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Abstract

We are interested in almost global existence cases in the general theory for nonlinear wave equations,
which are caused by critical exponents of nonlinear terms. Such situations can be found in only three cases
in the theory, cubic terms in two space dimensions, quadratic terms in three space dimensions and quadratic
terms including a square of unknown functions itself in four space dimensions. Except for the last case,
criteria to classify nonlinear terms into the almost global, or global existence case, are well-studied and
known to be so-called null condition and non-positive condition.

Our motivation of this work is to find such a kind of the criterion in four space dimensions. In our previous
paper, an example of the non-single term for the almost global existence case is introduced. In this paper,
we show an example of the global existence case. These two examples have nonlinear integral terms which
are closely related to derivative loss due to high dimensions. But it may help us to describe the final form
of the criterion.
© 2016 Elsevier Inc. All rights reserved.

MSC: primary 35L71, 35E15; secondary 35A01, 35A09, 35B33, 35B44

* This work is partially supported by the Grant-in-Aid for Scientific Research (C) (No. 24540183), Japan Society for
the Promotion of Science.
¥ Corresponding author.
E-mail addresses: takamura@fun.ac.jp (H. Takamura), wakasa @math.scihokudai.ac.jp,
wakasa@mmm.muroran-it.ac.jp (K. Wakasa).
' The 2nd year of the doctor course. Current affiliation: College of Liberal Arts, Mathematical Science Research Unit,
Muroran Institute of Technology, 27-1, Mizumoto-cho, Muroran, Hokkaido 050-8585, Japan.

http://dx.doi.org/10.1016/j.jde.2016.03.036
0022-0396/© 2016 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2016.03.036
http://www.elsevier.com/locate/jde
mailto:takamura@fun.ac.jp
mailto:wakasa@math.scihokudai.ac.jp
mailto:wakasa@mmm.muroran-it.ac.jp
http://dx.doi.org/10.1016/j.jde.2016.03.036
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2016.03.036&domain=pdf

H. Takamura, K. Wakasa / J. Differential Equations 261 (2016) 1046-1067 1047

Keywords: Semilinear wave equation; High dimensions; Critical exponent; Lifespan

1. Introduction

First we shall outline the general theory on the initial value problem for fully nonlinear wave
equations,
uy — Au= H(@u, Du, DyDu) in R" x [0, 00), (.0
u(x,0) =¢ef (x), u;(x,0) =eg(x), ’

where u = u(x, t) is a scalar unknown function of space—time variables,

Du = (uyy, Uy, -+ ,Uy,), X0 =1,
DXDuZ(uX,’Xja i’j20717"' , 1, l+]2 1)7

f.g € CP(R") and & > 0 is a “‘small” parameter. We note that it is impossible to construct a
general theory for “large” & due to blow-up results. For example, see Glassey [6], Levine [16],
or Sideris [20]. Let

=@ A),i=0,1,---,n; Aij),i,j=0,1,---,n, i+ j=1).
Suppose that the nonlinear term H = H (3:) is a sufficiently smooth function with
H() = O0(A"")

in a neighborhood of A =0, where o > 1 is an integer. Let us define the lifespan 7(8) of classical
solutions of (1.1) by

T(s) =supf{r > 0 : 3 aclassical solution u(x, t) of (1.1)
for arbitrarily fixed data, (f, g)}.

When T(s) = 00, the problem (1.1) admits a global solution, while we only have a local solution
on [0, T(e)) when T(e) < 00. For local solutions, one can measure the long time stability of
a zero solution by orders of . Because the uniqueness of the solution of (1.1) may yield that
limg_, 40 T (¢) = 0o. Such an uniqueness theorem can be found in Appendix of John [11] for
example.

In Chapter 2 of Li and Chen [18], we have long histories on the estimate for T(¢). The lower
bounds of T(s) are summarized in the following table. Let a = a(¢) satisfy

a’e?logla+ 1) =1 (1.2)

and ¢ stand for a positive constant independent of ¢. Then, due to the fact that it is impossible to
obtain an L? estimate for u itself by standard energy methods, we have
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T(a) > a=1 a=2 a>3
n=2 ca(e) in general case, ce in general case,
—18 i a3 —
C871 if fg(x)dxzo, ce lfauH(O)—O,
g exp(ce™2) ifd>H(©0)=08*H(0)=0
R
ce™2 ifd2H(0)=0
n=3 ce? in general case, 00 00
exp(ce™!) ifd2H(0)=0
n=4 exp(ce2) in general case, o0 00
00 if 32H(0) =0
n>>5 00 00 00
The result for n =1 is that
gm/2 in general case,
T(S) > Ce—(x(l-’rﬂl)/(z"rﬂl) if /g(x)dx = O’ (13)

R
ce if 8P HO)=0for 1 +a <Vp <2a.

For references on these results, see Li and Chen [18]. We shall skip to refer them here. But we
note that two parts in this table are different from the one in Li and Chen [18]. One is the general
case in (n, @) = (4, 1). In this part, the lower bound of T (¢) is exp(ca_l) in Li and Chen [18].
But later, it has been improved by Li and Zhou [19]. Another is the case for Z)SH (0) =0in
(n, @) = (2,2). This part is due to Katayama [ 13]. But it is missing in Li and Chen [ 18]. Its reason
is closely related to the sharpness of results in the general theory. The sharpness is achieved by
the fact that there is no possibility to improve the lower bound of 7 (¢) in sense of order of ¢ by
blow-up results for special equations and special data. It is expressed in the upper bound of T(e)
with the same order of ¢ as in the lower bound. On this matter, Li and Chen [ 18] say that all these
lower bounds are known to be sharp except for (n,«) = (4, 1). But before this article, Li [17]
says that (n, a) = (2, 2) has also open sharpness while the case for 83H (0) = 0 is still missing.
Li and Chen [18] might have dropped the open sharpness in (n, @) = (2, 2) by conjecture that
8;‘ H (0) =0 is a technical condition. No one disagrees with this observation because the model
case of H = u* has a global solution in two space dimensions, n = 2. However, Zhou and Han
[26] have obtained this final sharpness in (n, «) = (2, 2) by studying H = u,zu + u*. This puts
Katayama’s result into the table after 20 years from Li and Chen [18]. We note that Godin [7]
has showed the sharpness of the case for E)gH 0 = 8;‘ H@©)=0in (n,«a) = (2, 2) by studying
H = u? This result has been reproved by Zhou and Han [25].

We now turn back to another open sharpness of the general case in (n,«) = (4, 1). It has
been obtained by our previous work, Takamura and Wakasa [23], by studying model case of
H = u®. This part had been open more than 20 years in the analysis on the critical case for
model equations, u;; — Au = |u|? (p > 1). In this way, the general theory and its optimality
have been completed.

After the completion of the general theory, we are interested in the almost global existence,
namely, the case where f(s) has an lower bound of the exponential function of ¢ with a nega-
tive power. Such a case appears in (n, @) = (2,2), (3, 1), (4, 1) in the table of the general theory.
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It is remarkable that Klainerman [14] and Christodoulou [4] have independently found a spe-
cial structure on H = H(Du, D, Du) in (n, o) = (3, 1) which guarantees the global existence.
This algebraic condition on nonlinear terms of derivatives of the unknown function is so-called
“null condition”. It has been also established independently by Godin [7] for H = H(Du) and
Katayama [12] for H = H(Du, D, Du) in (n, o) = (2, 2). The null condition had been supposed
to be not sufficient for the global existence in (n, @) = (2, 2). For this direction, Agemi [1] pro-
posed “non-positive condition” in this case for H = H(Du). This conjecture has been verified
by Hoshiga [8] and Kubo [15] independently. It might be necessary and sufficient condition to
the global existence. On the other hand, the situation in (n, @) = (4, 1) is completely different
from (n, @) = (2, 2), (3, 1) because H has to include u?,

In our previous paper [24], we get the first attempt to clarify a criterion on H guaranteeing
the global existence by showing different blow-up example of H from u? only. More precisely,
we have an almost global existence and its optimality for an equation of the form

Ui — Au =12 __/ / WG+ (=087 )

J V-

€< (1.4)
B g2 f(x+t§)2d§

2 L VI-ler

in R* x [0, 00). We note that the third term in the right-hand side of (1.4) can be neglected
by simple modification. One can say that this result is the first example of the blowing-up of a
classical solution to nonlinear wave equation with non-single and indefinitely signed term in high
dimensions. We note that (1.4) arises from a neglect of derivative loss factors in Duhamel’s term
for positive and single nonlinear term, u?. Therefore one can conclude that derivative loss factors
in Duhamel’s term due to high dimensions do not contribute to any order of ¢ in the estimate of
the lifespan.
In this paper, we show that, in contrast with (1.4), another equation of the form

¢
1
Uy — Au=u? —W/dr / (uu)(x + (¢t — 1)w, 1)dSy
0 lw|=1 (1.5)

| @ Af 20 Vo) (x +1w)dS,
472

|w|=1

admits a global classical solution in R* x [0, 00). Both the first integral terms in (1.4) and (1.5)
look similar to each others. The essential difference is that the second integral term in (1.5) has
linear terms of the initial data. This part mainly comes from a neglect of derivative loss factors
in the linear part. Therefore one may say that derivative loss factors in the linear part due to high
dimensions contribute to estimates of the lifespan.

This paper is organized as follows. In the next section, our main theorems are stated in more
general situation on space dimensions and nonlinear terms as well as our motivation of this
work by some integral equation. In section 3, we investigate a relation between such an integral
equation and (1.5). The decay estimate of the linear part is studied in section 4. The proof of the
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local existence appears in section 5, for which a priori estimate in section 6 is required. In the
final section, blow-up result is proved to show the optimality of the local existence.

This work has begun since the second author was in the 2nd year of the master course, Grad-
uate School of Systems Information Science, Future University Hakodate.

2. Main results

This work is initiated by Agemi and Takamura [2] which attempts to make a new repre-
sentation formula of a solution of the following initial value problem for inhomogeneous wave
equations.

2., — i n
{a,u Au=F inR" x [0, 00), .1

u(x,0)=¢ef(x), us(x,0) =eg(x), x e R,

where u = u(x,t) is an unknown function, f, g and F = F(x,t) are given smooth functions.
In [2], it has proved that, for n > 3, a smooth solution of (2.1) has to satisfy the following integral
equation.

n—2wuu(x,t)=¢ / {to- Vf+mn=2)f+1tg}(x +tw)dS,

lw|=1

t
+(n—3)/dr / u;(x + (t — 1w, 1)dS, 2.2)

0 lwl=1

t
—i—/(t—r)dt / Fx+ (¢ —1tw,1)dS,,
0

lw|=1
where w,, is a measure of the unit sphere in R”, i.e.

2 ﬂforn—2m+l
oo 2" em— 1 =123
n — 2 - an-f—] — 1, 4,9, .
PO/2) 12 foen—om+2,

m!

In view of (2.2), neglecting the second term in the right-hand side, we obtain a representation
formula of a solution of some wave equation. With a small modification, it may have the same
initial data as in (2.1). Our problem arises in this way.

In fact, let us define our integral equation of an unknown function u by

ux,0)=eV(x,t)+ N(F)(x, 1), (2.3)
where
V(x,t):i / (t‘:'_vzf+f+zg) (x + tw)dS, (2.4)

lo|=1
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and

t
N(F)(x,t)=;/(t—t)dr / Fx+(t—1)w,1)dSe. (2.5)
n—2)w,
0

lw|=1
Then, we have the following theorem.

Theorem 2.1. Let n > 3. Assume that f € C3(R"), g € C*2(R") and F € C*(R" x [0, 00)).
Then, a solution of the integral equation (2.3) satisfies the following initial value problem for
inhomogeneous wave equation.

Btzu(x,t) —Au(x,t)=F(x,t) — H(x,t) in R" x [0, 00), 2.6)
u(x,0)=cf(x), us(x,0) =egx), x e R, '
where H is defined by
t
n—3
H(x,t):—/df f O F)x+ (@ —1)w, 1)dS,
n—2)w,
3O lw|=1
n—
+m / F(x +tw,0)dS, 2.7)
; lw|=1
0= [ Af (12w Vel (x + 10)dS,,
(n —2)w,

lw|=1

We shall make use of this theorem with F(x, ) = u(x, 1) and n = 4. The proof of this theo-
rem appears in the next section.

Remark 2.1. The uniqueness of the solution of (2.6) with F(x,t) = |u(x,t)|? (p > 2) is open.
The restricted uniqueness theorem such as in Appendix 1 in John [11] cannot be applicable
because (99a) in [11] does not hold for this case.

Remark 2.2. It is remarkable that Huygens’ principle holds for V in (2.4) even if the space
dimension is even number. See (4.2) below. Moreover, in view of (2.4) and (2.5), we need lower
regularities on the data and inhomogeneous term than those from H = 0 to obtain a classical
solution.

In order to describe our main theorems, let us define a lifespan ?(8) of the integral equation
(2.3) by

f(a) =sup{t > 0 : 3 asolution u of (2.3) with F = F(u)
for arbitrarily fixed data, (f, g)},

where “solution” means a classical solution of (2.6) for p > 2, or the C 1 solution of (2.3) for
1 < p < 2. Our assumption on F = F(s) is that
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there exists a constant A > 0 such that F € C1(R) satisfies 2.8)

[FD(s)| <Als|P~7 (j=0,1)forseR, 1 <p <2, :
or

there exists a constant A > 0 such that F € C2(R) satisfies 2.9)

|FU(s)| < Als|P~7 (j=0,1,2)forseR, p>2 :

respectively. We also assume on the data that

at least one of f € Cé (R") and g € CS (R™) does not
vanish identically and have compact support (2.10)
contained in {x € R" : |x| <k} with some constant k > 1.

We now introduce a critical number p(n) as a positive root of the following quadratic equation.

{(p,n)E2(l+(n—1)p—(n—2)p2)=0. 2.11)

This is the analogy to Strauss’ number defined by a positive root of y(p,n) =2+ (n+ 1)p —
(n — 1)p? = 0. See Remark 2.3 below.

Then, we have the following lower bounds of the lifespan which mean long time existences
of the solution.

Theorem 2.2. Let n > 3. Assume that (2.8), (2.9) and (2. lOLare fulfilled. Then there exists a
positive constant eo = go( f, g, n, p, k) such that the lifespan T (¢) satisfies

T(e) =00 Jor p > pi(n),
T zexp(ce?P™D)  for p=prw, (2.12)
T(g) > ce~2P(p=D/e(p:m) forl < p < pi(n)

for any € with 0 < ¢ < &g, where c is a positive constant independent of ¢.

Remark 2.3. We note that

n—14vn2+2n—-17 n+1++/n2+10n+7
< po(n) =
20 —2) 2= 1)

pi(n) =

and that its equality holds if and only if n = 3. Here po(n) is Strauss’ number on semilinear
wave equations, u;; — Au = |u|P. See Strauss [21,22] for this number. Also see Takamura and
Wakasa [24] for references therein on lifespan estimates for this equation. Therefore the exponent
(n, p) = (4,2) is in the super critical case for the equation (2.6) with F(x,?) = |u(x,t)|?. The
key fact is that the linear part V in (2.4) decays faster than that of a solution of the free wave
equation.

For the upper bounds of the lifespan, our assumption on the data is the following.



H. Takamura, K. Wakasa / J. Differential Equations 261 (2016) 1046-1067 1053

Let f =0, g(x)=g(x|)and g € Cg([O, 00)) satisfy that
(1) supp g C {x e R" : |x| <k} withk > 0, (2.13)
(i1) there exists ko such that g(|x|) > 0 for 0 < ko < |x| < k.

Then, we have the following theorem.

Theorem 2.3. Let n > 3. Assume that (2.13) is fulfilled. Then there exists a positive constant
&0 = &o(g, n, p, k) such that the lifespan T (¢) satisfies

T(e) < Ce 2P P=D/EPm) 501 < p < pi(n), -
Te zexp(Ce?0™V) forp=pitn) @1
for any e with 0 < ¢ < gg, where C is a positive constant independent of ¢.

The proofs of both Theorem 2.2 and Theorem 2.3 are similar to those of our previous theorems
in [24] which are based on John’s iteration argument in a weighted L°° space by John [10]. They
are described after the next section.

3. Proof of Theorem 2.1

First we shall prove the initial condition in (2.6). It is trivial to get the first condition by setting
t =0in (2.3). Rewriting

®-Vfx+to)=08(f(x+1w)),

we have that

B 2
w1 = = / {((” l)a’+’3’)f+<1+raf)g}<x+rw>dsw
wy, n—2

lw|=1

3.1

+jdr/ (1+(t_T)BI)F(X—F(I_T)CO’T)dSw.
n —2)w,
0

lo|=1

Therefore the second condition follows from setting ¢ = 0O in this equation.

For the proof of the equation in (2.6), we shall employ the well-known fact that a function
M (x,t) defined by

1
M(x,t):w— / m(x +tw)dS,
n|w\:1

for m € C%(R") satisfies the initial value problem of Darboux equation,

2 n—1
o — A+ ; 0 | M =0 (3.2)

M(x,0) =m(x), M;(x,0)=0.
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Then it follows from (3.1) and (3.2) that

ur(x, 1) == / {M + (29, +l8;2)g} (x +tw)dS,

- n—2
lw|=1
~|—de (23t+(t—r)8t2)F(x+(t—r)a),r)dSw+ F(x,t).
n—2)w, n—2
0 lw|=1

On the other hand, operating A to (2.3) yields that

Aux.t) == / {<1+ ta[Z)Af+tAg}(x+tw)dSw

n n—
loj=1

t
+/(t—r)dr
0

Therefore, it follows from (3.2) that

dSe.

AF(x+ (t — 1w, T)
/ (n—=2)wy,

lw|=1

u(x, 1) — Au(x, 1) = wi f {%Af + (20, 4+ 1(3? — A))g} (x + tw)dS,

lwl=1

w

t
+/dt {28t+(t—r)(8,2—A)}F(x—I—(t—t)a),r)dS

(n—2)wy
0 lw|=1
F(x,t)
n—2"

Splitting 20; into (n — 1)9; 4+ (3 — n)d; and making use of (3.2) again, we have that

F(x,1)

n—

u[,(x,t)—Au(x,t):wi / {%Af—i—(S—n)(B,)g}(x+ta))dSw+
|lw|=1

t

+ i/dt / 3 (F(x + (t — 1), 7))dSs.
n—-2)w,
0 lw|=1
Since
(Fx+(t—1Dw, 1) =0 FH)x+(t —1t)w,7) —0;(F(x+ ( — T)w, 7))
and

t
/8, / Fx+(t—1tw,7)dS, |dt =w, F(x,t) — / F(x +tw,0)dS,,
0 wl=1 lw|=1
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we finally obtain that

u;(x,t) — Au(x,t)

= DD [ (ar - 2@)g) G+ 1ads,
(n—-2)w,
lw|=1
3—n
+ — / F(x +tw,0)dS, + F(x,1)
(n—2)wy
|a)|t=l
3—n
+ 7/071 / O F)Yx+(t — 1w, 1)dS,.
(n—2)w,

0 J|ol=1
This ends the proof of Theorem 2.1. O
4. Decay estimate of the linear part

In this section, we get a space—time decay estimate of V in (2.4) which plays an essential role
to define our weighted L°° space.

Lemma 4.1. Under the same assumption as in Theorem 2.2, there exists a positive constant Cy, k
depending only on n and k such that V satisfies

(t + |x| 4+ 26)" "2 VEV (x,1)]

4.1)
<Cur| D IVEflewn+ Y. IVIgliew
|BI=|er|+2 [VISlal+1
Jor|a| <2, (x,1) e R" x [0, 00), and
supp V C {(x,1) e R" x [0,00) : —k <t — |x| <k}. 4.2)

Proof. First we note that the support property (4.2) immediately follows from the representation
of V in (2.4), and that it is enough to prove the lemma for |«| = 0. For (4.1) with |o| =0, one
can employ the standard argument as in Lemma 3.2 in Agemi, Kubota and Takamura [3].

When ¢ > k, taking into account of (4.2), one can make use of

! / lp(x + to)|dSy < |VegllL1gey forg e CiR"), >0

lwl=1

with
1
IZE(I+|X|+2/<)-

Hence we obtain that
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Cn.k
|V(x’t)|§(t+|x|nw Z IVE £l ey + Z IV gl e
1=|p|=2 lyl=1

with some positive constant C,,  depending only on n and k. When ¢ <k, (2.4) yields that

V01 < Cog | D IVE Fllzsome + gl
IBI<1

with a different constant C,, x > 0. Therefore the proof is completed. O
5. Proof of Theorem 2.2

Following Takamura and Wakasa [24], we prove Theorem 2.2 in this section. We note that
its proof is similar to the one of odd dimensional case in [24] because of Huygens’ principle
for the linear part of the integral equation, (4.2). It is obvious that the theorem follows from the
following proposition.

Proposition 5.1. Let n > 3. Suppose that the assumptions (2.8), (2.9) and (2.10) are fulfilled.

Then, there exists a positive constant ey = €o( f, g, n, p, k) such that (2.3) admits a unique solu-
tionue C'R" x [0,T]) for 1 < p <2, ueC>®R" x[0,T)) for p>2, as far as T satisfies

T < ce=2P(p=D/t(p:n) if1<p<pin),
T <exp (cs_p(p_l)> if p=p1(n), 6D
there is no bound if p>p1(n)

for 0 < & < e, where c is a positive constant independent of €.

The solution is constructed by almost the same way as in [24]. Actually, we shall set U =
u — ¢V and rewrite (2.3) with F = F'(u) into the following form.

U=NFU+¢eV)). (5.2)

Since V exists globally in time, we have to consider the lifespan of the solution of (5.2). Let us
define the sequence of functions, {U, };meN by

Up=NFUp-1+Up)and Uy =¢V.
We also denote a weighted L norm of U by

Ul = sup {w(x], HIU (x, )]}
(x,1)eR" x[0,T]

with the weighted function
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_ —1
T (r )" 2T (r, )7 ifP>n 2’
-1
_ 4 (r, 1) . n—1
w(r, 1) = )" 2 (logd———— fp= ,
D) <0g r(r,t)) BP=0
_ —1
T (r, )24 iflep<i__,
n—2
where we set
g=m—-2)p—(n—-1)
and
t+r+2k t—r+2k
L= )=

Proof of Proposition 5.1. In view of Proposition 5.1 in [24], the proof of this proposition follows
from the following a priori estimate.

Lemma 5.1. Let n > 3 and N be a linear integral operator defined in (2.5). Assume that U, Uy €
COR" x [0, T]) with supp U C{(x,t) e R" x [0, T] : |x| <t+k}, supp Uy C {(x,1) e R" x
[0,T] : t—k <|x|<t+k},and U], ||I_’|ﬁ72U0w_1 || < oo. Then, there exists a positive constant
Cn,v,p depending on n,v and p such that

rn—2 p—v .
INQUOIP UM < Cu pk* | =—=Uo|  IUI"EW(T) (5.3)
for 0 <v < p, where E, is defined by
. n—1
1 if p> >
n—
_ 2T +3k\"° n—1
EW(T)= 3 ifp= > (5.4)
2T +3k\ " —1
( : ) ep<i=5
for 0 <v < p withany § > 0 and
2Tl . if p> pi(n),
+ .
g 2T + 3k \ P72 '
(2

This lemma is proved in the next section.
The construction of the solution in our proposition is completely same as in the proof of lower
bounds of the lifespan in odd space dimensions in the section 5 of Takamura and Wakasa [24],
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if (n — 1)/2 in the exponent of 74, (n + 1)/(n — 1) in the definition of E,(T), g, po(n) and
y (p,n) are substituted by (n —2), (n — 1)/(n — 2), q, p1(n), and ¢(p, n) in all the questions
respectively. Therefore, Proposition 5.1 immediately follows from Lemma 5.1 which is proved
in the next section. 0O

6. A priori estimates

In this section we prove Lemma 5.1 which plays a key role in the proof of Theorem 2.2. The
proof follows from the following basic estimate.

Lemma 6.1 (Basic estimate). Let N be the linear integral operator defined by (2.5) and a1 > 0,
az € Rand a3 > 0. Then, there exists a positive constant Cy, p 4, ay,a; SUch that

N [I;(H—Z)P'Hll .L,EZ (]0g(4T+/T_))a3] (.X, t)

(2T 43\ 6.1)
=< Cn,p,al,az,a_gk w(r, 1) X Eal,az,a3 (T)
for|x| <t—+k, tel0,T], where Fal,azm(T) is defined by
1 ifay < —landaz =0,
2T + 3k .
log . ifay=—1and a3 =0,
5 — ] /2T +3k\%
Eay.ay.a3(T) = ( : > ifay <—1landaz >0, (6.2)
2T +3k\ T2
T ifap > —1,

where § stands for any positive constant.

To prove this lemma, we shall employ the following lemma which is established by funda-
mental identity for spherical means by John [9].

Lemma 6.2. (See John [9].) Let b € C([0, 00)). Then, the identity

ptr

/ b(lx + pw)d Sy = 23" w,_1 (rp)* " / Ab(DR(, p, r)dA, (6.3)
|w]=1 [o—r|
holds for x e R", r = |x| and p > 0, where
RO, p, 1) =12 = (p — A I2{(p 4 )2 = 22032, (6.4)

For the proof of this lemma, see Lemma 4.1 in Agemi, Kubota and Takamura [3]. In order to
estimate (X, p, r), we shall make use of the following four inequalities.
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Lemma 6.3. Let h(A, p, r) be the function defined by (6.4). Suppose that |p —r| <A < p+r, or
equivalently |, —r| < p <A +r, and p > 0. Then the following inequalities hold.

h(x, p,r) <4" 33073, (6.5)
Rk, p,r) <203 ph=3,(1=3)/2; 0=3)/2. (6.6)
Rk, p,r) < 8n—3pn—3rn—3’ 6.7)
h(h, p,r) <2 3p"33m 73, (6.8)

Proof. (6.5), (6.6) and (6.7) are due to Lemma 4.2 in Agemi, Kubota and Takamura [3] with el-
ementary computations. (6.8) is due to Lemma 2.2 in Georgiev [5] with geometrical observation.
But one may prove (6.8) also by elementally computation as follows.

4p70% — (1% = (p = H(p +1)* =%
=AM =0+ = (o =)W+ (o =) p+7)?
=W +p2=r)2=0. O

Proof of Lemma 6.1. The proof is almost the same as the one in the estimates for 1,44 in
Lemma 4.5 of Takamura and Wakasa [24]. We denote various positive constants depending only
on n and p by C which may change at place to place. By virtue of Lemma 6.2, we have that

NP Gogary )™ (0 = 101 0),
where we set

t t—t+r

1(r, t):Cr2_”/(t—1:)3_"d1: /r+(x,r)—<"—2>1’+“1r_(,\,r)“2 x
0 [t—t—r| (6.9)
A0 \8
« (104 %N " k6t — 7.y
_(A, T)

We shall estimate I (r, t) on three domains,

Dy ={(r,t) |r>t—r>—kandr > 2k},
Dy={(r,t) |r >t —r > —kandr <2k},
Dy={(rt) |t —r>r}.

(i) Estimate in Dj.
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Making use of (6.8), we get

t t+r—t
I(r,t) <Cr*™" / dt f A2 x
0 |[t—T—r|

2,0\ %
X T4 (A, )" OTIPAL_(} 1) <log4r+( ”) dh.

T_(A, T)
Changing variables in the above integral by

a=T14+A, B=1—A,

we get
t—r '3+2k @ t+r
I(r,t) <Cr¥™" f (T) dp / (@ — B2 x
—k [t—r]
2% —(n=2)p+a; 2%\ 93
X ot log4L da.
k B+ 2k
It follows from
ro r+2r+r - T (r,t)
kK 4k T 4
in D that
2N [ B 42U\
t
10,1 < Cro 2 (L2 / P2 " ap
k k
- (6.10)
t+r _l-7 a
/ o+ 2k 4 | 4a+2k 3d
X 0 .
k 8% k)
t—r
When a3 = 0, «-integral in (6.10) is dominated by
-7 . n—1
Ckt_ if p>——,
=
klog = ifp="""_,
T_ -2
n—1

th;ﬁ ifl <p<
n

and S-integral in (6.10) is dominated by
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T ifa <—1,
ap
t—r—+2k .
klogT ifa, =—1,
k  [t—r+2k\'T2
Tra . ifa, > —1.

(6.1) is now established for a3 = 0.
When a3 > 0, we employ the following simple lemma.

Lemma 6.4. Let § > 0 be any given constant. Then, we have
X5
logX < 5 for X > 1.

The proof of this lemma follows from elementary computation. We shall omit it. Then, it
follows from Lemma 6.4 that

¢ 2% arj+das
1(r,1) <C@8 Bz (r,1)>" <L> x

k
T R A R D VA

X/(k) dﬂ/(k) dor
Zk t=r

The a-integral above can be estimated by the same manner in the case of az = 0. The S-integral
is dominated by

& ifap < —1
_ ifap <—1,
14a; —éa
Y ik e ©.11)
if -1
1+a2—8a3< k ) na=

with § > 0 satisfying 1 4+ a» — daz > 0. Therefore I is bounded in D; by the quantity in the
right-hand side of (6.1) as desired. It is obvious that such a restriction on é > 0 is finally removed
from the statement.

(i1) Estimate in D; or Ds3.

In this case, the proof is completely same as the one in the estimates for 7,44 in Lemma 4.5
in Takamura and Wakasa [24], if (n — 1)/2 in the exponent of 74 is substituted by (n — 2).
Because the key fact, 1 — (n —2)p < 0, is also trivial. Therefore, the proof of Lemma 6.1 is now
completed. O

Proof of Lemma 5.1. Due to Huygens’ principle for the linear part V, (4.2), one can replace
T_ by T_ X{—k<it—r<k} in (6.1) when O < v < p. Then, the integral with respect to the variable
B =t — X is bounded. In order to establish Lemma 5.1, it is sufficient to show

N (f;(niz)(pi‘))w_UX{fkgtfrgk}) (x,1) < Cpy pk*E(T) for0<v <p,
NW™P)(x,t) < Cn,p pk*E p(T) for v = p.
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To this end, setting

n—1

ag=a3=0, aa=-vq ifp> ,

n—2

n—1

ai=ay =0, a3=v if p= X
n—1
ay=—-vg, ap=a3=0 1fl<p<—2

for0 <v < p and

n—1

ag=a3=0, ax=—pq ifp> ,

n—2

n—1

ag=a»=0,a3=p if p= X
_ . n—1

ag=—pq, x=a3=0 ifl<p<
n—2

forv=pin (6.1), we have (5.3). O
7. Proof of Theorem 2.3

In this section, we prove Theorem 2.3 which obviously follows from Proposition 7.1 below.
Its proof is almost the same as the one in odd dimensional case of Theorem 2.2 in Takamura and
Wakasa [24] once the similar iteration frame is established.
Proposition 7.1. Suppose that the assumptions of Theorem 2.3 are fulfilled. Let u be a

CO-solution of (2.3) in R" x [0, T). Then, there exists a positive constant gy = &o(g,n, p, k)
such that T cannot be taken as

T >exp(ce™P D) if p=pi(o, (7.1)
T > ce 2PP=D/EDm  ir) < p < pi(n) (7.2)
or 0 < & < gy, where c is a positive constant independent of €.
e p P

Proof. Similarly to the proof of Proposition 7.1 in [24], we may assume that the solution of (2.3)
is radially symmetric without loss of the generality. Let u = u(r, t) be a C%-solution of

u=eV+N(ul’) in (0,00) x [0, T], (7.3)
where we set
t+r
V(r,t)=Cr> 3" / rgWR (A, 1, r)dA, (7.4)

|t—=r]
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t t—1+r
N(u|P)(r,t) = Cr*™" /(l — 1) dr /Ah(k, t—,r)|ulh, )| dA, (7.5)
0 |[t—t—r]|

where C and C are positive constants depending only on 7.

[The 1st step] Inequality of u.

Lemma 7.1. Assume (2.13). Then there exists a positive constant Cy, g > 0 such that for t +ko <
r<t+kjandt >k,

Ch,gk
rn—Z ’

Vrt)> (7.6)

k + ko

where k| = and ky =k — ko.

Proof. Lett + ko <r <t +kj and t > kp/2. Then, (7.4) gives us

k
V(r,t) zcrz—”ﬁ—"/Ag(x)h(x,t,r)dx.
ki

Note that

r+t+A>r, At+r—t=>2Xx,
r+t—A>r+t—k>2t+ko—k>t, A\+t—r>=x1—ki

hold in the domain of the integral above for ¢ + ko <r <t + k1 and ¢ > k,. Hence, we get

k
V(r, t) Z Cr—(n—l)/zt—(i1—3)/2\/\)\(n—l)/2g()\')()\ _ k])(n_3)/2d}\.
ki
k— ki —3)/2 k
>C (—‘) rm =2 / 20D (ydn
- 2
(k+k1)/2

fort + kg <r <t +ky and t > kj. Therefore we obtain (7.6). O
Making use of this estimate of V, we have the following iteration frame.

Lemma 7.2. Let u be a CC-solution of (7.3). Assume (2.13). Then u in o ={(r,t): 2k <t —
r <r} satisfies



1064 H. Takamura, K. Wakasa / J. Differential Equations 261 (2016) 1046—-1067

C20-3/2(4 _ pyn=D/2

u(r,t) = G X

X // (t=r—t4+0C+r—1 =240, 1)|PdrdT + .7
R(r,t)
El(t _ r)(3n75)/27(n72)p

P
~Gn—D/2 e

where C is the one in (7.5),

B EC,‘Zg)k(kl — ko)
- (n _ 1)2(n—2)p—(3n—11)/2

E;

and
Rir,t)={(A,0): t—r<At+ArA<t+r2k<t—A<t-—r}.

Proof. Comparing L,4q in (4.7) of [24] with radially symmetric form of N in (7.4) of this paper,
the difference between the proof of Lemma 7.2 of [24] and the one of this lemma has to appear
only in the second term, I>, which arises from the estimate of the linear part. In view of the
proof of Lemma 7.2 in [24], the desired estimate immediately follows from simple replacement
of ] —(n—1)p/2in the exponentof « — by 1 —(n —2)p. O

[The 2nd Step] Comparison argument.
Let us consider a solution w of

w(t—r)=

t—r
62(”_5)/2(1‘ _,)(n—l)/2 3
e [ = =5

2k
t+r

x / t+r—a) "I wp)Pda

2(t—r)+p
E\(t — r)(3n—5)/2—(n—2)p

9,Gn=7)/2

(7.8)

el

Then we have the following comparison lemma.

Lemma 7.3. Let u be a solution of (7.3) and w be a solution of (7.8). Then, u and w satisfy
u>w in Xg.

Proof. Comparing the relation between u in Lemma 7.3 of [24] and w in (7.6) of [24] with the

one between u in Lemma 7.2 and w in (7.8), one can find no difference in the structure of proofs
of both Lemma 7.4 of [24] and this lemma. O
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By definition of w in (7.8), we have

ce S 3)/2
w®z S / & — "I 2w (p)|Pdp
2k
3¢
_ Eq r(n—
X / (3¢ — Ol)(n I2da + m%— q=n=2)p
28+
in 'y, where we set
;
$=§, FCo={t—r=§r=>4k}.
Hence we obtain that
cein ; 5 Ej£— -0
s _ Byt p Zis -
w®) 25— /@ BY' 1w B)IPdp + = e
2k
for £ > 2k. Then, it follows from the setting
W) =7 2w ()
that
741 i (& — )" W (B)|PdB
9q 14
W) > D,& BT + Ee?  for & > 2k, (7.9)
2k
where we set
C E

Dn = 21=2(n — 1)’ b= 20@n=5/2"
Iteration frame in the case of p = p|(n).
By virtue of (7.9), we get

§ n—2
W) > Dn/ <S : ﬁ) |W(ﬁ)|pdﬂ + Exe?  for & > 2k. (7.10)
2%

& ,3176

The above inequality is the iteration frame for the critical case. This inequality is the same as the
one in (7.8) in [24], if ¢ is substituted by ¢.

Iteration frame in the case of 1 < p < p1(n).
Because of the fact that —(n —2)p — pg < 0 for n > 3, (7.9) yields
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&
W(€) = Dyg~ 2707 / E—B)" 2 IW(BIPdB+ Exs? fork =2k (7.11)
2k

The above inequality is the iteration frame for the subcritical case. This inequality is the same as
the one in (8.2) in [24], if g is substituted by g.

Making use of (7.10) and (7.11), one can obtain Proposition 7.1 immediately by the same
argument in [24]. Therefore the proof of Theorem 2.3 is now completed. O
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