 then

wn(ya 0) >f1 (Iu_z) = uO(O) -i_'g>u0n((1 _SOnrn_l)y +S0n) = Un(y’ O)
fOf O<J’<Vn(rn_50n)_lﬂ_2.

Consider a function z(y,t)=v,(y,t)—w,(y,t). Since z<0 on the

parabolic boundary of @, by applying the maximum principle it follows

that z<0 in ©,,. As before, consider a rectangular P, where 0 < y, <r, and

Q,cPcD, for uzu; and n>=N,. Let

@y, 1) ={w,(y,1)in Q,; M in P\Q,}.

Since v,(y, 1)< M in P, we have @,>v, in P. In the limit as n’ — oo, we
have

o(y,t)zuv(y, 1) InP, (2.23)

where @(y, 1) = { £, (hy(p) +u(t — 1) +5(tg) —s(1) = y) in @ M in P\ @}
and Q is defined as before with / being replaced by /;. Obviously

lim oy, t)= lim _ o(y, t)=y(t,) +e
(y,t)eP (¥, 1) e
(3, )= (0, 7)) 1) = (0, )

Hence, from (2.23), (2.14) follows and we have completed the proof of the
continuity of v(y, t) on the line y =0, that is to say, the continuity of u(x, ¢)
on the curve x =s(¢), t > 0. The theorem is proved.

Remark 2.1. 1t should be noted that since we construct the solution as
a limit of a sequence of classical solutions to nondegenerate parabolic
problems, by using a generalization of the Nash theorem [20, Theorem
10.1, Chap. II1] and Friedman’s a priori interior estimations [ 10, Theorem
10, Chap. II1] one may show by standard methods that the generalized
solution is a classical solution in a neighbourhood of any interior point
(X0, to), Where u(xq, ty) > 0. If, in particular, a constructed solution has a
positive infimum, then it is a classical solution and the uniqueness of this
solution immediately follows from the existence theorem (which includes
continuity up to the boundaries) and from the classical maximum principle.
This observation is of a general nature and it relates to both problems
considered in this paper (see Theorems 2.3 and 3.3 below).

2.2. Uniqueness

Throughout this section we shall suppose that the boundary curve s
satisfies the assumption (L).
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THEOREM 2.2. Let a>0, m>0, and either b=0, f>0o0r b<0, f = 1. If
s satisfies (1.11) then the solution of the CDP is unique.

Proof. Suppose that g, and g, are two solutions of the CDP. Let
te(0; T] be an arbitrary finite number. We shall prove uniqueness by
proving that for some limit solution u =lim u,, the inequalities

JHD (u(x, 1) — gi(x, 1)) o(x) dx <0, i=1,2, (2.24)
s(2)

for every t€(0; 7] and for every we Cg° ((s(¢); +o0)) such that |w| <1, are
valid. Obviously, from (2.24) it follows that g, =u= g, for s(¢) <x < + o0,
0 <t <t, which implies uniqueness in view of the arbitrariness of 7.

Let 1€(0; 7] be fixed and let we C ((s(¢); +0)) be an arbitrary func-
tion such that |w| < 1. Assume that

supp o = (p; q), s(t)y<p<gq< + 0. (2.25)

Let y(x) = Kx” for x>0 (see the proof of Theorem 2.1). Suppose also that
the sequences {r,}, {s,} satisfy, in addition to the conditions from
Theorem 2.1,

si(t)y= —M, for 0<7<i, n=1,2,..
(the possibility of which follows from (1.11)),
S(T)>5,,1(t)>s(7) for 0 <7< E, n=1,2,..,
max, |g§"(sn(f), 7’-) - gT(S(T)’ T)| <Xm(‘c;n)’ n= la 2; (R} = 15 2a
o<t<t
r,=max(ne, ' o, +d,i+e; ), n=12, ..

where

Co=Ag (27 - befr N2 d = Agel™" if b0,

c,=a " e=mi d,=ae”™' if b<0,0<m<],
c,=Ay", d,=A, if b<0,m=1,
o, = max(In 2; By?a ="t —m1/2) if b>0,orb<0and m=>1,

a, =max(In 2; (By45")"?) it b<0,0<m<1,
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and A4,, By, 4, are positive constants (defined below). Without loss of
generality we may assume that s,(¢)<p, r,=2q+1, n=1,2,... Since the
proof of (2.24) is similar for each i, we shall henceforth let g=g,. Let
R,={(x,7):s,(1)<x<r,, 0<7<t}. Take any function f e C% (R,) such
that /=0 for x=s,(7) and x=r,, 0<7t<t Let u=lim u, be a limit
solution of CDP constructed in the proof of Theorem 2.1. We have

I(u,, /. Rn)+bebg{;’yjt j fix,7)dxdr—I(g, f.R)=0, (2.26)

0 sn(‘r)

If >0 then we transform (2.26) as

f() (13 1) = 803, 1) £, 1) v = [ (2t (¥) — () f(x, 0) dix

Son

+a [ )= (5,0 D) fls,(0), ) e
—a [ 0 ) = (17 folrye )
0

[ [ (Chfr ab fom BN = g dvdr bl [ [ fdvde
o 0

sn(‘r) S,,(T)
t r,
[ =) fot (4, =48 £
0 sn(r)
—(B,—BY) f)(ul)y — g'") dx dr, (227)

where

1

A (x,t)= amyf (Qu}/y +(1—-0) gl/y)myfl do,
0
1

Bn(xﬂ 1) :bﬁyj (Hu,ll/y+ (1-0) gl/y)ﬂy—l do,
0

1
Cux,1)=y JO (OuY” + (1 —0) g7y =1 db,

and A%, Bk, Cx, k=1,2, .. are C* approximations of 4,, B,, C,, respec-
tively, in R,. We assume that

max L*<maxL,, minlY>minL, inR,, (2.28)

where L stands for 4 to C, respectively. If b <0 then we transform (2.26) as
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[ e, 1) = v, ) S, 1y dv = [ (tgn() = sl x)) S, 0)

Sn(t) Son

+a [ W20 = g7s0). ) Sl ) e
] (00 )= €70 ) [l )

[ ot A S BE Py~ g) dx do

5,(7)
+Jt Jrﬂ ((A”_AII:) fxx_ (Bn_B]:;) f)(un_ g) dx df, (229)
0 Ys,(7)

where 4,, B,, A%, BX are the same as before (it should be stressed that
y=1if b<0). )
Since &’ <u,(x, 7) <y(¢), in R,, we have

aeg™-'<4,,45<A4 inR,ifb>00rb<0and m=>1,
0<A4<4,, A <aem! inR,,ifb<0and 0 <m< 1,
g ) (2.30)
bl ey’ ' <|B,l, |B,| <B inR,,
¢-1<C,, C*<C, inR,,ifh>0,

where 4, B, C, A are some positive constants which do not depend on n, k.
Furthermore, we shall suppose that 4,=4, C,=C, 4,=4, and B,> B.
Then consider the problem

Lf=Dsf.+Asfo—Bif=0 inR,, (2.31a)
S(x, 1) = o(x), s(t)<x<r, (231b)
f(sn(f)’ T) :f(rns T):O 0<T<[, (2310)

where D¥=C¥ if >0 and DX =1 if b <0. The existence and uniqueness
of the classical solution to (2.31) follows from [10]. The solution
f=f(x, ) has the properties

L |f]|<exp (c,By(t—1)), (x,7)eR,,0,=(1ifb<0;0ifb>0),

IL lfl<exp [c,(¢—x)+(1+0,Bo)(1—17)],  (x.7)€R,,
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IIL |f| <eXp [q_x+ (dn+abB0)(t_T)]a (X, T)EEna
IV. |fu(r,, 0)|=O(x,exp(—e, "))  asn— 4o forre[0;1],
V. | f+(s,(7), T)| = O(&3) asn— +oofortel0; ],

where s=(1—my, if b=0; 1—m, if b<0 and m>=1; 0, if b<0 and
O<m<1).

VL L w2 1r,y S My(n),  g>1,

where the constant M, does not depend on k.

The proof of I-V is standard and based on the maximum principle (see
e.g. [7,16,18,24]). Let us prove Property V. Assume that

e,=a(2CoMy)~'em—1! if >0,

m=1_¢=min(25; a(2M,)~"; (a/By)"?), if b<0,m>1,

Il
0’)‘

e

n

e,=é=min(20; By '(M2+2By4)">—M,)), if b<0,0<m<]1,
where 0 > 0 is chosen such that s,(1)+0<p,n=1,2, ....

Let Ry, ={(x,7):5,(t) <x<s,(7)+e,/2, 0<t<t}. Obviously, s,(7)+
e,/2<p and s,(7)+e,/2<r, for 0<t<¢, if n is chosen large enough. If
b >0 consider a function f;(x, 7) =4e, *(s,(t) — x + ¢,)> + f(x, 7). Obviously
f1=0in R,,\R,,. Moreover, we have %, f; > —8CoMye ' + 8ac™" ~'e 2
—4B,>01n R,,, if n is chosen large enough. It follows that f, cannot attain
its maximum in R,, at some point of R,,. Since

Silsu(D)+€,/2,7) < fils,(), 1) for0<T<1 (232)

fl(-xa t)gfl(sn(t)’ t) fOf Sn(t)<x Sn +en/2

the function f; attains its maximum in R,, on the whole curve x =s,(7),
0<t<t That is to say, fi,(s,(7),7)<0 for 0<7<1 or |f,(s,(7), 7)<
8e, ! for 0 <7<t which implies Property V. If =0, the same arguments
may be applied to the function f;(x, 7) =exp(t)[4e, *(s.(t) —x+e,)* +
flx,7)].

If <0 then we first consider a function f; —exp (Bo(t—1)) f- Then we
apply the same arguments to the function f5(x, 7) =4e, *(s,(t) —x +e¢,)* +
f1(x, 7). Then Property VI follows from [ 20, Theorem 9.1, Sect. 9, Chap. IV].

Now consider (2.27) (resp. (2.29)) with f =f(x, t), which is a solution of
the problem (2.31). Then we have
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[ (unloe, 1) = g0, 1) () dv = [ (o) — () (v, 0) dix

s,(2) Son

a0 = g7(s2). 2 flsi(o ) de
—a [ 0 1) = 70 7)) Sl )

[0 e Lot (A= a8 £

$,(7)

—(B,—By,) f)u,” — g'") dx dr

t r, 5
+b9bgijj f fdxdi=Y J, (2.33)
i=1

0 s,(v)
By using Properties [-VI we estimate the right-hand side of (2.33) as:
r,—1 r,

<] o) o)l 1/ s, 00 det [ fat ) = gl)] 1(x, 0)] dx

S;exp [c,g+ (14+0,By)t] ke, ! 7
FoMexp (e, (q+1)+(1+0,B)) t—n)=o(1),  n— +oo,
2l <a (W30 =P (@) + 185, 1) = g™s(0). D) | (51, 7 de
— 0 asn— oo,
sl <a [ W 0= g0 ) Ll o) e

= O(a, exp( —sn_l)>, asn— + oo.
In view of Property VI we have lim, _, ., J,=0. If <0, then J5=0, but

if 5> 0 then we have

t e,
|Js] Sbsfyfo f - exp[c(g—x)+t—t]dxde

<b[exp(t)— 1] exp (¢, (g—35)) e’ ¢ =0(1) as n— + oo,

where § is an arbitrary number such that §<ming,<, 5,(7), n=1,2, ..
By using these estimates in (2.33) and passing to the limit first with respect
to k — + oo and then with respect to n — + oo from (2.33), (2.24) follows.
The theorem is proved.
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THEOREM 2.3. Let a>0, b<0, m>0, and 0 <f < 1. Then if
uo(x), Y(t)=90>0 for (x,t)e[0; +00)x[0; T], (2.34)

then the CDP has a unique solution.

From (2.34) and the proof of Theorem 2.1 it easily follows that the con-
structed solution of the CDP satisfies

u(x,t)=6>0  for (x, t)eD.

Hence u is a classical solution (see Remark 2.1) and the uniqueness of the
solution immediately follows from the maximum principle.

2.3. Comparison Theorem

In this section we shall prove the comparison theorem for the solution
of the CDP.

DerFiNITION 2.1, We shall say that the function g(x, ¢) is a supersolution
(respectively sub-solution) of Eq. (1.1) in D if

(a) g is non-negative and continuous in D and geL_(Dn(t<T,))
for any finite T, € (0; T7],

(b) for any finite ¢, ¢, such that 0 <z, <¢; < T and for any C* func-
tions u;(t), to<t<t,, i=1,2 such that s(¢) <u,(t) <u,(t) for te[ty;t,]
(see Definition 1.1), the integral inequality

I(g, /,Dy)<0  (=0) (2.35)

holds where e CZ%} (D,) is an arbitrary nonnegative function such that
flu (1), 1)=0 for ty<t<t,,i=1,2.

The next lemma gives a sufficient condition for super- or subsolutions.

LemMA 2.1. Let g be a nonnegative and continuous function in D belong-
ing to Cf;’i in D outside a finite number of curves x =n,(t), which divide D
into a finite number of subdomains D', where n; € C[0; T]; for arbitrary
0> 0 and finite A€ (0; T] the function n; is absolutely continuous in [ J; A4].

Let g satisfy the inequality
Lg=g,—a(g")+bg">0  (<0)
at the points of D, where geCfC’,i. Assume also that the function (g™), is

continuous in D and ge L (D N (t<T,)) for any finite T, € (0; T]. Then g
is a supersolution (subsolution) of Eq. (1.1) in D.
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Proof. Let D, be given and take non-negative f'e Cf;’}(D_l) such that
flu;(2), 6)=0 for t,<t<t,, i=1,2. Denote D{=D,nD’. Let 6,=1,,
n=1,2,..,1if t,>0, whilst if z, = 0, then J,, is a positive monotone sequence
such that limé,=0, 0<d,,,<d,<t;,n=1,2, ... Integrating by parts the
expression (—Lg) f in all regions D4~ ((x, t):t>0,), and then summing
and taking the limit as n — + oo yields (2.35). The lemma is proved.

THEOREM 2.4 (Comparison). Let the conditions of Theorem 2.2 be

satisfied. Let u be a solution of the CDP, g be a supersolution (respectively,
subsolution) of Eq. (1.1) in D, and

up(x) < (=) g(x,0) for s(0)<x< +o0, (2.36a)
Y < (=) g(s(e), 1) for 0<t<T. (2.36b)
Then
ulx, 1)< (=)g(x,t) in D.

Proof. First, we prove the theorem for supersolutions. The proof is
similar to the proof of uniqueness. Suppose on the contrary that
g8(xy, t)<u(x,,t) for some (x,,t)e D. The continuity of g and u implies
that g(x, 1) <u(x, t) for xe[x, —u; x, +p], where £ >0 is chosen such
that s(¢) < x, —u. Then we take an arbitrary function w e C* ((s(¢); + o))
such that

I<w<l for s(t)<x<+ oo,
>0 for |x—x,|<w;0=0 for |[x—x,|>u

Our goal will be achieved if we prove the inequality
+ o
j (u(x, t)— g(x, t)) o(x) dx <0, (2.37)
s(t)

which is a contradiction of our assumption. To prove (2.37), first we
construct a sequence {u,} as in Theorems 2.1 and 2.2. Since u is a unique
solution of CDP we have u=1im u,. Since g is a supersolution of Eq. (1.1)
in R, and u,, is a solution of Eq. (2.1) in R,, we have instead of (2.26)

t e,
Iy, £ R)+00,6% [ [" flx, 1) dxdr—1(g, /; R,)>0. (238)
0 Ys,(7)

Then instead of f in (2.38) we take the classical solution of the problem
(2.31). Since w is a non-negative function, from the maximum principle it
follows that >0 for (x, 7) e R, and hence f.(s,(7), 7) =0 for 0 <t <t By
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using this, from (2.36) and (2.38), (2.37) follows. The proof coincides with
the proof given in the uniqueness theorem, Theorem 2.2. The proof for the
subsolution is similar. The theorem is proved.

Remark 2.2. If the conditions of Theorem 2.3 are satisfied, then the
comparison theorem, Theorem 2.4, is valid if we require g to be a classical
smooth supersolution (respectively, subsolution) of Eq. (1.1) in D satisfying
(2.36) (see Remark 2.1 and the proof of Theorem 2.3). If in addition to the
conditions of Theorem 2.3, the boundary curve s also satisfies (1.11), then
the assertion of Theorem 2.4 is valid. The proof is similar to that of
Theorem 2.4.

Remark 2.3. Tt should be noted that the definition of super- and sub-
solutions and the sufficient condition for super- and subsolutions in the
case of DP coincide with the definition and Lemma 2.1 given in this sec-
tion. The only difference is that the domain D should be replaced by the
domain E.

3. THE DIRICHLET PROBLEM

3.1. Existence

In this section we shall suppose that a>0, m>0, be R', and > 0.

THEOREM 3.1. If ¢, satisfies the assumption (L) and ¢, satisfies the
assumption (R) then there exists a solution of the DP.

Proof. Let the sequences {¢,}, {T,} be chosen as in the proof of
Theorem 2.1. Suppose that {¢,}, i=1,2, are arbitrary sequences of
functions such that

¢inecoo[0; Tn]> ¢1n(t)<¢2n(t) fOf[E[O; Tn]
lim — max [¢,,(t)—¢;(1)]=0.

n—+oo 0<t<T,

For simplicity, suppose that ¢,(0)=0, ¢,(0)=H >0, and let ¢,(0)=¢9,,
$n(0)=¢5 ,n=1,2, ... Some additional restrictions on the sequence of
numbers {¢%}, i=1, 2, will be formulated below. Let y, be defined as in
the proof of Theorem 2.1 and as before we will write y instead of p,.
Without loss of generality we may suppose that ¢} < M.

Now take the functional sequences {uo,}, {{}, i=1, 2, and a sequence
of numbers {¢9},i=1, 2 such that

1. ¢%,€[0; HAL, ¢5,€[(3/4) H; H],n=1, 2, ..., lim,_, ., 49, = 0,
lim,_, ., ¢3,=H,
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uo(O)—X(en)/2<uo(¢1n < (ug(0) + (x(e,)/2)m n=1,2, ..,
uo(H) — x(8,)/2 <uo($3,) < (ug(H) + (x(e,)/2)™") """, n=1,2, ...,

&, Suon(X), (1) < M for (x, 1) e [0; H] x [0; T,],
. uOneC"O[O H],y,eC*[0;,T,],i=1,2,n=1,2,.

0. ug,( = ¥1,(0), alug,)” (47,) + ¢1,(0) uo, (43 ) b”gn( 0+
bé’be’”—%n(o)

7. uon($3,) = W24(0), alug,)" ($3,) + $2(0) uon(93,) — buf,(43,) +
bgbgﬁ7 ¥ 2.(0),

8. 0<ug,(x)—ug(x)<yle,) for0<x<H,

9. O<Ym(t)— Y1) <y"(e,) for0<et<T,,i=1,2,

2
3.
4.
5

where the constant 6, and the function y are the same as in the proof of
Theorem 2.1.
Consider the auxiliary problem

u,=a(u™) . —buf +b0,e”  inE,, (3.1)
u(x, 0) = ug,(x), 0, <x<45,, (3.2)
u(him(2), 1) = (1), 0<1<T, i=1,2 (3.3)

where E,={(x,1):¢,(1) <x<¢y1), () <t<T,}. If we introduce new
variables H(x — ¢ 1,(t))(¢2.(t) — h1.(t)) "' =y, t — t, then (3.1)—(3.3) will be
transformed into the problem

Ut:aH2(¢2n(l) _¢ln(t))_2 (Um)yy
+ [HP (1) + (92,(1) — ¢ 1(1)) ]

X(¢2n(t)—¢1n(t))‘1v —bvf +bOyel)  inE, (3.4)
v(y, 0) =g, (¢, + H™ (3, — #1.) ») forO<y<H, (3.5)
t)zlﬁlnt,vH,T = (1) for0<t<7,, (3.6)

where E,={(y,1):0<y<H, 0<t<T,}. From [20, Theorem 6.1,
Sect. 6, Chap. 5] it follows that there exists a unique classical solution
v=u,(y,t) of the problem (3.4)-(3.6) such that v, e CZt*'*#*(E}) for
some u>0. The maximum principle implies (2.7) in E’ Therefore, the
function wu,(x, 1) =v,(H(x —¢1,(1)) (¢2,(t) — (1)), ¢) is the classical
solution from C”” 1“L“/Z( ) of the problem (3.1)-(3.3) and (2.8) is valid
in E,.

The sequence {u,} is uniformly bounded and equicontinuous on every
compact subset of E. The proof completely coincides with that given in the
proof of Theorem 2.1. As before, by a diagonalization argument and the
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Arzela—Ascoli theorem we may find a subsequence »n' and a limit function
tie C(E) such that u, — i@ as n' - + oo, pointwise in E, and the con-
vergence is uniform on compact subsets of E. Obviously, ie L (E) if =0
or b<0and f>1, and éie L,(E (N (¢<T),)) for any finite 7, >0, if b <0
and 0<f<1.

Now consider a function wu(x,¢) such that u=a for (x,¢)€kE,
u(x,0)=uy(x) for 0<x<H, and u(d;(2), t)=y;(¢) for 0<t<T, i=1,2.
The function u(x, t) satisfies the integral identity (1.9) in the sense of
Definition 1.2. The continuity of u at points (x,, 0), 0 <x, < H, of the line
t =0 may be established as is mentioned in the proof of Theorem 2.1.

It remains only to prove the continuity of u(x, ¢) at the points (¢,(z), 1),
t>0. For that, first consider a function v(y, t) =u(H ~Y(¢(¢) —¢,(?)) y +
¢1(1), 1), (y, 1) E', where E'={(y,1):0<y<H, 0<t<T}. Obviously
veC(E')NnL(E") if b=0 or b<0 and f>1, and veC(E')nL,
(E'n(t<Ty))ifb<0,0<f <1, and T, is an arbitrary finite number from
(0; T]. The sequence {v, } converges to v as n' = +co pointwise in E’ and
convergence is uniform on compact subsets of E’. Continuity of the func-
tion u(x, t) at the points (¢;(¢), t) t =0, i=1, 2, is equivalent to continuity
of the function v(y, #) at the points (0, 7), (H, t), t = 0. First, we prove the
continuity at the points (H, t), t > 0.

If 1, >0 and y/,(¢,) >0, it is enough to show that for arbitrary sufficiently
small ¢ >0 the two inequalities

iminfo(y, 1) = ya(te) —e  as (p, 1) — (H, to), (3.7)
lim sup v(p, t) <yYy(ty) + ¢ as (y,1)— (H, t,), (3.3)

are valid.

Because ¢ > 0 is arbitrary, from (3.7) and (3.8), the continuity of v at the
boundary points (H, t,) follows. If y,(z,) =0, however, then it is sufficient
to prove (3.8), since (3.7) (with e =0 in the right-hand side) directly follows
from the fact that v is nonnegative in E'.

Let ,(¢y) > 0. Take an arbitrary ¢ € (0; y,(#,)) and prove the inequality
(3.7). The proof is similar to that of (2.13). Consider a function

(¥, 1) = f(h(p) + H ™ ($2u(t) — h1a(2)) ¥
+1u(t_t0)_¢2n(t0)+¢ln(t))’ ﬂ>0,h>0,

where

S(&) =M (E/h(p))", M, =y,(1y) —e¢,

and by choosing the value of a appropriately we divide the analysis into
different cases, as in the proof of Theorem 2.1 (see also Fig. 1 if 5> 0). We
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then choose h, M,, i=1, 3, as in the proof of (2.13) (replacing by /),
and similar analysis leads to the estimation

@u(p, 1) S0 (. 1) in E,
where

@p={0,in Q,; ¢, in E\Q,},

an {(y’ [) : tO_dto(:u)<t<tO+51’ Cn(t)<y<H} s
Calt) = H(o(1) = $1a() ~1 [ —h(pt) — pult — 10) + h2lt0) = b1(1) + 11,1
and d,(u), n, are defined as before. Since ¢, satisfies (1.12), for arbitrary

u fixed and large enough there exists N = N(u) such that ,(ty—p=2)>H
for n>= N. In the final limit as n' — + oo, we have

w(y, t)<v(y, 1) in E, (3.9)
where
Slh() +H o) —dy(1)) y+u(t—15) (1, 1)€Q,
o(y, 1) = —ds(te) +P1(2)),
0 (y, 1) e E'\Q
and

Q= {(y, 1): to—dzo(ﬂ)<t<[0+5la C(t)<y<H},
L) =H($o(1) = ¢1(2) 7 [ —h(u) —pu(t —t5) + ¢a(1o) — 1(1)].

Obviously, we have

lim  w(y,t)= lim oy, t)=y,(t,) —e.
(y,t)eE' y,)eQ
(¥, 1) > (H, ty); (y,2) = (H, t,);

Hence, from (3.9), (3.7) follows. The proof of (3.8) is similar to the given
proof of (3.7) and to that of (2.14), therefore we omit it. Thus we have
proved the continuity of the limit solution at the boundary points (¢,(¢), t),
t = 0. The proof of continuity of the limit solution at the points (¢,(?), 1),
t =0, is similar to the given proof and to the proof of continuity of the limit
solution to CDP on the boundary curve (s(¢), ), t=>0. The theorem is
proved.

3.2. Uniqueness and Comparison Results

In this section we shall suppose that the boundary curve ¢, (respectively
¢,) satisfies the assumption (L) (respectively assumption (R)).
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THEOREM 3.2. Let a>0, m>0 and either b=0, f>0 or b<0, f>=1.
Suppose that for each compact subsegment [9; T,] <= (0; T there exists a
positive constant M, such that the conditions (1.13) are satisfied. Then the
solution of the DP is unique.

Proof. The proof is similar to the proof given in the case of the CDP
(Theorem 2.2). Suppose that g, and g, are two solutions of the DP. Let
fe(0; T] be an arbitrary finite number. As before, uniqueness will be
proved by confirming that for some limit solution u = lim u,, the inequalities

#y(1)
[ e n — gl ) o(x) dy<0,  i=1,2, (3.10)
#1(2)

for every t€(0; 7 ] and for an arbitrary function w € C3° ((¢(¢); ¢,(#)) such
that |w| <1 are valid. Let (2.25) be valid with ¢,(7) <p <g <¢,(t). Sup-
pose that y(x)=Kx” for x>0 (see the proof of Theorem 3.1). Take an
arbitrary sequence of real numbers {J,} such that

0<d, 1<0,<t,=1,2,..; 0,-04+ as /- +oo.

Suppose also that the sequences {¢,,}, j=1,2, in addition to conditions
from the proof of Theorem 3.1, satisfy the properties

Pia(7) Z = Mo(7), p2(T) S Mo(/),  for d,<t<in=12, ..,
(the possibility of which follows from (1.13)),

P1(T) <P1,n11(T) <P1,(T) < P2(T) <Py 1 1(T) < Po(7)

for 0<t<i,n=1,2,..,
and

max, |g§n(¢jn(r)’ 7'-) - g:n(¢](f), 7'-)| <){m(gn)» n= 1’ 23 e J= 1’ 2

0<t<I?t

Without loss of generality we may assume that ¢, (1) <p <q <¢,,(1),
n=1,2,..,0,<t, /=12, .. Since the proof of (3.10) is similar for each i,
we shall henceforth write g = g;. Let E{, = {(x, 7) : ¢1,(7) <x < ¢,,(7), 5, <
t<t}. Take any function feCZ%}(E7,) such that f=0 for x=d,(7),
0,<t<t i=1,2. Let u=Ilim u, be the limit solution of the DP constructed
in the proof of Theorem 3.1. We have

t o hy(7)
Iy, £ ES) 00,8 [ [ f(x, 0) dxde—I(g, £ EF,)=0. (3.11)
o ¢1n(7)
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If b>0 we transform (3.11) as
,(2)
[ e, 1) = g(x, 1)) fx, 1) dx
é1.(2)
$2,(07)
=[x 6, = g%, 00)) (%, 6,) dx
$1,(00)

ta [ (0 — (i), 1) fuldule). 1) de

¢

j l//Zn ¢2n fx ¢2n
t rdy(7)
[ (CH S AL fo— BE ) — g7 dx de
é1.(7)
t rgy(7)
+bsfﬁ j " fdx de
&1,(7)
t rdy(7) % %
+.[ j ((Cn_Cn)ft+(An_An)fxx
¢1 (z)

— (B, — B*) f)(ul/" — g') dx dkx, (3.12a)

where 4,, B,, C, are the same as in the proof of Theorem 2.2. As before,
assume that A%, BY, Ck, k=1,2, ..., are C* approximations of 4, B,, C,,
respectively, in Ef, and that they satisfy (2.28). If 5 <0 then we transform
(3.11) as

$2,(1)
J,o, b 1) = (05, 00) 1 s

¢2,,(‘5/)
= [ (w0, 8, — gx, 6,)) flx, 0, dx

$14(¢)

a | (0= (10 ) L), 7) e

¢

—a [ W50~ g (Do), ) fuld(r). ) do

¢

¢2n(‘f)
j j (f.+ A oo — B £)(u, — g) dx dt
d1a(7)

t rdy(T)
+[ [ (A, A) f— (B, — BY) f)(u,— @) dx dr, (3.12b)
4’1(7)
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where 4,, B,, A%, BX are the same as before. Since u,, satisfies (2.8), the
estimations (2.30) are valid in this case as well (note that y=1 if b<0).
Then consider a problem

L f=Drf +4%f . —Bf=0 inEf, (3.13a)
Slx, 1) =w(x), D1a(1) S X < Po(1), (3.13b)
F(@1a(2), T) =f(d2(7), T) =0, o,<t<I, (3.13¢)

where D is defined as in (2.31). There exists a unique classical solution to
problem (3.13) [10]. The solution f =f(x, t) has the properties:

L |fI<exp(a,Bo(t—1)),  (x,7)€E]

1n>

IL [fi(¢u(7), 7)|=O(e;)  asn— +ooforreld,; 1], i=1,2,

where s=(1—my if b=>0;1—m if b<0 and m=>1;0, if b<0 and
O<m<l1),

L. 1/ 1wz ey S My(n),  g>1,

where the constant M (n) does not depend on k and /.

The proof is similar to that given in the case of problem (2.31). Let us
consider (3.12) with f =f{(x, 7), which is a solution of the problem (3.13).
Then we have

on(?) $2n(2)
[ v = glv ) o0 dy = (u,(x, 8, — g(x, 6,)) f(x, 6,) dx
$1(2) B1,(6¢)

ta [ W) — "0, D) fuldule

or

_aft (lﬁ?n( (¢2n fx ¢2n
¢

axdes ]! j%’(” L= 0u)(Cy—Ch) 1,

+bebgﬂyj f -
oo

B1a(7)

+(A,— A3) foe— (B, — B) f1(u,” — g'7) dx dr = i Ji. (3.14)

i=1
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To estimate the right-hand side of (3.14) we can now use Properties I-III.
Obviously, from Properties I and III it follows that lim J,=0 and
limy _, , o Js=0. In view of Property II we have

n— + oo

t
[Jis1] < aL (W (@) =y ()] + 187(du(T), T) — g7 (ds(2), 7))
¢
X1 f(@u(T), D) dr=0(ep” ™) as n—> 40, i=12
To estimate J,;, we first introduce a function
uy(x, 9,), i ¢1,(0,) SX<¢,(0,),
ui(x) = lljln((st’)a lf x< ¢ln(5{’)5
l//2n(6f)s lf x> ¢2n(5{)'
£

Obviously u’%, xe R', is bounded uniformly with respect to n, /. By using
Property 1 we have

$,(5¢)
il <explo,Bon) J1 Ji=] " juflx) — g(x, 0,)] dx.
¢1(5/)

From Lebesgue’s theorem it follows that

$2(3¢)
lim Ji=s3  Si=[" " julx, 8,) - g(x, 6,)] dx.

n— +oo ¢1(5f)

By using these estimations in (3.14) and passing to the limit first with
respect to kK — + oo, and then with respect to n— + oo, from (3.14) it
follows that

f‘m (u(x, 1) — g(x, 1)) w(x) dx <exp(a, By 1) J>. (3.15)
91(2)
Let
1 (x) = { u(x,d,)—g(x,0,), if ¢1(0,) <x<h1(9,),
’ 0, it x e [§1(5,): ¢2(0,)].

Obviously, u,, xe R', is bounded uniformly with respect to /. Hence, we
have (noting that ¢,(0)=0, ¢,(0)=H)

H
JE < C(11(0,)] + [H = $2(0,)]) + 7, J?=L lu| dx,
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where the constant C does not depend on /. From Lebesgue’s theorem it
follows that lim,_, ,J3=0. By using these estimations in (3.15) and
passing to the limit / — + oo, from (3.15), (3.10) follows. The theorem is
proved.

From Theorems 3.1 and 3.2 the following corollary easily follows.

CoRrROLLARY 3.1. Let a>0, m>0, and either b=0, f>00r b<0, f>1.
The solution of the DP is unique if there exists a finite number of points t;,
i=1, .,k such that t,=0<t,< --- <ty <t =T and for the arbitrary
compact subsegment [0,;0,]1 < (t;5t;,1), i=0,1, ..., k, there exists a positive
constant M, such that (1.13) is satisfied for 0 <6, <t<t<0,. If T=+
the uniqueness is still the case even if k= + o0 and t; 1 4+ o0 as i > + oo.

TueorREM 3.3. Let a>0, m>0, b<0, and 0<B<1. Then, if uy(x),
Yi(t), Yo(t)=0>0 for (x,t)e[0; H] x[0; T], the DP has a unique solu-
tion.

The proof is similar to that of Theorem 2.3 (see also Remark 2.1).
Finally, we present the following comparison result (see Remark 2.3 in
Section 2.3).

THEOREM 3.4. Let the conditions of Theorem 3.2 (or Corollary 3.1) be
satisfied. Let u be a solution of the DP and g be a supersolution (respectively
subsolution) of Eq. (1.1) in Eand u<(>=)gin E\E. Then u<(>=)g in E.

As in the case of Theorem 2.4, the proof is similar to that of the unique-
ness theorem, Theorem 3.2.

Remark 3.1. If the conditions of Theorem 3.3 are satisfied, then
Theorem 3.4 (comparison) is valid if we require g to be a classical smooth
supersolution (respectively subsolution) of Eq. (1.1) in E (see Remark 2.1).
Suppose that in addition to the conditions of Theorem 3.3, for each com-
pact subsegment [0; 7;] < [0; T'] there exists a positive constant M, such
that (1.13) is satisfied with 6 =0. Then the assertion of Theorem 3.4 is
valid.
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